Chapter 1 
Systems of Measurement 


Conceptual Problems 


*1 ” 
Determine the Concept The fundamental physical quantities in the SI system include 
mass, length, and time. Force, being the product of mass and acceleration, is not a 


fundamental quantity. | (c) is correct. 


2 . 
Picture the Problem We can express and simplify the ratio of m/s to m/s? to determine 


the final units. 


Express and simplify the ratio of m 
— 2 
2, m-s . 
m/s to m/s“: -S = —"_ =s and | (d)is correct. 
m m's 
g? 
3 ° 


Determine the Concept Consulting Table 1-1 we note that the prefix giga 


means 10°. | (c) is correct. 


4 ° 
Determine the Concept Consulting Table 1-1 we note that the prefix mega 


means 10°. | (d) is correct. | 


*5 ë 
Determine the Concept Consulting Table 1-1 we note that the prefix pico 


means 10°”. | (a) is correct. | 


6 ° 
Determine the Concept Counting from left to right and ignoring zeros to the left 

of the first nonzero digit, the last significant figure is the first digit that is in doubt. 
Applying this criterion, the three zeros after the decimal point are not significant figures, 
but the last zero is significant. Hence, there are four significant figures in this number. 


(c) is correct. 
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7 ° 
Determine the Concept Counting from left to right, the last significant figure is 
the first digit that is in doubt. Applying this criterion, there are six significant 


figures in this number. | (e) is correct. 


8 ° 
Determine the Concept The advantage is that the length measure is always with you. The 


disadvantage is that arm lengths are not uniform; if you wish to purchase a board of "two 
arm lengths” it may be longer or shorter than you wish, or else you may have to physically 
go to the lumberyard to use your own arm as a measure of length. 


9 ° 
(a) True. You cannot add "apples to oranges” or a length (distance traveled) to a volume 
(liters of milk). 


(b) False. The distance traveled is the product of speed (length/time) multiplied by the 
time of travel (time). 


(c) True. Multiplying by any conversion factor is equivalent to multiplying by 1. 
Doing so does not change the value of a quantity; it changes its units. 


Estimation and Approximation 
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Picture the Problem Because ĝis small, we can approximate it by 6 ~ D/rm 
provided that it is in radian measure. We can solve this relationship for the diameter of 
the moon. 


Express the moon’s diameter D in D=90r,, 
terms of the angle it subtends at the 
earth @and the earth-moon distance 


Fm: 

Pind pania = 0,524°x 2784 _ 9 00915 rad 
360° 

Substitute and evaluate D: D= (0.00915 rad)(384 Mm) 


=| 3.51x10°m 
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Picture the Problem We’ll assume that the sun is made up entirely of hydrogen. Then we 


can relate the mass of the sun to the number of hydrogen atoms and the mass of each. 


Express the mass of the sun Mg as 
the product of the number of 


hydrogen atoms Ny and the mass of 


each atom My: 


Solve for Nu: 


Substitute numerical values and 


evaluate Nj: 


12 eo 


M,=NyMy 
M 

Nu = S 
My 


1.99 x 10” kg = 
Ny = =} 1.19 10 
H 167x107 kg 


Picture the Problem Let P represent the population of the United States, r the rate of 


consumption and N the number of aluminum cans used annually. The population of the 


United States is roughly 3x10° people. Let’s assume that, on average, each person drinks 


one can of soft drink every day. The mass of a soft-drink can is approximately 


1.8 x10~ kg. 


(a) Express the number of cans N 
used annually in terms of the daily 
rate of consumption of soft drinks r 
and the population P: 


Substitute numerical values and 
approximate N: 


(b) Express the total mass of 
aluminum used per year for soft 
drink cans M as a function of the 
number of cans consumed and the 
mass m per can: 


N =rPAt 


N= m) (3 x 10° people) 
person -d 


x(1 y 965244) 
y 
~| 10" cans 


M = Nm 
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Substitute numerical values and M= (10% cans/y)(1.8 x 10° kg/can) 
(c) Express the value of the Value = ($1/ kg)M 
aluminum as the product of M and = ($1 /kg)(2 x 10° kg /y) 


the value at recycling centers: = $2 x 10°/y 


=| 2 billion dollars/y 


13. 
Picture the Problem We can estimate the number of words in Encyclopedia Britannica 
by counting the number of volumes, estimating the average number of pages per volume, 
estimating the number of words per page, and finding the product of these measurements 
and estimates. Doing so in Encyclopedia Britannica leads to an estimate of 
approximately 200 million for the number of words. If we assume an average word 
length of five letters, then our estimate of the number of letters in Encyclopedia 
Britannica becomes 10”. 


(a) ars the area available for one No? = a d whered is thediametetotthe 
letter s^ and the number of letters N 4 
to be written on the pinhead to the pinhead. 


area of the pinhead: 


Solve for s to obtain: zd’ 


Substitute numerical values and 
evaluate s: 


(b) Express the number of atoms per S 


letter n in terms of s and the atomic d 


atomic 


spacing in a metal datomic: 


Substitute numerical values and 10° m 


n= ET x| 20atoms 
evaluate n: 5x10 atoms/m 


*14 ee 
Picture the Problem The population of the United States is roughly 3 x 10° people. 
Assuming that the average family has four people, with an average of two cars per 
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family, there are about 1.5 x 10° cars in the United States. If we double that number to 
include trucks, cabs, etc., we have 3 x 10° vehicles. Let’s assume that each vehicle uses, 
on average, about 12 gallons of gasoline per week. 


(a) Find the daily consumption of G= (310° vehicles)(2 gal/d) 
gasoline G: = 6x10° gal/d 

Assuming a price per gallon C=GP= (6 x 10° gal/d)($1.50/ gal) 
gasoline: 

(b) Relate the number of barrels N N= Y = GAt 

of crude oil required annually to the n n 

yearly consumption of gasoline Y 

and the number of gallons of 

gasoline n that can be made from 

one barrel of crude oil: 

Substitute numerical values and N= (6x10° gal/d) (365.24 d/y) 
estimate N: 19.4 gal/barrel 


l 


10” barrels/y 


15 « 
Picture the Problem We’ll assume a population of 300 million (fairly accurate as of 
September, 2002) and a life expectancy of 76 y. We’ll also assume that a diaper has a 
volume of about half a liter. In (c) we’ll assume the disposal site is a rectangular hole in 
the ground and use the formula for the volume of such an opening to estimate the surface 
area required. 


(a) Express the total number N of N=nD 
disposable diapers used in the 

United States per year in terms of 

the number of children n in diapers 

and the number of diapers D used 

by each child in 2.5 y: 


Use the daily consumption, the D= 3diapers : 365.24d Sy 
number of days in a year, and the d 
estimated length of time a child is in ~3x10° diapers/child 


diapers to estimate the number of 
diapers D required per child: 
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Use th d lif t t 2. i 
$ e assumed life caper ancy p PAE 5y (300 x 10° children) 
estimate the number of children n in 
siape: ~10’ children 
Substitute to obtain: N= (0 children) 
x B x 10° diapers/child) 
=| 3 x 10” diapers | 
(b) Express the required landfill V = NV ne diaper 
volume V in terms of the volume of 
diapers to be buried: 
Substitute numerical values and V = (3 x 10" diapers \(0.5 L/diaper) 
evaluate V: ~/1.5 x10’ m? 
(c) Express the required volume in V = Ah 
terms of the volume of a rectangular 
parallelepiped: 
Solve and evaluate h: 1.5% 10’ m° 
olve and evaluate Hess x m -1.5 x 10° m? 
h 10m 
Use a CR oe to express Jixin 1mi’ 
this area in square miles: 2.590 km? 
16 coo 


Picture the Problem The number of bits that can be stored on the disk can be found 
from the product of the capacity of the disk and the number of bits per byte. In part (b) 
we’ll need to estimate (7) the number of bits required for the alphabet, (ii) the average 
number of letters per word, (iii) an average number of words per line, (iv) an average 
number of lines per page, and (v) a book length in pages. 


(a) Express the number of bits Nyits Nits = Noyes (8 bits/byte) 


as a function of the number of bits _ (2 x 10° bytes)(8 bits/byte) 
per byte and the capacity of the hard 


= 10 LL: 
disk Mbytes: =| 1.60 x 10° bits 


Systems of Measurement 7 


(b) Assume an average of 8 8 bits <8 characters -64 bits 
letters/word and 8 bits/character to character word word 
estimate the number of bytes -8 bytes 
required per word: word 
Assume 10 words/line and 60 600 words <8 bytes _ 4800 bytes 
lines/page: page word page 


Assume a book length of 300 pages 300pages x 4800 bytes =1.44x10° bytes 


and approximate the number bytes page 
required: 
Divide the number of bytes per disk 2 x 10° bytes 


books ~ 


by our estimated number of bytes 1.44 x 10° bytes/book 


=| 1400 books 


required per book to obtain an 


estimate of the number of books the 
2-gigabyte hard disk can hold: 


*17 ee 

Picture the Problem Assume that, on average, four cars go through each toll station per 
minute. Let R represent the yearly revenue from the tolls. We can estimate the yearly 
revenue from the number of lanes N, the number of cars per minute n, and the $6 toll per 


car C. 
cars min h d $6 
R= NnC =14lanesx 4 x 60 x 24—~x 365.24— x — =| $177M 
min h d y car 
Units 
18 ° 


Picture the Problem We can use the metric prefixes listed in Table 1-1 and the 
abbreviations on page EP-1 to express each of these quantities. 


(a) (c) 

1,000,000 watts = 10° watts 3x10% meter =| 3 ım 
=| 1MW 

(b) (d) 


0.002gram = 2 x 10° g =| 2mg 30,000 seconds = 30 x 10°s =| 30ks 
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19 œ 
Picture the Problem We can use the definitions of the metric prefixes listed in 
Table 1-1 to express each of these quantities without prefixes. 


(a) (c) 
40 uW = 40 x 10% W =| 0.000040 W 3MW =3 x 10° W =| 3,000,000 W 
(b) (d) 


4ns = 4 x 10° s =| 0.000000004s 25km = 25 x 10°m =| 25,000m 


*20 œ 
Picture the Problem We can use the definitions of the metric prefixes listed in 
Table 1-1 to express each of these quantities without abbreviations. 


(a) 10™ boo =| 1picoboo (e) 10° phone =| 1megaphone 
(b) 10° low =| 1gigalow (f 10 ° goat = 


(c) 10°° phone =| 1microphone (g) 10” bull =| 1 terabull 


1 10 boy = [Labo 
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Picture the Problem We can determine the SI units of each term on the right-hand side 
of the equations from the units of the physical quantity on the left-hand side. 


(a) Because x is in meters, C, and C, isin m; C, is in m/s 


Cot must be in meters: 


(b) Because x is in meters, Cf C, isin m/s” 
must be in meters: 


(c) Because v’ is in m’/s*, 2C,x must C, is in m/s? 
be in m’/s*: 
(d) The argument of trigonometric C, isin m; C, is in s | 


function must be dimensionless; i.e. 
without units. Therefore, because x 


is in meters: 


(e) The argument of an exponential 
function must be dimensionless; i.e. 
without units. Therefore, because v 
is in m/s: 
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C, isin m/s; C, isin s“ 


Picture the Problem We can determine the US customary units of each term on the 


right-hand side of the equations from the units of the physical quantity on the left-hand 


side. 


(a) Because x is in feet, Cı and Cot 
must be in feet: 


(b) Because x is in feet, 4C,/ must 
be in feet: 


(c) Because v” is in ft?/s*, 2C,x must 
be in ft’/s: 


(d) The argument of trigonometric 
function must be dimensionless; i.e. 
without units. Therefore, because x 
is in feet: 


(e) The argument of an exponential 
function must be dimensionless; i.e. 
without units. Therefore, because v 
is in ft/s: 


Conversion of Units 
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C is in ft; C, is in ft/s 


C, isin ft/s? 


C, isin ft/s? 


C, isin ft; C, isin s™ 


C, isin ft/s; C, isins * 


Picture the Problem We can use the formula for the circumference of a circle to find the 


radius of the earth and the conversion factor 1 mi = 1.61 km to convert distances in meters 


into distances in miles. 


(a) The Pole-Equator distance is 
one-fourth of the circumference: 


c=| 4x10 m 
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(b) Use the formula for the 


6.37 x 10°m 


circumference of a circle to obtain: 27 Qn 


(c) Use the conversion factors er | ma a . 1mi 
1 km = 1000 m and 1 mi = 1.61 km: 10°m_ 1.61km 


=| 2.48 x 10* mi 


and 


R=637x10 mx M 


3 x 
10°m_ 1.61km 


=| 3.96 x 10° mi 


24 œ 
Picture the Problem We can use the conversion factor 1 mi = 1.61 km to convert 
speeds in km/h into mi/h. 


Find the speed of the plane in km/s: v = 2(340 m/s) = 680 m/s 
=| eo | 4X™ | 36005 
s )\10°m h 
=| 2450km/h 
C rt v into mi/h: i 
onvert v into m1 = 2450 Œ 1mi 
h /(1.61km 


-[1520mi 


*25 œ 
Picture the Problem We’ll first express his height in inches and then use the 
conversion factor 1 in = 2.54 cm. 


Express the player’s height into inches: h=6ftx 12m ig 5in = 82.5in 

Convert / into cm: h =82.5inx 2.94cm =| 210cm 
l in 

26 >œ 


Picture the Problem We can use the conversion factors 1 mi = 1.61 km, 
1 in = 2.54 cm, and 1 m = 1.094 yd to complete these conversions. 
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(@) 100 <™ = 199 KM, 1M -| go, 
h h  1.61km h 
(b) Gocm= bins- -en 
2.54cm ` 
Q 100 yd =100ydx—™— =[91.4m 
1.094 yd 
27 ° 


Picture the Problem We can use the conversion factor 1.609 km = 5280 ft to convert the 
length of the main span of the Golden Gate Bridge into kilometers. 


Convert 4200 ft into km: 4200ft = 4200 ft x en km - [128km 


280ft 


*28 œ 
Picture the Problem Let v be the speed of an object in mi/h. We can use the conversion 
factor 1 mi = 1.61 km to convert this speed to km/h. 


Multiply v mi/h by 1.61 km/mi to P mi _ " mi j 1.61km luo 


convert v to km/h: h h mi 


29 >œ 
Picture the Problem Use the conversion factors 1 h = 3600 s, 1.609 km = 1 mi, 
and 1 mi = 5280 ft to make these conversions. 


(a) 1.296 x 10° <™ = {4.296 x 10° E -ela 
h? h? J| 3600s h-s 
@) 1.296 x 10°“ = [1.296 x 10° E (2 = |= 
h h? J\ 3600s 
o 69 mi (60%) 5280ft th \_ ang 
h h 1mi 3600s S 
7 3 
60 mi) 1.609km \(10°m \f 1h )_ naam 
h 1mi km 3600s s 


8 
D 
oS 

II 
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30 œ 

Picture the Problem We can use the conversion factor 1 L = 1.057 qt to convert gallons 
into liters and then use this gallons-to-liters conversion factor to convert barrels into cubic 
meters. 


4qt\/ 1L 
1gal = (1gal) —— =| 3.784L 
eee ( | gal (5) 


42 gal \( 3.784L \{ 10” m? 3 
(b) tbarrel = (1barrel)| I | I =| 0.1589m' | 


barrel gal 


31 œ 
Picture the Problem We can use the conversion factor given in the problem statement 
and the fact that 1 mi = 1.609 km to express the number of square meters in one acre. 


Multiply by 1 twice, properly chosen, to Imi? 1609m ) 
lacre = (lacre) ——— 


convert one acre into square miles, and 640 acres mi 
then into square meters: 3 
=| 4050m 


32 ee 

Picture the Problem The volume of a right circular cylinder is the area of its base 
multiplied by its height. Let d represent the diameter and / the height of the right circular 
cylinder; use conversion factors to express the volume V in the given 


units. 
(a) Express the volume of the cylinder: V =1nl*h 
Substitute numerical values and V =ż4 z(6.8in)” (2 ft) 
evaluate V: lft 2 
=17(6.8in)’ (2 ft)} — 
12in 
=| 0.504 ft° 
(b) Use the fact that 1 m = 3.281 ft im y 
ue y =(0.504 ft’) 
3.281 ft 


convert the volume in cubic feet into 


cubic meters: =| 0.0143 m° 
(c) Because 1 L = 10° m’: ; 1L 
V =(0.0143m°) oo |= L432 
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*33 ee 
Picture the Problem We can treat the SI units as though they are algebraic 
quantities to simplify each of these combinations of physical quantities and 


constants. 
(a) Express and simplify the units of (m/ s7 m’ m 
vx: m ms |s? 
(b) Express and simplify the units of m ; 

Vx/a: m/s? vst 
(c) Noting that the constant factor m (s)° [m (s?)= mi 
+ has no units, express and simplify s? |? 7 


the units of 4at*: 
Dimensions of Physical Quantities 
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Picture the Problem We can use the facts that each term in an equation must have the 
same dimensions and that the arguments of a trigonometric or exponential function must 
be dimensionless to determine the dimensions of the constants. 


(a) (d) 
x = Cı + Cə t X = Cı cos Co t 
L 1 
L L T L A T 
(b) (e) 
=d C w v = Q ep C À 
T T T T 
(c) 
v=2C x 
2 
7 EF 
T T 
35 ee 


Picture the Problem Because the exponent of the exponential function must be dimension 


the dimension of 2 must bel 77. | 
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*3G oe 
Picture the Problem We can solve Newton’s law of gravitation for G and 
substitute the dimensions of the variables. Treating them as algebraic quantities 
will allow us to express the dimensions in their simplest form. Finally, we can 
substitute the SI units for the dimensions to find the units of G. 


Solve Newton’s law of gravitation G= Fr? 
for G to obtain: 7 mm, 
Substitute the dimensions of the ML > 
a x L LB 
variables: eek _ 
M’ MT? 
Use the SI units for L, M, and T: ; m? 
Units of G are ; 
kg-s 


37 «e 
Picture the Problem Let m represent the mass of the object, v its speed, and r the 
radius of the circle in which it moves. We can express the force as the product of 

m, v, and r (each raised to a power) and then use the dimensions of force F, mass m, 
speed v, and radius r to obtain three equations in the assumed powers. Solving these 
equations simultaneously will give us the dependence of F on m, v, and r. 


Express the force in terms of F=m‘v’rS 
powers of the variables: 


Substitute the dimensions of the L 


b 
—2 _ aj H e 
physical quantities: E G ) i 


Simplify to obtain: MLT” air 
Equate the exponents to obtain: a=1, 

b+c=1, and 

—b = -2 
Solve this system of equations to a=1,b=2, and c= -1 
obtain: 
Substitute in equation (1): y? 


Systems of Measurement 15 


38 ee 
Picture the Problem We note from Table 1-2 that the dimensions of power are ML7/T”. 
The dimensions of mass, acceleration, and speed are M, L/T’, and L/T respectively. 


Express the dimensions of mav: [mav] -Mx L 7 L ML’ 
T? T T? 
From Table 1-2: ML’ 
[P]= T? 


Comparing these results, we see that the product of mass, acceleration, 


and speed has the dimensions of power. 


39 ee 
Picture the Problem The dimensions of mass and velocity are M and L/T, respectively. 
We note from Table 1-2 that the dimensions of force are ML/T°. 


Express the dimensions of momentum: [mv] = Mx L_ ML 
T T 
From Table 1-2: [F] _ ML 
ae 
Express the dimensions of force [ F t] m ML xT = ML 
multiplied by time: T? T 
Comparing these results, we see that momentum has the dimensions of 
force multiplied by time. 
40 e 


Picture the Problem Let X represent the physical quantity of interest. Then we 
can express the dimensional relationship between F, X, and P and solve this 
relationship for the dimensions of X. 


Express the relationship of X to [F lx | = [P] 
force and power dimensionally: 


Solve for [x] : [x] _ [e] 
F 


— 
— 
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Substitute the dimensions of force ML’ 

and power and simplify to obtain: [ x] ioe L 
ML T 
T 

Because the dimensions of velocity [P]=[F][v] 


are L/T, we can conclude that: 


Remarks: While it is true that P = Fv, dimensional analysis does not reveal the 
presence of dimensionless constants. For example, if P = zFv, the analysis shown 
above would fail to establish the factor of z 


*41 ee 
Picture the Problem We can find the dimensions of C by solving the drag force 
equation for C and substituting the dimensions of force, area, and velocity. 


Solve the drag force equation for G= i 

the constant C: Av’? 

Express this equation l c] Z [F] 

dimensionally: [4] Bi 

Substitute the dimensions of force, ML 

area, and velocity and simplify to [c] -_ T : m M 

obtain: p L : I 
T 
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Picture the Problem We can express the period of a planet as the product of these 
factors (each raised to a power) and then perform dimensional analysis to 
determine the values of the exponents. 


Express the period T of a planet as T =Cr°G’Ms (1) 
a b ë 
the product of r“, G’, and M$ : where C is a dimensionless constant. 
Solve the law of gravitation for the G= Fr’ 
constant G: 7 mm, 
Express this equation dimensionally: iG] [ F][rF 


Substitute the dimensions of F, r, 
and m: 


Noting that the dimension of time is 
represented by the same letter as is 
the period of a planet, substitute the 
dimensions in equation (1) to 
obtain: 


Introduce the product of M ° and Z° 
in the left hand side of the equation 
and simplify to obtain: 

Equate the exponents on the two 
sides of the equation to obtain: 
Solve these equations 


simultaneously to obtain: 


Substitute in equation (1): 
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ML 
ic] pr XL} E B 
MxM MT’ 


M?’IT! = MT 


0=c-b, 
0 =a + 3b, and 
1=-2b 


T = CrP GPM? =| —— 


Scientific Notation and Significant Figures 
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Picture the Problem We can use the rules governing scientific notation to express each 


of these numbers as a decimal number. 


(a) 3 x 10* =| 30,000 | 


(b) 6.2 x 10° =| 0.0062 
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(c) 4x 10° =] 0.000004 
(d) 2.17 x 10° =| 217,000 


Picture the Problem We can use the rules governing scientific notation to express each 


of these measurements in scientific notation. 


(a) 3.1GW =| 3.1« 10° W 


(c) 2.3fs =| 2.3x10°s 
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(b) 10pm =10 x 10°? m =| 10™m (d) 4 ys = 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 


given expressions. 


(a) The number of significant (1.14)(9.99 x 10*)= 1.14 x 10° 
figures in each factor is three; 


therefore the result has three 
significant figures: 


(b) Express both terms with the (2.78 x 10°*)- (65.31 x 10°) 
same power of 10. Because the first = (2.78 = 0.531) x10° 


measurement has only two digits ; 
=| 2.2510" 

after the decimal point, the result 

can have only two digits after the 

decimal point: 


x i 12 
(c) We’ll assume that 12 is exact. aA a 8.27 x10° 


Hence, the answer will have three 4.56x10° 
significant figures: 


(d) Proceed as in (b): 27.6 + (5.99 x 10?) = 27.6 +599 
ey, 


= [ET] 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 


(a) Note that both factors have four (200.9)(569.3) =| 1.144 x 10° 


significant figures. 


(b) Express the first factor in (0.000000513)(62.3 x 107) 
scientific notation and note that _ (5.13 x107 (62. a 10”) 


both factors have three significant 
= 2 
figures. =| 3.20 x 10 
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(c) Express both terms in scientific 28401+ (5.78 x 104) 


notation and note that the second = (2.841 x 10*)+ (5.78 x 10*) 
has only three significant figures. 7 (2 84145 78) 10° 
Hence the result will have only = ae * 


three significant figures. =| 8.62 x 10* 


(d) Because the divisor has three 63.25 ~/1.52x 10° 
4.17 x10% 


significant figures, the result will 


have three significant figures. 


*47 œ 
Picture the Problem Let N represent the required number of membranes and 
express N in terms of the thickness of each cell membrane. 


Express N in terms of the thickness N= lin 

of a single membrane: 7nm 

Convert the units into SI units and N= lin " 2.54cm x 1m 7 1nm 

simplify to obtain: 7 nm in 100cm 10°m 
=|4x10° 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 


(a) Both factors and the result have (2.00 x 10*)(6.10 x 107)= 1.22 x 10° 


three significant figures: 


(b) Because the second factor has (3.141592)(4.00 x 10°)= 1.26 x 10° 
three significant figures, the result 


will have three significant figures: 
(c) od Oe and the result have 2.32 x 10° 12.0010 
three significant figures: 1.16 x 10° 


(d) Write both terms using the same (5.14 x 10°) + (2.78 x 10”) 


power of 10. Note that the result = (5.14 x 10°) eft (0.278 x 10°) 
will have only three significant (5 1440 278) 10° 
=o). si x 


- [Eas] 


figures: 
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(e) Follow the same procedure used (1.99 x 10”) + (9.99 x 10°) 

in (d): = (1.99 x 10? )+ (0.000000999 x 10°) 
=| 1.99 x 10° 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 


given expressions. 


(a) The second factor and the 3.141592654 x (23.27 =| 1.69 x 10° 
result have three significant figures: 


(b) We’ ll assume that 2 is exact. 2 x 3.141592654 x 0.76 =| 4.8 
Therefore, the result will have two 


significant figures: 


’ ; 4 
(c) We’ll assume that 4/3 is exact. TaN (1.1 = [5.6 | 
Therefore the result will have two 3 


significant figures: 


(d) Because 2.0 has two significant (2.0) T 

figures, the result has two significant 3.141592654 _ 

figures: 

General Problems 

50 œ 

Picture the Problem We can use the conversion factor 1 mi = 1.61 km to convert 100 

km/h into mi/h. 

Multiply 100 km/h by 1 mi/1.61 km w 190 g 

to obtain: h h 1.61km 
=| 62.1mi/h 
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Picture the Problem We can use a series of conversion factors to convert 1 billion 
seconds into years. 


Multiply 1 billion seconds by the appropriate conversion factors to convert into years: 
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1h 1day ly 
10°s =10°sx x x =| 31.7 
3600s 24h 365.24days 


52° 

Picture the Problem In both the examples cited we can equate expressions for the 
physical quantities, expressed in different units, and then divide both sides of the equation 
by one of the expressions to obtain the desired conversion factor. 


(a) Pale both Seg of the = 3x 10° a -1.61 10? m/mi 
equation expressing the speed of 1.86 x 10° mi/h 
light in the two systems of ,m \f 1km 
measurement by 186,000 mi/s to =| 1.61 x 10° — 3 

f mi /\ 10° m 
obtain: 

=| 1.61km/mi 
(b) Find the volume of 1.00 kg of Volume of 1.00 kg = 10° g is 10° cm? 
water: 
Express 10° cm? in ft’: 3( in 1ft : 
(10 cm) - 
2.54cm j (12in 
= 0.0353 ft? 
Relate the weight of 1 ft? of water to 1.00 kg -62 4P 
the volume occupied by 1 kg of 0.0353ft? ft 
water: 
Divide both sides of the equation by 62 4P 
the left-hand side to obtain: 1= fL 2.201b/k 
1.00kg outs 
0.0353 ft" 
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Picture the Problem We can use the given information to equate the ratios of the number 
of uranium atoms in 8 g of pure uranium and of 1 atom to its mass. 


Express the proportion relating the Ny = latom 
number of uranium atoms Ny in 8 g 8g 4.0x10°kg 
of pure uranium to the mass of 1 


atom: 
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Solve for and evaluate Ny: latom 
N co (8 ) 206 
4.0 x10 kg 


- [p07] 


54 » 
Picture the Problem We can relate the weight of the water to its weight per unit 
volume and the volume it occupies. 


Express the weight w of water waos 4P Ad 
falling on the acre in terms of the ft? 
weight of one cubic foot of water, 
the depth d of the water, and the 
area A over which the rain falls: 
Find the area A in ft*: 1mi? 5280 ft 
A = (lacre) a 2 f 
640acre mi 
= 4.356 x 10° ft” 


Substitute numerical values and evaluate w: 


12in 


w= Gua (4.356 x 10° ft? )(1.4in) = l =| 3.17 x 10° Ib 
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Picture the Problem We can use the definition of density and the formula for the 
volume of a sphere to find the density of iron. Once we know the density of iron, we can 
use these same relationships to find what the radius of the earth would be if it had the 


same mass per unit volume as iron. 


(a) Using its definition, express the gz m 
density of iron: V 
Assuming it to be spherical, express V=4n r? 
the volume of an iron nucleus as a 
function of its radius: 
Substitute to obtain: _ 3m 
P (1) 


Substitute numerical values and 
evaluate p: 


(b) Because equation (1) relates the 
density of any spherical object to its 
mass and radius, we can solve for r 
to obtain: 


Substitute numerical values and 
evaluate r: 
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__39.3x 10 kg) 
4n(5.4 x10 m} 


=| 1.41 10” kg/m? 


ae 
\ 42 


o [ 3(6.98x10%kg) _ 
z lee x10" kg/m’) 


Picture the Problem Apply the general rules concerning the multiplication, 


division, addition, and subtraction of measurements to evaluate each of the 


given expressions. 


(a) Because all of the factors have 
two significant figures, the result 
will have two significant figures: 


(b) Because the factor with the 
fewest significant figures in the first 
term has two significant figures, the 
result will have two significant 
figures. Because its last significant 
figure is in the tenth’s position, the 
difference between the first and 
second term will have its last 
significant figure in the tenth’s 
position: 


(c) Because all of the factors have 
two significant figures, the result 
will have two significant figures: 


(5.6 x 10°) (0.000075) 
2.4x 10” 


_ (6.6 x 10%) (7.5 x 10°) 
7 24x10” 


=| 1.8 x 10° 


(14.2)(6.4 x 10” )(8.2 x 10° )- 4.06 
=7.8-4.06 =| 3.4 


(6.1 x 10°°)'(3.6 x10} _ 


=| 2.9 x 10° 


(3.6 x10)” 
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(d) Because the factor with the 
fewest significant figures has two 
significant figures, the result will 
have two significant figures. 
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(0.000064)’” 
(12.8 x10 )(490 x 107)” 
(6.4 x 10°)” 
(12.8 x 10°) (490 x 107)” 


=| 0.45 


II 


Picture the Problem We can use the relationship between an angle @ measured in 


radians, subtended at the center of a circle, the radius R of the circle, and the length L of 


the arc to answer these questions concerning the astronomical units of 


measure. 


(a) Relate the angle 8 subtended by 
an arc of length S to the distance R: 


Solve for and evaluate S: 


(b) Solve equation (1) for and 
evaluate R: 


(c) Relate the distance D light 
travels in a given interval of time At 
to its speed c and evaluate D for 
At=1y: 


(1) 


= (tparsec)(1s) 2) 


60s 
m 1° 2arad 
60min /\ 360° 


=| 4.85 x 10° parsec 


1.496 x 10''m 
1min 1° 2xrad 
(ts) 
60s 60min 360° 


=| 3.09 x 10 m 


D = ct 


3 x 10° z) ty) 3156 x10 s) 
s y 


=| 9.47 x10” m 


~~ .. 


(d) Use the definition of 1 AU and 
the result from part (c) to obtain: 


(e) Combine the results of parts (b) 
and (c) to obtain: 
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1AU 
1c-y =(9.47 x 10°? m)}| —————_—_ 
r l |z x | 


=| 6.33 x 10* AU 
1parsec = (3.08 x10" m) 
7 lc-y 
9.47 x 10° m 


- [Bey] 


Picture the Problem Let N, and N, represent the number of electrons and the number of 


protons, respectively and p the critical average density of the universe. We can relate 
these quantities to the masses of the electron and proton using the definition of density. 


(a) Using its definition, relate the 
required density p to the electron 
density N./V: 


Solve for N/V: 


Substitute numerical values and 
evaluate N,/V: 


(b) Express and evaluate the ratio of 
the masses of an electron and a 
proton: 


Rewrite equation (1) in terms of 
protons: 


Divide equation (2) by equation (1) 
to obtain: 


_m_N.m, 
g 4 4 
N_P 
e = 1 
V m, i 
N, 6 x 10” kg/m’ 


V  9.11x10™ kg/electron 


=| 6.59 x 10° electrons/m’ 


-31 
m, _ 9.11x 10% kg eta 
m, 1.67x10” kg 


P 


N, _P 
22 (2) 
V m, 
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Substitute numerical values and use N, (s esi o) 
the result from part (a) to evaluate y V 


NV: x (6.59 x 10° protons/m*) 


=| 3.59 protons/m? 
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Picture the Problem We can use the definition of density to relate the mass of the water 
in the cylinder to its volume and the formula for the volume of a cylinder to express the 
volume of water used in the detector’s cylinder. To convert our answer in kg to lb, we 
can use the fact that 1 kg weighs about 2.205 1b. 


Relate the mass of water contained in m= pV 
the cylinder to its density and 
volume: 
Express the volume of a cylinder in T z 
terms of its diameter d and height h: FAnn Fu h 
Substitute to obtain: T 
m= p—dh 
4 

Substitute numerical values and 
evaluate m: m = (10° kg/m?) (z) (39.3m) (41.4m) 

= 5.02 x 10’ kg 


Convert 5.02 x 10’ kg to tons: 2.2051b . 1ton 


m =5.02 x 10’ kgx 
kg  20001b 


=55.4 x 10° ton 


The 50,000 — ton claim is conservative. The actual weight is closer 
to 55,000 tons. 
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Picture the Problem We’ll solve this problem two ways. First, we’ll substitute two of 
the ordered pairs in the given equation to obtain two equations in C and n that we can 
solve simultaneously. Then we’ll use a spreadsheet program to create a graph of log 7 as 
a function of log m and use its curve-fitting capability to find n and C. Finally, we can 
identify the data points that deviate the most from a straight-line plot by examination of 
the graph. 


1* Solution for (a) 


(a) To estimate C and n, we can 
apply the relation T = Cm” to two 
arbitrarily selected data points. 
We’ll use the 1“ and 6" ordered 
pairs. This will produce 
simultaneous equations that can be 
solved for C and n. 


Divide the second equation by the 
first to obtain: 


Substitute numerical values and 
solve for n to obtain: 


Substituting this value into the 
second equation gives: 


Solving for C gives: 


2™ Solution for (a) 


Take the logarithm (we’ll 
arbitrarily use base 10) of both sides 
of T = Cm” and simplify to obtain: 
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T, = Cm? 
and 
T; = Cm; 


1.75s _( 1kg )’ 
0.56s (0.1kg 
or 


3.125=10">n =| 0.4948 | 


and so a “judicial” guess is that n = 0.5. 


T; = Cm,” 
SO 
1.75s = C(1kg)”” 


C =| 1.75s/kg°° 


log(T) = log(Cm" ) =logC +logm" 
=nlogm+logC 

which, we note, is of the form y=mx+b. 

Hence a graph of log T vs. log m should 

be linear with a slope of n and a log T- 

intercept log C. 


The graph of log T vs. log m shown below was created using a spreadsheet program. The 


equation shown on the graph was obtained using Excel’s "Add Trendline” function. 


(Excel’s "Add Trendline” function uses regression analysis to generate the trendline.) 
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M log T = 0.4987log m + 0.2479 


log T 


log m 


Comparing the equation on the n=| 0.499 


graph generated by the Add 
Trendline function to 
log(T) =n logm + log C, we 


and 
C= =| 1.77 s/kg"? 


observe: or 

T =| (1.77 s/kg””)m™” 
(b) From the graph we see that the m=0.02 kg, T =0.471s, 
data points that deviate the most and 
from a straight-line plot are: m=1.50kg, T=2.22s 


From the graph we see that the points generated using the data pairs 
(b) | (0.02 kg, 0.471s) and (0.4 kg, 1.05 s) deviate the most from the line 
representing the best fit to the points plotted on the graph. 


Remarks: Still another way to find n and C is to use your graphing calculator to 
perform regression analysis on the given set of data for log T versus log m. The slope 
yields n and the y-intercept yields log C. 
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Picture the Problem We can plot log T versus log r and find the slope of the best-fit line 
to determine the exponent n. We can then use any of the ordered pairs to evaluate C. 
Once we know n and C, we can solve T = Cr” for r as a function of T. 
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(a) Take the logarithm (we’ll log(T ) = log(Cr" ) =logC +logr” 
arbitrarily use base 10) of both sides =nlogrt+logC 


of T= Cr and simplify to obtain: Note that this equation is of the form 


y =mx +b. Hence a graph of log T vs. 
log r should be linear with a slope of n and 
a log T -intercept log C. 


The graph of log T versus log r shown below was created using a spreadsheet program. 
The equation shown on the graph was obtained using Excel’s "Add Trendline” function. 
(Excel’s "Add Trendline” function uses regression analysis to generate the trendline.) 


1.0 
0.8 
y = 1.5036x + 1.2311 
0.6 ! 
0.4 
KR 
8 
= 0.2 
0.0 
-0.2 
-0.4 
-1.1 -1.0 -0.9 -0.8 -0.7 -0.6 -05 -0.4 -0.3 -0.2 
log r 
From the regression analysis we n=| 1.50 
observe that: 
and 
C =10"" =| 17.0 y/(Gm)” 
or T =| (17.0 y(Gm)”? }r* (1) 
(b) Solve equation (1) for the radius T 2/3 
of the planet’s orbit: 17.0y (Gmy” 


Substitute numerical values and E 6.20y 
evaluate r: T 


2/3 
en =| 0.510 G 
ae 
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*6§2 ccc 


Picture the Problem We can express the relationship between the period T 


of the pendulum, its length L, and the acceleration of gravity g as T = CL g° 


and perform dimensional analysis to find the values of a and b and, hence, the 


function relating these variables. Once we’ve performed the experiment called 


for in part (b), we can determine an experimental value for C. 


(a) Express T as the product of L 
and g raised to powers a and b: 


Write this equation in dimensional 
form: 


Noting that the symbols for the 
dimension of the period and length 
of the pendulum are the same as 
those representing the physical 
quantities, substitute the dimensions 
to obtain: 


Because L does not appear on the 
left-hand side of the equation, we 
can write this equation as: 


Equate the exponents to obtain: 


Solve these equations 
simultaneously to find a and b: 


Substitute in equation (1) to obtain: 


(b) If you use pendulums of lengths 
1 m and 0.5 m; the periods should 
be about: 


(c) Solve equation (2) for C: 


T =CL' g’ (1) 


where C is a dimensionless constant. 


Ir]=[zF le] 


IPT! = Per ™ 


a+b=0and-2b=1 


T(0.5m)= 


C=T |È 
L 
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Evaluate C with L = 1 mand T =2 s: 1m/s’ 
C= (2s) Po = 6.26 x 27 
m 


Substitute in equation (2) to obtain: 


09 |] 
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Picture the Problem The weight of the earth’s atmosphere per unit area is known 
as the atmospheric pressure. We can use this definition to express the weight w of 
the earth’s atmosphere as the product of the atmospheric pressure and the surface 
area of the earth. 


Using its definition, relate pie 
atmospheric pressure to the weight A 
of the earth’s atmosphere: 


Solve for w: w= PA 


Relate the surface area of the earth A=4r R? 
to its radius R: 


Substitute to obtain: w=4mrR°P 


Substitute numerical values and evaluate w: 


3 2 : 2 
w= 4a(6370km) 1 =) (Ser (a75) =[|1.16 x 10" Ib 
km m in 
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Chapter 2 
Motion in One Dimension 


Conceptual Problems 


1 ° 
Determine the Concept The "average velocity" is being requested as opposed to "average 
speed". 


The average velocity is defined as Ay 
the change in position or Vav At 
displacement divided by the 

change in time. 


The change in position for any Ay 0 
"round trip" is zero by definition. Vay = AL = At = 
So the average velocity for any 

round trip must also be zero. 


*? e 
Determine the Concept The important concept here is that "average speed" is being 
requested as opposed to "average velocity". 


Under all circumstances, including constant acceleration, the definition of the average 
speed is the ratio of the total distance traveled (H + H) to the total time elapsed, in this 


case 2H/T. | (d) is correct. 


Remarks: Because this motion involves a round trip, if the question asked for 
"average velocity," the answer would be zero. 


3 ° 
Determine the Concept Flying with the wind, the speed of the plane relative to the 
ground (vpo) is the sum of the speed of the wind relative to the ground (vwo) and the 
speed of the plane relative to the air (Vvpg = Vwa + Vpa). Flying into or against the wind the 
speed relative to the ground is the difference between the wind speed and the true air 
speed of the plane (Vg = vy — v;). Because the ground speed landing against the wind is 
smaller than the ground speed landing with the wind, it is safer to land against the wind. 


4 ° 

Determine the Concept The important concept here is that a = dv/dt, where a is the 
acceleration and v is the velocity. Thus, the acceleration is positive if dv is positive; the 
acceleration is negative if dv is negative. 


(a) Let’s take the direction a car is Because the car is moving in the direction 

moving to be the positive direction: we’ ve chosen to be positive, its velocity is 
positive (dx > 0). If the car is braking, then 
its velocity is decreasing (dv < 0) and its 
acceleration (dv/dt) is negative. 


(b) Consider a car that is moving to Because the car is moving in the direction 
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the right but choose the positive opposite to that we’ve chosen to be 

direction to be to the left: positive, its velocity is negative (dx < 0). If 
the car is braking, then its velocity is 
increasing (dv > 0) and its acceleration 
(dv/dt) is positive. 


*5 e 

Determine the Concept The important concept is that when both the acceleration and 
the velocity are in the same direction, the speed increases. On the other hand, when the 
acceleration and the velocity are in opposite directions, the speed decreases. 


Because your velocity remains negative, your displacement must 


be negative. 


Define the direction of your trip as the negative direction. During the last 


five steps gradually slow the speed of walking, until the wallis reached. 


(c) A graph of v as a function of t that is consistent with the conditions stated in the 
problem is shown below: 


v (m/s) 


t (s) 


6 e 

Determine the Concept True. We can use the definition of average velocity to express 
the displacement Ax as Ax = v,,At. Note that, if the acceleration is constant, the average 
velocity is also given by Va, = (vi + v;)/2. 


7 ° 

Determine the Concept Acceleration is the slope of the velocity versus time curve, 
a = dv/dt, while velocity is the slope of the position versus time curve, v = dx/dt. The 
speed of an object is the magnitude of its velocity. 
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(a) True. Zero acceleration implies that the velocity is constant. If the velocity is constant 
(including zero), the speed must also be constant. 


(b) True in one dimension. 


Remarks: The answer to (b) would be False in more than one dimension. In one 
dimension, if the speed remains constant, then the object cannot speed up, slow 
down, or reverse direction. Thus, if the speed remains constant, the velocity 
remains constant, which implies that the acceleration remains zero. (In more than 
one-dimensional motion, an object can change direction while maintaining constant 
speed. This constitutes a change in the direction of the velocity.) Consider a ball 
moving in a circle at a constant rotation rate. The speed (magnitude of the velocity) 
is constant while the velocity is tangent to the circle and always changing. The 
acceleration is always pointing inward and is certainly NOT zero. 


*8 oo 
Determine the Concept Velocity is the slope of the position versus time curve and 
acceleration is the slope of the velocity versus time curve. See the graphs below. 


position (m) 
o e N ù A aA O 


time (s) 


) 
= 


2. 
S 


acceleration (m/ 


-3 


-4 


=) 
uo 


10 15 20 25 


time (s) 
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velocity (m/s) 


9 ° 

Determine the Concept False. The average velocity is defined (for any acceleration) as 

the change in position (the displacement) divided by the change in timev,, = Ax/At. It is 

always valid. If the acceleration remains constant the average velocity is also given by 
_VitVe 

av 5 

Consider an engine piston moving up and down as an example of non-constant velocity. 

For one complete cycle, vp = v; and xi = X¢ SO Vay = Ax/At is zero. The formula involving 


the mean of vç and v; cannot be applied because the acceleration is not constant, and 
yields an incorrect nonzero value of vj. 


Vv 
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Determine the Concept This can occur if the rocks have different initial speeds. 
Ignoring air resistance, the acceleration is constant. Choose a coordinate system in which 
the origin is at the point of release and upward is the positive direction. From the 
constant-acceleration equation 


2 
Y=Y+vt++at 


we see that the only way two objects can have the same acceleration (—g in this case) and 
cover the same distance, Ay = y — yo, in different times would be if the initial velocities of 
the two rocks were different. Actually, the answer would be the same whether or not the 
acceleration is constant. It is just easier to see for the special case of constant 
acceleration. 


*11 oe 
Determine the Concept Neglecting air resistance, the balls are in free fall, each with the 
same free-fall acceleration, which is a constant. 


At the time the second ball is released, the first ball is already moving. Thus, during any 
time interval their velocities will increase by exactly the same amount. What can be said 
about the speeds of the two balls? The first ball will always be moving faster than the 
second ball. 


This being the case, what happens to the separation of the two balls while they are both 
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falling? Their separation increases. | (a) is correct. 


12 ee 
Determine the Concept The slope of an x(t) curve at any point in time represents the 
speed at that instant. The way the slope changes as time increases gives the sign of the 
acceleration. If the slope becomes less negative or more positive as time increases (as 
you move to the right on the time axis), then the acceleration is positive. If the slope 
becomes less positive or more negative, then the acceleration is negative. The slope of the 
slope of an x(t) curve at any point in time represents the acceleration at that instant. 


The slope of curve (a) is negative Therefore, the velocity is negative and the 
and becomes more negative as time acceleration is negative. 

increases. 

The slope of curve (b) is positive Therefore, the acceleration is zero. 


and constant and so the velocity is 
positive and constant. 


The slope of curve (c) is positive Therefore, the velocity is positive and the 
and decreasing. acceleration is negative. 

The slope of curve (d) is positive Therefore, the velocity and acceleration are 
and increasing. positive. We need more information to 


conclude that a is constant. 


The slope of curve (e) is zero. Therefore, the velocity and acceleration are 
Zero. 


(d) best shows motion with constant 


positive acceleration. 


*13 œ 
Determine the Concept The slope of a v(t) curve at any point in time represents the 
acceleration at that instant. Only one curve has a constant and positive slope. 


(b)is correct. 


14 œ 
Determine the Concept No. The word average implies an interval of time rather than an 
instant in time; therefore, the statement makes no sense. 


*15 œ 
Determine the Concept Note that the "average velocity” is being requested as opposed 
to the "average speed.” 
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Yes. In any roundtrip, A to B, and _ Ax _ AxXyp + AXgy 
back to A, the average velocity is Vav(A>B>A) = At At 
zero. 
= AX ap +(-Ax,,4) = 0 
At At 
=| 0 
On the other hand, the average AX xp 
velocity between A and B is not Vav(A>B) = At a [o] 


generally zero. 


Remarks: Consider an object launched up in the air. Its average velocity on the way 
up is NOT zero. Neither is it zero on the way down. However, over the round trip, 
it is zero. 


16 >œ 

Determine the Concept An object is farthest from the origin when it is farthest from the 
time axis. In one-dimensional motion starting from the origin, the point located farthest 
from the time axis in a distance-versus-time plot is the farthest from its starting point. 
Because the object’s initial position is at x = 0, point B represents the instant that the 


object is farthest from x = 0. | (b) is correct. 


17 œ 
Determine the Concept No. If the velocity is constant, a graph of position as a function 
of time is linear with a constant slope equal to the velocity. 


18 >œ 

Determine the Concept Yes. The average velocity in a time interval is defined as the 
displacement divided by the elapsed time v,, = Ax/At . The fact that vay = 0 for some 
time interval, At, implies that the displacement Ax over this interval is also zero. Because 
the instantaneous velocity is defined as v=lim,, ,, (Ax /At ), it follows that v must also 
be zero. As an example, in the following graph of x versus t, over the interval between 
t=0andt~ 21 s, Ax =0. Consequently, vay = 0 for this interval. Note that the 
instantaneous velocity is zero only att ~ 10s. 
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t (s) 
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Determine the Concept In the one-dimensional motion shown in the figure, the velocity 
is a minimum when the slope of a position-versus-time plot goes to zero (i.e., the curve 
becomes horizontal). At these points, the slope of the position-versus-time curve is zero; 


therefore, the speed is zero. | (b) is correct. 


| oo 
Determine the Concept In one-dimensional motion, the velocity is the slope of a 
position-versus-time plot and can be either positive or negative. On the other hand, the 
speed is the magnitude of the velocity and can only be positive. We’ll use v to denote 
velocity and the word “speed” for how fast the object is moving. 


(a) (b) 

curve a: v(t, )< v(t, ) curve a: speed(t, )< speed(t, ) 
curve b: v(t, )= v(t, ) curve b: speed(t, )= speed(t, ) 
curve c: v(t, )>v(t,) curve c: speed(t, )< speed(t, ) 
curve d: v(t, )< v(t, ) curve d: speed(t, )> speed(t, ) 


21 œ 
Determine the Concept Acceleration is the slope of the velocity-versus-time curve, a = 
dv/dt, while velocity is the slope of the position-versus-time curve, v = dx/dt. 


(a) False. Zero acceleration implies that the velocity is not changing. The velocity could 
be any constant (including zero). But, if the velocity is constant and nonzero, the particle 
must be moving. 


(b) True. Again, zero acceleration implies that the velocity remains constant. This means 
that the x-versus-t curve has a constant slope (1.e., a straight line). Note: This does not 
necessarily mean a zero-slope line. 
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22 œ 

Determine the Concept Yes. If the velocity is changing the acceleration is not zero. The 
velocity is zero and the acceleration is nonzero any time an object is momentarily at rest. 
If the acceleration were also zero, the velocity would never change; therefore, the object 

would have to remain at rest. 


Remarks: It is important conceptually to note that when both the acceleration and 
the velocity have the same sign, the speed increases. On the other hand, when the 
acceleration and the velocity have opposite signs, the speed decreases. 


23 >œ 

Determine the Concept In the absence of air resistance, the ball will experience a 
constant acceleration. Choose a coordinate system in which the origin is at the point of 
release and the upward direction is positive. 


The graph shows the velocity of a ball that has been thrown straight upward with an 


initial speed of 30 m/s as a function of time. Note that the slope of this graph, the 
acceleration, is the same at every point, including the point at which v = 0 (at the top of 


its flight). Thus, Viop of flight T 0 | and diop of fight =I |- 


30 


20 


10 


(0) 


v (m/s) 


-10 


-20 


-30 
(0) 1 2 3 4 5 6 


t (s) 


The acceleration is the slope (—g). 
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Determine the Concept The "average speed" is being requested as opposed to "average 
velocity." We can use the definition of average speed as distance traveled divided by the 
elapsed time and expression for the average speed of an object when it is experiencing 
constant acceleration to express Vay in terms of vo. 


The average speed is defined as the total distance traveled 
total distance traveled divided by Viv = ere 
the change in time: otal time 


_H+H 2H 
T T 
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Find the average speed for the vwv+0 H 
upward flight of the object: Vavup = > IT 
2 
Solve for H to obtain: H =1y,T 
Find the average speed for the O+v, H 
downward flight of the object: Vav,down 7 7 = IT 
2 
Solve for H to obtain: H =1v,.T 
Substitute in our expression for v (1 
a {vT 
to obtain: Viv = Gur) ) = F 


Because v, # 0, the average speed is not 


Zero. 


Remarks: 1) Because this motion involves a roundtrip, if the question asked for 
"average velocity”, the answer would be zero. 2) Another easy way to obtain this 
result is take the absolute value of the velocity of the object to obtain a graph of its 
speed as a function of time. A simple geometric argument leads to the result we 
obtained above. 
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Determine the Concept In the absence of air resistance, the bowling ball will experience 
constant acceleration. Choose a coordinate system with the origin at the point of release 
and upward as the positive direction. Whether the ball is moving upward and slowing 
down, is momentarily at the top of its trajectory, or is moving downward with ever 
increasing velocity, its acceleration is constant and equal to the acceleration due to 


gravity. | (b) is correct. 
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Determine the Concept Both objects experience the same constant acceleration. Choose 
a coordinate system in which downward is the positive direction and use a constant- 
acceleration equation to express the position of each object as a function of time. 


Using constant-acceleration Xa =X a Vt + 1 gt? 
equations, express the positions of i 


both objects as functions of time: and 


Xp = Xp + Vot +14? 


where vo = 0. 


E i 2 = 
xpress the separation of the two Xp -Xa =e Xe = 10m 
objects by evaluating xg — Xa: 


and | (d) is correct. | 
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Determine the Concept Because the Porsche accelerates uniformly, we need to look for 
a graph that represents constant acceleration. We are told that the Porsche has a constant 
acceleration that is positive (the velocity is increasing); therefore we must look for a 
velocity-versus-time curve with a positive constant slope and a nonzero intercept. 


42 Chapter 2 
(c)is correct. 
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Determine the Concept In the absence of air resistance, the object experiences constant 
acceleration. Choose a coordinate system in which the downward direction is positive. 


Express the distance D that an Det gt 
: . 2 

object, released from rest, falls in 

time t: 


Because the distance fallen varies 
with the square of the time, during 
the first two seconds it falls four 
times the distance it falls during the 
first second. 


(a)is correct. 
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Determine the Concept In the absence of air resistance, the acceleration of the ball is 
constant. Choose a coordinate system in which the point of release is the origin and 
upward is the positive y direction. 


The displacement of the ball AY max 
halfway to its highest point is: Ay = 2 
Using a constant-acceleration vV? =v, + 2aAy =v, —2gAy 


equation, relate the ball’s initial and 
final velocities to its displacement 
and solve for the displacement: 


Substitute vo = 0 to determine the v? ve 
maximum displacement of the ball: AY max =~ = 
2(-g) 2g 
Express the velocity of the ball at J 5 ; AY max 
half its maximum height: v“ =V) — 2gAy =V — 2g a 
2 2 
v 
=v; — JAY pax = Vo — Jg = — 
0 g Y max 0 g 2g 2 
Solve for v: J2 


and | (c)is correct. 
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Determine the Concept As long as the acceleration remains constant the following 
constant-acceleration equations hold. Ifthe acceleration is not constant, they do not, in 
general, give correct results except by coincidence. 


_VitVe 


= DAF? = 2_ 12 
X=X,+V,t+ zat v=v, tat v” =v, + 2aAx Vay 3 
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(a) False. From the first equation, we see that (a) is true if and only if the acceleration is 
constant. 


(b) False. Consider a rock thrown straight up into the air. At the "top" of its flight, the 
velocity is zero but it is changing (otherwise the velocity would remain zero and the rock 
would hover); therefore the acceleration is not zero. 


(c) True. The definition of average velocity, v,, = Ax/At, requires that this always be 


true. 
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Determine the Concept Because the acceleration of the object is constant, the constant- 
acceleration equations can be used to describe its motion. The special expression for 


. ete O ViVe - 
average velocity for constant acceleration is v, = = c )is correct. 
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Determine the Concept The constant slope of the x-versus-t graph tells us that the 
velocity is constant and the acceleration is zero. A linear position versus time curve 
implies a constant velocity. The negative slope indicates a constant negative velocity. 
The fact that the velocity is constant implies that the acceleration is also constant and 


zero. | (e)is correct. 
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Determine the Concept The velocity is the slope of the tangent to the curve, and the 
acceleration is the rate of change of this slope. Velocity is the slope of the position- 
versus-time curve. A parabolic x(t) curve opening upward implies an increasing velocity. 


The acceleration is positive. (a)is correct. 
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Determine the Concept The acceleration is the slope of the tangent to the velocity as a 
function of time curve. For constant acceleration, a velocity-versus- time curve must be a 
straight line whose slope is the acceleration. Zero acceleration means that slope of v(t) 


must also be zero. (c) is correct. 
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Determine the Concept The acceleration is the slope of the tangent to the velocity as a 
function of time curve. For constant acceleration, a velocity-versus- time curve must be a 
straight line whose slope is the acceleration. The acceleration and therefore the slope can 


be positive, negative, or zero. (d ) is correct. 
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Determine the Concept The velocity is positive if the curve is above the v = 0 line (the t 
axis), and the acceleration is negative if the tangent to the curve has a negative slope. 
Only graphs (a), (c), and (e) have positive v. Of these, only graph (e) has a negative 


slope. | (e)is correct. 
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Determine the Concept The velocity is positive if the curve is above the v = 0 line (the t 
axis), and the acceleration is negative if the tangent to the curve has a negative slope. 
Only graphs (b) and (d) have negative v. Of these, only graph (d) has a negative slope. 


(d )is correct. 
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Determine the Concept A linear velocity-versus-time curve implies constant 
acceleration. The displacement from time t = 0 can be determined by integrating v- 
versus-t — that is, by finding the area under the curve. The initial velocity at t = 0 can be 
read directly from the graph of v-versus-t as the v-intercept; i.e., v(0). The acceleration of 
the object is the slope of v(t). The average velocity of the object is given by drawing a 
horizontal line that has the same area under it as the area under the curve. Because all of 


these quantities can be determined (e)is correct. 


#39 oo 


Determine the Concept The velocity is the slope of a position versus time curve and the 
acceleration is the rate at which the velocity, and thus the slope, changes. 


Velocity (a) Negative at to and t. 
(b) Positive at ts, t4, ts, and tz. 
(c) Zero at t, and ts. 


Acceleration (a) Negative at t4. 
(b) Positive at ty and te. 
The acceleration is positive at points (c) Zero at to, ti, t3, ts, and ty. 


where the slope increases as you 
move toward the right. 


40 
Determine the Concept Acceleration is the slope of a velocity-versus-time curve. 


(a) Acceleration is zero and constant while velocity is not zero. 


3 


2 
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(b) Acceleration is constant but not zero. 


fo} 
o 
oa 
e 
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oa 
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N 
a 
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(c) Velocity and acceleration are both positive. 


(d) Velocity and acceleration are both negative. 
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(e) Velocity is positive and acceleration is negative. 


3 


(f) Velocity is negative and acceleration is positive. 
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(g) Velocity is momentarily zero at the intercept with the t axis but the acceleration is not 


Zero. 


1.5 2 2.5 3 


4M 


Determine the Concept Velocity is the slope and acceleration is the slope of the slope of 
a position-versus-time curve. Acceleration is the slope of a velocity- versus-time curve. 


(a) For constant velocity, x-versus-t 
must be a straight line; v-versus-t 
must be a horizontal straight line; 
and a-versus-t must be a straight 
horizontal line at a = 0. 


(b) For velocity to reverse its 
direction x-versus-t must have a 
slope that changes sign and v- 
versus-t must cross the time axis. 
The acceleration cannot remain zero 
at all times. 


(c) For constant acceleration, 
x-versus-t must be a straight line or 
a parabola, v-versus-t must be a 
straight line, and a-versus-t must be 
a horizontal straight line. 


(d) For non-constant acceleration, 
x-versus-t must not be a straight line 
or a parabola; v-versus-t must not be 
a straight line, or a-versus-t must 
not be a horizontal straight line. 


(a), (f), and (i) are the correct answers. 


(c) and (d) are the correct answers. 


(a), (d), (e), (f), (h), and (i) are the correct 
answers. 


(b), (c), and (g) are the correct answers. 
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For two graphs to be mutually Graphs (a) and (i) are mutually consistent. 
consistent, the curves must be Graphs (d) and (h) are mutually consistent. 
consistent with the definitions of Graphs (f) and (i) are also mutually 
velocity and acceleration. consistent. 


Estimation and Approximation 


42 œ 
Picture the Problem Assume that your heart beats at a constant rate. It does not, but the 
average is pretty stable. 


(a) We will use an average pulse #of heartbeats 
rate of 70 bpm for a seated (resting) Pulse rate=—— 
adult. One’s pulse rate is defined as 
the number of heartbeats per unit 
time: 


Time 
and 
# of heartbeats = Pulse rate x Time 


The ie pn to drive 1 mi at #of heartbeats = (70 beats/min \(1 min) 
60 mph is (1/60) h or 1 min: 
: 


(b) Express the number of #of heartbeats = Pulse rate x Time 
heartbeats during a lifetime in terms 

of the pulse rate and the life span of 

an individual: 


Assuming a 95-y life span, calculate the time in minutes: 


Time = (95 y)(365.25 d/y)(24h/d)(60 min/h) = 5.0010’ min 


Substitute numerical values and evaluate the number of heartbeats: 


#of heartbeats = (70 beats / min)(5.00 x10’ min) =| 3.50x10” beats 
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Picture the Problem In the absence of air resistance, Carlos’ acceleration is constant. 
Because all the motion is downward, let’s use a coordinate system in which downward is 
positive and the origin is at the point at which the fall began. 


(a) Using a constant-acceleration v? =v, + 2aAy 
equation, relate Carlos’ final 
velocity to his initial velocity, 
acceleration, and distance fallen and v= 2gAy 
solve for his final velocity: 


and, because vy = 0 and a =g, 


Substitute numerical values and y= 2(9.8 liaise \(ı 50m) =| 54.2m/s 


evaluate v: 


(b) While his acceleration by the 
snow is not constant, solve the same 
constant- acceleration equation to 
get an estimate of his average 
acceleration: 


Substitute numerical values and 
evaluate a: 
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2Ay 


z ~(54mis*) = —],20x10?m/s” 


~— 2(1.22m) 


Remarks: The final velocity we obtained in part (a), approximately 121 mph, is 
about the same as the terminal velocity for an "average" man. This solution is 
probably only good to about 20% accuracy. 
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Picture the Problem Because we’re assuming that the accelerations of the skydiver and 
the mouse are constant to one-half their terminal velocities, we can use constant- 
acceleration equations to find the times required for them to reach their "upper-bound” 
velocities and their distances of fall. Let’s use a coordinate system in which downward is 


the positive y direction. 


(a) Using a constant-acceleration 
equation, relate the upper-bound 
velocity to the free-fall acceleration 
and the time required to reach this 
velocity: 


Solve for At: 


Substitute numerical values and 
evaluate At: 


Using a constant-acceleration 
equation, relate the skydiver’s 
distance of fall to the elapsed time 
At: 

Substitute numerical values and 
evaluate Ay: 


(b) Proceed as in (a) with 
Vupper bound — 0.5 m/s to obtain: 


=v, + gAt 


Vipper bound 
or, because vo = 0, 
v = gAt 


upper bound 


A t= Vapper bound 


g 


25 m/s 


= Deiat ims =2.55s 


Ay =v,At +4a(Aty 
or, because v0 = 0 anda =g, 


Ay = zg(Aty 
Ay =4(9.81m/s?) (2.558) = 
At => 5 _19.0510s 
9.81m/s 
and 


Ay = 4(9.81m/s?)(0.0510s)’ = 
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45 
Picture the Problem This is a constant-acceleration problem. Choose a coordinate 
system in which the direction Greene is running is the positive x direction. During the 
first 3 s of the race his acceleration is positive and during the rest of the race it is zero. 
The pictorial representation summarizes what we know about Greene’s race. 


a9, =a 1 an =0 2 


Express the total distance covered 100m = Ax,, + Ax,, 
by Greene in terms of the distances 
covered in the two phases of his 


race: 
Express the distance he runs getting Ax,, = VAt ++ a, ( Ato, y =1 a(3s) 
to his maximum velocity: 
Express the distance covered during AX, = Vpn At +4 a,l At,,) 
the rest of the race at the constant ae 
maximum velocity: =(aAt,, )At,, 
= a(3s)(6.79s) 

Substitute for these displacements 100m=+ a(3 sy 4 a(3s)(6.79s) 
and solve for a: A 

and 

a =| 4.02 m/s? 
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Determine the Concept This is a constant-acceleration problem with a = -g if we take 
upward to be the positive direction. 


At the maximum height the ball will Because the ball is moving slowly its blur 
reach, its speed will be near zero is relatively short (i.e., there is less 
and when the ball has just been blurring). 


tossed in the air its speed is near its 

maximum value. What conclusion 

can you draw from the image of the 
ball near its maximum height? 


To estimate the initial speed of the 
ball: 
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a) Estimate how far the ball being The ball moves about 3 ball diameters in 
tossed moves in 1/30 s: 1/30s. 
b) Estimate the diameter of a tennis The diameter of a tennis ball is 
ball: approximately 5 cm. 
c) Now one can calculate the Distance traveled = (3 diameters) 
eppnpaunate distance the ball moved e ( oe ter) 
in 1/30 s: 
= 15cm 
d) Calculate the average speed of 15cm 
the tennis ball over this distance: Average speed = I 450 cm/s 
—s 
30 
= 4.50 m/s 
e) Because the time interval is very “. Vo = 4.5 m/s 


short, the average speed of the ball 
is a good approximation to its initial 
speed: 


f) Finally, use the constant- _- Vo = (4. 5 m/s) 


acceleration equation Ay = F = 5 Co 81m/s7} = 


v? =v, +2aAy to solve for and 


evaluate Ay: 


Remarks: This maximum height is in good agreement with the height of the higher 
ball in the photograph. 
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Picture the Problem The average speed of a nerve impulse is approximately 120 m/s. 
Assume an average height of 1.7 m and use the definition of average speed to estimate 
the travel time for the nerve impulse. 


Using the definition of average Ax 
speed, express the travel time for the At= y 
nerve impulse: a 
Substitute numerical values and 1.7 
At =— =| 14.2ms 
evaluate At: 120m/s 


Speed, Displacement, and Velocity 
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Picture the Problem Think of the electron as traveling in a straight line at constant speed 
and use the definition of average speed. 
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(a) Using its definition, express the 
average speed of the electron: 


Solve for and evaluate the time of 
flight: 


(b) Calculate the time of flight for 
an electron in a 16-cm long current 
carrying wire similarly. 
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distance traveled 
Average speed = — - 
time of flight 
sa 
At 
M= AS — 0.16m 
Average speed 4x10’ m/s 
Ai AS 0.16 m 


~ Average speed ~ 4x10” m/s 
=4x10°s =| 66.7 min 


Picture the Problem In this problem the runner is traveling in a straight line but not at 
constant speed - first she runs, then she walks. Let’s choose a coordinate system in which 
her initial direction of motion is taken as the positive x direction. 


(a) Using the definition of average 
velocity, calculate the average 
velocity for the first 9 min: 


(b) Using the definition of average 


velocity, calculate her average speed 
for the 30 min spent walking: 


(c) Express her average velocity for 
the whole trip: 


(d) Finally, express her average 
speed for the whole trip: 
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me Saa ee 
At 9min 


Ps Ax _—2.5 km 
~ At 30min 
=| — 0.0833 km/ min 
AX ound trip 0 
= — Z — ZT 0 
Vav At At [o 
Agerbeapedd= SISTATE manele? 
elapsed time 
_ -2(2.5 km) 
30 min + 9 min 
=| 0.128 km/ min 


Picture the Problem The car is traveling in a straight line but not at constant speed. Let 
the direction of motion be the positive x direction. 


(a) Express the total displacement of 


the car for the entire trip: 


AX ora = AX, + AX, 


total 


Find the displacement for each leg 
of the trip: 


Add the individual displacements to 
get the total displacement: 


(b) As long as the car continues to 
move in the same direction, the 
average velocity for the total trip is 
given by: 
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Ax, = Va At, = (80 km/h)(2.5 h) 
= 200km 
and 
Ax, =V „2At, =(40 km/h)(1.5 h) 
= 60.0km 
AX oat = AX, + Ax, = 200km + 60.0km 
=| 260km 
y = AXo __ 260km 
“At 2.5h+1.5h 


total 


Picture the Problem However unlikely it may seem, imagine that both jets are flying in 


a Straight line at constant speed. 


(a) The time of flight is the ratio 
of the distance traveled to the 
speed of the supersonic jet. 


(b) The time of flight is the ratio 
of the distance traveled to the 
speed of the subsonic jet. 


(c) Adding 2 h on both the front 
and the back of the supersonic 
trip, we obtain the average speed 
of the supersonic flight. 


(d) Adding 2 h on both the front 
and the back of the subsonic trip, 
we obtain the average speed of the 
subsonic flight. 


t _ S atlantic 
supersonic ~ 
speed 


supersonic 


7 5500 km 
~ 2(0.340km/s)(3600s/h) 


=| 2.25h 


S Atlantic 


speed 


subsonic ~ 
subsonic 


5500 km 
0.9(0.340km/s\(3600s/h) 


- [roon] 


speed = in 
Peet wswpesonic = 3 95h + 4.00h 


=| 880km/h 


a 
av, subsonic 5.00h+4.00h 


=| 611km/h 


speed 
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Picture the Problem In free space, light travels in a straight line at constant speed, c. 


(a) Using the definition of average 
speed, solve for and evaluate the 
time required for light to travel from 
the sun to the earth: 


(b) Proceed as in (a) this time using 
the moon-earth distance: 


(c) One light-year is the distance 
light travels in a vacuum in one 
year: 


53 


S 
average speed = 7 


and 


= s _1.5x10"'m 
average speed 3x10°m/s 


= 500s =| 8.33 min 


3.84x10° m 
t= =| 1.288 
PT 


1 light - year = 9.48x10" m = | 9.48x10" km 


= (9.48x10° km) mi/1.61km) 
=| 5.89x10° mi 


Picture the Problem In free space, light travels in a straight line at constant speed, c. 


(a) Using the definition of average 
speed (equal here to the assumed 
constant speed of light), solve for 
the time required to travel the 
distance to Proxima Centauri: 


(b) Traveling at 10*c, the delivery 
time (tota) Will be the sum of the 
time for the order to reach Hoboken 
and the time for the pizza to be 
delivered to Proxima Centauri: 
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t 


_ distance traveled _ 4.1x10'°m 
speed of light  3x10* m/s 


=1.37x10°s=] 4.33 y 


total = Coder to be sent to Hoboken +t 


4.1x10" km 


=4.33y + 
t 10-3 x10° m/s) 

=4.33y+4.33x10°y 

= 4.33x10°y 


order to be delivered 


Since 4.33 x10° y >>1000 y, Gregor does not 
have to pay. 


Picture the Problem The time for the second 50 km is equal to the time for the entire 
journey less the time for the first 50 km. We can use this time to determine the average 
speed for the second 50 km interval from the definition of average speed. 


Using the definition of average 
speed, find the time required for the 
total journey: 


_ totaldistance _ 100km _ 2h 
“sl averagespeed 50km/h 


Find the time required for the first 
50 km: 


Find the time remaining to travel the 
last 50 km: 


Finally, use the time remaining to 
travel the last 50 km to determine 
the average speed over this distance: 
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50km 


tistsokm = 40km/h =1.25h 


loa spi = tiotal 7 Éist50km 7 2h-1.25h 


=0.75h 


Average speed, 50 km 


E distance traveled,.4 59 km 


HMC 54450 km 


Picture the Problem Note that both the arrow and the sound travel a distance d. We can 
use the relationship between distance traveled, the speed of sound, the speed of the arrow, 
and the elapsed time to find the distance separating the archer and the target. 


Express the elapsed time between 
the archer firing the arrow and 
hearing it strike the target: 


Express the transit times for the 
arrow and the sound in terms of the 
distance, d, and their speeds: 


Substitute these two relationships in 
the expression obtained in step 1 
and solve for d: 


56 eo 


At =1s = At now + At 


arrow sound 
At ie = i = d 
Virow) 40 m/s 
and 
At ound = = l 
Voua) 340 m/s 
d d 
+ =1s 
40m/s 340m/s 
and d =| 35.8m 


Picture the Problem Assume both runners travel parallel paths in a straight line along 


the track. 


(a) Using the definition of average 
speed, find the time for Marcia: 


distance run 


Marcia ~ 


Marcia's speed 

_ distance run 
1.15 (John's speed) 
100 m 


= =14.5 
1.15(6m/s) s 


56 Chapter 2 


Find the distance covered by John in Xoan = (6 m/s)(14. 5 s)= 87.0m 
14.5 s and the difference between 


Mircawi 
that distance and 100 m: and Marcia sans by 


100 m—87 m=] 13.0m 


(b) Using the definition of average distance run 100m 
speed, find the time required by John — = 
John to complete the 100-m run: 


=16.7s 


John's speed 6m/s 
Marsha wins by 16.7 s — 14.5 s = 2.2 s 


Alternatively, the time required by John to 
travel the last 13.0 m is 


(13 m)/(6 m/s) = 
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Picture the Problem The average velocity in a time interval is defined as the 
displacement divided by the time elapsed; that isv,, = Ax/ At . 


(a) Ax, = 0 


(b) Ax, = 1 m and At, = 3 s 


(c) Ax, = —6 m and At. = 3 s v„ =| —2.0 
(d) Axa = 3 m and Ata = 3 s v,, =| 1.00 m/s 
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Picture the Problem In free space, light travels in a straight line at constant speed c. We 
can use Hubble’s law to find the speed of the two planets. 


(a) Using Hubble’s law, calculate y= (s x102 m)(I 58x107! s~!) 
the speed of the first galaxy: ‘ 

=| 7.90x10* m/s 
(b) Using Hubble’s law, calculate v = (2 x10% m)(I 58x1078 s~’) 
the speed of the second galaxy: 

=[3.16x10' m/s 
(c) Using the relationship between r r 1 
distance, speed, and time for both t= y 7 TH = H 
galaxies, determine how long ago i7 . 
they were both located at the same =6.33x10 s = 20.110" y 


place as the earth: =| 20.1 billion years 
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Picture the Problem Ignoring the time intervals during which members of this relay 
time get up to their running speeds, their accelerations are zero and their average speed 


can be found from its definition. 


Using its definition, relate the 
average speed to the total distance 
traveled and the elapsed time: 


_ distance traveled 


av| 


elapsed time 


Express the time required for each L 
animal to travel a distance L: Cae, = > 
cheetah 
L 
falcon = - 
falcon 
and 
L 
t sailfish E 


sailfish 


1 1 1 
At = l + + 
Voheetah Vfalcon Vaailfish 


Use the total distance traveled by the relay team and the elapsed time to calculate the 
average speed: 


Express the total time, At: 


av| 


3L 
Sm — =| 122km/h 
1 1 1 ) | 122km | 


+ + 
113km/h 161km/h 105km/h 


Calculate the average of the three speeds: 


_ 113km/h +161km/h +105km/h 


three speeds ~ 3 


Average =| 126km/h = 1.03v,, 
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Picture the Problem Perhaps the easiest way to solve this problem is to think in terms of 
the relative velocity of one car relative to the other. Solve this problem from the 
reference frame of car A. In this frame, car A remains at rest. 


Find the velocity of car B relative to Vrel = Vg — Va = (110 — 80) km/h 
car A: = 30 km/h 
Find the time before car B reaches AX 45km 
car A: aS ~ =1.5h 
' v 30km/h 


rel 


Find the distance traveled, relative 
to the road, by car A in 1.5 h: 


d = (1.5h)(80km/h)=| 120km | 


58 Chapter 2 


*G1 oe 
Picture the Problem One way to solve this problem is by using a graphing calculator to 
plot the positions of each car as a function of time. Plotting these positions as functions 
of time allows us to visualize the motion of the two cars relative to the (fixed) ground. 
More importantly, it allows us to see the motion of the two cars relative to each other. We 
can, for example, tell how far apart the cars are at any given time by determining the 
length of a vertical line segment from one curve to the other. 


(a) Letting the origin of our X,(t) = 20t 

coordinate system be at the where x, is in meters if t is in seconds. 
intersection, the position of the 

slower car, x,(t), is given by: 


Because the faster car is also x(t) = 30t+ b 
moving at a constant speed, we 

know that the position of this car is 

given by a function of the form: 


We know that when t=5 s, this b=-150m 
second car is at the intersection (i.e., 

x(5 s) = 0). Using this information, 

you can convince yourself that: 


Thus, the position of the faster car is X, (t) = 30t -150 
given by: 


One can use a graphing calculator, graphing paper, or a spreadsheet to obtain the 
graphs of x(t) (the solid line) and x2(t) (the dashed line) shown below: 


(b) Use the time coordinate of the From the intersection of the two lines, one 
intersection of the two lines to can see that the second car will "overtake" 
determine the time at which the (catch up to) the first car at | t=15s |. 
second car overtakes the first: 


(c) Use the position coordinate of 
the intersection of the two lines to 
determine the distance from the 
intersection at which the second car 
catches up to the first car: 


(d) Draw a vertical line from t = 5 
s to the red line and then read the 
position coordinate of the 
intersection of this line and the red 
line to determine the position of the 
first car when the second car went 
through the intersection: 
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From the intersection of the two lines, one 
can see that the distance from the 


intersection is | 300 m |. 


From the graph, when the second car 
passes the intersection, the first car was 


100 m ahead |. 


Picture the Problem Sally’s velocity relative to the ground (vso) is the sum of her 
velocity relative to the moving belt (vsg) and the velocity of the belt relative to the ground 
(Vgc). Joe’s velocity relative to the ground is the same as the velocity of the belt relative 
to the ground. Let D be the length of the moving sidewalk. 


Express D in terms of Vgc (Joe’s 
speed relative to the ground): 


Solve for Vgc: 


Express D in terms of vga + Vs 
(Sally’s speed relative to the 
ground): 


Solve for Vsa: 


Express D in terms of Vgg + 2Vsp 
(Sally’s speed for a fast walk 
relative to the ground): 


Solve for tras time for Sally's fast 
walk: 


D =(2min)vpq 


o D 
2min 


VBG 


D=(Imin)(Vg¢ +Vsa ) 


= (min) = +s 


min 


D D D 


Vog = 7 = z 
lmin 2min 2min 


D = t (Vga +24q)=4{ =P 2D ) 


2min 2min 
= t; - 
2min 


40.0s 
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Picture the Problem The speed of Margaret’s boat relative to the riverbank (Vor ) is the 


sum or difference of the speed of her boat relative to the water (Vw! ) and the speed of 


the water relative to the riverbank (Vir ), depending on whether she is heading with or 


against the current. Let D be the distance to the marina. 


Express the total time for the trip: ta =t +t, 
Express the times of travel with the i D 4h 
. . 1 = — Uh 
motor running in terms of D, Vea Maw | = Mwel 
and Way) : and 
D 
——— 
Mew! + [vwe 
Express the time required to drift D 
f t =—— =8h 
distance D and solve for Mel ; wr 
and 
_D 
Me = 8h 


D D 3D 


= : D 
From t, =4h, find|vşw]: Fala a sat 


Solve for ty: D D 


Add t; and t, to find the total time: 


Acceleration 
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Picture the Problem In part (a), we can apply the definition of average acceleration to 
find ax. In part (b), we can find the change in the car’s velocity in one second and add 
this change to its velocity at the beginning of the interval to find its speed one second 
later. 


(a) Apply the definition of average Av  80.5km/h — 48.3km/h 
acceleration: awy = he 3.75 
=8,705™ 


h-s 
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Convert to m/s’: 
a,, =| 8.70 x 10° =| L 
h -s J 3600s 
=| 2.42 m/s? 
(b) Express the speed of the car at v(4.7 s) z v(3.7 s)+ AV; 
th f4.7 s: 
aos = 80.5km/h + Av, 
Find the change in the speed of the 
ere ae Av =a,,At= (8.70 ts) 
f h-s 
= 8.70 km/h 
Substitute and evaluate v(4.7 s): v(4.7 s) = 80.5km/h + 8.7 km/h 
=| 89.2km/h 
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Picture the Problem Average acceleration is defined as day = Av/At. 


The average acceleration is defined 
as the change in velocity divided by a: Av = (- Im/s)- (Sm/s) 
the change in time: At (8s) = (5s) 
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Picture the Problem The important concept here is the difference between average 
acceleration and instantaneous acceleration. 


(a) The average acceleration is aa = Av/At 
defined as the change in velocity 
divided by the change in time: 


Determine v at t = 3 s, t = 4 s, and v(3 s) = 17 m/s 
t=5s: v(4 s)=25 m/s 
v(5 s) = 33 m/s 
Find ax for the two 1-s intervals: aa (3 s to 4 s) = (25 m/s — 17 m/s)/(1 s) 
= 8 m/s? 
and 
da(4 s to 5 s) = (33 m/s — 25 m/s)/(1 s) 
= 8 m/s? 
The instantaneous acceleration is dv 7 
defined as the time derivative of the a= ae =| 8.00 m/s 


velocity or the slope of the velocity- 
versus-time curve: 
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(b) The given function was used to plot the following spreadsheet-graph of 


v-versus-t: 


v (m/s) 

m 

ol 
———— 


t (s) 
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Picture the Problem We can closely approximate the instantaneous velocity by the 
average velocity in the limit as the time interval of the average becomes small. This is 


important because all we can ever obtain from any measurement is the average velocity, 


Vay, Which we use to approximate the instantaneous velocity v. 


(a) Find x(4 s) and x(3 s): 


Find Ax: 


Use the definition of average velocity: 


(b) Find x(t + Af): 


Express x(t + At) — x(t) = Ax: 


(c) From (b) find Ax/At as At > 0: 


x(4 s) = (4f —5(4)+ 1=3 m 
and 
x(3 s) = (BF —5(3) +1 =-5 m 


Ax = x(4 s) — x3 s) =(-3 m) —-(-5 m) 


Vay = Ax/At = (2 m)/(1 s) = | 2 m/s 


x(t + At)= (t+ At’ — 5(t+ Af) +1 
=(t? + 2tAt + (Af)’) — 
5(t+ At) +1 


Ax =| (2t—5)At+(At) 


where Ax is in meters if t is in seconds. 


Ax _(2t-5)t + (At? 


At At 


=2t-5+ At 
and 
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v=lim,, ,)(Ax/ At) = 


where v is in m/s if t is in seconds. 


Alternatively, we can take the 

derivative of x(t) with respect to v(t )= dx(t \/dt = = dt (at? +bt + 1) 
time to obtain the instantaneous -7 b=2 

velocity. =2at+b=2t-5 
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Picture the Problem The instantaneous velocity is dx/dt and the acceleration is dv/dt . 


Using the definitions of dx _ d <| |- 
instantaneous velocity and ona At’ — Bt+C]=2At—-B 
acceleration, determine v and a: 
and 
d d 
250 DAH BIS 5A 
dr dt 
Substitute numerical values for A v= 2(8m/s” )t —6 m/s 
and B and evaluate v and a: 
=| (16 m/s? )t—6m/s 
and 


a = 2(8 m/s”) =| 16.0 m/s? 
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Picture the Problem We can use the definition of average acceleration (aay = Av/At) to 
find aay for the three intervals of constant acceleration shown on the graph. 


(a) Using the definition of average 15m/s-5m/s 7 
acceleration, find aa for the interval a. AB 7 35 =| 3.33 m/s 
AB: 
Find ax for the interval BC: 15m/s -15 m/s 
aav, Bc = aaa as =|0| 
Find a» for the interval CE: —15m/s —15m/ 
Oy cy = a 5 =| —7.50m/s’ 


(b) Use the formulas for the areas of trapezoids and triangles to find the area under 
the graph of v as a function of t. 
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Ax = (Ae) ze + (Ax) 4c + (Ax); + (AX sé 

=1(5m/s+15m/s)(3s)+(15 m/s)(3s) +4(15m/s)(2s) + 4(—15 m/s)(2 s) 

=| 75.0m 


(c) The graph of displacement, x, as a function of time, t, is shown in the following 
figure. In the region from B to C the velocity is constant so the x- versus-t curve is 
a straight line. 


x (m) 


t (s) 


(d) Reading directly from the figure, At point D, t = 8s, the graph crosses 
we can find the time when the 


the time axis; therefore, v = 0. 


particle is moving the slowest. 


Constant Acceleration and Free-Fall 
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Picture the Problem Because the acceleration is constant (—g) we can use a constant- 
acceleration equation to find the height of the projectile. 


Using a constant-acceleration v’ =v. + 2aAy 
: 0 

equation, express the height of the 

object as a function of its initial 

velocity, the acceleration due to 

gravity, and its displacement: 


Solve for AYmax = h: Because v(h) = 0, 
2 2 
2(-g) 2g 

From this expression for h we see h œ vy? 


that the maximum height attained is 
proportional to the square of the 
launch speed: 
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Therefore, doubling the initial speed (2v y y? 
gives four times the height: h, = o% Al |= 4h, 


and| (a)is correct. 
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Picture the Problem Because the acceleration of the car is constant we can use constant- 
acceleration equations to describe its motion. 


(a) Uing a constant-acceleration v=v.+at=0+ (3 m Js? \(10s) 
0 
equation, relate the velocity to the 


acceleration and the time: =| 80.0m/s 


(b) sing a constant-acceleration 
equation, relate the displacement to 
the acceleration and the time: 


Substitute numerical values and 1 
evaluate Ax: Ax =(8m/s*) (10s) =| 400m | 


c) Use the definition of va: 4 
(c) Use the definition o y -Ax oom 40.0m/s 


a 
Ax = X— X, avy tot 


Remarks: Because the area under a velocity-versus-time graph is the displacement 
of the object, we could solve this problem graphically. 
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Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 


Using a constant-acceleration y= Vo +2aAx 
equation, relate the velocity to the 
acceleration and the displacement: 


Solve for and evaluate the y2—y2 (152 — 52 }m2/s? 
displacement: Ax = 0 ( i 
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Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 


Using a constant-acceleration y= ve +2aAx 
equation, relate the velocity to the 
acceleration and the displacement: 
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. 2.2 
Solve for the acceleration: g=% = 
2 Ax 


Substitute numerical values and 


evaluate a: a= (Is? ele = 
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Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 


Using a constant-acceleration v’ =v? +2aAx 
equation, relate the velocity to the 
acceleration and the displacement: 


Solve for and evaluate v: y= (1 m/s} +2 (4 m/s? \a m) 

=| 3.00m/s 
Using the definition of average Av 3m/s-1m/s 
acceleration, solve for the time: t= a = an Js? =| 0.500s 
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Picture the Problem In the absence of air resistance, the ball experiences constant 
acceleration. Choose a coordinate system with the origin at the point of release and the 
positive direction upward. 


(a) Using a constant-acceleration Ay =Vot + tat? 
equation, relate the displacement of 
the ball to the acceleration and the 


time: 
Setting Ay = 0 (the displacement for 2v) 2(20 m/ s) 
a round trip), solve for and evaluate Loundtrip = g = 9.81m/s2 E [ 4.08s | 


the time required for the ball to 
return to its starting position: 


(b) Using a constant-acceleration v = vo +2aAy 
equation, relate the final speed of P 

the ball to its initial speed, the 
acceleration, and its displacement: 0= vo + 2(- g)H 


or, because Viop = 0 and a = —g, 


Solve for and evaluate H: 


Se) goa 
2g 2(9.81m/s’) 


(c) Using the same constant- Ay =v,t +4 at? 
acceleration equation with which we 

began part (a), express the 

displacement as a function of time: 
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Substitute numerical values to 9. 81m/s2 

obtain: 15m= anasje-( 81m t? 

Solve the quadratic equation for the The soluti t-| 0.991s | (thi 

times at which the displacement of A us 

the ball is 15 m: corresponds to passing 15 m on the way 
up) and t = (this corresponds to 
passing 15 m on the way down). 
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Picture the Problem This is a multipart constant-acceleration problem using two 
different constant accelerations. We’ll choose a coordinate system in which downward is 
the positive direction and apply constant-acceleration equations to find the required 
times. 


(a) Using a constant-acceleration Ay = y—y, =h-0=vt + i at? 
equation, relate the time for the slide 


to the distance of fall and the or, because vo = 0, 


2 
acceleration: h= zat, 
Solve for t): p 
h= J= 
Vg 
Substitute numerical values and 2( 460 m) 
evaluate tı: ti =| =| 9.68s 
\9.81m/s 
(b) Using a constant-acceleration vV =v, tat, 


equation, relate the velocity at the 
bottom of the mountain to the 
acceleration and time: 


Substitut ical val d 7 A 7 
pans = values an v, E (9.81m/s )(9.68s) = 


(c) Using a constant-acceleration Ax 


or, because vo = 0 and a; =g, 
v, = gt, 


equation, relate the time required to At =— 
. v 
stop the mass of rock and mud to its sad 
average speed and the distance it 
slides: 
Because the acceleration is constant: Vitv, v,+0_ v 
ad 2 2 2 
Substitute to obtain: ke 2Ax 
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Substitute numerical values and 2(8000 m) 
evaluate At: At = "95.0m/s = 
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Picture the Problem In the absence of air resistance, the brick experiences constant 
acceleration and we can use constant-acceleration equations to describe its motion. 
Constant acceleration implies a parabolic position-versus-time curve. 


(a) Using a constant-acceleration Y=Yo+vot++ (- gt? 
equation, relate the position of the brick As 
to its initial position, initial velocity, =6m+ (5 m/ s)t 7 (4.91 m/ ù )e 
acceleration, and time into its fall: 


The following graph of y = 6m+(5m/s)t— (4.91m/ s? Je was plotted using a 
spreadsheet program: 


8 
A 
6 
5 

E, 

> 
3 
2 
1 
(0) 
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 

t (9) 
(b) Relate the greatest height h = yy + AY pax 


reached by the brick to its height 
when it falls off the load and the 
additional height it rises AYmax: 


Using a constant-acceleration Van = Vo + 2(— g WY nax 
equation, relate the height 


, 7 or, because Vtop = 0, 
reached by the brick to its yeaa 


aoe 4.5 
acceleration and initial velocity: 0=v; + 2( g Jay max 
Solve for AYmax: 2 

y AY max = ao 
2g 
Substitute numerical values and (5 m Js}? 


evaluate AYmax: AY max = 20.81m/s =1.27m 
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Substitute to obtain: h=y,+Ay,,,. =6m+1.27m= 


Note: The graph shown above confirms 
this result. 


solve for t in the equation 


(c) Using the quadratic formula, 
-V £V 
obtained in part (a): t= 


With Ybottom = 0 and yo = 6 m or t =| 1.73s | and t=—0.708 s. Note: The 
Ay = —6 m, we obtain: 


second solution is nonphysical. 


(d) Using a constant-acceleration v=/2gh 
equation, relate the speed of the 

brick on impact to its 

acceleration and displacement, 

and solve for its speed: 


Substitute numerical values and TS J20.8 Tim /s?\(7.27 m) = 


evaluate v: 
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Picture the Problem In the absence of air resistance, the acceleration of the bolt is 
constant. Choose a coordinate system in which upward is positive and the origin is at the 
bottom of the shaft (y = 0). 


(a) Using a constant-acceleration Vii =O 
equation, relate the position of the i A 
bolt to its initial position, initial =y, tvott5(-g)t 


velocity, and fall time: 


Solve for the position of the bolt Ya = —Vot +4gt? 

when it came loose: 

Substitute numerical values and y, =-(6m /s)(3 s) +4 (9.8 1m/s? \Bs} 
evaluate yo: 


- [2610] 


(b) Using a constant-acceleration v=v, +at 
equation, relate the speed of the bolt 

to its initial speed, acceleration, and 

fall time: 
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Substitute numerical values and v=6m/s— (9.8 1 m/s? )(@s) = -23.4 m/s 
evaluate M : and 


b= [23.4m/s | 
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Picture the Problem In the absence of air resistance, the object’s acceleration is 
constant. Choose a coordinate system in which downward is positive and the origin is at 
the point of release. In this coordinate system, a = g and y = 120 m at the bottom of the 
fall. 


Express the distance fallen in the AY sastsecond = 120 m— Yisveforeimpat (1) 
last second in terms of the object’s 

position at impact and its position 

1 s before impact: 


: p : 7 a 
Using a constant acceleration 7 y=yyt+vot+tgt 
equation, relate the object’s position 


upon impact to its initial position, cy because yo = O and m=i, 


2 
initial velocity, and fall time: Y =z Iten 
Solve for the fall time: Zy 

tai = \ g 
Substitute numerical values and 2(1 20 m) 
evaluate tman: ton =. = 4.95s 

mV 9.81m/s? 
We know that, one second before y(3.958) = 16.81 m/s?\3.95s)° 
impact, the object has fallen for 
3.95 s. Using the same constant- = 76.4m 
acceleration equation, calculate the 
object’s position 3.95 s into its fall: 
Substitute in equation (1) to obtain: A = = 

Yiastsecond = 120m — 76.4m =| 43.6m 
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Picture the Problem In the absence of air resistance, the acceleration of the object is 
constant. Choose a coordinate system with the origin at the point of release and 
downward as the positive direction. 


Using a constant-acceleration v? =v? + 2aAy 
equation, relate the height to the 

initial and final velocities and the ‘ 
acceleration; solve for the height: j= Ve (1) 


2g 


or, because vo = 0, 


Using the definition of average 
velocity, find the average velocity of 
the object during its final second of 
fall: 


Express the sum of the final velocity 
and the velocity 1 s before impact: 


From the definition of acceleration, 
we know that the change in velocity 
of the object, during 1 s of fall, is 
9.81 m/s: 


Add the equations that express the 
sum and difference of vp— ıs and vr 
and solve 

for vg 


Substitute in equation (1) and 
evaluate h: 


*81 œ 
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_ Veas + Vp — Ay — 38m _ 


z 38 m/s 
2 At Is 


V, 


Vers +V; =2(38m/s)=76m/s 


AV =V; — Via, = 9.81 m/s 


To 76m/s +9.81m/s 
= 
2 


= 42.9m/s 


_ (42.9m/s) _ 
h= 20.81m) 


Picture the Problem In the absence of air resistance, the acceleration of the stone is 
constant. Choose a coordinate system with the origin at the bottom of the trajectory and 


the upward direction positive. Let v,_,,. be the speed one-half second before impact 


and v, the speed at impact. 


Using a constant-acceleration 
equation, express the final speed of 
the stone in terms of its initial speed, 
acceleration, and displacement: 


Solve for the initial speed of the 
stone: 


Find the average speed in the last 
half second: 


Using a constant-acceleration 
equation, express the change in 
speed of the stone in the last half 
second in terms of the acceleration 
and the elapsed time; solve for the 
change in its speed: 


ve =v; + 2aAy 


v =v? + 2gdy (1) 


= Ve-y2 + Ve = AX ast half second — 45m 
a 2 At 0.5s 
= 90m/s 


and 


Ven + Vp = 2(90 m/s) =180m/s 


AV = Vp — Ve = gAt 
= (9.81m/s?)(0.5s) 
= 4.91m/s 
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Add the equations that express the 180m/s +4.91m/s 

sum and difference of vp, and vr Ve 7 =92.5m/s 

and solve for vg 

Substitute in equation (1) and ya (92.5m/s) P 2(9.81m/s”) (- 200m) 


evaluate vo: 


=| 68.1m/s 


Remarks: The stone may be thrown either up or down from the cliff and the results 
after it passes the cliff on the way down are the same. 
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Picture the Problem In the absence of air resistance, the acceleration of the object is 
constant. Choose a coordinate system in which downward is the positive direction and the 
object starts from rest. Apply constant-acceleration equations to find the average velocity 
of the object during its descent. 


Express the average velocity of the Vo Ve 
falling object in terms of its initial Va = 2 
and final velocities: 


Using a constant-acceleration gt’ 

equation, express the displacement AYistsscona =, = +9 m=O Af 
of the object during the 1* second in 2 

terms of its acceleration and the 

elapsed time: 


Solve for the displacement to h=12.3m 
obtain: 
Using a constant-acceleration v — Vo + 2gAy 


equation, express the final velocity 
of the object in terms of its initial 
velocity, acceleration, and Vv, = ¥2gAy 
displacement: 


Substitute numerical values and o] | 2 ) = 
evaluate the final velocity of the eae 9.81m/s (12.3m) =15.5my/s 


object: 


Substitute in the equation for the 0+15.5m/s 
average velocity to obtain: Vay = 2 =| 7.77m/s 
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Picture the Problem This is a three-part constant-acceleration problem. The bus starts 
from rest and accelerates for a given period of time, and then it travels at a constant 
velocity for another period of time, and, finally, decelerates uniformly to a stop. The 
pictorial representation will help us organize the information in the problem and develop 
our solution strategy. 


or, because vo = 0, 


= fi ) - 
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t=37s t=? 


2 
a= 1.5 m/s* 


x(0)=0 x(12 s) 


v(0) =0 v(12 s) 


(a) Express the total displacement of 
the bus during the three intervals of 
time. 


Using a constant-acceleration 
equation, express the displacement 
of the bus during its first 12 s of 
motion in terms of its initial 
velocity, acceleration, and the 
elapsed time; solve for its 
displacement: 


Using a constant-acceleration 
equation, express the velocity of the 
bus after 12 seconds in terms of its 
initial velocity, acceleration, and the 
elapsed time; solve for its velocity 
at the end of 12 s: 


During the next 25 s, the bus moves 
with a constant velocity. Using the 
definition of average velocity, 
express the displacement of the bus 
during this interval in terms of its 
average (constant) velocity and the 
elapsed time: 


Because the bus slows down at the 
same rate that its velocity increased 
during the first 12 s of motion, we 
can conclude that its displacement 
during this braking period is the 
same as during its acceleration 
period and the time to brake to a 
stop is equal to the time that was 
required for the bus to accelerate to 
its cruising speed of 18 m/s. Hence: 


Add the displacements to find the 
distance the bus traveled: 


a=0 a=-1.5 m/s? 
x(37s) x(?) 
v(37s) v(?)=0 
AX ora = Ax(0 > 12s) + Ax(12s > 37s) 
+ Ax(37s > end) 


Ax(0 > 12s)=v,t+4at? 
or, because vo = 0, 
Ax(0 > 12s) =+4at? =108m 


Viog = Vp + Ay 412.At = (1.5 m/s? (12s) 
=18m/s 


Ax(12s + 37s) =v,,,At = (18m/s)(25s) 
= 450m 


Ax(37s —> 49s) = 108m 


AX oa = 108m+450m+108m 


-[ 666m 


total 
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(b) Use the definition of average Ax 


ott _ 066m 
velocity to calculate the average Vav = a. = 49s =| 13.6m/s 


velocity of the bus during this trip: 


Remarks: One can also solve this problem graphically. Recall that the area under a 
velocity as a function-of-time graph equals the displacement of the moving object. 
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Picture the Problem While we can solve this problem analytically, there are many 
physical situations in which it is not easy to do so and one has to rely on numerical 
methods; for example, see the spreadsheet solution shown below. Because we’re 
neglecting the height of the release point, the position of the ball as a function of time is 
given by y = vt- +4gt > The formulas used to calculate the quantities in the columns are 
as follows: 


Cell Content/Formula Algebraic Form 
Bl 20 Vo 

[B os ë [| g SC 
B5 0 t 
B6 B5 + 0.1 t+At 
C6 | $B$1*B6 — 0.5*$B$2*B62 | vt —1.gt? 


(a) 
A B C 
1 v0 =|20 m/s 
2 g =|/9.81 m/s*2 
3 t height 
4 (s) (m) 
5 0.0 0.00 
6 0.1 1.95 
7 0.2 3.80 
44 3.9 3.39 
45 4.0 1.52 
46 4.1 —0.45 


The graph shown below was generated from the data in the previous table. Note that the 
maximum height reached is a little more than 20 m and the time of flight is about 4 s. 
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25 


20 


height (m) 
a 


= 
fo) 


o 


© 
jä 


2 3 4 
t (s) 


(b) In the spreadsheet, change the value in cell B1 from 20 to 10. The graph should 
automatically update. With an initial velocity of 10 m/s, the maximum height achieved is 
approximately 5 m and the time-of-flight is approximately 2 s. 


height (m) 
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Picture the Problem Because the accelerations of both Al and Bert are constant, 
constant-acceleration equations can be used to describe their motions. Choose the origin 
of the coordinate system to be where Al decides to begin his sprint. 


(a) Using a constant-acceleration Ax =vt+ 1 at? 
equation, relate Al's initial velocity, 

his acceleration, and the time to 

reach the end of the trail to his 
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displacement in reaching the end of 
the trail: 


Substitute numerical values to 
obtain: 


Solve for the time required for Al to 
reach the end of the trail: 


(b) Using constant-acceleration 
equations, express the positions of 
Bert and Al as functions of time. At 
the instant Al turns around at the 
end of the trail, t= 0. Also, x = 0 at 
a point 35 m from the end of the 
trail: 


Calculate Bert’s position at t = 0. 
At that time he has been running for 
10.4 s: 


Because Bert and Al will be at the 
same location when they meet, 
equate their position functions and 
solve for t: 


To determine the elapsed time from 
when Al began his accelerated run, 
we need to add 10.4 s to this time: 


(c) Express Bert’s distance from the 
end of the trail when he and Al 
meet: 


Substitute numerical values and 
evaluate dend of trail! 


35m = (0.75 m/s)t + + (0.5 m/s°)t? 


t=| 10.4s 


Xber = XBeno + (0.75m/s )t 


Bert 
and 


Xai = Xalo T (0.85 m/s)t 
= 35m-—(0.85 m/s)t 


Xpento = (0.75 m/s)(10.4 8) = 7.80 m 


7.80m +(0.75m/s)t = 35m — (0.85 m/s)t 
and 


t=17.0s 


tan =17.08+10.4s =| 27.48 


dona of trail — 35 m-— X Bert,0 
= d ger runs until he meets Al 
dond of trail = 35 m— 7.80m 
—(17s)(0.75m/s) 


- [sm] 
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Picture the Problem Generate two curves on one graph with the first curve representing 
Al's position as a function of time and the second curve representing Bert’s position as a 
function of time. Al’s position, as he runs toward the end of the trail, is given by 


Xa =Vot +a ait’ and Bert’s position by Xper = Xo.pert + Vgent - Al’s position, once he’s 


Bert 
reached the end of the trail and is running back toward Bert, is given 

by Xa) = Xaro + Va (t —10.5 s). The coordinates of the intersection of the two curves give 
the time and place where they meet. A spreadsheet solution is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
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Bl 0.75 Vo 
B2 0.50 dal 
B3 —0.85 t 
B10 B9 + 0.25 t+ At 
C10 | $B$1*B10 + 0.5*$B$2*B10%2 Vot + ta, t? 
C52 | $C$51 + $B$3*(B52 - $B$51) | x. +Vv,(t—-10.5s) 
F10 $F$9 + $B$1*B10 Xo per + ae: 
(b) and (c) 
A B C D E F 
1 v0 = | 0.75 m/s 
2 a(Al) = | 0.5 m/s^2 
3 | vwAl) = | -0.85 m/s 
4 
5 t (s) x (m) x (m) 
6 
7 
8 Al Bert 
9 0.00 0.00 0.00 
10 0.25 0.20 0.19 
11 0.50 0.44 0.38 
49 10.00 32.50 7.50 
50 10.25 33.95 7.69 
51 10.50 35.44 * Al reaches 7.88 
52 10.75 35.23 end of trail 8.06 
53 11.00 35.01 and starts 8.25 
54 11.25 34.80 | back toward 8.44 
55 11.50 34.59 Bert 8.63 
56 11.75 34.38 8.81 
119 27.50 20.99 20.63 
120 27.75 20.78 20.81 
121 28.00 20.56 21.00 
122 28.25 20.35 21.19 
127 29.50 19.29 22.13 
128 29.75 19.08 22.31 
129 30.00 18.86 22.50 


T1 


The graph shown below was generated from the spreadsheet; the positions of both Al and 


Bert were calculated as functions of time. The dashed curve shows AI’s position as a 
function of time for the two parts of his motion. The solid line that is linear from the 


origin shows Bert’s position as a function of time. 
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Note that the spreadsheet and the graph (constructed from the spreadsheet data) confirm 
the results in Problem 85 by showing Al and Bert meeting at about 14.5 m from the end of 
the trail after an elapsed time of approximately 28 s. 
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Picture the Problem This is a two-part constant-acceleration problem. Choose a 
coordinate system in which the upward direction is positive. The pictorial representation 
will help us organize the information in the problem and develop our solution strategy. 


t=0 t=25s t=? 


> 
a= 20 m/s~ 


y(0) =0 y(25 s) Y max 
v(0) =0 v(25 s) v(?)=0 
(a) Express the highest point the h= AX iststage + AX, distage 


rocket reaches, h, as the sum of its 
displacements during the first two 
stages of its flight: 


Using a constant-acceleration = 1 2 
equation, express the altitude Xiststage = Xo + Vof + Z Cist siget 
reached in the first stage in terms of =+(20 m/s?)(25 s}? 
the rocket’s initial velocity, -6250m 
acceleration, and burn time; 

solve for the first stage altitude: 

Using a constant-acceleration Viststage = Vo + Aiststaget 
equation, express the velocity of the 5 

rocket at the end of its first stage in = (20 m/s’ )(25 s) 
terms of its initial velocity, — 500 m/s 


acceleration, and displacement; 
calculate its end-of-first-stage 
velocity: 


Using a constant-acceleration 
equation, express the final velocity 
of the rocket during the remainder 
of its climb in terms of its shut-off 
velocity, free-fall acceleration, and 
displacement; solve for its 
displacement: 


Substitute in the expression for the 
total height to obtain: 


(b) Express the total time the 
rocket is in the air in terms of the 
three segments of its flight: 


Express Atznd segment in terms of the 
rocket’s displacement and average 
velocity: 


Substitute numerical values and 
evaluate Atond segment! 


Using a constant-acceleration 
equation, relate the fall distance to 
the descent time: 


Solve for Atdescent! 


Substitute numerical values and 
evaluate Atgescent! 


Substitute and calculate the total 
time the rocket is in the air: 


(c) Using a constant-acceleration 
equation, express the impact 
velocity of the rocket in terms of its 
initial downward velocity, 
acceleration under free-fall, and 
time of descent; solve for its impact 
velocity: 
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2 2 
Vhighest point ~ Vohutoft E 2 Ara stage AY 2nd stage 
and, because Vhighest point = 9, 


= Vas = (5 00m/ s} 


A = 
Y ondstage 9G 2(9.81m/s?) 
=1.2742x10*m 


h = 6250m+1.27x10* m =| 19.0km 


At otal = At powered climb gi Atond segment + AES ay 
= 25 S+ Atna segment ay At descent 
Ài _ Displacement 
ondseement “Average velocity 
1.2742x10* m 
Atond segment = = 50.97 S 
0 +500 m/s 
2 


2 
Ay = Vot F +g (At escent ) 
or, because vo = 0, 


Ay = +9 (A seai j 


Atf descent T a 
Vg 
a(t. 104 ) 
Saa e ye 
| 9.81m/s 


At = 25s + 50.97 s +62.2s =138s 


- [Zin 5] 


v = Vo ag GAC descent 


impact 
and, because Vo = 0, 


= gAt = (9.81m/s? }(62.2s) 


Vimpact 
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Picture the Problem In the absence of air resistance, the acceleration of the 
flowerpot is constant. Choose a coordinate system in which downward is 
positive and the origin is at the point from which the flowerpot fell. Let 

t = time when the pot is at the top of the window, and t + At the time when 
the pot is at the bottom of the window. To find the distance from the ledge 
to the top of the window, first find the time tiop that it takes the pot to fall to 


the top of the window. 


Using a constant-acceleration 
equation, express the distance y 
below the ledge from which the pot 
fell as a function of time: 


Express the position of the pot as it 
reaches the top of the window: 


Express the position of the pot as it 
reaches the bottom of the window: 


Subtract Ypottom from Yop to obtain an 
expression for the displacement 
AYwindow Of the pot as it passes the 
window: 

Solve for tiop: 


Substitute numerical values and 
evaluate tiop: 


Substitute this value for tiop to obtain 
the distance from the ledge to the 
top of the window: 
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y=yytvott+tat? 
Since a= g andv,=y, =0, 


y=4gt? 


— 1 2 
Yop >= Deron 


Y bottom a +g (to T At vindow } 
where At =t t 


window top “bottom 


AY window = 29 le + At window J =í 


> | 
top 


=1g [2t,,,At non + (Ae nay J | 


2AY window _ (At d y 
; T g window 
ep 2At window 
2(4m) 2 
— -0.2 
= 9.81m/s* l ) 
i 2(0.2s) 


Yo = $(9.81 m/s?)(1.939 8)? = 


18.4m 


Picture the Problem The acceleration of the glider on the air track is constant. Its 
average acceleration is equal to the instantaneous (constant) acceleration. Choose a 
coordinate system in which the initial direction of the glider’s motion is the positive 


direction. 


Using the definition of acceleration, 
express the average acceleration of 
the glider in terms of the glider’s 
velocity change and the elapsed 
time: 


Av 
Aw DET 
At 


Using a constant-acceleration 
equation, express the average 
velocity of the glider in terms of the 
displacement of the glider and the 
elapsed time: 


Solve for and evaluate the initial 
velocity: 


Substitute this value of vo and 
evaluate the average acceleration of 
the glider: 
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ý AX VWV 
~ At 2 


_2Ax „_ 2100em) i5 ems) 
At 8s 


T- —15 cm/s — (40 cm/s) 
8s 


=| — 6.88 cm/s” 


Vo 


Picture the Problem In the absence of air resistance, the acceleration of the rock is 
constant and its motion can be described using the constant-acceleration equations. 
Choose a coordinate system in which the downward direction is positive and let the 
height of the cliff, which equals the displacement of the rock, be represented by h. 


Using a constant-acceleration 
equation, express the height h of the 
cliff in terms of the initial velocity 
of the rock, acceleration, and time of 
fall: 


Using this equation, express the 
displacement of the rock during the 


a) first two-thirds of its fall, and 


b) its complete fall in terms of the 
time required for it to fall this 
distance. 


Substitute equation (2) in equation 
(1) to obtain a quadratic equation in 
t: 

Solve for the positive root: 


Evaluate At=t+ 1s: 


Substitute numerical values in 
equation (2) and evaluate h: 


Ay =v,t+4at? 
or, because vo = 0, a = g, and Ay =h, 


h=1gt? 


h=1g(t+Is) (2) 


f=4si—2s =0 


t=4.45s 


At = 4.45 s + I s= 5.45s 


h = 1(9.81m/s? \(5.45s} =| 146m 
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Picture the Problem Assume that the acceleration of the car is constant. The total 
distance the car travels while stopping is the sum of the distances it travels during the 
driver’s reaction time and the time it travels while braking. Choose a coordinate system 
in which the positive direction is the direction of motion of the automobile and apply a 
constant-acceleration equation to obtain a quadratic equation in the car’s initial speed vo. 


(a) Using a constant-acceleration 
equation, relate the velocity of the 
car to its initial velocity, 
acceleration, and displacement 
during braking: 


Solve for the distance traveled 
during braking: 

Express the total distance traveled 
by the car as the sum of the distance 
traveled during the reaction time 
and the distance traveled while 
slowing down: 


Rearrange this quadratic equation to 
obtain: 


Substitute numerical values and 
simplify to obtain: 


Solve the quadratic equation for the 
positive root to obtain: 


Convert this speed to mi/h:: 


(b) Find the reaction-time distance: 


Express and evaluate the ratio of the 


reaction distance to the total distance: 


v? =v; + 2aAx,, 

or, because the final velocity is zero, 
2, 

0 =v; +2adx,,, 


Vo 
AX =- 
2a 
AX ot = AX react + AX nk 
2 
Vo 
= VoAt react = 2a 
2 _ 
Vy — 2aAt nctVy + 2GAX,,, = 0 


v = le 7m/s* {0.5 sv, 
+2(-7m/s” 4m) = 0 
or 


v? +(7m/s)v, —56m?/s? = 0 


V = 4.7613558 m/s 


= E a 
0.477 m/s 
=| 10.7 mi/h 
AX eact = VAt eact 


= (4.76 m/s)(0.5 s) = 2.38 m 


2.38m _ 
4m 


0.595 
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Picture the Problem Assume that the accelerations of the trains are constant. Choose a 
coordinate system in which the direction of the motion of the train on the left is the 
positive direction. Take xo = 0 as the position of the train on the left at t = 0. 


Using a constant-acceleration 
equation, relate the distance the train 
on the left will travel before the 
trains pass to its acceleration and the 
time-to-passing: 

Using a constant-acceleration 
equation, relate the position of the 
train on the right to its initial 
velocity, position, and acceleration: 


Equate x, and xp and solve for t: 


Find the position of the train 
initially on the left, x, as they pass: 


Remarks: One can also solve this 
problem by graphing the functions for 
Xı and xz. The coordinates of the 
intersection of the two curves give one 
the time-to-passing and the distance 
traveled by the train on the left. 
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xX, =40m-ta,t? 


= 40m —+(2.2m/s?)t? 


0.7t* = 40-1.1t? 


and 
t=4.71s 
x, =4(1.4m/s°)(4.718)° = 
xm 
XL 
XR 
15.6 
we ts 


Picture the Problem In the absence of air resistance, the acceleration of the stones is 
constant. Choose a coordinate system in which the downward direction is positive and the 


origin is at the point of release of the stones. 


Using constant-acceleration 
equations, relate the positions of the 
two stones to their initial positions, 
accelerations, and time-of-fall: 


Express the difference between x, 
and x3: 


Substitute for x; and x, to obtain: 


x, =1g(t-1.6s)’ 


X,—-X%=36m 


36m =4gt? —Lg(t-1.6s) 
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Solve this equation for the time t at 
which the stones will be separated 


by 36 m: 


Substitute this result in the 
expression for x, and solve for xz: 
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t=3.09 s 


x, = 4(9.81m/s?\3.09s—1.6s)° 


- [0sm] 


Picture the Problem The acceleration of the police officer’s car is positive and constant 
and the acceleration of the speeder’s car is zero. Choose a coordinate system such that the 
direction of motion of the two vehicles is the positive direction and the origin is at the 


stop sign. 

Express the velocity of the car in 
terms of the distance it will travel 
until the police officer catches up to 
it and the time that will elapse 
during this chase: 


Letting t; be the time during which 
she accelerates and t, the time of 
travel at vı = 110 km/h, express the 
time of travel of the police officer: 


Convert 110 km/h into m/s: 


Express and evaluate t;: 


Express and evaluate dı: 


Determine d}: 


Express and evaluate tz: 


Express the time of travel of the car: 


d augn 
Vear ~ 
toar 
tofficer =b + b 


v, = (110 km/h)(10° m/km) (1 h/3600 s) 
=30.6 m/s 


v, _ 30.6 m/s 


Sine =4.94s 


t = 
a 


motorcycle 


d, =4vt, = +(30.6 m/s)(4.94s) = 75.6 m 


d, = deug — 4, =1400 m -75.6 m 
=1324.4m 
t _ d, _1324.4m -433s 
v, 30.6 m/s 


tear = 2.0 s + 4.93 s +43.3 s = 50.2 s 
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Finally, find the speed of the car: d 
ygn neue =27.9 m/s 
Bie 50.2 s 
= (27.9 m/s) _lmih 
0.447 m/s 
=| 62.4mi/h 
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Picture the Problem In the absence of air resistance, the acceleration of the stone is 
constant. Choose a coordinate system in which downward is positive and the origin is at 
the point of release of the stone and apply constant-acceleration equations. 


Using a constant-acceleration he ot 

$ x 1 
equation, express the height of the 
cliff in terms of the initial position 
of the stones, acceleration due to 
gravity, and time for the first stone 
to hit the water: 


Express the displacement of the d, = vt, ++ gÈ 

tis 2 T Yor'2 T 2 G'o 
second stone when it hits the water 
in terms of its initial velocity, 
acceleration, and time required for it 
to hit the water. 


where t = tı — 1.6 s. 


Because the stones will travel the lgt? = lgt? 
l ai 79t = Vot + 7 Gly 
same distances before hitting the 
or 
water, equate h and d, and solve for 


‘ 1(9.81m/s? )t? = (32m/s)(t, - 1.6s) 
++(9.81m/s”)(t, -1.68)° 


Solve for t; to obtain: t, =2.37s 
Substitute for t; and evaluate h: 

Ee LOTIT ANG Rive ale h =+(9.81 m/s*)(2.37 s)’ =| 27.6m 
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Picture the Problem Assume that the acceleration of the passenger train is constant. Let 
Xp = 0 be the location of the passenger train engine at the moment of sighting the freight 
train’s end; let t = 0 be the instant the passenger train begins to slow (0.4 s after the 
passenger train engineer sees the freight train ahead). Choose a coordinate system in 
which the direction of motion of the trains is the positive direction and use constant- 
acceleration equations to express the positions of the trains in terms of their initial 
positions, speeds, accelerations, and elapsed time. 


(a) Using constant-acceleration iS (29 m/s \t +0.4 s) —tat? 
equations, write expressions for the 
positions of the front of the X= (360 m)+ (6 m/s\(t +0.4s) 


passenger train and the rear of the where x, and xç are in meters if t is in 
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freight train, x, and xr, respectively: 


Equate x;= xp to obtain an equation 
for t: 


Find the discriminant 
(D =B- 4AC) of this equation: 


The equation must have real roots if 
it is to describe a collision. The 
necessary condition for real roots is 
that the discriminant be greater than 
or equal to zero: 


(b) Express the relative speed of the 
trains: 


Repeat the previous steps with 

a = 0.754 m/s’ and a 0.8 s reaction 
time. The quadratic equation that 
guarantees real roots with the longer 
reaction time is: 


Solve for t to obtain the collision 
times: 


Note that at t = 35.4 s, the trains 
have already collided; therefore this 
root is not a meaningful solution to 
our problem. 


Now we can substitute our value for 
t in the constant-acceleration 
equation for the passenger train and 
solve for the distance the train has 
moved prior to the collision: 


Find the speeds of the two trains: 


Substitute in equation (1) and 
evaluate the relative speed of the 
trains: 


seconds. 


Lat? —(23m/s)t +350.8m =0 


D = (23 m/s} — dS )Bsosm) 


If (23 m/s) — a (701.6 m) > 0, then 


Ve = Vpt = Vp VE (1) 


rel 


1(0.754m/s? Jt? - (23 m/s)t 
+341.6m=0 


t=25.6 s and t = 35.4 s 


Note: In the graph shown below, you will 
see why we keep only the smaller of the 
two solutions. 


Xp = (29 m/s)(25.6 s + 0.8 s) 
— ( 0.377 m/s’)(25.6 5) 
= 518m 


Up = Vop + at 
= (29 m/s) + (0.754 m/s°)(25.5 s) 
= 9.77 m/s 

and 


Ur Oe 6 m/s 


V = 9.77 m/s - 6.00 m/s = | 3.77 m/s 


The graph shows the location of both trains as functions of time. The solid straight line is 
for the constant velocity freight train; the dashed curves are for the passenger train, with 
reaction times of 0.4 s for the lower curve and 0.8 s for the upper curve. 
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x (m) 


0.4 s reaction time 


Freight train 


— — — - 0.8 s reaction time 


0 10 20 30 40 
t (s) 
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Remarks: A collision occurs the first time the curve for the passenger train crosses 
the curve for the freight train. The smaller of two solutions will always give the time 


of the collision. 
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Picture the Problem In the absence of air resistance, the acceleration of an object near 


the surface of the earth is constant. Choose a coordinate system in which the upward 
direction is positive and the origin is at the surface of the earth and apply constant- 
acceleration equations. 


Using a constant-acceleration y = Vo +2aAy 
equation, relate the velocity to the 


. . or, because v = 0 and a = — 
acceleration and displacement: à 9, 


0 =v —2gAy 
Solve for the height to which the y? 
5 i P o. h =Ay= 0 
projectile will rise: y 
2g 
Substitute numerical values and 300 m/s} 
evaluate h: h= ( I =| 4.59km 
219.81 m/s 
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Picture the Problem This is a composite of two constant accelerations with the 
acceleration equal to one constant prior to the elevator hitting the roof, and equal to a 
different constant after crashing through it. Choose a coordinate system in which the 
upward direction is positive and apply constant-acceleration equations. 


(a) Using a constant-acceleration y= Vo +2aAy 
equation, relate the velocity to the 


. . or, because v = 0 and a = — 
acceleration and displacement: i 9, 


0=v -2gAy 
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Solve for vo: 


Substitute numerical values and 
evaluate vo: 


(b) Find the velocity of the elevator 
just before it crashed through the 
roof: 


Using the same constant- 
acceleration equation, this time with 


Vo = 0, solve for the acceleration: 


Substitute numerical values and 
evaluate a: 
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Vy = 2gAy 


v, = /2(9.81m/s”)(10" m) =| 443 m/s 


Vp =2 x 443 m/s = 886 m/s 


v? = 2aAy 
2 
a _ (886mis)’ = 2.62 10° m/s” 
2(150m) 
=| 267g 


Picture the Problem Choose a coordinate system in which the upward direction is 
positive. We can use a constant-acceleration equation to find the beetle’s velocity as its 
feet lose contact with the ground and then use this velocity to calculate the height of its 


jump. 


Using a constant-acceleration 
equation, relate the beetle’s 
maximum height to its launch 
velocity, velocity at the top of its 
trajectory, and acceleration once it is 
airborne; solve for its maximum 
height: 


Because Vhighest point = 0: 


Now, in order to determine the 
beetle’s launch velocity, relate its 
time of contact with the ground to 
its acceleration and push-off 
distance: 


Substitute numerical values and 


2 
evaluate Výunch : 


Substitute to find the height to 
which the beetle can jump: 


2 2 
Vhighestpoint = Viaunch + 24AY freefall 


= a + 2(- g )h 


2 
h = Viaunch 


2g 


2 _.2 
Viaunch = Vo + 2aAy launch 
or, because vo = 0, 

2 — 
Viaunch = 2 aAy launch 


V2 aen = 2(400)(9.81 m/s? )(0.6x 10 m) 
= 47.1m?/s” 


2g 


Using a constant-acceleration 
equation, relate the velocity of the 
beetle at its maximum height to its 
launch velocity, free-fall 
acceleration while in the air, and 
time-to-maximum height: 


Solve for tmax height! 


For zero displacement and constant 
acceleration, the time-of-flight is 
twice the time-to-maximum height: 
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v=v,+at 
or 


Vmax. height = Viaunch E g l cae height 
and, because Vmax height = 9, 


0 = Viaunch T g l ax hei 


t — Viaunch 

max height g 

t = 2t = 2V aunch 
flight max. height g 


2(6.86m/s) 
=C A 
a L5| 


Picture the Problem Because its acceleration is constant we can use the constant- 
acceleration equations to describe the motion of the automobile. 


Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and displacement: 


Solve for the acceleration a: 


Substitute numerical values and 
evaluate a: 


Express the ratio of a to g and then 
solve for a: 


Using the definition of average 
acceleration, solve for the stopping 
time: 


Substitute numerical values and 
evaluate At: 


v’ =v +2aAx 


or, because v = 0, 


0=v; +2aAx 
MaL 

2Ax 
a = ~L(98km/h)(L0°m/km (1h /3600 s)|? 

2(50m) 
- [Tain 
2 
a a ges 
g  9.81m/s 
dy = au => At= zal 
At a 


av 


(—98km/h)(10° m/km)(1h/3600s) 
~7.41m/s” 


At = 


=| 3.67s 
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Picture the Problem In the absence of air resistance, the puck experiences constant 
acceleration and we can use constant-acceleration equations to describe its position as a 
function of time. Choose a coordinate system in which downward is positive, the particle 
starts from rest (v, = 0), and the starting height is zero (yo = 0). 


Using a constant-acceleration -g -g 
equation, relate the position of the JiS =A) = = (at) 
falling puck to the acceleration and 
the time. Evaluate the y-position at y, = Uig At) = -g —=(4)( At? 
successive equal time intervals At, 2 2 
2At, 3At, etc: 
ys =S Bat) =F O(A) 
ya = TEUAS =A 6)(at} 
etc. 
Evaluate the changes in those g r 
positions in each time interval: Ayo =y ~-9= a (At) 
Ay>, = -y,==2 es) = 3AYo 
AY; = -y =E fa) = SAY, 
AY43 = Y4 7y; = (=La) = TAY, 
etc. 
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Picture the Problem Because the particle moves with a constant acceleration we can use 
the constant-acceleration equations to describe its motion. A pictorial representation will 
help us organize the information in the problem and develop our solution strategy. 


t=0 t=4s t=6s 
x(0) x(4 s) = 100 m x(6 s) 
v(0) v(4 s) v(6 s) = 15 m/s 
t . o —>e x,m 
0 100 
a =3 m/s? 
; g ; j 
Using a constant-acceleration X=X,+vot +4at 


equation, find the position x at 
t= 6 s. To find x at t = 6 s, we first 
need to find vo and xo: 
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Using the information that when x(4 s) =100m 

t=4s,x= 100 m, obtain an i 5 5 

equation in Xo and vo: = Xo + Vo (4 s) +z B m/s la s) 
or 


x, +(4s)v, = 76m 


Using the information that when v(6 s) =v, + (3 m/s” \(6 s) 
t=6s, v= 15 m/s, obtain a second 


equation in Xo and vo: 


Solve for vp to obtain: Vo = —3 m/s 


Substitute this value for vo in the Xo = 88 m 
previous equation and solve for xo: 


Substitute for xo and vo and evaluate x at t = 6 s: 


x(6s) = 88m +(-3 m/s) (6s)+4(3 m/s?) (6s) =| 124m | 


*103 
Picture the Problem We can use constant-acceleration equations with the final velocity 
v = 0 to find the acceleration and stopping time of the plane. 


(a) Using a constant-acceleration v= Vo +2aAx 
equation, relate the known velocities 
to the acceleration and displacement: 


Solve for a: _ v? =y _ av 
2Ax 2Ax 

Substitute numerical values and —(60m/s} 

evaluate a: a= = (60m/s) =| —25.7m/s’ 
2(70m) 

(b) Using a constant-acceleration v=v, +aAt 


equation, relate the final and initial 
speeds of the plane to its 
acceleration and stopping time: 


Solve for and evaluate the stopping v-v 0-60 m/s 
S At = i =| 2.33s 
104 + 


Picture the Problem This is a multipart constant-acceleration problem using three 
different constant accelerations (+2 m/s’ for 20 s, then zero for 20 s, and then —3 m/s” 
until the automobile stops). The final velocity is zero. The pictorial representation will 
help us organize the information in the problem and develop our solution strategy. 
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t=0 t=20s t=40s t=? 

+ = è + + è 4 X 
x(0)=0 x(20 s) x(40 s) x(?) 
v(0)=0 v(20 s) v(40 s) v(?) 


Add up all the displacements to get 
the total: 


Using constant-acceleration 
formulas, find the first 
displacement: 


The speed is constant for the second 
displacement. Find the 
displacement: 


Find the displacement during the 
braking interval: 


Add the displacements to get the 
total: 


AXo = AXo; + AX + Ax, 


_ 1 2 
AXo; = Vot, + zoti 


= 0+ 5(2m/s*)(20s)* = 400m 


AX, = v(t, = t,) 
where v, = V + agt, =0+a),t, and 
AX = agit, (t, —t,) 

=(2 m/s’ )(20 s)(20s) = 800 m 


V; =v} + 2a,,Ax,, 
where v, =v, = at, and v, = 0 and 
0° —(a,t,) _ —[(2 m/s)(20s)]? 


Mos = 2a, 2(-3m/ s’) 


AX; = AX, + AX,, + AX, =1467 m 


=|1.47km 


Remarks: Because the area under the curve of a velocity-versus-time graph equals 
the displacement of the object experiencing the acceleration, we could solve this 
problem by plotting the velocity as a function of time and finding the area bounded 


by it and the time axis. 
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Picture the Problem Note: No material body can travel at speeds faster than light. When 
one is dealing with problems of this sort, the kinematic formulae for displacement, 
velocity and acceleration are no longer valid, and one must invoke the special theory of 
relativity to answer questions such as these. For now, ignore such subtleties. Although 
the formulas you are using (i.e., the constant- acceleration equations) are not quite 
correct, your answer to part (b) will be wrong by about 1%. 


(a) This part of the problem is an exercise in the conversion of units. Make use of the fact 


that 1 cy = 9.47x10" mand 1 y =3.16x10’ s: 


Ic-y 
= (9.8 1m/s” 
g l à n 


I" 


2 
‘oP | f 


(b) Let tın represent the time it takes 
to reach the halfway point. Then the 
total trip time is: 


Use a constant- acceleration 
equation to relate the half-distance 
to Mars Ax to the initial speed, 
acceleration, and half-trip time ty). : 


Because vp = 0 and a = g: 


The distance from Earth to Mars at 
closest approach is 7.8 x 10" m. 
Substitute numerical values and 
evaluate t12: 


Substitute for tı in equation (1) to 
obtain: 
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t=2 tip (1) 


Ax =vot + tatiz 


2Ax 
tia ETFI 
10 
t = 2(3.9%10" m) =~8.92x104s 
\  9.81m/s 


t = 2(8.92x10*s)=1.78x10°s =| 2d | 


Remarks: Our result in part (b) seems remarkably short, considering how far Mars 


is and how low the acceleration is. 
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Picture the Problem Because the elevator accelerates uniformly for half the distance and 
uniformly decelerates for the second half, we can use constant-acceleration equations to 


describe its motion 


Let tın = 40 s be the time it takes to 
reach the halfway mark. Use the 
constant-acceleration equation that 
relates the acceleration to the known 
variables to obtain: 


Solve for a: 


Substitute numerical values and 
evaluate a: 
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Ay = vt + 4+at? 


or, because Vo = 0, 


Ay = tat? 
2A 

a= = 
tij2 


r- 2(4)(1173ft)(1m/3.281ft) _ nore 


(40s) 


- [ozz] 


Picture the Problem Because the acceleration is constant, we can describe the motions 
of the train using constant-acceleration equations. Find expressions for the distances 
traveled, separately, by the train and the passenger. When are they equal? Note that the 
train is accelerating and the passenger runs at a constant minimum velocity (zero 
acceleration) such that she can just catch the train. 
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PL 


p” to refer to the train and the 
passenger and the subscript "c” to 
identify “critical” conditions, 
express the position of the train and Ave (t) AT (t, z At) 


the passenger: 


1. Using the subscripts “train” and a 
ee ) = 


and 


Express the critical conditions that 
must be satisfied if the passenger is 


Vrain, A; Vie 


to catch the train: and 
Xtrain,c Xp,c 
2. Express the train’s average O +Vaaino  Vaaino 
velocity. V,, (0 to t,) = 7 R > i 
3. Using the definition of average Ax OFX e Xpo 
loci vint Vea ap = mare 
velocity, express Vay in terms of Xp, Me Ot i 
and t.. E c 
4. Combine steps 2 and 3 and solve Viaincte 
for Xp,c- Xp 5 T> 
5. Combine steps 1 and 4 and solve A 
for te Vpe(t, A = 
2 
or 
t 
t, —At = 
2 
and 


t,=2 At=2(6s)=12s 


6. Finally, combine steps 1 and 5 E = (0.4 m/s? \12s) 
and solve for Virain, c- i ; 


=| 4.80 m/s 


The graph shows the location of both the passenger and the train as a function of time. 
The parabolic solid curve is the graph of Xtain(t) for the accelerating train. The straight 
dashed line is passenger's position x,(¢) if she arrives at At = 6.0 s after the train departs. 
When the passenger catches the train, our graph shows that her speed and that of the train 
must be equal (v = V e) Do you see why? 


train,c 
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Train 


‘Passenger |_| 


x (m) 
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Picture the Problem Both balls experience constant acceleration once they are in flight. 
Choose a coordinate system with the origin at the ground and the upward direction 
positive. When the balls collide they are at the same height above the ground. 


Using constant-acceleration 
equations, express the positions of 
both balls as functions of time. At 
the ground y = 0. 


The conditions at collision are that 
the heights are equal and the 
velocities are related: 


Express the velocities of both balls 
as functions of time: 


Substituting the position and 
velocity functions into the 
conditions at collision gives: 


We now have two equations and 
two unknowns, t. and vo. Solving the 
equations for the unknowns gives: 


Substitute the expression for t, into 
the equation for y, to obtain the 
height at collision: 


Ya =h-4gt? 
and 

Ys =Vol—7 gt” 
Ya = Yeg 

and 

Va =—2V, 

Vv, =—gt 

and 

Vz =V, -gt 


h-4 gt? = Vot, = 49t 
and 


z gt, = -2(v, ~ gt.) 


where t, is the time of collision. 


t= and v, = [me 
3g 2 


2h 2h 
Ya =h bo |- 


3 
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Remarks: We can also solve this problem graphically by plotting velocity- versus- 
time for both balls. Because ball A starts from rest its velocity is given byv} = -gt . 
Ball B initially moves with an unknown velocity vgo and its velocity is given 

byV, = Vo — gt . The graphs of these equations are shown below with T 
representing the time at which they collide. 


v 


V. 
“Bo 


Ug = Vgo7gt 


The height of the building is the sum of the sum of the distances traveled by the 
balls. Each of these distances is equal to the magnitude of the area "under" the 
corresponding v-versus-t curve. Thus, the height of the building equals the area of 
the parallelogram, which is vgoT. The distance that A falls is the area of the lower 
triangle, which is (1/3) vgoT. Therefore, the ratio of the distance fallen by A to the 
height of the building is 1/3, so the collision takes place at 2/3 the height of the 
building. 
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Picture the Problem Both balls are moving with constant acceleration. Take the origin 
of the coordinate system to be at the ground and the upward direction to be positive. 
When the balls collide they are at the same height above the ground. The velocities at 
collision are related by va = 4vg. 


Using constant-acceleration y, =h-Ł4 gt? 
: Sz A 2 
equations, express the positions of 
both balls as functions of time: and 
= 1 py? 
Ys =Vol—zgt 
The conditions at collision are that Ya = Ypg 


the heights are equal and the 


velocities are related: and 
Va =4v, 
Express the velocities of both balls v, =—gt andv, =v, -gt 


as functions of time: 


Substitute the position and velocity 
functions into the conditions at 
collision to obtain: 


We now have two equations and 
two unknowns, t. and vo. Solving the 
equations for the unknowns gives: 


Substitute the expression for t, into 
the equation for ya to obtain the 


height at collision: 
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h—4gt; =Vvot, —7 gt. 
and 


= gt, = Aly, ~ gt.) 


where t, is the time of collision. 


i= 2 and v, g 
3g 4 


Determine the Concept The problem describes two intervals of constant acceleration; 
one when the train’s velocity is increasing, and a second when it is decreasing. 


(a) Using a constant-acceleration 
equation, relate the half-distance Ax 
between stations to the initial speed 
Vo, the acceleration a of the train, 
and the time-to-midpoint At: 


Solve for At: 


Substitute numerical values and 
evaluate the time-to-midpoint At: 


Ax = v,At +4a(Aty 
or, because vo = 0, 


Ax = La(At) 
Ax 

At = 4 
Va 

At = 2(450m) _ 59 95 
\ Ims 


Because the train accelerates uniformly and from rest, the first part of its velocity 
graph will be linear, pass through the origin, and last for 30 s. Because it slows 
down uniformly and at the same rate for the second half of its journey, this part of 
its graph will also be linear but with a negative slope. The graph of v as a function 


of t is shown below. 
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v (m/s) 
H 
a 


(b) The graph of x as a function of t is obtained from the graph of v as a function 
of t by finding the area under the velocity curve. Looking at the velocity graph, 
note that when the train has been in motion for 10 s, it will have traveled a 
distance of 


4(10s)(10m/s) = 50m 


and that this distance is plotted above 10 s on the following graph. 


x (m) 


[=] 
H. 
(o) 
N 
e} 
w 
jo) 
D 
jo) 
a 
© 
a 
[=] 


t (s) 


Selecting additional points from the velocity graph and calculating the areas under the 
curve will confirm the graph of x as a function of t that is shown. 
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Picture the Problem This is a two-stage constant-acceleration problem. Choose a 
coordinate system in which the direction of the motion of the cars is the positive 
direction. The pictorial representation summarizes what we know about the motion of the 
speeder’s car and the patrol car. 
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saya Xs,2 
z Vso = 125 km/h E = 125 km/h m Usaz = 125 km/h 
ty =0 ty 
Ago, = 0 M5 12 = 0 - 
4 + x 
0 App = 2.22 m/s? apn = 0 2 
Xpp =O Xpo 
Upp = 0 ss Vp; = 190 km/h a Up2 = 190 km/h 
mate aceon tenie ate 8 8 Xe Danie 
i : p h-s h-s 3600s 
into SI units: ‘ a i 
m m 
125 =125 x =34.7 m/s, 
h h 3600s 
and 
km km 1h 
190 =190 x = 52.8 m/s 
h h 3600s 


(a) Express the condition that 
determines when the police car 
catches the speeder; i.e., that their 
displacements will be the same: 


Using a constant-acceleration 
equation, relate the displacement of 
the patrol car to its displacement 
while accelerating and its 
displacement once it reaches its 
maximum velocity: 


Using a constant-acceleration 
equation, relate the displacement of 
the speeder to its constant velocity 
and the time it takes the patrol car to 
catch it: 


Calculate the time during which the 
police car is speeding up: 


AXP, 02 = AXSs,02 


AXp o2 = AXp o1 + AXp 12 
= AXp o1 + Hi z t,) 


Axo. = Vs oo Ato 
= (34.7 m/s)t, 


At. = AVpo1 _ Vp1— Veo 
Pol — z 


P,01 apoi 
_ 52.8m/s —0 


Spa S 
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Express the displacement of the AXpo1 = Voy Att Gags At; m 
patrol car: i n i , ; 
=0+4(2.22m/s?)(23.88) 
= 629m 
Equate the displacements of the two AXp = AR yy + ÅXp j2 
vehicles: : j 
= AXp o; + Yil z t) 
= 629m +(52.8m/s)(t, —23.8s) 
Solve for the time to catch up to (34.7 m/s) t = 629 m 
obtain: + (52.8 m/s)(t, — 23.8 s) 
(b) The distance traveled is the AXs 92 = Vg.orAto) = (34.7 m/s\34.7 s) 
displacement, Axo2,s, of the speeder 
during the catch: =| 1.20km 


(c) The graphs of xs and xp are shown below. The straight line (solid) represents xs(t) and 
the parabola (dashed) represents xp(t). 


1400 
1200 

Speeder 
1000 = = = Officer 


x (m) 
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Picture the Problem The accelerations of both cars are constant and we can use 
constant-acceleration equations to describe their motions. Choose a coordinate system in 
which the direction of motion of the cars is the positive direction, and the origin is at the 
initial position of the police car. 


(a) The collision will not occur if, Axp — Axs < 100 m. 
during braking, the displacements of 

the two cars differ by less than 

100 m. 


Using a constant-acceleration 
equation, relate the speeder’s initial 
and final speeds to its displacement 
and acceleration and solve for the 
displacement: 


Substitute numerical values and 
evaluate Ax,: 


Using a constant-acceleration 
equation, relate the patrol car’s 
initial and final speeds to its 
displacement and acceleration and 
solve for the displacement: 


Substitute numerical values and 
evaluate Ax,: 


Finally, substitute these 
displacements into the inequality 
that determines whether a collision 
occurs: 


(b) Using constant-acceleration 
equations, relate the positions of 
both vehicles to their initial 
positions, initial velocities, 
accelerations, and time in motion: 


Equate these expressions and solve 
for t: 
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F 
VS = Vis + 2a, Ax, 


or, because v, = 0, 


2_.2 
V, =Vop + 2a,Ax, 


Ax. = Yon 
Da 
2 
Pea. page 
2\— 6 m/s 


232 m — 100 m = 132m 
Because this difference is greater than 


100 m,! the cars collide |. 


xs =100m + (34.7 m/s)t - (3 m/s? }t? 
and 
xp = (52.8m/s)t - (3 m/s? Je? 


100 m + (34.7 m/s) t- (3 m/s’) ? 
= (52.8 m/s) t— (3m/s’) Ë 


and 


t=| 5.52s 


© If you take the reaction time into account, the collision will occur 
c 

sooner and be more severe. 
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Picture the Problem Lou’s acceleration is constant during both parts of his trip. Let t 

be the time when the brake is applied; L, the distance traveled from t= 0 to t = tı. Let tn 
be the time when Lou's car comes to rest at a distance L from the starting line. A pictorial 
representation will help organize the given information and plan the solution. 
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(a) Express the total length, L, of the L= Axo; + Axi 
course in terms of the distance over 

which Lou will be accelerating, 

Axo,, and the distance over which he 

will be braking, Ax;2: 


Express the final velocity over the v = Vo +2a,, Ax, 
first portion of the course in terms 


of the initial velocity, acceleration, or, because vo = 0, Axo: = Lı, and 


and displacement; solve for the do = a, : , 
displacement: v v 
Ax, =£,=—-=—~ 
2a 2a 
Express the final velocity over the v? = v? +2a,,Ax,, 


second portion of the course in 


ees : r a =0 an =-2a 
terms of the initial velocity, G pecat ye anes ; 


2 
acceleration, and displacement; Meee Visis L 
solve for the displacement: 2 4a 2 
Substitute for Axo; and Ax}, to L = Ax% + Ax, = L + +L, = 3L 
obtain: and 


(b) Using the fact that the 

acceleration was constant during Vav,o1 = Vav,12 = F 
both legs of the trip, express Lou’s 

average velocity over each leg: 


Express the time for Lou to reach ine 
his maximum velocity as a function Ato, = E 
of Lı and his maximum velocity: avol ri 

and 

At), «L, = —L 
Having just shown that the time _| 2 

C=| olen 


required for the first segment of the 
trip is proportional to the length of 
the segment, use this result to 
express Ato; (= tı) in terms tfn: 
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Picture the Problem There are three intervals of constant acceleration described in this 
problem. Choose a coordinate system in which the upward direction (shown to the left 
below) is positive. A pictorial representation will help organize the details of the problem 


and plan the solution. 


to A, =-g = apn = 15 m/s? ees, ay, =0 f3 
y == => = 
—S 
0 1 2 = 3 
Yo = 575 m Wy Y> y,=0 
Vp = 0 vi v,=5m/s v;=5m/s 


(a) The graphs of a(t) (dashed lines) and v(t) (solid lines) are shown below. 


v (m/s) anda (m/s^2) 


Velocity 
= Acceleration 


8 10 12 14 16 
t (s) 


(b) Using a constant-acceleration 
equation, express her speed in terms 
of her acceleration and the elapsed 
time; solve for her speed after 8 s of 
fall: 


(c) Using the same constant- 
acceleration equation that you used 
in part (b), determine the duration of 
her constant upward acceleration: 


(d) Find her average speed as she 
slows from 78.5 m/s to 5 m/s: 


Vi = Vy + ayb 
= 0+ (9.81m/s? \(88) 


- [755m5] 


V, =V, +a,,At,, 
A sal 5m/s —(—78.5 m/s) 
Gli 15m/s* 


=| 4.90s 


_vtv, _ 78.5m/s+5m/s 


Vay 
2 2 
=41.8m/s 
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Use this value to calculate how far 
she travels in 4.90 s: 


(e) Express the total time in terms of 
the times for each segment of her 
descent: 


We know the times for the intervals 
from 0 to 1 and 1 to 2 so we only 
need to determine the time for the 
interval from 2 to 3. We can 
calculate At); from her displacement 
and constant velocity during that 
segment of her descent. 


Add the times to get the total time: 


(f) Using its definition, calculate her 
average velocity: 


AY =V, At = (41.8 m/s)\(4.90s) 
= 204m 


She travels 204m while slowing 


down. 


tioa = Aly, + At,, + At, 


AY»; = AY otai — AYor — AVin 
mam 


=575m-[ 8s)- 204m 


=57.0m 


tota = boi th. +b; 


=85s +4.95 + am 


=| 24.3s 

Ax —1500m 
Vo= = =| —7.18m/ 
oar 


total 


S 


Integration of the Equations of Motion 
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Picture the Problem The integral of a function is equal to the "area" between the curve 
for that function and the independent-variable axis. 


(a) The graph is shown below: 


35 


30 


v (m/s) 


t (s) 


The distance is found by 
determining the area under the 
curve. You can accomplish this 
easily because the shape of the 
area under the curve is a 
trapezoid. 


Alternatively, we could just count 
the blocks and fractions thereof. 


(b) To find the position function 
x(t), we integrate the velocity 
function v(t) over the time 
interval in question: 


Now evaluate x(t) at 0 s and 5 s 
respectively and subtract to obtain 
Ax: 
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A = (36 blocks)(2.5 m/block) = 


or 


a| Batam ss —0s)= 90m 


There are approximately 36 blocks each 
having an area of (5 m/s)(0.5 s) = 2.5 m. 


v(t')de' 


[(6 m/s? )t'+@ m/s) de 


and 


x(t) = (3 m/s? Jt? + (3 m/s)t 


Ax = x(5s)—x(0s)=90 m—Om 


=| 90.0m 


Picture the Problem The integral of v(t) over a time interval is the displacement (change 
in position) during that time interval. The integral of a function is equivalent to the "area" 
between the curve for that function and the independent-variable axis. Count the grid 


boxes. 


(a) Find the area of the shaded 
gridbox: 


(b) Find the approximate area under 
curve forls<t<2s: 


Find the approximate area under 
curve for2s<t<3s: 


(c) Sum the displacements to 
obtain the total in the interval 
Ils<t<3s: 


Using its definition, express and 
evaluate Vay: 


(d) Because the velocity of the 
particle is dx/dt, separate the 


Area = (1 m/s)(1s)=| 1m per box 


AX} sto2s = 1.2m 


AX) 5103.5 = 3.2m 


AXi sto3s = 1.2 m + 3.2 m 
=4.4m 


_ Ax 
av At 


44m _ 
2s 


Isto3s _ 


v 2.20 m/s 


Is to3s 


dx = (0.5m/s° Jat 


so 
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variables and integrate over the 
interval 1 s <t <3 s to determine the 
displacement in this time interval: 


Calculate the average velocity over 
the 2-s interval from 1 s to 3 s: 


Calculate the initial and final 
velocities of the particle over the 
same interval: 


Finally, calculate the average value 


of the velocities at t= 1s and t = 3 s: 


Ax 


Is—3s 


= fax = (o.smis') fe" dt' 
ls 


Xo 


j 3s 
= (0.5m/s? 2 =| 4.33m 
sme’ 


Is 


This result is a little smaller than the sum 
of the displacements found in part (b). 


Ax 
Vie = pe eet 2.17m/s 
At 2s 


Is—3s 


v(Is)= (0.5 m/s’ Xis} =0.5m/s 
v(3s)= (0.5 m/s° LBs} =4.5m/s 


v(1s)+v(3s) 7 0.5 m/s + 4.5 m/s 
2 2 
= 2.50 m/s 


This average is not equal to the average 
velocity calculated above. 


Remarks: The fact that the average velocity was not equal to the average of the 
velocities at the beginning and the end of the time interval in part (d) is a 
consequence of the acceleration not being constant. 
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Picture the Problem Because the velocity of the particle varies with the square of the 
time, the acceleration is not constant. The displacement of the particle is found by 


integration. 


Express the velocity of a particle as 
the derivative of its position 
function: 


Separate the variables to obtain: 


Express the integral of x from x, = 0 
to x and t from tọ = 0 to t: 


Substitute for v(t’) to obtain: 


x(t) = fle m/s? Je”? (5 m/s) dt' 


ty=0 


=| m/s’)? -(5 ms)t 


118 °° 


Motion in One Dimension 107 


Picture the Problem The graph is one of constant negative acceleration. Because 


Vx = V(t) is a linear function of t, we can make use of the slope-intercept form of the 
equation of a straight line to find the relationship between these variables. We can then 
differentiate v(t) to obtain a(t) and integrate v(t) to obtain x(t). 


Find the acceleration (the slope of the 
graph) and the velocity at time 0 (the 


v-intercept) and use the slope- 
intercept form of the equation of a 
straight line to express v,(t): 


Find x(t) by integrating v(t): 


Using the fact that x = 0 when t = 0, 
evaluate C: 


Substitute to obtain: 


a=-10m/s* 


v,(t) = 50 m/s + (-10 m/s”)t 


x(t)= | [H 10m8? )t+50m/s]at 
= (50m/s)t — (5 m/s? \e? +C 
0 = (50m/s\{0)- (5 m/s? (0) +C 


and 
C=0 


x(t) = (50 m/s)t — (5 m/s? Jt? 


Note that this expression is quadratic in t 
and that the coefficient of t? is negative and 
equal in magnitude to half the constant 
acceleration. 


Remarks: We can check our result for x(t) by evaluating it over the 10-s interval 
shown and comparing this result with the area bounded by this curve and the time 


axis. 
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Picture the Problem During any time interval, the integral of a(t) is the change in 
velocity and the integral of v(t) is the displacement. The integral of a function equals the 
"area" between the curve for that function and the independent-variable axis. 


(a) Find the area of the shaded 
grid box in Figure 2-37: 


(b) We start from rest (v, = 0) at 
t=0. For the velocities at the other 
times, count boxes and multiply by 
the 0.25 m/s per box that we found 
in part (a): 


Area = (0.5 m/s”)(0.5 s) 


= | 0.250 m/s per box 


Examples: 
v(1 s) = (3.7 boxes)[(0.25 m/s)/box] 


- [0925 mis 


v(2 s) = (12.9 boxes)[(0.25 m/s)/box] 


=| 3.22 m/s 


and 
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v(3 s) = (24.6 boxes)[(0.25 m/s)/box] 


- [6.15mi] 


(c) The graph of v as a function of t is shown below: 


0 
0 0.5 1 15 2 2.5 3 
t (s) 
Area = (1.0 m/s)(1.0 s) = 1.0 m per box 
Count the boxes under the v(t) curve x(3 s) = Ax(0 +3 s) 


to find the distance traveled: 


= (7boxes)|(1.0m)/ box | 
- [700m] 
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Picture the Problem The integral of v(t) over a time interval is the displacement (change 
in position) during that time interval. The integral of a function equals the "area" between 
the curve for that function and the independent-variable axis. Because acceleration is the 
slope of a velocity versus time curve, this is a non-constant-acceleration problem. The 
derivative of a function is equal to the "slope" of the function at that value of the 
independent variable. 


(a) To obtain the data for x(t), we must estimate the accumulated area under the v(t) curve 
at each time interval: 


Find the area of a shaded grid box A= (1 m/s)(0.5 s) = 0.5 m per box. 

in Figure 2-38: 

We start from rest (vo = 0) at t= 0. Examples: 

For the position at the other times, 0.5m 

count boxes and multiply by the x(3s) = (25.8 boxes) bos +5m 
0.5 m per box that we found above. 

Remember to add the offset from =17.9m 

the origin, Xo = 5 m, and that boxes 0.5m 

below the v = 0 line are counted as x(5 s) = (48.0boxes)/ b ) +5m 
negative: ox 


= 29.0m 
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x(10s) = (51.0 boxes)( $5" 


Ox 
7 (36.0boxes) SS =) +5m 
Ox 
=12.5m 
A graph of x as a function of t follows: 
35 
30 
25 
E 20 
x 15 
10 
5 
0 
0 2 6 8 10 
t (s) 
(b) To obtain the data for a(t), we Examples: 
must estimate the slope (Av/At) of oe v(1 25 s)- v(0.75 s) 
the v(t) curve at each time. A good a( s) = 0.58 
way to get reasonably reliable 
readings from the graph is to = 4.9 m/s — 3.0 m/s = 3.8 m/s? 
enlarge several fold: 0.5s l 
.25s)-v{5. 
a(6s)= v(6.25s)—v(5.75s) 
0.5s 
—1.7 m/s — 0.4 m/s Tame 
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A graph of a as a function of t follows: 


6 


4 


a (m/s^2) 
o 


(=) 
N 
A 
[op] 
[oe] 
S 


t (s) 
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Picture the Problem Because the position of the body is not described by a parabolic 
function, the acceleration is not constant. 


Select a series of points on the graph of x(t) (e.g., at the extreme values and where 
the graph crosses the t axis), draw tangent lines at those points, and measure their 
slopes. In doing this, you are evaluating v = dx/dt at these points. Plot these slopes 
above the times at which you measured the slopes. Your graph should closely 
resemble the following graph. 


< 
o ò A N ONY AOOO 


Select a series of points on the graph of v(t) (e.g., at the extreme values and where the 
graph crosses the t axis), draw tangent lines at those points, and measure their slopes. In 
doing this, you are evaluating a = dv/dt at these points. Plot these slopes above the times 
at which you measured the slopes. Your graph should closely resemble the graph shown 
below. 
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15 


10 


-10 


-15 


0.5 
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Picture the Problem Because the acceleration of the rocket varies with time, it is not 
constant and integration of this function is required to determine the rocket’s velocity and 
position as functions of time. The conditions on x and v at t= 0 are known as initial 


conditions. 


(a) Integrate a(t) to find v(t): 


Integrate v(t) to find x(t): 


Using the initial conditions, find the 
constants C and D: 


(b) Evaluate v(5 s) and x(5 s) with 
C=D=0andb=3 m/s’: 
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v(t) = fat) dt =bft dt =4bt +C 


where C, the constant of integration, can be 
determined from the initial conditions. 


x(t)= | v(t)dt = fier +C]at 
=tbt?+Ct+D 


where D is a second constant of 
integration. 


v(0)=0 > C=0 
and 
x(0)=0 > D=0 


v(5s)= ms? (Ss) =| 37.5 m/s 


and 


x(5s)= = (mis (5s) =| 62.5m 


Picture the Problem The acceleration is a function of time; therefore it is not constant. 
The instantaneous velocity can be determined by integration of the acceleration and the 
average velocity from the displacement of the particle during the given time interval. 
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(a) Because the acceleration is the 
derivative of the velocity, integrate 
the acceleration to find the 
instantaneous velocity v(t). 


Calculate the instantaneous velocity 
using the acceleration given. 


(b) To calculate the average 
velocity, we need the displacement: 


Because the velocity is the 
derivative of the displacement, 
integrate the velocity to find Ax. 


Using the definition of the average 
velocity, calculate Vay. 


124 = 


ty =0 


x(t)=(0.1m/s*) fe dt' =(0. imis Jo 
and a 


Ax = x(7 s)— x(2 s) 
S OED 
l 3 


=11.2m 


Ax 11.2m_ 


V, =— = 2.23 m/s 
At 5s 


Determine the Concept Because the acceleration is a function of time, it is not constant. 
Hence we’ll need to integrate the acceleration function to find the velocity as a function 
of time and integrate the velocity function to find the position as a function of time. The 
important concepts here are the definitions of velocity, acceleration, and average velocity. 


(a) Starting from t, = 0, integrate the 
instantaneous acceleration to obtain 
the instantaneous velocity as a 
function of time: 


(b) Now integrate the instantaneous 
velocity to obtain the position as a 
function of time: 


From a = a 
dt 
it follows that 


fav = f(a, + bt')dt' 
Vo 0 


and 


V=V) + aot + 4bt? 


From v = oe 
dt 


it follows that 
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t 


fax = fve)ar 


to=0 


= Í f +at'+ ae” Jae 


to 


and 


x=X +vt++a t +4bt° 


(c) The definition of the average Ax  X—X, wnt+tat +1bt° 
velocity is the ratio of the Vay = N = Eo 
displacement to the total time 0 
elapsed: and 

Vay =V tat +tbt’ 
Note that v,, is not the same as that Vy +V 
due to constant acceleration: (aa acceleration ), = 9 


_ Vo +(v, +a,t +Lbt?) 
2 
=v, ttat+4bt? 


É Vy 


General Problems 
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Picture the Problem The acceleration of the marble is constant. Because the motion is 
downward, choose a coordinate system with downward as the positive direction. The 
equation exp = (1 m)/(At)’ originates in the constant-acceleration equation 


Ax = v,At + 1a(At y . Because the motion starts from rest, the displacement of the 


marble is 1 m, the acceleration is the experimental value gexp, and the equation simplifies 
tO Gexp = (1 m)/(At)’. 


Express the percent difference 

between the accepted and % difference = 
experimental values for the J accepted 
acceleration due to gravity: 


J accepted T g exp 


Using a constant-acceleration v = v? +2aAy 
equation, express the velocity of the 


; sunk r ause vo = 0 and a = 
marble in terms of its initial or, because vo g» 


velocity, acceleration, and Ve = 2gAy 

displacement: 

Solve for vg v, = [2gAy 

Let v; be the velocity the ball has _ 2 = 

reached when it has fallen 0.5 cm, = (2(9.81mis )(0.005 m) Ba 
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and vz be the velocity the ball has 
reached when it has fallen 0.5 m to 
obtain. 


Using a constant-acceleration 
equation, express vz in terms of vı, g 
and At: 


Solve for At: 


Substitute numerical values and 
evaluate At: 


Calculate the experimental value of 
the acceleration due to gravity from 


Jexp = (1 m)/(At)’: 


Finally, calculate the percent 
difference between this 
experimental result and the value 
accepted for g at sea level. 
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and 


v, = /2(9.81m/s?)(0.5m) =3.13m/s 


V, =v, + gAt 


_ YTV 


3.13 m/s — 0.313 m/s 
At = 


aa 028728 
$ S 


[9.81 m/s? -12.13 m/s?| 
% difference = JRI 
‘ S 


[Be 


Picture the Problem We can obtain an average velocity, Vay = Ax/At, over fixed time 
intervals. The instantaneous velocity, v = dx/dt can only be obtained by differentiation. 


(a) The graph of x versus t is shown below: 


v (m/s) 


15 


20 25 30 35 
t (s) 


(b) Draw a tangent line at the origin 
and measure its rise and run. Use 
this ratio to obtain an approximate 
value for the slope at the origin: 


The tangent line appears to, at least 
approximately, pass through the point 
(5, 4). Using the origin as the second point, 
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Ax = 4 cm — 0 = 4 cm 
and 
At=5s-0=5s 


0.800 cm/s 


Therefore, the slope of the tangent rise Ax 4cm 
line and the velocity of the body as v(0) ae he = 5 = 
it passes through the origin is TUN, : È 
approximately: 


(c) Calculate the average velocity for the series of time intervals given by completing the 
table shown below: 


to t At Xo X Ax Vay=Ax/At 
(s)| (s) | (s) | (cm) | (em) | (cm) (m/s) 
0 6 6 0 4.34 | 4.34 0.723 
0 3 3 0 2.51 | 2.51 0.835 
0 2 2 0 1.71 1.71 0.857 
0 1 1 0 0.871 | 0.871 0.871 
0 | 0.5 | 0.5 0 0.437 | 0.437 0.874 
0 | 0.25 | 0.25 0 0.219 | 0.219 0.875 
(d) Express the time derivative of dx 
the position: dt = Aacos at 
Substitute numerical values and dx 
dx — = Aacos0= Ao 
-o dt 
evaluate — at t = 0: 
dt = (0.05m)(0.175s") 
=| 0.875cm/s 
(e) Compare the average velocities As At, and thus Ax, becomes small, the 
from part (c) with the instantaneous value for the average velocity approaches 
velocity from part (d): that for the instantaneous velocity obtained 


in part (d). For At = 0.25 s, they agree to 
three significant figures. 
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Determine the Concept Because the velocity varies nonlinearly with time, the 
acceleration of the object is not constant. We can find the acceleration of the object by 
differentiating its velocity with respect to time and its position function by integrating the 
velocity function. The important concepts here are the definitions of acceleration and 
velocity. 


(a) The acceleration of the object is dv d . 

the derivative of its velocity with a= de = d [nas sin(at)| 
respect to time: 
=| @V max COS lat) 


max 
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(b) Integrate the velocity with 
respect to time from 0 to t to obtain 
the change in position of the body: 
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Because a varies sinusoidally 


with time it is not constant. 


fax = io sin (at')|dt' 
and 


X-X = |= cos (or) 
@ 


t 

0 

= — Vimax cos (ct) + V max 
@O (A) 


or 


xX=X + Vmax [1 -cos(at)| 
a) 


Note that, as given in the problem 
statement, x(0 s) = Xp. 


Picture the Problem Because the acceleration of the particle is a function of its position, 
it is not constant. Changing the variable of integration in the definition of acceleration 
will allow us to determine its velocity and position as functions of position. 


(a) Because a = dv/dt, we must 
integrate to find v(t). Because a is 
given as a function of x, we'll need 
to change variables in order to carry 
out the integration. Once we’ve 
changed variables, we’ll separate 
them with v on the left side of the 
equation and x on the right: 


Integrate from x, and v, to x and v: 


Solve for v to obtain: 


Now set va = 0, X = 1 m, x =3 m, 
b =2 s” and evaluate the speed: 


a _dv_dvdx _ dv = (2s)x 
dt dxdt dx 


or, upon separating variables, 


vdv = (2 s” \xdx 


[vav = f (2 s” )x'dx' 
a 


v-v = (2s)? =A) 
v= vè + (287 \x? — x?) 
v= (2s7)[6m) - (my 


and 


v| =| 4.00m/s 


(b) Using the definition of v, 
separate the variables, and integrate 
to get an expression for t: 


To evaluate this integral we first 
must find v(x). Show that the 
acceleration is always positive and 
use this to find the sign of v(x). 


Substitute /(2s* x? — xê ) for v 


and evaluate the integral. (It can be 
found in standard integral tables.) 


Evaluate this expression with 
Xo = 1 mand x = 3 m to obtain: 
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dx 
v(x) = dé 
and 
i 7 dx’ 
dt'= 
p 


a=(2 s? )xandxo= 1m. xo is positive, so 
do is also positive. Vo is zero and dp is 
positive, so the object moves in the 
direction of increasing x. As x increases 
the acceleration remains positive, so the 
velocity also remains positive. Thus, 


v= (2s Xx? -x ). 


ee 
0 


ave’) 
1 


7 Í dx 
X JRs? x”? x2) 
1 fd’ 
- os J = x 
ol get fix? — xO 
257? Xo 


Picture the Problem The acceleration of this particle is not constant. Separating 
variables and integrating will allow us to express the particle’s position as a function of 
time and the differentiation of this expression will give us the acceleration of the particle 


as a function of time. 


(a) Write the definition of velocity: 


We are given that x = bv, where 
b= 1 s. Substitute for v and 
separate variables to obtain: 


Integrate and solve for x(t): 


dx 
v=— 

dt 
ee ee 
dt b x 
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(b) Differentiate twice to obtain v(t) 
and a(t): 


Substitute the result in part (a) to 
obtain the desired results: 


x(t) =| xe 
dx 1 (tty )/b 
z= — Z= — Xo 
dt b 
and 


dv 1 anD 
— = =x 
dt b? ° 


v(t) = =x 
and 


a(t) = x() 


so 


a(t) = =v) = xt) 


Because the numerical value of b, expressed in SI units, is one, the 


numerical valuesof a,v,and x are the same at each instant in time. 
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Picture the Problem Because the acceleration of the rock is a function of time, it is not 
constant. Choose a coordinate system in which downward is positive and the origin at 


the point of release of the rock. 


Separate variables in 
a(t) = dv/dt = ge” to obtain: 


Integrate from t, = 0, Vo = 0 to some 
later time t and velocity v: 


Separate variables in 
v = dy/dt = Vienn (I — ge) to 


obtain: 


Integrate from t, = 0, Yo = 0 to some 
later time t and position y: 
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=y je Lew 
y term b 


0 


-| vnt (=e) 


This last result is very interesting. It says that throughout its free-fall, the object 
experiences drag; therefore it has not fallen as far at any given time as it would have if it 
were falling at the constant velocity, Vtem- 


On the other hand, just as the v 
velocity of the object asymptotically y (tire ) > Viemt 77 > Vemt 
: ; b 
approaches Viem, the distance it has 
covered during its free-fall as a 
function of time asymptotically 
approaches the distance it would 
have fallen if it had fallen with Viem 
throughout its motion. 


This should not be surprising because in 
the expression above, the first term grows 
linearly with time while the second term 
approaches a constant and therefore 
becomes less important with time. 
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Picture the Problem Because the acceleration of the rock is a function of its velocity, it 
is not constant. Choose a coordinate system in which downward is positive and the 
origin is at the point of release of the rock. 


Rewrite a = g — bv explicitly as a dv 
differential equation: dt =g—bv 
Separate the variables, v on the left, dv dt 
t on the right: g—bv = 
Integrate the left-hand side of this dv t 
equation from 0 to v and the right- f -= fat í 
hand side from 0 to t: og —bv' 5 
and 

1 — 

b g 
Solve this expression for v. 

i v= all — gt) 
b 

Finally, differentiate this expression dv T 
with respect to time to obtain an a= dt =| ge 


expression for the acceleration and 
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complete the proof. 
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Picture the Problem The skydiver’s acceleration is a function of her velocity; therefore 
it is not constant. Expressing her acceleration as the derivative of her velocity, separating 
the variables, and then integrating will give her velocity as a function of time. 


(a) Rewrite a = g —cv’ explicitly as a dv 5 
differential equation: dt =a CY 
Separate the variables, with v on the dv P 
left, and t on the right: g—cv ~ 
Eliminate c by using c = 2 n = a 34 = at 
Vr g 2 
g=77V am V 
vi g 
Vr 
or 
d 
= gdt 


Integrate the left-hand side of this E t 
equation from 0 to v and the right- Í — =g | dt' = gt 
hand side from 0 to t: 0 0 


The integral can be found in integral vt anh™'(v /v,)=gt 


tables: 
or 
tanh"'(v/v,)=(g/v, Jt 
Solve this equation for v to obtain: 
v = v; tanh| — 
Vr 
Because c has units of m™', and g i.e., T= (cg 


has units of m/s’, (cg) "° will have 


units of time. Let’s represent this 
expression with the time-scale factor 
T: 


The skydiver falls with her terminal 
velocity when a = 0. Using this 
definition, relate her terminal 
velocity to the acceleration due to 
gravity and the constant c in the 
acceleration equation: 


Convince yourself that T is also 
equal to v7/g and use this 
relationship to eliminate g and vrin 
the solution to the differential 
equation: 
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0=g-cv; 

and 

pae 
c 


(b) The following table was generated using a spreadsheet and the equation we derived in 
part (a) for v(t). The cell formulas and their algebraic forms are: 


Cell Content/Formula Algebraic Form 
D1 56 VT 
D2 5.71 T 
B7 B6 + 0.25 t+ 0.25 
C7 | $B$1*TANH(B7/$B$2) t 
Vr tant) 
T 
A B C D E 

1 vT =56 m/s 

2 T=5.71 s 

3 

4 

5 time (s) v (m/s) 

6 0.00 0.00 

7 0.25 2.45 

8 0.50 4.89 

9 0.75 7.32 

10 1.00 9.71 

54 12.00 54.35 

55 12.25 54.49 

56 12.50 54.61 

57 12.75 54.73 

58 13.00 54.83 

59 13.25 54.93 


122 Chapter 2 


t (9) 


Note that the velocity increases linearly over time (i.e., with constant acceleration) for 
about time T, but then it approaches the terminal velocity as the acceleration decreases. 


Chapter 3 
Motion in Two and Three Dimensions 


Conceptual Problems 


*1 $ 
Determine the Concept The distance traveled along a path can be represented as a 
sequence of displacements. 


0 


Suppose we take a trip along some path and consider the trip as a sequence of many very 
small displacements. The net displacement is the vector sum of the very small 
displacements, and the total distance traveled is the sum of the magnitudes of the very 
small displacements. That is, 


total distance = lar, + lar, a + [ar | +...+ AR 


where N is the number of very small displacements. (For this to be exactly true we have 
to take the limit as NV goes to infinity and each displacement magnitude goes to zero.) 
Now, using “the shortest distance between two points is a straight line,” we have 


lar, | < Ar, + Ar -| + AF, 3| +...+ JAF, 


where lar, y is the magnitude of the net displacement. 


Hence, we have shown that the magnitude of the displacement of a particle is less than or 
equal to the distance it travels along its path. 


2 ° 

Determine the Concept The displacement of an object is its final position vector minus 
its initial position vector (Ar =r, —T.). The displacement can be less but never more 
than the distance traveled. Suppose the path is one complete trip around the earth at the 
equator. Then, the displacement is 0 but the distance traveled is 27Re. 


123 
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3 ° 
Determine the Concept The important distinction here is that average velocity is being 
requested, as opposed to average speed. 


The average velocity is defined as -— AF 0 


. . yV z= —— Z —— Z 
the displacement divided by the Ag A 
elapsed time. 


The displacement for any trip around the track is zero. Thus we see that no 
matter how fast the race car travels, the average velocity is always zero at 


the end of each complete circuit. 


What is the correct answer if we were asked for average speed? 


The average speed is defined as the _ total distance 
distance traveled divided by the Vay = At 
elapsed time. 


For one complete circuit of any track, the total distance traveled will be 


greater than zero and the average is not zero. 


4 ° 

False. Vectors are quantities with magnitude and direction that can be added and 
subtracted like displacements. Consider two vectors that are equal in magnitude and 
oppositely directed. Their sum is zero, showing by counterexample that the statement is 
false. 


5 ° 

Determine the Concept We can answer 
this question by expressing the relationship 
between the magnitude of vector A and its 


component Ás and then using properties of 
the cosine function. 


Express As in terms of A and 8: As =A cos 
Take the absolute value of both | As) =| A cos6| = Al cos] 
sides of this expression: 
and 
A 
| cos 0] -k 
A 
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Using the fact that 0 < |cos6|< 1, 


|As 
substitute for |cos@]| to obtain: 0< pi <lor 0< |Ag| <A 


No. The magnitude of a component of a vector must be less than or equal 


to the magnitude of the vector. 


If the angle 0 shown in the figure is equal to 0° or multiples of 180°, then 


the magnitude of the vector and its component are equal. 


*6 e 

Determine the Concept The diagram y 

shows a vector A and its components A, a) = — A 
and A,. We can relate the magnitude of 
A is related to the lengths of its 
components through the Pythagorean | 
theorem. 4 x 


tg 


Suppose that Ais equal to zero. Then A” = A + A; =0. 
But 47+ A) =0>4, = A, =0. 


No. If a vector is equal to zero, each of its components must be zero too. 


7 ° 
Determine the Concept No. Consider the special case in which B =—A. 
IfB = —A # 0, then C = 0 and the magnitudes of the components of A and B are 


larger than the components of C. 


*8 e 
Determine the Concept The instantaneous acceleration is the limiting value, as At 
approaches zero, of AV/At. Thus, the acceleration vector is in the same direction as Av. 


False. Consider a ball that has been |- 
thrown upward near the surface of > 
the earth and is slowing down. The 

direction of its motion is upward. | | | 


The diagram shows the ball’s 

velocity vectors at two instants of 

time and the determination of Av. 

Note that because Av is downward | | | 


a 


so is the acceleration of the ball. 
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Determine the Concept The instantaneous acceleration is the limiting value, as At 
approaches zero, of Av/At and is in the same direction as Av. 


Other than through the definition of d, the instantaneous velocity and acceleration vectors 
are unrelated. Knowing the direction of the velocity at one instant tells one nothing about 


how the velocity is changing at that instant. | (e) is correct. 


10 œ 

Determine the Concept The changing velocity of the golf ball during its flight can be 
understood by recognizing that it has both horizontal and vertical components. The nature 
of its acceleration near the highest point of its flight can be understood by analyzing the 
vertical components of its velocity on either side of this point. 


At the highest point of its flight, the 2, 

ball is still traveling horizontally | | | 

even though its vertical velocity is : T 3 C) 7, 
momentarily zero. The figure to the 7 

right shows the vertical components | | | Ao 
of the ball’s velocity just before and 3, = 
just after it has reached its highest 

point. The change in velocity during 

this short interval is a non-zero, 

downward-pointing vector. Because 

the acceleration is proportional to ; 

the change in velocity, it must also (d) is correct. 
be nonzero. 


Remarks: Note that v, is nonzero and v, is zero, while ax is zero and a, is nonzero. 


11 ° 


Determine the Concept The change in the velocity is in the same direction as the 
acceleration. Choose an x-y coordinate system with east being the positive x direction 
and north the positive y direction. 


Given our choice of coordinate system, the x component of @ is negative and so V will 
decrease. The y component of d is positive and so V will increase toward the north. 


(c) is correct. 


*12 eœ 
Determine the Concept The average velocity of a particle, V 


is the ratio of the 


av? 


particle’s displacement to the time required for the displacement. 


(a) We can calculate Ar from the given information and At is known. | (a) is correct. 


(b) We do not have enough information to calculate AV and cannot compute the 
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particle’s average acceleration. 


(c) We would need to know how the particle’s velocity varies with time in order to 
compute its instantaneous velocity. 


(d) We would need to know how the particle’s velocity varies with time in order to 
compute its instantaneous acceleration. 


13 eo 
Determine the Concept The velocity vector is always in the direction of motion and, 
thus, tangent to the path. 


The velocity vector, as a consequence of always being in the direction of 


(a) 


motion, is tangent to the path. 


(b) A sketch showing two velocity 
vectors for a particle moving along a 
path is shown to the right. 


14 œ 
Determine the Concept An object experiences acceleration whenever either its speed 
changes or it changes direction. 


The acceleration of a car moving in a straight path at constant speed is zero. In the other 
examples, either the magnitude or the direction of the velocity vector is changing and, 


hence, the car is accelerated. | (b) is correct. 


*15 œ 
Determine the Concept The velocity vector is defined byv = dr / dt, while the 
acceleration vector is defined bya = dv/ dt. 


(a) A car moving along a straight road while braking. 


(b) A car moving along a straight road while speeding up. 


(c) A particle moving around a circular track at constant speed. 


16 >œ 
Determine the Concept A particle experiences accelerated motion when either its speed 
or direction of motion changes. 


A particle moving at constant speed in a circular path is accelerating because the 
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direction of its velocity vector is changing. 
If a particle is moving at constant velocity, it is not accelerating. 


17 ee 


Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, AV. 


(a) The sketch for the dart thrown | 

upward is shown to the right. The 7 j- S-i 
acceleration vector is in the -5 
direction of the change in the f 


velocity vector AV. z 


(b) The sketch for the falling dart is 
shown to the right. Again, the 


acceleration vector is in the D. 
. . . 1 
direction of the change in the 
velocity vector Av. r 
U, Ss e 
jm ui 


(c) The acceleration vector is in the 
direction of the change in the Ù, 


velocity vector ... and hence is ae ye. =p 
V 7 


downward as shown the right: 2 


#18 oo 
Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, AV. 


The drawing is shown to the right. > 


19 ee 
Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, AV. 


The sketch is shown to the right. 
A 
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20 œ 
Determine the Concept We can decide what the pilot should do by considering the 
speeds of the boat and of the current. 


Give up. The speed of the stream is equal to the maximum speed of the boat in still 
water. The best the boat can do is, while facing directly upstream, maintain its position 


relative to the bank. | (d) is correct. 


*21 œ 

Determine the Concept True. In the absence of air resistance, both projectiles 
experience the same downward acceleration. Because both projectiles have initial vertical 
velocities of zero, their vertical motions must be identical. 


22 2 


Determine the Concept In the absence of air resistance, the horizontal component of the 
projectile’s velocity is constant for the duration of its flight. 


At the highest point, the speed is the horizontal component of the initial velocity. The 


vertical component is zero at the highest point. | (e) is correct. 


23 œ 
Determine the Concept In the absence of air resistance, the acceleration of the ball 
depends only on the change in its velocity and is independent of its velocity. 


As the ball moves along its trajectory between points A and C, the vertical component of 
its velocity decreases and the change in its velocity is a downward pointing vector. 
Between points C and E, the vertical component of its velocity increases and the change 
in its velocity is also a downward pointing vector. There is no change in the horizontal 


component of the velocity. | (d) is correct. 


24 œ 

Determine the Concept In the absence of air resistance, the horizontal component of the 
velocity remains constant throughout the flight. The vertical component has its maximum 
values at launch and impact. 


(a) The speed is greatest at A and E. 
(b) The speed is least at point C. 


(c) The speed is the same at A and E. The horizontal components are equal at these points 
but the vertical components are oppositely directed. 


25 >œ 


Determine the Concept Speed is a scalar quantity, whereas acceleration, equal to the 
rate of change of velocity, is a vector quantity. 


(a) False. Consider a ball on the end of a string. The ball can move with constant speed 
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(a scalar) even though its acceleration (a vector) is always changing direction. 
(b) True. From its definition, if the acceleration is zero, the velocity must be constant and 


so, therefore, must be the speed. 


26 œ 
Determine the Concept The average acceleration vector is defined by a,, = AV / At. 


The direction of d,, is that of 


AV = V; —V,, as shown to the right. 


27 >œ 


Determine the Concept The velocity of B relative to A is Vga = Vp — Va. 


The direction of Vga = Vg — V, is shown to 


the right. a it 
_ Up — VA 
UB 
*28 ee 


(a) The vectors A(t) and A(t + At) are of equal length but point in slightly different 


directions. AA is shown in the diagram below. Note that AA is nearly perpendicular 
to A(t). For very small time intervals, AA and A(t) are perpendicular to one another. 


Therefore, dA/dt is perpendicular to A. 


(b) If A represents the position of a particle, the particle must be undergoing circular 
motion (i.e., it is at a constant distance from some origin). The velocity vector is tangent 
to the particle’s trajectory; in the case of a circle, it is perpendicular to the circle’s radius. 


(c) Yes, it could in the case of uniform circular motion. The speed of the particle is 
constant, but its heading is changing constantly. The acceleration vector in this case is 
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always perpendicular to the velocity vector. 


29 ee 


Determine the Concept The velocity vector is in the same direction as the change in the 
position vector while the acceleration vector is in the same direction as the change in the 


velocity vector. Choose a coordinate system in which the y direction is north and the x 
direction is east. 


(a) (b) 
Path Direction of velocity Path Direction of acceleration 
vector vector 
AB north AB north 
BC northeast BC southeast 
CD east CD 0 
DE southeast DE southwest 
EF south EF north 
(o The magnitudes are comparable, but larger for DE since the radius of the 
c 
path is smaller there. 
#30 ee 


Determine the Concept We’ll assume that the cannons are identical and use a constant- 
acceleration equation to express the displacement of each cannonball as a function of 
time. Having done so, we can then establish the condition under which they will have the 
same vertical position at a given time and, hence, collide. The modified diagram shown 
below shows the displacements of both cannonballs. 


Express the displacement of the 
cannonball from cannon A at any 
time ¢ after being fired and before 
any collision: 


- = 112 
Ar =v t+5gt 


Express the displacement of the 
cannonball from cannon A at any 
time ¢' after being fired and before 
any collision: 


Ar’ = vit! + t 
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If the guns are fired simultaneously, t = ¢' and the balls are the same distance 
+ gt’ below the line of sight at all times. Therefore, they should fire the guns 


simultaneously. 


Remarks: This is the "monkey and hunter” problem in disguise. If you imagine a 
monkey in the position shown below, and the two guns are fired simultaneously, and 
the monkey begins to fall when the guns are fired, then the monkey and the two 
cannonballs will all reach point P at the same time. 


31 we 
Determine the Concept The droplet leaving the bottle has the same horizontal velocity 
as the ship. During the time the droplet is in the air, it is also moving horizontally with 
the same velocity as the rest of the ship. Because of this, it falls into the vessel, which 
has the same horizontal velocity. Because you have the same horizontal velocity as the 
ship does, you see the same thing as if the ship were standing still. 


32 >œ 
Determine the Concept 


Because A and D are tangent to the path of the stone, either of them could 


represent the velocity of the stone. 


A(t) 


Din n -A(t) 


Let the vectors A(t) and B (t + At) be of equal length but point in slightly 


different directions as the stone moves around the circle. These two 
6) vectors and AA are shown in the diagram above. Note that AA is nearly 
perpendicular to A(t). For very small time intervals, AA and A(t) are 


perpendicular to one another. Therefore, dA/dt is perpendicular to A and 


only the vector E could represent the acceleration of the stone. 
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33 ° 

Determine the Concept True. An object accelerates when its velocity changes; that is, 
when either its speed or its direction changes. When an object moves in a circle the 
direction of its motion is continually changing. 


34 ee 

Picture the Problem In the diagram, (a) 

shows the pendulum just before it reverses (a) ©) 
direction and (b) shows the pendulum just 

after it has reversed its direction. The 

acceleration of the bob is in the direction of 

the change in the velocity AV = V, — V; and 

is tangent to the pendulum trajectory at the a 

point of reversal of direction. This makes 

sense because, at an extremum of motion, _ 3, 
v= 0, so there is no centripetal a. 
acceleration. However, because the i N 
velocity is reversing direction, the 
tangential acceleration is nonzero. 


35 >œ 

Determine the Concept The principle reason is aerodynamic drag. When moving 
through a fluid, such as the atmosphere, the ball's acceleration will depend strongly on its 
velocity. 


Estimation and Approximation 


*36 oe 

Picture the Problem During the flight of the ball the acceleration is constant and equal 
to 9.81 m/s’ directed downward. We can find the flight time from the vertical part of the 
motion, and then use the horizontal part of the motion to find the horizontal distance. 
We’ll assume that the release point of the ball is 2 m above your feet. 


Make a sketch of the motion. y 
Include coordinate axes, initial and 

final positions, and initial velocity 

components: h 


O 


Obviously, how far you throw the . 0.447 m/s 

ball will depend on how fast you Vy = 60 mi/h x gm ae = 26.8 m/s 
can throw it. A major league 

baseball pitcher can throw a fastball 

at 90 mi/h or so. Assume that you 

can throw a ball at two-thirds that 

speed to obtain: 
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There is no acceleration in the x X = V,Í (1) 
direction, so the horizontal motion is 

one of constant velocity. Express the 

horizontal position of the ball as a 

function of time: 


Assuming that the release point of y=h+v,t+ t at (2) 

the ball is a distance h above the 

ground, express the vertical position 

of the ball as a function of time: 

(a) For 0= 0 we have: Voy = Vy COSO = (26.8m/s)cos 0° 
= 26.8 m/s 


and 


Vo, = vo sin A = (26.8 m/s)sin 0° = 0 


Substitute in equations (1) and (2) to x= (26.8m/s)t 


obtain: and 


y=2m+4(-9.81m/s?}? 


Eliminate t between these equations 4.91m/s? >, 
to obtain: y 7? ™~ C6 emis) 
At impact, y = 0 and x = R: 4.91m/s? 
0=2m-——_,, 
(26.8 m/s) 
Solve for R to obtain: R=|17.1m 
(b) Using trigonometry, solve for vox Voy = Vp COSA) = (26.8 m/s)cos 45° 
ae =19.0m/s 
and 
Vo) = vo Sin A = (26.8 m/s)sin 45° 
=19.0m/s 
Substitute in equations (1) and (2) to x= (19.0 m/s)t 
obtain: and 


y =2m+(19.0m/s)+4(-9.81m/s? J? 


Eliminate ¢ between these equations 4.905 m/s” 
to obtain: SSC al 


At impact, y = 0 and x = R. Hence: 


Solve for R (you can use the 
"solver" or "graph" functions of 
your calculator) to obtain: 


(c) Solve for vox and voy: 


Substitute in equations (1) and (2) to 
obtain: 


Eliminate t between these equations 
to obtain: 


At impact, y = 0 and x = R: 


Solve for R to obtain: 
(d) Using trigonometry, solve for 
Vox and voy: 


Substitute in equations (1) and (2) to 
obtain: 


Eliminate ¢ between these equations 
to obtain: 


At impact, y = 0 and x = R: 


Solve for R (you can use the 
"solver" or “graph” function of your 
calculator) to obtain: 
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2 
r -2m + R- 2205s" 
(19.0m/s) 


or 


R? —(73.60m)R-147.2m? =0 


R=| 75.6m 


and 

Voy =9 

x =(26.8m/s)t 
and 


y=14m+4(-9.81m/s’)? 


4.905m/s*_5 

y = 14m-———, x 
(26.8m/s) 
2 

a ee 4.905m/s" ; 
(26.8 m/s) 


Vy, =w, = 19.0 m/s 


x =(19.0m/s)r 


and 
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y=14m+(19.0m/s)¢+4(-9.81 mis? Je? 


4.905m/s*_5 
y=14m+x-———— x 
(19.0m/s) 
2 
0= iteko a 
(19.0m/s) 


R =| 85.6m 
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37 ee 
Picture the Problem We’ll ignore the height of Geoff s release point above the ground 
and assume that he launched the brick at an angle of 45°. Because the velocity of the 
brick at the highest point of its flight is equal to the horizontal component of its initial 
velocity, we can use constant-acceleration equations to relate this velocity to the brick’s x 
and y coordinates at impact. The diagram shows an appropriate coordinate system and the 
brick when it is at point P with coordinates (x, y). 


0 R=445m _ 


‘ f 5 
Using a constant-acceleration X = Xo + Vot + 4 at 
equation, express the x coordinate of 


the brick as a function of time: or, because xo = 0 and ax = 0, 


X=V,l 


: : j 
Express the y coordinate of the brick Y= Yo + Vot + 4 a,t 


as a function of time: 
or, because yo = 0 and a, = —g, 


2 
Y= Vt} gt 


Eliminate the parameter ź to obtain: 


Use the brick’s coordinates when it 
strikes the ground to obtain: 0 ( 


Ox 


Solve for vo, to obtain: gR 
yV = 
°% \2tanð, 
Substitute numerical values and 2 
81 44. 
evaluate vox: Vox = \ ae =| 14.8m/s 
an 


Note that, at the brick’s highest point, 
vy, = 0. 


Vectors, Vector Addition, and Coordinate Systems 


38 >œ 
Picture the Problem Let the positive y direction be straight up, the positive x direction 


be to the right, and A and B be the position vectors for the minute and hour hands. The 
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pictorial representation below shows the orientation of the hands of the clock for parts (a) 


through (d). 


(b) 


y 


GOGO 


(a) The position vector for the 
minute hand at12:00 is: 


The position vector for the hour 
hand at 12:00 is: 


Åz = (0.5m) | 5m)j 


Bizo = (0.25 m)j 


(b) At 3:30, the minute hand is positioned along the —y axis, while the hour hand is at an 
angle of (3.5 h)/12 h x 360° = 105°, measured clockwise from the top. 


The position vector for the minute 
hand is: 


Find the x-component of the vector 
representing the hour hand: 


Find the y-component of the vector 
representing the hour hand: 


The position vector for the hour 
hand is: 


Ay. = (0.5 m)j 


B, =(0.25m)sin105° = 0.241m 


B, =(0.25m)cos105° = —0.0647m 


B, =| (0.241m)i — (0.0647 m)j 


(c) At 6:30, the minute hand is positioned along the —y axis, while the hour hand is at an 
angle of (6.5 h)/12 h x 360° = 195°, measured clockwise from the top. 


The position vector for the minute 
hand is: 


Find the x-component of the vector 
representing the hour hand: 


Find the y-component of the vector 
representing the hour hand: 


The position vector for the hour 
hand is: 


Ae. Bilge (0.5 m)j 


= (0.25m)sin 195° = —0.0647m 


, = (0.25m)cos195° = -0.241m 


B,) =| — (0.0647 m)i —(0.241m)j 


(d) At 7:15, the minute hand is positioned along the +x axis, while the hour hand is at an 
angle of (7.25 h)/12 h x 360° = 218°, measured clockwise from the top. 
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The position vector for the minute = z 
hand is: A5 = (0.5 m)i 
Find the x-component of the vector B, = (0.25 m)sin 218° = —0.154m 


representing the hour hand: 


Find the y-component of the vector B, = (0.25m)cos218° = —0.197m 
representing the hour hand: 
Th iti tor for the hour = A 3 
are a TON ge OL ME ap B; = —(0.154m)i —(0.197m)j 
(e) Find A — B at 12:00: A-B=(0.5m)j —(0.25m)j 

=| (0.25m)j 
Find A — B at 3:30: A-B= ~(0.5 m)j 


= ((0.241m)i —(0.0647 m)j| 


=| -(0.241m)i-(0.435m)j 


a 
. 


Find A — B at 6:30: A-B =-(0.5m)j 
- (0.0647 m)i -(0.241m)j] 


A 
° 


— (0.0647 m)i —(0.259m)j 


II 


a 
° 


Find A -B at 7:15: A-B =(0.5m)j 
-|- (0.152m)i-(0.197m)j] 


A 
. 


(0.152m)i + (0.697m)J 


*39 e 
Picture the Problem The resultant displacement is the vector sum of the individual 
displacements. 


The two displacements of the bear N ž 
and its resultant displacement are 
shown to the right: 
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Using the law of cosines, solve for R= (12 m}? + (12 m} 
the resultant displacement: 
-2(12m)(12m)cos135° 
and 
Using the law of sines, solve for a: sing _ sin135° 
12m 22.22m 


<. a = 22.5° and the angle with the 
horizontal is 45° — 22.5° =| 22.5° 


40 œ 
Picture the Problem The resultant displacement is the vector sum of the individual 
displacements. 


(a) Using the endpoint coordinates 
for her initial and final positions, 
draw the student’s initial and final 
position vectors and construct her 
displacement vector. 


x,m 


0 ; 


i 


uw 
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Find the magnitude of her . . o 
displacement and the angle this E Be alta 5v2 m ai 


displacement makes with the 
positive x-axis: 


His initial and final positions are the same as in (a), so his displacement is 


b 
ar 5/2 @ 135°. 


*41 œ 


Picture the Problem Use the standard rules for vector addition. Remember that 
changing the sign of a vector reverses its direction. 


(a) (b) 
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(e) 


42 > 

Picture the Problem The figure 
shows the paths walked by the 
Scout. The length of path A is 

2.4 km; the length of path B is 

2.4 km; and the length of path C is 
1.5 km: 


(a) Express the distance from the 
campsite to the end of path C: 


(b) Determine the angle 0 subtended 
by the arc at the origin (campsite): 


(c) Express the total distance as the 


sum of the three parts of his walk: 


Substitute the given distances to 
find the total: 


(d) 


0 
4 E 


2.4km- 1.5 km =| 0.9km | 


_arclength _ 2.4km 
R radius 2.4km 
= Irad = 57.3° 


His direction from camp 
is l rad north of east. 


dio = east + dare T dioward camp 


diot = 2.4 km + 2.4 km + 1.5 km 
= 6.3 km 
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Express the ratio of the magnitude Magnitude of his displacement 0.9km 
of his displacement to the total Rata distance walked = 6.3km 
distance he walked and substitute to ` 
obtain a numerical value for this | Al 
ratio: | 


43 > 
Picture the Problem The direction of a vector is determined by its components. 


Q= an|- 3.5 mk) L 32.50 The vector is in the fourth quadrant and 
eee 


Picture the Problem The components of the resultant vector can be obtained from the 
components of the vectors being added. The magnitude of the resultant vector can then 
be found by using the Pythagorean Theorem. 


A table such as the one shown to the 


right is useful in organizing the Vector | x-component | y-component 
information in this problem. Let D A 6 -3 
be the sum of vectors A, B, andC. B 3 4 

C 2 5 

D 


Determine the components of D by 
adding the components of A, B, 
andC, 


Use the Pythagorean Theorem to D= [p? F D? = (5) P (6) =7.81 


calculate the magnitude of D: 
and| (d)is correct. 


45 >œ 
Picture the Problem The components of the given vector can be determined using right- 
triangle trigonometry. 


Use the trigonometric relationships between the magnitude of a vector and its 
components to calculate the x- and y-components of each vector. 


A 0 Ax Ay 
(a) 10m 30° 8.66 m 5m 
(b) 5m 45° 3.54 m 3.54 m 
(c)| 7km 60° 3.50 km 6.06 km 
(d)| 5km 90° 0 5 km 
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(e) | 15 km/s | 150° | -13.0 km/s | 7.50 km/s 
(f) | 10 m/s | 240° | -5.00 m/s | -8.66 m/s 
(g)| 8m/s* | 270° 0 ~8.00 m/s” 


*46 ° 
Picture the Problem Vectors can be added and subtracted by adding and subtracting 
their components. 


Write A in component form: Ax = (8m) cos 37° = 6.4 m 
Ay = (8 m) sin 37° = 4.8 m 


A= (6.4m)i +(4.8m)j 


(a), (b), (c) Add (or subtract) x- and 
y-components: 


az 
. 


D =| (0.4m) î +(7.8m)j 


E =| (-3.4m)î -(9.8m)j | 


F =| (-17.6m)i +(23.8m)j | 


II 


(d) Solve for G and add G 
components to obtain: 


-5(4+B +26) 


A G 
. . 


= (1 3 m)i - (2.9m)j 


477 œ 
Picture the Problem The magnitude of each vector can be found from the Pythagorean 
theorem and their directions found using the inverse tangent function. 


(a) A=5i4+3j A= 47+ 4, =[5.83 | 


and, because A is in the 1“ quadrant, 


6 = anf) = 


x 


(b) B=10i-7j B= B} +B, =[12.2] 


and, because B is in the 4" quadrant, 


B 
A= a2] =| —35.0° 


x 


(© € =-21-3j + 4k C=fc?+c?+C? =[5.39] 
ae - 
0 = cos (S)-r] 


where ĝis the polar angle measured from 
the positive z-axis and 
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Je -2 - 
ġ = cos (Se (o 


48 >» 
Picture the Problem The magnitude and direction of a two-dimensional vector can be 
found by using the Pythagorean Theorem and the definition of the tangent function. 


(a) Ä=-4î -7j A= A? +A =[8.06 | 


and, because Ais in the 3“ quadrant, 


0= an) =| 240° 
B=3i-2j B =B} +B? =| 3.61| 


and, because B is in the 4" quadrant, 


wan 2- E7] 
C=A+B=-i-9j C= fC} +C} =[9.06 | 


and, because C is in the 3™ quadrant, 


C, 
0= aE) =| 264° 


x 


(b) Follow the same steps as in (a). A=| 4.12 l: @=|—76.0° 


B= | 6.32 |; =| 71.6° 


c=|3.61 ; O=| 33.7° 


49 >œ 

Picture the Problem The components of these vectors are related to the magnitude of 
each vector through the Pythagorean Theorem and trigonometric functions. In parts (a) 
and (b), calculate the rectangular components of each vector and then express the vector 
in rectangular form. 
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(a) Express V in rectangular form: v=vi+v j 
Evaluate v, and vy: vy = (10 m/s) cos 60° = 5 m/s 
and 


v, = (10 m/s) sin 60° = 8.66 m/s 


Substitute to obtain: v=-[6 m/s)i + (8.66m/s) j 
(b) Express V in rectangular form: A=Ai+Aj 
x y 
Evaluate A, and A,: Ax = (5 m) cos 225° = -3.54 m 
and 


Ay = (5 m) sin 225° = -3.54 m 


Substitute to obtain: A= (- 3.54m)i T (- 3.54m)j 
(c) There is nothing to calculate as =- T 3 | 

we are given the rectangular oe ( 4m)i (6m)j 
components: 

50 œ 


Picture the Problem While there are infinitely many vectors B that can be constructed 
such that A = B, the simplest are those which lie along the coordinate axes. 


Determine the magnitude of A: A= {4 + A; = J3? +4 =5 


Write three vectors of the same 
magnitude as A : B, = Si, B, = —5i, and B, = 5j 


The vectors are shown to the right: 


Motion in One and Two Dimensions 145 


*51] oe 
Picture the Problem While there are 


several walking routes the fly could take to 
get from the origin to point C, its 2m 
displacement will be the same for all of 4 
them. One possible route is shown in the 
figure. 
Y, mi 


Express the fly’s D-A:+B:+C 
displacement D during its trip from z r x 
the origin to point C and find its = (3 m)i T (3 m)j i (3 m)k 
magnitude: d 
D= Gm) +m) +Gm) 
=| 5.20m 
*52 œ 


Picture the Problem The diagram shows the locations of the transmitters relative to the 
ship and defines the distances separating the transmitters from each other and from the 
ship. We can find the distance between the ship and transmitter B using trigonometry. 


Dep 
Ty B 
A TS S Das 
Da M 
Sag da 
Relate the distance between A and B De 
to the distance from the ship to A tan 6 = 
and the angle 6: B 
Solve for and evaluate the distance Dy, _ 100km 


=| 173km 


from the ship to transmitter B: SB 


— tan@  tan30° 
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Velocity and Acceleration Vectors 


53 ° 


Picture the Problem For constant speed 
and direction, the instantaneous velocity is 
identical to the average velocity. Take the 
origin to be the location of the stationary 
radar and construct a pictorial 
representation. 


Express the average velocity: 


Determine the position vectors: 


Find the displacement vector: 


Substitute for Ar and Aż to find the 
average velocity. 


54 œ 


N (y) 


_ AF 
Vav = 
At 
ñ =(-10km)j 


and 


a 
° 


F, = (14.1km)f +(—14.1km)j 


a 
. 


= (14.1km)i + (—4.1km)j 
"n (14.1km)i +(-4.1km)ĵ 
av lh 


=| (14.1km/h)i + (—4.1km/h)j 


Picture the Problem The average velocity is the change in position divided by the 


elapsed time. 


(a) The average velocity is: 


Find the position vectors and the 
displacement vector: 


Find the magnitude of the 
displacement vector for the interval 
between t= 0 andt=2s: 


Ar 
Vay = 
At 


a 
. 


Ar =F, -f, =(4m)i +(4m)j 


Ar, = (4m) +(4m) = 5.66m 
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av 


Substitute to determine vay: 5.66m 
Vv. = =| 2.83 m/s 
se =| 283 mss | 


and 


0= wn {) = measured 
m 


from the positive x axis. 


(b) Repeat (a), this time using the r= (13 my) + (1 4 m)j , 
displacement between ¢ = 0 and > a A A 
t= 5 s to obtain: Ais =F -7 =(11m}i +(11m)j, 


Ang = (11m) +(11m) =15.6m, 


15.6m 
v === =| 3.11 m/s |, 
w= elime] 


11 
0= tn (HE =| 45.0° | measured 
from the positive x axis. 
*55 ° 


Picture the Problem The magnitude of the velocity vector at the end of the 2 s of 
acceleration will give us its speed at that instant. This is a constant-acceleration problem. 


Find the final velocity vector of the ¥ =v tv, j=Veoi + atj 


particle: 7 ° 
= (4.0m/s)i +(3.0m/s?\(2.0s)j 
= (4.0m/s)i +(6.0m/s)j 
Find the magnitude of V : “= (4.0 m/s) i (6.0 m/s) = 7.21m/s 
and | (6)is correct. | 
56 œ 


Picture the Problem Choose a coordinate system in which north coincides with the 
positive y direction and east with the positive x direction. Expressing the west and north 


velocity vectors is the first step in determining AV and ā „ - 
(a) The magnitudes of AV = Vy — Vy 
Vy and V, are 40 m/s and 30 m/s, 

. l =| -10 m/s 
respectively. The change in the 
magnitude of the particle’s velocity 
during this time is: 
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(b) The change in the direction of 
the velocity is from west to north. 


(c) The change in velocity is: 


Calculate the magnitude and 
direction of AV : 


(d) Find the average acceleration 
during this interval: 


The magnitude of this vector is: 


57 >œ 


The change in direction is 


AV =V, -Vy =(30m/s)j—(—40m/s)i 


= (40m/s)i +(30m/s)j 
|Av| = (40 m/s) +(30m/s)’ = | 50 m/s | 
and 
O, ai = tan” ue =| 36.9° 
40 m/s 
i. = Av/At = (40 m/s)i +(30m/s)j 
av 5s 
= (sm/s?)i + (6m/s?)j 


a= JB ms} +(6m/s? f = [10 m/s? | 


and its direction is 


2 
O= an om l = measured 
s 


from the positive x axis. 


Picture the Problem The initial and final positions and velocities of the particle are 
given. We can find the average velocity and average acceleration using their definitions 


by first calculating the given displacement and velocities using unit vectors i and j. 


(a) The average velocity is: 


The displacement of the particle 
during this interval of time is: 


Substitute to find the average 
velocity: 


(b) The average acceleration is: 


v,, =Ar/At 


a 
. 


AF =(100m}f + (80m)j 


a a 
. . 


s (100m)î +(80m)j 


av 3s 


=| (33.3m/s)i +(26.7m/s)j 


a,, = Av/At 
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Find v,, V,, and Av : V, = (28.3m/s)i +(28.3m/s)j 
and 
V, = (19.3m/s)i + (23.0m/s)j 
z. AV =(—9.00m/s)i +(—5.30m/s)j 


Using At = 3 s, find the average a z 3.00 m/s? ji P (197 m/s*)j 
acceleration: a~ 
*58 oo 


Picture the Problem The acceleration is constant so we can use the constant-acceleration 
equations in vector form to find the velocity at t = 2 s and the position vector at t = 4 s. 


(a) The velocity of the particle, as a V=V, +āt 
function of time, is given by: 


Substitute to find the velocity at ¥ = (2 m/s) x (-9 m/s) j 
t=2s: a k 
+|(4 ms’)? + m/s) j|(2s) 


(10 m/s)i + (-3 m/s) j 


(b) Express the position vector as a F =F +V t+ lar 
function of time: 


Substitute and simplify: r =(4m) i+ (3 m)j 


+|(2 msi +(-9m/s)j (4s) 
+4|(4mis*)i G mjas} 


=| (44m)i +(-9m)j 


a = Ai and direction of r(48) = K 44 m} 2 z 9 m} = 


and, because F is in the 4" quadrant, 


59 eo 
Picture the Problem The velocity vector is the time-derivative of the position vector and 
the acceleration vector is the time-derivative of the velocity vector. 


Differentiate r with respect to time: dr 3 


p= i [sori + (401 - 522)j] 


za 
. 


30i + (40 -107)j 
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where V has units of m/s if t is in seconds. 


Differentiate v with respect to time: i- £- Z b OF + ( 40 —1 02) i] 


- [Eroma] 
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Picture the Problem We can use the constant-acceleration equations in vector form to 
solve the first part of the problem. In the second part, we can eliminate the parameter t 
from the constant-acceleration equations and express y as a function of x. 


(a) Use V =V, + at withv, =0 to = (emis)? + (4mvs*)j | 
find v: 
User V¢+t lat? with T, =(10m)i to find f : 


7 =[(10m)+ mvs? ]i + [omvs? J | 


(b) Obtain the x and y components =10m+ B m/s?) 
of the path from the vector equation iñ E 

N y=(2m/s’)? 
Eliminate the parameter ¢ from these 2 20 
equations and solve for y to obtain: y= 3 = 3 


Use this equation to plot the graph shown below. Note that the path in the xy plane is a 
straight line. 


20 


18 


16 


14 


12 


10 


y (m) 


œ 


O N A OD 
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Picture the Problem The displacements N, y 
of the boat are shown in the figure. We Ay 

need to determine each of the 
displacements in order to calculate the 
average velocity of the boat during the 30- 


2 At 
s trip. Ar 
E, x 
(a) Express the average velocity of = Ar 
the boat: Vay = AL 
Express its total displacement: Ar = AY. ae Ary, 
24 A 

= Lay (Aty) j + vyAtw(-#) 
To calculate the displacement we Vw = Wy, ¢ = GyAty = 60 m/s 
first have to find the speed after the so 
nee: AF =a, (At, j-(60 m/s)Atyi 

= (600m)j -— (600m)i 
Substitute to find the average 7 AF (600m) -f+ j 
velocity: V,.=— = 

At 30s 

=| (20m/s)\-i + j 
(b) The average acceleration is 5 Ar vV;-V;, 
given by: a = M N 

_ (-60m/s)i -0 _ Come) 

30s 

(c) The displacement of the boat AF = (600m)j 4 (- 600m) i 
from the dock at the end of the 30-s a 
trip was one of the intermediate = (600m) -i +j 


results we obtained in part (a). 
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Picture the Problem Choose a coordinate 
system with the origin at Petoskey, the 
positive x direction to the east, and the 
positive y direction to the north. Let t= 0 at 
9:00 a.m. and @ be the angle between 
Robert’s velocity vector and the easterly 
direction and let "M” and "R” denote Mary 
and Robert, respectively. You can express 
the positions of Mary and Robert as 
functions of time and then equate their 
north (y) and east (x) coordinates at the 
time they rendezvous. 


Express Mary’s position as a 
function of time: 


Note that Robert’s initial position 
coordinates (x;, yi) are: 


—E (x) 
| Petoskey 
| 


a 
. 


Fy =w] =(8¢)j 


where Fy, is in miles if ¢ is in hours. 


(xi, Vi) = (—13 mi, 22.5 mi) 


Express Robert’s position as a function of time: 


F, = [x + (v,cos0)(t-1)])i +Ly, + (vgsind\¢-D]j 
=[-13+ {6(t-1)cos 6} ]i +[22.5 + {6(t-1)sin 6} ]j 


where F, is in miles if ¢ is in hours. 
When Mary and Robert rendezvous, 
their coordinates will be the same. 
Equating their north and east 


coordinates yields: 


Solve equation (1) for cos@: 


Solve equation (2) for sin@: 


East: -—13+6tcos@—6cosO=0 (1) 


North: 22.5 + 6t sinO— 6 sin@= 8t (2) 


13 
0 = ——_~ 
cos 6-1) (3) 
: 8t-—22.5 
d= 4 
. 6(t-1) © 


Square and add equations (3) and (4) to obtain: 


sin’? 0 +cos’@=1= >a m 3 | 
6(t—1) 6(t-1) 


Simplify to obtain a quadratic 
equation in £: 


Solve (you could use your 
calculator’s “solver” function) this 


281? — 2881 +639 =0 


t =| 3.24h =3h 15min 
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equation for the smallest value of t 
(both roots are positive) to obtain: 


Now you can find the distance 


traveled due north by Mary: Mm = Yul = (8 mi/h)(3.24 h) iS 


r 
Finally, solving equation (3) for 0 and substituting 3.24 h for t yields: 


13 13 
fso 2 ae | ai 
= P os ae 


and so Robert should head | 14.7° north of east. 


Remarks: Another solution that does not depend on the components of the vectors 
utilizes the law of cosines to find the time t at which Mary and Robert meet and then 
uses the law of sines to find the direction that Robert must head in order to 
rendezvous with Mary. 


Relative Velocity 
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Picture the Problem Choose a coordinate 
system in which north is the positive y 
direction and east is the positive x 
direction. Let 0 be the angle between 
north and the direction of the plane’s 
heading. The velocity of the plane relative 


to the ground, V,, , is the sum of the 
velocity of the plane relative to the air, 
Vpa ~, and the velocity of the air relative to 


the ground, V,g . i.e., 
wW 


Vog = Vpa tVaG 


The pilot must head in such a direction that 
the east-west component of V,, is zero in 


order to make the plane fly due north. 


(a) From the diagram one can see vag COS 45° = vpa sin 
that: 
Solve for and evaluate 0: _ ,( 56.6km/h 
0 =sin | ————_ 
250 km/h 


=| 13.1° west of north 


(b) Because the plane is headed due Veo | = (250 km/h) cos 13.1° 
north, add the north components of : 
+ (80 km/h) sin 45° 
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Vp, and Vag to determine the 


300 km/h 


plane’s ground speed: 


64 ~ 
Picture the Problem Let V,, represent the 


velocity of the swimmer relative to the 4 
bank; Vy the velocity of the swimmer 
relative to the water; and V,,, the velocity 


of the water relative to the shore; i.e., 
80 m 


Vss = Vsw + Vwp 


The current of the river causes the 


swimmer to drift downstream. y 
(a) The triangles shown in the figure Vwp 40m 
are similar right triangles. Set up a p 7 80m 
proportion between their sides and a. 

an 


solve for the speed of the water 


relative to the bank: Vw =+(1.6m/s)=| 0.800 m/s 


(b) Use the Pythagorean Theorem to _ h2 2 

solve for the swimmer’s speed Ysa = VYsw + Ys 

relative to the shore: _ Ja 6 m/s} + (0 8 m/s} 
=| 1.79 m/s 

(c) The swimmer should head in a Üws 


direction such that the upstream 
component of her velocity is equal 
to the speed of the water relative to 
the shore: 


Use a trigonometric function to __,( 0.8m/s 
evaluate 6 0 =sin 


*6§5 ee 

Picture the Problem Let the velocity of 
the plane relative to the ground be 
represented by Vpg; the velocity of the 


plane relative to the air by V,,, and the 
velocity of the air relative to the ground by 
Vag. Then 


Vea E Vpa + Vag (1) 


Choose a coordinate system with the origin 
at point A, the positive x direction to the 
east, and the positive y direction to the 
north. ĝis the angle between north and the 
direction of the plane’s heading. The pilot 
must head so that the east-west component 


of Vp, is zero in order to make the plane fly 
due north. 


Use the diagram to express the 
condition relating the eastward 
component of V, and the 
westward component of V,,. This 


must be satisfied if the plane is to 
stay on its northerly course. [Note: 
this is equivalent to equating the x- 
components of equation (1).] 


Now solve for @ to obtain: 


Add the north components of Vp, 
and V,,, to find the velocity of the 
plane relative to the ground: 


Finally, find the time of flight: 
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(50 km/h) cos 45° = (240 km/h) sin 
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8.47° 


O=sin (50 km/h )cos45° | _ 
240 km/h 


veg + Vagsin4s° = vpacos8.47° 
and 


vpo = (240 km/h)cos 8.47° 
— (50 km/h)sin 45° 
= 202 km/h 
distance travelled 
flight T 
VpG 
__ 520km _ 2.57h 
202 km/h 
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Picture the Problem Let v,,, be the 
velocity of the boat relative to the shore; 
Vpw be the velocity of the boat relative to 
the water; and V,,, represent the velocity of 
the water relative to the shore. 
Independently of whether the boat is going 
upstream or downstream: 


Vas = Vew + Vws 


Going upstream, the speed of the boat 
relative to the shore is reduced by the speed 
of the water relative to the shore. 


Going downstream, the speed of the boat 
relative to the shore is increased by the 
same amount. 


For the upstream leg of the trip: 
For the downstream leg of the trip: 


Express the total time for the trip in 
terms of the times for its upstream 
and downstream legs: 


Multiply both sides of the equation 


by (Vew — Yws)(Vaw + Yws) (the 
product of the- denominators) and 
rearrange the terms to obtain: 


Solve the quadratic equation for 
vgw. (Only the positive root is 
physically meaningful.) 
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Picture the Problem Let Vig be the 


velocity of the plane relative to the ground; 
V,g be the velocity of the air relative to the 


ground; and V, the velocity of the plane 
relative to the air. Then, Viz = Via + 

Vag The wind will affect the flight times 
differently along these two paths. 


B A 
a ae 
a a G e O a a 

— 
Going upstream: 
Uws Ugs 
— 
en 

U Bw 


Going downstream: 
Ugw Uys 

— > 

———<$— 
Ups 


VBs — VBw — Vws 
Vgs = Vaw + Vws 


t +t 


total l vetveae downstream 


L L 
+ 


Vew “Yws Vew + Vws 


2 2L 2 


Vgw 7 t Vgw T 


The velocity of the plane, relative to 
the ground, on its eastbound leg is 
equal to its velocity on its 
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ae re 
Vpg = y Ypa T Vag 


= Jl5m/s} —(5m/s) =14.1m/s 


westbound leg. Using the diagram, 
find the velocity of the plane 
relative to the ground for both 
directions: 


Express the time for the east-west t : =t 
E . roundtrip, EW 

roundtrip in terms of the distances 

and velocities for the two legs: 


eastbound + l westbound 


_ radius of the circle 


V pg,eastbound 


n radius of the circle 


Vog, westbound 
3 
= 2x10 m =141 S 
14.1m/s 


Use the distances and velocities for the two legs to express and evaluate the time for 
the north-south roundtrip: 


radius of the circle E radius of the circle 


l oundtrip, NS = l northbound + É outhbound = 


V pg,northbound V pg,southbound 


_ 10°m A 10°m 
(15m/s)-(5m/s) (15m/s)+(5 m/s) 


Because t 


=150s 


<t you should fly your plane across the wind. 


roundtrip, EW roundtrip, NS» 
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Picture the Problem This is a relative 
velocity problem. The given quantities are 
the direction of the velocity of the plane 
relative to the ground and the velocity 
(magnitude and direction) of the air relative 
to the ground. Asked for is the direction of 
the velocity of the air relative to the 


ground. Using Vbo =Vp, +V,q, draw a 


vector addition diagram and solve for the 
unknown quantity. 


Calculate the heading the pilot must . _; 30 kts 

: 0 =sin =|11.5° 
tke: 150 kts ka 
Because this is also the angle of the Az = (011.5°) 


plane's heading clockwise from 
north, it is also its azimuth or the 
required true heading: 
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Picture the Problem The position of B 
relative to A is the vector from A to B; i.e., 


Fas = Th TA 
The velocity of B relative to A is 
Vas = aap / dt 
and the acceleration of B relative to A is 


Gy, =V,,,/dt 


Choose a coordinate system with the origin 


at the intersection, the positive x direction 
to the east, and the positive y direction to 
the north. 


(a) Find rp, F, andr,» : 


Evaluate F, pat t= 6 s: 


(b) Find Vag = dF, /dt : 


Evaluate V,, at t= 6 s: 


(c) Find dy, = W ,g/dt: 


*70 eee 


F, = [40m -1(2m/s?)e? |} 
F, =((20m/s)]i 


and 


Tag =b Ts 
= [(-20m/s)¢]i 
+ [40m —1(2m/s?)?? |} 


7,,(68) =| (120 m)i +(4m) j 
-diy 
Vag F di 
+40 m—4(2 l] 

= (—20 m/s)i +(—2 m/s’)t j 


E Zi 20 m/s)t\i 


¥,n(68)=| (—20m/s)i - (12 m/s)j 


ias Z {20 m/s) Î + (-2 m/s?) j] 


Note that d,, is independent of time. 


Picture the Problem Let / and h' represent the heights from which the ball is dropped 
and to which it rebounds, respectively. Let v and v' represent the speeds with which the 
ball strikes the racket and rebounds from it. We can use a constant-acceleration equation 
to relate the pre- and post-collision speeds of the ball to its drop and rebound heights. 


(a) Using a constant-acceleration 
equation, relate the impact speed of 
the ball to the distance it has fallen: 


Relate the rebound speed of the ball 
to the height to which it rebounds: 


Divide the second of these equations 
by the first to obtain: 


Substitute for h' and evaluate the 
ratio of the speeds: 
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v =v, +2gh 
or, because vo = 0, 


2gh 
v =v"? —2gh' 


or because v = 0, 
2gh' 


can 


Ui JOURN as oe ay 
v Ho 


(b) Call the speed of the racket V. In a reference frame where the racket is 
unmoving, the ball initially has speed V, moving toward the racket. After it 
"bounces" from the racket, it will have speed 0.8 V, moving away from the racket. 


In the reference frame where the 
racket is moving and the ball 
initially unmoving, we need to add 
the speed of the racket to the speed 
of the ball in the racket's rest frame. 
Therefore, the ball's speed is: 


v'=V+0.8V =1.8V =45m/s 


=|! 100mi/h 
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This speed is close to that of a tennis pro’s 
serve. Note that this result tells us that the 
ball is moving significantly faster than the 


racket. 


) From the result in part (b), the ball can never move more than twice as fast 
c 
as the racket. 


Circular Motion and Centripetal Acceleration 
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Picture the Problem We can use the definition of centripetal acceleration to express a, in 
terms of the speed of the tip of the minute hand. We can find the tangential speed of the 
tip of the minute hand by using the distance it travels each revolution and the time it takes 


to complete each revolution. 


Express the acceleration of the tip of 
the minute hand of the clock as a 
function of the length of the hand 
and the speed of its tip: 


Use the distance the minute hand 
travels every hour to express its 
speed: 


v 
a, =— 
R 
27R 
v = — 
T 
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Substitute to obtain: Ar?R 
ce 7 T? 

Substitute numerical values and 4r (0.5m — 
evaluate ag: a, ae 1.52x10°° m/s? 
Express the ratio of a, to g: 6 aja? 

a ae =| 1.55x107 

; s 

72 ° 


Picture the Problem The diagram shows 
the centripetal and tangential accelerations 
experienced by the test tube. The tangential 
acceleration will be zero when the 
centrifuge reaches its maximum speed. The 
centripetal acceleration increases as the 
tangential speed of the centrifuge increases. 
We can use the definition of centripetal 
acceleration to express a, in terms of the 
speed of the test tube. We can find the 
tangential speed of the test tube by using 
the distance it travels each revolution and 
the time it takes to complete each 
revolution. The tangential acceleration can 
be found from the change in the tangential 
speed as the centrifuge is spinning up. 


(a) Express the acceleration of the y? 

centrifuge arm as a function of the 4, = R 

length of its arm and the speed of 

the test tube: 

Use the distance the test tube travels 2R 

every revolution to express its i= T 

speed: 

Substitute to obtain: A4n?R 
a, = T? 

Substitute numerical values and Ar? (0. 15 m) 

evaluate a,: a, = 


Í Imin 60s i 
15000rev min 


=| 3.70 x10% m/s? 
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(b) Express the tangential 
acceleration in terms of the 
difference between the final and 
initial tangential speeds: 


Substitute numerical values and 
evaluate ar: 


733 >° 

Picture the Problem The diagram includes 
a pictorial representation of the earth in its 
orbit about the sun and a force diagram 
showing the force on an object at the 
equator that is due to the earth’s rotation, 


F}, and the force on the object due to the 


orbital motion of the earth about the sun, 
F „Because these are centripetal forces, 


we can calculate the accelerations they 
require from the speeds and radii associated 
with the two circular motions. 


Express the radial acceleration due 
to the rotation of the earth: 

Express the speed of the object on 
the equator in terms of the radius of 
the earth R and the period of the 
earth’s rotation Tg: 


Substitute for vp in the expression 
for ar to obtain: 


Substitute numerical values and 
evaluate ap: 


2R | 0 
a ati T _ 2AR 
‘At At TAt 
27(0.1 
gee z(0.15m) 


f= fo... =a. Ny 
lmin : ods (75s) 
15000rev min 


=| 3.14m/s’ 
= 
v? 
ag = ri 
-e 27R 
R Ty 
4r’ R 
dg = T 
_ 427(6370x10'm) 
RFR |) \q2 


eof] 


3.37x10° m/s” 


=| 3.44x10° g 


Note that this effect gives rise to the well- 


II 


known latitude correction for g. 
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Express the radial acceleration due v 

‘ i ES 
to the orbital motion of the earth: ° r 
Express the speed of the object on z= 2ar 
the equator in terms of the earth-sun ° T, 
distance r and the period of the 
earth’s motion about the sun T»: 
Substitute for v, in the expression An?r 

é a, =a 

for ay to obtain: 7 T? 
Substitute numerical values and evaluate I= An’ (1 5x10" m) 


o 


=5.95x10” m/s? =| 6.07x10“ g 
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Picture the Problem We can relate the acceleration of the moon toward the earth to its 
orbital speed and distance from the earth. Its orbital speed can be expressed in terms of its 
distance from the earth and its orbital period. From tables of astronomical data, we find 
that the sidereal period of the moon is 27.3 d and that its mean distance from the earth is 
3.84x10° m. 


Express the centripetal acceleration v? 
of the moon: 4, = m 
Express the orbital speed of the 27r 
moon: Y= 
Substitute to obtain: A4n?r 
a, = 

T 
Substitute numerical values and Aq” B 84x108 m) 
evaluate a,: a, = 2 

24h 
[27.34% a s) 


= 2.72 x10” m/s” 


=| 2.78x10*“ g 
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radius of earth 


a 
Remarks: Note that — = — 
g distance from earth to moon 


due to the earth’s gravity evaluated at the moon’s position). This is Newton’s 
famous “falling apple” observation. 


(a, is just the acceleration 
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Picture the Problem We can find the number of revolutions the ball makes in a given 

period of time from its speed and the radius of the circle along which it moves. Because 

the ball’s centripetal acceleration is related to its speed, we can use this relationship to 

express its speed. 

Express the number of revolutions x 

per minute made by the ball in terms oe (1) 
À : c 

of the circumference c of the circle 

and the distance x the ball travels in 


time t: 
Relate the centripetal acceleration of y 
the ball to its speed and the radius of a,=§= R 
its circular path: 
Solve for the speed of the ball: ee [Re 
Express the distance x traveled in x=vt 
time ¢ at speed v: 
Substitute to obtain: x=,/Ret 
The distance traveled per revolution c=2rR 
is the circumference c of the circle: 
Substitute in equation (1) to obtain: [Rot 4 
n= 2m 5 t 
2mæR 2ma\R 
Substitute numerical values and 1 [9.81m/s? 


. — — in 
evaluate n: n= aa 08m (60s) = 


Remarks: The ball will oscillate at the end of this string as a simple pendulum with 
a period equal to 1/n. 


Projectile Motion and Projectile Range 
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Picture the Problem Neglecting air resistance, the accelerations of the ball are constant 
and the horizontal and vertical motions of the ball are independent of each other. We can 
use the horizontal motion to determine the time-of-flight and then use this information to 
determine the distance the ball drops. Choose a coordinate system in which the origin is 
at the point of release of the ball, downward is the positive y direction, and the horizontal 


164 Chapter 3 
direction is the positive x direction. 


Express the vertical displacement of 
the ball: 


Find the time of flight from 
Vx = Ax/At: 


Substitute to find the vertical 
displacement in 0.473 s: 
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Ay=\,At+ 7a, (Ary 
or, because vo, = 0 and a, = g, 
Ay = 3g(Aty 
Ar = 
Va 
_ (18.4m)(8600s/h) _ eee 
(140 km/h)(1000m/km) 


Ay =4(9.81m/s? )(0.473s)° = 


Picture the Problem In the absence of air resistance, the maximum height achieved by a 
projectile depends on the vertical component of its initial velocity. 


The vertical component of the 
projectile’s initial velocity is: 


Use the constant-acceleration 
equation: 


Set v, = 0, a = -g, and Ay = A to 
obtain: 


+78 oo 
Picture the Problem Choose the 
coordinate system shown to the right. 
Because, in the absence of air resistance, 
the horizontal and vertical speeds are 
independent of each other, we can use 
constant-acceleration equations to relate 
the impact speed of the projectile to its 
components. 


The horizontal and vertical velocity 
components are: 


Using a constant-acceleration 
equation, relate the vertical 


Voy = v sind, 


2 2 
Vi = Vo, +2a Ay 


(v, sind) 


2g 


1,2 v 


Vox = V= vocos 0 
and 
Voy = vosinĝ 
AEE 
v, = Vo, +2a,Ay 


or, because a, = -g and Ay = —A, 


component of the velocity to the 
vertical displacement of the 
projectile: 


Express the relationship between the 
magnitude of a velocity vector and 
its components, substitute for the 
components, and simplify to obtain: 


Substitute for v: 


Set v= 1.2 v, = 40 m and solve 
for vp: 
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v= (v, sind) +2gh 


v =v +v = (v, cosOy +v? 
= v2 (sin? 0 + cos? 0)+ 2gh 
=v, +2gh 


(1 2v,) =v +2gh 


v =| 42.2 m/s 


Remarks: Note that v is independent of @ This will be more obvious once 


conservation of energy has been studied. 
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Picture the Problem Example 3-12 shows that the dart will hit the monkey unless the 
dart hits the ground before reaching the monkey’s line of fall. What initial speed does the 
dart need in order to just reach the monkey’s line of fall? First, we will calculate the fall 
time of the monkey, and then we will calculate the horizontal component of the dart’s 


velocity. 


Using a constant-acceleration 
equation, relate the monkey’s fall 
distance to the fall time: 


Solve for the time for 
the monkey to fall to the ground: 


Substitute numerical values and 
evaluate f: 


Let 0 be the angle the barrel of the 
dart gun makes with the horizontal. 
Then: 


Use the fact that the horizontal 
velocity is constant to determine vo: 


6 = tan7| 19™ | =11.3° 
50m 


v (50m/1.51s) 
= — = =| 33.8 m/ 
n cos cos11.3° [33.8mis | 
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Picture the Problem Choose the 
coordinate system shown in the figure to 
the right. In the absence of air resistance, 
the projectile experiences constant 
acceleration in both the x and y directions. 
We can use the constant-acceleration 
equations to express the x and y 
coordinates of the projectile along its 
trajectory as functions of time. The 
elimination of the parameter ¢ will yield an 
expression for y as a function of x that we 
can evaluate at (R, 0) and (R/2, h). Solving 
these equations simultaneously will yield 
an expression for 6. 


Express the position coordinates 
of the projectile along its flight 
path in terms of the parameter t: 


Eliminate the parameter t to 
obtain: 


Evaluate equation (1) at (R, 0) to 
obtain: 


Evaluate equation (1) at (R/2, h) 
to obtain: 


Equate R and h and solve the 
resulting equation for 0: 


Remarks: Note that this result is independent of vo. 
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Picture the Problem In the absence of air 
resistance, the motion of the ball is 
uniformly accelerated and its horizontal 
and vertical motions are independent of 
each other. Choose the coordinate system 
shown in the figure to the right and use 


constant-acceleration equations to relate the 


x and y components of the ball’s initial 
velocity. 


Use the components of vo to express 
Jin terms of vox and vo: 


(R/2, h) 


(R, 0)" 
x =(v, cos) 
and 
y=(v,sin6)t -igt 
E 2 
= (tan 0 )x —- — = — x 1 
p= lane) 2v, cos’ 0 la 
ie 2v sin cos 0 
E 
I- (vsin dY 
2g 
6 =tan'(4)=| 76.0° 
y,m 
6 , 
O Pr x,m 
v 
0 = tan” > (1) 


Use the Pythagorean relationship 
between the velocity and its 
components to express vo: 


Using a constant-acceleration 
equation, express the vertical speed 
of the projectile as a function of its 
initial upward speed and time into 
the flight: 


Because v, = 0 halfway through the 
flight (at maximum elevation): 


Determine vox: 


Substitute in equation (2) and 
evaluate vo: 


Substitute in equation (1) and 
evaluate 0: 
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Picture the Problem In the absence of 


friction, the acceleration of the ball is 
constant and we can use the constant- 
acceleration equations to describe its 
motion. The figure shows the launch 


conditions and an appropriate coordinate 
system. The speeds v, v,, and v, are related 


through the Pythagorean Theorem. 


The squares of the vertical and 
horizontal components of the 
object’s velocity are: 


The relationship between these 
variables is: 


Substitute and simplify to obtain: 
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Vo = 4 Iv, + Voy (2) 


Wr Voyt a, t 


Voy = (9.81 m/s’)(1.22 s) = 12.0 m/s 


pan 
At 2.445 
v, =(16.4m/s)’ + (12.0m/s)’ 
=| 20.3 m/s 
get) 2S | Go 
16.4m/s 


and 
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Note that v is independent of 0... as was 


to be shown. 


168 Chapter 3 


83 ee 


Picture the Problem In the absence of air 
resistance, the projectile experiences 
constant acceleration during its flight and 
we can use constant-acceleration equations 
to relate the speeds at half the maximum 
height and at the maximum height to the 
launch angle 0 of the projectile. 


The angle the initial velocity makes l 
with the horizontal is related to the tan 0 = — 
initial velocity components. 


Write the equation Ay=h>0= Voy —2gh (1) 
vy =v » + 2aAy, for Ay = h and 

vy = 0: 

h 


h 2 2 
ee aa ae aa (2) 


Write the equation 
vy = Voy + 2aAy, for Ay = h/2: 


We are given v, = (3/4)vo. Square 3y 

both sides and express this using the vo, + vy = G) (2, +v ) (3) 
components of the velocity. The x 

component of the velocity remains where we have used v, = Vox. 
constant. 


(Equations 1, 2, and 3 constitute three equations and four unknowns Vox, Voy, Vy, and h. To 
solve for any of these unknowns, we first need a fourth equation. However, to solve for 
the ratio (Voy/Vox) of two of the unknowns, the three equations are sufficient. That is 


because dividing both sides of each equation by Vox gives three equations and three 


2 
unknowns Vy/Vox, Voy/Vox, and h/ V9, . 


Solve equation 2 for gh and , r ; : 
substitute in equation 1: Voy = (v3 eu, )=> v = 


Substitute for vy in equation 3: 1 3y 
E A E ( 2 py? ) 
Vox 2 Voy = 4 Ox 0y 


Divide both sides by Vox and solve 
for Voy/Vox to obtain: 


Using tan 0= voy/Vox, Solve for 0: 
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Picture the Problem The horizontal speed 
of the crate, in the absence of air resistance, 
is constant and equal to the speed of the 
cargo plane. Choose a coordinate system in 
which the direction the plane is moving is 
the positive x direction and downward is 
the positive y direction and apply the 
constant-acceleration equations to describe 
the crate’s displacements at any time 
during its flight. 


(a) Using a constant-acceleration 
equation, relate the vertical 
displacement of the crate Ay to the 
time of fall At: 


Solve for At: 


Substitute numerical values and 
evaluate At: 


(b) The horizontal distance traveled 
in 49.5 s is: 


(c) Because the velocity of the plane 
is constant, it will be directly over 
the crate when it hits the ground; 
i.e., the distance to the aircraft will 
be the elevation of the aircraft. 
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2 2 
ee ae je 
2v 16 Vis 


and 
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0= tn ( = tan“(J7)= 69.3° 


— — — —x,km 


12 


(R, 12) 
y, km 


Ay = Vo ,At + + g(Aty 
or, because vo, = 0, 


Ay = ze (Ary 


2Ay 


Vg 


At = aliax10'm) _ 955) 


| 9.81m/s? 


R=Ax=v,,At 


= (900 kn 2 a9. s) 


3600s 
=| 12.4km 
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Picture the Problem In the absence of air 
resistance, the accelerations of both Wiley 
Coyote and the Roadrunner are constant 
and we can use constant-acceleration 
equations to express their coordinates at 
any time during their leaps across the 
gorge. By eliminating the parameter t 
between these equations, we can obtain an 
expression that relates their y coordinates 
to their x coordinates and that we can solve 
for their launch angles. 


(a) Using constant-acceleration 
equations, express the x coordinate 
of the Roadrunner while it is in 
flight across the gorge: 


Using constant-acceleration 
equations, express the y coordinate 
of the Roadrunner while it is in 
flight across the gorge: 


Eliminate the parameter ź to obtain: 


Letting R represent the 
Roadrunner’s range and using the 
trigonometric identity 

sin2 @= 2sin@cos@ solve for and 
evaluate its launch speed: 


(b) Letting R represent Wiley’s 
range, solve equation (1) for his 
launch angle: 


Substitute numerical values and 
evaluate 6: 


y,m DA 


x,m 
-100 
X = Xy Vaxt + tat 
or, because xo = 0, a, = 0 and 
Vox = Vo COS bb, 
x = (v cos 6, )t 
Y = Yo + Voyt that 
or, because yo = 0, a, =—g and 
Voy = Vo Sin h, 
y= v sin 6, )t — lgt 
y =(tan 8, )x-—-4$ x?) 


Rg (16.5m){9.81 m/s” 


g sin30° 


ae aati 
(18.0m/s) 
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Picture the Problem Because, in the 
absence of air resistance, the vertical and 
horizontal accelerations of the cannonball 
are constant, we can use constant- 
acceleration equations to express the ball’s 
position and velocity as functions of time 
and acceleration. The maximum height of 
the ball and its time-of-flight are related to 
the components of its launch velocity. 


(a) Using a constant-acceleration 
equation, relate / to the initial and 
final speeds of the cannonball: 


Find the vertical component of the 
firing speed: 


Solve for and evaluate h: 


(b) The total flight time is: 


(c) Express the x coordinate of the 
ball as a function of time: 


Evaluate x (= R) when At = 43.2 s: 
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Picture the Problem Choose a coordinate 
system in which the origin is at the base of 
the tower and the x- and y-axes are as 
shown in the figure to the right. In the 
absence of air resistance, the horizontal 
speed of the stone will remain constant 
during its fall and a constant-acceleration 
equation can be used to determine the time 
of fall. The final velocity of the stone will 
be the vector sum of its x and y 
components. 
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v= Voy +2a,Ay 
or, because v = 0 and a, = -g, 
0= Voy —2gAy 


Voy = vosin@ = (300 m/s)sin 45° 
= 212 m/s 


j= Vy _ (212m/s) 


Sas asins] 222Km 


At = ty, t bay = by 
Voy _ 2(212m/s) 
=2 =" =| 43.25 
oe 


x = w, At = (v cosO)At 


x =[(300m/s)cos45°|(43.2s) 


= [916k 
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(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the stone (the 
height of the tower) as a function of 
the fall time: 


Solve for and evaluate the time of 
fall: 


Use the definition of average 
velocity to find the velocity with 
which the stone was thrown from 
the tower: 


(b) Find the y component of the 
stone’s velocity after 2.21 s: 


Express v in terms of its 
components: 


Substitute numerical values and 
evaluate v: 
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Ay =v,At+7a, (Ary 
or, because vo, = 0 and a = —g, 


Ay =-Lg(Aty 


V= Vy gt 
= 0 — (9.81 m/s2)(2.21s) 
= —21.7 m/s 


v= {Ve +v 
v= y(8.14m/s) + (-21.7m/s) 


=| 23.2m/s 


Picture the Problem In the absence of air resistance, the acceleration of the projectile is 
constant and its horizontal and vertical motions are independent of each other. We can 
use constant-acceleration equations to express the horizontal and vertical displacements 
of the projectile in terms of its time-of-flight. 


Using a constant-acceleration 
equation, express the horizontal 
displacement of the projectile as a 
function of time: 


Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile as a 
function of time: 


Substitute numerical values to 
obtain the quadratic equation: 


Solve for At: 


Ax =v,,At+4a,(Aty 
or, because vo, = vocos@ and a, = 0, 


Ax = (v cos OJA 


At+ta,(At) 


y 


Ay =v 
or, because vo, = vosin@ and a, = —g, 


Ay = (v, cos @)At —4.g(Aty 


~ 200m = (60m/s\sin 60°)At 
~4(9.81m/s? (Ary 


At = 13.6 s 


Substitute for At and evaluate the 
horizontal distance traveled by the 
projectile: 
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Picture the Problem In the absence of air 
resistance, the acceleration of the 
cannonball is constant and its horizontal 
and vertical motions are independent of 
each other. Choose the origin of the 
coordinate system to be at the base of the 
cliff and the axes directed as shown and 
use constant- acceleration equations to 
describe both the horizontal and vertical 
displacements of the cannonball. 


Express the direction of the velocity 
vector when the projectile strikes 
the ground: 


Express the vertical displacement 
using a constant-acceleration 
equation: 


Set Ax = —Ay (R = —A) to obtain: 


Solve for v,: 


Find the y component of the 
projectile as it hits the ground: 


Substitute and evaluate 0: 
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Picture the Problem In the absence of air 
resistance, the vertical and horizontal 
motions of the projectile experience 
constant accelerations and are independent 
of each other. Use a coordinate system in 
which up is the positive y direction and 
horizontal is the positive x direction and 
use constant-acceleration equations to 
describe the horizontal and vertical 
displacements of the projectile as functions 
of the time into the flight. 
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Ax = (60 m/s)(cos60°)(13.6 s) 


- [sm] 


Ay = v, At +34, (Ary 
or, because vo, = 0 and a, = —g, 


Ay =—42(Ary 


Ax =v. At =1¢(Aty 


v= Se = bet 


y,m 


O 
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(a) Use a constant-acceleration Ax =v) At 

equation to express the horizontal E ( 0) A 

displacement of the projectile as a = (Vo COS G JA 

function of time: 

Evaluate this expression when Ax = 300 m/sXcos60°)(6s)=1 900m 
A (300 mis)(cos60°)(6s)=[900m | 
(b) Use a constant-acceleration Ay = (v, sin 6) Ar —4 Fal Aty 


equation to express the vertical 
displacement of the projectile as a 
function of time: 


Evaluate this expression when At = 6 s: 


Ay = (300 m/s)(sin60°)(6s)-+4(9.81m/s?)(6s)’ =| 1.38km 
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Picture the Problem In the absence of air y 
resistance, the acceleration of the projectile 
is constant and the horizontal and vertical 
motions are independent of each other. 
Choose the coordinate system shown in the 
figure with the origin at the base of the cliff 
and the axes oriented as shown and use 
constant-acceleration equations to find the 
range of the cannonball. o R * 


Using a constant-acceleration Ax =v,,At+4a, ( At? 
equation, express the horizontal Í 
displacement of the cannonball as a 
function of time: Ax = (v cosé Jar 


or, because vo, = vocos@ and a, = 0, 


Using a constant-acceleration Ay = Voy At + 4 a, ( A ty 
equation, express the vertical “ 
displacement of the cannonball as a Á 
function of time: Voy = vosin 0, 


-40m = (42.2 m/s)(sin30°)At 
—4(9.81m/s? (At? 


or, because y = —40 m, a =~—g, and 


Solve the quadratic equation for At: At = 5.73 s 


Calculate the range: R=Ax= (42.2 m/s)(cos30°)(5.73 s) 
=| 209m 
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Picture the Problem Choose a coordinate 
system in which the origin is at ground 
level. Let the positive x direction be to the 
right and the positive y direction be 
upward. We can apply constant- 
acceleration equations to obtain parametric 
equations in time that relate the range to 
the initial horizontal speed and the height A 
to the initial upward speed. Eliminating the 
parameter will leave us with a quadratic 
equation in R, the solution to which will 
give us the range of the arrow. In (b), we’ll 
find the launch speed and angle as viewed 
by an observer who is at rest on the ground 
and then use these results to find the 
arrow’s range when the horse is moving at 
12 m/s. 


(a) Use constant-acceleration 
equations to express the 
horizontal and vertical 
coordinates of the arrow’s 
motion: 


Solve the x-component equation 
for time: 


Eliminate time from the 
y-component equation: 


Solve for the range to obtain: 
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R=Ax=x- X) =Vo,t 

and 

y=h + Vot +4(- gy 

where 

Vox = Vy) cos Â and v,, =v, sind 


R 
(= — = 
Vy, v cosé 


x 


R 1 [RY 
PA a N 
0x 0x 


and, at (R, 0), 


0=h+(tan0)R - & R? 


2v cos’ 0 


vo. 2gh 
R=—-sin 24 1+ +=- 
2g v sin” 0 


Substitute numerical values and evaluate R: 


(45m/s) 


R= 5 sin 20° 14+ /14+ 
2(9.81m/s ) 


2(9.81m/s? \2.25m) 


(45 m/s) (sin? 10°) 
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(b) Express the speed of the Ve = Vawow + Varcher 
arrow in the horizontal _ (45 m/s)cos10° +12m/s 
direction: 
= 56.3 m/s 
Express the vertical speed of the v, = (45 m/s)sin10° = 7.81m/s 
arrow: 
Express the angle of elevation af, _( 7.81m/s 
from the perspective of someone 0 = tan a tan s63m/s] 7.90° 
on the ground: j l 
Express the arrow’s speed Vy = h? H 


relative to the ground: 


= (56.3 m/s) + (7.81m/s} 
= 56.8 m/s 


Substitute numerical values and evaluate R: 
(56.8m/s} 2(9.81m/s?)(2.25m) 
R= 15.89 1+. /1 =| 104 
2(9.81m/s?) ad (56.8m/s) (sin?7.9°) 


Remarks: An alternative solution for part (b) is to solve for the range in the 
reference frame of the archer and then add to it the distance the frame travels, 
relative to the earth, during the time of flight. 
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Picture the Problem In the absence of air 
resistance, the horizontal and vertical 
motions are independent of each other. S 
Choose a coordinate system oriented as S 
shown in the figure to the right and apply % 
constant-acceleration equations to find the \ 
time-of-flight and the range of the spud- \ 

plug. \ xm 


(a) Using a constant-acceleration Ay =v),At+4 a, ( At? 
equation, express the vertical í 
displacement of the plug: or, because vo, = 0 and a, = —g, 


Ay =—4g(ary 


Solve for and evaluate the flight 2Ay 2(- 1.00 m) 
time Ar: At = | = | 
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(b) Using a constant-acceleration 
equation, express the horizontal 
displacement of the plug: 


Substitute numerical values and 
evaluate R: 


g4 = 


Ax =v, At+4a,(Aty 
or, because a, = 0 and Voy = vo, 


Ax = v,At 


Ax = R = (50m/s)(0.452s) = 


Picture the Problem An extreme value (i.e., a maximum or a minimum) of a function is 
determined by setting the appropriate derivative equal to zero. Whether the extremum is a 
maximum or a minimum can be determined by evaluating the second derivative at the 


point determined by the first derivative. 


Evaluate d R/d 6: 


Set dR/d&= 0 for extrema and solve 
for &: 


Determine whether 45° is a 
maximum or a minimum: 
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Picture the Problem We can use constant- 
acceleration equations to express the x and 
y coordinates of a bullet in flight on the 
moon as a function of t. Eliminating this 
parameter will yield an expression for y as 
a function of x that we can use to find the 
range of the bullet. The necessity that the 
centripetal acceleration of an object in orbit 
at the surface of a body equal the 
acceleration due to gravity at the surface 
will allow us to determine the required 
muzzle velocity for orbital motion. 


(a) Using a constant-acceleration 
equation, express the x coordinate of 
a bullet in flight on the moon: 


6, = Łcos™ 0 = 45° 


d’R 
dO, 


= | Alva /g)sin 26, =45° 


<0 


<. Ris a maximum at & = 45° 


X = Xy + Voxt + tat 

or, because x = 0, a, = 0 and 
Vox = Vocos &, 

x = (v cos 6, )t 


178 Chapter 3 


Using a constant-acceleration Y=VotV, t +4 at? 
equation, express the y coordinate of : 


a bullet in flight on the moon: or, because yo = 0, ay =—Zmoon and 


Voy = vosin &, 


y = (v, sin Oy y =} E moont 


Eliminate the parameter f¢ to obtain: g s 
y =(tan@, )x ae 
2v; cos’ 0, 
0 0 


When y= 0 and x = R: 
* 0= (tan O, )R — a= bine 2 a R? 
2v; cos’ A 
and 
2 


R= sin 20, 


E moon 
Substitute numerical values and 900m/s)_. 
evaluate R: R= Coos) singg =4.85x10°m 


=| 485km 


This result is probably not very accurate 
because it is about 28% of the moon’s 
radius (1740 km). This being the case, we 
can no longer assume that the ground is 
"flat" because of the curvature of the moon. 


(b) Express the condition that the a, = Z moon 

centripetal acceleration must satisfy E 

for an object in orbit at the surface sY 

of the moon: r 

Solve for and evaluate v: = noon? _ 2 6 
V=4/ Z moon” = 411.67 m/s" \1.74 x 10° m 

=| 1.70km/s 
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Picture the Problem We can show that AR/R =—Ag/g by differentiating R with respect 
to g and then using a differential approximation. 


Differentiate the range equation dR d% y? 
with respect to g: — = afu sin 28 =—— sin 26, 
dg dg\ g g 
R 
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Approximate dR/dg by AR/Ag: AR_ R 
Ag 8 

Separate the variables to obtain: AR_ Ag 
R g 


i.e., for small changes in gravity 
(g ~g +g ), the fractional change in R 
is linearly opposite to the fractional change 
in g. 

Remarks: This tells us that as gravity increases, the range will decrease, and vice 


versa. This is as it must be because R is inversely proportional to g. 
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Picture the Problem We can show that AR/R = 2Avø/ vo by differentiating R with respect 
to vo and then using a differential approximation. 


Differentiate the range equation dR d (v. 
with respect to vo: — =—| sin 20, | =—*sin 20, 
dv, dw\ g 
aR 
Vo 
Approximate dR/dvo by AR/Avo: AR _ 2 R 
Avy Vo 
Separate the variables to obtain: AR | 2 Avy 
R Vo 


i.e., for small changes in the launch 
velocity (v) = Va + Ay, ), the fractional 


change in R is twice the fractional change 
in Vo. 


Remarks: This tells us that as launch velocity increases, the range will increase 
twice as fast, and vice versa. 
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Picture the Problem Choose a coordinate system in which the origin is at the base of the 
surface from which the projectile is launched. Let the positive x direction be to the right 
and the positive y direction be upward. We can apply constant-acceleration equations to 
obtain parametric equations in time that relate the range to the initial horizontal speed and 
the height A to the initial upward speed. Eliminating the parameter will leave us with a 
quadratic equation in R, the solution to which is the result we are required to establish. 


Write the constant-acceleration X = V,Í 
equations for the horizontal and 


: se d 
vertical parts of the projectile’s a 
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motion: 


Solve the x-component equation for 
time: 


Using the x-component equation, 
eliminate time from the 
y-component equation to obtain: 


When the projectile strikes the 
ground its coordinates are (R, 0) and 
our equation becomes: 


Using the plus sign in the quadratic 
formula to ensure a physically 
meaningful root (one that is 
positive), solve for the range to 
obtain: 
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2 


y= h+vot+4(- g)t 
where 
Vox = Vo COS Ô and vo, = vy sind 


X X 


fz 


Vor V cos8 


g 2 


= h+ (tan 0)x -_.2—— x 
4 tend) 2v, cos’ 0 


E 2 
0= A+ (tan )R -— < R 
(a) 2v; cos’ 0 


2 
R=|(14.(1+—28" _ |™ sin 29, 
vy sin’ A )2g 


Picture the Problem We can use trigonometry to relate the maximum height of 

the projectile to its range and the sighting angle at maximum elevation and the range 
equation to express the range as a function of the launch speed and angle. We can use a 
constant-acceleration equation to express the maximum height reached by the projectile 
in terms of its launch angle and speed. Combining these relationships will allow us to 


conclude that tang = 4 tan 0 . 


Referring to the figure, relate the 
maximum height of the projectile to 
its range and the sighting angle ¢: 


Express the range of the rocket and 
use the trigonometric identity 

sin 20 = 2sin @cos@ to rewrite the 
expression as: 


Using a constant-acceleration 
equation, relate the maximum height 
of a projectile to the vertical 
component of its launch speed: 


Solve for the maximum height A: 


ings 


R/2 


2 2 


R= ” sin(20) =2~ sin cos 
E&E & 


Fo 39 
v; =V ~2gh 
or, because v, = 0 and vo = vosin 6, 


v sin? 0 =2gh 


2 
h= sin? 0 
2g 


Substitute for R and h and simplify 
to obtain: 
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Picture the Problem In the absence of air 
resistance, the horizontal and vertical 
displacements of the projectile are 
independent of each other and describable 
by constant-acceleration equations. Choose 
the origin at the firing location and with the 
coordinate axes as shown in the figure and 
use constant-acceleration equations to 
relate the vertical displacement to vertical 
component of the initial velocity and the 
horizontal velocity to the horizontal 
displacement and the time of flight. 


(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile as a 
function of its time of flight: 


Solve for vo: 


Substitute numerical values and 
evaluate vo: 


(b) The horizontal velocity remains 
constant, so: 
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Picture the Problem In the absence of air 
resistance, the acceleration of the stone is 
constant and the horizontal and vertical 
motions are independent of each other. 
Choose a coordinate system with the origin 
at the throwing location and the axes 
oriented as shown in the figure and use 
constant- acceleration equations to express 
the x and y coordinates of the stone while it 
is in flight. 
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2 
27 sin’ 0 
tan g = =i =| tan 
2” sin cos0 
g 


y, m 


(3000, 450) 


x, m 


Ay =v, At +34, (Ary 
or, because a, = —g, 


Ay =v, At—3 g(Aty 


2 


Ay +z glat) 
ye 


_ 450m +4(9.81m/s?\20s) 


Vo 


7 20s 
=| 121m/s 
Vor =V, a A 150 m/s 
At 20s 
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. _ i S 1.2 
Using a constant acceleration X=X)tV,t++a4,t 
equation, express the x coordinate of ee En ee ee ee 
the stone in flight: i eee 0 se 
xX = vÉ 
ing a constant-acceleration = ly £ 
Using a cons cceleratio Y=Yy +W, t+}a,t 


equation, express the y coordinate of 


the stone in flight: or, because yo = 0, vo, = 0 and a, = g, 


y=igt 
Referring to the diagram, express aps y 
the relationship between @, y and x ~g 
at impact: 
Substitute for x and y and solve for g 2 g 
the time to impact: tan 0 = >=— =t 

v 2v 

Solve for ź to obtain: 2v) 

t =— tan 

& 

Referring to the diagram, express E E y 
the relationship between @, L, y and aS Tian 
x at impact: 
Substitute for y to obtain: 1? 

l = Los 

2g 
Substitute for t and solve for L to 2v? tan 0 
obtain: Pa Ea 

gcosé 

102 eee 


Picture the Problem The equation of a particle’s trajectory is derived in the text so we'll 
use it as our starting point in this derivation. We can relate the coordinates of the point of 
impact (x, y) to the angle ¢ and use this relationship to eliminate y from the equation for 
the cannonball’s trajectory. We can then solve the resulting equation for x and relate the 
horizontal component of the point of impact to the cannonball’s range. 


The equation of the cannonball’s 


trajectory is given in the text: y(x) = (tan 6, )x — ~ x 
2v; cos” 6; 


Relate the x and y components of a y(x) = (tan d)x 
point on the ground to the angle ¢: 


Express the condition that the 


cannonball hits the ground: (tan o)x = (tan 0, )x- mE x 
2v, cos’ A 


Solve for x to obtain: 


Relate the range of the cannonball’s 
flight R to the horizontal distance x: 


Substitute to obtain: 


Solve for R: 
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Picture the Problem In the absence of air 
resistance, the acceleration of the rock is 
constant and the horizontal and vertical 
motions are independent of each other. 
Choose the coordinate system shown in the 
figure with the origin at the base of the 
building and the axes oriented as shown 
and apply constant-acceleration equations 
to relate the horizontal and vertical 
displacements of the rock to its time of 
flight. 


Find the horizontal and vertical 
components of vo: 


Using a constant-acceleration 
equation, express the horizontal 
displacement of the projectile: 


Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile: 


Solve the x-displacement equation 
for At: 


Substitute At into the expression for 
Ay: 


Solve for vp to obtain: 


Find At at impact: 
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ME 2v; cos’ 6 (tan 0, — tan ø) 
& 


x=Rcos¢ 


2v; cos’ 6 (tan 0, — tan ø) 


Rcosġ = 
& 
2 2 
R= 2v; cos’ 8, (tan, — tan @) 
gcos¢@ 

y, = Vo 

20 

0 ; 

0 ideas 


Vox = vo COS53° = 0.602 Vo 
Voy = Vo sin53° = 0.799 V6 


Ax = 20m = v,, At = (0.602¥, At 


Ay = -20m = vy, At — 1 g(Aty 
= (0.799y, At —4.g(At)” 


20m 


At = 
0.602¥, 


- 20 m = (0.799v, At — (4.91 m/s? {Ar} 


20m 


At = ————_..—__ 
(10.8 m/s)cos53° 


=3.08s 
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Using constant-acceleration V, = Vax =6.50m/s 


equations, find v, and v, at impact: ñd 


V, =V — gAt = -21 m/s 


Express the velocity at impact in 
vector form: 


¥ =| (6.50 m/s)i +(-21.6 m/s)j 
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Picture the Problem The ball experiences constant acceleration, except during its 
collision with the wall, so we can use the constant-acceleration equations in the analysis 
of its motion. Choose a coordinate system with the origin at the point of release, the 
positive x axis to the right, and the positive y axis upward. 


Using a constant-acceleration Ay =vy,At— 1 g( A t} 
equation, express the vertical 

displacement of the ball as a 

function of At: 


When the ball hits the ground, —2m-=(l0m/s)At 

JE ~1(9.81m/s? (Ary 
Solve for the time of flight: tiie AL = 2.22 s 

Find the horizontal distance traveled Ax = (10 m/s) (2.22 s) = 22.2 m 


in this time: 


The distance from the wall is: Ar=-åms 


Hitting Targets and Related Problems 
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Picture the Problem In the absence of air 
resistance, the acceleration of the pebble is y, m 
constant. Choose the coordinate system 
shown in the diagram and use constant- 
acceleration equations to express the 
coordinates of the pebble in terms of the 
time into its flight. We can eliminate the 
parameter t between these equations and 
solve for the launch velocity of the pebble. 
We can determine the launch angle from 
the sighting information and, once the 
range is known, the time of flight can be 
found using the horizontal component of 
the initial velocity. 


Referring to the diagram, express 0 
in terms of the given distances: 


Use a constant-acceleration equation 
to express the horizontal position of 
the pebble as a function of time: 


Use a constant-acceleration equation 
to express the vertical position of 
the 

pebble as a function of time: 


Eliminate the parameter ¢ to obtain: 


At impact, y = 0 and x = R: 


Solve for vo to obtain: 


Substitute numerical values and 
evaluate vo: 


Substitute in equation (1) to relate R 
to tight: 


Solve for and evaluate the time of 
flight: 
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Picture the Problem The acceleration of 
the ball is constant (zero horizontally and — 
g vertically) and the vertical and horizontal 
components are independent of each other. 
Choose the coordinate system shown in the 
figure and assume that v and tare 
unchanged by throwing the ball slightly 
downward. 


Express the horizontal displacement 
of the ball as a function of time: 
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GaGa) | coe 
40m 


X=Xy)tV,t++a,t’ 


or, because xo = 0, Vox = vocos@, and 


a, = 0, 
x =(v,cos@)t 


= 1 2 
YV=No + Vot + 7a,t 


(1) 


or, because yo = 0, vo = vosin 0, and 


ay = 78, 
y=(ysind-Let 
§ 2 


y=(tand)x 2 cos O 


g 
0 =(tan@)R - — < —— 
kane) 2v? cos’ 0 
_ | 8E 
"0 ¥ sin 20 
Pae (40 m)(9.81m/s°) _ 
°  ¥  sin13.8° 


R = (v, cos6)t 


flight 


40m 


lor =l 
Met (40.6 m/s)cos6.91° 


40.6 m/s 


0.992s 


Ax = v,,At + 4a,(Aty 
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or, because a, = 0, 
Ax = v,, At 
Solve for the time of flight if the a Ax 18.4m Jadi 
: A t= = =U. S 
ball were thrown horizontally: W. 37.5m/s 


Using a constant-acceleration 
equation, express the distance the 
ball would drop (vertical 
displacement) if it were thrown 


Ay =v, At +34, (Ary 


or, bec 


ause Vo, = 0 and a, = —g, 


Ay =-1g(aty 


horizontally: 
Substitute numerical values and Ay = ~1(9.81m/s?\0.491 s) —=-].18m 
evaluate Ay: 


The ball must drop an additional 
0.62 m before it gets to home plate. 


y=(2.5-1.18)m 
= 1.32 m above ground 


Calculate the initial downward —0.62m 
speed the ball must have to drop v= 0491s =—-1.26m 


0.62 m in 0.491 s: 
0 = tan” Hja tan” eL 
v, 37.5m/s 
=| —1.92° 


Remarks: One can readily show that ,/v? + v? = 37.5 m/s to within 1%; so the 


assumption that v and t are unchanged by throwing the ball downward at an angle 
of 1.93° is justified. 


Find the angle with horizontal: 
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Picture the Problem The acceleration of 

the puck is constant (zero horizontally and y, m 
-g vertically) and the vertical and 2.80 


horizontal components are independent of 

each other. Choose a coordinate system 

with the origin at the point of contact with 

the puck and the coordinate axes as shown 

in the figure and use constant-acceleration 

equations to relate the variables vo,, the 0 
time ¢ to reach the wall, vox, vo, and 6. 


wall 


Using a constant-acceleration 
equation for the motion in the y 
direction, express vo as a function 
of the puck’s displacement Ay: 


2_.2 
Vy = Voy + 2a,Ay 
or, because v,= 0 and a, = —g, 


0= Voy —2gAy 


Solve for and evaluate voy: 


Find ¢ from the initial velocity in the 
y direction: 


Use the definition of average 
velocity to find vox: 


Substitute numerical values and 
evaluate vo: 


Substitute numerical values and 
evaluate 0: 
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Picture the Problem In the absence of air 
resistance, the acceleration of Carlos and 
his bike is constant and we can use 
constant-acceleration equations to express 
his x and y coordinates as functions of 
time. Eliminating the parameter ¢ between 
these equations will yield y as a function of 
x... an equation we can use to decide 
whether he can jump the creek bed as well 
as to find the minimum speed required to 
make the jump. 


(a) Use a constant-acceleration 
equation to express Carlos’ 
horizontal position as a function 
of time: 


Use a constant-acceleration equation 
to express Carlos’ vertical position 
as a function of time: 
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Voy = V2gdy = J2(2.80m)9.81m/s?) 
- [7am] 


Vo,  7.41m/s 
t =— = =| 0.756s 
g 9.81m/s? 
Ax 12.0m 
Mea = aa ome 


X= Xy + Vot + lat 

or, because xo = 0, Vox = vocos 8, and 
a, = 0, 

x = (v, cos6)t 


Y = Yo + Vot + lat 

or, because yo = 0, vo, = vosin 0, and 
ay ~—8; 

y=(v, sind) -igt 
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Eliminate the parameter f¢ to obtain: 


Substitute y = 0 and x = R to obtain: 


Solve for and evaluate R: 


(b) Solve the equation we used in 
the previous step for Vo min! 


Letting R = 7 m, evaluate Vo min: 
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Picture the Problem In the absence of air 
resistance, the bullet experiences constant 
acceleration along its parabolic trajectory. 
Choose a coordinate system with the origin 
at the end of the barrel and the coordinate 
axes oriented as shown in the figure and 
use constant-acceleration equations to 
express the x and y coordinates of the 
bullet as functions of time along its flight 
path. 


Use a constant-acceleration equation 
to express the bullet’s horizontal 
position as a function of time: 


Use a constant-acceleration 
equation to express the bullet’s 
vertical position as a function of 
time: 


Eliminate the parameter ¢ to obtain: 


= (tan @)x -—2 —_? 
y= (tand)x 2v2 cos’O 
0=(tan@)R -—* —— R 
(tan) 2v cos’ 8 
2 2 
R = Yi sin(20,) = Citas) si 
p 9.81m/5 
= 4.30m 


He should apply the brakes! 


v = ae ae 
Oyni sin(20, ) 


— (7m \9.8 Im/s? 
0,min sin20° 


=| 14.2m/s =51.0km/h 


y,m 


X=X tvt tta t 

or, because xo = 0, Vox = vocos 6, and 
a, = 0, 

x = (v cos6)t 


= lag 
Y =Y t+ Voyl + zat 
or, because yo = 0, vo, = vosin@, and 


ay ——8, 
y = (vsin 8% — lgt’ 


g 2 


ye en} 2v2 cos 0 


in 20° 


Let y = 0 when x = R to obtain: 


Solve for the angle above 
the horizontal that the rifle must be 
fired to hit the target: 


Substitute numerical values and 
evaluate 6: 


Referring to the diagram, relate ;, to 
@ and solve for and evaluate h: 


General Problems 
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0 =(tan@)R- 2 


2v, cos’ 0 


0, =3 sin | 


= 0.450° 
Note: A second value for , 89.6° is 
physically unreasonable. 


tan 0, = 


and 


100m 


100m)9.81 m/s” J 
(250 m/s) 


h = (100m)tan(0.450°) = 


Picture the Problem The sum and difference of two vectors can be found from the 
components of the two vectors. The magnitude and direction of a vector can be found 


from its components. 


(a) The table to the right 
summarizes the components of A 
and B. 


(b) The table to the right shows the 
components of S. 


Determine the magnitude and 


direction of S from its components: 


Vector | x component | y component 
(m) (m) 
A 0.707 0.707 
B 0.866 —0.500 
Vector | x component | y component 
(m) (m) 
A 0.707 0.707 
B 0.866 —0.500 
S 1.57 0.207 


S = S? +S} =[1.59m | 


and, because S is in the 1“ 


S 
a= wn = 
S, 


7.50° 
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(c) The table to the right shows the 


components of D: Vector | x component | y component 
(m) (m) 
A 0.707 0.707 
B 0.866 —0.500 
D —0.159 1.21 


Determine the magnitude and D= | D? z D 2 


direction of D from its components: = 
and, because D is in the 2™ quadrant, 


D 
0, = anf] =| 97.5° 


X 
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Picture the Problem A vector quantity can be resolved into its components relative to 
any coordinate system. In this example, the axes are orthogonal and the components of 
the vector can be found using trigonometric functions. 


The x and y components of g are g, = gsin30° = | 4.91 m/s’ 


related to g through the sine and 


. : and 
cosine functions: 


g = gcos30° = | 8.50 m/s? 
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Picture the Problem The figure shows 
two arbitrary, co-planar vectors that (as y 
drawn) do not satisfy the condition that A/B 
= Ád By. 


Because A, = Acos@, and 


cos, 


B, = Bcos@,, =] for the 


cos 0, 


condition to be satisfied. 


<. AIB = A x/By if and only if AandB are parallel (04 = 0B) or on opposite sides of the 
x-axis (04 =—OB). 
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Picture the Problem We can plot the path of the particle by substituting values for t and 
evaluating r, and r, coordinates off. The velocity vector is the time derivative of the 
position vector. 


(a) We can assign values to ¢ in the parametric equations x = (5 m/s)¢ and y = (10 m/s) to 
obtain ordered pairs (x, y) that lie on the path of the particle. The path is shown in the 
following graph: 
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25 
20 | 
3 
= 
>10 
5 
0 
x (m) 
(b) Evaluate dr /dt : ma di : djs a g ( ane i 
dt dt 
=| (5 m/s)i +(1 Om/s)j 
Use its components to find the [a a 
magnitude of V : wS 11.2 m/s 
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Picture the Problem In the absence of air y,m 


resistance, the hammer experiences 
constant acceleration as it falls. Choose a 
coordinate system with the origin and 
coordinate axes as shown in the figure and 
use constant-acceleration equations to 
describe the x and y coordinates of the 
hammer along its trajectory. We’ll use the 
equation describing the vertical motion to 
find the time of flight of the hammer and 
the equation describing the horizontal 
motion to determine its range. 


. _ p 2 
Using a constant acceleration X = Xo + Vot + 4 at 
equation, express the x coordinate of 


f . r Xo = 0, Vo = an 
the hammer as a function of time: or, because xo = 0, Vox = vocos@, and 


Using a constant-acceleration Y= +W t+ 1 ar 
equation, express the y coordinate of 


the hammer as a function of time: or, because yo = h, voy = vosin 0, and 


ay =g, 
y=h+(vsinð)t -4 gt? 
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Substitute numerical values to y=10m+(4m/s\sin30°)t 

obtain: E 1(9.81m/s?)? 

Substitute the conditions that exist 0=10m- (4 m/ s)sin 30°t 
hen the h hits th d: 

when the hammer hits the groun ~1(0.81m/s?) 2 

Solve for the time of fall to obtain: t=1.24s 

Use the x-coordinate equation to R= (4 m/s)(cos30°)(1 24 s) 

find the horizontal distance traveled 

by the hammer in 1.24 s: =| 4.29m 
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Picture the Problem We’ll model Zacchini’s flight as though there is no air resistance 
and, hence, the acceleration is constant. Then we can use constant- acceleration 
equations to express the x and y coordinates of Zacchini’s motion as functions of time. 
Eliminating the parameter t between these equations will leave us with an equation we 
can solve for@ Because the maximum height along a parabolic trajectory occurs 
(assuming equal launch and landing elevations) occurs at half range, we can use this 
same expression for y as a function of x to find A. 


; 3 
Use a constant-acceleration equation X= Xo Vot + + a,t 
to express Zacchini’s horizontal 


position as a function of time: or, because xo = 0, vox = vocosé, and 


Use a constant-acceleration Y=Vytvy,tt4 at 
equation to express Zacchini’s i 
vertical position as a function of 
time: ay = -§;, 

y= (v, sin O)t —it gt 


or, because yo = 0, vo = vosin@, and 


2 


Eliminate the parameter ¢ to obtain: 
P y=(tan6)x-—2 
2v; cos’ 0 


Use Zacchini’s coordinates when he 


= § 2 
lands in a safety net to obtain: 0= (tan O)R = 2v? cos? 0 R 
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Solve for his launch angle @: R 
0= isin £2) 

Vo 
Substitute ae values and pete (5 3m\9.81 m/s?) ee 
evaluate 0: tsin | —_———_.,—+ i 

(24.2 m/s) 

Use the fact that his maximum R g R 2 
height was attained when he was h= (tan 6)— — (3) 
halfway through his flight to obtain: 2 2v, cos’ A\ 2 


Substitute numerical values and evaluate h: 


53m 9.81m/s? 53m) 
h = (tan31.3° =| 8.06 
(tan ) 2 A EEA 2 ) m 
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Picture the Problem Because the acceleration is constant; we can use the constant- 
acceleration equations in vector form and the definitions of average velocity and average 
(instantaneous) acceleration to solve this problem. 


(a) The average velocity is given by: 2 Ar r-r, 


= (3 m/s)i + (-2.5 m/s) j 
The average velocity can also be 7 V +V, 
expressed as: Vay = -5 


and 
V =2V,, V 


Substitute numerical values to 


V, =| (I1m/s)i +(1m/s)j 


obtain: 
(b) The acceleration of the particle . AV v,-V, 
is given by: a= AE = aa 


(2 m/s’) i +(—3.5 m/s’) j 


(c) The velocity of the particle as a function of time is: 


v(t) =v, +4t =| [(1 m/s) + (2 m/s*)t]i +[(1 m/s) + (-3.5 m/s”) ]j 


(d) Express the position vector as a r(t)=F+v,t+4 at: 
function of time: 
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Substitute numerical values and evaluate r (t) : 


F(t) =| [(4m)+(1m/s)t + (1 m/s”)¢? ]é +[(3 m) + (1 m/s)t + (-1.75 m/s? Fj 
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Picture the Problem In the absence of air resistance, the steel ball will experience 
constant acceleration. Choose a coordinate system with its origin at the initial position of 
the ball, the x direction to the right, and the y direction downward. In this coordinate 
system yo = 0 and a = g. Letting (x, y) be a point on the path of the ball, we can use 
constant-acceleration equations to express both x and y as functions of time and, using the 
geometry of the staircase, find an expression for the time of flight of the ball. Knowing its 
time of flight, we can find its range and identify the step it strikes first. 


The angle of the steps, with respect 
to the horizontal, is: 


Using a constant-acceleration 
equation, express the x coordinate of 
the steel ball in its flight: 


Using a constant-acceleration 
equation, express the y coordinate of 
the steel ball in its flight: 


The equation of the dashed line in 
the figure is: 


Solve for the flight time: 


Find the x coordinate of the landing 
position: 


Substitute the angle determined in 
the first step: 


gaim 2:18™ } _ 31 9° 
0.3m 


= 1 2 
X=X tvt +74, Í 
or, because xo = 0 and a, = 0, 
xX = VÍ 


Y = Yo + Vot + tat’ 

or, because yo = 0, vo = 0, and a, = g, 
2 

y= 7et 


La tang = SE 
x 2v 
t == tan 
& 
2 
pa APT 
tnð g 
2 
m T E 
9.81 m/s 


The first step with x > 1.10 m is the 4th step. 
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Picture the Problem Ignoring the 
influence of air resistance, the acceleration 
of the ball is constant once it has left your 
hand and we can use constant-acceleration 
equations to express the x and y 
coordinates of the ball. Elimination of the 
parameter ¢ will yield an equation from 
which we can determine vy. We can then 
use the y equation to express the time of 
flight of the ball and the x equation to 


express its range in terms of xo, vo, 0 and the O R 
time of flight. 
Use a constant-acceleration equation X =X) +Vyt t4a p 

x x 


to express the ball’s horizontal 


position as a function of time: or, because xo = 0, Vor = vooos@, and 


a, = 0, 
x = (v, cos6)t (1) 
Š i > Lar 
Use a constant-acceleration V=VotVoyt +Fa,t 


equation to express the ball’s 


vertical position as a function of or, because yo = xo, Voy = vosing, and 


time: ay ~~ 8> 
VHX +(% sinO\t—4 gt? (2) 
Eliminate the parameter ¢ to obtain: 
p VY =Xp +(tan @)x -—8 r 
2v; cos’ 0 
For the throw while standing on 0= (tan 0x, _ g 2 


level ground we have: 2v cos?’ 0 k 
and 

2 2 2 
X = Yo sin 20 =~ sin 2(45°) sa 
& E & 


Solve for vo: vy) = | 2X 


At impact equation (2) becomes: 0=x, +( gx, sin Oinen -4 Stiai 


Solve for the time of flight: 


taig = [ža (sino + sin" 9+2) 
g 
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Substitute in equation (1) to express 
the range of the ball when thrown 
from an elevation xo at an angle 0 
with the horizontal: 


Substitute 9= 0°, 30°, and 45°: 
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R= ( gX COS Otrie 


=| 2X, cos6) *(in+sin?0+2| 
E&E 
=F) cos sin 0 tvem? 9+2] 


x(0°)=| 1.41x, 
1(30°)= [175 


and 


x(45°) =| 1.62x, 


Picture the Problem Choose a coordinate system with its origin at the point where the 
motorcycle becomes airborne and with the positive x direction to the right and the 
positive y direction upward. With this choice of coordinate system we can relate the x and 
y coordinates of the motorcycle (which we’re treating as a particle) using Equation 3-21. 


(a) The path of the motorcycle is 
given by: 


For the jump to be successful, 
h<y(x). Solving for vo, we find: 


(b) Use the values given to obtain: 


(c) In order for our expression for 
Vmin to be real valued; i.e., to predict 
values for Vmin that are physically 
meaningful, x tanO—h> 0. 


y(x) = (tand)x oe 


2 2 
vg COS 


x | g 
Vinin > 
cos @ \ 2(x tan 0 —h) 


Vmin > | 26.0 m/s or 58.0 mph 


<. Amax < x tan 


The interpretation is that the bike "falls 
away" from traveling on a straight-line 
path due to the free-fall acceleration 
downwards. No matter what the initial 
speed of the bike, it must fall a little bit 
before reaching the other side of the pit. 
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Picture the Problem Let the origin be at 
the position of the boat when it was 
engulfed by the fog. Take the x and y 
directions to be east and north, 
respectively. LetV,y, be the velocity of 
the boat relative to the water, Vv, be the 
velocity of the boat relative to the shore, 
and Vys be the velocity of the water with 
respect to the shore. Then 


Vas = Vgwt Vys- 


@ is the angle of Vys with respect to the x 


(east) direction. 


(a) Find the position vector for the 
boat att =3 h: 


Find the coordinates of the boat at 
t=3h: 


Simplify the expressions involving 
r, and r, and equate these simplified 
expressions to the x and y 
components of the position vector of 
the boat: 


Divide the second of these equations 
by the first to obtain: 


Because the boat has drifted south, 
use 0= 241.4° to obtain: 
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\ 


Harbor 
| 


F a ={(32km\cos135°)r}i 
+ {32km)(sin135°)t -4 km}j 
= {(-22.6km)}f 
+ {(22.6km)t—4km}j 


r, = |(10km/h)cos135° + vys cos 4|(3h) 
and 


r, = |(10km/h)sin135° + vy, sin 6](3h) 


3vws cos@ = —1.41 km/h 
and 
3vws sin@ = —2.586 km/h 


~2.586km 
aps 

—1.41km 
or 
6 = tan-| 22386m | — 61 40 or 241.4° 

—1.41km 

1.41 km/h 
v o 3 


Yws T cos cos(241.4°) 


=| 0.982 km/h at 0 = 241.4° 
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(b) Letting ¢be the angle between 
east and the proper heading for the 
boat, express the components of the 
velocity of the boat with respect to 
the shore: 


For the boat to travel northwest: 


Substitute the velocity components, 
square both sides of the equation, 
and simplify the expression to obtain 
the equations: 


Solve for ¢: 
Because the current pushes south, 
the boat must head more northerly 


than 135°: 


(c) Find vgs: 


To find the time to travel 32 km, 
divide the distance by the boat’s 
actual speed: 
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Vgs = (10 km/h) cos@ 
+ (0.982 km/h) cos(241.3°) 


Vgs = (10 km/h) sing 
+ (0.982 km/h) sin(241.3°) 


VBS,x = —VBS,y 


sing + cosø = 0.133, 

sin’¢ + cos’¢+ 2 sing cosø = 0.0177, 
and 

1 + sin(2¢) = 0.0177 


$= 129.6° or 140.4° 


Using 129.6°, the correct heading 
is| 39.6° west of north |. 


Vgs x = —6.84 km/h 
and 
Vgs = VBx /c0s135° = 9.68 km/h 


t = (32 km)/(9.68 km/h) 
=| 3.31h =3h 18min 


Picture the Problem In the absence of air resistance, the acceleration of the projectile is 
constant and the equation of a projectile for equal initial and final elevations, which was 
derived from the constant-acceleration equations, is applicable. We can use the equation 
giving the range of a projectile for equal initial and final elevations to evaluate the ranges 
of launches that exceed or fall short of 45° by the same amount. 


Express the range of the projectile 
as a function of its initial speed and 
angle of launch: 


Let H= 45° + 6: 


Because cos(—@) = cos(+ 6) (the 
cosine function is an even function): 


2 
R=% sin 20, 
&§ 
v? 
R= — sin(90° + 28) 
& 
2 
= “0 cos(+ 20) 
& 


R(45° +0) = R(45° - 6) 
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Picture the Problem In the absence of air 
resistance, the acceleration of both balls is 
that due to gravity and the horizontal and 
vertical motions are independent of each 
other. Choose a coordinate system with 
the origin at the base of the cliff and the 
coordinate axes oriented as shown and use 
constant-acceleration equations to relate 
the x and y components of the ball’s speed. 


Independently of whether a ball is 
thrown upward at the angle @ or 
downward at 2, the vertical motion 
is described by: 


The horizontal component of the Vy = Vox 
motion is given by: 


Find v at impact from its 2 5,2 J 2 2 2gh 
components: x J 
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Chapter 4 
Newton’s Laws 


Conceptual Problems 


*1 ee 
Determine the Concept A reference frame in which the law of inertia holds is called an 
inertial reference frame. 


If an object with no net force acting on it is at rest or is moving with a constant speed in a 
straight line (i-e., with constant velocity) relative to the reference frame, then the 
reference frame is an inertial reference frame. Consider sitting at rest in an accelerating 
train or plane. The train or plane is not an inertial reference frame even though you are at 
rest relative to it. In an inertial frame, a dropped ball lands at your feet. You are in a 
noninertial frame when the driver of the car in which you are riding steps on the gas and 
you are pushed back into your seat. 


2 ee 

Determine the Concept A reference frame in which the law of inertia holds is called an 
inertial reference frame. A reference frame with acceleration a relative to the initial 
frame, and with any velocity relative to the initial frame, is inertial. 


3 ° 
Determine the Concept No. If the net force acting on an object is zero, its acceleration is 
zero. The only conclusion one can draw is that the net force acting on the object is zero. 


*4 e 
Determine the Concept An object accelerates when a net force acts on it. The fact that 
an object is accelerating tells us nothing about its velocity other than that it is always 
changing. 


Yes, the object must have an acceleration relative to the inertial frame of reference. 
According to Newton’s 1“ and 2" laws, an object must accelerate, relative to any inertial 
reference frame, in the direction of the net force. If there is "only a single nonzero force,” 
then this force is the net force. 


Yes, the object’s velocity may be momentarily zero. During the period in which the force 
is acting, the object may be momentarily at rest, but its velocity cannot remain zero 
because it must continue to accelerate. Thus, its velocity is always changing. 


5 ° 
Determine the Concept No. Predicting the direction of the subsequent motion correctly 
requires knowledge of the initial velocity as well as the acceleration. While the 
acceleration can be obtained from the net force through Newton’s 2™ law, the velocity 
can only be obtained by integrating the acceleration. 


6 e 
Determine the Concept An object in an inertial reference frame accelerates if there is a 
net force acting on it. Because the object is moving at constant velocity, the net force 


acting on it is zero. | (c) is correct. 
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7 ° 
Determine the Concept The mass of an object is an intrinsic property of the object 
whereas the weight of an object depends directly on the local gravitational field. 


Therefore, the mass of the object would not change and w,,.,, = MGj,,q,- Note that if the 


grav 


gravitational field is zero then the gravitational force is also zero. 


*g A 
Determine the Concept If there is a force on her in addition to the gravitational force, 
she will experience an additional acceleration relative to her space vehicle that is 
proportional to the net force required producing that acceleration and inversely 
proportional to her mass. 


She could do an experiment in which she uses her legs to push off from the wall of her 
space vehicle and measures her acceleration and the force exerted by the wall. She could 
calculate her mass from the ratio of the force exerted by the wall to the acceleration it 
produced. 


*9 e 
Determine the Concept One’s apparent weight is the reading of a scale in one’s 
reference frame. 


Imagine yourself standing on a scale that, y 
in turn, is on a platform accelerating | 


upward with an acceleration a. The free- Wh m 
body diagram shows the force the 
gravitational field exerts on you, mg, and 
the force the scale exerts on you, Wp- The 
scale reading (the force the scale exerts on 
you) is your apparent weight. 
> 
mgs 
Choose the coordinate system shown in = — = 
y DF, = Wap — Mg =ma, 


the free-body diagram and apply 


im i or 
XF = ma to the scale: 


Wapp = Mg + ma, 


So, your apparent weight would be greater than your true weight when observed from a 
reference frame that is accelerating upward. That is, when the surface on which you are 


standing has an acceleration a such that a, is positive: | a, > 0 


10 
Determine the Concept Newton's 2™ law tells us that forces produce changes in the 
velocity of a body. If two observers pass each other, each traveling at a constant velocity, 
each will experience no net force acting on them, and so each will feel as if he or she is 
standing still. 


11 > 
Determine the Concept Neither block is accelerating so the net force on each block is 
zero. Newton’s 3" law states that objects exert equal and opposite forces on each other. 


(a) and (b) Draw the free-body 
diagram for the forces acting on the 
block of mass m,: 


Apply > F = mā to the block 1: 


Therefore, the magnitude of the 
force that block 2 exerts on block 1 
is given by: 


From Newton’s 3“ law of motion 
we know that the force that block 1 
exerts on block 2 is equal to, but 
opposite in direction, the force that 
block 2 exerts on block 1. 


(c) and (d) Draw the free-body 
diagram for the forces acting on 
block 2: 


Apply 5 F = mā to block 2: 


From Newton’s 3" law of motion we 
know that the force that block 2 exerts 
on the table is equal to, but opposite in 
direction, the force that the table 
exerts on block 2. 


Newton’s Laws 


y 
| 


l Fm1 
| mg 


FF. = F7 mg = ma, 
or, because a, = 0, 


Foi — mg =0 


n. 


= 
F12 | x 
mg 
XF, = Fm — Fau — Mg = m,a, 
or, because av = 0, 
Fup = Fy + mg =mg + m,g 


= (m, + m,)g 


203 


and the normal force that the table exerts 


on body 2 is 


For = (m, +m, )g 


nT2 


Fog SSF > Farr =| (m, +m,)g | 
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“12 œ 
(a) True. By definition, action-reaction force pairs cannot act on the same object. 


(b) False. Action equals reaction independent of any motion of the two objects. 


13 œ 

Determine the Concept Newton’s 3" law of motion describes the interaction between 
the man and his less massive son. According to the 3" law description of the interaction 
of two objects, these are action-reaction forces and therefore must be equal in magnitude. 


| (b) is correct. 


14 œ 

Determine the Concept According to Newton’s 3™ law the reaction force to a force 
exerted by object A on object B is the force exerted by object B on object A. The bird’s 
weight is a gravitational field force exerted by the earth on the bird. Its reaction force is 


the gravitational force the bird exerts on the earth. | (b) is correct. 


15 œ 

Determine the Concept We know from Newton’s 3™ law of motion that the reaction to 
the force that the bat exerts on the ball is the force the ball exerts on the bat and is equal 
in magnitude but oppositely directed. The action-reaction pair consists of the force with 
which the bat hits the ball and the force the ball exerts on the bat. These forces are equal 


in magnitude, act in opposite directions. | (c) is correct. 


16 œ 

Determine the Concept The statement of Newton’s 3™ law given in the problem is not 
complete. It is important to remember that the action and reaction forces act on different 
bodies. The reaction force does not cancel out because it does not act on the same body as 
the external force. 


“17 œ 

Determine the Concept The force diagrams will need to include the ceiling, string, 
object, and earth if we are to show all of the reaction forces as well as the forces acting on 
the object. 


(a) The forces acting on the 2.5-kg 


JIIIIIIS 


— QAII 


object are its weight W, and the 


tension T,, in the string. The reaction 


N; Ni 


forces are W ‘acting on the earth and 


T, acting on the string. 


— 
= 
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(b) The forces acting on the string are 
its weight, the weight of the object, F 


and F , the force exerted by the F 
ceiling. The reaction forces are 


T, acting on the string and F' acting 
on the ceiling. 


18 >œ 

Determine the Concept Identify the objects in the block’s environment that are exerting 
forces on the block and then decide in what directions those forces must be acting if the 
block is sliding down the inclined plane. 


Because the incline is frictionless, the force the incline exerts on the block must be 
normal to the surface. The second object capable of exerting a force on the block is the 
earth and its force; the weight of the block acts directly downward. The magnitude of the 
normal force is less than that of the weight because it supports only a portion of the 


weight. | The forces shown in FBD (c) satisfy these conditions. 


19 ° 

Determine the Concept In considering these statements, one needs to decide whether 
they are consistent with Newton’s laws of motion. A good strategy is to try to think of a 
counterexample that would render the statement false. 


(a) True. If there are no forces acting on an object, the net force acting on it must be zero 
and, hence, the acceleration must be zero. 


(b) False. Consider an object moving with constant velocity on a frictionless horizontal 
surface. While the net force acting on it is zero (it is not accelerating), gravitational and 
normal forces are acting on it. 


(c) False. Consider an object that has been thrown vertically upward. While it is still 
rising, the direction of the gravitational force acting on it is downward. 


(d) False. The mass of an object is an intrinsic property that is independent of its location 
(the gravitational field in which it happens to be situated). 


20 œ 

Determine the Concept In considering these alternatives, one needs to decide which 
alternatives are consistent with Newton’s 3" law of motion. According to Newton’s 3" 
law, the magnitude of the gravitational force exerted by her body on the earth is equal 


and opposite to the force exerted by the earth on her. | (a) is correct. 
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*21 œ 
Determine the Concept In considering these statements, one needs to decide whether 
they are consistent with Newton’s laws of motion. In the absence of a net force, an object 


moves with constant velocity. | (d) is correct. 


22 >œ 

Determine the Concept Draw the free- 
body diagram for the towel. Because the 
towel is hung at the center of the line, the 


magnitudes of T, and T, are the same. 


W = mg 


No. To support the towel, the tension in the line must have a vertical component equal to 
the towel’s weight. Thus 0 > 0. 


23 œ 

Determine the Concept The free-body y 
diagram shows the forces acting on a | 
person in a descending elevator. The Wapp 
upward force exerted by the scale on the 


person, Wapp? is the person’s apparent 
weight. 

w = mg 
Apply YF y = ma, to the person Wapp — Mg = May 


or 


and solve for Wapp: _ = 
sl Wapp = mg + may = m(g + dy) 


Because w,,,, is independent of v, 
the velocity of the elevator has 
no effect on the person's apparent 


weight. 


Remarks: Note that a nonconstant velocity will alter the apparent weight. 


Estimation and Approximation 


24 œ 
Picture the Problem Assuming a stopping distance of 25 m and a mass of 80 kg, use 
Newton’s 2™ law to determine the force exerted by the seat belt. 


The force the seat belt exerts on the Fie = ma, where m is the mass of the 
driver is given by: driver. 


Using a constant-acceleration 
equation, relate the velocity of the 
car to its stopping distance and 
acceleration: 


Solve for a: 


Substitute numerical values and 
evaluate a: 


Substitute for a and evaluate Fye:: 


*25 eee 
Picture the Problem The free-body 
diagram shows the forces acting on you 
and your bicycle as you are either 
ascending or descending the grade. The 
magnitude of the normal force acting on 
you and your bicycle is equal to the 
component of your weight in the y 
direction and the magnitude of the 


tangential force is the x component of your 


weight. Assume a combined mass (you 
plus your bicycle) of 80 kg. 


(a) Apply YF y = ma, to you and 
your bicycle and solve for Fy: 


Determine @ from the information 
concerning the grade: 


Substitute to determine F: 


Apply VF. = ma, to you and your 


bicycle and solve for F, the 
tangential force exerted by the road 
on the wheels: 
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v?’ =v; + 2aAx 
or, because v = 0, 


-v = 2aAx 

5i 

2Ax 
3 2 
90 km . th 2 10°m 
h 3600s km 
a= 
2(25m) 
=-12.5m/s? 


F = (80kg)(-12.5m/s”) 
=| -1.00kN 


Fret is negative because it is opposite the 
direction of motion. 


- 
mg 


F, — mg cos0@= 0, because there is no 
acceleration in the y direction. 


z. Fa = mg cos 
tan = 0.08 
and 


0 = tan '(0.08) = 4.57° 


F, = (80 kg)(9.81 m/s*) cos4.57° 


- [7n] 


F,— mg sinĝ= 0, because there is no 
acceleration in the x direction. 
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Evaluate F;: F, = (80 kg)(9.81 m/s’) sin4.57° 
=| 62.6N 


Because there is no acceleration, the forces are the same going up 


and going down the incline. 


Newton’s First and Second Laws: Mass, Inertia, and Force 


26° 

Picture the Problem The acceleration of y 
the particle can be found from the stopping | 
distance by using a constant-acceleration 

equation. The mass of the particle and its | 
acceleration are related to the net force | 
through Newton’s second law of motion. 


Choose a coordinate system in which the p e — eN 


direction the particle is moving is the > | 
positive x direction and apply F, = md. F net 


Use Newton’s 2" law to relate the 


mass of the particle to the net force m= a 
acting on it and its acceleration: a 
Because the force is constant, use a v? =v, + 2a,Ax 
. . . X X X 
constant-acceleration equation with d 
v, = 0 to determine a: 7 
= — Vox 
* 2Ax 
Substitute to obtain: 2AxF et 
m = J ne! 
Vox 
Substitute numerical values and 2(62.5 m) (15.0 N) 
evaluate m: mM (25 0 m/s} =3.00kg 


and | (b)is correct. 


27 >œ 
Picture the Problem The acceleration of the object is related to its mass and the net 
force acting on it by F « = Fy = ma. 

(a) Use Newton’s 2” law of motion F 
to calculate the acceleration of the a= = 
object: 


m 
= 2(3m/s?)=| 6.00 m/s? 


(b) Let the subscripts 1 and 2 
distinguish the two objects. The 
ratio of the two masses is found 
from Newton’s 2™ law: 


(c) The acceleration of the two-mass 


system is the net force divided by 
the total mass m = mı + mo: 


28 >œ 
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m, _Fy/a,_ a, _3m/s* _|1 


m F,/a, a, 9m/s? 


F 


net — Fy 
m m+m, 
F, /m, = a, 


~14m,/m,_ 141/3 


= 3g, =| 2.25m/s” 


Picture the Problem The acceleration of an object is related to its mass and the net force 
acting on it by F’,,, = ma. Let m be the mass of the ship, a, be the acceleration of the ship 


when the net force acting on it is F4, and a be its acceleration when the net force is F, + 


F>. 


Using Newton’s 2" law, express the 
net force acting on the ship when its 
acceleration is aj: 


Express the net force acting on the 
ship when its acceleration is a: 


Divide the second of these equations 
by the first and solve for the ratio 
F/F: 


Substitute for the accelerations to 
determine the ratio of the 
accelerating forces and solve for F»: 


#29 oo 


F,= mda, 


F ma, 
and 
F,_% | 
F, a 
F, _ (16km/h)/(10s) _ 
F, (4kmh)/(10s) 
or 
F, =| 3F, 


Picture the Problem Because the deceleration of the bullet is constant, we can use a 
constant-acceleration equation to determine its acceleration and Newton’s 2" law of 
motion to find the average resistive force that brings it to a stop. 


Apply XF = mä to express the 


force exerted on the bullet by the 
wood: 


Using a constant-acceleration 


Food =ma 


v?’ =v; + 2aAx 
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equation, express the final velocity and 
of the bullet in terms of its vay Se 
acceleration and solve for the a= ois 5 he 
acceleration: 
Substitute to obtain: mv, 

wood — JAX 
Substitute numerical values and (. 8x10% kg) (500 m/s} 
evaluate Fwod: Fwood z 

2(0.06m) 


- [37500] 


where the negative sign means that the 
direction of the force is opposite the 
velocity. 


#30 ee 


Picture the Problem The pictorial representation summarizes what we know about the 
motion. We can find the acceleration of the cart by using a constant-acceleration 


equation. 


X 


The free-body diagram shows the y 
forces acting on the cart as it | 
accelerates along the air track. We 

can determine the net force acting = 
on the cart using Newton’s 2™ law F 
and our knowledge of its 

acceleration. 


oy 


(a) Apply >” F, = ma, to the cart F = ma 


to obtain an expression for the net 
force F: 


Using a constant-acceleration 2 2 
8 Ax = v,At +4a(At) 
equation, relate the displacement of 
the cart to its acceleration, initial 
speed, and travel time: 


or, because Vo = 0, 


Solve for a: 


Substitute for a in the force equation 
to obtain: 


Substitute numerical values and 
evaluate F: 


(b) Using a constant-acceleration 
equation, relate the displacement of 
the cart to its acceleration, initial 
speed, and travel time: 


Solve for At: 


If we assume that air resistance is 
negligible, the net force on the cart 
is still 0.0514 N and its acceleration 
is: 


Substitute numerical values and 
evaluate At: 
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Ax =}a(At? 
q- 24x 
(At) 
2Ax _ 2mAx 


"AF (acy 


r= 2(0.355kg)(1.5m) 


: =| 0.0514N 
(4.55s) 
Ax =v,At+4a'(Aty 
or, because Vo = 0, 
Ax = 4.a'(Aty 
TA 
a 
.0514N 
a'= CE 0.0713 m/s” 
0.722kg 


| 2(1.5m) 
At = _|————— =| 6.49s 
0.0713 m/s? 


Picture the Problem The acceleration of an object is related to its mass and the net force 


acting on it according to F net = md. Let m be the mass of the object and choose a 


coordinate system in which the direction of 2F in (b) is the positive x and the direction 
of the left-most Fy in (a) is the positive y direction. Because both force and acceleration 
are vector quantities, find the resultant force in each case and then find the resultant 


acceleration. 


(a) Calculate the acceleration of the 
object from Newton’s 2™ law of 
motion: 


Express the net force acting on the 
object: 


Find the magnitude and direction of 
this net force: 


and 
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Use this result to calculate the F J2 F 
magnitude and direction of the a = —t =——%= J/2a, 
acceleration: m m 
=J/2 B m/s? ) 
_| 4.24m/s* @ 45.0° from each 
force. 


(b) Calculate the acceleration of the ad = F./m 
object from Newton’s 2" law of 
motion: 

Express the net force acting on the F =FÎ+F j 
object: = oe 


=(—F,sin45°)i 
+ (2F, + F,cos45°)j 


Find the magnitude and direction of this net force: 


Fa =F, +F; =\(-F,sin45°) +(2F, + F, cos 45°) = 2.80F, 


and 
F 2F, + F, 45° 
0 = tan || — |= tan ‘| —°° SSPE Me 75.4° 
F, — F, sin 45° 
=14.6° from 2F, 
Use this result to calculate the Fe F, 
magnitude and direction of the a= = PBU S = 2.80a, 
acceleration: > 
= 2.80(3 m/s”) 
=| 8.40 m/s* @14.6° from 2F, 
32 œ 


Picture the Problem The acceleration of an object is related to its mass and the net force 


acting on it according to a = Fa i: m. 


/m to the object to F (6 N)i-(3N)j 


a net _ 
a= = 


obtain: m 1.5kg 


Apply ä = F 


net 


A 
. 


(4.00m/s?) î -(2.00m/s?)j 


Find the magnitude of a: 


33 e 
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= (4.00 mvs’) + (2.00m/s?} 


- [aarm] 


Picture the Problem The mass of the particle is related to its acceleration and the net 
force acting on it by Newton’s 2™ law of motion. Because the force is constant, we can 
use constant-acceleration formulas to calculate the acceleration. Choose a coordinate 
system in which the positive x direction is the direction of motion of the particle. 


The mass is related to the net force 
and the acceleration by Newton’s 
2™ Jaw: 


Because the force is constant, the 
acceleration is constant. Use a 
constant-acceleration equation to 
find the acceleration: 


Substitute this result into the first 
equation and solve for and evaluate 
the mass m of the particle: 


*34 œ 

Picture the Problem The speed of either 
Al or Bert can be obtained from their 
accelerations; in turn, they can be obtained 
from Newtons 2" law applied to each 
person. The free-body diagrams to the right 
show the forces acting on Al and Bert. The 
forces that Al and Bert exert on each other 
are action-and-reaction forces. 


(a) Apply >} Fy = ma, to Bert and 
solve for his acceleration: 


Using a constant-acceleration 
equation, relate Bert’s speed to his 
initial speed, speed after 1.5 s, and 
acceleration and solve for his speed 
at the end of 1.5 s: 


a a 


x 


Ax =v,,t+4a,(At)’, wherev,, =0, 


SO 
is 2Ax 

"(ary 
m- E EA)? _ 12 N)(6s)’ 

a,  2Ax 2(18m) 
=| 12.0 kg 
y y 
L | 
F Fa, Bert F, A 
Fal on Bert 
--—--X |— >x 
| Fert on Al 
z Wal 
WBert 
= F sionBert = Meet Bert 
ra Ben —20N 
Abert = = 
Meert 100 kg 
= —0.200 m/s” 

vV = V + aAt 

= 0 + (—0.200 m/s’)(1.5 s) 

= | — 0.300 m/s 
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(b) From Newton's 3™ law, an equal 
but oppositely directed force acts on 
Al while he pushes Bert. Because 
the ice is frictionless, Al speeds off 
in the opposite direction. Apply 
Newton’s 2™ law to the forces 
acting on Al and solve for his 
acceleration: 


Using a constant-acceleration 
equation, relate Al’s speed to his 
initial speed, speed after 1.5 s, and 
acceleration; solve for his speed at 
the end of 1.5 s: 


35 ° 

Picture the Problem The free-body 
diagrams show the forces acting on the two 
blocks. We can apply Newton’s second law 
to the forces acting on the blocks and 
eliminate F to obtain a relationship between 
the masses. Additional applications of 
Newton’s 2™ law to the sum and difference 
of the masses will lead us to values for the 
accelerations of these combinations of 
mass. 


(a) Apply > F, = ma, to the two 
blocks: 


Eliminate F between the two 
equations and solve for mp: 


Express and evaluate the 
acceleration of an object whose 
mass is m — mı when the net force 
acting on it is F: 


(b) Express and evaluate the 
acceleration of an object whose 
mass is m + mı when the net force 
acting on it is F: 


>; Fay = Feeronai = Mala 
and 


Fadl 20 N 
ay = = 
Ma) 80 kg 
= 0.250 m/s” 
V = V + aAt 


= 0 + (0.250 m/sô\(1.5 s) 


= | 0.375 m/s 


[> 
Q———>— —x Oo x 
| 
mg 
YF. =F =ma, 
and 
YF. =F =m,q, 
a, 12 m/s? 
m = = 4m 
"a gme o 
a F - F 
m -m 4m-m 3m, 
=}a, =4(12m/s?)=| 4.00m% 
F F 
a= = 
m +m 4m,+m, 
F 
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Picture the Problem Because the velocity 
is constant, the net force acting on the log 
must be zero. Choose a coordinate system 


in which the positive x direction is the 
direction of motion of the log. The free- 
body diagram shows the forces acting on 
the log when it is accelerating in the 
positive x direction. 


(a) Apply > F, = ma, to the log 
when it is moving at constant speed: 


Solve for and evaluate Fes: 


(b) Apply > F, = ma, to the log 


when it is accelerating to the right: 


Solve for and evaluate Fpun: 
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Foun — Fres = May = 0 


Pig = Foun aa 250N 


Foun = Fres = max 


Fou = Pres + max 
= 250 N + (75 kg) (2 m/s’) 


- [4008 


Picture the Problem The acceleration can be found from Newton’s 2™ law. Because 
both forces are constant, the net force and the acceleration are constant; hence, we can 
use the constant-acceleration equations to answer questions concerning the motion of the 


object at various times. 


(a) Apply Newton’s 2" law to the 
object to obtain: 


(b) Using a constant-acceleration 
equation, express the velocity of the 
object as a function of time and 
solve for its velocity when t = 3 s: 


(c) Express the position of the object 
in terms of its average velocity and 
evaluate this expression at t = 3 s: 


m m 
7 Akg 


=| (.50m/s?)i +(-3.50m/s?)j 
¥=v,+at 
= 0+|(.50m/s?)? +(-3.somvs’)j[(3s) 


A 
. 


=| (4.50m/s)i + (-10.5m/s)j 


l 


r =v,,t 


av 


Vv 


~ 


n|= 


~ 
. 


(6.75m)i +(-15.8m)j 
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Mass and Weight 


*38 o 
Picture the Problem The mass of the astronaut is independent of gravitational fields and 
will be the same on the moon or, for that matter, out in deep space. 


Express the mass of the astronaut in Wearth 600 N 

terms of his weight on earth and the f= > 9.81 N/k = 61.2kg 
gravitational field at the surface of Fearn" 8 

the earth: and| (c) is correct. 


39s 
Picture the Problem The weight of an object is related to its mass and the gravitational 
field through w = mg. 


(a) The weight of the girl is: w=mg = (54 kg)(9.81 N/kg) 
=| 530N 
b) C rt t t ds: 
(b) Convert newtons to pounds — 530N -191b 
4.45 N/lb 
40 >œ 


Picture the Problem The mass of an object is related to its weight and the gravitational 
field. 


Find the weight of the man in 1651b = (1651b)(4.45 N/lb) = 734N 
newtons: 

Calculate the mass of the man from w 734 N 748k 

hi ight and th itational ~ eae TOKE 

7 and the gravitationa g 9.81N/kg 


Contact Forces 


*41 œ 
Picture the Problem Draw a free-body 
diagram showing the forces acting on the F 
block. F xis the force exerted by the spring, i i F. 
W = mĝ is the weight of the block, and F, 
is the normal force exerted by the 
horizontal surface. Because the block is 
resting on a surface, F, + F, = W. > 
W 
(a) Calculate the force exerted by F = kx E (600 N/m) (0 1m) 2 60 0 N 


the spring on the block: 


Newton’s Laws 217 


(b) Choosing the upward direction pS F =0> F,+F,-W=0 
to be positive, sum the forces acting " 
on the block and solve for Fy: 
and 
FL=W-F, 
Substitute numerical values and F, = (12 kg)(9.81 N/kg) — 60 N 


evaluate F,,: 


=|57.7N 


42° 

Picture the Problem Let the positive x direction be the direction in which the spring is 
stretched. We can use Newton’s 2" law and the expression for the force exerted by a 
stretched (or compressed) spring to express the acceleration of the box in terms of its 
mass m, the stiffness constant of the spring k, and the distance the spring is stretched x. 


Apply Newton’s 2” law to the box £F 
to obtain: a= 

m 
Express the force exerted on the box F =—kx 
by the spring: 
Substitute to obtain: — kx 

a =— 

m 
Substitute numerical values and (800 N/m \0.04 m) 
evaluate a: a= 6kg 


- [Sain] 


where the minus sign tells us that the box’s 
acceleration is toward its equilibrium 
position. 


Free-Body Diagrams: Static Equilibrium 


43° 
Picture the Problem Because the traffic light is not accelerating, the net force acting on 


it must be zero; i.e., T,+T,+mg =0. 


Construct a free-body diagram showing the 
forces acting on the knot and choose the 
coordinate system shown: 
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Apply », F, = ma, to the knot: T,cos30° — T,cos60° = ma, = 0 
Solve for T, in terms of Tı: cos 30° 
: ! = T, =1.73T, 
cos 60° 


‘| T, is greater than T, 


44 >œ 
Picture the Problem Draw a free-body diagram showing the forces acting on the lamp 


and apply DF, =0. 


From the FBD, it is clear that T, y 


supports the full weight 7, 
mg = 418 N. 
--+----x 

W 
Apply DF, = 0 to the lamp to T,-w=0 
obtain: 
Solve for T;: T =w=mg 
Substitute numerical values and Te (42.6 kg)(9.81m/s? )= 418N 


evaluate T: 


and | (b) is correct. 


*45 oe 

Picture the Problem The free-body diagrams for parts (a), (b), and (c) are shown below. 
In both cases, the block is in equilibrium under the influence of the forces and we can use 
Newton’s 2" law of motion and geometry and trigonometry to obtain relationships 
between @ and the tensions. 


(a) and (b) (c) 


j}—1 m—> 


WY Wy 


x 
| 
| 
| 


= 
mg 


(a) Referring to the FBD for part (a), a 0.5m z 
use trigonometry to determine 0: 8 = cos 0.625m = 


(b) Noting that T = T’, apply 
>| F, = ma, to the 0.500-kg block 


and solve for the tension T: 


Substitute numerical values and 
evaluate T: 


(c) The length of each segment is: 


Find the distance d: 


i [— d —| 


0.417 m 0.417 m 


0.417 m 


Express @ in terms of d and solve 
for its value: 


Apply >) F, = ma, to the 0.250-kg 


block and solve for the tension T3: 


Substitute numerical values and 
evaluate T3: 


Apply >) F, = ma, to the 0.250-kg 


block and solve for the tension T>: 


Substitute numerical values and 
evaluate T>: 


By symmetry: 


Newton’s Laws 


2Tsinĝ -mg = 0 sincea=0 
and 


{pe 
2sin@ 
2 
r _(0-5ks)(0.81m/s*) _ aay 
2sin36.9° 
Lon var 
re 1m—0.417m 
2 
=0.2915m 
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er E., — cos 0:2915m 
0.417m 0.417m 


= 45.7° 


T, sin@ -mg =0 since a =0. 


and 
"g 
~ sind 
0.25kg){9.81m/s7 
A el 


T, cos 0 —T, =0 sincea=0. 
and 
T, =T,cos@ 


T, =(3.43N)cos45.7° = 
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46 œ 
Picture the Problem The suspended body 
is in equilibrium under the influence of the 


forces T,, T,., and mg; 


ie T, +T, +mg =0 


Draw the free-body diagram of the forces 
acting on the knot just above the 100-N 
body. Choose a coordinate system with the 
positive x direction to the right and the 
positive y direction upward. Apply the 
conditions for translational equilibrium to 
determine the tension in the horizontal 
cord. 


If the system is to remain in static Ty = Tas sin45° = mg 
equilibrium, the vertical component 

of Tas must be exactly balanced by, 

and therefore equal to, the tension in 

the string suspending the 100-N 


body: 

Express the horizontal component of Th = Tas cos45° 
Tas: 

Because T35 sin45° = Ty, cos45°: T, = mg = | 100N 
47 œ 


Picture the Problem The acceleration of any object is directly proportional to the net 
force acting on it. Choose a coordinate system in which the positive x direction is the 


same as that of F, and the positive y direction is to the right. Add the two forces to 
determine the net force and then use Newton’s 2™ law to find the acceleration of the 
object. If F > brings the system into equilibrium, it must be true that F, + F, +F 2=0. 


(a) Find the components of F, and F, =(20N )i 
F,: F, = (30 N)sin 30°}f 
+ {(30N)cos30°}j 


= (-15N)i + (26N) J 


Add F, and F, to find F, : Fa = (5N)i+(26N)j 
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Apply X F = mā to find the F 


A; 


acceleration of the object: m 


=| (0.500m/s?) î +(2.60m/s*)j 


(b) Because the object is in F, +F,+ F, =0 

equilibrium under the influence of and 

the three forces, it must be true that: > ee 
F,=-(F,+F,) 


A 
. 


=| (-5.00N)i +(-26.0N)j 


*48 œ 
Picture the Problem The acceleration of the object equals the net force, T= mg , 


divided by the mass. Choose a coordinate system in which upward is the positive y 
direction. Apply Newton’s 2" law to the forces acting on this body to find the 
acceleration of the object as a function of T. 


(a) Apply F, = ma, to the T-w=T-mg = ma, 
object: 

Solve this equation for a as a T 

function of T: a, = m g 


Substitute numerical values and SN F > 
evaluate ay: a, [egg =| —8.81m/s 


(b) Proceed as in (a) with T= 10 N: a =| -7.81m/s? 
(c) Proceed as in (a) with T = 100 N: a =|10.2m/s2 
49 œ 


Picture the Problem The picture is in equilibrium under the influence of the three forces 
shown in the figure. Due to the symmetry of the support system, the vectors T and 

T' have the same magnitude T. Choose a coordinate system in which the positive x 
direction is to the right and the positive y direction is upward. Apply the condition for 
translational equilibrium to obtain an expression for T as a function of @and w. 


(a) Referring to Figure 4-37, apply >; F =2?Tsin@—-w=0 
the condition for translational . 
equilibrium in the vertical direction 
and solve for T: T= W 


2sin0 


and 


222 Chapter 4 


Tmin occurs when sin@ is a 0 =sin"1= 
maximum: 


Tmax occurs when sin@ is a 

max w 0 a T >T ax as 8 > 0° 
minimum. Because the function is 
undefined when sin = 0, we can 
conclude that: 


(b) Substitute numerical values in (2 kg)(9. 81m/s? ) 


the result i d evaluate T: = ee 
e result in (a) and evaluate 2sin30° 


Remarks: 0 = 90° requires wires of infinite length; therefore it is not possible. As 0 
gets small, T gets large without limit. 


*5Q eee 

Picture the Problem In part (a) we can apply Newton’s 2™ law to obtain the given 
expression for F. In (b) we can use a Symmetry argument to find an expression for tan 6. 
In (c) we can use our results obtained in (a) and (b) to express x; and yj. 


(a) Apply > F, = 0 to the balloon: F+T,sin@, —-T,,sin@_, =0 
Solve for F to obtain: F =| T, sin 8, -Tsin 8, 
(b) By symmetry, each support must NF / 2 NE 
balance half of the force acting on tan @ = TOF 

the entire arch. Therefore, the H H 


vertical component of the force on 
the support must be NF/2. The 
horizontal component of the tension 
must be Ty. Express tan & in terms 
of NF/2 and Ty: 


By symmetry, Ox+1 = — O. NF 
Therefore, because the tangent tan 6 =| — tan Oya = —— 
function is odd: H 
(c) Using Ty = T; cos@,= Ticos 6-1, F T,,sin@_, Tsing, 
divide both sides of our result in (a) T, ~ T, cos, T.cos@ 


by Ty and simplify to obtain: 
= tan@,_,—tand, 


Using this result, express tan 6: F 
B P : tan 0, = tan 6, -— 


H 
Substitute for tan from (a): 
NF F F 
tan 0, = =(N -2) 
21 Ta 2Ta 
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Generalize this result to obtain: F 
tan 0, =| (N -2i)— 
H 
Express the length of rope between L 
two balloons: £ between balloons — N41 


Express the horizontal coordinate of 
the point on the rope where the ith 
balloon is attached, x;, in terms of 
Xi-ı and the length of rope between 
two balloons: 


L 
Xi Z Xia + Wal COs O 
+ 


Sum over all the coordinates to obtain: L Z 
x, =—— > cos 6, 
N+1% 


Proceed similarly for the vertical L 


i-1 
coordinates to obtain: yi == $sin 0; 
N +15 


(d) A spreadsheet program is shown below. The formulas used to calculate the quantities 
in the columns are as follows: 


Cell Content/Formula Algebraic Form 
_9* * 

C9 | ($B$2-2*B9)/(2*$B$4) (N -2i) A 

21, 
D9 SIN(ATAN(C9)) sin(tan 6, 
E9 COS(ATAN(C9)) cos(tan@, ) 
F10 | F9+$B$1/($B$2+1)*E9 L 

X; +—cos 6 
N+1 
G10 | G9+$B$1/($B$2+1)*D9 
Jia + COs O 
A B C D E E G 

1 L=]|10 m 
p N= | 10 
3 F=|1 N 
4 | TH= | 3.72 |N 
5 
6 
7 
8 I tan(thetai) | sin(thetai) | cos(thetai) | xi yi 
2 0 1.344 0.802 0.597 0.000 | 0.000 
10 1 1.075 0.732 0.681 0.543 | 0.729 
11 2 0.806 0.628 0.778 1.162 | 1.395 
12 3 0.538 0.474 0.881 1.869 | 1.966 
13 4 0.269 0.260 0.966 2.670 | 2.396 
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14 5 0.000 0.000 1.000 3.548 | 2.632 
15 6 —0.269 —0.260 0.966 4.457 | 2.632 
16 7 —0.538 —0.474 0.881 5.335 | 2.396 
17 8 —0.806 —0.628 0.778 6.136 | 1.966 
18 9 -1.075 —0.732 0.681 6.843 | 1.395 
19 10 —1.344 —0.802 0.597 7.462 | 0.729 
20 11 8.005 | 0.000 


(e) A horizontal component of tension 3.72 N gives a spacing of 8 m. At this spacing, the 
arch is 2.63 m high, tall enough for someone to walk through. 


Xi 


51 »% 
Picture the Problem We know, because 
the speed of the load is changing in parts 
(a) and (c), that it is accelerating. We also 
know that, if the load is accelerating in a 
particular direction, there must be a net 
force in that direction. A free-body 
diagram for part (a) is shown to the right. 
We can apply Newton’s 2™ law of motion 
to each part of the problem to relate the 
tension in the cable to the acceleration of 
the load. Choose the upward direction to be mg 
the positive y direction. 


y 


(a) Apply XF = ma, to the load T- mg = ma 


and solve for T: ra 
` T =ma, +mg =m(a, +g) (1) 


Substitute numerical values and T= (1000 kg)(2 m/s’ + 9.81m/ s?) 
evaluate T: 
=| 11.8kN 


(b) Because the crane is lifting the T=mg= | 9.81kN 


load at constant speed, a = 0: 


(c) Because the acceleration of the 
load is downward, a is negative. 


Apply >; F, = ma, to the load: 


Substitute numerical values in 
equation (1) and evaluate T: 


52 ee 
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T—mg = ma, 


T = (1000 kg)(9.81 m/s* — 2 m/s’) 


- [7am] 


Picture the Problem Draw a free-body diagram for each of the depicted situations and 
use the conditions for translational equilibrium to find the unknown tensions. 


(a) 
(b) 
80 N 
— -x 
(c) 


ZF, = Tıcos60° — 30 N = 0 
and 


T; = (30 N)/cos60° = | 60.0 N 


XFy = T;sin60° — T = 0 
and 


Tə = Tısin60° =| 52.0N 


<. m = T/g = | 5.30kg 


ZF, = (80 N)cos60° — Tısin60° = 0 
and 


T; = (80 N)cos60°/sin60° = | 46.2 N 


ZF, = (80 N)sin60° — T — Tıcos60° = 0 


T = (80 N)sin60° — (46.2 N)cos60° 


- [4620] 


m= T,/g = | 4.71 kg 


LF, = —T,cos60° + T3cos60° = 0 
and 
Tı = T, 


XFy = 2Tısin60° - mg =0 
and 
Tı = T; = (58.9 N)/(2sin60°) 


- [3808] 
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53 eo 
Picture the Problem Construct the free- 
body diagram for that point in the rope at 


which you exert the force F and choose the 
coordinate system shown on the FBD. We 
can apply Newton’s 2™ law to the rope to 
relate the tension to F. 


(a) Noting that T; = T, = T, apply 


dF, = ma, to the car: 


Solve for and evaluate T: 


(b) Proceed as in part (a): 


<. m = Tyg = 


2Tsinĝ— F = ma, = 0 because the car’s 
acceleration is zero. 


F 400 N 
T= = = | 3.82 KN | kN 
Isin@ 2sin3° [ 3.82 KN | 


T= ous =| 4.30kN 
2sin 4° 


Free-Body Diagrams: Inclined Planes and the Normal Force 


*54 œ 
Picture the Problem The free-body 


diagram shows the forces acting on the box 


as the man pushes it across the frictionless 
floor. We can apply Newton’s 2" law of 
motion to the box to find its acceleration. 


Apply DF, = ma, to the box: 
Solve for a,: 


Substitute numerical values and 
evaluate a,: 


F cos@ = ma, 


F cos 
a = 


X 


m 


(250 N)cos35° 
T ea T, 
a= ok TOMS | 
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Picture the Problem The free-body 
diagram shows the forces acting on the box 
as the man pushes it up the frictionless 
incline. We can apply Newton’s 2” law of 
motion to the box to determine the smallest 
force that will move it up the incline at 
constant speed. 


Apply > F, = ma, to the box as it F „ Cos(40° — 8)— mg sind = 0 
moves up the incline with constant 

speed: 

Solve for Fmin: mg sin 0 


E =—_4___ 
mn cos(40°-— 6) 


Substitute numerical values and 20kg\(9.81m/s2 

evaluate Fynin: Fain = (20kg)(9.81ms") =| 56.0N 
cos25 

56 œ 


Picture the Problem Forces always occur in equal and opposite pairs. If object A exerts a 
force, F p,a on object B, an equal but opposite force, F AB = -F g,a 1S exerted by object B 
on object A. 


The forces acting on the box are its weight, 
W, and the normal reaction force of the 


inclined plane on the box, F.. The reaction 


forces are the forces the box exerts on the 
inclined plane and the gravitational force 
the box exerts on the earth. The reaction 
forces are indicated with primes. 


57 œ 

Picture the Problem Because the block 
whose mass is m is in equilibrium, the sum 
of the forces F,, T, and mg must be zero. 
Construct the free-body diagram for this 
object, use the coordinate system shown 
on the free-body diagram, and apply 
Newton’s 2™ law of motion. 


Apply >) F, = ma, to the block on T — mgsin40° = ma, = 0 because the system 
the incline: is in equilibrium. 


228 Chapter 4 


Solve for m: 


The tension must equal the weight 


of the 3.5-kg block because that 


block is also 


in equilibrium: 


T 
m = ——— 
g sin 40° 
T = (3.5 kg)g 


and 
ae (3.5kg)g = 3.5kg 
= gsin40° sin 40° 
Because this expression is not included in 
the list of solution candidates, 


(d) is correct. 


Remarks: Because the object whose mass is m does not hang vertically, its mass 
must be greater than 3.5 kg. 


*58 ¢ 


Picture the Problem The balance(s) indicate the tension in the string(s). Draw free-body 
diagrams for each of these systems and apply the condition(s) for equilibrium. 


(a) 


(b) 


(c) 


(d) 


= 
mg 


> F,=T-mg=0 
and 


T = mg = (10kg)9.81m/s”) = 


> F, =T-T'=0 
or, because T '= mg, 
T =T'= mg 


= (10kg)(9.81m/s?)=| 98.1N 


$F, =T —mgsin30° = 0 
and 
T = mg sin 30° 


= (10kg)(9.81m/s? )sin 30° = 
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Remarks: Note that (a) and (b) give the same answers ... a rather surprising result 
until one has learned to draw FBDs and apply the conditions for translational 


equilibrium. 


59 ee 

Picture the Problem Because the box is 

held in place (is in equilibrium) by the 

forces acting on it, we know that 
T+F,+W=0 

Choose a coordinate system in which the 

positive x direction is in the direction of 

T and the positive y direction is in the 

direction of F a- Apply Newton’s 2™ law 

to the block to obtain expressions for 


T and F.. 


(a) Apply >, F, = ma, to the box: 


Solve for T: 


Substitute numerical values and 
evaluate T: 


Apply > F, = ma, to the box: 
Solve for Fx: 


Substitute numerical values and 
evaluate F,: 


(b) Using the result for the tension 
from part (a) to obtain: 


T —mgsin@ =0 

T =mgsin@ 

T = (50kg)(9.81m/s’ }sin 60° = 
F, —mgcos@ =0 

F, = mg cos 


F, = (50kg )(9.81m/s? )cos60° 


=| 245N 
T,» = mg sin 90° = 


and 


Tọ =mgsin0° =| 0 
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Picture the Problem Draw a free-body 
diagram for the box. Choose a coordinate 
system in which the positive x-axis is 
parallel to the inclined plane and the 
positive y-axis is in the direction of the 
normal force the incline exerts on the 
block. Apply Newton’s 2" law of motion 
to both the x and y directions. 


(a) Apply D9 F, = ma, to the block: 
Solve for Fy: 


Substitute numerical values and 
evaluate F,: 


(b) Apply >» F, = ma, to the block: 


Solve for a: 


Substitute numerical values and 
evaluate a: 


*G1 ee 
Picture the Problem The scale reading 
(the boy’s apparent weight) is the force the 
scale exerts on the boy. Draw a free-body 
diagram for the boy, choosing a coordinate 
system in which the positive x-axis is 
parallel to and down the inclined plane and 
the positive y-axis is in the direction of the 
normal force the incline exerts on the boy. 
Apply Newton’s 2™ law of motion in the y 
direction. 


Apply XF, = ma, to the boy to 


find F,,. Remember that there is no 
acceleration in the y direction: 


\ 
F, -Y 
ne =~ 
re 
- 25° 
=a 
at 25° 100 N 
"i 
\ 
\ 
me 


F, —mg cos 25° — (100 N)sin 25° = 0 
F, =mgcos25°+(100N)sin 25° 


=(12 kg)(9.81m/s? )cos25° 
+ (100 N)sin 25° = 


(100 N)cos 25° — mg sin 25° = ma 


= HOON )cos2s gsin25° 
_ {LO0N)cos25 (9.81m/s?)sin 25° 
12kg 
=| 3.41m/s* 
y 
/ 
‘N Fa 
NS 
N 
“XN 
30° A. 
is 
Fi Si 
/ - 
W 


F, -W cos30° = 0 
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Substitute for W to obtain: F, — mg cos30° = 0 


Solve for F,: F, = mg cos 30° 


Substitute numerical values and F 
n 
evaluate F.: 


(65kg )(9.81m/s? )cos30° 


=| 552 N 


62 » 
Picture the Problem The free-body 
diagram for the block sliding up the incline 
is shown to the right. Applying Newton’s 
2™ Jaw to the forces acting in the x 
direction will lead us to an expression for 
a,. Using this expression in a constant- 
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acceleration equation will allow us to 
express h as a function of vo and g. 


The height h is related to the 
distance Ax traveled up the incline: 


Using a constant-acceleration 
equation, relate the final speed of the 
block to its initial speed, 
acceleration, and distance traveled: 


Solve for Ax to obtain: 


Apply > F, = ma, to the block and 


solve for its acceleration: 


Substitute these results in the 
equation for h and simplify: 


h = Axsin@ 


v? =v; +2a,Ax 
or, because v = 0, 


0 =v, +2a,Ax 
ws 
2a 


—mg sin @ = ma, 


and 
ax = -g sind 
2 
h = Axsin@ = £ si 
2gsin0 
_| Yo 
2g 


which is independent of the ramp’s angle 6. 
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Free-Body Diagrams: Elevators 


63° 

Picture the Problem Because the elevator y 

is descending at constant speed, the object = 

is in equilibrium and T + mg = 0. Draw a 

free-body diagram of the object and let the 

upward direction be the positive y | 
mg 


direction. Apply Newton’s 2™ law with a = 
0. 


Because the downward speed is T-mg=0>T=mg 
constant, the acceleration is zero. and 


Apply DF y = Mma, and solve for (a) is correct. 


T: 


64 >œ 

Picture the Problem The sketch to the y 

right shows a person standing on a scale in | 

a descending elevator. To its right is a free- > 
body diagram showing the forces acting on Wapp 
the person. The force exerted by the scale 


on the person, Wap’ is the person’s 


apparent weight. Because the elevator is 
slowing down while descending, the 
acceleration is directed upward. 


Apply > F, = ma, to the person: Wap ~ Mg = ma, 


Solve for Wapp: Wapp = Mg +ma, > mg 


The apparent weight will be higher. Because an upward acceleration is required 
to "slow" a downward velocity, the normal force exerted on you by the scale 


(your apparent weight) must be greater than your weight. 


*65 œ 

Picture the Problem The sketch to the y 
right shows a person standing on a scale in | 

the elevator immediately after the cable Wapp 
breaks. To its right is the free-body 

diagram showing the forces acting on the 

person. The force exerted by the scale on 


the person, Wapp> is the person’s apparent 


weight. 
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From the free-body diagram we can see that W, + mg = ma where g is the local 


gravitational field and d is the acceleration of the reference frame (elevator). When the 
elevator goes into free fall (d = g ), our equation becomes W, + mg = ma = mg. This 


tells us that W, = 0. | (e) is correct. 


66 >œ 
Picture the Problem The free-body y 
diagram shows the forces acting on the 10- 


kg block as the elevator accelerates 

upward. Apply Newton’s 2™ law of motion 

to the block to find the minimum 

acceleration of the elevator required to [ 
break the cord. nig 


Apply XF, = ma, to the block: T- mg = may 

Solve for a, to determine the T-mg T 

minimum breaking acceleration: a i P 

Substitute numerical values and 150N J 
evaluate ay: a, = Toke —9.81m/s° =| 5.19m/s 
67 ee 

Picture the Problem The free-body y 

diagram shows the forces acting on the | 

2-kg block as the elevator ascends at a T 


constant velocity. Because the acceleration 
of the elevator is zero, the block is in 
equilibrium under the influence of 

T andmg. Apply Newton’s 2™ law of 
motion to the block to determine the scale 


reading. mg 
(a) Apply >, F, = ma, to the block T -mg = ma, (1) 
to obtain: 
For motion with constant velocity, T -mg = Qand T = mg 
ay = 0: 
Substitute numerical values and 2 

r=(2k 81 =|19.6N 
evaluate T: ( g)(9 ius ) 
(b) As in part (a), for constant T -mg = ma, 


velocity, a = 0: and 


T = (2kg)(9.81m/s?)= 
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(c) Solve equation (1) for T and T =mg+ma, = mlg + a,) (2) 
simplify to obtain: 


Because the elevator is ascending T= (2 kg)(9.81m/s? +3m/s? )= 


and its speed is increasing, we have 
ay = 3 m/s?. Substitute numerical 
values and evaluate T: 


(d) For 0 < t < 5 s: ay = 0 and T =119.6N 

0>5s ` : 
Using its definition, calculate a for Av O0-10m/s 2 
55<t<95: ta aa T = —2.5m/s 
Substitute in equation (2) and Ts, = (2 kg)9.8 1m/s* —2.5m/s” ) 


evaluate T: 
=|14.6N 

Free-Body Diagrams: Ropes, Tension, and Newton’s Third Law 

68 œ 

Picture the Problem Draw a free-body diagram for each object and apply Newton’s 2™ 


law of motion. Solve the resulting simultaneous equations for the ratio of T; to To. 


Draw the FBD for the box to the left y 
and apply XF, =ma,: É 


Tı = m;a; 


Draw the FBD for the box to the 7 
right and apply Ir =ma,: 


The two boxes have the same da, = a 
acceleration: 


Divide the second equation by the T, m, 
first: T m 
2 


Newton’s Laws 235 


Solve for the ratio T/T; : T oZ m sha ais coment 


T, mt+m, 


69 ewe 
Picture the Problem Call the common acceleration of the boxes a. Assume that box 1 
moves upward, box 2 to the right, and box 3 downward and take this direction to be the 
positive x direction. Draw free-body diagrams for each of the boxes, apply Newton’s 2" 
law of motion, and solve the resulting equations 


simultaneously. 
(a) (b) (c) ; 
| i | T; 
< x — — 
W, | Wi 
(a) Apply J. F, = ma, to the box T,—w, = ma 


whose mass is m: 


Apply AF = ma, to the box T- Tı = ma 


whose mass is mp: 


Noting that T, = T, , apply w3 — T2 = m;a 
SF = ma, to the box whose mass 


is M3: 


Add the three equations to obtain: W3 — Wi = (mı + m, + m3)a 


Solve for a: 


(m, = m, )g 
m, + m, + m, 


a= 


Substitute numerical values and 
evaluate a: 


q - (2:5kg-1.5kg)9.81m/s") 
1.5kg +3.5kg +2.5kg 


=| 1.31m/s? 


(b) Substitute for the acceleration in 
the equations obtained above to find 
the tensions: 
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Picture the Problem Choose a coordinate 
system in which the positive x direction is 
to the right and the positive y direction is 


upward. Let F, be the contact force 


exerted by m2 on m; and F, be the force 
exerted by m; on m. These forces are equal 
and opposite so F,, = -F The free- 


body diagrams for the blocks are shown to 
the right. Apply Newton’s 2" law to each 

block separately and use the fact that their 
accelerations are equal. 


(a) Apply DF, = ma, to the first 
block: 


Apply >F, = ma, to the second 
block: 


Add these equations to eliminate F3, 
and F’,» and solve for 
a = a1 = d: 


Substitute your value for a into 
equation (1) and solve for F»: 


(b) Substitute numerical values in 
the equations derived in part (a) and 
evaluate a and F; >: 


n,1 Fiz 
Fai F Fie 
<— 
m] m 
wi w 
F-F,,=ma,=ma 
F = m,a, = m,a (1) 
F 
a =| ——— 
m +m, 
Bye Fm 
m, +m, 
a= Ne 0.400 m/s? 
2kg+6kg 


and 


(3.2N\6kg) 
F, , = = = | 2.40N 
1,2 2 kg + 6kg 


Remarks: Note that our results for the acceleration are the same as if the force F 
had acted on a single object whose mass is equal to the sum of the masses of the two 
blocks. In fact, because the two blocks have the same acceleration, we can consider 
them to be a single system with mass m, + mp. 
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Picture the Problem Choose a coordinate 
system in which the positive x direction is 
to the right and the positive y direction is 


upward. Let F, be the contact force F 


exerted by m2 on m; and F,, be the force 
exerted by m, on m. These forces are equal 
and opposite so F,, = -F,,. The free- 


body diagrams for the blocks are shown. 
We can apply Newton’s 2” law to each 
block separately and use the fact that their 
accelerations are equal. 


(a) Apply DF, = ma, to the first F - F, = m,a, = m,a 

block: 

Apply DF, = ma, to the second F,,=ma,=ma (1) 
block: 

Add these equations to eliminate F 

F2, and F2 and solve for a= 

a=q =: Uaa 


Substitute your value for a into 


equation (1) and solve for F34: Fm, 
F,, =| ———— 
“| m, +m, 
(b) Substitute numerical values in 32N 7 
the equations derived in part (a) and a= 2kg +6kg = | 0.400 m/s 
evaluate a and F31: d 
an 


(3.2N\(2kg) 
F = ————— = ri N 
> 2kg+6kg = 


Remarks: Note that our results for the acceleration are the same as if the force F had 
acted on a single object whose mass is equal to the sum of the masses of the two 
blocks. In fact, because the two blocks have the same acceleration, we can consider 
them to be a single system with mass m, + mp. 
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Picture the Problem The free-body diagrams for the boxes and the ropes are below. 
Because the vertical forces have no bearing on the problem they have not been included. 
Let the numeral 1 denote the 100-kg box to the left, the numeral 2 the rope connecting the 
boxes, the numeral 3 the box to the right and the numeral 4 the rope to which the force 


F is applied. F, , is the tension force exerted by m3 on ma, F 4.318 the tension force 


exerted by m, on ms, F, , is the tension force exerted by m on ms, F, , is the tension 


238 Chapter 4 


force exerted by m3 on mp, F, is the tension force exerted by m; on mp, and F 211S the 


tension force exerted by m, on m,. The equal and opposite pairs of forces are F 217 


-F 


1,2? 
rope separately and use the fact that their accelerations are equal. 


F,, TE F,,, and F,, z> F, ,. We can apply Newton’s 2™ law to each box and 


Fy | F\2 F2 Fz 3 F33 F3 4 F 
<I> — > <A aa 
mı m m3 mą 
Apply XF = ma to the box whose F,, = ma, = ma (1) 
mass is mı: 
Apply XF = mā to the rope F; — F2 = m,a, = m,a (2) 


whose mass is mp: 


Apply XF = mä to the box whose F, —F,, = m,a; = m,a (3) 
mass is m3: 
Apply XF = mā to the rope F - F; , = m,a, = m,a 
whose mass is m4: 
Add these equations to eliminate F= (m, +m, +m, +m, Ja 
Fz1, Fiz, F32, F23, F43, and F34 and 4 
solve for F: = (202kg)(1.0m/s) =| 202N 
Use equation (1) to find the tension F.. = (00ke\1.0m/s2)=| 100N 
at point A: ae ( ek i ) 
Use equation (2) to find the tension F, =F ,+m,a 
at point B: i l 

=100 N+ (1kg)(1.0 m/s?) 

=| 101N 
Use equation (3) to find the tension F, = F,,+m,a 


int C: 
at point =101N +(100kg)(1.0m/s?) 


- [BIN] 
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Picture the Problem Because the 
distribution of mass in the rope is 
uniform, we can express the mass m’ of 
a length x of the rope in terms of the 
total mass of the rope M and its length 
L. We can then express the total mass 
that the rope must support at a distance 
x above the block and use Newton’s 2" 
law to find the tension as a function of 
x. 


Set up a proportion expressing the 
mass m’ of a length x of the rope as 
a function of M and L and solve for 


li 


m : 


Express the total mass that the rope 
must support at a distance x above 
the block: 


Apply X F, = ma, to the block 
and a length x of the rope: 


Solve for T to obtain: 
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Picture the Problem Choose a coordinate 


system with the positive y direction 
upward and denote the top link with the 
numeral 1, the second with the numeral 2, 
etc.. The free-body diagrams show the 
forces acting on links 1 and 2. We can 
apply Newton’s 2” law to each link to 
obtain a system of simultaneous equations 
that we can solve for the force each link 
exerts on the link below it. Note that the 
net force on each link is the product of its 
mass and acceleration. 


(a) Apply 5 F, = ma, to the top 
link and solve for F: 


Newton’s Laws 


—: 

Dae 
sy 

a 


L 
| ý y 
W 
m 
m M , 
=— > m'=—x 
X L L 


, M 
m+m'=m+—x 
L 


M 
T =| (a+g} m+—x 
( a Zy) 
Ce F, 
F=F 
we mg 
l F, 
2 Mia É 
3 
4 mg 
5 F, 
F —5mg = 5ma 
and 
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Substitute numerical values and 
evaluate F: 


(b) Apply > F, = ma, toa single 
link: 


(c) Apply DF, = ma, to the 1“ 
through 5" links to obtain: 


Add equations (2) through (5) to 
obtain: 
Solve for F, to obtain: 


Substitute numerical values and 
evaluate F): 


Substitute for F> to find F3, and then 
substitute for F; to find Fy: 


Solve equation (5) for Fs: 


Substitute numerical values and 
evaluate Fs: 


75 œ 
Picture the Problem A net force is 


required to accelerate the object. In this 
problem the net force is the difference 
between T and W (= mĝ). The free-body 


diagram of the object is shown to the right. 
Choose a coordinate system in which the 


upward direction is positive. 
Apply XF = ma to the object to 
obtain: 


Solve for the tension in the lower 
portion of the rope: 


F =5(0.1kg)(9.81m/s? + 2.5m/s’) 
=|6.16N 


F ink = Mka = (0.1kg\(2.5m/s?) 


- [03505 


F-F,-mg=ma, (1) 
F,- F,-mg = ma, (2) 
F,-F,-mg =ma, (3) 
F,- F, -mg = ma, and (4) 
F, -mg = ma (5) 
F, —4mg = 4ma 


F, = 4mg + 4ma =4mļa+g) 


F, = 4(0.1kg)(9.81m/s? + 2.5m/s?) 


=| 4.92N 
F, =| 3.69N | and F, =| 2.46N | 
F, = m(g +a) 


F, = (0.1kg)(9.81m/s? + 2.5m/s?) 
=/1.23N 


4 


| mg 


Foe = T- W= T-—mg 


T = Fae + mg = ma + mg 


= m(a + g) 
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Using its definition, find the a = Av/At = (3.5 m/s)/(0.7 s) 
acceleration of the object: = 5.00 m/s? 


Substitute numerical values and T = (40 kg)(5.00 m/s* + 9.81 m/s’) 
evaluate T: = 592 N and | (a) is correct. | 
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Picture the Problem A net force in the y 
downward direction is required to | 
accelerate the truck downward. The net 


force is the difference between W, and T. 


Sy 


A free-body diagram showing these forces 
acting on the truck is shown to the right. 
Choose a coordinate system in which the 
downward direction is positive. 


> 


W, = mg 


Apply dF, = ma, to the truck to T-mg =m,a, 


obtain: 


Solve for the tension in the lower T=mg+ma, =m, (g +a ) 
portion of the cable: i . 


Substitute to find the tension in the Tam (g — 0.1g) = 0.9m,g 


rope: 
and | (c) is correct. 


77 % 
Picture the Problem Because the string does not stretch or become slack, the two objects 
must have the same speed and therefore the magnitude of the acceleration is the same for 
each object. Choose a coordinate system in which up the incline is the positive x direction 
for the object of mass m, and downward is the positive x direction for the object of mass 
mp. This idealized pulley acts like a piece of polished pipe; i.e., its only function is to 
change the direction the tension in the massless string acts. Draw a free-body diagram for 
each of the two objects, apply Newton’s 2" law of motion to both objects, and solve the 
resulting equations simultaneously. 


(a) Draw the FBD for the object of I y 
mass m1: F T 


—- > 
w= mg 


Apply dF, = ma, to the object T- mgsinĝ = m;a 


whose mass is m;: 
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Draw the FBD for the object of T 
mass mp: 
W, = mč 

Apply SE = ma, to the object mg -T = ma 
whose mass is m2: 
Add the two equations and solve g(m, —™m, sin 0) 
for a: a =| = 

m +m, 
Substitute for a in either of the gm,m, (1 +sin 0) 
equations containing the tension T =| = 
and solve for T: My My 


(b) Substitute the given values a =| 2.45m/s? 
into the expression for a: 


Substitute the given data into the T =| 36.8N 
expression for T: 36.8N | 
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Picture the Problem The magnitude of the accelerations of Peter and the 
counterweight are the same. Choose a coordinate system in which up the incline is the 
positive x direction for the counterweight and downward is the positive x direction for 
Peter. The pulley changes the direction the tension in the rope acts. Let Peter’s mass be 
mp. Ignoring the mass of the rope, draw free-body diagrams for the counterweight and 
Peter, apply Newton’s 2™ law to each of them, and solve the resulting equations 
simultaneously. 


5 
(a) Using a constant acceleration Ax =v,At+4 a( At) 
equation, relate Peter’s displacement 


: : or, because vo = 
to her acceleration and descent time: , ause Vo = 0, 


Ax = La(Aty’ 
Solve for the common acceleration 2 AX 
of Peter and the counterweight: am (at) 
Substitute numerical values and 2(3.2 m) 


evaluate a: a= (2.28) = 


Draw the FBD for the 
counterweight: 


Apply DF, = ma, to the 


counterweight: 


Draw the FBD for Peter: 


Apply DF, = ma, to Peter: 


Add the two equations and solve for 
m: 


Substitute numerical values and 
evaluate m: 


(b) Substitute for m in the force 
equation for the counterweight and 
solve for T: 
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T — mg sin50° = ma 


O———> 
Ni 


| 


X 


mpg — T = mpa 


__m,(g=a)_ 
a+gsin50° 


oe (50kg)(9.81m/s* -1.32 m/s? 


1.32m/s* + (9.81m/s° ) sin50° 
=| 48.0kg 


T =m(a + gsin50°) 


(b) Substitute numerical values and evaluate T: 


T =(48.0kg)|1.32m/s?+ (9.81m/s?)sin50°]= 
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Picture the Problem The magnitude of the accelerations of the two blocks are the same. 
Choose a coordinate system in which up the incline is the positive x direction for the 8-kg 
object and downward is the positive x direction for the 10-kg object. The peg changes the 
direction the tension in the rope acts. Draw free-body diagrams for each object, apply 
Newton’s 2™ law of motion to both of them, and solve the resulting equations 
simultaneously. 
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(a) Draw the FBD for the 3-kg object: 


Apply > F, = ma, to the 3-kg block: 


Draw the FBD for the 10-kg object: 


Apply ` F, = ma, to the 10-kg block: 


Add the two equations and solve for 
and evaluate a: 


Substitute for a in the first of the 
two force equations and solve for T: 


Substitute numerical values and 
evaluate T: 


(b) Because the system is in 
equilibrium, set a = 0, express the 
force equations in terms of m, and 
Mp, add the two force equations, and 
solve for and evaluate the ratio 
m/m: 


mıog sin50° — T = mioa 


g (m,, sin 50° — m, sin 40°) 


mM, + Mo 
=| 1.37 m/s? 


T =m,g sin 40° + m,a 


T = (8kg)|(9.81m/s? )sin 40° 
+1.37 m/s? | 


=| 61.4N 


T -mg sin40° = 0 

mg sin50°— T = 0 

<. mg sin50°— mig sin40° = 0 
and 

m _ sin50° 


=| 1.19 
m,  sin40° 
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Picture the Problem The pictorial 
representations shown to the right 
summarize the information given in this 
problem. While the mass of the rope is 
distributed over its length, the rope and the 
6-kg block have a common acceleration. 
Choose a coordinate system in which the 
direction of the 100-N force is the positive 
x direction. Because the surface is 
horizontal and frictionless, the only force 
that influences our solution is the 100-N 
force. 


(a) Apply 2 F, = ma, to the 
objects shown for part (a): 


Solve for a to obtain: 


Substitute numerical values and 
evaluate a: 


(b) Let m represent the mass of a 
length x of the rope. Assuming that 
the mass of the rope is uniformly 
distributed along its length: 


Let T represent the tension in the 
rope at a distance x from the point at 
which it is attached to the 6-kg 


block. Apply >. F, = ma, to the 


system shown for part (b) and solve 
for T: 
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Picture the Problem Choose a coordinate 
system in which upward is the positive y 
direction and draw the free-body diagram 
for the frame-plus- painter. Noting that 

F =-T, apply Newton’s 2™ law of 
motion. 


(a) Letting Mtot = Mframe + Mpaintery 


Newton’s Laws 


mı 


m 100 N 
6kg Gf 4 kg amm 


j—— 5 m — 


Part (a) 


Part (b) 


100 N = (m; + mp)a 


_ 100N 
m +m, 
100 N 3 
a = —— =| 10.0 m/s 
Toke 7 00S | 
m m, 4kg 
x Lop om 
and 
m-(28); 
5m 


T = (m, + m)a 


=| 6kg + [8 sho m/s?) 


=| 60N +(8N/m)x 


Oo 
Mio 


2T — Mog = Mord 
and 
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apply YF y = ma, to the frame- 
plus-painter and solve T: 


Substitute numerical values and 
evaluate T: 


Because F = T: 


(b) Apply XF, = ma, with a=0 


to obtain: 
Solve for T: 


Substitute numerical values and 
evaluate T: 
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T- Mo(4+ 9) 
2 
T- (eratan: +9.81m/s?) 
=398N 
2T- Mog = 0 
T= 7M 


T = 4(75kg)(9.81m/s?)=| 368N 


Picture the Problem Choose a coordinate system in which up the incline is the positive x 
direction and draw free-body diagrams for each block. Noting that a,, = —d,,, apply 


Newton’s 2™ law of motion to each block and solve the resulting equations 


simultaneously. 


Draw a FBD for the 20-kg block: 


Apply > F, = ma, to the block to 


obtain: 


Draw a FBD for the 10-kg block. 
Because all the surfaces, including 
the surfaces between the blocks, are 
frictionless, the force the 20-kg 
block exerts on the 10-kg block 
must be normal to their surfaces as 
shown to the right. 


Apply » F, = ma, to the block to 


obtain: 


M08 


T- Moogsin2 a M2020 


Fy on 10 
\ 


miog 


T — mygsin20° = M10410 


Because the blocks are connected by a 
taut string: 


Substitute for a and eliminate T 
between the two equations to obtain: 


Substitute for either of the 
accelerations in the force equations 
and solve for T: 
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A290 = —Qj0 
a =| 1.12m/s* 
and 


Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right and draw free-body diagrams for each block. Because of the pulley, the string 
exerts a force of 2T. Apply Newton’s 2" law of motion to both blocks and solve the 


resulting equations simultaneously. 


(a) Noting the effect of the pulley, 
express the distance the 20-kg block 
moves in a time At: 


(b) Draw a FBD for the 20-kg block: 


Apply y F, = ma, to the block to 


obtain: 


Draw a FBD for the 5-kg block: 


Apply y F, = ma, to the block to 


obtain: 


Using a constant-acceleration 
equation, relate the displacement of 
the 5-kg block to its acceleration 


Axo = 34x; = 1(10cm)= 


- > 
Wag = mog 


2T = M020 


Ws =m sf 


x— 


msg — T = msds 


Ax, = ta,(Aty 
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and the time during which it is 
accelerated: 


Usin - i = 2 
ga constant acceleration AX» = tay ( At) 
equation, relate the displacement of 

the 20-kg block to its acceleration 

and the time during which it is 


accelerated: 
= f : 7 
Divide the first of these equations Ax, _ 4a, ( At) _ 4a, 
by the second to obtain: = ee 
AX 2 Ag (At) az 
Use the result of part (a) to obtain: a; = 2a 
Let av = a. Then as = 2a and the 2T = mya 
force equations become: and 
msg — T = m;(2a) 
Eliminate T between the two m.g 
equations to obtain: a = ay = Imt im 
5 2 20 
Substitute numerical values and 5kø )(9.81m/s2 
evaluate a and as: Ay) = ( s) ; =| 2.45m/s* 
2(5kg)+ +(20kg) 
and 


a, = 2(2.45m/s)=| 4.91m/s” 


Substitute for either of the T =| 245N 
accelerations in either of the force 
equations and solve for T: 


Free-Body Diagrams: The Atwood’s Machine 


*B4 ee 
Picture the Problem Assume that m, > m2. Choose a coordinate system in which the 
positive y direction is downward for the block whose mass is m, and upward for the 
block whose mass is m, and draw free-body diagrams for each block. Apply Newton’s 
2™ law of motion to both blocks and solve the resulting equations simultaneously. 


Draw a FBD for the block whose mass y 


is Mo: 7 


mg 


Apply >» F, = ma, to this block: 


Draw a FBD for the block whose 
mass is mı: 


Apply > F, = ma, to this block: 


Because the blocks are connected 
by a taut string, let a represent their 
common acceleration: 


Add the two force equations to 
eliminate T and solve for a: 


Substitute for a in either of the force 
equations and solve for T: 
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T — mg = m02 


—> 
Ni 


ass 
ms 


mg — T = ma; 


a =da=d? 


m,g — m,g = ma + m,a 


and 
m -m 
a= 1 2 g 
m +m, 
T = 2m,m,g 
m, +m, 


Picture the Problem The acceleration can be found from the given displacement during 
the first second. The ratio of the two masses can then be found from the acceleration 
using the first of the two equations derived in Problem 89 relating the acceleration of the 


Atwood’s machine to its masses. 


Using a constant-acceleration 
equation, relate the displacement of 
the masses to their acceleration and 
solve for the acceleration: 


Solve for and evaluate a: 


Solve for m; in terms of m, using 
the first of the two equations given 
in Problem 84: 


Find the second mass for m, or 
m; = 1.2 kg: 


Ay = Vot + 4.a(At)’ 
or, because Vo = 0, 
Ay = 4a(At)” 


ja = 2(0.3m) = 0.600 m/s? 
(At) (ts) 
2 
m, =m, ae eae =1.13m, 


g-a 9.21m/s? 


Mynramass =| 1-36 kg or 1.06kg 


250 Chapter 4 


86 ee 
Picture the Problem Let F,,, be the force y 
the block of mass m, exerts on the pebble = 
of mass m. Because m» < my, the block of rm 
mass m, accelerates upward. Draw a free- 

body diagram for the pebble and apply 

Newton’s 2™ law and the acceleration 

equation given in Problem 84. 


Apply >. F, = ma, to the pebble: Fam — mg = ma 
Solve for Fam! F m= m(a + g) 


From Problem 84: m 
a 


2mm 


Substitute for a and simplify to m, — 
obtain: Fn =m 


m +m, 
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Picture the Problem Note from the free-body diagrams for Problem 89 that the net force 
exerted by the accelerating blocks is 2T. Use this information, together with the 
expression for T given in Problem 84, to derive an expression for F = 2T. 


From Problem 84 we have: T- 2m,m,g 
m, +m, 
The net force, F, exerted by the 4mm 
Atwood’s machine on the hanger is: F=2T = Z 
m +m, 
If mı = m = m, then: 4m? 
pes 2mg ... as expected. 
2m 
If either m, or m, = 0, then: F=0... also as expected. 
88 coe 


Picture the Problem Use a constant-acceleration equation to relate the displacement of 
the descending (or rising) mass as a function of its acceleration and then use one of the 
results from Problem 84 to relate a to g. Differentiation of our expression for g will allow 
us to relate uncertainty in the time measurement to uncertainty in the measured value for 
g ... and to the values of m, that would yield an experimental value for g that is good to 
within 5%. 
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(a) Use the result given in Problem m +m 

84 to express g in terms of a: g=a——> (1) 
m,—mM, 

Using a constant-acceleration Ay =L=v,At+4 al At? 


equation, express the displacement, 


L, as a function of t and solve for the or, because vo = 0 and At = t, 


acceleration: a= 2L (2) 
t? 
Substitute this expression for a: 2L/m+m 
EN ae 1 2 

Ime (2 —m, 
(b) Evaluate dg/dt to obtain: dg gies m, +m, 

dt m, =m, 

-2| 2L | m=+m, |_ -2g 
t Le i m-m, t 

Divide both sides of this expression dg dt 
by g and multiply both sides by dt: P -2 F 
(c) We have: 


Solve the second of these equations ; dt 1s 4 
for t to obtain: 0.025 0.025 
Substitute in equation (2) to obtain: 2 
PENR a- 26m) _ 9 375mis? 
(4s) 
Solve equation (1) for m, to obtain: g-a 
m, = m, 
g+a 
Evaluate m, with m; = 1 kg: 9.81m/s? -0.375 m/s? ( ) 
> 9.81m/s’ +0.375m/s? 
= 0.926 kg 
Solve equation (1) for m; to obtain: g+a 
m, = m, —— 
g-a 
Substitute numerical values to obtain: 9.81 m/s? + 0.375 m/s? 


m, = (0.926 k 
EAA 8) 9.81m/s? —0.375 m/s? 


=1.08 kg 
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Because the masses are interchangeable: 


*89 oo 


m, =| 0.926kg or 1.08kg 


Picture the Problem We can reason to this conclusion as follows: In the two extreme 
cases when the mass on one side or the other is zero, the tension is zero as well, because 
the mass is in free-fall. By symmetry, the maximum tension must occur when the masses 
on each side are equal. An alternative approach that is shown below is to treat the 


problem as an extreme-value problem. 


Express m in terms of M and m;: 


Substitute in the equation from 
Problem 84 and simplify to obtain: 


Differentiate this expression with 
respect to m, and set the derivative 
equal to zero for extreme values: 


Solve for m; to obtain: 


Show that m, = M/2 is a maximum 
value by evaluating the second 
derivative of T with respect to m; at mı 
= M/2: 


m =M-m, 
2gm,(M m) _ _ i 
T= =2 i 
m +M -m, 
T 2 
aT =? o(1- m) = 0 for extreme values 
dm, 
m =4M 
dT 4g 


=—— < 0, independently of m 
aim M Pp y 1 


and we have shown that 


T is a maximum when 


= — 1 
m=m,=}4M. 


Remarks: An alternative solution is to use a graphing calculator to show that T as a 
function of m; is concave downward and has its maximum value when 


mı = m, = M/2. 
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Picture the Problem The free-body 
diagrams show the forces acting on the 


objects whose masses are m, and mp. The 
application of Newton’s 2” law to these 
forces and the accelerations the net forces 


are responsible for will lead us to an 


expression for the tension in the string as a 
function of m, and m. Examination of this 
expression as for m >> m; will yield the 


predicted result. 


(a) Apply dF, = ma, to the 
objects whose masses are m; and m, 
to obtain: 


= 
mg 

-æ 

mg 


T, -mg = ma, 
and 


m,g -T, = m,a, 


Assume that the role of the pulley is 
simply to change the direction the 
tension acts. Then T; = T, = T. 
Because the two objects have a 


common acceleration, let a = a; = dp. 


Eliminate a between the two 
equations and solve for T to obtain: 


Divide the numerator and 
denominator of this fraction by mp: 


Take the limit of this fraction as 
m, — œ to obtain: 


(b) Imagine the situation when 
m, >> mı: 


Under these conditions, the net force 
acting on the object whose mass is 
m; is mig and: 


General Problems 
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T= 1 2 
m, +m, 
T= 2m,g 
14 
m, 

T =| 2mg 


Under these conditions, the object whose 
mass is m is essentially in free- 

fall, so the object whose mass is m, is 
accelerating upward with an acceleration 
of magnitude g. 


T-—mg = mg > T = 2m. 
Note that this result agrees with that 
obtained using more analytical methods. 


Picture the Problem Choose a coordinate system in which the force the tree exerts on 
the woodpecker’s head is in the negative-x direction and determine the acceleration of the 
woodpecker’s head from Newton’s 2™ law of motion. The depth of penetration, under the 
assumption of constant acceleration, can be determined using a constant- acceleration 
equation. Knowing the acceleration of the woodpecker’s head and the depth of 
penetration of the tree, we can calculate the time required to bring the head to rest. 


(a) Apply Ds F, = ma, to the 
woodpecker’s head to obtain: 


(b) Using a constant-acceleration 
equation, relate the depth-of- 
penetration into the bark to the 
acceleration of the woodpecker’s 
head: 


Solve for and evaluate Ax: 


fete =6N 
*“""m  0.060kg 


100 m/s” 


v? =v; + 2aAx 
or, because v = 0, 
0 =v; +2aAx 


-v  —(3.5m/s)’ 


= =| 6.13cm 
2a  2(-100m/s?) 


AX = 
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(c) Use the definition of V-V 
acceleration to express the time At = 
required for the woodpecker’s head 
to come to rest: 


At 
a 


Substitute numerical values and —Vy 


At = 


evaluate At: a 
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Picture the Problem The free-body 
diagram shown to the right shows the 
forces acting on an object suspended from 
the ceiling of a car that is accelerating to 
the right. Choose the coordinate system 
shown and use Newton’s laws of motion 
and constant- acceleration equations in the 
determination of the influence of the forces 
on the behavior of the suspended object. 


The second free-body diagram shows the 
forces acting on an object suspended from 
the ceiling of a car that is braking while it 
moves to the right. 


or, because v = 0, 
_ Yzy 


—3.5m/s 
——— =| 35.0ms 
—100 m/s? [35.0 ms | 
| / 
| > 
; 
7 
—— =mi x 
mg 
=e | 
r | 
4 
—%- — — -x 


- 
mg 


In accordance with Newton's law of inertia, the object's displacement 


will be in the direction opposite that of the acceleration. 


(b) Resolve the tension, T, into its =F, = Tsin 
components and apply XF = mä and 
to the object: 


= ma 


XF, = Tcosĝ- mg = 0 


Take the ratio of these two Tsin ma 
equations to eliminate T and m: T cos@ = mg 
or 


tnĝ => a= g tan 
g 


) Because the acceleration is opposite the direction the car is moving, 
C 
the accelerometer will swing forward. 


Using a constant-acceleration 
equation, express the velocity of the 
car in terms of its acceleration and 
solve for the acceleration: 


Solve for a: 


Substitute numerical values and 
evaluate a: 


Solve the equation derived in (b) for 
0: 


Substitute numerical values and 
evaluate 0: 
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Picture the Problem The free-body 


diagram shows the forces acting at the top 
of the mast. Choose the coordinate system 
shown and use Newton’s 2™ and 3™ laws of 
motion to analyze the forces acting on the 


deck of the sailboat. 


Apply > F, = ma, to the top of the 


mast: 


Find the angles that the forestay and 
backstay make with the vertical: 


Solve the x-direction equation for Tg: 


Find the downward forces that Tg 
and Tr exert on the mast: 


Solve for F mast to obtain: 
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v?’ =v} + 2aAx 


or, because v = 0, 


0 =v; +2aAx 
ja 
2Ax 


A= an2) 
g 


2 
Q= wn [Ee ~| 9.32° 


9.81m/s* 


Trsin & — Tpsin & = 0 


0, = 


and 


rn 352 =16.7° 
m 


YF, = Foast -Tp C08; — T, cos 0, = 0 


F 


mast 


= T; cos 0; + Tp COS 6, 
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Substitute numerical values and evaluate F mast: 


Fn, = (500 N)cos16.7° + (305 N )cos 28.1° = 748N 


mast 


The force that the mast exerts on the 

deck is the sum of its weight and the 

downward forces exerted on it by the 
forestay and backstay: 
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F 


mast on the deck 


= 748 N +800 N 


=| 1.55KN 


Picture the Problem Let m be the mass of the block and M be the mass of the chain. 
The free-body diagrams shown below display the forces acting at the locations identified 
in the problem. We can apply Newton’s 2™ law with a, = 0 to each of the segments of the 


chain to determine the tensions. 


(a) (b) 


(a) Apply b3 F, = ma, to the block 


and solve for T,: 


Substitute numerical values and 
evaluate T: 


(b) Apply > F, = ma, to the block 


and half the chain and solve for Ty: 


Substitute numerical values and 
evaluate T,: 


(c) Apply dF y = Ia, to the block 


and chain and solve for T;: 


(c) 


(m + 12M)g 


(m + Mg 
T, -mg = ma, 


or, because a, = 0, 
T, =mg 


T, = (50kg)(9.81m/s? )= 


M 
i [ma =ma, 


or, because a, = 0, 


T,= (m ar 
T, = (50kg +10kg)(9.81m/s?)= 


T, -(m+M)g =ma, 
or, because a, = 0, 


T, =(m+M)g 


Substitute numerical values and 
evaluate T,: 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
box as the man pushes it across a 
frictionless floor. Because the force is 


time-dependent, the acceleration will be, 
too. We can obtain the acceleration as a 
function of time from the application of 


Newton’s 2" law and then find the 


velocity of the box as a function of time by 


integration. Finally, we can derive an 


expression for the displacement of the box 
as a function of time by integration of the 


velocity function. 


(a) The velocity is related to the 
acceleration according to: 


Apply > F, =ma, to the box and 


solve for its acceleration: 


Because the box’s acceleration is a 
function of time, separate variables 
in equation (1) and integrate to find 
v as a function of time: 


Evaluate vatt = 3s: 


(b) Integrate v = dx/dt between 0 
and 3 s to find the displacement of 
the box during this time: 


(c) The average velocity is given by: 


(d) Use Newton’s 2™ law to express 
the average force exerted on the box 
by the man: 
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T, = (50kg + 20kg)(9.81m/s”) 


=| 687 N 
y 
| > 
Fa 
F 
—xX 
mg 
dv 
—=alt 1 
a a(t) (1) 
F=ma 
and 
ate (8N/s)t _ (iek 
m 24kg 


t 


falee = (ms)fear 


0 


v(t) 


2 


(mvs) = (Lm/s?)e? 


v(3s)= (Lm/s?)(3s)? = 


3s 3 


Ax = [v(t')dt' = (ims?) f Pa 


0 
3s 
= me) E - [150m] 


0 


ran e e O 
At 3s 
F, =ma,, = FA 
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Substitute numerical values and 1.5m/s —0m/s 
evaluate Fw: Fy = (24kg}—— =|12.0N 
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Picture the Problem The application of Newton’s 2™ law to the glider and the hanging 
weight will lead to simultaneous equations in their common acceleration a and the 
tension T in the cord that connects them. Once we know the acceleration of this system, 
we can use a constant-acceleration equation to predict how long it takes the cart to travel 


1 m from rest. Note that the magnitudes of T and T' are equal. 


(a) The free-body diagrams are shown Vy . 
to the right. m, represents the mass of F a T 
the cart and m, the mass of the hanging T : 
weight. P | 
7 
më mč 
x 

(b) Apply b3 F, = ma, to the cart T -m gsin0 = ma, 
and the suspended mass: and 

m,g -T =m,a, 
Letting a represent the common m, —m, sin 0 

a = 


accelerations of the two objects, 


eliminate T between the two OP PEG 
equations and solve a: 
Substitute numerical values and 0.075kg — (0.270 kg)sin30° 
evaluate a: = 
0.075kg + 0.270 kg 


x(9.81m/s") 


- [17m 


i.e., the acceleration is down the incline. 


Substitute for a in either of the force T =| 0.863N 


equations to obtain: 


i : j 
(c) Using a constant acceleration Ax = v,At +4 a( At) 
equation, relate the displacement of 


the cart down the incline to its initial or, because vo = 0, 


speed and acceleration: Ax = 4a(At) 
Solve for At: 2 
Ag= |" 
Va 
Substitute numerical values and 2(1m) 
evaluate At: At = _|—~—, =| 1.08s 
\1.71m/s 
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Picture the Problem Note that, while the mass of the rope is distributed over its length, 
the rope and the block have a common acceleration. Because the surface is horizontal 


and smooth, the only force that influences our solution is F . The figure misrepresents 
the situation in that each segment of the rope experiences a gravitational force; the 
combined effect of which is that the rope must sag. 


(a) Apply a = Fo /M,,, to the rope- 
block system to obtain: 


(b) Apply XF = mä to the rope, 
substitute the acceleration of the 


system obtained in (a), and simplify 
to obtain: 


(c) Apply XF = mä to the block, 
substitute the acceleration of the 
system obtained in (a), and simplify 
to obtain: 


(d) The rope sags and so F has both 
vertical and horizontal components; 
with its horizontal component being 
less than F. Consequently, a will be 
somewhat smaller. 
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Picture the Problem The free-body 


diagram shows the forces acting on the 


block. Choose the coordinate system 


shown on the diagram. Because the surface 
of the wedge is frictionless, the force it 
exerts on the block must be normal to its 


surface. 


(a) Apply bys y = ma, to the block 


to obtain: 


II 


F sin 30° -w = ma, 


or, because a, = 0 and w = mg, 


F sin30°—mg = 0 


or 
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F, sin 30° = mg (1) 
Apply y F, = ma, to the block: F, cos30° = ma, (2) 
Divide equation (2) by equation (1) a, x 
to obtain: — = cot 30 

g 
Solve for and evaluate ay: a, = gcot30° = (9.81m/s")cot 30° 

=| 17.0m/s? 

(b) An acceleration of the wedge Under this condition, there would 


greater than g cot30° would require 
that the normal force exerted on the 
body by the wedge be greater than the block would accelerate up the 
that given in part (a); i.e., Fa > 
mg/sin30°. 


be a net force in the y direction and 


wedge. 
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Picture the Problem Because the system y 
is initially in equilibrium, it follows that To 
= 5mg. When one washer is removed on T 
the left side, the remaining washers will 

accelerate upward (and those on the right 

side downward) in response to the net force 

that results. The free-body diagrams show 

the forces under this unbalanced condition. 

Applying Newton’s 2" law to each 

collection of washers will allow us to 

determine both the acceleration of the 

system and the mass of a single washer. 4mg 


(a) Apply DF, = ma, to the rising T —4mg = (4m)a (1) 
masses: 


Apply SF, = ma, to the omg -T = (Sm)a (2) 


descending masses: 


Eliminate T between these equations a=tg 
to obtain: 


Use this acceleration in equation (1) 40 
or equation (2) to obtain: 9 


Express the difference between To 


40 
and T and solve for m: T, -T =5mg - g u =0.3N 


and 


(b) Proceed as in (a) to obtain: 


Eliminate T and solve for a: 


Eliminate a in either of the motion 
equations and solve for T to obtain: 


Substitute numerical values and 
evaluate T: 


100° 

Picture the Problem The free-body 
diagram represents the Atwood’s machine 
with N washers moved from the left side to 
the right side. Application of Newton’s 2™ 
law to each collection of washers will 
result in two equations that can be solved 
simultaneously to relate N, a, and g. The 
acceleration can then be found from the 
given data. 


Apply > F, = ma, to the rising 


washers: 


Apply DF, = ma, to the 


descending washers: 


Add these equations to eliminate T: 


Simplify to obtain: 
Solve for N: 
Using a constant-acceleration 


equation, relate the distance the 
washers fell to their time of fall: 
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m =| 0.0550kg = 55.0g 


T — 3mg = 3ma 

and 

5mg — T = 5ma 

a = 4g =+(9.81m/s?)=| 2.45m/s” 
15 

T = —m 
ra 

T = = (0.0550kg)(0.81m's*) 


Q 


(5 + N)mg 
(5 — N)mg 5 


T- (5 - N)mg = (5 - N)ma 


(5 +N)mg -T = (5 + N)ma 


(5+ N )mg -(5-N)mg 
=(5—N)ma+(5+ N)ma 

2Nmg =10ma 

N=5alg 

Ay =v,At+4a(At) 


or, because vo = 0, 
1 2 
Ay =3.a(At) 
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Solve for the acceleration: 


Substitute numerical values and 
evaluate a: 


Substitute in the expression for N: 


101 ° 

Picture the Problem Draw the free-body 
diagram for the block of mass m and apply 
Newton’s 2™ law to obtain the acceleration 
of the system and then the tension in the 
rope connecting the two blocks. 


(a) Letting T be the tension in the 
connecting string, apply 


y F, =ma,, to the block of 


mass m: 


Apply > F. = ma, to both blocks 


to determine the acceleration of the 
system: 


Substitute and solve for a: 


Substitute for a in the first equation 
and solve for T: 


(b) Substitute for F; and F, in the 
equation derived in part (a): 


Evaluate this expression for T = To 
and t= tọ and solve for to: 


F- F; = (m+ 2m)a = (3m)a 


a= (F2 — F,)/3m 


i= 1(F, +2F) 


T = (2Ct +2C0)/3 = 4Ct/3 
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Picture the Problem Because a constant- y 
upward acceleration has the same effect as | 
an increase in the acceleration due to 

gravity, we can use the result of Problem 

89 (for the tension) with a replaced by a + 

g. The application of Newton’s 2™ law to 

the object whose mass is m, will connect 

the acceleration of this body to tension ” 
from Problem 84. mg 


wy 


In Problem 84 it is given that, when 7 2mm, 
the support pulley is not ERREI 
accelerating, the tension in the rope 
and the acceleration of the masses 
are related according to: 


Replace a with a + g: _ 2mm, ( 


Apply >) F, = ma, to the object T — mg = m2 


whose mass is m, and solve for ap: 


Substitute for T and simplify to (m -m )g +2ma 
obtain: =| i 


The expression for a; is the same as m, —m,)g + 2m,a 
for az with all subscripts a, = 
interchanged (note that a positive 

value for a, represents acceleration 

upward): 
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Chapter 5 


Applications of Newton’s Laws 


Conceptual Problems 


1 ° 
Determine the Concept Because the 
objects are speeding up (accelerating), 
there must be a net force acting on them. 
The forces acting on an object are the 
normal force exerted by the floor of the 
truck, the weight of the object, and the 
friction force; also exerted by the floor of 
the truck. 


Of these forces, the only one that acts in 
the direction of the acceleration (chosen 
to be to the right in the free-body 
diagram) is the friction force. 


*? e 
Determine the Concept The forces acting 
on an object are the normal force exerted 
by the floor of the truck, the weight of the 
object, and the friction force; also exerted 
by the floor of the truck. Of these forces, 
the only one that acts in the direction of the 
acceleration (chosen to be to the right in 
the free-body diagram) is the friction force. 
Apply Newton’s 2™ law to the object to 
determine how the critical acceleration 
depends on its weight. 


Taking the positive x direction to be 
to the right, apply =F, = ma, and 
solve for ax: 


as a 
Fa —> 
f 

W 


The force of friction between the 
object and the floor of the truck 
must be the force that causes the 


object to accelerate. 


sie a 
i 


7 


W 


J = uw = umg = ma, 
and 


a 


x 5 M8 


Because a, is independent of m and 
w, the critical accelerations are the 


same. 
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3 ° 

Determine the Concept The forces acting 
on the block are the normal force F i 
exerted by the incline, the weight of the 
block mg exerted by the earth, and the 


static friction force f, exerted by an 


external agent. We can use the definition of 
4i; and the conditions for equilibrium to 
determine the relationship between 44 and 
0. 


Apply >) F, = ma, to the block: fo—mgsin0 =0 (1) 
Apply dF, = ma, in the y F,-—mgcos@ = 0 (2) 
direction: 


Divide equation (1) by equation (2) tan 6 = 


to obtain: 


‘ . F 
Substitute for f; (< Fn): tang < Du, 


n 


and| (d) is correct. 


*4 -e 
Determine the Concept The block is in 
equilibrium under the influence of F, mg, 


and f.; i.e., 


We can apply Newton’s 2™ law in the x 
direction to determine the relationship 
between f; and mg. 


Apply > = 0 to the block: fi -—mgsind =0 


Solve for fy: f= mgsinð 


and| (d)is correct. 
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Picture the Problem The forces acting on y 
the car as it rounds a curve of radius R at 
maximum speed are shown on the free-body 
diagram to the right. The centripetal force is 
the static friction force exerted by the 
roadway on the tires. We can apply 
Newton’s 2" law to the car to derive an 
expression for its maximum speed and then 


compare the speeds under the two friction 
conditions described. 


Apply XF = mā to the car: SF = Via 
x s,max R 


and 


AF, =F -mg=0 
From the y equation we have: F = mg 


Express fs max in terms of F, in the x Vinax = > AER 


equation and solve for Vmax’ ot 


V nax = COnStant 4 L, 


l bt os 
Express Vmax for M, = 5 44: 


Vax = Constant , S = 707V a S 71% pa 


and | (b) is correct. 


*6 ee 
Picture the Problem The normal reaction i 
force F, provides the centripetal force and 7 
the force of static friction, 4&Fn, keeps the a 
cycle from sliding down the wall. We can F 
n 
apply Newton’s 2 law and the definition —x 
Of f; max to derive an expression for Vmin- 
mg 
= = 2 
Apply YF = ma to the motorcycle: 5 F=aF= rae 
x n R 
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XF, =f -mg=0 
For the minimum speed: Js = fmax = HsFn 
Substitute for f, eliminate Fp Rg 
between the force equations, and Vmin = mA 
solve for Vmin: 
Assume that R = 6 m and 4, = 0.8 (6 m)(9.81m/s?) 
and solve for Vmin: Vmin = 0.8 


=| 8.58m/s=30.9km/h 


7 ee 
Determine the Concept As the spring is extended, the force exerted by the spring on the 
block increases. Once that force is greater than the maximum value of the force of static 
friction on the block, the block will begin to move. However, as it accelerates, it will 
shorten the length of the spring, decreasing the force that the spring exerts on the block. 
As this happens, the force of kinetic friction can then slow the block to a stop, which starts 
the cycle over again. One interesting application of this to the real world is the bowing of 
a violin string: The string under tension acts like the spring, while the bow acts as the 
block, so as the bow is dragged across the string, the string periodically sticks and frees 
itself from the bow. 


8 e 
True. The velocity of an object moving in a circle is continually changing independently 
of whether the object’s speed is changing. The change in the velocity vector and the 
acceleration vector and the net force acting on the object all point toward the center of 
circle. This center-pointing force is called a centripetal force. 


9 ° 
Determine the Concept A particle traveling in a vertical circle experiences a downward 
gravitational force plus an additional force that constrains it to move along a circular path. 
Because the net force acting on the particle will vary with location along its trajectory, 
neither (b), (c), nor (d) can be correct. Because the velocity of a particle moving along a 


circular path is continually changing, (a) cannot be correct. | (e) is correct. 
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Determine the Concept We can analyze these demonstrations by drawing force diagrams 
for each situation. In both diagrams, h denotes "hand”, g denotes “gravitational”, m 
denotes "magnetic”, and n denotes “normal”. 
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(a) Demonstration 1: Demonstration 2: 


(b) Because the magnet doesn’t lift the iron in the first demonstration, the force exerted on 
the iron must be less than its (the iron’s) weight. This is still true when the two are falling, 
but the motion of the iron is not restrained by the table, and the motion of the magnet is 
not restrained by the hand. Looking at the second diagram, the net force pulling the 
magnet down is greater than its weight, implying that its acceleration is greater than g. 
The opposite is true for the iron: the magnetic force acts upwards, slowing it down, so its 
acceleration will be less than g. Because of this, the magnet will catch up to the iron piece 
as they fall. 
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Picture the Problem The free-body 
diagrams show the forces acting on the two 
objects some time after block 2 is dropped. 


Note that, while T, x T., T= D. 


—> 
svt 
au 
oY 


ps -< 
mg mg 


The only force pulling block 2 to the left is the horizontal component of the tension. 
Because this force is smaller than the magnitude of the tension, the acceleration of block 
1, which is identical to block 2, to the right (7; = T2) will always be greater than the 
acceleration of block 2 to the left. 


Because the initial distance from block 1 to the pulley is the same as the initial 
distance of block 2 to the wall, block 1 will hit the pulley before block 2 hits 
the wall. 


12 œ 
True. The terminal speed of an object is given by v, = (mg / b)! ", where b depends on the 


shape and area of the falling object as well as upon the properties of the medium in which 
the object is falling. 


13 œ 
Determine the Concept The terminal speed of a sky diver is given by v, = (mg / b)” 5 


where b depends on the shape and area of the falling object as well as upon the properties 
of the medium in which the object is falling. The sky diver’s orientation as she falls 
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determines the surface area she presents to the air molecules that must be pushed aside. 
(d) is correct. 


14 »% 
Determine the Concept In your frame of 

reference (the accelerating reference frame / 
of the car), the direction of the force must y 
point toward the center of the circular path 
along which you are traveling; that is, in 
the direction of the centripetal force that 
keeps you moving in a circle. The friction 
between you and the seat you are sitting on 
supplies this force. The reason you seem 
to be "pushed" to the outside of the curve is 
that your body’s inertia "wants" , in 
accordance with Newton’s law of inertia, 
to keep it moving in a straight line—that is, 
tangent to the curve. 


zx 
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Determine the Concept The centripetal force that keeps the moon in its orbit around the 
earth is provided by the gravitational force the earth exerts on the moon. As described by 
Newton’s 3" law, this force is equal in magnitude to the force the moon exerts on the 


earth. | (d) 1s correct. 
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Determine the Concept The only forces acting on the block are its weight and the force 
the surface exerts on it. Because the loop-the-loop surface is frictionless, the force it exerts 
on the block must be perpendicular to its surface. 


Point A: the weight is downward Free-body diagram 3 
and the normal force is to the right. 


Point B: the weight is downward, Free-body diagram 4 
the normal force is upward, and the 

normal force is greater than the 

weight so that their difference is the 

centripetal force. 


Point C: the weight is downward and Free-body diagram 5 
the normal force is to the left. 


Point D: both the weight and the Free-body diagram 2 
normal forces are downward. 
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Picture the Problem Assume that the drag force on an object is given by the Newtonian 


formula F) = 1CApv’, where A is the projected surface area, v is the object’s speed, p 
is the density of air, and C a dimensionless coefficient. 


Express the net force acting on the F „= mg — Fp = ma 
falling object: 
Substitute for Fp under terminal mg—-4CA pvr =0 


speed conditions and solve for the A 
terminal speed: 
Vy. e. 
i CAp 
Thus, the terminal velocity depends on the 
ratio of the mass of the object to its surface 
area. 


For a rock, which has a relatively small surface area compared to its mass, the terminal 
speed will be relatively high; for a lightweight, spread-out object like a feather, the 
opposite is true. 


Another issue is that the higher the terminal velocity is, the longer it takes for a falling 
object to reach terminal velocity. From this, the feather will reach its terminal velocity 
quickly, and fall at an almost constant speed very soon after being dropped; a rock, if not 
dropped from a great height, will have almost the same acceleration as if it were in free- 
fall for the duration of its fall, and thus be continually speeding up as it falls. 


An interesting point is that the average drag force acting on the rock will be larger than 
that acting on the feather precisely because the rock’s average speed is larger than the 
feather's, as the drag force increases as v’. This is another reminder that force is not the 
same thing as acceleration. 


Estimation and Approximation 
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Picture the Problem The free-body y 
diagram shows the forces on the Tercel as it | 
slows from 60 to 55 mph. We can use 
Newton’s 2" law to calculate the average 
force from the rate at which the car’s speed F 
decreases and the rolling force from its 
definition. The drag force can be inferred 
from the average and rolling friction forces 
and the drag coefficient from the defining 
equation for the drag force. 


+ 


rolling 


(a) Apply dF, = ma, to the car to relate F ii Av 


. i . av av 
the average force acting on it to its average At 
velocity: 
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Substitute numerical values and evaluate Fw: 


ee ee M 


F = (1020 kg) — i s m 2 
92s 


(b) Using its definition, express and Í. olling = Hattingen = Hrotting MZ 
evaluate the force of rolling friction: (0 02) í 020k Ío E 2) 
=(0. g)9. s 


- [2003] 


Assuming that only two forces are F, = Faas + F ie 
acting on the car in the direction of and ° 
its motion, express their relationship F -F -F 
and solve for and evaluate the drag drag ~ “av © rolling 
force: = 581N-200N =| 381N 
(c) Convert 57.5 mi/h to m/s: i i 1.609km 
ie 225] 5 ee 
h h mi 
lh 10°m 
x x 
3600s km 
= 25.7 m/s 


Using the definition of the drag ‘ ne 
force and its calculated value from Pise =1Cp Av > C = — == 


2 
(b) and the average speed of the car p Av 
during this 5 mph interval, solve for 
C: 
Substitute numerical values and 7 2(38 1 N) 
evel (1.21kg/m*)(1.91m?)(25.7 m/s) 
=| 0.499 
19 «= 


Picture the Problem We can use the dimensions of force and velocity to determine the 
dimensions of the constant b and the dimensions of p, r, and v to show that, for n = 2, 
Newton’s expression is consistent dimensionally with our result from part (b). In parts (d) 
and (e), we can apply Newton’s 2™ law under terminal velocity conditions to find the 
terminal velocity of the sky diver near the surface of the earth and at a height of 8 km. 


(a) Solve the drag force equation for b Fy 
bwithn= 1: v 
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Substitute the dimensions of F4 and ML 

v and simplify to obtain: [>] =~ i = M 
L T 
T 


and the units of b are 


(b) Solve the drag force equation for b= Fy 
b with n = 2: v? 
Substitute the dimensions of F4 and ML 
v and simplify to obtain: [b] zl. 2 = 
EI lL 
T 
and the units of b are 
(c) Express the dimensions of i TE M a L 2 
Newton’s expression: [F] z b EY |- P (2) T 
ML 

= T? 

From part (b) we have: MNŅ\LY 
[F, |= lov? |= — | — 
LAT 
ML 

= T? 
(d) Letting the downward direction mg -+ pmr’yv? = 
be the positive y direction, apply 
YE y = ma, to the sky diver: 
Solve for and evaluate v;: E 2mg _ 2(56kg) 9.81m/s2 

‘ prr’ z(1.2kg/m°)(0.3 my 
=| 56.9m/s 
(e) Evaluate v, at a height of 8 km: oe 2(56kg)(9.81 m/s’) 
‘ \x{0.514kg/m* )(0.3m) 
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Picture the Problem From Newton’s 2™ law, the equation describing the motion of 
falling raindrops and large hailstones is mg — Fy = ma where F, = 4 pr ry = by’ is the 
drag force. Under terminal speed conditions (a = 0), the drag force is equal to the weight 
of the falling object. Take the radius of a raindrop 7, to be 0.5 mm and the radius of a 
golf-ball sized hailstone r, to be 2 cm. 


Using b = +29 r° , evaluate b, and by: b, = izli .2 kg/m? \o.5 x10% m) 


Express the mass of a sphere in 
terms of its volume and density: 


Using p: = 10° kg/m? and pn = 920 
kg/m? , evaluate m, and my: 


Express the relationship between v, 
and the weight of a falling object 
under terminal speed conditions and 
solve for 14: 


Use numerical values to evaluate v,,, 
and Vin: 


=4.71x10' kg/m 

and 

b, = izl .2kg/m° \2 x107? m) 
= 7.54x10™ kg/m 


= Arr’ p 


m= pV 3 


_ 4n(0.5x107 m) (10° kg/m’) 
3 

=5.24x107 kg 

and 

_ 42(2x107 m) (920kg/m*) 

= 
3 
=3.08x 107 kg 


bv? =mg >v, = = 


— [Eie psim] 
= 4.71x107 kg/m 


- [3.30mi] 


and 


, _ |B.08x10 kg)(9.81mvs") 
o 7.54x 107 kg/m 


Friction 
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Picture the Problem The block is in 


equilibrium under the influence of F o 


mg, and f,; i.e., 


F,+mg + f,=0 


We can apply Newton’s 2™ law to 


determine the relationship between fi, 6, 


and mg. 


Using its definition, express the 
coefficient of kinetic friction: 


Apply yea = ma, to the block: 
Solve for fy: 
Apply XEF, = ma, to the block: 
Solve for Fa: 


Substitute in equation (1) to obtain: 


22 >œ 
Picture the Problem The block is in 


equilibrium under the influence of F es 


mg, F» and fg; i.e., 


F,+mg+ E+ f,=0 


We can apply Newton’s 2” law to 
determine fg. 


Apply DF, = ma, to the block: 


Solve for fi: 


Applications of Newton’s Laws 


Mh, = = (1) 


Jc — mgsin@ = ma, = 0 because a, = 0 


fx = mgsind 


F’,— mgcos@ = ma, = 0 because a, = 0 


F, = mgcos0 


mg sin 0 er. 


mg cos 0 


and | (b) is correct. 


Fpp — fk = may = 0 because a, = 0 


Jfk = Fapp = 20 N 


and | (e) is correct. 
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Picture the Problem Whether the friction y 
force is that due to static friction or kinetic > 
friction depends on whether the applied 
tension is greater than the maximum static F 
friction force. We can apply the definition << —x 
of the maximum static friction to decide 
whether f, max or T is greater. 


= 


Calculate the maximum static Fomax = Usl'n = Law = (0.8)(20 N) = 16 N 


friction force: 


(a) Because fi max > T: f=fh=T =|15.0N 


(b) Because T> fi max: f= f= yw = (0.6)(20 N) =| 12.0 N 
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Picture the Problem The block is in i 

equilibrium under the influence of the | 
| 


forces T, f,, and mg; i.e., iN T 
Le. ih A Jk 
T +f, +mg =0 x=. 


We can apply Newton’s 2" law to 
determine the relationship between T and 


fe mg 


Apply >F, = ma, to the block: T cosĝ — fk = ma, = 0 because a, = 0 


Solve for fx: Jc = T cos@ and 


25° 

Picture the Problem Whether the friction 1 
force is that due to static friction or kinetic F, 
friction depends on whether the applied + | 
tension is greater than the maximum static a 


friction force. 


Calculate the maximum static Ísmax = Fn = Lw 


friction force: 


Because fi max > Fapp, the box does 
not move and : 
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Picture the Problem Because the box is 
moving with constant velocity, its 
acceleration is zero and it is in equilibrium 


under the influence of F 


app? Fns W, and 
f; i.e., 
FptF,tw+f=0 
We can apply Newton’s 2” law to 
determine the relationship between f and 


mg. 


The definition of s% is: 


Apply XF, = ma, to the box: 
Solve for F;: 


Apply YF ; = ma, to the box: 
Solve for fi: 


Substitute to obtain py: 
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Picture the Problem Assume that the car 
is traveling to the right and let the positive 
x direction also be to the right. We can use 
Newton’s 2™ law of motion and the 
definition of 44 to determine the maximum 
acceleration of the car. Once we know the 
car’s maximum acceleration, we can use a 
constant-acceleration equation to determine 
the least stopping distance. 
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= (0.6)(100 kg)(9.81 m/s”) 
=589N 


500N 


Ppp =f = 


= 


F,— w = ma, = 0 because a, = 0 


F, = w=600N 


ZF, = Fap — f = ma, = 0 because a, = 0 


F=f = 250 N 


Lx = (250 N)/(600 N) = | 0.417 
y 
| 
Fn 
Is 
——-x 


= 
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(a) Apply XF, = ma, to the car: fmax = Us) = max (1) 
Apply XF, = mą, to the car and F, —w=ma,=0 
solve for F: or, because a, = 0, 
F,=mg (2) 

Substitute (2) in (1) and solve for Ax max = LZ = (0.6)(9.81 m/s”) 
cones: = | —5.89 m/s? 
(b) Using a constant-acceleration v= vo + 2aAx 
equation, relate the stopping or because v=0 
distance of the car to its initial — y? 

, . ) Ax = 0 
velocity and its acceleration and 24 


solve for its displacement: 


Substitute numerical values and - (30 m/s)’ 

evaluate Ax: a A-5.89 m/s?) _ [764m] 
*28 œ 

Picture the Problem The free-body y 


diagram shows the forces acting on the | 
drive wheels, the ones we’re assuming 
support half the weight of the car. We can 
use the definition of acceleration and apply 
Newton’s 2™ law to the horizontal and 
vertical components of the forces to 
determine the minimum coefficient of 
friction between the road and the tires. 


lame 


(a) | Because u, > Hy, f will be greater if the wheels do not slip. 


(b) Apply DF, = ma, to the car: Se = hFa = may (1) 
Apply >», = ma, to the car and F, —4mg = ma, 
solve for Fy: Because a, = 0, 


Find the acceleration of the car: i Av _ (90km/h)(1000 m/km) 


“At 12s 
= 2.08 m/s? 
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Solve equation (1) for 44: ma, _ 2a, 


Substitute numerical values and _ 2(2.08 m/s? ) [0424 


evaluate a,: ae 9.81m/s* 
29 œ 
Picture the Problem The block is in y 
equilibrium under the influence of the - 
forces shown on the free-body diagram. Js 
We can use Newton’s 2™ law and the z 
definition of 44 to solve for fs and Fn. z 100 N = 
mg 
(a) Apply dF, = ma, to the block J, —mg =a, 
and solve for f;: or, because a, = 0, 
f,-mg =0 
Solve for and evaluate fy: f.=mg =(5 kg\(9.81m/s") 
=| 49.1N 

(b) Use the definition of 4 to oe Jema 
express Fp: " Hs 

i i 49.1N 
Substitute numerical values and F = 9 -[123N 
evaluate Fy: 0.4 
30 œ 
Picture the Problem The free-body 
diagram shows the forces acting on the = 
book. The normal force is the net force the HOF, min 


student exerts in squeezing the book. Let 

the horizontal direction be the x direction 

and upward the y direction. Note that the 

normal force is the same on either side of - 
the book because it is not accelerating in Fo, min 
the horizontal direction. The book could be 

accelerating downward. We can apply 

Newton’s 2™ law to relate the minimum 

force required to hold the book in place to 

its mass and to the coefficients of static 

friction. In part (b), we can proceed 

similarly to relate the acceleration of the 
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book to the coefficients of kinetic friction. 


(a) Apply > F = mā to the book: 


' 


Noting that F nin = F, min» Solve the 


„min 2,min ? 


y equation for F min: 


Substitute numerical values and 
evaluate F min: 


(b) Apply >) F,, = ma, with the 


book accelerating downward, to 
obtain: 


Solve for a to obtain: 


Substitute numerical values and 
evaluate a: 
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Picture the Problem A free-body diagram 
showing the forces acting on the car is 
shown to the right. The friction force that 
the ground exerts on the tires is the force f 
shown acting up the incline. We can use 
the definition of the coefficient of static 
friction and Newton’s 2™ law to relate the 
angle of the incline to the forces acting on 
the car. 


Apply >» F = mā to the car: 


Solve equation (1) for f and 
equation (2) for F,,: 


pay T F, min ~ Piia =0 


S = Hs ee + ae ae = mg = 0 
= My + Me» 
2 
- (10.2kg)9.81m/s?) _ ee 
0.32+0.16 


DF, = Uy F + yk -mg = ma 


ye My + Mer Poy 
m 
2027 0M E E Stas 
10.2kg 


-Earm 


$X F. = f, —mg sind =0 (1) 
and 

> F, =F, —mgcos0 =0 (2) 
f, =mg sind 


and 


Use the definition of 4, to relate f 
and Fa: 


Solve for and evaluate 0: 
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Picture the Problem The free-body 
diagrams for the two methods are shown to 
the right. Method 1 results in the box being 
pushed into the floor, increasing the normal 
force and the static friction force. Method 2 
partially lifts the box,, reducing the normal 
force and the static friction force. We can 
apply Newton’s 2" law to obtain 
expressions that relate the maximum static 


friction force to the applied force F. 
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F, =mgcosé 
L -fs mgsin? ang 
F, mgcosé 


6 = tan! (u, )= tan™ (0.08) =| 4.57° 


a =o 
” A 
F 
mg mg 


Method 1 Method 2 


(a) | Method 2 is preferable as it reduces F, and, therefore, f. 


(b) Apply WF, = ma, to the box: 


Method 1: Apply XF, = ma, to 
the block and solve for Fp: 


Relate fomax to Fn: 


Method 2: Apply dF, = ma, to 


the forces in the y direction and 
solve for Fy: 


Relate f; max to Fn: 
Express the condition that must be 
satisfied to move the box by either 


method: 


Method 1: Substitute (1) in (3) and 
solve for F: 


F cos0-—f, = Feos 


UFa = 0 


F,—mg — Fsin@ =0 
.. F,= mg + Fsin@ 


Kamax = UsF n= (mg + Fsin@) (1) 
F,—mg + Fsin@ =0 

and 

F, = mg — Fsin@ 

fmax = UsF n= L(g — Fsin 0) (2) 
fmax = Foos@ (3) 


cos@ — u, sin@ 
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Method 2: Substitute (2) in (3) and 
solve for F: 


Evaluate equations (4) and (5) with 
0= 30°: 


Evaluate (4) and (5) with 0= 0°: 


33 > 


Picture the Problem Draw a free-body 
diagram for each object. In the absence of 
friction, the 3-kg box will move to the 
right, and the 2-kg box will move down. 


The friction force is indicated by f without 
subscript; it is f. for (a) and f. for (b). For 


values of 4, less than the value found in 
part (a) required for equilibrium, the system 
will accelerate and the fall time for a given 
distance can be found using a constant- 


acceleration equation. 


(a) Apply SF, = ma, to the 3-kg 


box: 


Apply XF y = ma, to the 3-kg box, 


solve for F,3, and substitute in (1): 


Apply dF, = ma, to the 2-kg box: 


Solve (2) and (3) simultaneously 
and solve for 4: 


(b) The time of fall is related to the 
acceleration, which is constant: 


Solve for At: 


aT Tae 
cos + u, sin 


T—f, = 0 because a, = 0 


Fa3 — mg = 0 because a, = 0 


and 


mg 


T- Lg mg = 0 


mg — T = 0 because a, = 0 


Ax =v,At++ta(aty 


(5) 


294N 


=| 0.667 


or, because vo =0, 
Ax =4a(At)’ 


(2) 


(3) 
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Apply DF = ma, to each box: T- Lk mg = ma (5) 
and 
mg —T = moa (6) 
Add equations (5) and (6) and solve j= (m, — AM, )g 
for a: m, +m, 
Substitute numerical values and pes [2 kg- 0.3(3 kg)] (9.8 1m/s° ) 
evaluate a: g 2kg +3kg 
=| 2.16 m/s? 
Substitute numerical values in equation (4) 2(2m 
and evaluate Af: ae q 2.16m/⁄5s2? 
34 ee 


Picture the Problem The application of Newton’s 2" law to the block will allow us to 
express the coefficient of kinetic friction in terms of the acceleration of the block. We can 
then use a constant-acceleration equation to determine the block’s acceleration. The 
pictorial representation summarizes what we know about the motion. 


ty =0 i=? 


A free-body diagram showing the 


y 

| 
forces acting on the block is shown I" 
to the right. FA 

<—- — 
mg 

Apply DF, = ma, to the block: — fk =-14F', = ma (1) 
Apply Ir = ma, to the block and F, — mg = 0 because a, = 0 


and 
FP, = mg (2) 


solve for Fa: 
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Substitute (2) in (1) and solve for 4k: 


Using a constant-acceleration 
equation, relate the initial and final 
velocities of the block to its 
displacement and acceleration: 


Solve for a to obtain: 


Substitute for a in equation (3) to 
obtain: 
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Picture the Problem We can find the 
speed of the system when it has moved a 
given distance by using a constant- 
acceleration equation. Under the influence 
of the forces shown in the free-body 
diagrams, the blocks will have a common 
acceleration a. The application of 
Newton’s 2™ law to each block, followed 
by the elimination of the tension T and the 
use of the definition of fk, will allow us to 
determine the acceleration of the system. 


Using a constant-acceleration 
equation, relate the speed of the 
system to its acceleration and 
displacement; solve for its speed: 


Apply F,,, = md to the block whose 


mass is mı: 


Using fk = 44/",, Substitute (3) in (2) 
to obtain: 


Apply DF, = ma, to the block 


whose mass is m3: 


Add the last two equations to 
eliminate T and solve for a to 


4k = -alg 


v =v, +2aAx 


(3) 


or, because vı = 0, vo = v, and Ax = d, 


O=v’ +2ad 
a= 
2d 
2 
_ y 
Hk Qed 


v =v +2aAx 


and, because vp = 0, 


y=~2aAx 


XP, = T—f, —migsin30° = m;a 
and 
ZF, = Fa — migcos30° = 0 


ol 


(1) 


(2) 


(3) 


T — 4 mg cos30° — m,gsin30° = m;a 


mg -— T = ma 


d= 
m +m, 


(m, — m, cos30° — m, sin 30°)g 
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obtain: 


Substitute numerical values and a =1.16m/s* 
evaluate a: 


Substitute numerical values in v= ha .16m/s? \(0.3 m) = 0.835m/s 


equation (1) and evaluate v: 


and | (a) is correct. 
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Picture the Problem Under the influence 
of the forces shown in the free-body 
diagrams, the blocks are in static 
equilibrium. While f; can be either up or 
down the incline, the free-body diagram 
shows the situation in which motion is 
impending up the incline. The application 
of Newton’s 2™ law to each block, 
followed by the elimination of the tension 
T and the use of the definition of fs, will 
allow us to determine the range of values 
for mp. 


Êy 


(a) Apply XF = mā to the block LF, =T E fmax ~ migsin30° = 0 (1) 
and 
XF, = Fai — mygcos30° = 0 (2) 


whose mass is mı: 


Using f; max = HsF'n, Substitute (2) in P+ u,m,g cos 30° 3) 
(1) to obtain: -mg sin 30° = ma 
Apply 2I. = ma, to the block mg-T=0 (4) 


whose mass is m3: 


Add equations (3) and (4) to m, =m; (+ L, cos30° + sin30°) ; 
eliminate T and solve for my: =(4kg)[+ (0.4)cos30° +sin 30°] O 


Evaluate (5) denoting the value of m, , =3.39kg and m, _ =0.614kg 


m with the plus sign as M+ and the -10 614kg <m. <3 39kg 
J) Q, Sm, S3. 


value of m, with the minus sign as 


m, to determine the range of values 
of m, for which the system is in 
static equilibrium: 
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(b) With mz = 1 kg, the impending 
motion is down the incline and the 
static friction force is up the incline. 
Apply ee = ma, to the block 


whose mass is mı: 


Apply DF, = ma, to the block 


whose mass is mz: 


Add equations (6) and (7) and solve 
for and evaluate fy: 
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Picture the Problem Under the influence 
of the forces shown in the free-body 
diagrams, the blocks will have a common 
acceleration a. The application of 
Newton’s 2™ law to each block, followed 
by the elimination of the tension T and the 
use of the definition of fk, will allow us to 
determine the acceleration of the system. 
Finally, we can substitute for the tension in 
either of the motion equations to determine 
the acceleration of the masses. 


Apply XF = m@ to the block 


whose mass is mı: 


Using fk = Fn, Substitute (2) in (1) 
to obtain: 


Apply r = ma, to the block 


whose mass is m3: 


Add equations (3) and (4) to 
eliminate T and solve for a to 
obtain: 

Substituting numerical values and 
evaluating a yields: 


T+ f,—m,gsin30° = 0 (6) 
mg —T =0 (7) 
fs = (msin30° — m2)g 
= [(4 kg)sin30° — 1 kg](9.81 m/s”) 
=| 9.81N 
T 
mg 
| 
x 
LF, = T— fe —migsin30° =ma (1) 
and 
ZF, = Fn — m)gcos30° = 0 (2) 
T — um g cos 30° 3) 
-mg sin 30° = ma 
mg -— T = ma (4) 


(m, — m cos 30° — m, sin 30°)g 


a= 
m +m, 


a =| 2.36 m/s’ 
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Substitute for a in equation (3) to T =| 37.3N 


obtain: 


+38 oo 
Picture the Problem The truck will stop in y 

the shortest possible distance when its | 
acceleration is a maximum. The maximum F 
acceleration is, in turn, determined by the s 
maximum value of the static friction force. = 

The free-body diagram shows the forces Tre sae 

acting on the box as the truck brakes to a — —x 
stop. Assume that the truck is moving in 

the positive x direction and apply Newton’s 

2™ law and the definition of fsmax to find 


the shortest stopping distance. mg 
Using a constant-acceleration v? =v} + 2aAx 
equation, relate the truck’s stopping or, since v = 0, 
distance to its acceleration and z 
initial velocity; solve for the AX in = Sn 
stopping distance: 2a max 
Apply F, = mā to the block: LF, = = fema = Madmax (1) 
and 
ZF, =F a- mg=0 (2) 
Using the definition of fmax, solve Fomax = UsFn 
equations (1) and (2) simultaneously and 
for a: Amex = —4g = — (0.3)(9.81 m/s’) 
= -2.943 m/s” 
Substitute numerical values and evaluate Axmin: 
z nel TA 2 
Be (80 km/h)’ (1000 km/m)’(1h/3600s)° _ ae 


n 2(— 2.943 mis”) 
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Picture the Problem We can find the 
coefficient of friction by applying 
Newton’s 2™ law and determining the 
acceleration from the given values of 
displacement and initial velocity. We can 
find the displacement and speed of the 
block by using constant-acceleration 
equations. During its motion up the incline, 
the sum of the kinetic friction force and a 
component of the object’s weight will 
combine to bring the object to rest. When it 
is moving down the incline, the difference 
between the weight component and the 
friction force will be the net force. 


(a) Draw a free-body diagram for 
the block as it travels up the incline: 


Apply XF = md to the block: 


Substitute fk = 4&Fn and Fn from (2) 
in (1) and solve for 4: 


Using a constant-acceleration 
equation, relate the final velocity of 
the block to its initial velocity, 


acceleration, and displacement: 


Solving for a yields: 


Substitute numerical values and 
evaluate a: 


ti =? 


x,;=8m 
vı = 5.2 
A 
fy =0 
Xp = 0 
vo = 14% 
A 
Fa Pa 
N 
37° 
d \ 
mg 
XF, = -— fk — mgsin37°= ma (1) 
and 
ZF, = Fa- mg cos37° = 0 (2) 
_—gsin37° -a 
pane 
gcos37° 
7 (3) 
= — tan 37° -————__ 
g cos37° 
v =v, +24Ax 
yy 
2Ax 
2m/s) - (1 ? 
a= C2) —(l4mis)’ _ _ 19 6s? 


2(8m) 


Substitute for a in (3) to obtain: 


(b) Use the same constant- 
acceleration equation used above but 
with vı = 0 to obtain: 


Solve for Ax to obtain: 


Substitute numerical values and 
evaluate Ax: 


(c) When the block slides down the 
incline, fg is in the positive x 
direction: 
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_ 2 
i =—tan37 10.6m/s 


(9.81m/s? kos37° 


-m 


0 = v +2aAx 


9.25m 


ZF, = fk- mgsin37°= ma 
and 
LF, = Fa — mgcos37° = 0 


Solve for a as in part (a): a = g(u, cos37° —sin37°) = —1.21 m/s? 


Use the same constant-acceleration v? =v? +2aAx 
0 


equation used in part (b) to obtain: 


Set vo = 0 and solve for v: v =Ẹ424Ax 


Substitute numerical values and 


v= /2(-1.21m/s?)(—9.25m) 


evaluate v: 


40 ee 
Picture the Problem We can find the stopping distances by applying Newton’s 2” law 
to the automobile and then using a constant-acceleration equation. The friction force the 
road exerts on the tires and the component of the car’s weight along the incline combine 
to provide the net force that stops the car. The pictorial representation summarizes what 
we know about the motion of the car. We can use Newton’s 2™ law to determine the 
acceleration of the car and a constant-acceleration equation to obtain its stopping 
distance. 
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ty =0 
Xp =0 
Vo = 30 Ys 


(a) Using a constant-acceleration 
equation, relate the final speed of 
the car to its initial speed, 
acceleration, and displacement; 
solve for its displacement: 


Draw the free-body diagram for the 
car going up the incline: 


Apply XF = ma to the car: 


Substitute f; max = 4sFn and Fp from 
(2) in (1) and solve for a: 


Substitute numerical values in the 
expression for Axmin to obtain: 


(b) Draw the free-body diagram for 
the car going down the incline: 


Vp = Vo + 2A nap AX 


max min 


or, because v, = 0, 


2 
_ —Yo 


mg 

ZF, = -fs max — mgsin15° = ma (1) 
and 

ZF, = F, — mgcos15° = 0 (2) 


d nax = -g(u, cos15°+ sin15°) 
= —9.17 m/s? 


—(30m/s) 
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Apply XF = mā to the car: XF; = fsmax — mgsin15° = ma 
and 
LF), = F, —mgcos15° = 0 


ax = E(u, COS15° —sin15°) = 4.09 m/s? 


max 


Proceed as in (a) to obtain dmax: 


Again, proceed as in (a) to obtain the -v 


2a 


max 


displacement of the car: min T 


_ GBOm/sy _ 
sree 


4M 

Picture the Problem The friction force the road exerts on the tires provides the net force 
that accelerates the car. The pictorial representation summarizes what we know about the 
motion of the car. We can use Newton’s 2™ law to determine the acceleration of the car 
and a constant-acceleration equation to calculate how long it takes it to reach 100 km/h. 


vg =0 v = 100 Km/h 


(a) Because 40% of the car’s weight 

is on its two drive wheels and the 

accelerating friction forces act just 

on these wheels, the free-body a 
diagram shows just the forces acting 


on the drive wheels. 


Apply XF = mā to the car: ZF, = fs,max = ma (1) 
and 
EF, = F,— 0.4mg=0 2) 


Use the definition of fs,max in 
equation (1) and eliminate F, 
between the two equations to obtain: 


(b) Using a constant-acceleration 
equation, relate the initial and final 


a =0.4u,g = 0.4(0.7)(0.81m/s°) 


- [Ers] 


vi =V +4At 
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velocities of the car to its or, because vo = 0 and At = t, 
acceleration and the elapsed time; re vi 

$ U: 
solve for the time: a 


Substitute numerical values and evaluate t: 


ee (100 km/h)(1h/3600s)(1000m/km) _ ion: 
2.75 m/s” 
*42 ee 
Picture the Problem To hold the box in 7 
place, the acceleration of the cart and box ra 
must be great enough so that the static E 
friction force acting on the box will equal F, 


the weight of the box. We can use cai, aa 
Newton’s 2™ law to determine the 
minimum acceleration required. 


mg 
(a) Apply XF = mä to the box: ZF, = Fa = Mamin (1) 
and 
xP, = femax aad mg = 0 (2) 
Substitute gF, for f; max in equation LF —mg=0, “ma,,;,) —mg =9 
(2), eliminate F, between the two and 
equations and solve for and evaluate g — 9.81m/s? 7 
Qa. = = > =| 16.4m/s 
ia me gg 7A | 
(b) Solve equation (2) for fi max, and famas = Mg 
substitute numerical values and = (2 kg)(9.81 m/s’) = | 19.6 N 
evaluate f; max: 
(c) If a is twice that required to hold fmax =| 19.6N 


the box in place, fs will still have its 
maximum value given by: 


(d) | Because g/ 4, is a,,;,, the box will not fall if a > g/y,. 


min? 
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Picture the Problem Note that the blocks have a common acceleration and that 
the tension in the string acts on both blocks in accordance with Newton’s third 
law of motion. Let down the incline be the positive x direction. Draw the free- 
body diagrams for each block and apply Newton’s second law of motion and the 
definition of the kinetic friction force to each block to obtain simultaneous 


equations in a, and 7. 


Draw the free-body diagram for the 
block whose mass is mı: 


Apply XF = md to the upper block: 


The relationship between fg, and Fa,1 
is: 


Eliminate fk, and F;,; between (1), 
(2), and (3) to obtain: 


Draw the free-body diagram for the 
block whose mass is m: 


Apply XF = ma to the block: 


The relationship between fk and 
Fy is: 


Eliminate fk2 and Fn2 between (5), 
(6), and (7) to obtain: 
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LF, =-fkı + Tı + migsind =ma, (1) 
and 
LF, = Faı —migcosé = 0 (2) 


Sic = MeFi (3) 


—Lkmgcos@ + Tı T mygsin@ =mM ay (4) 


LF, =- fk2— Tr + mgsinO= ma, (5) 
and 
XF, = Fy2—m2gcos0 = 0 (6) 


f2 = Mok n,2 (7) 


—L2mogcos@ — T) + mgsinð =mpa, (8) 
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Noting that T, = T,= T, add Hym + [My 


equations (4) and (8) to eliminate T x m,+m, 
and solve for a,: 


Substitute numerical values and a. =| —0.965m/s? | where the minus 


x 


evaluate a, to obtain: : so tee ja 
i sign tells us that the acceleration is directed 


up the incline. 


(b) Eliminate a, between equations _ mm, (ii> = Mka eg cos0 


T 
(4) and (8) and solve for T= Ti = T) m +m, 
to obtain: 
Substitute numerical values and T =| 0.184N 
evaluate T: 
*44 o 


Picture the Problem The free-body y 
diagram shows the forces acting on the 
two blocks as they slide down the 
incline. Down the incline has been 
chosen as the positive x direction. T is 
the force transmitted by the stick; it can 


F. 
be either tensile (T > 0) or compressive F 5 
(T <0). By applying Newton’s 2" law 
to these blocks, we can obtain equations 
in T and a from which we can eliminate Sig 
either by solving them simultaneously. 5x X 
Once we have expressed T, the role of 
the stick will become apparent. mg 
(a) Apply YF = mā to block 1: > F, =T,+megsind— f,,=ma 
and 
2P, = F,,-mgcos@=0 
Apply XF = ma to block 2: ve =m,gsinOd—T, — f,, = ma 
and 
> F, = F,, -m gcos = 0 
Letting Tı = T = T, use the ma=mgsin0+T—p,m,gcos0 (1) 


definition of the kinetic friction 
force to eliminate fk, and Fi, 
between the equations for block 1 
and f,.2 and Fp, between the 
equations for block 2 to obtain: 


and 
m,a =m,gsinĝ -T — u,m,gcosů (2) 
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Add equations (1) and (2) to 
eliminate T and solve for a: a=| g| sin0 Him + Ham cosa 
m, +m, 


(b) Rewrite equations (1) and (2) by . T 
dividing both sides of (1) by mı and Be eee dhe Ose (3) 
both sides of (2) by m to obtain. : 


and 
. T 
a = g sin 0 — — — u, g cos 0 (4) 
m, 
Subtracting (4) from (3) and HM 
rearranging yields: T= 12 (u, — u, )g cos 
Mı =M, 


If 4 = 44, T =0 and the blocks move down the incline with the same 


acceleration of g(sind — u cos 6), Inserting a stick between them can't 


change this; therefore, the stick must exert no force on either block. 


45 »% 
Picture the Problem The pictorial 
representation shows the orientation of the 
two blocks on the inclined surface. Draw 
the free-body diagrams for each block and 
apply Newton’s 2” law of motion and the 
definition of the static friction force to each 
block to obtain simultaneous equations in 
8, and T. 


(a) Draw the free-body diagram for 


the lower block: = 7 Fy 


/ S 
0. a 
/ x 
me 
Apply XF = mä to the block: LF, = megsin@, -fsı — T= 0 (1) 
and 
ZF, = Fri — mgcos®@& = 0 (2) 


The relationship between f,; and Fy, Sai = Us Pa (3) 
is: 
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Eliminate f,; and F’,; between (1), 
(2), and (3) to obtain: 


Draw the free-body diagram for the 
upper block: 


Apply XF = ma to the block: 


The relationship between f2 and Fi2 
is: 


Eliminate f,. and F,2 between (5), 
(6), and (7) to obtain: 


Add equations (4) and (8) to 
eliminate T and solve for 6.: 


(b) Because @ is greater than the 
angle of repose (tan™' (44,1) = 

tan '(0.4) = 21.8°) for the lower 
block, it would slide if T= 0. Solve 
equation (4) for T: 


Substitute numerical values and evaluate 7: 


mgsin®@, — Usimgcos@, -T=0 (4 


ZF, =T + mgsin@, —f,2 = 0 (5) 
and 

ZF, = Fa2 — mogcos& = 0 (6) 
Ss2 = bs2F a2 (7) 


T + mogsin 6, — Ls 2mgcos h; = 0 (8) 


9 = apl Ho + Usam, 
: | m+m, 
_ an| (0-4)(0.2kg)+ (0.6)(0.1kg) 
0.1kg+0.2kg 


- [507 


T= m,g(sin Oc — L, COS 0.) 


T= (0.2kg)(0.81 m/s? )[sin25° - (0.4)cos25°] = 
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Picture the Problem The pictorial 
representation shows the orientation of the 
two blocks with a common acceleration on 
the inclined surface. Draw the free-body 
diagrams for each block and apply 
Newton’s 2™ law and the definition of the 
kinetic friction force to each block to 
obtain simultaneous equations in a and 7. 


(a) Draw the free-body diagram for 
the lower block: 


Apply XF = ma to the lower ZF, = mgsin20° — fkı — T= ma (1) 
block: and 

XF, = Fn — migcos20° = 0 (2) 
Express the relationship between fk, fea = ent (3) 
and Fi): 
Eliminate f..; and F, between (1), m,g sin 20° — 4, mg cos 20° 7 
(2), and (3) to obtain: -T=ma (4) 


Draw the free-body diagram for the 
upper block: F > 


Apply XF = ma to the upper LF. = T + mgsin20° - fk2=5 ma (5) 
block: and 

LP, = Fag — mgcos20° = 0 (6) 
Express the relationship between fk,2 fk2 = Lk2Fn2 (7) 


and F2 : 
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Eliminate f,.2 and F,2 between (5), T +m,g sin 20° — f4,,m,g cos 20° 
(2), and (7) to obtain: =m,a 


Add equations (4) and (8) to 
eliminate T and solve for a: 


Substitute the given values and a=] 0.944 m/s” 


a= 


: + 
g| sin 20° — Ai T Ham cos 20° 
mM, + m, 


evaluate a: 
(b) Substitute for a in either equation T= | = 0.426N | : i.e., the rod is under 
(4) or equation (8) to obtain: : 

compression. 
*47 oe 
Picture the Problem The vertical y 
component of F reduces the normal force; > i a 
hence, the static friction force between the Fy F 
surface and the block. The horizontal 
component is responsible for any tendency <—_—_— O\ x 
to move and equals the static friction force a 
until it exceeds its maximum value. We can 
apply Newton’s 2™ law to the box, under 
equilibrium conditions, to relate F to @. mg 


(a) The static-frictional force opposes the motion of the object, and the maximum value 
of the static-frictional force is proportional to the normal force Fy. The normal force is 
equal to the weight minus the vertical component Fy of the force F. Keeping the 
magnitude F constant while increasing 0 from zero results in a decrease in Fy and thus a 
corresponding decrease in the maximum static-frictional force fmax: The object will begin 
to move if the horizontal component Fy of the force F exceeds fmax. An increase in 0 
results in a decrease in Fy. As @ increases from 0, the decrease in Fy is larger than the 
decrease in Fy, so the object is more and more likely to slip. However, as 6 approaches 
90°, Fy approaches zero and no movement will be initiated. If F is large enough and if 0 
increases from 0, then at some value of @ the block will start to move. 


(b) Apply XF = mā to the block: ZF, =Fcosé— f= 0 (1) 
and 
XF, = Fa + Fsinĝ- mg = 0 (2) 


Assuming that f; = fs max, eliminate f; F= Lmg 
and F, between equations (1) and cosĝ + u, sin 0 
(2) and solve for F: 
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Use this function with mg = 240 N to generate the table shown below: 


0 | (deg) | 0 10 | 20 | 30 | 40 | 50 | 60 
F| (N) | 240 | 220 | 210 | 206 | 208 | 218 | 235 


The following graph of F(@) was plotted using a spreadsheet program. 


240 


235 


230 


225 


F (N) 


220 


215 


210 


205 
0 10 20 30 40 50 60 


theta (degrees) 


From the graph, we can see that the minimum value for F occurs when 0 ~ 32°. 


Remarks: An alternative to manually plotting F as a function of 0 or using a 
spreadsheet program is to use a graphing calculator to enter and graph the function. 


48 eee 
Picture the Problem The free-body 

diagram shows the forces acting on the F, 
block. We can apply Newton’s 2™ law, 

under equilibrium conditions, to relate F to "I 
0 and then set its derivative with respect to 

0 equal to zero to find the value of 0 that 


minimizes F. 


(a) Apply >) F = md to the block: EF, =Fcos6— f= 0 (1) 
and 
XF, = Fa + Fsinĝ- mg = 0 (2) 
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Assuming that f = fmax, eliminate f F= HME (3) 
and F, between equations (1) and (2) cos@+ u, sind 
and solve for F: 


To find @nin, differentiate F with respect to Oand set the derivative equal to zero for 
extrema of the function: 


(cos 0+ u, sin 0) © (umg) wang (cos + usin) 


dF 
do (cos + u, sind) (cos + u, sind) 
= umg( smg tH, os) = 0 for extrema 
(cos + u, sin 8) 
Solve for Onin to obtain: a 
(b) Use the reference triangle shown below ie HME 
to substitute for cosĝand sin@ in equation ee 1 +u Hs 
(3): l+ lta, 
a Bm 
I+ un 
I+, 
_ Hs m g 
Ei 


(c) 


The coefficient of kinetic friction is less than the coefficient of static friction. 


An analysis identical to the one above shows that the minimum force one 
should apply to keep the block moving should be applied at an angle given by 


Oaia = tan™ u. Therefore, once the block is moving the coefficient of friction 


m 


will decrease, so the angle can be decreased. 
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Picture the Problem The vertical component of F increases the normal force and the 
static friction force between the surface and the block. The horizontal component is 
responsible for any tendency to move and equals the static friction force until it exceeds 
its maximum value. We can apply Newton’s 2” law to the box, under equilibrium 
conditions, to relate F to @. 
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(a) As @increases from zero, F 

increases the normal force exerted by 

the surface and the static friction force. 

As the horizontal component of F id 
decreases with increasing @ one would f. 
expect F to continue to increase. 


(b) Apply XF = mä to the block: ZF, =Fcosd—f,= 0 

and 

LF, = F, — Fsinĝ- mg = 0 (2) 
Assuming that f; = f; max, eliminate fy F= HME 8) 
and F, between equations (1) and cos — u, sin 0 
(2) and solve for F: 


Use this function with mg = 240 N to generate the table shown below. 


0 | (deg)| 0 10 | 20 | 30 | 40 50 60 
F (N) | 240 | 273 | 327 | 424 | 631 | 1310 | very 
large 


The graph of F as a function of 0, plotted using a spreadsheet program, confirms our 
prediction that F continues to increase with 6. 


F (N) 


0 10 20 30 40 50 
theta (degrees) 


(a) From the graph we see that: Oaa = 


301 
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(b) Evaluate equation (3) for 0= 0° F= 44mg 
to obtain: cos 0° — u, sin 0° 


(c) You should keep the angle at 0°. 


Remarks: An alternative to the use of a spreadsheet program is to use a graphing 


=| umg 


calculator to enter and graph the function. 
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Picture the Problem The forces acting on each of these masses are shown in the free- 
body diagrams below. m, represents the mass of the 20-kg mass and m, that of the 100-kg 
mass. As described by Newton’s 3" law, the normal reaction force F n1 and the friction 
force fy, (= fx2) act on both masses but in opposite directions. Newton’s 2" law and the 
definition of kinetic friction forces can be used to determine the various forces and the 
acceleration called for in this problem. 


(a) Draw a free-body diagram 


showing the forces acting on the Ft 
20-kg mass: z 
fı 
—> — 1 
meg 
Apply XF = mā to this mass: LF, = fi, = ma) (1) 
and 
2 = Fi mig = 0 (2) 


Solve equation (1) for fk,ı: fi =mya, = (20 kg)(4 m/s’) = | 80.0 N 


(b) Draw a free-body diagram 1 


showing the forces acting on the F2 
100-kg mass: ra 


Apply XF, = ma, to the 100-kg Poi = md, 


object and evaluate Fret: = (1 00 kg)(6 m/s”) = 


Express F in terms of Fre and fx2: 


(c) When the 20-kg mass falls off, 
the 680-N force acts just on the 
100-kg mass and its acceleration is 
given by Newton’s 2™ law: 


51 
Picture the Problem The forces acting on 
each of these blocks are shown in the free- 
body diagrams to the right. mı represents 
the mass of the 60-kg block and m, that of 
the 100-kg block. As described by 
Newton’s 3" law, the normal reaction force 
Fa, and the friction force fk (= fx2) act on 
both objects but in opposite directions. 
Newton’s 2™ law and the definition of 
kinetic friction forces can be used to 
determine the coefficient of kinetic friction 
and acceleration of the 100-kg block. 


(a) Apply XF = ma to the 60-kg 
block: 


Apply XF, = ma, to the 100-kg 
block: 


Using equation (2), express the 
relationship between the kinetic 


friction forces f, ,and f,,: 


Substitute equation (4) into equation 
(1) and solve for 4p: 


Substitute numerical values and 
evaluate 4g: 


(b) Substitute equation (4) into 
equation (3) and solve for ap: 
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F = Fru + fio = 600 N 4 80 N= | 680N | 


Fa _ 680N 3 
= —tet = ——— =| 6.80m/s 
= oke ea] 
y 
$ d | > 
| a Fy,2 
Fat 
fe F 
-x 
meg 
LF, =F - fir =miay (1) 
and 
ZF, = Fanı- mig =0 (2) 
fez = M2a2 (3) 
fia = fk2 =e = Mn = umg (4) 
F-ma, 
Ke = 
mg 
320N- (60kg 3 m/s?) 
= =| 0.238 
fk = (60kg)(9.81m/s") eee 
a, = Hans 
mM, 


304 Chapter 5 


Substitute numerical values and eee (0.238\(60kg)(9.81 m/s?) 
evaluate ap: aa 100kg 

=| 1.40m/s’ 
*52 ee 


Picture the Problem The accelerations of 
the truck can be found by applying 
Newton’s 2™ law of motion. The free-body 
diagram for the truck climbing the incline 
with maximum acceleration is shown to the 
right. 


(a) Apply XF = mä to the truck XF, = fsmax —mgsinl12° = ma (1) 
when it is climbing the incline: and 
ZF, = Fa— mgcos12° = 0 (2) 
Solve equation (2) for F, and use Femax = Lmgcos 12° (3) 
the definition of fmax to obtain: 
Substitute equation (3) into equation a= glu, cos12° -sin 12°) 
(1) and solve for a: 
Substitute numerical values and a= (9.8 m/s” )[(0.85)cos12° —sin12°] 
evaluate a: a6 (ae 
(b) When the truck is descending the — fmax — mgsin12° = ma (4) 
incline with maximum acceleration, 
the static friction force points down 
the incline; i.e., its direction is 
reversed on the FBD. Apply 
> F, =ma, to the truck under 
these conditions: 
Substitute equation (3) into equation a= -g(u, cos12°+sin 12°) 
(4) and solve for a: 
Substitute numerical values and a= (- 9.81m/s? )[(0.85)cos12° +sin 12°] 


evaluate a: = 
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Picture the Problem The forces acting on 
each of the blocks are shown in the free- 
body diagrams to the right. m represents 
the mass of the 2-kg block and m that of 
the 4-kg block. As described by Newton’s 
a law, the normal reaction force Fp, and 
the friction force fsı (= fs,2) act on both 
objects but in opposite directions. Newton’s 
2" law and the definition of the maximum 


static friction force can be used to 


determine the maximum force acting on the 
4-kg block for which the 2-kg block does 


not slide. 


(a) Apply XF = ma to the 2-kg 
block: 


Apply XF = ma to the 4-kg block: 


Using equation (2), express the 
relationship between the static 


and f 


s,2,max ° 


friction forces f 


s,l,max 


Substitute (5) in (1) and solve for 


Qmax * 


Solve equation (3) for F = F max: 


Substitute numerical values and 
evaluate Fmax: 


(b) Use Newton’s 2” law to express 
the acceleration of the blocks 
moving as a unit: 


Substitute numerical values and 
evaluate a: 
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au 


N 


— — = 
ont 
my 
Peas | 
5 


mg 
ZF, = Si.1.max = M1đdmax (1) 
and 
Lf = Fame = 0 (2) 
ZF, = F — f; 2,max = M2Qmax (3) 
and 
ZF, = Fa2— Fn, - mg = 0 (4) 
Ss.1.max = f; 2,max = Ls Mg (5) 


Amax = Leg = (0.3)g = 2.94 m/s” 


F, = MA max + Umg 


max 


F =(4kg\2.94m/s? )+ (0.3)(2kg) 


max 


x(9.81m/s?) 
- [7N] 
F 
a= 
m, +m, 
a= A N 1.47 m/s” 
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Because the friction forces are an 
action-reaction pair, the friction 
force acting on each block is given 
by: 


(c) If F = 2F max, then m; slips on mz 
and the friction force (now kinetic) 
is given by: 


Use » F, = ma, to relate the 


acceleration of the 2-kg block to the 
net force acting on it and solve for 


dı: 


Use >) F, = ma, to relate the 


acceleration of the 4-kg block to the 
net force acting on it: 


Solve for az: 


Substitute numerical values and 
evaluate ay: 
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Picture the Problem Let the positive x 
direction be the direction of motion of 
these blocks. The forces acting on each of 
the blocks are shown, for the static friction 
case, on the free-body diagrams to the 
right. As described by Newton’s 3™ law, 
the normal reaction force F, and the 
friction force fsı (= fi2) act on both objects 
but in opposite directions. Newton’s 2" 
law and the definition of the maximum 
static friction force can be used to 


determine the maximum acceleration of the 


block whose mass is mı. 


(a) Apply XF = ma to the 2-kg 
block: 


S=fe= emg 


fk = Kms = ma, 


and 


a = 4g = (0.2)g = 


F — Lmg = ma 


a, 
m, 


f.= ma = (2 kg)(1.47 m/s’) 


- [294] 


_E-amg 


1.96 m/s* 


2(17.7N)-(0.2)(2kg)(9.81m/s?) 


2 


=| 7.87 m/s? 


$S, 
—x 
p 


4kg 


ZF, = Joimaz = M1đdmax 


and 


(1) 


Apply XF = mä to the 4-kg 
block: 


Using equation (2), express the 
relationship between the static 
and f 


s,2,max ° 


friction forces TE 
Substitute (5) in (1) and solve for 


dmax: 
(b) Use > F, = ma, to express the 


acceleration of the blocks moving 
as a unit: 


Apply DF. = ma, to the object 


whose mass is m3: 


Add equations (6) and (7) to 
eliminate T and then solve for and 
evaluate m3: 


(c) If m3 = 30 kg, then m will slide 
on m, and the friction force (now 
kinetic) is given by: 


Use ER = ma, to relate the 


acceleration of the 30-kg block to 
the net force acting on it: 


Noting that az = a3 and that the 
friction force on the body whose 
mass is m is due to kinetic friction, 
add equations (3) and (8) and solve 
for and evaluate the common 
acceleration: 


With block 1 sliding on block 2, the 
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LF, = Fai- mg =0 (2) 
ZF = T — f; 2,max = M2Qmax (3) 
and 

ZF, = Fig Fat mg = 0 (4) 
Sotia = fi.2,.max = Us Mg (5) 


dmax = Leg = (0.6)g = | 5.89m/s* 


T = (m; + m2) amax (6) 


mg — T = M3 Amax (7) 


n, = Hl +m) _ (0.6\10kg + 5kg) 
= = 


1- u, 1-0.6 


=| 22.5kg 


J= fk = Hmg 


mg — T = 303 (8) 


g(m, a um) 

m, + m, 
_ (0.81m/s?)B0kg - (0.4X5kg)] 
7 10kg +30kg 


6.87 m/s* 


a, =a, = 


fk = WM g =Ma (1') 
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friction force acting on each is T-fe = T- amg = ma (3’) 
kinetic and equations (1) and (3) 

become: 

Solve equation (1') for and evaluate 4 = uU,g= (0.4) (9.81 m/s” ) 

a =| 3.92 m/s? 

Solve equation (3’) for T: T = m,a, + 44mg 


Substitute numerical values and evaluate T: 


T = (10kg)(6.87 m/s? )+ (0.4\'5kg)(9.81m/s?)= 


55 ° 

Picture the Problem Let the direction of 
motion be the positive x direction. The 
free-body diagrams show the forces acting 
on both the block (M) and the 


counterweight (m). While T, # T,, jit ss T 
By applying Newton’s 2™ law to these 


blocks, we can obtain equations in T and a 
from which we can eliminate the tension. 


su 
A 
= 
—> 
D 


/ > 0 

Once we know the acceleration of the Kk \ 
block, we can use constant-acceleration B z 
equations to determine how far it moves in Mg mg 
coming to a momentary stop. 
(a) Apply XF = md to the block ya =T, —Mgsin 0- fą = Ma 
on the incline: and 

> F, = F,—Mgcos@=0 
Apply XF = ma to the > F, =mg—T,=ma (1) 
counterweight: 
Letting 7; = T, = T and using the T-MgsinO-,Mgcos0=Ma_ (2) 


definition of the kinetic friction 
force, eliminate fg and F, between 
the equations for the block on the 
incline to obtain: 


Eliminate T from equations (1) and m-M (sin 0+ u, cos 0) 
(2) by adding them and solve for a: a= T 
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Substitute numerical values and evaluate a: 


qa Sook = (1600kg) (sin10° + 0.15co0s10°) 


(9.81m/s?)=| 0.163 m/s” 


550kg +1600kg 


(b) Using a constant-acceleration 
equation, relate the speed of the 
block at the instant the rope breaks 
to its acceleration and displacement 
as it slides to a stop. Solve for its 
displacement: 


The block had been accelerating up 
the incline for 3 s before the rope 
broke, so it has an initial speed of : 


From equation (2) we can see that, 
when the rope breaks (T = 0) and: 


Substitute in equation (3) and 
evaluate Ax: 


(c) When the block is sliding down 
the incline, the kinetic friction force 
will be up the incline. Express the 
block’s acceleration: 


56 coo 
Picture the Problem If the 10-kg block is 
not to slide on the bracket, the maximum 


value for F must be equal to the maximum 
value of f, and will produce the maximum 
acceleration of this block and the bracket. 
We can apply Newton’s 2” law and the 
definition of f; max to first calculate the 
maximum acceleration and then the 
maximum value of F. 


(a) and (b) Apply YF = mä to the 


10-kg block when it is experiencing 
its maximum acceleration: 


2 2 
Vv; =v; + 2aAx 
or, because vf = 0, 
2 
v 


Ax =—4 (3) 


2a 


(0.163 m/s’)(3 s) = 0.489 m/s 


a = -g(sin 8 + u, cos@) 
= —(0.81m/s?)[sin10°+ (0.15)cos10°] 
= -3.15 m/s? 


where the minus sign indicates that the 
block is being accelerated down the 
incline, although it is still sliding up the 
incline. 


- (0.489 m/s) 


a = -g(sin 0- u, cos) 
= -(9.81m/s”)[sin 10° —(0.15)cos10°] 


=| —0.254m/s” 


P 
mg 


xP, = femax -F= M242 max (1) 
and 
ZF, = Fa2 -mg = 0 (2) 
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Express the static friction force Jemax = BE 2 (3) 
acting on the 10-kg block: 


Eliminate fs,max and F2 from Lmg — F = ma max (4) 
equations (1), (2) and (3) to obtain: 
Apply >F, = ma, to the bracket 2F — Lmg = M141 max (5) 
to obtain: 
Because a1 max = 42 max, denote this a M,N, 
acceleration by dmax. Eliminate F = m,+2m, 
from equations (4) and (5) and solve 
fOr Amax: 
Substitute numerical values and nE (0.4)(1 0 kg)(9.8 1m/s? ) 
evaluate dmax: ae 5kg + 2(10kg) 
=| 1.57 m/s? 
Solve equation (4) for F= Pax: F = HUME ~~ MA nax = m, (ug -aax ) 
Substitute numerical values and F= (1 Okg)|(0.4)(9.8 1m/s* )- 1.57 m/s? | 
evaluate F: -|23 5N 
#57 e 


Picture the Problem The free-body 
diagram shows the forces acting on the 
block as it is moving up the incline. By 
applying Newton’s 2" law, we can obtain 
expressions for the accelerations of the 
block up and down the incline. Adding and 
subtracting these equations, together with 
the data found in the notebook, will lead to 
values for gy and 4k. 


mgy 


Apply > F, = md to the block when > F, =—f, —mgy sin 0 =ma,, 
it is moving up the incline: and 
DF, =F —mg,, cos0=0 
Using the definition of fk, eliminate Ay = -Ugy COS 0- g,sin (1) 


F, between the two equations to 
obtain: 
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When the block is moving down the low = Ly &y COSO — gy sind (2) 
incline, f, is in the positive x 
direction, and its acceleration is: 


Add equations (1) and (2) to obtain: Ary taion = —2¢,, sind (3) 
Solve equation (3) for gy: Op + Adown 
antes 2sin 0 
Determine 0 from the figure: 
6 = tan} 2 Bslapp | _ 19 g0 
3.82 glapp 


Substitute the data from the notebook in equation (4) to obtain: 


_ 1.73glapp/plipp* + 1.42 glapp/plipp* _ 


8.41 glapp/plipp* 
j —2sin10.8° | 8.41 glappiplipp 
Subtract equation (1) from equation sown lu = 2h Zy COs O 
(2) to obtain: j 
Solve for x: Adown ~ Fup 
fer =. A 
22, cos 


Substitute numerical values and evaluate 14: 


= . 2 = . 2 
i 1.42 glapp/plipp l glapp/plipp [o1] 
Je 8.41 glapp/plipp cos 10.8° 
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Picture the Problem The free-body 
diagram shows the block sliding down the 
incline under the influence of a friction 
force, its weight, and the normal force 
exerted on it by the inclined surface. We 
can find the range of values for m for the 
two situations described in the problem 
statement by applying Newton’s 2" law of 
motion to, first, the conditions under which 
the block will not move or slide if pushed, 
and secondly, if pushed, the block will 
move up the incline. 


(a) Assume that the block is sliding > F.=-f.+Mgsin@ =0 
down the incline with a constant í 
velocity and with no hanging weight and 


(m = 0) and apply XF = mda to 2E, = F —Mgcosé=0 


312 Chapter 5 


the block: 


Using fk = Fn eliminate Fa 
between the two equations and solve 
for the net force acting on the block: 


If the block is moving, this net force 
must be nonnegative and: 


This condition requires that: 


Because 44 = 0.2, this condition is 
satisfied and: 


To find the maximum value, note 
that the maximum possible value for 
the tension in the rope is mg. For 
the block to move down the incline, 
the component of the block’s weight 
parallel to the incline minus the 
frictional force must be greater than 
or equal to the tension in the rope: 


Solve for max: 


Substitute numerical values and 
evaluate max: 


The range of values for m is: 


(b) If the block is being dragged up 
the incline, the frictional force will 
point down the incline, and: 


Solve for and evaluate m min: 


If the block is not to move unless 
pushed: 


Solve for and evaluate Max: 


The range of values for m is: 


F « =- U, Mg cos + Mg sin 0 


(— u, cos + sin 0)Mg > 0 


L, <tan@ = tan18° = 0.325 


Mgsin0— 44,Megcos@ = mg 


Mya <M (sin 0- u, cos) 


a 


Ma, < (100 kg)[sin 18° —(0.2)cos18°] 
=11.9kg 


0<m<11.9kg 


Mg sin@+ Mg cos0< mg 


Mmin > M (sin@+ 4 cos@) 
= (100 kg)[sin18° + (0.2)cos18°] 
= 49.9kg 


Mg sin@ + u, Mg cos@ > mg 


Mmax < M (sin@+ L; cos8) 
= (100 kg)[sin18° + (0.4)cos18°] 
= 68.9kg 


49.9kg < m < 68.9kg 
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Picture the Problem The free-body 
diagram shows the forces acting on the 0.5 
kg block when the acceleration is a 
minimum. Note the choice of coordinate 
system is consistent with the direction of 


F. Apply Newton’s 2” law to the block 
and solve the resulting equations for amin 


and dmax- 
(a) Apply XF = ma to the 0.5-kg ZF, = F,sind— fcos@ = ma (1) 
block: and 

XF, = F,cosé + fsind— mg = 0 (2) 
Under minimum acceleration, Jomar = Fn (3) 


Js= Jfsmax- Express the relationship 
between fi max and Fy: 


Substitute f; max for f; in equation (2) F= mg 
and solve for Fy: ” cos@ + u sin 


Substitute for F, in equation (1) and sin @ — u, cos 0 


min 


solve for a = Amin! cos@+ u, sin 0 
Substitute numerical values and E (9. g1 m/s?)Si03° — (0-8)cos35 
evaluate Amin‘ cos35° + (0.8)sin35° 
= —0.627 m/s” 
Treat the block and incline as a F min = MtoAmin = (2.5 kg)( —0.627 m/s’) 
single object to determine Finin: =|-—1.57N 
To find the maximum acceleration, XF, = F,sind + fcos8 = ma (4) 
reverse the direction of f. and apply and 
XF = ma to the block: LF, = F,cosO— fsind— mg = 0 (5) 
Proceed as above to obtain: Z sin 0 + u, cos 0 
™ 2? cos@— y, sind 

$ è : fo} + i fe} 
Substitute numerical values and a b. g1 m/s?)Si03° (0 8)cos35 
evaluate dmax: cos35° —(0.8)sin35° 


= 33.5m/s” 
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Treat the block and incline as a single 
object to determine Fmax: 


(b) Repeat (a) with 44 = 0.4 to obtain: 


60 œ 

Picture the Problem The kinetic friction 
force fis the product of the coefficient of 
sliding friction 44 and the normal force Fp 
the surface exerts on the sliding object. By 
applying Newton’s 2™ law in the vertical 
direction, we can see that, on a horizontal 
surface, the normal force is the weight of 
the sliding object. Note that the 
acceleration of the block is opposite its 
direction of motion. 


(a) Relate the force of kinetic 
friction to 44, and the normal force 


acting on the sliding wooden object: 


Substitute v = 10 m/s and evaluate 


fe 


(b) Substitute v = 20 m/s and 
evaluate fi: 
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F nax = MiotAmax = (2.5 kg)(33.5 m/s’) 


0.11 
ia mg 


1+2.3x10*y? 


= 0.11(100kg)(9.81 mvs") 7 


(1+2.3x10“(10mvs)’) 


_ 0.11(100kg)(9.81m/s" ) 
(1+2.3x10“"(20m/s)) 
=| 90.5N 


Picture the Problem The pictorial representation shows the block sliding from left to 
right and coming to rest when it has traveled a distance Ax. Note that the direction of the 
motion is opposite that of the block’s acceleration. The acceleration and stopping 
distance of the blocks can be found from constant-acceleration equations. Let the 
direction of motion of the sliding blocks be the positive x direction. Because the surface 
is horizontal, the normal force acting on the sliding block is the block’s weight. 


F, 
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(a) Using a constant-acceleration v= ve +24Ax 
equation, relate the block’s stopping b =0 
distance to its initial speed and as eee es 
acceleration; solve for the stopping Ax =— Vo (1) 
distance: 2a 
Apply DF . = ma, to the sliding ae Fes _ ee ae 
block, introduce Konecny’s m m m 
empirical expression, and solve for 4 0.91 
the block’s acceleration: ee (mg) 
m 
Evaluate a with m = 10 kg: o (0.4)[(10kg)(9.81m/s? yr 
10kg 

=| —2.60m/s* 
Substitute in equation (1) and z (1 0 m/s) 2 
evaluate the stopping distance when Ax = A= 
-e Tom EA 
(b) Proceed as in (a) with (0.4)[(1 00 kg\9.8 1m/s? )] 0.91 
m = 100 kg to obtain: a= 100kg 

=| -2.11m/s° 
Find the stopping distance as in (a): = (10m/s) 


ae eer a e 
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Picture the Problem The kinetic friction force fk is the product of the coefficient of 
sliding friction 44 and the normal force F, the surface exerts on the sliding object. By 
applying Newton’s 2” law in the vertical direction, we can see that, on a horizontal 
surface, the normal force is the weight of the sliding object. We can apply Newton’s 2™ 
law in the horizontal (x) direction to relate the block’s acceleration to the net force acting 
on it. In the spreadsheet program, we’ll find the acceleration of the block from this net 
force (which is velocity dependent), calculate the increase in the block’s speed from its 
acceleration and the elapsed time and add this increase to its speed at end of the previous 
time interval, determine how far it has moved in this time interval, and add this distance 
to its previous position to find its current position. We’ll also calculate the position of the 
block x2, under the assumption that 44 = 0.11, using a constant-acceleration equation. 
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4 


Fa 


The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell Formula/Content Algebraic Form 

C9 C8+$B$6 t+ At 

D9 D8+F9*$B$6 v+aAt 

E9 | $B$5-($B$3)*($B$2)*$B$5/ mg 

A A ECT = ee Fe RN 
(PSPAD (1+2.34x10*v?} 

F9 E10/$B$5 F a/m 

G9 G9+D10*$B$6 x+vAt 

K9 0.5*5.922*1104%2 Lat? 

L9 J10-K10 XOX, 

A B C D E G H I J 

1 g=|9.81  |m/s^2 

2) Coeffl=| 0.11 

3 Coeff2= | 2.30E- 

04 
4 Mass=| 10 kg 
5 Applied | 70 N 
Force= 
6 Time | 0.05 s 
step= t x x2 x—x2 

T 

8 

9 Net 

t v force | a x mu=variable | mu=constant 

10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
11 0.05 0.30 | 59.22 |5.92| 0.01 0.05 0.01 0.01 0.01 
12 0.10 0.59 | 59.22 |5.92} 0.04 0.10 0.04 0.03 0.01 
13 0.15 0.89 | 59.22 |5.92| 0.09 0.15 0.09 0.07 0.02 
14 0.20 1.18 | 59.22 |5.92} 0.15 0.20 0.15 0.12 0.03 
15 0.25 1.48 | 59.23 |5.92} 0.22 0.25 0.22 0.19 0.04 
205 9.75 61.06 | 66.84 |6.68 | 292.37 9.75| 292.37 281.48 10.89 
206| 9.80 61.40 | 66.88 |6.69| 295.44 9.80} 295.44 284.37 11.07 


Applications of Newton’s Laws 317 


207| 9.85 61.73 | 66.91 |6.69|298.53 9.85) 298.53 287.28 11.25 
208| 9.90 62.07 | 66.94 |6.69|301.63 9.90; 301.63 290.21 11.42 
209| 9.95 62.40 | 66.97 |6.70|304.75 9.95) 304.75 293.15 11.61 
210| 10.00 | 62.74 | 67.00 |6.70/307.89| |10.00| 307.89 296.10 [11.79 


The displacement of the block as a function of time, for a constant coefficient of friction 
(4 = 0.11) is shown as a solid line on the graph and for a variable coefficient of friction, 
is shown as a dotted line. Because the coefficient of friction decreases with increasing 


particle speed, the particle travels slightly farther when the coefficient of friction is 


variable. 


cree mu = variable 


mu = constant 


t (9) 


10 


The velocity of the block, with variable coefficient of kinetic friction, is shown below. 


70 


t (9) 


10 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block as it moves to the right. The kinetic 
friction force will slow the block and, 
eventually, bring it to rest. We can relate 
the coefficient of kinetic friction to the 
stopping time and distance by applying 
Newton’s 2™ law and then using constant- 
acceleration equations. 


(a) Apply 2 F = m to the block 


of wood: 


Using the definition of fkę, eliminate 
F, between the two equations to 
obtain: 


Use a constant-acceleration equation 
to relate the acceleration of the 
block to its displacement and its 
stopping time: 


Relate the initial speed of the block, 
Vo, to its displacement and stopping 
distance: 


Use this result to eliminate vo in 
equation (2): 


Substitute equation (1) in equation 
(4) and solve for 4: 


Substitute for Ax = 1.37 m and 
At = 0.97 s to obtain: 


(b) Use equation (3) to find vo: 


a=—-H& (1) 
Ax = v,At +4a(At) (2) 
Ax =v, At = 07” ay 

2 (3) 


+v,At since v = 0. 


Ax = —1+a(At) (4) 
__2Ax 
mela) 
2(1.37 m) 
= =| 0.297 
* ~19 81m/s)(0.97s) oe 
oe 2Ax _ 2(1.37m) _ an 
At 0.97s 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block as it slides down an incline. We can 
apply Newton’s 2™ law to these forces to 
obtain the acceleration of the block and 
then manipulate this expression 
algebraically to show that a graph of a/cos 0 
versus tan@ will be linear with a slope 
equal to the acceleration due to gravity and 
an intercept whose absolute value is the 
coefficient of kinetic friction. 


(a) Apply >» F = mä to the block 


as it slides down the incline: 


Substitute 4%Fn for fk and eliminate 
F, between the two equations to 
obtain: 


Divide both sides of this equation by 
cos@ to obtain: 


Note that this equation is of the form 
y=mxtb: 
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2E, =mgsin@— f, = ma 
and 
XF, =F —mgcos@=0 


a = g(sin 8 — u, cos 8) 


= g tan 0 - gy, 
cos@ 


Thus, if we graph a/cos@ versus tan, we 
should get a straight line with slope g and 


y-intercept —g 4k. 


(b) A spreadsheet solution is shown below. The formulas used to calculate the quantities 


in the columns are as follows: 


Cell Formula/Content Algebraic Form 
C7 0 
D7 a 
E7 TAN(C7*PI()/180) 1 
tan| 0 x — 
í 1 =] 
F7 | D7/COS(C7*PI(Q/180) a 
cos 0 x A 
180 
C D E F 
6 theta a tan(theta) |a/cos(theta) 
7 25 1.691 0.466 1.866 
8 27 2.104 0.510 2.362 
9 29 2.406 0.554 2.751 
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10 31 2.888 0.601 3.370 
11 33 3.175 0.649 3.786 
12 35 3.489 0.700 4.259 
13 37 3.781 0.754 4.735 
14 39 4.149 0.810 5.338 
15 41 4.326 0.869 5.732 
16 43 4.718 0.933 6.451 
17 45 5.106 1.000 7.220 


A graph of a/cos@ versus tan@ is shown below. From the curve fit (Excel’s Trendline 
was used), g = 9.77 m/s” and = 2.62 m/s" = 0.268 
‘a Men agm 


The percentage error in g from the commonly accepted value of 9.81 m/s? is 


9.81m/s? —9.77 m/s” 
100 =| 0.408% 
9.81m/s? l 


y = 9.7681x - 2.6154 
R? = 0.9981 


a/cos(theta) 
Oo e NOU BT DN © 


0.4 0.5 0.6 0.7 0.8 0.9 1.0 


tan(theta) 
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Picture the Problem The free-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We’ll solve the 
problem for the general case in which the 
angle with the horizontal is 0 by applying 
Newton’s 2™ law of motion to the forces 
acting on the stone. 


Apply » F = mG to the stone: LF, = Teos0= ma, =mv/r (1) 
and 
XF\,= TsinO— mg = 0 (2) 
Use the right triangle in the diagram r = Lcos (3) 


to relate r, L, and 0: 


Eliminate T and r between equations v = gL cot@cosO (4) 
(1), (2) and (3) and solve for vz: 


Express the velocity of the stone in j= 2ar (5) 
terms of its period: Í rev 
Eliminate v between equations (4) ee (ese 
and (5) and solve for @: 2 4r L 
Substitute numerical values and , 81 2\(1.22s/ 
0 =sin" ( ons l s) = 25.8° 
evaluate 0: 4n°(0.85m) 


and} (c) is correct. 
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Picture the Problem The free-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We’ll solve the 
problem for the general case in which the 
angle with the horizontal is 0 by applying 
Newton’s 2™ law of motion to the forces 
acting on the stone. 


Apply XF = mä to the stone: EF, = Tcos0=ma,=mv/r (1) 
and 
XF,= TsinO— mg = 0 (2) 
Use the right triangle in the diagram r = Lcos (3) 


to relate r, L, and 6: 


Eliminate T and r between equations 


v=. gL cot@cosé 


(1), (2), and (3) and solve for v: 


Substitute numerical values and 
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Picture the Problem The free-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We’ll solve the 
problem for the general case in which the 
angle with the vertical is 0 by applying 
Newton’s 2" law of motion to the forces 
acting on the stone. 


(a) Apply XF = mä to the stone: XF, = Tsin = ma, 


and 


2 
mv /r 


v = J(9.81m/s?)(0.8m)cot 20° cos 20° 


evaluate v: 
=| 4.50m/s 


(1) 
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XF\= Tcos@ -mg = 0 (2) 
Eliminate T between equations (1) v=./rgtand 
and (2) and solve for v: 
Substitute numerical values and v= q (0.3 5 m)(9.8 1m/s” )tan30° 
evaluate v: 

” =[|141m/s 
(b) Solve equation (2) for T: T= mg 
cos 

Substitute numerical values and (0.75 kg)(9.8 1m/s* ) 

[= =| 8.50N 
evaluate T: cos30° [ 8.50N | 
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Picture the Problem The sketch shows the 
forces acting on the pilot when her plane is 
at the lowest point of its dive. F, is the 
force the airplane seat exerts on her. We’ ll 
apply Newton’s 2™ law for circular motion 
to determine F, and the radius of the 
circular path followed by the airplane. 


(a) Apply Dae = ma, to the pilot: F, -mg = ma, 


Solve for and evaluate F,: F, = mg + ma, = m(g + a.) 
= m(g + 8.5g) = 9.5mg 
= (9.5) (50 kg) (9.81 m/s’) 


- [rsen] 


(b) Relate her acceleration to her v v 
velocity and the radius of the € yr a 
circular arc and solve for the radius: 


Substitute numerical values and evaluate r : 


[(345km/h)(1h/3600s)(1000 m/km)|? _ 
8.5(9.81m/s?) siom 


324 Chapter 5 


69 eo 

Picture the Problem The diagram shows 
the forces acting on the pilot when her 
plane is at the lowest point of its dive. 


F , Is the force the airplane seat exerts on 


her. We’ll use the definitions of centripetal 
acceleration and centripetal force and apply 
Newton’s 2” law to calculate these 
quantities and the normal force acting on 
her. 


v? 
a, = —, upward 
r 


c 


(a) Her acceleration is centripetal 
and given by: 


Substitute numerical values and la 80 km/h)(1h/3600 s)(1 0° /km)} i 
a 
300m 


=| 8.33m/s’, upward 


fo) 


evaluate as: 


(b) The net force acting on her at the F a =ma, = (65 kg)(8.33 m/ s?) 
bottom of the circle is the force =| 541N, upward | 
responsible for her centripetal 

acceleration: 

(c) Apply SF, = ma, to the pilot: F — mg = ma, 

Solve for Fx: F, = mg + ma, = m(g +a.) 
Substitute numerical values and F, = (65 kg)(9.81 m/s? + 8.33 m/s’) 
evaluate F: = | 1.18kN, upward 
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Picture the Problem The free-body y 
diagrams for the two objects are shown to | sie 
the right. The hole in the table changes the z Fy 
direction the tension in the string (which Fy 

provides the centripetal force required to r 


keep the object moving in a circular path) 

acts. The application of Newton’s 2" law 

and the definition of centripetal force will 

lead us to an expression for r as a function mg 
of mı, m, and the time T for one | 


E m iZ 
revolution. 
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Apply >E = ma, to both objects mg-F,=0 
and use the definition of centripetal and 
F, = ma = myrr 


acceleration to obtain: 

Because F = F, we can eliminate 
both of them between these 
equations to obtain: 


v 
oa aga 


Express the speed v of the object in _ 2ar 
terms of the distance it travels each T 
revolution and the time 7 for one 


revolution: 
Substitute to obtain: An’r? 
m,g —m, —,— = 0 
rT 
or 
4r’r _ 
m,g — m, r 0 
P 2 
Solve for r: e m, gT 
An*m, 
#7] e 
Picture the Problem The free-body y J 
diagrams show the forces acting on each È, F, 
block. We can use Newton’s 2™ law to E | ss 
T > 
relate these forces to each other and to the a A i x— 2 
masses and accelerations of the blocks. 
meg mg 
Appl F = ma, to the block = 
pply > x x T-T, =m 
whose mass is m: L 
Appl F = ma, to the block v? 
pply > x x T, =m, 2 
whose mass is mz: L+L, 
Relate the speeds of each block to ne 2aL, co 27 (L + L,) 
their common period and their ! í T 


distance from the center of the 
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circle: 


Solve the first force equation for T>, Don 

i moli T, =| |m,(L,+L,)]| — 
substitute for v2, and simplify to 2 2X 210 
obtain: 


Substitute for T, and v; in the first 


force equation to obtain: i= 


[m,(L, + L, )+ mL | z) 
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Picture the Problem The path of the 
particle and its position at 1-s intervals are 
shown. The displacement vectors are also 
shown. The velocity vectors for the 
average velocities in the first and second 
intervals are along r,, and f,,, respectively, 


and are shown in the lower diagram. 
AV points toward the center of the circle. 5 


Use the diagram to the right to find Ar: 


F 


Ar = 2rsin22.5°= 2(4 cm) sin22.5° 


= 3.06 cm 
Find the average velocity of the Vay = Ar/At = (3.06 cm)/(1 s) 
particle along the chords: = 3.06 cm/s 
Using the lower diagram and the Av = 2v\sin22.5° 
fact that the angle between 
v, and Vv, is 45°, express Av in 
terms of vı (= v2): 
Evaluate Av using Vay as vı: Av = 2(3.06 cm/s)sin22.5° = 2.34 cm/s 
i = : 2.34cm/s 
Now we can determine a = Av/At: ae =| 2.34cm/s? 


ls 
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Find the speed v (= vı = v2 ...) of the v= 27r 7 2n(4cm) =3.14cm/s 
particle along its circular path: T 8s 
Calculate the radial acceleration of v (3. 14 cm/s) 3 
the particle: f. = T 4cm ALAN 
Compare a, and a by taking their a, _ 2.46 cm/s? -1.05 
ratio: a 234cm? ` 

or 

a, =1.05a 
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Picture the Problem The diagram to the 
right has the free-body diagram for the 
child superimposed on a pictorial 
representation of her motion. The force her 
father exerts is F and the angle it makes 
with respect to the direction we’ve chosen 
as the positive y direction is 8 We can 
infer her speed from the given information 
concerning the radius of her path and the 
period of her motion. Applying Newton’s 
2" Jaw as it describes circular motion will 


allow us to find both the direction and 
magnitude of F. 


Apply XF = ma to the child: LF, = FsinO= mv’/r 
and 
ZF, = Fcos — mg = 0 


Eliminate F between these equations alv? 
0 = tan` | — 
and solve for @: rg 
Express v in terms of the radius and yz 2ar 
period of the child’s motion: T 


Substitute for v in the expression for a| 42?r 
: 0 = tan 
Oto obtain: 
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Substitute numerical values and 
evaluate 0: 


Solve the y equation for F: 


Substitute numerical values and 
evaluate F: 


74 » 
Picture the Problem The diagram to the 
right has the free-body diagram for the bob 
of the conical pendulum superimposed on a 
pictorial representation of its motion. The 
tension in the string is F and the angle it 
makes with respect to the direction we’ve 
chosen as the positive x direction is@. We 
can find6@ from the y equation and the 
information provided about the tension. 
Then, by using the definition of the speed 
of the bob in its orbit and applying 
Newton’s 2" law as it describes circular 
motion, we can find the period T of the 
motion. 


Apply XF = md to the pendulum 


bob: 


Using the given information that 
F = 6mg, solve the y equation for 6. 


With F = 6mg, solve the x equation 
for v: 


Relate the period T of the motion to 
the speed of the bob and the radius 


of the circle in which it moves: 


From the diagram, one can see that: 


47° (0.75m) 


0= a 


F =78 
cos 


(25kg)(9.81m/s?) 


0 nk 


cos53.3° 


=| 53.3° 


- [HON] 


LF, = FcosO= mv/r 


and 


ZF, = Fsinð — mg=0 


v=. 6rgcos0 


Qnr 2Qar 
T = = 
v  „6rgcosð 
r =Lcos0 


Substitute for r in the expression for 
the period to obtain: 


Substitute numerical values and 
evaluate T: 
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Picture the Problem The static friction 
force f; is responsible for keeping the coin 


from sliding on the turntable. Using 


Newton’s 2™ law of motion, the definition 
of the period of the coin’s motion, and the 
definition of the maximum static friction 
force, we can find the magnitude of the 


friction force and the value of the 
coefficient of static friction for the two 
surfaces. 


(a) Apply XF = mä to the coin: 


If T is the period of the coin’s 
motion, its speed is given by: 


Substitute for v in the force equation 
and simplify to obtain: 


Substitute numerical values and 
evaluate f: 


(b) Determine F, from the y 
equation: 


If the coin is about to slide at 
r=16 cm, fs =fsmax Solve for 44, in 
terms of fo max and Fa: 


Applications of Newton’s Laws 
T=27 EA 
\6g 
0.5m 
T=24 =| 0.579s 
| 6(9.81m/s? 
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y 
| > 
Pi 
Is 
x— 
mg 
y? 
SE =y m— 
r 
and 
DE, =F -mg=0 
27r 
y = — 
T 
An? mr 
hee 
4n’ ((0. : 
pa” ((0 1kg)(0 Im) Thee 
(Is) 
F, = mg 
An? mr 
fomx T Anr 
Bs F, mg eT 
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Substitute numerical values and 
evaluate 44: 


76 » 
Picture the Problem The forces acting on 
the tetherball are shown superimposed on a 
pictorial representation of the motion. The 
horizontal component of T is the 
centripetal force. Applying Newton’s 2" 
law of motion and solving the resulting 
equations will yield both the tension in the 
cord and the speed of the ball. 


(a) Apply XF = md to the tetherball: 


Solve the y equation for T: 
Substitute numerical values and 
evaluate T: 


(b) Eliminate T between the force 
equations and solve for v: 


Note from the diagram that: 


Substitute for r in the expression for 
v to obtain: 


Substitute numerical values and 
evaluate v: 


4r? (0. 16m) 
= =| 0.644 
Ms 0 8imi/s? (is) 


mg 


2 
DF, = Tsin 20° = m% 
r 


and 


F, =T cos20° -mg = 0 


T= 
cos 20° 


_ (0.25kg)(9.81m/s?) _ 
= cos 20° 7 
v=. rg tan 20° 


r = Lsin20° 


v= Vel sin 20° tan 20° 


v= (0.8 m/s” \ .2m)sin20° tan 20° 
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Picture the Problem The diagram 
includes a pictorial representation of the 
earth in its orbit about the sun and a force 
diagram showing the force on an object at 
the equator that is due to the earth’s 


rotation, F r» and the force on the object 


due to the orbital motion of the earth about SS 
the sun, F.. Because these are centripetal 
forces, we can calculate the accelerations 
they require from the speeds and radii 
associated with the two circular motions. 
Express the radial acceleration due _ Ve 
to the rotation of the earth: a R 
Express the speed of the object on = 27R 
the equator in terms of the radius of E T R 
the earth R and the period of the 
earth’s rotation Tr: 
Substitute for vp in the expression 4n°R 

EA ark == 
for ag to obtain: T 
Substitute numerical values and Pes 47° (6370km) (1000 m/km) 
evaluate ag: R 3600 4 

(24n) = 
lh 
=3.37x107 m/s” 
=| 3.44x10°%¢ 

Express the radial acceleration due _ v 
to the orbital motion of the earth: 40 = r 
Express the speed of the object on n= 2ar 
the equator in terms of the earth-sun E 


distance r and the period of the 
earth’s motion about the sun 7): 


332 Chapter 5 


Substitute for v, in the expression An’r 
; 4, = 7 
for a, to obtain: T; 
Substitute numerical values and _ An’ (1 5x10" m) 


o 


evaluate as: 


a 
ld th 
= 5.95x10° m/s? =| 6.07x10“*g 
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Picture the Problem The most significant 
force acting on the earth is the gravitational 
force exerted by the sun. More distant or y 
less massive objects exert forces on the 
earth as well, but we can calculate the net 
force by considering the radial acceleration 
of the earth in its orbit. Similarly, we can 
calculate the net force acting on the moon 
by considering its radial acceleration in its 
orbit about the earth. 


C 


(a) Apply DF = ma, to the earth: Pi =i v? 
r 

Express the orbital speed of the Qnr 

earth in terms of the time it takes to Me T 


make one trip around the sun (1.e., 
its period) and its average distance 
from the sun: 


Substitute for v to obtain: 4n?mr 


Substitute numerical values and evaluate Fon earth! 


a 47° (5.98x10” kg) (1.49610! m) _ 


2 
[365.2478 25008 


(b) Proceed as in (a) to obtain: 


2 22 8 
4r? (735x10 kg)(3.844x10 m) _ 2.00x10”® N 
d h 


on moon ` 


(27324x 
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Picture the Problem The semicircular 
wire of radius 10 cm limits the motion of 
the bead in the same manner as would a 


10-cm string attached to the bead and fixed 


at the center of the semicircle. The 
horizontal component of the normal force 
the wire exerts on the bead is the 
centripetal force. The application of 
Newton’s 2™ law, the definition of the 
speed of the bead in its orbit, and the 
relationship of the frequency of a circular 
motion to its period will yield the angle at 
which the bead will remain stationary 
relative to the rotating wire. 


Apply > F = ma to the bead: 


Eliminate F, from the force 
equations to obtain: 


The frequency of the motion is the 
reciprocal of its period T. Express 
the speed of the bead as a function 
of the radius of its path and its 
period: 


Using the diagram, relate r to L and 
0: 


Substitute for r and v in the 
expression for tanĝ and solve for 0: 


Substitute numerical values and 
evaluate 0: 
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mg 


2 
> F, =F, sin =m— 
r 


and 


SE, =F cos@—-mg =0 


2 


tang = — 
rg 

2ar 

y= — 

T 
r=Lsin0@ 


0 = cos” gT’ 
An? L 


_,| (9.81m/s?° )(0.5s) > 
aee e a E 
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Picture the Problem Note that the 
acceleration of the bead has two 
components, the radial component 
perpendicular tov, and a tangential 
component due to friction that is opposite 
toV. The application of Newton’s 2" law 
will result in a differential equation with 
separable variables. Its integration will lead 


to an expression for the speed of the bead 
as a function of time. 


=. : j 
Apply YF = ma to the bead in the VF. == ue 
radial and tangential directions: 

and 

dv 

YE =i, = ma, = dt 
Express f, in terms of 44 and Fp: f= MP a 
Substitute for F, and fy in the dv ee 
tangential equation to obtain the dt r 


differential equation: 


Separate the variables to obtain: dv —__ 4k dt 
v? r 
Express the integral of this equation rl f 
A N ETTE 
with the limits of integration being 2 ros 
from vo to v on the left-hand side i 
and from 0 to ¢ on the right-hand 
side: 
Evaluate these integrals to obtain: 1 1 My : 
V v or 
Solve this equation for v: 
1 
V=Vo 
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Picture the Problem Note that the 
acceleration of the bead has two 

components—the radial component 
perpendicular tov, and a tangential 


component due to friction that is opposite 
to V. The application of Newton’s 2™ law 
will result in a differential equation with 
separable variables. Its integration will lead 
to an expression for the speed of the bead 


as a function of time. 


(a) In Problem 81 it was shown that: 


Express the centripetal acceleration 
of the bead: 


(b) Apply Newton’s 2” law to the 
bead: 


Eliminate F, and fg to rewrite the 
radial force equation and solve for 
a; 

(c) Express the resultant 
acceleration in terms of its radial 
and tangential components: 
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Concepts of Centripetal Force 
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Picture the Problem The diagram depicts 
a seat at its highest and lowest points. Let 
"t" denote the top of the loop and "b” the 
bottom of the loop. Applying Newton’s 2" 
law to the seat at the top of the loop will 
establish the value of mv’/r; this can then 
be used at the bottom of the loop to 
determine Fav- 


Apply ys = ma, to the seat at the 
top of the loop: 


Apply >F = ma, to the seat at the 


bottom of the loop: 


Solve for Fa» and substitute for 
mv’/r to obtain: 


83s 

Picture the Problem The speed of the 
roller coaster is imbedded in the expression 
for its radial acceleration. The radial 
acceleration is determined by the net radial 
force acting on the passenger. We can use 
Newton’s 2™ law to relate the net force on 
the passenger to the speed of the roller 
coaster. 


Apply S Paid = MA aaia tO the 


passenger: 


Solve for v: 


Substitute numerical values and 
evaluate v: 


mg +F, = 2mg = ma, = mv’/r 


Fi» — mg = mv'/r 


F,» = 3mg and | (d) is correct. 


mg + 0.4mg = mv’/r 


v=/1.4gr 


v = 1.4(9.81m/s’)(12.0m) 
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Picture the Problem The force F the 
passenger exerts on the armrest of the car 
door is the radial force required to maintain 
the passenger’s speed around the curve and 
is related to that speed through Newton’ s 


2™ law of motion. 


Apply > F, = ma, to the fi i 
pply >» „ = Ma, to the forces F =e 
acting on the passenger: á 
Solve this equation for v: E 
v=,/— 


Substitute numerical values and ( 80m )( 220N ) 
v = |= =15.9m/s 
evaluate v: \ 70kg 


and | (a) is correct. 


r85 ooo 
Picture the Problem The forces acting on 
the bicycle are shown in the force diagram. 
The static friction force is the centripetal 
force exerted by the surface on the bicycle 
that allows it to move in a circular path. 


F, + f. makes an angle @ with the vertical 


direction. The application of Newton’s 2" 
law will allow us to relate this angle to the 


speed of the bicycle and the coefficient of 
static friction. 


(a) Apply XF = ma to the bicycle: 5 mv’ 


Relate F, and f; to 0: mv 
2 5 2 
tan 0 = Js hfa 
F mg rg 
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Solve for v: v= rg tand 


Substitute numerical values and v= af (20 m)9.8 1m/s” Jtan1 5° 
evaluate v: 

=| 7.25m/s 
(b) Relate f, to 4, and Fy: Si = 2 Somax = 7 Ee 
Solve for 44 and substitute for f; to ee 2v? 
obtain: ` mg rg 
Substitute numerical values and 2(7.25 m/ s) 

= =| 0.536 

evaluate 44 Ms (20 m)9.8 1m/s? ) 
86 


Picture the Problem The diagram shows 
the forces acting on the plane as it flies in a 
horizontal circle of radius R. We can apply 
Newton’s 2™ law to the plane and 
eliminate the lift force in order to obtain an 
expression for R as a function of v and @ 


Apply XF = mā to the plane: YE -Pand oi 
x T it 
l R 


and 


ss = Fi, cos —mg = 0 


Eliminate Fi between these unbe v 
equations to obtain: F Rg 
Solve for R: _ v 
gtand 
Substitute numerical values and km lh 2 
evaluate R: ho 


h 3600s 
*="(o.8imis*)tand0° 
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Picture the Problem Under the conditions 
described in the problem statement, the 
only forces acting on the car are the normal 
force exerted by the road and the 
gravitational force exerted by the earth. 
The horizontal component of the normal 
force is the centripetal force. The 


application of Newton’s 2" law will allow 
us to express @ in terms of v, r, and g. 


Apply XF = ma to the car: YF -F E 
x n r 


and 
DF, =F cos0—mg =0 


2 


Eliminate F, from the force v 
: f tan = — 
equations to obtain: rg 
Solve for 0: | 
0 = tan | — 
rg 


Substitute numerical values and evaluate 6.: 


(160m)(9.81m/s°) 


j- anfoner n aaen aami -EF 


EBB oo 
Picture the Problem Both the normal 
force and the static friction force contribute 
to the centripetal force in the situation 
described in this problem. We can apply 
Newton’s 2™ law to relate f, and F, and 
then solve these equations simultaneously 


to determine each of these quantities. 


339 
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2 


(a) Apply )|F = mā to the car: > F, =F, sin + f, cos = m> 
r 


and 
yi = F cos- f sind -mg = 0 


2 


: . v. 
. 3 f,sin0 cos6 + F, sin? 0 = m—sin 0 
the y equation by cos@ to obtain: r 


Multiply the x equation by sin@ and 


and 
F cos’ 6 — f,sin@ cos@ — mg cos@ = 0 


2 


Add these equations to eliminate f: F 0 ve 0 
— mg cos =m—sin 
n 
r 


2 


lve for Fa: i 
Solve for F, = mgcos0+m%sin0 
r 


2 
= n geosd-rsind] 


r 


Substitute numerical values and evaluate F,: 


F, = (800kg)| (9.81m/s” )cos10° + 


2 2 2 
(85km/h) iowa) (ih/3600s) J 
m 


8.25KN 


(b) Solve the y equation for f: fe F cos -mg 


Substitute numerical values and evaluate fy: 


(8.25KN)cos10° — (800 kg )(9.81 m/s? 
f= T E 


(c) Express 4min in terms of f and ead EA 
Fx s,min F, 
Substitute numerical values and _1.59kKN 
Henig = =| 0.193 
evaluate Ls min: i 8.25kN 
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Picture the Problem Both the normal 
force and the static friction force contribute 
to the centripetal force in the situation 
described in this problem. We can apply 
Newton’s 2" law to relate f; and F, and 
then solve these equations simultaneously 


to determine each of these quantities. 


2 


(a) Apply >) F = md to the car: > F. =F,sin0 + f,cos0 =m— 
r 


bea = F cos — f, sind -mg =0 


2 


v 
. sin@ cos6 + F, sin? 0 = m—sin 
the y equation by cos@: f i r 


Multiply the x equation by sin@ and 
F cos’ @— f,sinOcos@ -mg cos0 =0 


2 
vs 
F, —mgcos@ = m—sin@ 
r 


Add these equations to eliminate fy: 


2 


Solve for Fx: F, =mg cosĝð+msing 
r 


2 
= n{ goos0+ sino 


r 


Substitute numerical values and evaluate Fp: 


F, = (800kg) (9.8 1m/s? )cos10° + 


2 2 2. 
(38km/h) (1000m/km)(1h/3600s)° J 


150m 
=| 7.832 kN 
(b) Solve the y equation for fy: fz F, cos0—mg 
° sin0 
= F cot@-— È 
sin 


Substitute numerical values and evaluate f: 
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f, = (7.832 kN) cot 10°- 


(800kg)(9.81 m/s?) 


sinl0° oo ess 


The negative sign tells us that f; points upward along the inclined plane rather than as 


shown in the force diagram. 


*QQ eee 


Picture the Problem The free-body diagram to the left is for the car at rest. The static 
friction force up the incline balances the downward component of the car’s weight and 


prevents it from sliding. In the free-body diagram to the right, the static friction force 


points in the opposite direction as the tendency of the moving car is to slide toward the 


outside of the curve. 


-e 


y 
l 
| 
| 
| 


Ss, max 


= 
mg 


Apply XF = mä to the car that is 


at rest: 


Substitute f; = fs,max = 4sFn in 
equation (2) and solve for and 
evaluate the maximum allowable 
value of 6: 


Apply XF = mā to the car that is 


moving with speed v: 


Substitute f; = MF in equations (3) 
and (4) and simplify to obtain: 


Substitute numerical values into (5) 


mg 


> F, =F, cos0+ f,sind—-mg =0 (1) 
and 


YF. =F sind — f cosð0 =0 (2) 


6 = tan” (u,)= tan (0.08) = 


> F, =F cos@— f,sn@—mg=0 (3) 
2 


bye = F sind + f,cos0 = m— (4) 
r 


F (cos@ - u, sin0)= mg (5) 
2 

F (u,cos@ + sin@) = m— (6) 
r 


0.9904F, = mg 
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and (6) to obtain: and 
2 


0.1595F, = m> 
r 


Eliminate F, and solve for r: yes v 
0.1610g 
Substitute numerical values and (60 km/h x1h/3600 s x 1000 m/km} 
r= 
evaluate r: 0.1610(9.81m/s’) 


- [176m 
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Picture the Problem The free-body diagram to the left is for the car rounding the curve 
at the minimum (not sliding down the incline) speed. The static friction force up the 
incline balances the downward component of the car’s weight and prevents it from 
sliding. In the free-body diagram to the right, the static friction force points in the 
opposite direction as the tendency of the car moving with the maximum safe speed is to 
slide toward the outside of the curve. Application of Newton’s 2" law and the 
simultaneous solution of the force equations will yield Vmin and Vmax- 


Apply XF = ma to a car traveling YF a Fa asia Vow 
x n r 


around the curve when the 


coefficient of static friction is zero: and 
pair = F cos -mg =0 


tan@ =——or 0 = tan” 
. = — Or = 
by the second to obtain: rg 


Divide the first of these equations 2 
rg 


Substitute numerical values and evaluate the banking angle: 
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6 = tan 


| (40km/h)(1000m/km) (1h/3600s? ) 


= 22.8° 


Apply YF = md to the car 


traveling around the curve at 
minimum speed: 


Substitute f; = f; max = Fn in the 
force equations and simplify to 


obtain: 


Evaluate these equations for 
0 = 22.8° and u, = 0.3: 


Eliminate F, between these two 
equations and solve for Vmin: 


Substitute numerical values and 
evaluate Vmin: 


Apply XF = md to the car 


traveling around the curve at 
maximum speed: 


Substitute f; = f; max = 4sFn in the 
force equations and simplify to 


obtain: 


Evaluate these equations for 
0 = 22.8° and uw, = 0.3: 


(30m\9.81 m/s’) 


2 


pe = F sind — f. cos = m"a 
r 
and 
YE: =F cos0+ f, sin0-mg =0 
v?. 
F (u,cos@ -sin ĝ)= m- 
r 
and 


F (cos@ + u, sinĝ)= mg 


2 


Vs 
0.1102F,=m— 
r 


and 
1.038F, = mg 


Vinin = V0. 106rg 


Vain = 0.106(30m)(9.81m/s?) 
=| 5.59m/s = 20.1km/h | 


2 


DF. = F sin + f, cosĝ = m?n 
r 


and 


XF = F cos@ — f, sin — mg =0 


2 


F(u, cos6 +sinĝ)= mmx 
r 


and 
F, (cos 0 -— u, sin 6) =mg 


2 


v 
0.664 1F,= m —= 
r 


and 
0.8056F, = mg 
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Eliminate F, between these two Vmax = ¥ 0.8243rg 


equations and solve for Vmax: 


Substitute numerical values and 


Vinay = V(0.8243)(30m)(9.8 1m/s? 


evaluate Vmax: 
=| 15.6 m/s = 56.1km/h 


Drag Forces 
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Picture the Problem We can apply Newton’s 2™ law to the particle to obtain its 
equation of motion. Applying terminal speed conditions will yield an expression for b 
that we can evaluate using the given numerical values. 


Apply DF, = ma, to the particle: mg —bv= ma, 


When the particle reaches its mg — bv, = 0 
terminal speed v = v,and a, = 0: 


Solve for b to obtain: he mg 

Vi 
Substitute numerical values and J= (10kg |(9.81m/s? ) 
evaluate b: 7 3x10% m/s 


=| 3.27x10° kg/s 
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Picture the Problem We can apply Newton’s 2™ law to the Ping-Pong ball to obtain its 
equation of motion. Applying terminal speed conditions will yield an expression for b 
that we can evaluate using the given numerical values. 


Apply > = ma, to the Ping- mg —bv? = ma, 
Pong ball: 
When the Ping-Pong ball reaches its mg -bv? =0 


terminal speed v = y,and a, = 0: 


Solve for b to obtain: j mg 
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Substitute numerical values and f= (2.3 x10” kg)(9.8 m/s” ) 
evaluate b: (9 m/s) 


=| 2.79x10“* kg/m 
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Picture the Problem Let the upward direction be the positive y direction and apply 
Newton’s 2" law to the sky diver. 


(a) Apply F, = ma, to the sky F; -mg = ma, 
or, because a, = 0, 
Fy =mg (1) 


Substitute numerical values and f= (60 kg)(9.8 1 m/s?) = 


evaluate Fa: 


diver: 


(b) Substitute Fy = bv; in equation bv? = mg 
(1) to obtain: 


Solve for b: h= mg _ Fi 
oi a TA 
v v 
Substitute numerical values and ba 589 N - =[0.942kg/m 
evaluate b: (25m/s) 
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Picture the Problem The free-body 
diagram shows the forces acting on the car 
as it descends the grade with its terminal 
velocity. The application of Newton’s 2™ 
law with a = 0 and Fy equal to the given 
function will allow us to solve for the 
terminal velocity of the car. 


Apply > F, = ma, to the car: mg sin@— F, = ma, 
or, because v = v, and a, = 0, 
mg sin@— F, = 0 


Substitute for F4 to obtain: mg sin @—-100N — (1 2N-s’/m Jv? =0 
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Solve for v y- [ms sin@—-100N 

f 1.2N-s?/m? 
Substitute numerical values and (800 kg)(9.8 1m/s” )sin 6°—100N 
evaluate v “= 1.2N-s*/m? 


= 24.5m/s =| 88.2km/h 
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Picture the Problem Let the upward direction be the positive y direction and apply 
Newton’s 2 law to the particle to obtain an equation from which we can find the 
particle’s terminal speed. 


(a) Apply DF, =ma, toa mg —6zryrv = ma, 
pollution particle: or, because a, = 0, 
mg — 67nrv, = 0 
Solve for v to obtain: yae 
© 6an 
Express the mass of a sphere in y 4rr’ 
terms of its volume: Uae a 3 
Substitute for m to obtain: 2r° pg 
y= 
t 9y 
Substitute numerical values and S 2(1 0° m} (2000 kg/m? (9.8 1m/s* ) 
evaluate vy: Gg o(1 8xlO>N: s/m’) 


=| 2.42 cm/s 


(b) Use distance equals average 10*cm 3 
¢=——— = 4, 13x10 5 =| 1,.15h 
speed times the fall time to find the 2.42cm/s Renin 


time to fall 100 m at 2.42 cm/s: 
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Picture the Problem The motion of the centrifuge will cause the pollution particles to 
migrate to the end of the test tube. We can apply Newton’s 2” law and Stokes’ law to 
derive an expression for the terminal speed of the sedimentation particles. We can then 
use this terminal speed to calculate the sedimentation time. We’ll use the 12 cm distance 
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from the center of the centrifuge as the average radius of the pollution particles as they 


settle in the test tube. Let R represent the radius of a particle and r the radius of the 


particle’s circular path in the centrifuge. 


Express the sedimentation time in 
terms of the sedimentation speed vg 


Apply yee = MA adia 10 A 


pollution particle: 


Express the mass of the particle in 
terms of its radius R and density p: 


Express the acceleration of the 
pollution particles due to the motion 
of the centrifuge in terms of their 
orbital radius r and period T: 


Substitute for m and a, and simplify 
to obtain: 


Solve for ve 


Find the period T of the motion from 
the number of revolutions the 
centrifuge makes in | second: 


Substitute numerical values and 
evaluate v; 


Find the time it takes the particles to 
move 8 cm as they settle in the test 
tube: 


At = 


sediment ` 
t 


67nRv, = ma, 


m=pVv = 4rR p 


2 3 3 
EaR, -terdi =) 7 16z° prR 


T? 3T? 
me 82° prR? 
t 9T? 
1 30. 
= ————— =],25x10™ min/rev 
800 rev/min 


= 1.25x10° min/rev x 60s/min 
= 75.0x10° s/rev 


,, 82° (2000kg/m*)(0.12m){10* m)? 


‘ 9(1.8x10 N-s/m?](75x107 s} 
=2.08m/s 


A _Ax_ 8cm 
sediment y 20 8 cm/s 


- [555m] 


In Problem 96 it was shown that the 
rate of fall of the particles in air is 
2.42 cm/s. Find the time required to 
fall 8 cm in air under the influence 


of gravity: 


Find the ratio of the two times: 


Euler’s Method 
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Picture the Problem The free-body 
diagram shows the forces acting on the 


baseball sometime after it has been thrown 


downward but before it has reached its 
terminal speed. In order to use Euler’s 


method, we’ ll need to determine how the 


acceleration of the ball varies with its 
speed. We can do this by applying 


Newton’s 2™ law to the ball and using its 
terminal speed to express the constant in 
the acceleration equation in terms of the 


ball’s terminal speed. We can then use 
v 


n+l 


ball at any given time. 


Apply Newton’s 2™ law to the ball 
to obtain: 


Solve for dv/dt to obtain: 


When the ball reaches its terminal 
speed: 


Substitute to obtain: 


Express the position of the ball to 
obtain: 


Letting a, be the acceleration of the 
ball at time ¢,, express its speed 
when t =¢,+ 1: 


=v, +a,At to find the speed of the 
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_Ax cm 
ary 2.42 cm/s 


=| 3.31s 


At 


Atai. At sediment ~ 


by2 
mg 
| 
a 
dv 
mg -by =m— 
dt 
CA 2 
dt m 
0=g--v> Be 
m v 
aw _ fv 
dt 2 v? 
Xna =y pve tM At 
2 


Via =V, +a,At 
where 


v? 
a, = di 4) 
t 
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and Aż is an arbitrarily small interval of 
time. 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell Formula/Content Algebraic Form 
A10 B9+$B$1 t+ At 
B10 | B9+0.5*(C9+C10)*$B$1 V, +V 
Xp = X, t+ At 
2 
C10 C9+D9*$B$1 Vn+1 = Vat GnAt 
D10 | $B$4*(1-C10^2/$B$5^2) vy 
a, = {1-4 
Vi 
A B C D 
1 At= | 0.5 s 
2 x0= | 0 m 
3 v0= | 9.722 m/s 
4 a0= | 9.81 m/s^2 
5 vt= | 41.67 m/s 
6 
| t x V a 
8 (s) (m) (m/s) (m/s^2) 
9 0.0 0 9.7 9.28 
10 0.5 6 14.4 8.64 
11 1.0 14 18.7 7.84 
12 1.5 25 22.6 6.92 
28 9.5 317 41.3 0.17 
29 10.0 337 41.4 0.13 
30 10.5 358 41.5 0.10 
38 14.5 524 41.6 0.01 
39 15.0 545 41.7 0.01 
40 15.5 566 41.7 0.01 
4] 16.0 587 41.7 0.01 
42 16.5 608 41.7 0.00 


From the table we can see that the speed of the ball after 10 s is approximately 


41.4m/s. | We can estimate the uncertainty in this result by halving At and 


recalculating the speed of the ball at t= 10 s. Doing so yields v(10 s) = 41.3 m/s, a 


difference of about | 0.02%. 


The graph shows the velocity of the ball thrown straight down as a function of time. 
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Ball Thrown Straight Down 


v (m/s) 


Reset Aft to 0.5 s and set vp = 0. Ninety-nine percent of 41.67 m/s is approximately 41.3 


m/s. Note that the ball will reach this speed in about} 10.5s | and that the distance it 


travels in this time is about The following graph shows the distance traveled by 


the ball dropped from rest as a function of time. 


Ball Dropped From Rest 


400 
350 
300 
250 
E 200 

= 
150 
100 
50 
(0) — 
0 2 4 6 8 10 1 


t (s) 


2 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
baseball after it has left your hand. In order 
to use Euler’s method, we’ll need to 


a 


determine how the acceleration of the ball 
varies with its speed. We can do this by 
applying Newton’s 2™ law to the baseball. 
=v,+a,At and 


by2 


We can then use v 


n+l 


X,,,; = X, +v,At to find the speed and 


n+l 


mg 
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position of the ball. 


Apply Ds F, = ma, to the baseball: E by} _mg =m dv 
dt 


where b = v for the upward part of the 


flight of the ball and |y| = —v for the 
downward part of the flight. 


Solve for dv/dt: dv 
Og Pl 
dt m 
Under terminal speed conditions 3 
_ z 0= iy ea ieee 7 
c =-y,): 
and 
as 
oe ae 
m v 
Substitute to obtain: dv g vh 
= vy} = 1+ 
ge gra 
Letting a, be the acceleration of the Vou =), + tfv, +V, )At 
ball at time ¢,, express its position and 


and speed when t=¢,+ 1: 
Viel =V, +a,At 


where 


VAY n 
a, =—-8 eg 
t 


and At is an arbitrarily small interval of 
time. 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell Formula/Content Algebraic Form 

D11 D10+$B$6 t+ At 

E10 41.7 Vo 

Ell E10-$B$4* Vat =V, + a,At 
(1+E10* ABS(E10)/($B$5%2))*$BS$6 

F10 0 Yo 

F11 F10+0.5*(E10+E11)*$B$6 Vou =V, t4(v, +v, At 

G10 0 0 

G11 $E$10*D11-0.5*$B$4*D11^2 wé- igt 
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A B C D E F G 
4 | g=| 9.81 | m/s^2 
5 | vt= | 41.7 | m/s 
6 | At=|0.1 |s 
7 
8 
9 t v y y no drag 
10 0.0 41.70 0.00 0.00 
11 0.1 39.74 4.07 4.12 
12 0.2 37.87 7.95 8.14 
40 3.0 3.01 60.13 81.00 
4] 3.1 2.03 60.39 82.18 
42 3.2 1.05 60.54 83.26 
43 3.3 0.07 60.60 84.25 
44 3.4 —0.91 60.55 85.14 
45 3.5 —1.89 60.41 85.93 
46 3.6 —2.87 60.17 86.62 
78 6.8 —28.34 6.26 56.98 
79 6.9 —28.86 3.41 54.44 
80 7.0 -29.37 0.49 51.80 
81 7.1 -29.87 —2.47 49.06 


From the table we can see that, after 3.5 s, the ball reaches a height of about] 60.4 m. | It 


reaches its peak a little earlier—at about and its height at t= 3.3 s is 


The ball hits the ground at about t = —so it spends a little longer coming down than 
going up. 


The solid curve on the following graph shows y(t) when there is no drag on the baseball 
and the dotted curve shows y(t) under the conditions modeled in this problem. 
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y (m) 


x with drag 


30 =x with no drag N 
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Picture the Problem The pictorial representation shows the block in its initial position 
against the compressed spring, later as the spring accelerates it to the right, and finally 
when it has reached its maximum speed at x;= 0. In order to use Euler’s method, we’ll 
need to determine how the acceleration of the block varies with its position. We can do 


this by applying Newton’s 2" law to the box. We can then use Via =V, +a,At and 


X, =X, +v,At to find the speed and position of the block. 
k 
m — m — m 
ry =0 i Xxp= 0.3 m 
vo> 0 Yn Ve = Vmax 
ag= k/m (0.3 m) ay= k/m (0.3 — Xn) açp=0 
Apply XF, = ma, to the block: k(0.3 m-x, ) = ma, 
Solve for a,: k 
a, =—(0.3m-x,) 
m 
Express the position and speed of X, =X, +v,At 


n+l 
the block when t= ¢,+ 1: tad 
Viel =V, +a,At 
where 


k 
a,= —(0.3m—x,) 

m 
and At is an arbitrarily small interval of 
time. 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 
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Cell Formula/Content Algebraic Form 

A10 A9+$B$1 t+ At 

B10 B9+C10*$B$1 x, +v,At 

C10 C9+D9*$B$1 v, +a,At 

D10 | ($B$4/$B$5)*(0.3-B10) k 

—(0.3-x,) 
m 
A B C D 

1 At= | 0.005 s 
2 x0= | 0 m 
3 v0O= | 0 m/s 
4 = | 50 N/m 
5 m= | 0.8 kg 
6 
7 t x v a 
8 (s) (m) (m/s) (m/s*2) 
9 0.000 0.00 0.00 18.75 
10 0.005 0.00 0.09 18.72 
11 0.010 0.00 0.19 18.69 
12 0.015 0.00 0.28 18.63 
45 0.180 0.25 2.41 2.85 
46 0.185 0.27 2.42 2.10 
47 0.190 0.28 2.43 1.34 
48 0.195 0.29 2.44 0.58 
49 0.200 0.30 2.44 —0.19 


From the table we can see that it took about] 0.200s | for the spring to push the block 30 


cm and that it was traveling about | 2.44m/s |at that time. We can estimate the 
uncertainty in this result by halving At and recalculating the speed of the ball at t= 10 s. 
Doing so yields v(0.200 s) = 2.41 m/s, a difference of about | 1.2%. 
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General Problems 
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Picture the Problem The forces that act 
on the block as it slides down the incline 
are shown on the free-body diagram to the 
right. The acceleration of the block can be 
determined from the distance-and-time 
information given in the problem. The 
application of Newton’s 2" law to the 
block will lead to an expression for the 
coefficient of kinetic friction as a function 
of the block’s acceleration and the angle of 
the incline. 


Apply XF = ma to the block: 


Set fk = AF n, Fn between the two 
equations, and solve for 4k: 


Using a constant-acceleration 
equation, relate the distance the 
block slides to its sliding time: 


Solve for a: 


Substitute numerical values and 
evaluate a: 


Find 44 for a = 0.1775 m/s’ and 
0 = 28°: 


=F, = mgsind -fg = ma 
and 
LF, =F, —mg =0 


_ gsind—a 
=. 


gcos 


Ax = v,At+4a(Aty where v, =0 


124x 
(ary 
a= 2(2.4m) = 0.1775 m/s” 
(5.2s) 
a (9.81m/s”) sin28° -0.1775 m/s’ 
= 


(9.81m/s?) cos28° 


0.511 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
model airplane. The speed of the plane can 
be calculated from the data concerning the 
radius of its path and the time it takes to 
make one revolution. The application of 
Newton’s 2™ law will give us the tension F 
in the string. 


(a) Express the speed of the airplane 
in terms of the circumference of the 
circle in which it is flying and its 
period: 


Substitute numerical values and 
evaluate v: 


(b) Apply DF, = ma, to the model 


airplane: 


Substitute numerical values and 
evaluate F: 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
box. If the student is pushing with a force 
of 200 N and the box is on the verge of 
moving, the static friction force must be at 
its maximum value. In part (b), the motion 
is impending up the incline; therefore the 
direction of fmax is down the incline. 


(a) Apply XF = ma to the box: 
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| 
Fin 
F 
— Xx 
mg 
27r 
yee 
T 
ae 10.7 m/s 
— S 
1.2 
2 
F=m~— 
r 
2 
F = (0.4k \{0.7m/s) =| 8.03N 
5.7m 


Æ 
mg 


XF, = f.+F—mgsin@=0 
and 


> F, =F —mgcosé=0 
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Substitute f; = fs max = Msn, eliminate 


4, = tan @ —-————_ 
F, between the two equations, and mg cos 
solve for 44: 
Substitute numerical values and _ r 200 N 
44 = tan 30° — —— 
evaluate 44: (800 N)cos30° 
=| 0.289 
(b) Find fmax from the x-direction Joma = MgSin O -F 
force equation: 
Substitute numerical values and Jemax = (800 N)sin3 0° -200N 
evaluate f; max: =200N 
If the block is on the verge of — fmax tF —mgsin@ =0 
sliding up the incline, f, max must act 
down the incline. The x-direction 
force equation becomes: 
Solve the x-direction force equation F = mgsinð + f, max 
for F: 
Substitute numerical values and F =(800N)sin30° + 200 N =| 600 N 
evaluate F: 
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Picture the Problem The path of the particle is a circle if r is a constant. Once we have 
shown that it is, we can calculate its value from its components. The direction of the 
particle’s motion can be determined by examining two positions of the particle at times 
that are close to each other. 


(a) and (b) Express the magnitude of r= r +r? 


r in terms of its components: 


Evaluate r with r, =—10 m cos øt and r= VIC 10m)cos at]? P [(10m)sin otl’ 


r, = 10 m sinat: 
- [00m] 
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(c) Evaluate r, and r, at t= 0 s: k= (10m )cos 0° =-10m 
r= (10m)sin r=) 


Evaluate r, and r, at t= At, where At r, = -(10m)cos At ~ -(10m)cos0° 
is small: =-10m 


r= (1 0 m)sin ot 
= Ay where Ay is positive 


and | the motion is clockwise 


(d) Differentiate r with respect to Vv =dr/dt 
oe eee = [(10asin ot) m] i +[(100cos at n] j 
Use the components of V to find its v=. be +y 
x y 
speed: 


= [(10@sin otm}? + [(10@cos at )m]? 
(10m)o = (10m\2s") 


II 


=| 20.0m/s 
(e) Relate the period of the particle’s T= 2ar = 27(10m) _ Ea 
motion to the radius of its path and v 20 m/s 
its speed: 
105 e 


Picture the Problem The free-body 
diagram shows the forces acting on the 
crate of books. The kinetic friction force 
opposes the motion of the crate up the 
incline. Because the crate is moving at 
constant speed in a straight line, its 
acceleration is zero. We can determine F 
by applying Newton’s 2™ law to the crate, 
substituting for fk, eliminating the normal 


force, and solving for the required force. 


Apply X F = md to the crate, with > F, =F cos- f, —mgsin@ =0 


both a, and a, equal to zero, to the and 
crate: > F, =F —Fsin@—mgcosé@ =0 


360 Chapter 5 


Substitute ./, for fx and eliminate pals (sin 8 + 4, cos0) 
F, to obtain: cos 0 — 4 sin 0 


Substitute numerical values and evaluate F: 


(100kg)(9.81 m/s? )(sin30° + (0.5)cos30°) 
F= =| 1.49kN 
cos30° — (0.5)sin30° 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
object as it slides down the inclined plane. 
We can calculate its speed at the bottom of 
the incline from its acceleration and 
displacement and find its acceleration from 


Newton’s 2" law. 


Using a constant-acceleration v? =v) + 2aAx 

equation, relate the initial and final Because v = 0, v = J2aAx (1) 
velocities of the object to its 

acceleration and displacement: solve 

for the final velocity: 


Apply XF = ma to the sliding DF, =—f, +mgsin@ = ma 


object: and 
DF, = F, —mgcosé =0 


Solve the y equation for F, and a= g(sin@ — LU, COS 6) (2) 
using fk = kfn, eliminate both Fa 

and fk from the x equation and solve 

for a: 


Substitute equation (2) in equation v= J 2 g(sin 0 — Ll, COS 0)Ax 
(1) and solve for v: 


Substitute numerical values and evaluate v: 


v = |2(9.81m/s? )(sin 30° - (0.35)cos30°)(72m) =16.7 m/s and | (d)is correct. 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
brick as it slides down the inclined plane. 
We’ll apply Newton’s 2" law to the brick 
when it is sliding down the incline with 
constant speed to derive an expression for 
Lk in terms of @. We’ll apply Newton’s 2™ 
law a second time for 0 = 6, and solve the 
equations simultaneously to obtain an 
expression for a as a function of & and &. 


Apply XF = ma to the brick 


when it is sliding with constant 
speed: 


Solve the y equation for F, and 
using fk = 4k, eliminate both Fa 
and fy from the x equation and solve 
for 4k: 


Apply XF = ma to the brick when 
0= 0: 


Solve the y equation for Fn, use 

Jfk = LF, to eliminate both F, and fk 
from the x equation, and use the 
expression for 4 obtained above to 
obtain: 
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Applications of Newton’s Laws 361 


A 
Fy 
LO hk 
ae \ 
0 
\ 


> F, =—f, +mgsin@, =0 
and 


DF, = F, -mg cosh, =0 


L, = tan, 


XF, =—f, +mgsinĝ, = ma 


and 


F, =F -mgcosĝ =0 


a = g(sin8, — tan 8, cos 0, ) 


Picture the Problem The fact that the object is in static equilibrium under the influence 


of the three forces means that F it F a+ F 3 — 0. Drawing the corresponding force 


triangle will allow us to relate the forces to the angles between them through the law of 


sines and the law of cosines. 
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(a) Using the fact that the object is 
in static equilibrium, redraw the 
force diagram connecting the forces 
head-to-tail: 


Apply the law of sines to the 
triangle: 


Use the trigonometric identity 
sin(z— æ) = sina to obtain: 


(b) Apply the law of cosines to the 
triangle: 


Use the trigonometric identity 
cos(z— a) = -cosa@ to obtain: 
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Picture the Problem We can calculate the 
acceleration of the passenger from his/her 
speed that, in turn, is a function of the 
period of the motion. To determine the 
longest period of the motion, we focus our 
attention on the situation at the very top of 
the ride when the seat belt is exerting no 
force on the rider. We can use Newton’s 
2™ law to relate the period of the motion to 
the acceleration and speed of the rider. 


(a) Because the motion is at 
constant speed, the acceleration is 
entirely radial and is given by: 


Express the speed of the motion of 
the ride as a function of the radius 
of the circle and the period of its 
motion: 


sin(z — 6,;) - sin(z —6,,) J sin(z —6,,) 


h -h -6 
sin8,, sinô, sinô, 


F? = F? + F? -2F,F, coslz - 0, ) 


F? =F) + Fẹ? +2F,F, cos 6y 


v? 
a, = — 
r 
2ar 
v= 
T 


Substitute in the expression for a, to 
obtain: 


Substitute numerical values and 
evaluate ag: 


(b) Apply XF = ma to the 


passenger when he/she is at the top 
of the circular path and solve for as: 


Relate the acceleration of the 
motion to its radius and speed and 
solve for v: 


Express the period of the motion as 
a function of the radius of the circle 
and the speed of the passenger and 

solve for Tin: 


Substitute numerical values and 
evaluate Tm: 


Applications of Newton’s Laws 363 


5 
ft aae E 


Remarks: The rider is "weightless” under the conditions described in part (b). 
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Picture the Problem The pictorial 
representation to the right shows the cart 
and its load on the inclined plane. The load 
will not slip provided its maximum 
acceleration is not exceeded. We can find 
that maximum acceleration by applying 
Newton’s 2" law to the load. We can then 
apply Newton’s 2” law to the cart-plus- 
load system to determine the tension in the 
rope when the system is experiencing its 
maximum acceleration. 
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Draw the free-body diagram for the X 
cart and its load: Fa a 
=~ 
T 
a 
a“ 
(m, + m)g 
Apply dF. = ma, to the cart plus T- (m, +m, )g sin = (m, +m, Jas (1) 
its load: 
Draw the free-body diagram for the A 
load of mass m, on top of the cart: A p” 
f4 
= 
a“ 
mg 
Apply XF = mä to the load on XF, = Í, max ~ Mg Sin Ô = M,A max 
top of the cart: and 
> F, =Fi2 —m,g 0080 =0 
Using fmax = 46Fn2 eliminate Fn, Ang = Zu, cos0 — sin 6) (2) 


between the two equations and solve 
for the maximum acceleration of the 
load: 


Substitute equation (2) in equation T= (m, +m, Jeu, cos@ 
(1) and solve for T : 
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Picture the Problem The free-body 
diagram for the sled while it is held 
stationary by the static friction force is 
shown to the right. We can solve this 
problem by repeatedly applying Newton’s 
2™ law under the conditions specified in 
each part of the problem. 


(a) Apply >, = ma, to the sled: 


Solve for Fy: 


Substitute numerical values and 
evaluate F,: 


(b) Apply DF, = ma, to the sled: 


Solve for f: 


Substitute numerical values and 
evaluate fj: 


(c) Draw the free-body diagram for 
the sled when the child is pulling on 


the rope: 


Apply XF = mā to the sled to 


determine whether it moves: 


Solve the y-direction equation for 
Fas: 


Substitute numerical values and 
evaluate Fh: 


Express f; max: 


Use the x-direction force equation to 


evaluate Fret: 


Applications ospecified in 
each part of the problem. 


(a) Apply >, =ma,, to the sled: 


Solve for Fy: 


Substitute numerical values and 
evaluate F,: 


(b) Apply DF, = ma, to the sled: 


Solve for f: 


Substitute numerical values and 
evaluate fj: 


(c) Draw the free-body diagram for 
the sled when the child is pulling on 


the rope: 


Apply > F = ma to the sled to 


determine whether it moves: 


Solve the y-direction equation for 
Fas: 


Substitute numerical values and 
evaluate F,1: 


Express fi.max: 


Use the x-direction force equation to 


evaluate Fret: 
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F.,-—m gcosé =0 


n, 


F., =mgcosé 


F,, =(200N)cos15° =| 193N 


f,-—mgsin@ =0 


tf, =megsing 


f, = (200N)sin 15° =| 51.8N 


Se, = ye, 
= F'cos30°—mg sind = fi max 


and 


> F, =F, + Fsin30°— mg cos6 = 0 
F,, =—F'sin30° +m gcosé 


F,,, =-(100N)sin 30° + (200N)cos15° 
=143N 


Famax = MsEn,1 = (0.5)(143 N) 
=71.5N 


Fret = (100 N)cos30° — (200 N)sin15° 
~71.5N 
=-36.7N 
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Because the net force is negative, 
the sled does not move: 


(d) Because the sled does not move: 


(e) Draw the FBD for the child: 


Express the net force F, exerted on 
the child by the incline: 


Noting that the child is stationary, 
apply > F = ma to the child: 


Solve the x equation for f, ma, and the 
y equation for Fy): 


Substitute numerical values and 
evaluate F’, and Fy: 


Substitute numerical values in 
equation (1) and evaluate F: 
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J, is undetermined 


4, is undetermined 


i = Fs + fonax (1) 
ME = feomax —£ C0830° — mg sin 15° 
=0 


and 
> F, = Fy —mgsin 15° - F sin 30° = 0 


Joomax = F cos30° +m,gsin15° 


and 
F., = m,gsin15° + F'sin30° 


fmax = (500 N)cos 30° + (100 N)sin 15° 


=459N 
and 
F., = (100N)sin 15° + (500 N)sin 30° 
=276N 


F, =,|(276N)’ +(459N) = 


Picture the Problem Let v represent the speed of rotation of the station, and r the 
distance from the center of the station. Because the O’Neill colony is, presumably, in 
deep space, the only acceleration one would experience in it would be that due to its 


rotation. 
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(a) Express the acceleration of a=Vir 
anyone who is standing inside the 
station: 


This acceleration is directed toward the axis of rotation. If someone inside the station 
drops an apple, the apple will not have any forces acting on it once released, but will 
move along a straight line at constant speed. However, from the point of view of our 
observer inside the station, if he views himself as unmoving, the apple is perceived to 
have an acceleration of mv’/r directed away from the axis of rotation (a "centrifugal" 
force). 


(6) Each deck must rotate the central Inr 
axis with the same period T. Relate eS T 
the speed of a person on a particular 

deck to his/her distance r from the 


center: 


Express the "acceleration of vy Arr 
gravity" perceived by someone a == r 
distance r from the center: E 

i.e., the" acceleration due to 


gravity" decreases as r decreases. 


(c) Relate the desired acceleration An?r 
to the radius of Babylon 5 and its a= p? 
period: 

Solve for 7: a Aner 


Substitute numerical values and 


evaluate T: 4° 03mix eee) 


mi 


i 
\ 9.8m/s* 
= 44.15 =0.735 min 


Take the reciprocal of this time to T= 
find the number of revolutions per 

minute Babylon 5 has to make in 

order to provide this "earth-like” 

acceleration: 


1.36rev/ min 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
child as she slides down the incline. We’ Il 
first use Newton’s 2" law to derive an 
expression for 44 in terms of her 
acceleration and then use Newton’s 2™ law 
to find her acceleration when riding the 
frictionless cart. Using a constant- 
acceleration equation, we’ ll relate these 
two accelerations to her descent times and 
solve for her acceleration when sliding. 
Finally, we can use this acceleration in the 
expression for si. 


Apply iF = m@ to the child as 


she slides down the incline: 


Using fc = Fn, eliminate f, and F, 
between the two equations and solve 
for LK: 


Apply > F, = ma, to the child as 


she rides the frictionless cart down 
the incline and solve for her 
acceleration a: 


Letting s represent the distance she 
slides down the incline, use a 
constant-acceleration equation to 
relate her sliding times to her 
accelerations and distance traveled 
down the slide : 


Equate these expressions, substitute 
t) = +t, and solve for ay: 


> F, = mg sin30°— f, = ma, 


and 


> F, =F, —mg cos30° = 0 


i, = tan 30° — “1 


(1) 


gcos30° 


mg sin 30° = ma, 


and 
a, = gsin30° 


=4.91m/s* 


2 
S=Vt, + 5a,t, where v, =0 
and 

2 
S=Vot, +5@,t, where v, =0 


a, =ta, =+gsin30° =1.23m/s" 


4 
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Evaluate equation (1) with ~ tan 30° 1.23 m/s? 
a = 1.23 m/s”: ‘“ (9.81m/s? )cos30° 


- [083] 
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Picture the Problem The path of the particle is a circle if r is a constant. Once we have 
shown that it is, we can calculate its value from its components and determine the 
particle’s velocity and acceleration by differentiation. The direction of the net force 
acting on the particle can be determined from the direction of its acceleration. 


(a) Express the magnitude of r in r=.f[re+r? 
x y 
terms of its components: 
Evaluate r with r, = Rsina@t and ez VR sin at | i [R cos at |’ 
ry = Reos at: 


=|R? (sin? +cos” wt) =R=40m 
.. the path of the particle is a circle 
centered at the origin. 


(b) Differentiate r with respect to v =dr/dt= [Ro cos ot| i 
time to obtain V : 


+[-Rosinat]j 


[(8 cos 27t)m/s| i 
—|(8zsin 2nt)m/s|j 
_ Vv v 8zcosat 
Express the ratio >: X= : =—cotat 
vy v, —8zsinot 
Reosat 
Express the ratio — y : 22 ———— = -cotot 
x x Rsinot 
vy. _ 
v, x 
(c) Differentiate V with respect to a =dv/dt 


time to obtain a: 


[(-167?m/s? )sin woe] i 
+ (-167m/s? }cos otlj 
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na 
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Factor —47’/s* from @ to obtain: i= (- An? /s? NG sin ot)i + (4 COs ot)j| 


= (—427/s?)F 


Because 4d is in the opposite direction from 
r, it is directed toward the center of the 


circle in which the particle is traveling. 


2. 2 2 

Find the ratio _ yey 162’ m/s* =a 
r r 4m 

(d) Apply iF = ma to the particle: Fy, =ma= (0.8kg)l 67° m/s) 


-[1RW] 


Because the direction of F.,, is the F 


net 


is toward the center of the circle. 


net 


same as that of a: 
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Picture the Problem The free-body 
diagram showing the forces acting on a 
rider being held in place by the maximum 
static friction force is shown to the right. 
The application of Newton’s 2 law and the 
definition of the maximum static friction 
force will be used to determine the period T 
of the motion. The reciprocal of the period 
will give us the minimum number of 


revolutions required per unit time to hold 
the riders in place. 


—_ _ : 2 
Apply YF = ma to the riders wa af = a 
while they are held in place by F 
friction: and 
DF, = hese — mg =0 

. 2nr r 

Using I cane = He, and v = ? T=2n we 
> T g 


eliminate F, between the force 
equations and solve for the period of 
the motion: 


Substitute numerical values and 
evaluate T: 


The number of revolutions per 
minute is the reciprocal of the period 
in minutes: 
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Picture the Problem The free-body 
diagrams to the right show the forces 
acting on the blocks whose masses are m 
and m. The application of Newton’s 2™ 
law and the use of a constant-acceleration 


equation will allow us to find a relationship 


between the coefficient of kinetic friction 
and m. The repetition of this procedure 
with the additional object on top of the 
object whose mass is m, will lead us to a 
second equation that, when solved 
simultaneously with the former equation, 


leads to a quadratic equation in m,. Finally, 


its solution will allow us to substitute in an 


expression for 4 and determine its value. 


Using a constant-acceleration 
equation, relate the displacement of 
the system in its first configuration 
as a function of its acceleration and 
fall time: 


Solve for a: 


Substitute numerical values and 
evaluate a: 


Apply dF. = ma, to the object 


whose mass is m2 and solve for 7}: 


Applications of Newton’s Laws 


(nore Mek) 
9.81m/s 


= 2.54s = 0.00423 min 


23.6rev/min 


Ax = v,At+4a,(Aty 


or, because vo = 0, 


Ax =4a,(Aty 
1 a 2k 
1 (Ary 
lls m) = 4.46 m/s? 
(0.82s) 


* 
Mog 
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Substitute numerical values and T, =(2.5 kg\(9.8 Im/s’ — 4.46 m/s’) 
evaluate 7): —13.375N 

Apply > F = ma to the object >, =T, -f, =m, 

whose mass is m: and 


Dye =F. ,-mg =0 


Using fc = Fn, eliminate F, 7, -#,m,g =m,a, (1) 
between the two equations to obtain: 


Find the acceleration a, for the a, = as = 2(I BS, m) = 1795 mie 
second run: (At) (I 3 s) 
Evaluate 7>: T, =m,(g-a) 
= (2.5kg)(9.81 m/s? -1.775 m/s?) 
= 20.1N 
Apply ye = ma, to the 1.2-kg T, — My (m, +1.2kg)g (2) 
object in place: = (m, + 1.2kg)a, 
Solve equation (1) for /4: jee T,-—ma, 3) 
mgs 
Substitute for 44 in equation (2) and 2.685m; +9.947m, —16.05 =0 


simplify to obtain the quadratic 
equation in m: 


Solve the quadratic equation to m, =(—1.85+3.07)kg > m, =| 1.22kg 


obtain: 


Substitute numerical values in ~13373N- (1 22 kg)(4.66 m/s?) 
mM (1.22kg)(9.81m/s") 


- [068] 


equation (3) and evaluate 44: 
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Picture the Problem The diagram shows a 
point on the surface of the earth at latitude 
@. The distance R to the axis of rotation is 
given by R =rcos@ We can use the 
definition of centripetal acceleration to 
express the centripetal acceleration of a 
point on the surface of the earth due to the 


rotation of the earth. 


2 


a) Referring to the figure, express 
id) e e P a =< where R = reosd 


Cc 


a, for a point on the surface of the 
earth at latitude @: 


Express the speed of the point due sie 27aR 
to the rotation of the earth: T 
where 7 is the time for one revolution. 


Substitute for v in the expression for An’rcosO 
a, =———_ 
a, and simplify to obtain: ° i 
Substitute numerical values and _ An? (6370 km)cos 7] 


<— 


evaluate a.: 


[(24h)(3600s/h)]? 
(3 .37cm/s” Jeos 6, toward the 


earth's axis. 


(b) 


A stone dropped from a hand at a location on earth. The effective weight of 


the stone is equal to ma where @,, .u.¢ 1S the acceleration of the falling stone 


st, surf > 
(neglecting air resistance) relative to the local surface of the earth. The 


gravitational force on the stone is equal to ma where G,, ,.,.. 1S the 


st,iner ? st, iner 


acceleration of the local surface of the earth relative to the inertial frame 
(the acceleration of the surface due to the rotation of the earth). Multiplying 


through this equation by m and rearranging gives m@,, ...¢ =A, mor — MA gure inor> 


which relates the apparent weight to the acceleration due to gravity and the 


acceleration due to the earth's rotation. A vector addition diagram can be used 


to show that the magnitude of ma,, ,.,,; is slightly less than that of ma 


st, iner* 
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(c) At the equator, the gravitational 
acceleration and the radial 
acceleration are both directed 
toward the center of the earth. 
Therefore: 


At latitude @ the gravitational 
acceleration points toward the 
center of the earth whereas the 
centripetal acceleration points 
toward the axis of rotation. Use the 
law of cosines to relate gem, g, and 


Ac: 


Substitute for @ ge, and a, and 
simplify to obtain the quadratic 
equation: 


Solve for the physically meaningful 
(i.e., positive) root to obtain: 


*118 eve 
Picture the Problem The diagram shows 
the block in its initial position, an 
intermediate position, and as it is 
separating from the sphere. Because the 
sphere is frictionless, the only forces acting 
on the block are the normal and 
gravitational forces. We’ll apply Newton’s 
2™ law and set F,, equal to zero to 
determine the angle @ at which the block 
leaves the surface. 


Taking the inward direction to be 
positive, apply FE = ma, to the 
block: 


Apply the separation condition to 
obtain: 


Solve for cos@,: 


Apply LA = ma, to the block: 


g = gett +a, 
= 978cm/s* + (3.37 cm/s” Jeos0° 
=| 981.4cm/s” 


Sin = ZB +a. —2ga, cosO 


g’ —(4.75 cm/s? )g — 962350cm?/s* = 0 


Vv 
mecos@—F. =m— 
& n R 


2 

Vv 
mg cos @. =m— 
2 i R 


2 
Vv 
cos 0. = — 1 
= aR (1) 


mg sin 8 = ma, 


or 


Multiply the left-hand side of the 
equation by one in the form of 
d@d@ and rearrange to obtain: 


Relate the arc distance s the block 
travels to the angle @ and the radius 
R of the sphere: 


Substitute to obtain: 


Separate the variables and integrate 
from v’ = 0 to vand 0=0 to @,: 


Substitute in equation (1) to obtain: 


Solve for and evaluate 0,: 
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dv ; 
a, =—=gsind 

dt 
Note that a is not constant and, hence, we 
cannot use constant-acceleration equations. 


dv dé 
—— = gsin0d 
dt do 

and 

dé dv 
——=gsin0 
dt dé 


eee dO _ 1 ds_v 
R dt Rdt R 
where v is the block’s instantaneous speed. 


+ & = gsind 


a 
vidv'= gk{ sin 10 
0 


o—~< 


or 


v? = 2gR(1—cos@.) 


2gR(1—cos@,) 
gR 
= 2(1—-cos 8, ) 


cos 0, = 


0, = cos"( =| 48.2° 
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Chapter 6 
Work and Energy 


Conceptual Problems 


#1 
Determine the Concept A force does work on an object when its point of application 
moves through some distance and there is a component of the force along the line of 
motion. 


(a) False. The net force acting on an object is the vector sum of all the forces acting on 
the object and is responsible for displacing the object. Any or all of the forces 
contributing to the net force may do work. 


(b) True. The object could be at rest in one reference frame and moving in another. If we 
consider only the frame in which the object is at rest, then, because it must undergo a 
displacement in order for work to be done on it, we would conclude that the statement is 
true. 


(c) True. A force that is always perpendicular to the velocity of a particle changes neither 
it’s kinetic nor potential energy and, hence, does no work on the particle. 


2 ° 
Determine the Concept If we ignore the work that you do in initiating the horizontal 
motion of the box and the work that you do in bringing it to rest when you reach the 
second table, then neither the kinetic nor the potential energy of the system changed as 
you moved the box across the room. Neither did any forces acting on the box produce 
displacements. Hence, we must conclude that the minimum work you did on the box is 
ZeTO. 


3 ° 
False. While it is true that the person’s kinetic energy is not changing due to the fact that 
she is moving at a constant speed, her gravitational potential energy is continuously 
changing and so we must conclude that the force exerted by the seat on which she is 
sitting is doing work on her. 


*4 e 
Determine the Concept The kinetic energy of any object is proportional to the square of 
its speed. Because K = imv’, replacing v by 2v yields 


K'= 4m(2vy’ = a( mv") = 4K. Thus doubling the speed of a car quadruples its kinetic 


energy. 


av 
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5 e 
Determine the Concept No. The work done on any object by any force F is defined as 


dW =F -dr . The direction of F,,, is toward the center of the circle in which the object 


is traveling and dr is tangent to the circle. No work is done by the net force because 


F., and dr are perpendicular so the dot product is zero. 


6 e 
Determine the Concept The kinetic energy of any object is proportional to the square of 
its speed and is always positive. Because K = 1mv’, replacing v by 3v yields 


K'= 4m(v) = 9(4 mv?) = 9K. Hence tripling the speed of an object increases its 


kinetic energy by a factor of 9 and | (d) is correct. 


*7 e 
Determine the Concept The work required to stretch or compress a spring a distance x is 
given by W = 7 kx? where k is the spring’s stiffness constant. Because W « x’, doubling 


the distance the spring is stretched will require four times as much work. 


8 ° 
Determine the Concept No. We know that if a net force is acting on a particle, the 
particle must be accelerated. If the net force does no work on the particle, then we must 
conclude that the kinetic energy of the particle is constant and that the net force is acting 
perpendicular to the direction of the motion and will cause a departure from straight-line 
motion. 


9 e 
Determine the Concept We can use the definition of power as the scalar product of 
force and velocity to express the dimension of power. 


Power is defined as: P=F.v 

Express the dimension of force: [M][L/T?] 

Express the dimension of velocity: [L/T] 

Express the dimension of power in [M][L/T?][L/T] = [MI[LV/[TP 


terms of those of force and velocity: and | (d) is correct. 


Work and Energy 373 


10° 

Determine the Concept The change in gravitational potential energy, over elevation 
changes that are small enough so that the gravitational field can be considered constant, is 
mgAh, where Ah is the elevation change. Because Ah is the same for both Sal and Joe, 


their gains in gravitational potential energy are the same. | (c) is correct. 


11 
(a) False. The definition of work is not limited to displacements caused by conservative 
forces. 


(b) False. Consider the work done by the gravitational force on an object in freefall. 
(c) True. This is the definition of work done by a conservative force. 


*12 ee 
Picture the Problem F’, is defined to be the negative of the derivative of the potential 
function with respect to x; i.e., F, =—dU/dx. 


(a) Examine the slopes of the curve at 
each of the lettered points, remembering 
that F,, is the negative of the slope of the 
potential energy graph, to complete the 
table: 


(b) Find the point where the slope is 
steepest: At point C 


(c) If d°U/dx* < 0, then the curve is At point B the equilibrium is unstable. 


concave downward and the 


FP, 


is greatest. 


equilibrium is unstable. 


If d°U/dx” > 0, then the curve is At point D the equilibrium is stable. | 
concave upward and the equilibrium 


is stable. 


Remarks: At point F, d’U/dx* = 0 and the equilibrium is neither stable nor unstable; 
it is said to be neutral. 


374 Chapter 6 


13. 
(a) False. Any force acting on an object may do work depending on whether the force 
produces a displacement ... or is displaced as a consequence of the object’s motion. 


(b) False. Consider an element of area under a force-versus-time graph. Its units are N-s 
whereas the units of work are N-m. 


14 
Determine the Concept Work dw(= F -ds ) is done when a force F produces a 


displacement ds. Because F - ds = Fdscos 0 =(F cos@)ds, W will be negative if the 


value of @is such that Fcos@is negative. | (d) is correct. 


Estimation and Approximation 


*15 oe 

Picture the Problem The diagram depicts the situation when the tightrope walker is at 
the center of rope. M represents her mass and the vertical components of tensions 

T, and r. equal in magnitude, support her weight. We can apply a condition for static 
equilibrium in the vertical direction to relate the tension in the rope to the angle @ and use 
trigonometry to find s as a function of @. 


(a) Use trigonometry to relate the 
sag s in the rope to its length L and 


0: 
Apply » E = Oto the tightrope 2T sin 0 — Mg = 0 where T is the 
walker when she is at the center of magnitude of T, and T, : 


the rope to obtain: 


Solve for @to obtain: 
A= sin'( #2) 


Substitute numerical values and be i (50 kg)(9. 81m /s?) 


F =2.81° 
evaluate 0: 2(5000 N) 8 


Work and Energy 375 


Substitute to obtain: 10m “ 
S= Soe 2.81° =| 0.245m 


(b) Express the change in the AU =U, center ~U eng = MgAy 
tightrope walker’s gravitational 
potential energy as the rope sags: 
Substitute numerical values and AU = (50 kg)(9.81m/s? \(- 0.245 m) 
evaluate AU: 

=| -120J 
16 


Picture the Problem You can estimate your change in potential energy due to this 
change in elevation from the definition of AU. You’ll also need to estimate the height of 
one story of the Empire State building. We’ll assume your mass is 70 kg and the height of 
one story to be 3.5 m. This approximation gives us a height of 1170 ft (357 m), a height 
that agrees to within 7% with the actual height of 1250 ft from the ground floor to the 
observation deck. We’ll also assume that it takes 3 min to ride non-stop to the top floor in 
one of the high-speed elevators. 


(a) Express the change in your AU =mgAh 
gravitational potential energy as you 
ride the elevator to the 102™ floor: 


II 


Substitute numerical values and AU 


70kg)(9.81m/s? )(357m 
evaluate AU: ( a) i ) 


=| 245kJ 


(b) Ignoring the acceleration W =Fh=AU 
intervals at the beginning and the 

end of your ride, express the work 

done on you by the elevator in terms 

of the change in your gravitational 

potential energy: 


Solve for and evaluate F: AU 245kJ 
F =— =—— =| 686N 
aa 
(c) Assuming a 3 minute ride to the p AU IASkJ 
top, express and evaluate the he (3 min) (60 : /min) 


average power delivered to the 
elevator: =| 1.36kW 
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Picture the Problem We can find the kinetic energy K of the spacecraft from its 
definition and compare its energy to the annual consumption in the U.S. W by examining 
the ratio K/W. 


Using its definition, express and K =1mv? =4(10000kg\(3x10’ m/s)° 
evaluate the kinetic energy of the a oe ( g)( — ) 
spacecraft: = 4.50x10" J 

Express this amount of energy as a K 4.50x10!°j 

percentage of the annual E = 5x10" J =|1% 


consumption in the United States: 


*18 ee 

Picture the Problem We can find the orbital speed of the Shuttle from the radius of its 
orbit and its period and its kinetic energy from K = 1mv’. We’ll ignore the variation in 
the acceleration due to gravity to estimate the change in the potential energy of the orbiter 
between its value at the surface of the earth and its orbital value. 


(a) Express the kinetic energy of the K= tmv? 

orbiter: 

Relate the orbital speed of the oe 2mr 

orbiter to its radius r and period T: T 

Substitute and simplify to obtain: Qar\  2n2mr2 
Keim) op 


Substitute numerical values and evaluate K: 


_ 2*(8x10* kg)[(200 mi + 3960 mi) (1.609 km/mi)]” _ 


- [(90 min)(60s/ min)]? 


2.43 TJ 


(b) Assuming the acceleration due AU =mgh 
to gravity to be constant over the 

200 mi and equal to its value at the 

surface of the earth (actually, it is 

closer to 9 m/s’ at an elevation of 

200 mi), express the change in 

gravitational potential energy of the 

orbiter, relative to the surface of the 

earth, as the Shuttle goes into orbit: 
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Substitute numerical values and AU = (8 x10* kg)(9.81m/s?) 
evaluate AU: x (200 mi)(1.609 km/mi) 
=| 0.253TJ 


No, they shouldn't be equal because there is more than just the force of 
gravity to consider here. When the shuttle is resting on the surface of 
the earth, it is supported against the force of gravity by the normal force 
(©) the earth exerts upward on it. We would need to take into consideration 
the change in potential energy of the surface of earth in its deformation 


under the weight of the shuttle to find the actual change in potential energy. 


19 

Picture the Problem Let’s assume that the width of the driveway is 18 ft. We’ll also 
assume that you lift each shovel full of snow to a height of 1 m, carry it to the edge of the 
driveway, and drop it. We’ll ignore the fact that you must slightly accelerate each shovel 
full as you pick it up and as you carry it to the edge of the driveway. While the density of 
snow depends on the extent to which it has been compacted, one liter of freshly fallen 
snow is approximately equivalent to 100 mL of water. 


Express the work you do in lifting W =AU = gh = Pero Venow GN 


he snow a distance h: : ; 
: porn vern where p is the density of the snow. 


Using its definition, express the 


densities of water and snow: Riga A Pee 
a Vig 
Divide the first of these equations Doe Vici an 
oo SS. = or — ——. 
by the second to obtain: Dew Vow Psnow = Pwater = 
Substitute and evaluate the P.now: PZ ( 0? ko/ = 100kg feat 
Calculate the volume of snow 10 
covering the driveway: |, (50 ft)(18 ft) re 
3 3 
— 750 ft? x a 7 10° m 
ft L 

= 21.2m° 
Substitute numerical values in the W= (100 kg/m? J(2 1.2m? J(o. 81m/s2 )(1m) 
expression for W to obtain an 
estimate (a lower bound) for the =| 20.8kJ 


work you would do on the snow in 
removing it: 


378 Chapter 6 
Work and Kinetic Energy 


*20 ° 
Picture the Problem We can use 4mv° to find the kinetic energy of the bullet. 


(a) Use the definition of K: K= 
= 4(0.015kg)(1.2x10° m/s)” 


=| 10.8kJ 
2 ' 
(b) Because K « v*: K'=41K =| 2.70kJ 
(c) Because K x v’: K’ =4K =| :43.2k) 


21 
Picture the Problem We can use +mv° to find the kinetic energy of the baseball and the 


NR 
3 
< 


jogger. 
(a) Use the definition of K: K =1mv’ = 4(0.145 kg)(45 m/s)’ 
=|147J 
(b) Convert the jogger’s pace of 1mi \/ 1min \{ 1609m 
9 min/mi into a speed: aa 9min }\ 60s 1mi 
= 2.98m/s 
Use the definition of K: K =1mv’ = 1+(60 kg)(2.98 m/s)’ 


-[ 2387] 


22. ° 

Picture the Problem The work done in raising an object a given distance is the product 
of the force producing the displacement and the displacement of the object. Because the 
weight of an object is the gravitational force acting on it and this force acts downward, 
the work done by gravity is the negative of the weight of the object multiplied by its 
displacement. The change in kinetic energy of an object is equal to the work done by the 
net force acting on it. 


(a) Use the definition of W: W=F. Ay = FAy 
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= (80 N)(3 m) = 


(b) Use the definition of W: W=F.- Ay =-mgAy, because F and 
Ay are in opposite directions. 
.. W=— (6 kg)(9.81 m/s*)(3 m) 


=|-177J 


(c) According to the work-kinetic K=W+ W, = 240J + (-177 J) 
energy theorem: = | 63.0J 
23. ¢ 


Picture the Problem The constant force of 80 N is the net force acting on the box and 
the work it does is equal to the change in the kinetic energy of the box. 
Using the work-kinetic energy W =K, —-K, = Lm(v? —v? ) 
theorem, relate the work done by the 

constant force to the change in the 

kinetic energy of the box: 


Substitute numerical values and W= 1(5 kg)|(68 m/s) = (20 m/s) | 
evaluate W: _|40.6k) 
*24 ee 
Picture the Problem We can use the definition of kinetic energy to find the mass of your 
friend. 
Using the definition of kinetic imy; =4m,v; 
energy and letting "1" denote your 
mass and speed and "2" your aad 
girlfriend’s, express the equality of 2 
Vv 
your kinetic energies and solve for m, = mf (1) 
eee Vv 
your girlfriend’s mass as a function 7 
of both your masses and speeds: 
Express the condition on your speed V2 = 1.25v, (2) 


that enables you to run at the same 
speed as your girlfriend: 
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Substitute equation (2) in equation V, ¥ 
(1) to obtain: m, =m,| —- | =(85kg)) — 


Work Done by a Variable Force 


25 
Picture the Problem The pictorial representation shows the particle as it moves along 
the positive x axis. The particle’s kinetic energy increases because work is done on it. We 
can calculate the work done on it from the graph of F, vs. x and relate its kinetic energy 
when it is at x = 4m to its kinetic energy when it was at the origin and the work done on 
it by using the work-kinetic energy theorem. 


=0 = 


} x,m 
0 4 
x9 =0 x4=4m 
Vo =2™%s W4=? 
(a) Calculate the kinetic energy of K, =imv’ = 1(3 kg)(2 m/s)* 


the particle when it is at x = 0: 


(b) Because the force and W,.4 = +(base)(altitude) 
displacement are parallel, the work =1(4m)(6N) 
done is the area under the curve. 

=/12.0J 
Use the formula for the area of a 12.05 | 


triangle to calculate the area under 
the F as a function of x graph: 


(c) Express the kinetic energy of the 2K, 

particle at x = 4 m in terms of its Ya = m ” 
speed and mass and solve for its 

speed: 

Using the work-kinetic energy Wo>4 = K4— Ko 

theorem, relate the work done on the K, = Ky +Wo_,, = 6.00J +12.0J 
particle to its change in kinetic =18.0J 


energy and solve for the particle’s 
kinetic energy at x = 4m: 
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Substitute numerical values in 2(18.0 J ) 
equation (1) and evaluate v4: V4 =  3ke =| 3.46 m/s 


*26 ee 
Picture the Problem The work done by this force as it displaces the particle is the area 
under the curve of F as a function of x. Note that the constant C has units of N/m’. 


. . as 3m 

Because F varies with position non- 3 Boas 

| , W =(CNim’) fx" dx 

linearly, express the work it does as . 

an integral and evaluate the integral . ee 
= 1y! 

between the limits x = 1.5 m and = (c N/m [x 15m 

x=3m: (c N/m’) r ‘ 
= +——~|(3m) —(1.5m 

A [(em)* -(.5m)'] 

=|19CJ 


27 ee 

Picture the Problem The work done on the dog by the leash as it stretches is the area 
under the curve of F as a function of x. We can find this area (the work Lou does holding 
the leash) by integrating the force function. 


Because F varies with position non- 

| | w={ 
linearly, express the work it does as : 
an integral and evaluate the integral 
between the limits x = 0 and x = x: 


28 ee 
Picture the Problem The work done on an object can be determined by finding the area 
bounded by its graph of F, as a function of x and the x axis. We can find the kinetic 
energy and the speed of the particle at any point by using the work-kinetic energy 
theorem. 


(a) Express W, the area under the W = n Agquare 
curve, in terms of the area of one 

square, Agquare. and the number of 

squares n: 


Determine the work equivalent of W = (0.5 N)(0.25 m) = 0.125 J 


one square: 
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Estimate the number of squares 
under the curve between x = 0 and 
x=2m: 


Substitute to determine W: 


(b) Relate the kinetic energy of the 
object at x = 2 m, Ko, to its initial 
kinetic energy, Ko, and the work that 
was done on it between x = 0 and 
xX=2m: 


(c) Calculate the speed of the object 
at x = 2 m from its kinetic energy at 
the same location: 


(d) Estimate the number of squares 
under the curve between x = 0 and 
xX=4m: 


Substitute to determine W: 


(e) Relate the kinetic energy of the 
object at x = 4m, K,, to its initial 
kinetic energy, Ko, and the work that 
was done on it between x = 0 and 
x=4m: 


Calculate the speed of the object at 
x = 4m from its kinetic energy at 


the same location: 


#29 oe 


nw 22 


W = 22(0.125 J) =| 2.75) 


K, =K,+W, 


052 


= 1(8kg)(2.40m/s)’ + 2.75J 


— {2K, _ [2(01.45) _ 
y= PR = PS) _ [orem 


nx 26 


W =26(0.125J)= 


K, = Ky +Wo 4 
= 1(3kg)(2.40 m/s) + 3.25) 
=11.9J 


_ (2K, — {2(01.95) _ 
y= Pee = PS) _ [aaa 


Picture the Problem We can express the mass of the water in Margaret’s bucket as the 


difference between its initial mass and the product of the rate at which it loses water and 


her position during her climb. Because Margaret must do work against gravity in lifting 


and carrying the bucket, the work she does is the integral of the product of the 


gravitational field and the mass of the bucket as a function of its position. 


(a) Express the mass of the bucket 
and the water in it as a function of 


m(y) = 40kg —ry 
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its initial mass, the rate at which it is 
losing water, and Margaret’s 
position, y, during her climb: 


A 
Find the rate, r = as , at which r=— =—— = lkg/m 
Ay Ay 20m 


Margaret’s bucket loses water: 

Substitute to obtain: 

ubstitute to obtain m(y) = 40kg —ry = Ake 88y 
m 


(b) Integrate the force Margaret exerts on the bucket, m(y)g, between the limits of y = 0 


and y = 20 m: 
20m 1kg 5 ; 2 20m 

W=g | | 40kg-—=y' Jay = (9.81m/s’)(40kg)y'-4(1kg/m)y" |" =[ 5.89) 
0 


Remarks: We could also find the work Margaret did on the bucket, at least 
approximately, by plotting a graph of m(y)g and finding the area under this curve 
between y = 0 and y= 20 m. 


Work, Energy, and Simple Machines 


30. 

Picture the Problem The free-body 

diagram shows the forces that act on the y 
block as it slides down the frictionless SN / 
incline. We can find the work done by 4 
these forces as the block slides 2 m by / 160° 
finding their components in the direction / 

of, or opposite to, the motion. When we 

have determined the work done on the 

block, we can use the work-kinetic energy mg 
theorem or a constant-acceleration equation in 

to calculate its kinetic energy and its speed 

at any given location. 
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From the free - body diagram, we see that the forces acting on the block are 


(a) | a gravitational force that acts downward and the normal force that the incline 


exerts perpendicularly to the incline. 


Identify the component of mg that 
acts down the incline and calculate 
the work done by it: 


Express the work done by this force: 


Substitute numerical values and 
evaluate W: 


Remarks: F,, and mgcos60°, being 
perpendicular to the motion, do no 
work on the block 


(b) The total work done on the block 
is the work done by the net force: 


(c) Express the change in the kinetic 
energy of the block in terms of the 
distance, Ax, it has moved down the 
incline: 


Relate the speed of the block when it 
has moved a distance Ax down the 
incline to its kinetic energy at that 
location: 


Determine this speed when 
Ax = 1.5m: 


(d) As in part (c), express the 
change in the kinetic energy of the 
block in terms of the distance, Ax, it 
has moved down the incline and 


F,, = mg sin 60° 


W = F,Ax = mgAxsin 60° 


W =(6kg)(9.81m/s?) (2m)sin 60° 
=|102 J 


W = F_,,Ax = mgAxsin 60° 
= (6kg)(9.81m/s?)(2m)sin 60° 
=| 102 J 


AK = K;— Ki = W = (mgsin60°)Ax 
or, because K; = 0, 
Ky = W = (mgsin60°)Ax 


y= 2 = nso! 
m m 


= ,/2gAxsin 60° 


v = /2(9.81m/s? )(1.5m)sin 60° 


-[505m5 | 


AK = K;- K; 

=W 

= (mg sin 60°)Ax 
and 
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solve for Ks: Kr = (mg sin 60°)Ax + K; 


Substitute for the kinetic energy v= ri 2g sin 60°Ax + v2 
terms and solve for v; to obtain: 


Substitute numerical values and evaluate v;: 


v, = /2(9.81m/s?}(1.5m) sin60° +(2m/s)° = 


31 
Picture the Problem The free-body 
diagram shows the forces acting on the 


say 


object as in moves along its circular path } 
on a frictionless horizontal surface. We can <4 
use Newton’s 2™ law to obtain an 

expression for the tension in the string and 

the definition of work to determine the => 
amount of work done by each force during & 
one revolution. 


(a) Apply >» F. = ma, to the 2-kg v g) (2.5 m/s) 


object and solve for the tension: 3m 


(b) From the FBD we can see that the T 
forces acting on the object are: 


Because all of these forces act 


perpendicularly to the direction 
of motion of the object, none 


of them do any work. 
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*32 ° 
Picture the Problem The free-body y 
diagram, with F representing the force 

required to move the block at constant x_ F 
speed, shows the forces acting on the K. 
block. We can apply Newton’s 2™ law to 

the block to relate F to its weight w and /g 
then use the definition of the mechanical 

advantage of an inclined plane. In the Z~ 
second part of the problem we’ll use the 

definition of work. Ww 


(a) Express the mechanical w 
advantage M of the inclined plane: M= FE 


Apply 2 F., = ma, to the block: F —wsin @ = 0 because a,= 0. 


Solve for F and substitute to obtain: w 1 


wsin@ sing 


Refer to the figure to obtain: : H 
sin 0 = L 


Substitute to obtain: 1 L 
M= 


sind H 


(b) Express the work done pushing Wiamp = FL = mgLsin 0 
the block up the ramp: 


Express the work done lifting the W. 


iting = GH = mgL sin 0 
block into the truck: 


and 


W, 


lifting 


33. 

Picture the Problem We can find the work done per revolution in lifting the weight and 
the work done in each revolution of the handle and then use the definition of mechanical 
advantage. 


Express the mechanical advantage of W 
the jack: MS 
jack: F 
Express the work done by the jack in Wiitine = WD 
one complete revolution (the weight ‘ 
W is raised a distance p): 
Express the work done by the force W. In RF 


turning — 


F in one complete revolution: 
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Equate these expressions to obtain: Wp = 27 RF 
Solve for the ratio of W to F: W IR 
M =— =} —— 
F P 


Remarks: One does the same amount of work turning as lifting; exerting a smaller 
force over a greater distance. 


34 

Picture the Problem The object whose weight is w is supported by two portions of the 
rope resulting in what is known as a mechanical advantage of 2. The work that is done 
in each instance is the product of the force doing the work and the displacement of the 
object on which it does the work. 


(a) If w moves through a distance h: F movesa distance 


(b) Assuming that the kinetic energy W =AU =whcos@ =| wh 
of the weight does not change, relate 


the work done on the object to the 
change in its potential energy to 
obtain: 


(c) Because the force you exert on the W = F(2h)cos@ = F(2h) 
rope and its displacement are in the 


same direction: 


Determine the tension in the ropes > F ical = 2F — w= 0 
supporting the object: — 

and 

F=4w 
Substitute for F: W= F(2h) = 1 w(2h) = wh 
(d) The mechanical advantage of the Ww ow 
inclined plane is the ratio of the MS FE = i = 
weight that is lifted to the force 2 


required to lift it, i-e.: 


Remarks: Note that the mechanical advantage is also equal to the number of ropes 
supporting the load. 
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Dot Products 


¥*35 2° 
Picture the Problem Because A-B=AB cos @ we can solve for cos@ and use the fact 
that A- B=—AB to find @ 


Solve for 0: 4 A-B 
0 = cos 
AB 
Substitute for A- Band evaluate 0: O= cos *(— 1) - 
36 e 


Picture the Problem We can use its definition to evaluate A- B ; 


Express the definition of A-B: A-B = ABcos0 

Substitute numerical values and A-B= (6 m)(6 m)cos 60° 

evaluate A- B: -~118.0m2 

37 ° 

Picture the Problem The scalar product of two-dimensional vectors A and Bis A,B, + 
A,B,. 

(a) For A=3i-6j and A. B =(3)(-4) + (-6)(2) =| - 24 | 
B=-4i+2]: 

(b) For A=5i +5j and AB =(5)(2) + 6)(-4) =| =10 | 
B=2i-4j: 


(c) For A=6i +4jandB=4i-6]: A.B =(6)(4) + (4-6) =[ 0 | 


38 
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Picture the Problem The scalar product of two-dimensional vectors A and B is AB cos 0 


= A,B, + AyBy. Hence the angle between vectors Aand Bis given by 


aa be a 


(a) For A=3i-6j and 
B=-4i+2j: 


(b) For A=Si +5j and 
B=2i-4j: 


(c) ForA=6i +4 jandB=4i-6j: 


39° 


A. B =(3)(-4) + (-6)(2) = -24 


A= JG) +C 6) = 45 
B= y(-4) +(2)° = V20 
and 


—24 
@=cos - ———— =| 143° 


A-B=(5)(2) + (5)(-4) = -10 


A= (5) +(5) = 50 
B= (2)! +(-4) = 20 
nd 


ot, 10 = = 
0 =cos 150-00 


A - B= (6)(4) + (4)(-6) 


A= (67 +) =52 
B= (4) +(-6) =v52 
nd 


da 
= a 0 = ° 
0 =cos eo ed 


Picture the Problem The work W done by a force F during a displacement A s for 


which it is responsible is given byF ‘AS. 
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(a) Using the definitions of work and W =F.-AS 
the scalar product, calculate the work _ (2 Ni-1N j 41N i) 


done by the given force during the = Z 7 
‘(3mi+3mj—2mk 


[(2)(8)+(-)@)+@) (-2)JN-m 
=| 1.00J 


specified displacement: 


(b) Using the definition of work that W = FAscos@ = (F cos O)As 
includes the angle between the force and 
and displacement vectors, solve for er Ww 
the component of F in the direction As 
of As: 
Substitute numerical values and _ 1J 
F cos 0 = ——————————— 
evaluate Fcos0: J(@my ‘a (3m) oe (- 2m) 
=| 0.213N 
40 


Picture the Problem The component of a vector that is along another vector is the scalar 
product of the former vector and a unit vector that is parallel to the latter vector. 


(a) By definition, the unit vector ; A A, Pa Aj 4 Ak 
that is parallel to the vector A is: at - a 
A JAS+ A +A: 
(b) Find the unit vector parallel toB: a. = B _ 3i + Aj _3 i 4 ; 
== = 
B V@y+@" > » 
The component of A along Bis: Aa, = (of -j-k). (223 
3 4 
= (2), = |+Ca) = |+-1)0) 
5 5 
=| 0.400 
#41 0 


Picture the Problem We can use the definitions of the magnitude of a vector and the dot 
product to show that if A + B| = |A —B , then ALB. 


2 


Express A +B): 


Express A - B : 


Equate these expressions to obtain: 


Expand both sides of the equation to 
obtain: 


Simplify to obtain: 


From the definition of the dot 
product we have: 


Because neither A nor B is the zero 
vector: 


42 
Picture the Problem The diagram shows 


the unit vectors Aand B arbitrarily 


located in the 1* quadrant. We can express 
these vectors in terms of the unit vectors 


i and j and their x and y components. We 
can then form the dot product of 


Aand B to show that 
cos(@, — 8) = cosAcos@, + sinO,sind. 


(a) Express A in terms of the unit 


vectors i and j: 


Proceed as above to obtain: 


(b) Evaluate A-B: 


From the diagram we note that: 
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A+B) = (A+B) 


A? +2A-B+B?=A’?-2A-B+B’ 


4A-B=0 

or 

A-B=0 
A-B = ABcos@ 


where @is the angle between AandB. 


cosO=0 => 0=90° and AL B. 


A=Ait+Aj 
where 


A, = 


cos 0, 


sin 0, 


and A, = 


A 
e 


B=Bi +B, J 
where 


A A 


A-B= (cos Oi +sin 6,3) 
: (cos Oni + sin 0,3) 
= cos @, cos@, + sin @, sin 8, 


A 


A-B =cos(6, —6,) 
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Substitute to obtain: cos(@, — 8, )= cos, cos A, 


+ sin @, sin 8, 


43° 
Picture the Problem In (a) we’ll show that it does not follow that B=C by giving a 
counterexample. 

LetA =i,B=31+4j and A-B=i-(i+4j)=3 

C =3i —4j. Form A- Band A-C: and 


A-€ =i-(f-4j)=3 


No. We've shown by a counter - 


example that B is not necessarily 


equal to C. 


44 + 
Picture the Problem We can form the dot product of Aand f and require that 
A.-Fr =1 to show that the points at the head of all such vectors r lie on a straight line. 


We can use the equation of this line and the components of Ato find the slope and 
intercept of the line. 


(a) Let A =a,i +a,j. Then: A-t =(a,i +a,j)- (xi+yj) 
=a,xta,y=1 
Solve for y to obtain: a 1 
y=| -~x+— 
da, da, 


which is of the form y = mx+b 
and hence is the equation of a line. 


(b) Given that A= 2i-3): Gd <2 
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(c) The equation we obtained in (a) 
specifies all vectors whose component 


parallel to A has constant magnitude; 
therefore, we can write such a vector as 


Se SS = 
r =—, + B, where B is any vector 
A 


perpendicular to A. This is shown 
graphically to the right. 


fo 


Because all possible vectors B lieina 
plane, the resultant r must lie in a plane as 
well, as is shown above. 


¥*45 oe 
Picture the Problem The rules for the differentiation of vectors are the same as those for 
the differentiation of scalars and scalar multiplication is commutative. 


(a) Differentiate r -r = r° = constant: ae r) = dr " dr a Hog.z 
dt dt dt 
- — (constant) =0 
Because V-r =0: vir 
(b) Differentiate V -V = v* = constant 2G 4) -¥ dW z dv 5 =2a-v 
with respect to time: dt dt dt 


= “(constant =0 


Because a-v =0: alv 


The results of (a) and (b) tell us that 
ais perpendicular to r and and 


parallel (or antiparallel) to r. 


(c) Differentiate v-r =0 with d (5 r) 5. dr. dv 
respect to time: dt 
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Because v- +r-a=0: r-a=-v’ (1) 


Express a, in terms of @ where @is a, =acos@ 
the angle between r and a: 


Express r-a: r-a=racos@ =ra, 
Substitute in equation (1) to obtain: rd, = -v* 
Solve for a;: ve 
a, =| -— 
r 

Power 
46 « 
Picture the Problem The power delivered by a force is defined as the rate at which the 
force does work; i.e., P = he 

dt 

oJ 
Calculate the rate at which force A Pp, == =05W 
does work: 10s 
Calculate the rate at which force B 3J 
P, =—=0.6W and | P, > P 

does work: * 5s 
47 
Picture the Problem The power delivered by a force is defined as the rate at which the 
force does work; i.e., P = oy. =F.y. 

dt 
(a) If the box moves upward with a F=mg 
constant velocity, the net force 
acting it must be zero and the force 
that is doing work on the box is: 
The power input of the force is: P= Fv=mgv 


Substitute numerical values and P= (5 kg)(9.81m/s? \(2 m/s) = 


evaluate P: 
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(b) Express the work done by the W = Pt = (98.1 W) (4s) = | 392J 


force in terms of the rate at which 
energy is delivered: 


48 
Picture the Problem The power delivered by a force is defined as the rate at which the 
force does work; i.e., P = ay. =F-y. 
dt 
(a) Using the definition of power, os P = 6W _ | 2mis | 
express Fluffy’s speed in terms of the F 3N 


rate at which he does work and the 
force he exerts in doing the work: 


(b) Express the work done by the W = Pt = (6 W) (4s) =| 24.0] 


force in terms of the rate at which 
energy is delivered: 


49 

Picture the Problem We can use Newton’s 2” law and the definition of acceleration to 
express the velocity of this object as a function of time. The power input of the force 
accelerating the object is defined to be the rate at which it does work; i.e., 


P=dW/dt =F -v. 


(a) Express the velocity of the object v=at 

as a function of its acceleration and 

time: 

Apply > F = mG to the object: a=F/m 

Substitute for a in the expression for ye ee = ( Sm /s2 F 
V: m  8kg 


(b) Express the power input as a P=Fv= (5 nV m/s? )t 7 


function of F and v and evaluate P: 


(c) Substitute t = 3 s: P =(3.13W/s)(3s) =| 9.38W 
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Picture the Problem The power delivered by a force is defined as the rate at which the 


dWw 


force does work; i.e., P =——- = F -v. 


dt 


(a) ForF = 4Ni+3Nk and 
Vv =6msi: 


(b) ForF =6Ni —5Nj and 
¥ =-5Sm/si+4msj: 


(c) For F=3Ni +6Nj 
and V =2m/si+3m/sj: 
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=| 24.0W 

P=F-V 
= (6ni-5Nj)- (Csm/si+4misj) 
=| —50.0W 

P=FV 


- (bNi+6N j)-(2misi-+3misj) 


- [2400] 


Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can find P,, from the given information that P,,, = 0.27P,. We can express 


out 


P., as the product of the tension in the cable T and the constant speed v of the 


out 


dumbwaiter. We can apply Newton’s 2" law to the dumbwaiter to express T in terms of 


its mass m and the gravitational field g. 


Express the relationship between the 
motor’s input and output power: 


Express the power required to move 
the dumbwaiter at a constant speed 
V: 


Apply >, = ma, to the 
dumbwaiter: 
Substitute to obtain: 


Substitute numerical values and 
evaluate Pi,: 


Pi = 0.278, 

or 

Py = Cs ae 
=TVv 


out 


T —mg =ma, 

or, because ay, = 0, 

T =mg 

P,, =3.7Tv =3.7mgv 


P, =3.7(35kg)(9.81m/s? ) (0.35m/s) 


- 8W] 
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Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can express Pyag as the product of the drag force Fyag acting on the 
skydiver and her terminal velocity v,. We can apply Newton’s 2™ law to the skydiver to 
express Fag in terms of her mass m and the gravitational field g. 


F 


(a) Express the power due to drag P= Vv 
force acting on the skydiver as she i 
falls at her terminal velocity v;: or, because F,,,, and V, are antiparallel, 
Pass = EM, 
Apply >» F,, = ma, to the skydiver: Foag — Mg =ma, 
or, because ay = 0, 
Fes = mg 
Substitute to obtain, for the Pree = [- m gv,| (1) 
magnitude of Parag: 
Substitute numerical values and evaluate P: 
mi th  1.609km 
Prag =| (55 kg) (9.81 m/s?) (120 — x —— x =“) =] 2.89107 W 
h 3600s mi 


(b) Evaluate equation (1) with v = 15 mi/h: 


i) dh 1.609km 
P.. =-(55kg)(9.81m/s2)| 15 ~|3.62kW 
=f (65kg}.81 0%) 15- AR LOK 
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Picture the Problem Because, in the absence of air resistance, the acceleration of the 
cannonball is constant, we can use a constant-acceleration equation to relate its velocity 
to the time it has been in flight. We can apply Newton’s 2" law to the cannonball to find 


the net force acting on it and then form the dot product of F and V to express the rate at 
which the gravitational field does work on the cannonball. Integrating this expression 
over the time-of-flight T of the ball will yield the desired result. 


Express the velocity of the v(t) = Oi + (v = gt)j 
cannonball as a function of time ? 

while it is in the air: 

Apply YF = mda to the F = —mg j 


cannonball to express the force 
acting on it while it is in the air: 


Evaluate F -V: F -V=-mg j-(v,—gt)j 


= —mgv, + mg’*t 
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Relate F -V to the rate at which 
work is being done on the 
cannonball: 


Separate the variables and integrate 
over the time T that the cannonball 
is in the air: 


Using a constant-acceleration 
equation, relate the speed v of the 
cannonball when it lands at the 
bottom of the cliff to its initial speed 
v, and the height of the cliff H: 


Solve for v to obtain: 

Using a constant-acceleration 
equation, relate the time-of-flight T 
to the initial and impact speeds of 


the cannonball: 


Solve for T to obtain: 


Substitute for T in equation (1) and 
simplify to evaluate W: 
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—— =F -¥ =—mgv, + mg’t 


(1) 


W= it mgv, + mg’t) dt 
0 
4mg°T* —mgv,T 


Vv’ =v, + 2aAy 


or, because a = g and Ay = H, 


v’ =v, +2gH 
v= Vy) + 2gH 
v=v,—-gI 
pawn 

g 


Picture the Problem If the particle is acted on by a single force, that force is the net 
force acting on the particle and is responsible for its acceleration. The rate at which 


energy is delivered by the force is P = F-v. 


Express the rate at which this force P=F.-v 
does work in terms of F and v: 


The velocity of the particle, in terms v =at 
of its acceleration and the time that 
the force has acted is: 
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Using Newton’s 2™ law, substitute 
for a: 


Substitute for v in the expression F F-F F2 
for P and simplify to obtain: aa 


Potential Energy 


55° 

Picture the Problem The change in the gravitational potential energy of the earth-man 
system, near the surface of the earth, is given by AU = mgAh, where Ah is measured 
relative to an arbitrarily chosen reference position. 


Express the change in the man’s AU = mgAh 
gravitational potential energy in 
terms of his change in elevation: 


Substitute for m, g and Ah and AU =(80 kg)(9.81m/s") (6m) 
evaluate AU: =| 471i 
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Picture the Problem The water going over the falls has gravitational potential energy 
relative to the base of the falls. As the water falls, the falling water acquires kinetic 
energy until, at the base of the falls; its energy is entirely kinetic. The rate at which 
energy is delivered to the base of the falls is given by P = dW /dt =—dU/ dt. 


Express the rate at which energy is p= dw _ du 

being delivered to the base of the dt dt 

falls; pememDere that half ine eed (mg h) ae dm 
potential energy of the water is dt 
converted to electric energy: 

Substitute numerical values and P= —1(9.81m/ s° \(- 128 m) 


evaluate P: x (1.4x10° kg/s) 


- [Bro 


400 Chapter 6 


57 * 

Picture the Problem In the absence of 

friction, the sum of the potential and kinetic y 
energies of the box remains constant as it = 

slides down the incline. We can use the aN 
conservation of the mechanical energy of - 

the system to calculate where the box will y “T\ 

be and how fast it will be moving at any z 0 
given time. We can also use Newton’s 2” x * 
law to show that the acceleration of the box a” 
is constant and constant-acceleration mg 
equations to calculate where the box will be VAN 

and how fast it will be moving at any given 

time. 


(a) Express and evaluate the U;, =mgh = (2 kg) (9.81 m/s’) (20 m) 
gravitational potential energy of the = 

box, relative to the ground, at the top 

of the incline: 


(b) Using a constant-acceleration Ax = v,At + ta(aty 
equation, relate the displacement of or, because vy = 0, 
the box to its initial speed, i 1 a( At)’ 


acceleration and time-of-travel: 


Apply pase = ma, to the box as it mg sin@ = ma =a = gsin@ 


slides down the incline and solve for 


its acceleration: 


Substitute for a and evaluate Ax(s) =1 ( gsin 6)( Aty 
Ax(t = 1s): 
= 1(9.81m/s’ \(sin30°)(1s)’ 
- 
Using a constant-acceleration v=v,+at where v, = 0 
equation, relate the speed of the box and 
at any time to its initial speed and v(1s) =aAt = (g sin O)At 
acceleration and solve for its speed = (9 81m/s’) (sin 30°)(1s) 
when t = 1s: 


=| 4.91m/s 


(c) Calculate the kinetic energy of 
the box when it has traveled for 1 s: 


Express the potential energy of the 
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K =4mv’ =1(2kg)(4.91m/s) 
=| 24.1] 


U =U, -K =392J—24.1J 


box after it has traveled for 1 s in —| 368) 


terms of its initial potential energy 
and its kinetic energy: 


(d) Express the kinetic energy of the k=U = mv? =| 392J 
box at the bottom of the incline in aia 

terms of its initial potential energy — 

and solve for its speed at the bottom v= avi 


of the incline: 


m 
Substitute numerical values and ( ) 
v= zalal =| 19.8m/s 


evaluate v: \ 2kg 
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Picture the Problem The potential energy function U (x) is defined by the equation 


U(x)- U(x, ) a } Fdx. We can use the given force function to determine U(x) and then 


Xo 


the conditions on U to determine the potential functions that satisfy the given conditions. 


(a) Use the definition of the potential 
energy function to find the potential 
energy function associated with Fy: 


| 
Cc 
— 
ox 
a 
— 
— 
an 
2 
a 


=| -(6N)(x-%) 
because U(X) = 0. 


U(4m)=-(6N)(4m- x, ) 
=0>x, =4m 


(b) Use the result obtained in (a) to 

find U (x) that satisfies the condition 
that U(4 m) = 0: aid 
U(x)=-(6N)(x—4m) 


=| 24J—(6N)x 
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(c) Use the result obtained in (a) to U(6 m) =-(6N )(6m _ X,) 
find U that satisfies the condition that =14) =x, = 50m 
U(6 m) = 143: ae 


U(x) — -(6 NJ x -2m| 


59 
Picture the Problem The potential energy of a stretched or compressed ideal spring U; is 
related to its force (stiffness) constant k and stretch or compression Ax by U, = Lkx’. 


ri 2 
(a) Relate the potential energy stored U, = 5kx 
in the spring to the distance it has 
been stretched: 
Solve for x: 2U, 
x= 


Substitute numerical values and 2(50 J 
evaluate x: <= \ io’Nm 0.100m 


(b) Proceed as in (a) with U, = 100 J: 2(100 J) 


(ia 
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Picture the Problem In a simple Atwood’s machine, the only effect of the pulley is to 
connect the motions of the two objects on either side of it; i-e., it could be replaced by a 
piece of polished pipe. We can relate the kinetic energy of the rising and falling objects to 
the mass of the system and to their common speed and relate their accelerations to the 
sum and difference of their masses ... leading to simultaneous equations in m, and mp. 


Use the definition of the kinetic K= 1(m, +m, )v? 
energy of the system to determine and 
the total mass being accelerated: 2K 2805 
: fice, 2 OD) sap nies (1) 
v’ (4m/s) 
In Chapter 4, the acceleration of the = m, —™M) 


masses was shown to be: m,+m, 


Because v(t) = at, we can eliminate 
a in the previous equation to obtain: 


Solve for m,—m,: 


Substitute numerical values and 
evaluate m,—m,: 


Solve equations (1) and (2) 
simultaneously to obtain: 
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aie (10kg)(4m/s) =1.36kg (2) 
(9.81m/s" (3s) 


m 


Picture the Problem The gravitational potential energy of this system of two objects is the 


sum of their individual potential energies and is dependent on an arbitrary choice of where, 


or under what condition(s), the gravitational potential energy is zero. The best choice is 


one that simplifies the mathematical details of the expression of U. In this problem let’s 


choose U = 0 where 0= 0. 


(a) Express U for the 2-object system 


as the sum of their gravitational 
potential energies; noting that 
because the object whose mass is m) 
is above the position we have chosen 
for U = 0, its potential energy is 
positive while that of the object 
whose mass is m is negative: 


(b) Differentiate U with respect tod 
and set this derivative equal to zero 
to identify extreme values: 


To be physically meaningful, 
—n/2<O<n/2: 


Express the 2™ derivative of U with 
respect to Oand evaluate this 
derivative at O=+77/2: 


U(@)=U, +U, 
=m,gf,sind—m,gf, sind 


=| (ml, —m,,)g sind 


dU 
do 
from which we can conclude that 
cosO= 0 and 6= cos '0. 


=(m,0, —m,£,)g cosd = 0 


0=27/2 
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If we assume, in the expression for U d°*U 
that we derived in (a), that de? 
Myly —m,f, >0, then U(A) is a sine 


function and, in the interval of and | Uis a minimum at@ =—z / 2 


interest, — 7/2 <0 < 7/2, takes on dU 
< 
its minimum value when 6 = —7/2: da? o 0 
and | Uis a maximum at 0 = 77/2 
(c) If m0; a Molo, then (M26 = m,¢1) =0 


and | U = Oindependently of 0. | 


Remarks: An alternative approach to establishing the U is a maximum at 
O= 7/2 is to plot its graph and note that, in the interval of interest, U is concave 
downward with its maximum value at 0= 72. 
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Picture the Problem F,, is defined to be the negative of the derivative of the potential 
function with respect to x, that is, F, = -dU/dx . Consequently, given U as a function of 


x, we can find F, by differentiating U with respect to x. 


dU d 


(a) Evaluate F, =-——: F, =-—(ax‘)=| — 4Ax° 
dx dx 
(b) Set F, = 0 and solve for x: F,=0=>]/x=0 
63 oo 
Picture the Problem F, is defined to be the negative of the derivative of the potential 
function with respect to x, that is F, = -dU/dx . Consequently, given U as a function of 


x, we can find F,, by differentiating U with respect to x. 


(a) Evaluate F’, = eae F = dc = C 
dx . dx \_x x 
(b) Because C > 0: F. is positive for x # 0 and therefore 


F is directed away from the origin. 
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(c) Because U is inversely U(x) decreases with increasing x. 
proportional to x and C > 0: 


(d) With C < 0: F, is negative for x # 0 and therefore 


F is directed toward from the origin. 


Because U is inversely proportional to U(x) increases with increasing x. 
x and C < 0, U(x) becomes less 


negative as x increases: 


#64 ee 
Picture the Problem F,, is defined to be the negative of the derivative of the potential 
function with respect to y, ie. F, =—d U/dy. Consequently, we can obtain F, by 


examining the slopes of the graph of U as a function of y. 


The table to the right summarizes Slope Fy 
the information we can obtain from [Interval | _(N)__| _(N)_| 
; A—>B —2 2 
Figure 6-40: or 
BOC | transitional | —2 > 1.4 
C+D 1.4 -1.4 
The graph of F as a function of y is 
shown to the right: s 
y (m) 
65 eo 
Picture the Problem F’, is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F, = -dU/dx. Consequently, given F as a function of x, 


we can find U by integrating F’, with respect to x. 


Evaluate the integral of F’, with U (x) == { F(x) : { = a 
x 


respect to x: 
a 
=|—+U, 
x 


where U, is a constant determined by 
whatever conditions apply to U. 
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Picture the Problem F’, is defined to be the negative of the derivative of the potential 
function with respect to x, that is, F, = -dU/dx . Consequently, given U as a function 


of x, we can find F, by differentiating U with respect to x. To determine whether the 
object is in stable or unstable equilibrium at a given point, we’ll evaluate d°U / dx® at 


the point of interest. 


(a) Evaluate F', = -——: 


(b) We know that, at equilibrium, 
F, = 0: 


(c) To decide whether the 
equilibrium at a particular point is 
stable or unstable, evaluate the 2" 
derivative of the potential energy 
function at the point of interest: 


2 


Evaluate at x = 0: 


Ly? 


2 
Evaluate = 5 X= 1m: 
dx 
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F =-< (x? -2x°)= 6x(x—1) 


When F, =0, 6x(x — 1) = 0. Therefore, the 
object is in equilibrium 


at | x=0 and x=1m. 


a = 4 y2 —2x°)= 6x — 6x? 
dx dx 
and 
2 
7 . =6-12x 
dx 
2 
d = =6>0 
dx - 
=> | stable equilibrium at x = 0 
2 
: =6-12<0 
dx x=lm 


=> | unstable equilibrium at x =1m 


Picture the Problem F’, is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F, = -dU/dx . Consequently, given U as a function of x, 


we can find F,, by differentiating U with respect to x. To determine whether the object is 
in stable or unstable equilibrium at a given point, we’ll evaluate d *u/ dx* at the point of 


interest. 


(a) Evaluate the negative of the 
derivative of U with respect to x: 


(b) The object is in equilibrium 
wherever Foe = Fy = 0: 


(c) To decide whether the 
equilibrium at a particular point is 
stable or unstable, evaluate the 2" 
derivative of the potential energy 
function at the point of interest: 


2 
Evaluate — 7 atx = 2 
dx 


2 


Evaluate —z at a= 0: 
dx 


2 
Evaluate —-at x = 2m; 
dx 
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=——(8x* —x* )=4x° —16x 
x 


= x(x + 2)(x — 2) 


4x(x+2)(x—2)=0 = the equilibrium 


points are | xX = —2m,0,and2m. 


2 
aU 4 6x 4x3) = 16-12% 
dx dx 
2 
. =—-32 <0 
dx 
x=-2m 
unstable equilibrium 
> 
atx =—2m 
2 
é : =16>0 
dx" | _, 


=> | stable equilibrium at x = 0 


d*U 


ae =-32 <0 
xX 


x=2m 


unstable equilibrium 
=> 
at x =2m 


Remarks: You could also decide whether the equilibrium positions are stable or 
unstable by plotting F(x) and examining the curve at the equilibrium positions. 
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Picture the Problem F,, is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F, = -dU/dx . Consequently, given F as a function of x, 


we can find U by integrating F, with respect to x. Examination of d *u/ dx’ at extreme 


points will determine the nature of the stability at these locations. 
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Determine the equilibrium locations 
by setting Fie, = F(x) = 0: 


Evaluate the negative of the integral 
of F(x) with respect to x: 


Differentiate U(x) twice: 


2 
at X =—2: 


Evaluate 5 
IX 


2 
Evaluate 7 at x= 0: 
dx 


2 
Evaluate —z7 atx= 2: 
dx 
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F(x) = x° — 4x = x(x’ — 4) =0 
.. the positions of stable and unstable 


equilibrium are at | xX =—2,0 and 2 |. 
U(x)=—| F(x) 


= -| (x — 4x)dx 


4 
ae are 6p 
A 


where Uj is a constant whose value is 
determined by conditions on U(x). 


dU 
aoe 
and 

d*U _ 
dee 


—F, =-x°+4x 


Bx +4 


d*U 


Ae =-8<0 
Xx 


xX=-2 


| the equilibrium is unstable at x =—2 


2 
d : =4>0 
dx 
x=0 
.| the equilibrium is stable at x =0 
2 
: wi =-8<0 
dx" | _, 


..| the equilibrium is unstable at x = 2 


Thus U(x) has a local minimum at x = 0 and 


local maxima at x = +2. 


Picture the Problem F’, is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F, = —-dU/dx . Consequently, given U as a function of x, 


we can find F, by differentiating U with respect to x. To determine whether the object is 


in stable or unstable equilibrium at a given point, we can examine the graph of U. 


U 
(a) Evaluate F, = = for x <3 m: 


xX 


Set F, = 0 to identify those values of 
x for which the 4-kg object is in 
equilibrium: 


Evaluate F’, = md for x > 3 m: 
dx 


(b) A graph of U(x) in the interval 
—1m<x<3 mis shown to the 
right: 


(c) From the graph, U(x) is a 
minimum at x = 0: 


From the graph, U(x) is a maximum 
at x = 2m: 


(d) Relate the kinetic energy of the 
object to its total energy and its 
potential energy: 


Solve for v: 


Evaluate U(x = 2 m): 


Substitute in the equation for v to 
obtain: 
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F, --£ x" —x°)=3x(2-x) 


When F, = 0, 3x(2 — x) = 0. 
Therefore, the object is in equilibrium 


at} x=Oand x=2m. 


F,=0 


because U = 0. 


Therefore, the object is in 


neutral equilibrium for x > 3 m. 


U®@ 


-1.0 -0.5, 0.0 0.5 1.0 1.5 2.0 bay 3.0 


x (m) 


‘.| stable equilibrium at x = 0 | 


.| unstable equilibrium at x = 2m 


K=1mv’ =E-U 
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Picture the Problem F’, is defined to be the negative of the derivative of the potential 
function with respect to x, that is F. = -dU/dx . Consequently, given F as a function of 


x, we can find U by integrating F,, with respect to x. 


(a) Evaluate the negative of the U(x) = -{ F(x) = -| Ax dx 
integral of F(x) with respect to x: LA 
=—_— = + U, 
2X 


where Up is a constant whose value is 
determined by conditions on U(x). 


For x > 0: U decreases as x increases 


OC ae plg= 0 
2X and 
1A 18N-m? 4 
U(x)==4 = =| —N-m? 
(x) Ix 2 OS x? 


(c) The graph of U(x) is shown to the 
right: 


x (m) 
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Picture the Problem Let L be the total length of one cable and the zero of gravitational 
potential energy be at the top of the pulleys. We can find the value of y for which the 
potential energy of the system is an extremum by differentiating U(y) with respect to y 
and setting this derivative equal to zero. We can establish that this value corresponds to a 
minimum by evaluating the second derivative of U(y) at the point identified by the first 
derivative. We can apply Newton’s 2™ law to the clock to confirm the result we obtain by 
examining the derivatives of U(y). 


(a) Express the potential energy of U(y)=Una,(y) + caer (y) 
the system as the sum of the 

potential energies of the clock and 

counterweights: 


Substitute to obtain: 
U(y) =| —mgy -2Mg|L— Jy? +a’ 


(b) Differentiate U(y) with respect 
toy: 


Solve for y’ to obtain: 


Evaluate ee eae 


(c) The FBD for the clock is shown to 
the right: 


Apply Si F,, = Oto the clock: 
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OY) FIngy + 2Mglt — fy +a") 


dy 


J 
=-—| mg —2Mg 
| vy Ey 


mg —2Mg y = O for extrema 


m 
' = d 
: 4M* —m? 
2 
é JW) -.£ mg - 2Mg — 
dy dy yd 
_ 2Mgd’* 
(y2 +a 
d’U(y) 2Mgd* 
2 / 
dy F (y?+a?) F 
2Mgd 
= Me 372 
+1 
(aa —m? ) 
>0 
and the potential energy is a minimum at 
2 
m 
=| 4; | 
- 4M* —m°? 


M: ig Mg 


— 


mg 
2Mg sin@—mg =0 
and 


sin 6 = _— 
2M 
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Express sin @in terms of y and d: 
Xpr in in ter ya oie y 
Ly? +d? 
Substitute to obtain: m _ y 
2M y'+d° 


which is equivalent to the first equation in 
part (b). 


This is a point of stable equilibrium. Ifthe clock is displaced downward, 0 
increases, leading to a larger upward force on the clock. Similarly, if the 
clock is displaced upward, the net force from the cables decreases. 
Because of this, the clock will be pulled back toward the equilibrium 


point if it is displaced away from it. 


Remarks: Because we’ve shown that the potential energy of the system is a 
minimum at y = y’(i.e., U(y) is concave upward at that point), we can conclude that 
this point is one of stable equilibrium. 


General Problems 
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Picture the Problem 25 percent of the electrical energy generated is to be diverted to do 
the work required to change the potential energy of the American people. We can 
calculate the height to which they can be lifted by equating the change in potential energy 
to the available energy. 


Express the change in potential AU = Nmgh 
energy of the population of the 
United States in this process: 


Letting E represent the total energy Nmgh = 0.25E 
generated in February 2002, relate 

the change in potential to the energy 

available to operate the elevator: 


Solve for h: 0.25E 
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Substitute numerical values and 
evaluate h: (0.25)(60.7x10° kw-h) eo 
(287 10° )(60kg)(9.81m/s’ ) 
=| 323km 
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Picture the Problem We can use the definition of the work done in changing the 
potential energy of a system and the definition of power to solve this problem. 


(a) Find the work done by the crane W=imgh 
in changing the potential energy of = (6x10° kg) (9.81 m/s”) (12 m) 


its load: = | 706 MJ 
(b) Use the definition of power to P= dw _ 706 MJ -/11.83MW 
i on 


find the power developed by the 


crane: 
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Picture the Problem The power P of the engine needed to operate this ski lift is related 
to the rate at which it changes the potential energy U of the cargo of the gondolas 
according to P = AU/At. Because as many empty gondolas are descending as are 
ascending, we do not need to know their mass. 


Express the rate at which work is p= AU 
done as the cars are lifted: At 
Letting N represent the number of AU = NMgAh 


gondola cars and M the mass of 
each, express the change in U as 
they are lifted a vertical 
displacement Ah: 


Substitute to obtain: p= AU = NMgAh 
At At 
Relate Ah to the angle of ascent 0 Ah = Lsin@ 


and the length L of the ski lift: 


Substitute for Ah in the expression p= NMgLsin 0 
for P: At 
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Substitute numerical values and evaluate P: 


12(550kg)(9.81m/s? )(5.6km)sin30° 
p= =[ 50.4kw | 
(60 min)(60 s/min) 


75° 

Picture the Problem The application of E. 
Newton’s 2™ law to the forces shown in 

the free-body diagram will allow us to } 
relate R to T. The unknown mass and Dy 


speed of the object can be eliminated by 
introducing its kinetic energy. 


mg 
Apply baer = M4,, 4:4, the object Te mv~ nad ae mv* 
and solve for R: 
Express the kinetic energy of the K= mv? 
object: 
Eliminate mv* between the two R- 2K 
equations to obtain: T 
Substitute numerical values and He (90 J ) —|0.500m 
evaluate R: 360 N 
*76 ° 


Picture the Problem We can solve this problem by equating the expression for the 
gravitational potential energy of the elevated car and its kinetic energy when it hits the 
ground. 


Express the gravitational potential U = mgh 
energy of the car when it is at a 
distance h above the ground: 


Express the kinetic energy of the car K =1mv* 
when it is about to hit the ground: 


Equate these two expressions Vv 
(because at impact, all the potential 2g 
energy has been converted to kinetic 

energy) and solve for h: 
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Substitute numerical values and h= [(100 km/h)(1h/3600 s)]° 1 393m 
evaluate h: 2(9.81m/s’) 
77 eco 


Picture the Problem The free-body 
diagram shows the forces acting on one of 
the strings at the bridge. The force whose 
magnitude is F is one-fourth of the force 
(103 N) the bridge exerts on the strings. 
We can apply the condition for equilibrium 
in the y direction to find the tension in each 
string. Repeating this procedure at the site 
of the plucking will yield the restoring 
force acting on the string. We can find the 
work done on the string as it returns to 


equilibrium from the product of the 
average force acting on it and its 
displacement. 


(a) Noting that, due to symmetry, F — 2T sin18° =0 
T’ =T, apply ». F,, = Oto the string 

at the point of contact with the 

bridge: 


: (103 N 
Solve for and evaluate T: T- = _4 ( 3 ) =| 41.7N 
2sin18° 2sin18° 


(b) A free-body diagram showing 
the forces restoring the string to its 
equilibrium position just after it has 
been plucked is shown to the right: 


Express the net force acting on the F.., = 2T cosé 
string immediately after it is 
released: 
Use trigonometry to find @ 16. 1 
8 y ere 6.3cm | Omm _ 98.6° 
4mm cm 


Substitute and evaluate Fye: i= 2(34.4 N)cos88.6° —|1.68N 
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(c) Express the work done on the 
string in displacing it a distance dx’: 


If we pull the string out a distance 
x’, the magnitude of the force 
pulling it down is approximately: 


Substitute to obtain: 


Integrate to obtain: 


Substitute numerical values to obtain: 


78 eo 


dW = Fdx' 


L/2 
dW = 2 fae 
L 
We |e 
L 0 
where x is the final displacement of the 
string. 
_ (41.7) (4x10-?m) 
32.610 °m 
=| 4.09mJ 


Picture the Problem F’, is defined to be the negative of the derivative of the potential 
function with respect to x, that is F, = -dU/dx . Consequently, given F as a function of 


x, we can find U by integrating F’, with respect to x. 


Evaluate the integral of F,, with 
respect to x: 


Apply the condition that U(0) = 0 to 
determine U,: 


The graph of U(x) is shown to the right: 


U(x)= —| F(x)ax = -| (- ax? )dx 


—1igqy3 
= 3x L, 


U(0) = 0+ Uy =0 => Uy = 0 


-U()= [Bar | 


x (m) 
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*79 ee 

Picture the Problem We can use the definition of work to obtain an expression for the 
position-dependent force acting on the cart. The work done on the cart can be calculated 
from its change in kinetic energy. 


(a) Express the force acting on the dWw 
cart in terms of the work done on it: P (x) = “Ge. 
Because U is constant: d 2 
P(x)= (mv) = “fe m(Cxy 
IX IX 
(b) The work done by this force W =AK =4mv, —imv; 
changes the kinetic energy of the =i my? eee m(Cx, , 
cart: — 
=| +mC°x, 
80 ee 


Picture the Problem The work done by F depends on whether it causes a displacement 
in the direction it acts. 


(a) Because F is along x-axis and w=/F-ds =|0 
the displacement is along y-axis: 


(b) Calculate the work done by i ha ee ae 
F during the displacement from ee J BOG i (2 Nim )x dx 
x=2mto5m: Aen 
x 
=(2N/m’}|—] = [ 78.05 | 
( 3 I. 


81 es 

Picture the Problem The velocity and acceleration of the particle can be found by 
differentiation. The power delivered to the particle can be expressed as the product of its 
velocity and the net force acting on it, and the work done by the force and can be found 
from the change in kinetic energy this work causes. 


In the following, if t is in seconds and m is in kilograms, then v is in m/s, a is in m/s’, P is 
in W, and Wis in J. 
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(a) The velocity of the particle is 
given by: 


The acceleration of the particle is 
given by: 


(b) Express and evaluate the rate at 
which energy is delivered to this 
particle as it accelerates: 


(c) Because the particle is moving in 
such a way that its potential energy 
is not changing, the work done by 
the force acting on the particle 
equals the change in its kinetic 
energy: 


dx d 
ara = ee —4t?) 
(6c? -8r) 
dv d 
ae 5 (6° ~8t) 
=| (12r-8) 


P = Fv = mav 
= m(12t—8)(6r? —8¢) 


8mt(9t? —18t +8) 


W =AK =K,-K, 
= 4m[(v,)? - (0 


= 1m [(6r? -81,)]’-0 


=| 2mt;(3t, -4)° 


Remarks: We could also find W by integrating P(t) with respect to time. 
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Picture the Problem We can calculate the work done by the given force from its 


definition. The power can be determined from P = F -¥ and v from the change in kinetic 


energy of the particle produced by the work done on it. 


(a) Calculate the work done from its 
definition: 


(b) Express the power delivered to 
the particle in terms of F,-3,, and its 
velocity: 


Relate the work done on the particle 
to its kinetic energy and solve for its 
velocity: 


W=AK=K 


3m 


Ww =|F -ds = [(6-+4x-3x")dx 
0 


2 3 3m 
- 6x4 2 ~|9.00J 
0 


a dpgs <i _ 
final = 7 MV* since v, =0 


Solve for and evaluate v: 


Evaluate Fy-=3 mn: 


Substitute for F,-3,,and v: 


#83 oe 
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en oe 205) _ 5 amis 
m \ 3kg 


F_5, =6+4(3)—3(3)’ =-9N 


P =(-9N)(2.45 m/s) =| —22.1W 


Picture the Problem We’|l assume that the firing height is negligible and that the bullet 
lands at the same elevation from which it was fired. We can use the equation 
R= (v? / g )sin 20 to find the range of the bullet and constant-acceleration equations to 


find its maximum height. The bullet’s initial speed can be determined from its initial 


kinetic energy. 


Express the range of the bullet as a 
function of its firing speed and angle 
of firing: 


Rewrite the range equation using the 
trigonometric identity 
sin2 = 2sin@cosé@ 


Express the position coordinates of 
the projectile along its flight path in 
terms of the parameter t: 


Eliminate the parameter t and make 
use of the fact that the maximum 
height occurs when the projectile is 
at half the range to obtain: 


Equate R and h and solve the 
resulting equation for @ 


Relate the bullet’s kinetic energy to 
its mass and speed and solve for the 
square of its speed: 


Substitute for vj and @and evaluate 


R: 


2 
R=~sin20 
g 
Re v) sin20  2v, sin@cos 


2(1200J) 
(0.02kg)(9.81m/s 


=| 5.74km 


ee) 
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84 ee 
Picture the Problem The work done on the particle is the area under the force-versus- 
displacement curve. Note that for negative displacements, F is positive, so W is negative 


for x < 0. 


(a) Use either the formulas for the x_ |W 
areas of simple geometric figures or (m) |_V) 
counting squares and multiplying by = | =L1 
the work represented by one square —3 | -10 
to complete the table to the right: —2 | -7 
-1/-3 
0 0 
1 1 
2 0 
3 | -2 
4/|-3 
(b) Choosing U(0) = 0, and using x |W | AU 
the definition of AU = —W, complete (m) | J) | J) 
the third column of the table to the —4 |-11]| 11 
right: —3 | -10 | 10 
—2 | -7 
-1 | -3 
0 0 0 
1 1 -1 
Z 0 0 
3 | -2 2 
4 [-3/ 3 | 


The graph of U as a function of x is 
shown to the right: 


me) 


x (m) 
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85 eo 
Picture the Problem The work done on the particle is the area under the force-versus- 
displacement curve. Note that for negative displacements, F is negative, so W is positive 


for x < 0. 


(a) Use either the formulas for the x |W 
areas of simple geometric figures or (m) | VY) 
counting squares and multiplying by —4 | 6 
the work represented by one square 3 
to complete the table to the right: —2 | 2 
—1 | 0.5 
0 0 
1 | 0.5 
2 ||. 10 
a. || 20 
4 3 
(b) Choosing U(0) = 0, and using x | W_| AU 
the definition of AU = —W, complete (m) | J) | @& 
the third column of the table to the -4 | 6 —6 
right: 3 | 4 —4 
—2 | 2 —2 
—1 | 0.5 | -0.5 
0 0 0 
1 | 0.5 | -0.5 
2 | 15 | -1.5 
3 | 2.5 | -2.5 
4 3 3 


The graph of U as a function of x is 


U() 


shown to the right: 


x (m) 
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86. ee 
Picture the Problem The pictorial 
representation shows the box at its initial 
position 0 at the bottom of the inclined 
plane and later at position 1. We’ll assume 
that the block is at position 0. Because the 
surface is frictionless, the work done by the 
tension will change both the potential and 
kinetic energy of the block. We’ll use 
Newton’s 2™ law to find the acceleration of 
the block up the incline and a constant- 
acceleration equation to express v in terms 
of T, x, M, and @ Finally, we can express 
the power produced by the tension in terms 
of the tension and the speed of the box. 


(a) Use the definition of work to 
express the work the tension T does 
moving the box a distance x up the 
incline: 


(b) Apply E = Ma, to the box: 


Solve for a,: 


Using a constant-acceleration 
equation, express the speed of the 
box in terms of its acceleration and 
the distance x it has moved up the 
incline: 


Substitute for a, to obtain: 


(c) The power produced by the 
tension in the string is given by: 


y 
\ 
yi 
n od 
T 
\ 
—o\_ |e 
mgs 
w=[Be 
T —Mgsin@ = Ma, 
a _T-Mgsinoé _ T gene 


: M 


v=, +20 
or, because Vo = 0, 


v=./2a,Xx 
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Picture the Problem We can use the definition of the magnitude of vector to show that 
the magnitude of F is Fo and the definition of the scalar product to show that its direction 
is perpendicular tor . The work done as the particle moves in a circular path can be found 


from its definition. 


(a) Express the magnitude of F: 


Because r=) x° +y° : 


Form the scalar product of F and r: Bi (2 \pi-x3)-Gi+y3) 
‘3 


Because F-r =0,|F LF 


(b) Because F Li, F is tangential 
to the circle and constant. At (5 m, 
0), F’ points in the — j direction. If 
ds is in the a4 direction, dW > 0. 


The work it does in one revolution is: 


W = F,(27r)=22(5m)F, 
= (107 m)F, if the rotation 


is clockwise 


and 
W =(-107m)F, if the rotation is 


counterclockwise. 


W =(107m)F, if the rotation is clockwise, —(10z m)F,if the rotation is 


counterclockwise. Because W # 0 for a complete circuit, F is not conservative. 


*88 eee 

Picture the Problem We can substitute for r and xi + yj in F to show that the 
magnitude of the force varies as the inverse of the square of the distance to the origin, and 
that its direction is opposite to the radius vector. We can find the work done by this force 
by evaluating the integral of F with respect to x from an initial position x = 2m, y=O0m 
to a final position x = 5 m, y = 0 m. Finally, we can apply Newton’s 2™ law to the particle 
to relate its speed to its radius, mass, and the constant b. 
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(a) Substitute for r and 
xi+y jinF to obtain: 


Simplify to obtain: 


(b) Find the work done by this force 
by evaluating the integral of F with 
respect to x from an initial position 
x=2m,y=0mtoa final position 
x=5m,y=0Om: 


= b 2 24 
= ce eee IN 
(x2 + y?) 
where F is a unit vector pointing from the 
origin toward the point of application of 


i.e., the magnitude of the force varies as the 
inverse of the square of the distance to the 
origin, and its direction is antiparallel 


(opposite) to the radius vectorr = xi + yj. 


(c) | No work is done as the force is perpendicular to the velocity. 


(d) Because the particle is moving in 
a circle, the force on the particle 
must be supplying the centripetal 
acceleration keeping it moving in 


the circle. Apply YF =ma, to 
the particle: 


Solve for v: 


Substitute numerical values and 
evaluate v: 


89 eco 


2m 2m 
=3N-m’ . : =| —0.900 J 
5m 2m 
Pa 
r? r 
ya fe 
\ mr 


3N-m? 
"= Vkg)7m) =| 0.463 m/s 


Picture the Problem A spreadsheet program to calculate the potential is shown below. 
The constants used in the potential function and the formula used to calculate the "6-12" 


potential are as follows: 


Cell Content/Formula Algebraic Form 
B2 1.09x107” a 
B3 6.8410 b 


D8 | $B$2/C8412-$B$3/C846 a b 
re 6 
C9 C8+0.1 r+Ar 
(a) 
A B GC D 

1 

2 | a= | 1.09E-07 

3 | b= | 6.84E-05 

4 

5 

6 

7 r U 

8 3.00E-01 | 1.11E-01 

9 3.10E-01 | 6.13E-02 
10 3.20E-01 | 3.08E-02 
11 3.30E-01 | 1.24E-02 
12 3.40E-01 | 1.40E-03 
13 3.50E-01 | —4.95E-03 
45 6.70E-01 | —7.43E-04 
46 6.80E-01 | —6.81E-04 
47 6.90E-01 | —6.24E-04 
48 7.00E-01 | —5.74E-04 


The graph shown below was generated from the data in the table shown above. Because 
the force between the atomic nuclei is given by F = -(d U/ dr), we can conclude that the 
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shape of the potential energy function supports Feynman’s claim. 


U (eV) 


"6-12" Potential 


r (nm) 


(b) The minimum value is about —0.0107 eV, occurring at a separation of approximately 
0.380 nm. Because the function is concave upward (a potential "Wwell”) at this separation, 
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this separation is one of stable equilibrium, although very shallow. 


(c) Relate the force of attraction dU d|a b 
between two argon atoms to the Se lag oe 
dr dr |r r 
slope of the potential energy 
function: = 12a = 6b 
r? r’ 


Substitute numerical values and evaluate F(5 A): 


—7 5 -19 
= 12{1.09%10 i 6(6.84x10 Ja pac10? 2M ye 8X10, nm 
(0.5nm) (0.5nm) nm eV 10° m 
=| —6.69x10 "NN 


where the minus sign means that the force is attractive. 


Substitute numerical values and evaluate F(3.5 A): 


—7 -5 -19 
_12(L.09%10 ) 6(6.84%10° ) = 46 a.1972 2M 16x10 I, nm 
(0.35nm)' (0.35nm) nm eV 10°m 


=| 7.49x10"'N 


where the plus sign means that the force is repulsive. 


*OQ eee 

Picture the Problem A spreadsheet program to plot the Yukawa potential is shown 
below. The constants used in the potential function and the formula used to calculate the 
Yukawa potential are as follows: 


Cell Content/Formula Algebraic Form 
Bl 4 Up 
B2 2.5 a 
D8 | -$B$1*($B$2/C9)*EXP(—C9/$B$2) a ) ae 
—,/— |e 
r 
C10 C9+0.1 r+Ar 
(a) 
A B C D 
1 U0= | 4 pJ 
2 a= | 2.5 fm 
3 
i 
8 r U 
9 0.5 —16.37 
10 0.6 —13.11 
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11 0.7 —10.80 
12 0.8 —9.08 
13 0.9 -7.75 
14 1 —6.70 
64 6 —0.15 
65 6.1 —0.14 
66 6.2 —0.14 
67 6.3 —0.13 
68 6.4 —0.12 
69 6.5 —0.11 
70 6.6 —0.11 


U as a function of r is shown below. 


0 
oy) 5 
-4 
6 
S 8 
5 -10 
-12 
“14 
-16 
-18 
r (fm) 
(b) Relate the force between the dU(r) 
nucleons to the slope of the potential F (r ) =o di 


energy function: 


(c) Evaluate F(2a): 
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Evaluate F(a): 


Express the ratio F(2a)/F(a): 


(d) Evaluate F(Sa): 


Express the ratio F(5a)/F(a): 


- [a0 


Chapter 7 
Conservation of Energy 


Conceptual Problems 


*1 e 
Determine the Concept Because the peg is frictionless, mechanical energy is conserved 


as this system evolves from one state to another. The system moves and so we know that 
AK > 0. Because AK + AU = constant, AU < 0. | (a) is correct. 


2 ° 
Determine the Concept Choose the zero of gravitational potential energy to be at ground 
level. The two stones have the same initial energy because they are thrown from the same 
height with the same initial speeds. Therefore, they will have the same total energy at all 
times during their fall. When they strike the ground, their gravitational potential energies 
will be zero and their kinetic energies will be equal. Thus, their speeds at impact will be 
equal. The stone that is thrown at an angle of 30° above the horizontal has a longer flight 
time due to its initial upward velocity and so they do not strike the ground at the same 


time. (c) is correct. | 


3 e 
(a) False. Forces that are external to a system can do work on the system to change its 
energy. 


(b) False. In order for some object to do work, it must exert a force over some distance. 
The chemical energy stored in the muscles of your legs allows your muscles to do the 
work that launches you into the air. 


4 e 
Determine the Concept Your kinetic energy increases at the expense of chemical 
energy. 


*5 e 

Determine the Concept As she starts pedaling, chemical energy inside her body is 
converted into kinetic energy as the bike picks up speed. As she rides it up the hill, 
chemical energy is converted into gravitational potential and thermal energy. While 
freewheeling down the hill, potential energy is converted to kinetic energy, and while 
braking to a stop, kinetic energy is converted into thermal energy (a more random form of 
kinetic energy) by the frictional forces acting on the bike. 


*6 e 
Determine the Concept If we define the system to include the falling body and the earth, 
then no work is done by an external agent and AK + AU, + AEtnem= 0. Solving for the 
change in the gravitational potential energy we find AU, = —(AK + friction energy). 


437 
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(b) is correct. 


7 eo 
Picture the Problem Because the constant friction force is responsible for a constant 


acceleration, we can apply the constant-acceleration equations to the analysis of these 
statements. We can also apply the work-energy theorem with friction to obtain 
expressions for the kinetic energy of the car and the rate at which it is changing. Choose 
the system to include the earth and car and assume that the car is moving on a horizontal 
surface so that AU = 0. 


(a) A constant frictional force i = ve + 2aAs where v= 0. 
causes a constant acceleration. The _y? 

7 0 

JAS = where a <0. 


stopping distance of the car is iG 


related to its speed before the brakes Thus, As v2 and statement (a) is false. 


were applied through a constant- 
acceleration equation. 


(b) Apply the work-energy theorem AK =—W, =—4,mgAs 
with friction to obtain: 


Express the rate at which K is 
dissipated: At 


AK 
Thus, Eva oc vand therefore not constant. 
t 


Statement (b) is false. 


(c) In part (b) we saw that: K x As 

Because As « At: K « At and statement (c) is false. 
Because none of the above are correct: | (d)is correct. | 

8 ° 


Picture the Problem We’|l let the zero of potential energy be at the bottom of each ramp 
and the mass of the block be m. We can use conservation of energy to predict the speed 
of the block at the foot of each ramp. We’ll consider the distance the block travels on 
each ramp, as well as its speed at the foot of the ramp, in deciding its descent times. 


Use conservation of energy to find AK +AU =0 
the speed of the blocks at the bottom or 
of each ad Kes a oer + Uy: - Ug a 0 


Conservation of Energy 439 


Because Kiop = Upor = 0: Kyo —Utop = 9 
a 5 
Substitute to obtain: i mv, —mgH =0 
Solve for Vbot: Voor = V2GH independently of the shape of 
the ramp. 


Because the block sliding down the circular arc travels a greater distance (an arc length is 
greater than the length of the chord it defines) but arrives at the bottom of the ramp with 
the same speed that it had at the bottom of the inclined plane, it will require more time to 


arrive at the bottom of the arc. | (b) is correct. 


9 ee 
Determine the Concept No. From the work-kinetic energy theorem, no total work is 
being done on the rock, as its kinetic energy is constant. However, the rod must exert a 
tangential force on the rock to keep the speed constant. The effect of this force is to 
cancel the component of the force of gravity that is tangential to the trajectory of the 
rock. 


Estimation and Approximation 


*10 

Picture the Problem We’|I use the data for the "typical male" described above and 
assume that he spends 8 hours per day sleeping, 2 hours walking, 8 hours sitting, 1 hour 
in aerobic exercise, and 5 hours doing moderate physical activity. We can approximate 


his energy utilization using EF AP. stivityAt where A is the surface area of his 
body, Pactivity is the rate of energy consumption in a given activity, and Atacivity is the time 


spent in the given activity. His total energy consumption will be the sum of the five terms 
corresponding to his daily activities. 


activity ~ activity ? 


+E +E 


sleeping walking sitting 


+E +E 


(a) Express the energy consumption E=E 
of the hypothetical male: 


mod. act. aerobic act. 


Evaluate Esjeeping: E 


sleeping = sleeping NT sag 


= (2m? )(40w/m?)(8h)(3600s/h) 
= 2.30x10° J 


Evaluate Ewatking: E AP. 


walking Xt 
= (2m?)(160 W/m? )(2h)(3600s/n) 
= 2.30x10°J 


walking 


AP. 


sitting 


Evaluate Esiting: | ee = At 
= (2m?)(60 W/m?)(8h)(3600s/h) 


= 3.46x10°J 


sitting 
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Evaluate Exod. act: 


Evaluate E aerobic act.* 


Substitute to obtain: 


Express the average metabolic rate 
represented by this energy 
consumption: 


Baa ae = PAB siti acs cata 
= (2m?)(175 W/m? )(5h)(3600s/h) 
= 6.30x10°J 

E aerobic act. — AP erobic ae has act. 


= (2m?)(300 W/m?)(1h)(3600s/h) 
= 2.16x10°J 


E =2.30x10°J +2.30x10°J + 3.46 x10° J 
+ 6.30x10°J + 2.16x10°J 
=/16.5x10°J 


ae 16.5x10°S siw 
* At (24h)(3600s/h) 


or about twice that of a 100 W light bulb. 


(b) Express his average energy 16.5x 10° J/day 

Becta : = —___——_ =| 3940 kcal/da 
consumption in terms of kcal/day: 4190 J/keal | Mf | 
(c) a = 22.5kcal/lb is higher than the estimate given in the statement of the 


problem. However, by adjusting the day's activities, the metabolic rate can vary by more 


than a factor of 2. 


11 


Picture the Problem The rate at which you expend energy, i.e., do work, is defined as 


power and is the ratio of the work done to the time required to do the work. 


Relate the rate at which you can 
expend energy to the work done in 
running up the four flights of stairs 
and solve for your running time: 


Express the work done in climbing 
the stairs: 


Substitute for AW to obtain: 


LL ee 
AW =mgh 
Ago men 
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Assuming that your weight is 600 ee (600 N )(4 x3.5 m) _ 


N, evaluate At: 250 W 


12 ° 
Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein’s equation E, = mc. 


E 
(a) Relate the rest mass consumed to E,=m Pep (1) 
the energy produced and solve for C 


and evaluate m: 1J —~|4.11x10” kg 


™~ (2.998%10" m/s)" 


(b) Express the energy required as a E=3Pt 
function of the power of the light = 3(100 W)(10 y) 
bulb and evaluate E: . 365.24d \( 24h \( 3600s 
y d h 
=9.47x10'°J 
Substitute in equation (1) to obtain: oe 9.47x10'° J =|1.05 48 


~ (2.998x10" m/s)” 


*13 ¢ 

Picture the Problem There are about 3x10° people in the United States. On the 
assumption that the average family has 4 people in it and that they own two cars, we have 
a total of 1.5x10° automobiles on the road (excluding those used for industry). We’l 
assume that each car uses about 15 gal of fuel per week. 


Calculate, based on the assumptions identified above, the total annual consumption of 
energy derived from gasoline: 


(1.5x10° ato) 158 | wets | 2.6 10° =) =| 3.04x10" J/y 
auto - week gal 


y 
Express this rate of energy use as a 3.04 x 10" J/y 
fraction of the total annual energy use by “Eon 6% 
the US: x10" S/y 


Remarks: This is an average power expenditure of roughly 9x10" watt, and a total 
cost (assuming $1.15 per gallon) of about 140 billion dollars per year. 


14 
Picture the Problem The energy consumption of the U.S. works out to an average power 
consumption of about 1.6x10'° watt. The solar constant is roughly 10° W/m’ (reaching 
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the ground), or about 120 W/m‘ of useful power with a 12% conversion efficiency. 
Letting P represent the daily rate of energy consumption, we can relate the power 
available at the surface of the earth to the required area of the solar panels using P = IA. 


Relate the required area to the P=IA 
electrical energy to be generated by where I is the solar intensity that reaches the 
the solar panels: surface of the Earth. 
Solve for and evaluate A: P (1.6 x10" w) 
1 120Wim? 


= 2.67 x10" m* 


where the factor of 2 comes from the fact that 
the sun is only up for roughly half the day. 


Find the side of a square with this = Hi De! 
aa s =4/2.67 x10 m* =| 516km 


Remarks: A more realistic estimate that would include the variation of sunlight over 
the day and account for latitude and weather variations might very well increase the 
area required by an order of magnitude. 


15° 

Picture the Problem We can relate the energy available from the water in terms of its 
mass, the vertical distance it has fallen, and the efficiency of the process. Differentiation 
of this expression with respect to time will yield the rate at which water must pass 
through its turbines to generate Hoover Dam’s annual energy output. 


Assuming a total efficiency 77, use E=nmgh 
the expression for the gravitational 

potential energy near the earth’s 

surface to express the energy 

available from the water when it has 

fallen a distance h: 


Differentiate this expression with d dm dV 
respect to time to obtain: PS quimgn = mg = aa 
Solve for dV/dt: dV P (1) 
dt negh 
Using its definition, relate the dam’s AE 
annual power output to the energy = he 
produced: 
Substitute numerical values to 4x10°kW-h 
obtain: 7 = 4.57x10°W 


~ (365.24d)(24h/d) 


Substitute in equation (1) and 
evaluate dV/dt: 
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dV 4.57x10° W 


dt 0.2(1kg/L)(9.81m/s’ (211m) 
=[1.10x10°L/s 


The Conservation of Mechanical Energy 


16° 


Picture the Problem The work done in compressing the spring is stored in the spring as 


potential energy. When the block is released, the energy stored in the spring is 


transformed into the kinetic energy of the block. Equating these energies will give us a 


relationship between the compressions of the spring and the speeds of the blocks. 


Let the numeral 1 refer to the first 
case and the numeral 2 to the second 
case. Relate the compression of the 
spring in the second case to its 
potential energy, which equals its 
initial kinetic energy when released: 


Relate the compression of the spring 
in the first case to its potential 
energy, which equals its initial 


kinetic energy when released: 


Substitute to obtain: 


Solve for x2: 
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Iky? =1 2 
7 kx, =F M,V, 


= 4(4m, )(3v,)° 
=18m,v; 


Picture the Problem Choose the zero of gravitational potential energy to be at the foot of 


the hill. Then the kinetic energy of the woman on her bicycle at the foot of the hill is equal 


to her gravitational potential energy when she has reached her highest point on the hill. 


Equate the kinetic energy of the 
rider at the foot of the incline and 
her gravitational potential energy 
when she has reached her highest 
point on the hill and solve for h: 


Relate her displacement along the 


ve 
imv* = mgh > h=— 
2g 


d = h/sin@ 
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incline d to h and the angle of the 
incline: 


Substitute for h to obtain: 


Solve for d: 


Substitute numerical values and 
evaluate d: 


*18 ° 

Picture the Problem The diagram shows 
the pendulum bob in its initial position. Let 
the zero of gravitational potential energy be 
at the low point of the pendulum’s swing, 
the equilibrium position. We can find the 
speed of the bob at it passes through the 
equilibrium position by equating its initial 
potential energy to its kinetic energy as it 
passes through its lowest point. 


Equate the initial gravitational 
potential energy and the kinetic 
energy of the bob as it passes 
through its lowest point and solve 
for v: 


Express Ah in terms of the length L 
of the pendulum: 


Substitute and simplify: 


19 ° 


~ 2gsind 


(10m/s)° 


d — 5) 7 at 
2(9.81m/s )sin3° 
and | (c) is correct. 


97.4m 


a 


Picture the Problem Choose the zero of gravitational potential energy to be at the foot 


of the ramp. Let the system consist of the block, the earth, and the ramp. Then there are 
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no external forces acting on the system to change its energy and the kinetic energy of the 
block at the foot of the ramp is equal to its gravitational potential energy when it has 
reached its highest point. 


Relate the gravitational potential mgh = 4mv" 
energy of the block when it has 

reached h, its highest point on the 

ramp, to its kinetic energy at the foot 


of the ramp: 
Solve for h: h= v 
2g 
Relate the displacement d of the d = h/sin@ 
block along the ramp to h and the 
angle the ramp makes with the 
horizontal: 
Substitute for h: : 
ubstitute for dsing =-_ 
2g 
Solve for d: _ vo 
2gsind 
Substitute numerical values and (7 m/ s) . 
d= =| 3.89m 
evaluate d: 2(9.81m/s’) sin40° [3.89m_ 


20, 

Picture the Problem Let the system consist of the earth, the block, and the spring. With 
this choice there are no external forces doing work to change the energy of the system. Let 
U, = 0 at the elevation of the spring. Then the initial gravitational potential energy of the 
3-kg object is transformed into kinetic energy as it slides down the ramp and then, as it 
compresses the spring, into potential energy stored in the spring. 


(a) Apply conservation of energy to W., = AK +AU =0 
relate the distance the spring is and, because AK = 0, 
compressed to the initial potential —mgh+4 kx? =0 
energy of the block: 


Solve for x: 2mgh 
x= | — 
k 
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Substitute numerical values and 2(3 kg)(9.81m/s’ \(5 m) 
evaluate x: a 400 N/m 
=| 0.858m 
(b) The energy stored in the The block will retrace its path, 
compressed spring will accelerate rising toa height of 5m. 
the block, launching it back up the 
incline: 
21 se 


Picture the Problem With U, chosen to be zero at the uncompressed level of the spring, 
the ball’s initial gravitational potential energy is negative. The difference between the 
initial potential energy of the spring and the gravitational potential energy of the ball is 
first converted into the kinetic energy of the ball and then into gravitational potential 
energy as the ball rises and slows ... eventually coming momentarily to rest. 


Apply the conservation of energy to —mgx + 4kx* = mgh 
the system as it evolves from its 
initial to its final state: 


Solve for h: kx? 
h= =x 
2mg 
Substitute numerical values and (600 N/m)(0.05 m)° 
- 5\— 9.05m 
evaluate h: 2(0.015kg)(9.81m/s") 
=| 5.05m 
22 e 


Picture the Problem Let the system include the earth and the container. Then the work 
done by the crane is done by an external force and this work changes the energy of the 
system. Because the initial and final speeds of the container are zero, the initial and final 
kinetic energies are zero and the work done by the crane equals the change in the 
gravitational potential energy of the container. Choose U, = 0 to be at the level of the 
deck of the freighter. 


Apply conservation of energy to the Wa = AE, =AK + AU 
system: 


Because AK = 0: W.,, = AU = mgAh 
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Evaluate the work done by the crane: Wax. = mgAh 
= (4000kg)(9.81m/s?)(—8m) 
=| —314kJ 

23.8 


Picture the Problem Let the system 
consist of the earth and the child. Then 
Wext = 0. Choose Ug; = 0 at the child’s 
lowest point as shown in the diagram to the 
right. Then the child’s initial energy is 
entirely kinetic and its energy when it is at 
its highest point is entirely gravitational 
potential. We can determine h from energy 
conservation and then use trigonometry to 
determine @. 


Using the diagram, relate @to h and 
L: 


Apply conservation of energy to the 


system to obtain: 


Solve for h: ie ve 
2g 

Substitute to obtain: 4 P 

@=cos | 1-— 

2gL 
Substitute numerical values and : (3.4 m/s) . 
I 0: @=cos |1 5 
evaluate 0: 2(9.81m/s”)(6m) 
=l'20.0" 

#24 0 


Picture the Problem Let the system include the two objects and the earth. Then We: = 0. 
Choose U, = 0 at the elevation at which the two objects meet. With this choice, the initial 
potential energy of the 3-kg object is positive and that of the 2-kg object is negative. 
Their sum, however, is positive. Given our choice for U, = 0, this initial potential energy 
is transformed entirely into kinetic energy. 


Apply conservation of energy: Wo, =AK +AU, =0 


or, because W,,: = 0, 
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AK = -AU, 

Substitute for AK and solve for vy; +mv; —}mv; =—AU, 
noting that m represents the sum of ar beesusece oi 

2 1 + J 
the masses of the objects as they are — AU 
both moving in the final state: Ve = 2 

m 

Express and evaluate AU,: AU, =U,, —U,, 


=0-—(3kg —2kg\0.5m) 
x (9.81m/s”) 
=-4.91J 


Substitute and evaluate v;: —2|-4.91J 
Vv, = .|——-—— _ =| 1.40 m/s 
ae 


25 
Picture the Problem The free-body 
diagram shows the forces acting on the 
block when it is about to move. F%, is the 
force exerted by the spring and, because 
the block is on the verge of sliding, f, = 
famax. We can use Newton’s 2" law, under 
equilibrium conditions, to express the 
elongation of the spring as a function of m, 
k and @ and then substitute in the 
expression for the potential energy stored 


in a stretched or compressed spring. 


Express the potential energy of the U= 4d kx® 
spring when the block is about to 
move: 
Apply >F = ma, under equilibrium dF, =F — fmax —mg sin = 0 
conditions, to the block: and 
> F, =F, —mg cos =0 
Using femax = LsFn and Fey = kx, vag (sin 0 + yu, cos0) 
eliminate fi max and F,, from the x k 


equation and solve for x: 
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Substitute for x in the expression mg (sin 0+ ut, COS 6)} 
U =4+k s 
for U: 2 k 
_ [mg (sin A+ LU, COS 6)| 
2k 
26 ee 
Picture the Problem The mechanical 
energy of the system, consisting of the m | 


block, the spring, and the earth, is initially 
entirely gravitational potential energy. Let 

U, = 0 where the spring is compressed ] 
15 cm. Then the mechanical energy when 

the compression of the spring is 15 cm will 

be partially kinetic and partially stored in 

the spring. We can use conservation of ; 

energy to relate the initial potential energy + =o cat —_ 
of the system to the energy stored in the a a 
spring and the kinetic energy of block 

when it has compressed the spring 15 cm. 


Apply conservation of energy to AU + AK =0 
the system: or 
U,, —U,,+U,; -U,, + K; —K, =0 


Because Ug ¢ = Us; = Kj = 0: —-U,,+U,,+K, =0 
Substitute to obtain: —mg(h+x)+4kx? +4mv’? =0 
Solve for v: : 


v= pal) 


Substitute numerical values and evaluate v: 


(3955 N/m)(0.15m)’ 
v= {2(¢s1ms")6m+015m) ve =| 8.00m/s | 


450 Chapter 7 


*27 ee 

Picture the Problem The diagram 
represents the ball traveling in a circular 
path with constant energy. U, has been 
chosen to be zero at the lowest point on the 
circle and the superimposed free-body 
diagrams show the forces acting on the ball 
at the top and bottom of the circular path. 
We'll apply Newton’s 2" law to the ball at 
the top and bottom of its path to obtain a 
relationship between Ty and Tz and the 
conservation of mechanical energy to 
relate the speeds of the ball at these two 
locations. 


= ma to the ball 


Apply > E radial radial 
at the bottom of the circle and solve 


for Tp: 


Apply > Fadia = MQ, adial to the ball 


at the top of the circle and solve for 
Tr: 


Subtract equation (2) from equation 
(1) to obtain: 


Using conservation of energy, relate 
the mechanical energy of the ball at 
the bottom of its path to its 
mechanical energy at the top of the 
circle and solve for m Ys —m vr ; 
R R 


Substitute in equation (3) to obtain: 


and 
2 
T; =mg +m— (1) 
2 
T, +mg =m— 
and 
ve 
T, =—mg +m— (2) 
v. 
Pig a 
2 
V. 
—| —mg +m— 
2 2 
Vp Vr 
=m——m—+2m 3 
R R g (3) 
1 2 1 2 
+MV,z =>mMVv, + mg(2R) 
2 2 
m~B. m1 = 4mg 
R R 


T, —T, =| 6mg 
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28 ee 
Picture the Problem Let U, = 0 at the 
lowest point in the girl’s swing. Then we 
can equate her initial potential energy to 
her kinetic energy as she passes through 
the low point on her swing to relate her 
speed v to R. The FBD show the forces 
acting on the girl at the low point of her 
swing. Applying Newton’s 2" law to her 
will allow us to establish the relationship 
between the tension T and her speed. > 


Apply v3 Facial = MQ, adial to the girl 


T—mg =m— 
at her lowest point and solve for T: 

and 

2 

T =mg +m— 

Equate the girl’s initial potential tee ve 
as mg =3nv > =9 

energy to her final kinetic energy 2 R 


ve 
and solve for —: 
R 


Substitute for v’/R* and simplify to T=mg+mg = 


obtain: 


29 we 
Picture the Problem The free-body 
diagram shows the forces acting on the car 
when it is upside down at the top of the 
loop. Choose U, = 0 at the bottom of the 
loop. We can express F’, in terms of v and 
R by apply Newton’s 2™ law to the car and 
then obtain a second expression in these 
same variables by applying the 
conservation of mechanical energy. The a 
simultaneous solution of these equations mg 
will yield an expression for F, in terms of 

known quantities. 


ont 


Apply > Fan = MQ,,q;, to the car 


at the top of the circle and solve for 
F.: and 


F =m—-—mg (1) 
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Using conservation of energy, relate mgH = + mv? +mg (2R) 


the energy of the car at the 
beginning of its motion to its energy 
when it is at the top of the loop: 


2 2 H 
Solve for m~—: m~—=2mg —-2 (2) 
R R R 


Substitute equation (2) in equation 
(1) to obtain: i 


Substitute numerical values and evaluate F,: 


F, =(1500kg) a eo =1.67x10‘N = 
om 


30 

Picture the Problem Let the system 
include the roller coaster, the track, and the 
earth and denote the starting position with 
the numeral 0 and the top of the second hill 
with the numeral 1. We can use the work- 
energy theorem to relate the energies of the 
coaster at its initial and final positions. 


(a) Use conservation of energy to 
relate the work done by external 
forces to the change in the energy of 


(c) is correct. 


the system: 
Because the track is frictionless, AK +AU =0 
Wext = 0: and 
K,-K,+U,-U, =0 

Substitute to obtain: imv, —+mv;, +mgh, — mgh, =0 
Solve for vo: | 

. 7 A vi +2g(h, — hy) 
If the coaster just makes it to the top Vv) = [9 g( = hy) 


of the second hill, v; = 0 and: 


Substitute numerical values and 
evaluate vp: 
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v, = /2(9.81m/s?)(9.5m—5m) 
-[S40m] 


(b) No. Note that the required speed depends only on the difference 
in the heights of the two hills. 


31 
Picture the Problem Let the radius of the 
loop be R and the mass of one of the riders 
be m. At the top of the loop, the centripetal 
force on her is her weight (the force of 
gravity). The two forces acting on her at 
the bottom of the loop are the normal force 
exerted by the seat of the car, pushing up, 
and the force of gravity, pulling down. We 
can apply Newton’s 2" law to her at both 
the top and bottom of the loop to relate the 
speeds at those locations to m and R and, at 
b, to F, and then use conservation of 
energy to relate v, and vp. 


Apply >» Pie = MG adial to the 
rider at the bottom of the circular 
arc: 


Solve for F to obtain: 


Apply >, F iia = MQ agial to the 
rider at the top of the circular arc: 


Solve for v;: 


Use conservation of energy to relate 
the energies of the rider at the top 
and bottom of the arc: 


Substitute to obtain: 
Solve for v, : 


Substitute in equation (1) to obtain: 


Vv 
F=mg+m—2 1 
g R (1) 


v. =gR 


K, -K,+U, -—U, =90 
or, because U; = 0, 


RAK. =0 

imv, —+mv- —2mgR=0 
v, =5gR 

P= mg +m=o" 6mg 


i.e., the rider will feel six times heavier 
than her normal weight. 
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Picture the Problem Let the system 
consist of the stone and the earth and 
ignore the influence of air resistance. Then 
Wext = 0. Choose U, = 0 as shown in the 
figure. Apply the law of the conservation 
of mechanical energy to describe the 
energy transformations as the stone rises to 
the highest point of its trajectory. 


Apply conservation of energy: W.. = AK + AU =0 


and 
K,-K,+U,-U, =0 


Because Up = 0: K,-K,+U,=0 
Substitute to obtain: imv: —1Lmv* +mgH =0 
In the absence of air resistance, the 4m(v cos oy —1mv’ +mgH =0 


horizontal component of v is 


constant and equal to v, = vcos@. 


Hence: 
Solve for v: 2gH 
V= ee 
V1-cos* 6 
Substitute numerical values and 29. 81m/s Ie A m) 
evaluate v: var \ 1=cos?53° =| 27.2m/s 
33 ee 


Picture the Problem Let the system 
consist of the ball and the earth. Then 

Wext = 0. The figure shows the ball being 
thrown from the roof of a building. Choose 
U,= 0 at ground level. We can use the 
conservation of mechanical energy to 
determine the maximum height of the ball 
and its speed at impact with the ground. 
We can use the definition of the work done 
by gravity to calculate how much work was 
done by gravity as the ball rose to its 
maximum height. 


(a) Apply conservation of energy: W., = AK + AU =0 


Substitute for the energies to obtain: 


Note that, at point 2, the ball is 
moving horizontally and: 


Substitute for v2 and ho: 


Solve for H: 


Substitute numerical values and 
evaluate H: 


(b) Using its definition, express the 
work done by gravity: 


Substitute numerical values and 
evaluate W,: 


(c) Relate the initial mechanical 
energy of the ball to its just-before- 
impact energy: 


Solve for vs: 


Substitute numerical values and 
evaluate v; 


or 
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Rak eee U0 


1 2_ 41 2 = 
5mv; —>mv, +mgh, —mgh, = 0 


Vv, =v, cos@ 


2 
1m(v, cos0) —4mv; + mgH 


—mgh, =0 


2 


H= h, - (cos 8-1) 


(30 m/s)” 


H ee Somme 


31.0m 


-AU =-(U,, -U,,] 
—(mgH — mgh,)=—mg(H —h,) 


—(0.17kg)(9.81m/s? (31m —12m) 


1 2 wel 2 
+mv, +mgh, = 4mv; 


v. = \vi+2ah 


v, = \(30m/s)? + 2(9.81m/s? )(12m) 


-[7as] 
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Picture the Problem The figure shows the 
pendulum bob in its release position and in 
the two positions in which it is in motion 
with the given speeds. Choose U, = 0 at 
the low point of the swing. We can apply 
the conservation of mechanical energy to 
relate the two angles of interest to the 
speeds of the bob at the intermediate and 


low points of its trajectory. 


(a) Apply conservation of energy: 


Express U;: 
Substitute for K; and U;: 


Solve for : 


Substitute numerical values and 
evaluate 0: 


(b) Letting primed quantities 
describe the indicated location, use 
the law of the conservation of 
mechanical energy to relate the 
speed of the bob at this point to 0: 


Express U,': 


Substitute for K,’, U,' and U; : 


or 

KK, +0, -U, =0 

where U, and K, equal zero. 
rd, —U, =0 

U, =mgh = mgL(1—cos@,) 


1 mv; —mgL(1—cos6,)=0 


2 
A, = cos {1- : ) 
2gL 


(2.8m/s)° 


0, = cos 


-[e00] 


K,'-K, +U,'—U, =0 
where K; = 0. 
ih, UZ —U,=0 


2(9.81m/s? )(0.8m) 


U,' =mgh' = mgL(1—cos@) 


1m(v,') + mgL(1—cos6) 
—mgL(1- cos 6, ) = 0 


| 


Solve for 0: 


Substitute numerical values and 
evaluate 0: 


#35 ee 
Picture the Problem Choose U, = 0 at 
the bridge, and let the system be the earth, 
the jumper and the bungee cord. Then 
Wext = 0. Use the conservation of 
mechanical energy to relate to relate her 
initial and final gravitational potential 
energies to the energy stored in the 
stretched bungee, U, cord. In part (b), 
we’ll use a similar strategy but include a 
kinetic energy term because we are 
interested in finding her maximum speed. 


(a) Express her final height h above 
the water in terms of L, d and the 
distance x the bungee cord has 
stretched: 


Use the conservation of mechanical 
energy to relate her gravitational 
potential energy as she just touches 
the water to the energy stored in the 
stretched bungee cord: 


Solve for k: 
Find the maximum distance the 
bungee cord stretches: 


Evaluate k: 
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aan 
@=cos" GF cose 
| <9 


(1.4m/s)’ 


0 =cos” ; +cos 60° 
| 2(9.81m/s*)(0.8m) 
- 


h=L—d-x (1) 


W.., = AK + AU =0 

Because AK = 0 and AU = AU, + AU,, 
—mgL + +kx* =0, 

where x is the maximum distance the 
bungee cord has stretched. 


_ 2mgL 


2 


k 


xX 
X = 310 m— 50 m = 260 m. 
_ 2(60kg)(9.81m/s?)(310m) 


(260m) 
= 5.40 N/m 


k 
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Express the relationship between the 


forces acting on her when she has 
finally come to rest and solve for x: 


Evaluate x: 


Substitute in equation (1) and 
evaluate h: 


(b) Using conservation of energy, 
express her total energy E: 


Because v is a maximum when K is 
a maximum, solve for K:: 


Use the condition for an extreme 
value to obtain: 


Solve for and evaluate x: 


From equation (1) we have: 


Solve for v to obtain: 


and 
x= Ing 
k 
2: 
_ (60kg)(6.81m/s") _ 155, 
5.40 N/m 


h=310m-—50m—-109m =| 151m 


&=K+U,+U,=£,=0 


K =-U, -U, 
: (1) 
= mg(d + x)—4kx 
- = mg — kx = 0 for extreme values 
x 


_ mg _ (60kg)(9.81mis*) _ 544, 
k 5.40 Nim 


1mv? = mg(d + x)—4kx’ 


2 


v=,/2g(d payee 
m 


Substitute numerical values and evaluate v for x = 109 m: 


v= {2(¢81mis")60m +109 


2 


2 
) SAN im H105 9) = [453m | 
g 


Because 7 =—k <0, x= 109 m corresponds to Kyax and so v is a maximum. 
X 
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Picture the Problem Let the system be the 

earth and pendulum bob. Then W,,x; = 0. 

Choose U, = 0 at the low point of the bob’s 

swing and apply the law of the 

conservation of mechanical energy to its 

motion. When the bob reaches the 30° L | L 
position its energy will be partially kinetic | 
and partially potential. When it reaches its 
maximum height, its energy will be 

entirely potential. Applying Newton’s 2" 2 SN a 


law will allow us to express the tension in a ——{/=0 
the string as a function of the bob’s speed 1 g 
and its angular position. 
(a) Apply conservation of energy to W.., = AK + AU =0 
relate the energies of the bob at or 
points 1 and 2: K,—K,+U,-U, =0 
Because U;, = 0: imv; —4mv; +U, =0 
Express U>: U,= mgL(1 — cos 6) 
Substitute for U2 to obtain: 1mv; —4mv; +mgL(1—cos6) = 0 
Solve for vz: v= Vv — 2gL(1- cos 6) 
Substitute numerical values and evaluate vy: 
v, = \(4.5m/s)’ - 2(9.81m/s?)(3m)(1— cos30°) =| 3.52 m/s 
(b) From (a) we have: U,= mgL(1— cos 6) 
Substitute numerical values and U, = (2kg)(9.81m/s?)(3m)(1—cos30°) 
evaluate U>: _| 7.89] 


(c) Apply >; F aia) = M,qa;q, to the bob to T=mgcos@ =m a 


obtain: 


Solve for T: ve 
T =m| gcosO+ Ee 
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Substitute numerical values and evaluate T: 


f= ka} (.01ms' cosa» CSP) = 


m 
(d) When the bob reaches its greatest U =U, = mgL(1 — COs 6...) 
height: and 
K, +U,,,, = 9 
Substitute for K, and Umax —4mvy; + mgL(L — COS Prox) =0 
Solve for @nax: : 
Brag = C08| 1-1 
2gL 
Substitute numerical values and ‘ (4.5 m/s)” 
l Onn: Cs = COS” 1 2 
evaluate Gnax: 2(9.81m/s )(m) 


37. ee 
Picture the Problem Let the system 
consist of the earth and pendulum bob. 
Then Wex: = 0. Choose U, = 0 at the bottom 
of the circle and let points 1, 2 and 3 
represent the bob’s initial point, lowest 
point and highest point, respectively. The 
bob will gain speed and kinetic energy 
until it reaches point 2 and slow down until 
it reaches point 3; so it has its maximum 
kinetic energy when it is at point 2. We can 
use Newton’s 2” law at points 2 and 3 in 
conjunction with the law of the 
conservation of mechanical energy to find 
the maximum kinetic energy of the bob and 
the tension in the string when the bob has 
its maximum kinetic energy. 


(a) Apply > Fadial = MQ, adial to the 
bob at the top of the circle and solve 
for v3: and 
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Use conservation of energy to K,-—K,+U,—U, =0 where U, =0 
express the relationship between Ko, Therefore, 
K3 and U3 and solve for Ko: K, = K,,,, = K,+U; 

=1mv; +mg(2L) 


Substitute for v; and simplify to K,,, =+m(gL)+2mgL = 


obtain: 


(b) Apply ye =ma_,,.., to the 


2 
radial radial F 22. 
bob at the bottom of the circle and L 
solve for T>: and 


V 
T, Sng (1) 


Use conservation of energy to relate K,—K,+U,—U, =0 where U, =0 
the energies of the bob at points 2 K, =K,+U, 


d 3 and solve for Ko: 
and 3 and solve for Ky =1mv? +mg(2L) 


Substitute for v; and K» and solve 1mv; =4m(gL)+mg(2L) 


for v3: and 


Substitute in equation (1) to obtain: i= 
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Picture the Problem Let the system 

consist of the earth and child. Then 

Wext = 0. In the figure, the child’s initial 

position is designated with the numeral 1; 

the point at which the child releases the @| 

rope and begins to fall with a 2, and its L 

point of impact with the water is identified : 

with a 3. Choose U, = 0 at the water level. 

While one could use the law of the q===4 + 
conservation of energy between points 1 _1i L(1-cos@) 

and 2 and then between points 2 and 3, it is 3 ca 
more direct to consider the energy NN { 
transformations between points 1 and 3. Ug=0 3 ad 
Given our choice of the zero of 

gravitational potential energy, the initial 

potential energy at point 1 is transformed 

into kinetic energy at point 3. 
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Apply conservation of energy to the W.., = AK + AU =0 
energy transformations between K,—-K,+U,—-U,=0 
points 1 and 3: where U, and K,are zero. 


Substitute for K3 and Uj; 1mv; —mg[h+ L(1—cos@)]=0 


Solve for vs: V3 = V29 [h + L(l—cos 6)] 


Substitute numerical values and evaluate v3: 


v; = /2(9.81m/s”)[3.2m + (10.6m)(1—cos23°)] =| 8.91m/s 


*3Q oe 

Picture the Problem Let the system 

consist of you and the earth. Then there are 

no external forces to do work on the system 

and Wex: = 0. In the figure, your initial 

position is designated with the numeral 1, 6! 

the point at which you release the rope and L 

begin to fall with a 2, and your point of : 

impact with the water is identified with a 3. F | 
Choose U, = 0 at the water level. We can i { 

apply Newton’s 2™ law to the forces acting 7 2 K\-cosé) 


on you at point 2 and apply conservation of 


energy between points 1 and 2 to determine ver Y ‘ 
the maximum angle at which you can begin Ug=0 sa 
your swing and then between points 1 and 
3 to determine the speed with which you 
will hit the water. 
(a) Use conservation of energy to W.. = AK +AU =0 
relate your speed at point 2 to your or 
potential energy there and at point 1: K, —K,+U, -U,=0 
Because K;, = 0: imv; +mgh 
—|mgL(1-cos@)+mgh]=0 

Solve this equation for @: v- 

@ =cos'|1-— 

2gL 


Apply y PP eaiah = MG agial to 


yourself at point 2 and solve for T: 


Because you’ve estimated that the 
rope might break if the tension in it 
exceeds your weight by 80 N, it 
must be that: 


Let’s assume your weight is 650 N. 
Then your mass is 66.3 kg and: 


Substitute numerical values in 
equation (1) to obtain: 


(b) Apply conservation of energy to 
the energy transformations between 
points 1 and 3: 


Substitute for K3 and U, to obtain: 


Solve for v3: 


Substitute numerical values and evaluate v3: 
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m~2 =80N 

or 

pee (80 N)L 
m 

Ve (0N}4.6m) = 5.55m’*/s* 
66.3kg 


4) 5.55m’*/s* 
0=cos |1 
2(9.81m/s?)(4.6m) 


= [202°] 
W.,, = AK +AU =0 


K,-—K,+U,—U, =0 where U, and 


K,are zero 


1 mv; —mg|h+ L(1—cos6)|= 0 


v3 = J2g[h+LG—cos@)| 


v; = /2(9.81m/s” [1.8m +(4.6m)(1—cos20.2°)| =| 6.39 mvs | 


464 Chapter 7 


40 
Picture the Problem Choose U, = 0 at 
point 2, the lowest point of the bob’s 
trajectory and let the system consist of the 
bob and the earth. Given this choice, there 
are no external forces doing work on the 
system. Because @<< 1, we can use the 
trigonometric series for the sine and cosine 
functions to approximate these functions. 
The bob’s initial energy is partially 
gravitational potential and partially 
potential energy stored in the stretched 
spring. As the bob swings down to point 2 


this energy is transformed into kinetic 
energy. By equating these energies, we can 
derive an expression for the speed of the 
bob at point 2. 

Apply conservation of energy to the 4mv; =4kx? + mgL(1 — cos 6) 
system as the pendulum bob swings 

from point 1 to point 2: 


Note, from the figure, that x ~ Lsin@ imv; = 1k(L sin 6) + mgL(1 — cos 6) 
when 0<< 1: 
Also, when 0<< 1: sin 0 ~ @ and cos@ x 1-10° 


Substitute, simplify and solve for v»: kg 
Vy = L 0 —+ L 
m 
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41 eco 

Picture the Problem Choose U, = 0 at 
point 2, the lowest point of the bob’s 
trajectory and let the system consist of 
the earth, ceiling, spring, and pendulum 
bob. Given this choice, there are no 
external forces doing work to change 
the energy of the system. The bob’s 
initial energy is partially gravitational 
potential and partially potential energy 
stored in the stretched spring. As the 
bob swings down to point 2 this energy 
is transformed into kinetic energy. By 
equating these energies, we can derive 
an expression for the speed of the bob 
at point 2. 


Apply conservation of energy to the 
system as the pendulum bob swings 
from point 1 to point 2: 

Apply the Pythagorean theorem to the lower triangle in the diagram to obtain: 


(x+4L) = L|sin? 6 +(3cosoy |= LP [sin? 0+2-3cos+cos* o|= L’(3-3cos@) 


Take the square root of both sides of x+4L=LJ(2-3cosé 
the equation to obtain: 


Solve for x: x=L [(2=3cos 6) —4| 


Substitute for x in equation (1): 


imv; = 1422[,[(@—3cos6) —4| ; +mgL(1—cos@) 


Solve for v; to obtain: 


v= 2gL(1-cos)+—1' 2-3cos0 4 ° 


=£|2£(1-cose)+£| F=3co80 -4)"| 


466 Chapter 7 


Finally, solve for v2: 


Vy | L,]22-coso)+* (B—Scosd = ° 


The Conservation of Energy 
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Picture the Problem The energy of the eruption is initially in the form of the kinetic 
energy of the material it thrusts into the air. This energy is then transformed into 
gravitational potential energy as the material rises. 


(a) Express the energy of the E =mgAh 
eruption in terms of the height Ah to 
which the debris rises: 


Relate the density of the material to m 
; p= 2 
its mass and volume: V 
Substitute for m to obtain: E = pVgAh 


Substitute numerical values and evaluate E: 


E = (1600kg/m°)(4km?)(9.81m/s?)(500m) = 


(b) Convert 3.13x10'° J to megatons of TNT: 


3.14x10°° J = 3.14x10"° Ix ae =| 7.48Mton TNT 
4.2x10"° J 
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Picture the Problem The work done by the student equals the change in his/her 
gravitational potential energy and is done as a result of the transformation of metabolic 
energy in the climber’s muscles. 


(a) The increase in gravitational AU = mgAh 
potential energy is: = (80 kg)(9.81m/ Ss )(@20 m) 


=| 94.2kJ 
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The energy required to do this work comes from chemical energy stored in 


the body. 


(c) Relate the chemical energy 
expended by the student to the 
change in his/her potential energy 
and solve for E: 


Kinetic Friction 


44. 


0.2E =AU 
and 


E =5AU =5(94.2kJ)= 


Picture the Problem Let the car and the earth be the system. As the car skids to a stop on 
a horizontal road, its kinetic energy is transformed into internal (i.e., thermal) energy. 


Knowing that energy is transformed into heat by friction, we can use the definition of the 


coefficient of kinetic friction to calculate its value. 


(a) The energy dissipated by friction 
is given by: 


Apply the work-energy theorem for 
problems with kinetic friction: 


Solve for fAs to obtain: 


Substitute numerical values and 
evaluate fAs: 


(b) Relate the kinetic friction force to 
the coefficient of kinetic friction and 
the weight of the car and solve for 
the coefficient of kinetic friction: 


Express the relationship between the 
energy dissipated by friction and the 


kinetic friction force and solve f,: 


Substitute to obtain: 


fAs = AE 


therm 


Wot = AE mech + AE 


ext mec 


therm = AG iach + fAs 
or, because AE.,., = AK = —K, and 
Wext = 0, 

0 =-—1mv; + fAs 


mech 


fAs = 4mv; 


fAs = 4(2000kg)(25m/s)’ =| 625kJ 


te 
mg 


fe =Mg > 1h, = 


AE erm 
AE therm = f,.As > fi = a 
As 


468 Chapter 7 


Substitute numerical values and 
evaluate si: 


45 

Picture the Problem Let the system be the 
sled and the earth. Then the 40-N force is 
external to the system. The free-body 
diagram shows the forces acting on the sled 
as it is pulled along a horizontal road. The 
work done by the applied force can be 
found using the definition of work. To find 
the energy dissipated by friction, we’ll use 
Newton’s 2" law to determine fx and then 
use it in the definition of work. The change 
in the kinetic energy of the sled is equal to 
the net work done on it. Finally, knowing 
the kinetic energy of the sled after it has 
traveled 3 m will allow us to solve for its 
speed at that location. 


(a) Use the definition of work to 
calculate the work done by the 
applied force: 


(b) Express the energy dissipated by 
friction as the sled is dragged along 
the surface: 


Apply > F,, = ma, to the sled and 


solve for F;,: 


Substitute to obtain: 


Substitute numerical values and 
evaluate AE therm! 


(c) Apply the work-energy theorem 


625kJ 
2000 kg)(9.81m/s? (60m) 


| 


=| 0.531 


W.,, = F -S = Fscos0 
= (40 N\(3m)cos30° = 
DE icnen = fAx = [FAX 


F\+Fsin@—mg =0 
and 
F, =mg-Fsin@ 


DE es = 1, Ax(mg oe sin ) 
AE em = (0.4)(3m)|(8kg)(9.81m/s? ) 
—(40 N)sin30°] 
=| 70.2J 
Wes = AE eet + A ae = AE wnech r fAs 
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for problems with kinetic friction: or, because AEF,,,., = AK +AU and 
AU =0, 
Wert = AK + AE ices 

Solve for and evaluate AK to obtain: AK =W.,,, ~ AE werm = 104J —70.2J 


-[Ba) 


— . _ — 2 
(d) Because K; = 0: K, =AK =4mv; 


Solve for vs: _ |2AK 


Substitute numerical values and 2(33.8J ) 
Vv, = ,./————__ =| 2.91m/s 


evaluate vy: 


*46 ° 

Picture the Problem Choose U, = 0 at the foot of the ramp and let the system consist of 
the block, ramp, and the earth. Then the kinetic energy of the block at the foot of the 
ramp is equal to its initial kinetic energy less the energy dissipated by friction. The 
block’s kinetic energy at the foot of the incline is partially converted to gravitational 
potential energy and partially dissipated by friction as the block slides up the incline. The 
free-body diagram shows the forces acting on the block as it slides up the incline. 
Applying Newton’s 2" law to the block will allow us to determine f, and express the 
energy dissipated by friction. 


(a) Apply conservation of energy to Woe = AE nach + AE jon 


the system while the block is 
moving horizontally: 


Solve for Kg: 


= AK + AU + fAs 


or, because AU = W,x; = 0, 
0 = AK + fAs = K, —K, + fAs 


K, = K,— fAs 


470 Chapter 7 


Substitute for K;, Ki, and fAs to 
obtain: 


Solving for v; yields: 


Substitute numerical values and 
evaluate vy: 


(b) Apply conservation of energy to 
the system while the block is on the 
incline: 


Apply iy F,, = ma, to the block 


when it is on the incline: 
Express fAs: 


The final potential energy 
of the block is: 


Substitute for U;, Ui, and fAs to 
obtain: 


Solving for L yields: 


Substitute numerical values and 
evaluate L: 
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1 2_1 2 
5mv; =>mMv; — 1,,mgAx 


Ye= VW — 21,gAx 


v, = (7 m/s)’ — 2(0.3)9.81m/s? (2m) 
=| 6.10m/s 


Wat = AE mech + AE 


ext 


therm 


= AK +AU + fAs 
or, because K; = Wext = 0, 


0=—K,+AU + fAs 


F, —mgcos@=0 => F, =mg cos@ 


fAs = f,L = 44,F,L = 44,.mgL cos @ 


U, =mgLsin@ 


0 =—-K, + mgLsin @ + 44,mgL cos @ 


L = PLA 
g(sin 6 + zz, cos 0) 
- 1(6.10m/s)’ 


~ (9.81m/s? (sin40° + (0.3)cos40°) 


=| 2.17m 


Picture the Problem Let the system include the block, the ramp and horizontal surface, 


and the earth. Given this choice, there are no external forces acting that will change the 


energy of the system. Because the curved ramp is frictionless, mechanical energy is 


conserved as the block slides down it. We can calculate its speed at the bottom of the 


ramp by using the law of the conservation of energy. The potential energy of the block at 


the top of the ramp or, equivalently, its kinetic energy at the bottom of the ramp is 
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converted into thermal energy during its slide along the horizontal surface. 


(a) Choosing U, = 0 at point 2 and Wore = AE mech + AE therm 
letting the numeral 1 designate the or, because Wex: = K, = U; = AE therm = 0, 
initial position of the block and the O=4 mv; —mgAh = 0 


numeral 2 its position at the foot of 
the ramp, use conservation of 
energy to relate the block’s potential 
energy at the top of the ramp to its 
kinetic energy at the bottom: 


Solve for v2 to obtain: V, =4/2gAh 


Substitute numerical values and V> = | 2(9.81m/s? \ 3m) —| 7.67m/s 


evaluate v»: 


(b) The energy dissipated by friction W, +AK +AU =AE,,,,,, + AK + AU =0 
is responsible for changing the 
thermal energy of the system: 


Because AK = 0 for the slide: W, =—AU = -U, -U,) =, 
Substitute numerical values and W, =mgAh = (2 kg)9.81m/s? 3 m) 
(c) The energy dissipated by friction AE nem = [AS = £4,mgAx 
is given by: 
Solve for 14: re AE srerm 

: mgAx 
Substitute numerical values and fice 98.9J 10.333 
evaluate Li: 7 (2 kg)(9.81m/s’ jo m) : 
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Picture the Problem Let the system consist of the earth, the girl, and the slide. Given 
this choice, there are no external forces doing work to change the energy of the system. 
By the time she reaches the bottom of the slide, her potential energy at the top of the slide 
has been converted into kinetic and thermal energy. Choose 

U, = 0 at the bottom of the slide and denote the top and bottom of the slide as shown in 
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the figure. We’ll use the work-energy theorem with friction to relate these quantities and 
the forces acting on her during her slide to determine the friction force that transforms 
some of her initial potential energy into thermal energy. 


(a) Express the work-energy Wax, = AK + AU + AE term = 9 
theorem: 
Because U> = K, = Wex = 0: 0=K,—-U,+AE ym = 9 

or 

AE therm = U, —K, = mgAh —imv; 


Substitute numerical values and evaluate AEjnem: 


AE tem = (20kg)(9.81m/s? \3.2m)-+(20kg)(1.3m/s)° = 


(b) Relate the energy dissipated by AE erm = [AS = 4,F,As 

friction to the kinetic friction force and 

and the distance over which this oF 

force acts and solve for “4: Me = FAs 

Apply >) F, =ma, to the girl and F, —mg cos@ =0>F, =mgcos@ 


solve for F;: 


Referring to the figure, relate Ah to ‘Ags Ah 
As and @: sind 
Substitute for As and F,, to obtain: = BE int — AE berm tan 0 
ne Ah ~ mgAh 
mg ——~cos@ 
sin? 


Substitute numerical values and evaluate sx: 
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- (611J)tan20° : 
“ ~ (20kg)(9.81m/s?\3.2m) _ 


49 

Picture the Problem Let the system consist of the two blocks, the shelf, and the earth. 
Given this choice, there are no external forces doing work to change the energy of the 
system. Due to the friction between the 4-kg block and the surface on which it slides, not 
all of the energy transformed during the fall of the 2-kg block is realized in the form of 
kinetic energy. We can find the energy dissipated by friction and then use the work- 
energy theorem with kinetic friction to find the speed of either block when they have 
moved the given distance. 


(a) The energy dissipated by friction AE werm = [AS = £4,.M,gy 
when the 2-kg block falls a distance 
y is given by: 
Substitute numerical values and AE. = (0.35\(4 kg)(9.81m/s? \y 
evaluate AE therm: = (13.7 N)y 
(b) From the work-energy theorem Woe = AE mech + AE them 
with kinetic friction we have: or, because Wex: = 0, 
AE ech = SOE sia = —(13.7N)y 
(c) Express the total mechanical 4(m, +m, v? —m,gy = —AE nenn 
energy of the system: 
Solve for v to obtain: —_ 2(m, gy — AE rer ) (1) 
m, +m, 


Substitute numerical values and evaluate v: 


oe | 2|(2kg)(9.81m/s*\(2m)-(13.73N\2m)] _ sams) 


4kg + 2kg 


*5Q ee 

Picture the Problem Let the system consist of the particle, the table, and the earth. Then 
Wext = 0 and the energy dissipated by friction during one revolution is the change in the 
thermal energy of the system. 


(a) Apply the work-energy theorem Wa =AK +AU + AE jem 
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with kinetic friction to obtain: 


Substitute for AK; and simplify to 
obtain: 


(b) Relate the energy dissipated by 
friction to the distance traveled and 
the coefficient of kinetic friction: 


Substitute for AE and solve for /4 to 
obtain: 


or, because AU = Wx: = 0, 


AE therm = fAs = 4,mgAs = u,mg(2ar) 


AE 


= therm _ 


3 2 
= acu 
2amgr 


3v5 
: 2amgr 16zgr 


(c) 


Because it lost 3 K; in one revolution, it will only require another 1/3 


revolution to lose the remaining + K,. 


51 
Picture the Problem The box will slow 


down and stop due to the dissipation of 
thermal energy. Let the system be the 
earth, the box, and the inclined plane and 
apply the work-energy theorem with 
friction. With this choice of the system, 
there are no external forces doing work to 
change the energy of the system. The free- 
body diagram shows the forces acting on 
the box when it is moving up the incline. 


Apply the work-energy theorem 
with friction to the system: 


Substitute for AK, AU, and AE jnerm to 
obtain: 


Referring to the FBD, relate the 
normal force to the weight of the 
box and the angle of the incline: 
Relate Ah to the distance L along the 


therm 
0=1mv; -1mvi+mgAh+ u,F,.L (1) 
F, =mgcosé 
Ah = Lsin@ 
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incline: 
Substitute in equation (1) to obtain: L,mgL cos 0 + 4.mv; —4 mv; (2) 
+ mgLsin@ =0 
Solving equation (2) for L yields: L= Vo 
2g(u, cos@+sin 4) 
Substitute numerical values and L= (3.8 m/s)’ 
evaluate L: ~ 2(9.81m/s? )(0.3)cos37° + sin37°] 
=| 0.875m 
Let v; represent the box’s speed as it 4,mgL cos @ + 4+mv; —4mv; 
passes its starting point on the way —mgLsin@ =0 
down the incline. For the block’s 
descent, equation (2) becomes: 
Set v; = 0 (the block starts from rest V; = Fi 2 gL(sin O — 14, COS 6) 


at the top of the incline) and solve 
for vy : 


Substitute numerical values and evaluate vy: 


v, = /2(9.81m/s’\0.875m)sin37° — (0.3)cos37"]] = 


52 eco 
Picture the Problem Let the system 
consist of the earth, the block, the incline, 


and the spring. With this choice of the Xn 

system, there are no external forces doing > Pa 

work to change the energy of the system. fy ra ; 
spring 


The free-body diagram shows the forces 
acting on the block just before it begins to 
move. We can apply Newton’s 2™ law to 
the block to obtain an expression for the 
extension of the spring at this instant. 
We’ll apply the work-energy theorem with 
friction to the second part of the problem. 
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when it is on the verge of sliding: and 
> F, =F, —mg cos@ =0 


Eliminate Fy, fgmax, aNd F spring kd — u,.mg cos @ — mg sin @ =0 
between the two equations to 
obtain: 
Solve for and evaluate d: mg. 
ladies d= “(sind + 44, cos 8) 
(b) Begin with the work-energy Wag = DE pea PAE as 
theorem with friction and no work = AK + AU git AU + AB go: 


being done by an external force: 


Because the block is at rest in both AU +AU, FAB go =O (1) 

its initial and final states, AK = 0 

and: 

Let U, = 0 at the initial position of AU, = Ug sinal Ug initial = mgh-0 

the block. Then: = mgd sin@ 

Express the change in the energy AU, =U, sina — U sina = 9-3 kd : 

stored in the spring as it relaxes to ee 

its unstretched length: ° 

The energy dissipated by friction is: AE nem = fAS=—f,d =—#,F.d 
=—,,mgd cos@ 

Substitute in equation (1) to obtain: mgd sin @ —+kd* — 44,mgd cos 6 = 0 


Finally, solve for s: i= 1(tan a- LU.) 


Mass and Energy 


53. 8 
Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein’s equation E, = mc. 


(a) Relate the rest mass consumed 
to the energy produced and solve 
for and evaluate m: 


(b) Express kW-h in joules: 


Convert 9x10"" J to kW-h: 


Determine the price of the electrical 
energy: 


(c) Relate the energy consumed to 
its rate of consumption and the time 
and solve for the latter: 


54. 


Picture the Problem We can use the equation expressing the equivalence of energy and 
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E, =mc? 
= (1x10 kg)(3x10° m/s)” 


-[ S07 


1kW-h = (1x10? J/s)(1h)(3600s/h) 
= 3.60x10°J 


ox10?s =(9x103} ty ) 


3.60x10° J 
= 2.50x10’ kW-h 


Price = (2.50x10" kW: nl 0) 


kW-h 
[Baar] 


E=Pt 

and 
_F._ Oei0") 
~ P 100W 


=| 9x10"'s = 28,500y 


matter, E = mc’, to find the mass equivalent of the energy from the explosion. 


Solve E = mc? for m: 


Substitute numerical values and 
evaluate m: 


55° 


E 


5x10" J 
(2.998 10° m/s)’ 


=| 5.56x10~ kg 


Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein’s equation E, = mc. 


Relate the rest mass of a muon to its Ez 
rest energy: Cc 
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Express 1 MeV in joules: 1 MeV = 1.6x10°° J 
Substitute numerical values and ee (105.7 MeV)(1.6x107 J/MeV ) 
evaluate mo: a= (3x 10° m/s)” 


=| 1.88x10* kg 


*56 ° 
Picture the Problem We can differentiate the mass-energy equation to obtain an 
expression for the rate at which the black hole gains energy. 


Using the mass-energy relationship, E =0.01mc? 
express the energy radiated by the 
black hole: 
Differentiate this expression to dE d F , dm 
obtain an expression for the rate at ak = <[0.01me |= 0.01c dt 
which the black hole is radiating 
energy: 
Solve for dm/dt: dm_ dE/dt 
dt 0.01c? 
Substitute numerical values and dm 4x10* watt 


aluate dm/dt: ‘dt (0.01\(2. 998x108 m/s)2 
evaluate dm/dt dt — (0.01)(2.998x10° m/s)” 


=| 4.45x10"° kg/s 
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Picture the Problem The number of reactions per second is given by the ratio of the 
power generated to the energy released per reaction. The number of reactions that must 
take place to produce a given amount of energy is the ratio of the energy per second 
(power) to the energy released per second. 


In Example 7-15 it is shown that the 17.59 MeV = (17.59 MeV) 
energy per reaction is 17.59 MeV. x (1.6 x10 ev) 
Convert this energy to joules: ~98.1x1073 J 

The number of reactions per second is: 1000 J/s 


28.1x10°% J/reaction 


=| 3.56x10" reactions/s 
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Picture the Problem The energy required for this reaction is the difference between the 
rest energy of “He and the sum of the rest energies of “He and a neutron. 


Express the reaction: “He>°He+n 


The rest energy of a neutron 939.573 MeV 
(Table 7-1) is: 


The rest energy of “He 3727.409 MeV 
(Example 7-15) is: 


The rest energy of *He is: 2808.432 MeV 


Substitute numerical values to find the difference in the rest energy of “He and the sum of 
the rest energies of “He and n: 


E =[3727.409 —(2808.41+939.573)| MeV =| 20.574MeV 


59° 
Picture the Problem The energy required for this reaction is the difference between the 
rest energy of a neutron and the sum of the rest energies of a proton and an electron. 


The rest energy of a proton (Table 938.280 MeV 
7-1) is: 
The rest energy of an electron 0.511 MeV 


(Table 7-1) is: 


The rest energy of a neutron (Table 939.573 MeV 
7-1) is: 
Substitute numerical values to find E =[939.573—(938.280 + 0.511)] MeV 


the difference in the rest energy of a —| 0.782 MeV 


neutron and the sum of the rest 
energies of a positron and an 
electron: 


60 oo 
Picture the Problem The reaction is* H+” H—>*He + E . The energy released in this 
reaction is the difference between twice the rest energy of “H and the rest energy of “He. 
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The number of reactions that must take place to produce a given amount of energy is the 


ratio of the energy per second (power) to the energy released per reaction. 


(a) The rest energy of “He 
(Example 7-14) is: 


The rest energy of a deuteron, °H, 
(Table 7-1) is: 


The energy released in the reaction 
is: 


(b) The number of reactions per 
second is: 
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3727.409 MeV 


1875.628 MeV 
E = [2(1875.628)—3727.409] Mev 


=| 23.847 MeV = 3.816x10° "J 


1000 J/s 
3.816 x10” J/reaction 


=| 2.62 x10" reactions/s 


Picture the Problem The annual consumption of matter by the fission plant is the ratio 


of its annual energy output to the square of the speed of light. The annual consumption 


of coal in a coal-burning power plant is the ratio of its annual energy output to energy 


per unit mass of the coal. 


(a) Express m in terms of E: 


Assuming an efficiency of 33 
percent, find the energy produced 
annually: 


Substitute to obtain: 


(b) Assuming an efficiency of 38 
percent, express the mass of coal 
required in terms of the annual 
energy production and the energy 
released per kilogram: 


2.84x10" J 
—— 


Meal ~ 0 38(E /m) 


E =3PAt = 3(3x10° J/s)(1y) 


= 3(3x10° J/s)(3600s/h) 
x (24h/d)(365.24d) 
= 2.84x10" J 


= ———— =) 3.16k 
(3x10° m/s) sl 


9.47x10'°J 
0.38(3.1x107 J/kg) 


=| 8.04x10’ kg 


E 


annual 
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General Problems 


*G2 ee 
Picture the Problem Let the system 
consist of the block, the earth, and the 
incline. Then the tension in the string is an 
external force that will do work to change 
the energy of the system. Because the 
incline is frictionless; the work done by 


the tension in the string as it displaces the 
block on the incline is equal to the sum of 
the changes in the kinetic and 
gravitational potential energies. 


Relate the work done by the tension Wrension force = Wexr = AU + AK 
force to the changes in the kinetic 

and gravitational potential energies 

of the block: 


Referring to the figure, express the AU = mgAh = mgL sin @ 
change in the potential energy of the 

block as it moves from position 1 to 

position 2: 


Because the block starts from rest: AK = K, =4mv 
Substitute to obtain: 


= mgL sin 0 + 4mv* 


tension force 


and| (c) is correct. 


63. ee 
Picture the Problem Let the system 
include the earth, the block, and the 
inclined plane. Then there are no external 
forces to do work on the system and 

Wex = 0. Apply the work-energy theorem 
with friction to find an expression for the 


energy dissipated by friction. 


Express the work-energy theorem Wax = AK + AU + AE hem = 9 
with friction: 
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Because the velocity of the block is 
constant, AK = 0 and: 


In time At the block slides a 
distance vVAt . From the figure: 


Substitute to obtain: 


64 


AE herm = ~AU =—mgAh 
Ah = vAt sin 8 
AE therm = ~MgvAt sin 0 


and | (b) is correct. 


Picture the Problem Let the system include the earth and the box. Then the applied 
force is external to the system and does work on the system in compressing the spring. 


This work is stored in the spring as potential energy. 


Express the work-energy theorem: 


Because AK = AU, =AE =0: 


therm 


Substitute for W,,, and AU,: 


Solve for x: 


Substitute numerical values and 
evaluate x: 


*65 


Wax = AK + AU + AU, + AE nem 
Wort = AU, 
Fx = kx’? 
2F 
x= 
k 


__2(70N) _ 
6800 N/m = [2.06cm | 


Picture the Problem The solar constant is the average energy per unit area and per unit 


time reaching the upper atmosphere. This physical quantity can be thought of as the 


power per unit area and is known as intensity. 


Letting [surface represent the intensity 
of the solar radiation at the surface 
of the earth, express surface aS a 
function of power and the area on 
which this energy is incident: 


Solve for AE: 


I 


af 
surface A A 


Substitute numerical values and 
evaluate AE: 
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Conservation of Energy 483 


AE = (LkW/m? )(2m?)(8h)(3600s/h) 
=| 57.6MJ 


Picture the Problem The luminosity of the sun (or of any other object) is the product of 
the power it radiates per unit area and its surface area. If we let L represent the sun’s 
luminosity, I the power it radiates per unit area (also known as the solar constant or the 
intensity of its radiation), and A its surface area, then 

L = IA. We can estimate the solar lifetime by dividing the number of hydrogen nuclei in 
the sun by the rate at which they are being transformed into energy. 


(a) Express the total energy the sun 
radiates every second in terms of the 
solar constant: 


Letting R represent its radius, 
express the surface area of the sun: 


Substitute to obtain: 


Substitute numerical values and 
evaluate L: 


(b) Express the solar lifetime in 
terms of the mass of the sun and the 
rate at which its mass is being 
converted to energy: 


Substitute numerical values to obtain: 


For each reaction, 4 hydrogen 
nuclei are "used up"; so: 


L=IA 
A= 4R* 
L=4aR°I 


L = 4x (1.5x10" m) (1.35kW/m?) 
=| 3.82 x10” watt 


Note that this result is in good agreement 
with the value given in the text of 3.9x10°° 
watt. 


t = gage M/m 
str An/At — An/At 


where M is the mass of the sun, m the mass 
of a hydrogen nucleus, and n is the number 
of nuclei used up. 


1.99x10” kg 
_ 1.67x10~ kg/Hnucleus 
solar ~ An/At 
_ 1.1910" H nuclei 
7 An/At 


An _ 4(3.82x10* J/s) 
At  4.27x10°"J 


= 3.57x10%s57 
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Because we’ve assumed that the sun 
will continue burning until roughly 
10% of its hydrogen fuel is used up, 
the total solar lifetime should be: 


67 ° 


solar 


3.57x10% 57 


= 3.33x10'’s =| 1.06x10" y 


j. x10" H uae) 
t.. =0. 


Picture the Problem Let the system include the earth and the Spirit of America. Then 


there are no external forces to do work on the car and W,,; = 0. We can use the work- 


energy theorem to relate the coefficient of kinetic friction to the given information. A 


constant-acceleration equation will yield the car’s velocity when 60 s have elapsed. 


(a) Apply the work-energy theorem 
with friction to relate the coefficient 
of kinetic friction 4 to the initial 

and final kinetic energies of the car: 


Solve for “4: 


Substitute numerical values and 
evaluate 44: 


(b) Express the kinetic energy of the 
car: 


Using a constant-acceleration 
equation, relate the speed of the car 
to its acceleration, initial speed, and 


the elapsed time: 


Express the braking force acting on 
the car: 


Solve for a: 


Substitute for a to obtain: 


Substitute in equation (1) to obtain: 


Substitute numerical values and evaluate K: 


1 2 _ 1 2 = 
zmv° —zmv, + 4,mgAs = 0 
or, because v = 0, 

1 2 = 
— 5 mv, + 44,mgAs = 0 


2 
Vv 


~ 2gAs 


My 


_ [(708km/h)(1h/3600s)]* _ [0.208 | 


M ~~ 9[9.81m/s?)(9.5km) 


(1) 
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K = 4(1250kg)|708x10° m/h- (0.208)(9.81m/s?)(60s)]° =| 3.45MJ 


68 ee 
Picture the Problem The free-body 
diagram shows the forces acting on the 
skiers as they are towed up the slope at 
constant speed. Because the power 
required to move them is F -V,we need to 
find F as a function of mi, 0, and 44. We 
can apply Newton’s 2™ law to obtain such 


a function. 


Express the power required as a P=Fv (1) 
function of force on the skiers and 
their speed: 


Apply YF = ma to the skiers: Fe =F -—f,-—m,,gsin@ =0 
and 
DF, = F,-—m,,g cos@ =0 


Eliminate f, = 4, and F,, between F=m,,gsin@ + 44,M,,.g cos @ 
the two equations and solve for F: 


Substitute in equation (1) to obtain: P= (m, gsin@ + 14,M,,,g COS O)v 
= m,,,gv(sin 0 + 44, cosO) 


Substitute numerical values and evaluate P: 


P =80(75kg)(9.81m/s? )(2.5m/s)[sin15° + (0.06)cos15°]=| 46.6kW 
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Picture the Problem The free-body 
diagram for the box is superimposed on the 
pictorial representation shown to the right. 
The work done by friction slows and 
momentarily stops the box as it slides up 
the incline. The box’s speed when it 
returns to bottom of the incline will be less 
than its speed when it started up the incline 
due to the energy dissipated by friction 
while it was in motion. Let the system 
include the box, the earth, and the incline. 
Then Wex: = 0. We can use the work-energy 
theorem with friction to solve the several 
parts of this problem. 


(a) | normal force exerted by the inclined plane, a kinetic friction force, and 


(b) Apply the work-energy theorem with 
friction to relate the distance Ax the box 
slides up the incline to its initial kinetic 
energy, its final potential energy, and the 
work done against friction: 


Referring to the figure, relate Ah to Ax to 
obtain: 


Substitute for Ah to obtain: 


Solve for Ax: 


Substitute numerical values and evaluate 
AX: 


From the FBD we can see that the forces acting on the box are the 


the gravitational force (the weight of the box) exerted by the earth. 


—1mv; +mgAh + 44,mgAx cos 6 = 0 


Ah = Axsin@ 


—4mv; + mgAxsin 0 
+ 4,mgAx cos 6 = 0 
Vp 


AX = 
2g(sin@ + 44, cosO) 


(3m/s) 
2(9.81m/s” |sin60° + (0.3)cos60°| 
=| 0.451m 
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(c) Express and evaluate the energy dissipated by friction: 


AE wnerm = [AX = 44,.mgAx cos 8 
= (0.3)(2kg)(9.81m/s? (0.451m)cos60° =| 1.33J 
(d) Use the work-energy theorem with Wey, = AK +AU + AE therm = 9 
friction to obtain: or 
K,-—K, +U,—-U, + AE, en = 9 
Because K = U; = 0 we have: K, —U, + AE jem = 9 


or 
1 2 . 
5mv, —mgAxsin @ 


+ 4,mgAx cos 6 = 0 


Solve for v;: v= .{2gAx(sin O— £8, cos @) 


Substitute numerical values and evaluate vj: 


v, = /2(9.81m/s? (0.451m)[sin60° — (0.3)cos60°] = 


*70 ° 
Picture the Problem The power provided by a motor that is delivering sufficient energy 
to exert a force F on a load which it is moving at a speed v is Fv. 


The power provided by the motor is P=Fv 
given by: 
Because the elevator is ascending F= (Macy + Maa g 


with constant speed, the tension in 
the support cable(s) is: 


Substitute for F to obtain: P= (May + Moaa )gv 


Substitute numerical values and P = (2000kg)(9.81m/s)(2.3m/s) 


evaluate P: = 
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Picture the Problem The power a motor must provide to exert a force F on a load that it 


is moving at a speed v is Fv. The counterweight does negative work and the power of the 


motor is reduced from that required with no counterbalance. 


The power provided by the motor is 
given by: 


Because the elevator is 
counterbalanced and ascending with 
constant speed, the tension in the 


support cable(s) is: 


Substitute and evaluate P: 


Substitute numerical values and 
evaluate P: 


Without a load: 
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P = (m Sg Moaa a Moy Jgv 


elev 


P = (500kg)(9.81m/s? )(2.3m/s) 
=|11.3kW 


i= (Mae, a Moy Jg 
and 
P= (Macy = Moy Jav 
= (~300kg)(9.81m/s?)(2.3m/s) 


- [77K] 


Picture the Problem We can use the work-energy theorem with friction to describe the 


energy transformation within the dart-spring-air-earth system. With this choice of the 


system, there are no external forces to do work on the system; i.e., Wex = 0. Choose Us, = 


O at the elevation of the dart on the compressed spring. The energy initially stored in the 


spring is transformed into gravitational potential energy and thermal energy. During the 


dart’s descent, its gravitational potential energy is transformed into kinetic energy and 


thermal energy. 


Apply conservation of energy 
during the dart’s ascent: 


Because U,, =U,; =0: 


Wat = AK + AU + AE vom = 9 


ext therm 
or, because AK = 0, 


Us: — U,; +U,, —-U,, + AE =0 


therm 


U,¢ Us; + AE nem = 0 


therm 
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Substitute for U,; and U;¢ and solve AE therm =U, —U gs = 1kx* —mgh 
for AE therm: 
Substitute numerical values and AE ner = 4(5000 N/m \0.03 m) 
evaluate Ahi — (0.007 kg (9.81m/s? (24m) 
=| 0.602J 
Apply conservation of energy Weg = AK PAU PAE gy = 0 
during the dart’s descent: or, because K; = Uzs = 0, 
K; -U,; PAE ssi = 0 

Substitute for Ky and U,; to obtain: imv; —mgh+ AE... =0 
Solve for vs: V.= ja = AE tnerm) 

= 

m 


Substitute numerical values and evaluate vs: 


— | 2[(0.007 kg (9.81m/s?(24m)-— 0.6023] _ 73m] 


0.007 kg 


*73 oe 
Picture the Problem Let the system consist of the earth, rock and air. Given this choice, 
there are no external forces to do work on the system and W,,; = 0. Choose U, = 0 to be 
where the rock begins its upward motion. The initial kinetic energy of the rock is partially 
transformed into potential energy and partially dissipated by air resistance as the rock 
ascends. During its descent, its potential energy is partially transformed into kinetic 
energy and partially dissipated by air resistance. 


(a) Using the definition of kinetic K, =imv; = (0 kg)\(40 m/s)" 
energy, calculate the initial kinetic _|160kJ 
energy of the rock: 
(b) Apply the work-energy theorem AK + AU + AE om = 9 
with friction to relate the energies of 
the system as the rock ascends: 
Because K;= 0: —K, +AU + AE, 4, = 9 
and 
AE therm = K, —AU 
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Substitute numerical values and AE jyem =1600J —(2kg)(9.81m/s? (50m) 
evaluate AE jherm: —| 619] 
(c) Apply the work-energy theorem AK + AU +0.7AE tim = 9 
with friction to relate the energies of 
the system as the rock descends: 
Because K;= U; = 0: Ky —U;, + 0.7 AE nem = 9 
Substitute for the energies to obtain: Lmv; —mgh+0.7AE sem = 0 
Solve for v¢: 1.4AE 

f V; = {Pat —_ therm 

m 

Substitute numerical values and 1.4(619J 

| V; = {2tosims?}o m)—1-4(619)) 
evaluate ve: 2kg 
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Picture the Problem Let the distance the block slides before striking the spring be L. 
The pictorial representation shows the block at the top of the incline (1), just as it strikes 
the spring (2), and the block against the fully compressed spring (3). Let the block, 
spring, and the earth comprise the system. Then W,,: = 0. Let U, = 0 where the spring is 
at maximum compression. We can apply the work-energy theorem to relate the energies 
of the system as it evolves from state 1 to state 3. 


Express the work-energy theorem: AK + AU, +AU, =0 


or 
AK +U,, -U,, +U,3 —U,, =0 
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Because AK = Ug3 = Us, = 0: -U,, 70, =0 


Substitute for each of these energy —mgh, +4+kx* =0 
terms to obtain: 


Substitute for h3 and h;: —mg (L + x)sin O+ 4 kx? =0 
Rewrite this equation explicitly as a es 2mg sind = 2mgLsin@ _ 0 
quadratic equation: k k 


Solve this quadratic equation to obtain: 


2 
x=| eo sine (42) Weel ee 
k k k 


Note that the negative sign between the two terms leads to a non-physical solution. 


*75 
Picture the Problem We can find the work done by the girder on the slab by calculating 
the change in the potential energy of the slab. 


(a) Relate the work the girder does W =AU =mgAh 


on the slab to the change in 
potential energy of the slab: 


Substitute numerical values and W= (1.5 x10* kg)(9.81m/s? )(0.001m) 


evaluate W: 
=| 147J 


The energy is transferred to the girder from its surroundings, which are 


warmer than the girder. As the temperature of the girder rises, the atoms 


(b) 


in the girder vibrate with a greater average kinetic energy, leading toa 


larger average separation, which causes the girder's expansion. 
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Picture the Problem The average power delivered by the car’s engine is the rate at 
which it changes the car’s energy. Because the car is slowing down as it climbs the hill, 
its potential energy increases and its kinetic energy decreases. 


Express the average power delivered P AE 
by the car’s engine: “At 
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Express the increase in the car’s AE = AK + AU 

mechanical energy: = KiKi a ee 
=4mv;,, —+Mv,. +mgAh 
= imlv2, —ve + 2gAh) 


Substitute numerical values and evaluate AE: 


AE = +(1500kg)|(10 m/s)’ — (24 m/s)’ + 2(9.81m/s?)(120m)|-1.41MJ 


Assuming that the acceleration of Vion © Vb 

. feats = ——— =17m/s 
the car is constant, find its average _ 2 
speed during this climb: 
Using the v,y, find the time it takes Gem As 7 000m 1185 
the car to climb the hill: Vv 17 m/s 


Substitute to determine P,y: 1.41MJ 
wy P= =| 11.9kW 
See? 


“77 3 

Picture the Problem Given the potential energy function as a function of y, we can find 
the net force acting on a given system from F = —dU / dy . The maximum extension of 
the spring; i.e., the lowest position of the mass on its end, can be found by applying the 
work-energy theorem. The equilibrium position of the system can be found by applying 
the work-energy theorem with friction ... as can the amount of thermal energy produced 
as the system oscillates to its equilibrium position. 


(a) The graph of U as a function of y is shown to the right. Because k and m are not 
specified, k has been set equal to 2 and mg to 1. The spring is unstretched when y = yo = 
0. Note that the minimum value of U (a position of stable equilibrium) occurs near y =5 
m. 
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1.0 

0.8 

0.6 

= 04 
B09 

0.0 

-0.2 

0.4 

0.0 O02 O04 O06 O8 10 12 #14 «16 
y (m) 
dU d 
(b) Evaluate the negative of the es _ (1 ky? —m gy) 
derivative of U with respect to y: dy d 
=| —ky+mg 
(c) Apply conservation of energy to AK + AU + AE ne, = 9 
the movement of the mass from y = 
0 toy = Vmax? 
Because AK = 0 (the object starts AU = U(Ymax) — U(0) = 0 
from rest and is momentarily at rest 
at Y = Vmax) and AF therm = 0 (no 
friction), it follows that: 
Because U(0) = 0: U(Vimax) = 0 => +ky~,. —MGY na. = 0 
Solve for Vmax: _| 2mg 
max k 
(d) Express the condition of F at F., =0 => —ky,, +mg =0 
equilibrium and solve for Veg: and 
Baal 
tae 

(e) Apply the conservation of energy AK + AU + AE bem = 9 
to the movement of the mass from y or, because AK = 0. 
=O0tOY = Yeq and solve for AE therm: AE erm = AU =U, -U, 
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Because U, = U(0)=0: AE iyem =U, =—(4ky2, — may, ) 
eas for Yeq and simplify to ie 7 m g 2 

obtain: neon Ik 
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Picture the Problem The energy stored in the compressed spring is initially transformed 
into the kinetic energy of the signal flare and then into gravitational potential energy and 
thermal energy as the flare climbs to its maximum height. Let the system contain the 
earth, the air, and the flare so that W,x: = 0. We can use the work-energy theorem with 
friction in the analysis of the energy transformations during the motion of the flare. 


(a) The work done on the spring in W. = K, tare = 


compressing it is equal to the kinetic 
energy of the flare at launch. 


Therefore: 

(b) Ignoring changes in gravitational AK + AU, =0 

potential energy (i.e., assume that or 

the compression of the spring is K, —K, +U,, -U,, =0 


small compared to the maximum 
elevation of the flare), apply the 
conservation of energy to the 
transformation that takes place as 
the spring decompresses and gives 
the flare its launch speed: 


Because K; = AU, = Us: K, - U,, =0 
Substitute for K, and U,;: 4+mv; —4kd* =0 
Solve for k to obtain: mv, 
k= rE 
(c) Apply the work-energy theorem AK +AU, + AE gc = 0 


with friction to the upward 
trajectory of the flare: 
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Solve for AE therm! AE therm = ~AK — AU, 

= K, -—K, +U, —U, 
Because K; = U; = 0: AE erm = 
79 


Picture the Problem Let Up = 0. Choose 
the system to include the earth, the track, 
and the car. Then there are no external 
forces to do work on the system and 
change its energy and we can use 
Newton’s 2™ law and the work-energy 
theorem to describe the system’s energy 
transformations to point G ... and then the 
work-energy theorem with friction to 
determine the braking force that brings the 
car to a stop. The free-body diagram for 


point C is shown to the right. 


The free-body diagram for point D is | 
shown to the right. fF 


The free-body diagram for point ‘ 


F is shown to the right. Fi, 
x—- <<") -— - — 
F 

mg 
(a) Apply the work-energy theorem AK + AU =0 
to the system’s energy or 
transformations between A and B: Ba HK, tU, Uy =0 
If we assume that the car arrives at —1mv;, +mgAh =0 


point B with vp = 0, then: where Ah is the difference in elevation 


between A and B. 
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Solve for and evaluate Ah: 2 F 
ieee ea 3 =7.34m 
2g  2(9.81m/s”) 
The height above the ground is: h+ Ah =10m+4+7.34m =| 17.3m 
(b) If the car just makes it to point Fee onto = 
s ae = gets oe = x _ (500 kg)(9.81m/s") 
then the force exerted by the trac 
on the car will be the normal force: =|4.91kN 
(c) Apply > F,,= ma, to the car at mg sin @ = ma 
point C (see the FBD) and solve for and 
- a = gsin 6 =(9.81m/s" kin30° 
=| 4.91m/s? 
(d) Apply > F,, =ma, to the car at F.—mg =m “a 


point D (see the FBD) and solve for 
F,: and 


Apply the work-energy theorem to AK + AU =0 
the system’s energy transformations or 
between B and D: K, —K, +U, —U, =0 
Because Kp = Up = 0: K, —U, =0 
Substitute to obtain: 1 mv; —mg(h+Ah)=0 
Solve for vz: ve = 2g(h+ Ah) 
Substitute to find F,: Ve 
Fi =mg +m— 
2g(h+ Ah 
=mg+m a . ) 
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Substitute numerical values and 2(17. 
F, =(500 kg) 81a") 1304) 
evaluate F,: zi 20m 


=| 13.4KN, directed upward. 


(e) F has two components at point F; > F, = F,-mg =0=> F, =mg 
one horizontal (the inward force that 
the track exerts) and the other y2 

F 
vertical (the normal force). Apply peg Meet fee Las 
>» F = mato the car at point F: 


and 


Express the resultant of these two F= F? + F? 
forces: 
2 2 
Ve 2 
=,|| m—| +(m 
| ; (mg) 
4 
=m — +g° 
Substitute numerical values and (1 2m is)" : 
sian = F =(500kg) Gomy +(9.81m/s?) 
=| 5.46kN 
Find the angle the resultant makes R 
- 6 =tan7) = |= tan7| 9 
with the x axis: F Vz 
9.81m/s* (30m 
= tan | Ie ) =| 63.9° 
(12m/s) 
(f) Apply the work-energy theorem — Kg + AB bem = 9 
with friction to the system’s energy and 
transformations between F and the AE a = KS imve 
car’s stopping position: 
The work done by friction is also AE berm = [AS = Firaked 
given by: where d is the stopping distance. 
Equate the two expressions for mv; 


AE therm and solve for Firake! brake 5 
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Substitute numerical values and 
evaluate Frrake: 


*80 ° 

Picture the Problem The rate of 
conversion of mechanical energy can be 
determined from P = F -V. The pictorial 
representation shows the elevator moving 
downward just as it goes into freefall as 
state 1. In state 2 the elevator is moving 
faster and is about to strike the relaxed 
spring. The momentarily at rest elevator on 
the compressed spring is shown as state 3. 
Let U, = 0 where the spring has its 
maximum compression and the system 
consist of the earth, the elevator, and the 
spring. Then W.x, = 0 and we can apply the 
conservation of mechanical energy to the 
analysis of the falling elevator and 
compressing spring. 


(a) Express the rate of conversion of 
mechanical energy to thermal 
energy as a function of the speed of 
the elevator and braking force 
acting on it: 


Because the elevator is moving with 
constant speed, the net force acting 


on it is zero and: 


Substitute for Foraking and evaluate P: 


(b) Apply the conservation of 
energy to the falling elevator and 
compressing spring: 


Because K3 = Ug3 = Us; = 0: 


(500kg \12 m/s)’ 
Face = =| 1.44kN 
brake 2(25 m) 


M 
; ll 
lw 
Ay M 
T — U,=0 
I 2 3 
P = PeadanV6 
idea = Mg 
P= Mgv, 
= (2000kg)(9.81m/s? }(1.5m/s) 
=| 29.4kw 


AK +AU, +AU, =0 


or 
K,—-K, Us -U,, +U,,—U,, =0 


—4Mv, — Mg(d + Ay)+4k(Ay)’ =0 
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. . . . 2M M 
ails as equation = a quadratic . ( in : g Ay (29 A ciey 2 ) -~0 
equation in Ay, the maximum compression k 
of the spring: 
Solve for Ay to obtain: Mg M’*g? M 
y= Ms | ke +—(2gd +v2) 


Substitute numerical values and evaluate Ay: 


(2000kg\9.81m/s’ ) 
1.5x10* N/m 


Ay = 


[2(9.81mv/s?\'5m)+(1.5mvs)'| 


, |(2000kg)"(9.81mis*} | 2000kg 
(.5x10'N/ym) =—-1.5x10* N/m 


-[5:58] 


81 

Picture the Problem We can use Newton’s 2” law to determine the force of friction as a 
function of the angle of the hill for a given constant speed. The power output of the 
engine is given by P = F, ‘Vv. 


FBD for (a): FBD for (b): 


(a) Apply > F, = ma, to the car: mg sin@—F, =0=> F, =mgsin@ 
Evaluate F; for the two speeds: F,, = (1000 kg)(9.81m/s? )sin2.87° 
=| 491N 
and 


Fy, = (1000 kg)(9.81m/s? }sin5.74° 


-[S8iN] 


(b) Express the power an engine P=F ad 
must deliver on a level road in order p= ( 491N)(20m /s) _[982kw 
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to overcome friction loss and and 


evaluate this expression for B= (98 1N)(30 m/s) = 


v = 20 m/s and 30 m/s: 


(c) Apply dF, = ma, to the car: DF, =F -—mgsin@d—-F, =0 


Relate F to the power output of the Since P = Fv, F = P 
Vv 


engine and the speed of the car: 


Substitute for F and solve for 0: P_ F 
20 
@=sin"| ¥ 
mg 
Substitute numerical values and 40kW _ 491N 
evaluate 0: 4 20 m/s 
6 =sin : 
(1000kg)(9.81m/s? ) 
=| 8.85° 
(d) Express the equivalence of the Weagine = Fog (As) 5 = F,, (As) 
work done by the engine in driving 
the car at the two speeds: 
Let AV represent the volume of fuel EF (As) _F (As ) 5 
consumed by the engine driving the *° AV IV 
car on a level road and divide both 
sides of the work equation by AV to 
obtain: 
Solve for AS) : (As);, = Foy (As)q 
AV AV F, AV 

Substitute numerical values and (As), - 491N (12 7km /L) 

(As)so AV 981N\~ 
evaluate ———: 

=| 6.36km/L 

82 ee 


Picture the Problem Let the system include the earth, block, spring, and incline. Then 
Wext = 0. The pictorial representation to the left shows the block sliding down the incline 
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and compressing the spring. Choose U, = 0 at the elevation at which the spring is fully 


compressed. We can use the conservation of mechanical energy to determine the 


maximum compression of the spring. The pictorial representation to the right shows the 


block sliding up the rough incline after being accelerated by the fully compressed spring. 


We can use the work-energy theorem with friction to determine how far up the incline the 


block slides before stopping. 


(a) Apply conservation of 
mechanical energy to the system as 
it evolves from state 1 to state 3: 


Because 
K,=K, =U,, =U,, =0: 


Relate Ah to L + x and @ and 
substitute to obtain: 


Rewrite this equation in the form of 
an explicit quadratic equation: 


Substitute for k, m, g, @and L to 
obtain: 


Solve for the physically meaningful 
(i.e., positive) root: 


(b) Proceed as in (a) but include 
energy dissipated by friction: 


The mechanical energy transformed 
to thermal energy is given by: 


AK +AU, + AU, =0 


or 

Ka=K, Oe =U 4 
a U,; = Un > 0 

—U,,+U,, =0 

or 


—mgAh + 4+kx* =0 


Ah =(L+x)sin@ 
-Lkx? —mg(L + x)sin@ = 0 


1 kx? —(mg sin @)x — mgL sin 0 = 0 


[50% —(9.81N)x —39.24J =0 


m 
x =| 0.989m 
=U a U,, a AE therm = 0 
AE therm = F; (L +x) = UF, (L te x) 


= L,mg COs OL + x) 
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Substitute for Ah and AE jem to 
obtain: 


Substitute for k, m, g, @ 44 and L to 
obtain: 


Solve for the positive root: 
(c) Apply the work-energy theorem 
with friction to the system as it 


evolves from state 3 to state 4: 


Because 
K,=K, =U,, =U,, =0: 


Substitute for Ah’ and AE jherm to 
obtain: 


Solve for L’ with x = 0.783 m: 


83 ee 


—mg(L + x)sin 0 +4kx’ 
+ u,mg cosO(L + x)=0 


[50% —(6.41N)x — 25.653 =0 
m 


X =| 0.783m 


K,—-K, +U a4 =U 


+U,,—U,,+AE,.., =9 


therm 


U,, 4 U3 + AE inorm = 0 


g,4 therm 


or 
—mgAh'+ £kx* + AE jem = 0 


—mg(L'+x)sin 6 + 4 kx? 
+ L4,mg COs O(L'+x) =0 


L'=/1.54m 


Picture the Problem The work done by the engines maintains the kinetic energy of the 


cars and overcomes the work done by frictional forces. Let the system include the earth, 


track, and the cars but not the engines. Then the engines will do external work on the 


system and we can use this work to find the power output of the train’s engines. 


(a) Use the definition of kinetic 
energy: 


(b) The change in potential energy 
of the train is: 


(c) Express the energy dissipated by 
kinetic friction: 


K=tmv 
2 
24(2x10°Ke] 152 
h 3600s 
=) 17.4MJ 
AU =mgAh 


=(2x10° kg\9.81 m/s? (707m) 
=| 1.39x10" J 


= fAs 


wAE, 


therm 
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Express the frictional force: f =0.008mg 


Substitute for f and evaluate AE hem: 


AE em = 0.008mgAs = 0.008(2X10° kg )(9.81m/s? (62 km) = 


(d) Express the power output of the pe AW 

train’s engines in terms of the work At 

done by them: 

Use the work-energy theorem with W.., = AK +AU + AE, 
friction to find the work done by the or, because AK = 0, 

train’s engines: Wa =AU+ AE serm 

Find the time during which the Av= As 

engines do this work: Vv 

Substitute in the expression for P to p= (AU + AE wenn MY 
obtain: As 


Substitute numerical values and evaluate P: 


15 km. th 


P =(1.39x10"° J +9.73x10° / ra) = 


*B4 oe 
Picture the Problem While on a horizontal surface, the work done by an automobile 
engine changes the kinetic energy of the car and does work against friction. These 
energy transformations are described by the work-energy theorem with friction. Let the 
system include the earth, the roadway, and the car but not the car’s engine. 


(a) The required energy equals the AK =4mv* 
change in the kinetic energy of the 2 
k th 
car: =1(1200kg) 50——- 
h 3600s 


- [Ho] 


(b) The required energy equals the AE erm = [AS 
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work done against friction: 


Substitute numerical values and 1 (300 N\(300 m) = 


evaluate AE jherm: 


(c) Apply the work-energy theorem B= Wg AR PAB ac 
with friction to express the required = AK +0.75E 
energy: 


Divide both sides of the equation by 


=—+0.75 
E to express the ratio of the two 
energies: 
Substitute numerical values and BE’ _ 116k) +0.75=| 2.04 
evaluate E'/E: E 90kJ 
*85 eee 


Picture the Problem Assume that the bob 
is moving with speed v as it passes the top 
vertical point when looping around the peg. 
There are two forces acting on the bob: the 
tension in the string (if any) and the force 
of gravity, Mg; both point downward when 
the ball is in the topmost position. The 
minimum possible speed for the bob to 
pass the vertical occurs when the tension is 
0; from this, gravity must supply the 
centripetal force required to keep the ball 
moving in a circle. We can use 
conservation of energy to relate v to L and 
R. 


Express the condition that the bob Vv 
swings around the peg ina full M — > Mg 
circle: 7 
Simplify to obtain: v 
R 
Use conservation of energy to relate 1 Mv’ = Mg ( a0 R) 


the kinetic energy of the bob at the 
bottom of the loop to its potential 
energy at the top of its swing: 


Solve for v7: v= 29(L = 2R) 


Substitute to obtain: 2 g(L me 2R) 
> 
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Solve for R: 


86 
Picture the Problem If the wood exerts an average force F on the bullet, the work it does 
has magnitude FD. This must be equal to the change in the kinetic energy of the bullet, 
or because the final kinetic energy of the bullet is zero, to the negative of the initial 
kinetic energy. We’ll let m be the mass of the bullet and v its initial speed and apply the 
work-kinetic energy theorem to relate the penetration depth to v. 


Apply the work-kinetic energy Wooat = AK = K; - K, 
theorem to relate the penetration _ 
; as or, because K; = 0, 
depth to the change in the kinetic W..=-K 
energy of the bullet: total ~ Si 
Substitute for Wiotai and K; to obtain: FD= —1 mv? 
Solve for D to obtain: mv. 
D=-— 
2F 
For an identical bullet with twice Fp'=-—1 m(2v)" 
the speed we have: : 
Solve for D' to obtain: mv2 
p'=4|-—~|=4D 
2F 


and | (c) is correct. 


87 we 
Picture the Problem For part (a), we’ll let the system include the glider, track, weight, 
and the earth. The speeds of the glider and the falling weight will be the same while they 
are in motion. Let their common speed when they have moved a distance Y be v and let 
the zero of potential energy be at the elevation of the weight when it has fallen the 
distance Y. We can use conservation of energy to relate the speed of the glider (and the 
weight) to the distance the weight has fallen. In part (b), we’ll let the direction of motion 
be the x direction, the tension in the connecting string be T, and apply Newton’s 2™ law 
to the glider and the weight to find their common acceleration. Because this acceleration 
is constant, we can use a constant-acceleration equation to find their common speed when 
they have moved a distance Y. 


(a) Use conservation of energy to AK +AU =0 
relate the kinetic and potential or 


energies of the system: 


Because the system starts from rest 
and U;=0: 


Substitute to obtain: 


Kp=K. 40-0 =0 
K, -U, =0 


mv’ +4Mv’ —mgY =0 
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Solve for v: _ ore 
M+m 


(b) The free-body diagrams for the P i 
glider and the weight are shown to | 
the right: FE 
n 
, 
—--?> -x 
q 
mg 
mg | 
x 
Apply Newton’s 3™ law to obtain: a |_| 
pply Newton’s aw to obtain ir,|=|t,]=7 
Apply ae = ma to the glider: T = Ma 
Apply >, = ma to the weight: mg —I =ma 
Add these equations to eliminate T mg = Ma+ma 
and obtain: 
Solve for a to obtain: 
qa=g 
m+M 
Using a constant-acceleration v= ve 4+2aY 


equation, relate the speed of the 
glider to its initial speed and to the ; 
distance that the weight has fallen: vo = 2aY 


Substitute for a and solve for v to 9 
| 2mgY 
obtain: v=| ,/———_ |, the same result we 
M+m 


obtained in part (a). 


or, because Vo = 0, 


*B88 ee 
Picture the Problem We’re given P = dW / dt and are asked to evaluate it under the 
assumed conditions. 


Express the rate of energy P =3mv* = 3(10 kg\3 m/s) 
expenditure by the man: =270W 
Express the rate of energy P=+P' 


expenditure P’ assuming that his 
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muscles have an efficiency of 20%: 


Solve for and evaluate P’: P'=5P= 5(270 Ww) = 


89 ee 
Picture the Problem The pictorial 
representation shows the bob swinging 
through an angle @before the thread is cut 
and it is launched horizontally. Let its 
speed at position 1 be v. We can use 
conservation of energy to relate v to the 
change in the potential energy of the bob as 
it swings through the angle 6. We can find 
its flight time At from a constant- 
acceleration equation and then express D as 
the product of v and At. 


Relate the distance D traveled D=vAt (1) 
horizontally by the bob to its launch 
speed v and time of flight At: 


Use conservation of energy to relate K,-K,+U,-U, =0 
its launch speed v to the length of 


or, because U, = Ky = 0, 
the pendulum L and the angle @: 


K, -—U, =0 
Substitute to obtain: my? mgL(1 cos 6) =0 
Solving for v yields: v= [2gL( —cos 0) 
In the absence of air resistance, the Ay =V),At + 1 a, ( Aty 
horizontal and vertical motions of 
the bob are independent of each or, because Ay = —H, ay = —g, and voy = 0, 
other and we can use a constant- —-H=-+ (At) 
acceleration equation to express the 
time of flight (the time to fall a 
distance H): 
Solve for At to obtain: At =./2H/g 


Substitute in equation (1) and 


2H 
simplify to obtain: D = /2gL(1-cos6) a 
=| 2,/HL(1—cos@) 


which shows that, while D depends on @, it 
is independent of g. 
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90 ee 
Picture the Problem The pictorial representation depicts the block in its initial position 
against the compressed spring (1), as it separates from the spring with its maximum 
kinetic energy (2), and when it has come to rest after moving a distance x + d. Let the 
system consist of the earth, the block, and the surface on which the block slides. With this 
choice, Wex: = 0. We can use the work-energy theorem with friction to determine how far 
the block will slide before coming to rest. 


i =a a 


l 3 
x, =0 Xx, =x x3=x+d 
ry=0 v=? v3=0 
. a _ 1 2 
(a) The work done by the spring on Wooring = A ae =tkx 


the block is given by: 


Substitute numerical values and W.. = 4(20 N/em\(3 cm)’ —| 0.900J 
evaluate Wopring? 


(b) The energy dissipated by friction AE erm = [AS = £4,F,Ax = 4,.mgAx 
is given by: 

i 7 2 
Substitute numerical values and AE wherm = (0.25 kg)(9.81m/s \0.03 m) 
evaluate AE therm: = 0) DOAJ 
(c) Apply the conservation of Ky-K, +0, — U4 + Ab gag =0 
energy between points 1 and 2: 

Because K, = U,» = 0: K, ree a TE ai =O 
Substitute to obtain: Limvs —£kx? + AE yom = 0 
Solve for vy: kx? —2 AE vronm 
rn a 
Substitute numerical values and (20 N/em)(3 cm)" _ 2(0. 294 J) 
evaluate v2: Ye \ 5kg 


-[ as] 


(d) Apply the conservation of energy 
between points 1 and 3: 


Because AK = U,,3 = 0: 


Solve for d: 


Substitute numerical values and 
evaluate d: 
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Picture the Problem The pictorial 
representation shows the block initially at 
rest at point 1, falling under the influence 
of gravity to point 2, partially compressing 
the spring as it continues to gain kinetic 
energy at point 3, and finally coming to 
rest at point 4 with the spring fully 
compressed. Let the system consist of the 
earth, the block, and the spring so that 

Wext = 0. Let U, = 0 at point 3 for part (a) 
and at point 4 for part (b). We can use the 
work-energy theorem to express the kinetic 
energy of the system as a function of the 
block’s position and then use this function 
to maximize K as well as determine the 
maximum compression of the spring and 
the location of the block when the system 
has half its maximum kinetic energy. 


(a) Apply conservation of 
mechanical energy to describe the 
energy transformations between 
state 1 and state 3: 


Because K; = Ug3 = Us; = 0: 
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AK +U 3 -U4 + AE asst = 0 
-U.4 NE ac = 0 
or 
—1Lkx? + ,.mg(x+d)=0 
2 
d= a2 x 
2u,mg 
2 
___ (20N/cm\(3cm) —-0.03m 
2(0.2)\5kg\9.81m/s? ) 
=| 6.17cm 
x,=0 
wl 
v,=0 
|| 
2 | X2=h 
3 | x3=ht+x 
4 | X4=h + Xmax 
V4 _ 0 
AK + AU, +AU, =0 
or 
K, —K,+U,,—U,,+U,, -U,, =0 


Ke =I 5 +U,, =0 
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Differentiate K with respect to x and 
set this derivative equal to zero to 
identify extreme values: 


Solve for x: 


Evaluate the second derivative of K 
with respect to x: 


Evaluate K for x = mg/k: 


(b) The spring will have its 
maximum compression at point 4 
where K = 0: 


Solve for x and keep the physically 
meaningful root: 


(c) Apply conservation of 
mechanical energy to the system as 


it evolves from state 1 to the state in 
. _ 1 Fi 
which K =—>K,,,,: 


Because K; = U,3 = Us; = 0: 


and 
K, = K = mg(h+x)—4kx? 


dK = mg — kx = 0 for extreme values. 
dx 
a9 
k 

2 
d = =-k<0 
dt 

mg 


=>xXx= pe maximizes K. 


2 
Kix = mgh+ ma( “2. -—5 (2) 


or 
ee amg X max ange =0 
k k 
mg  |m*g* 2mgh 
X max = 
k k* k 


AK +AU, + AU, =0 
or 


K= Ky +0 4-0, +0 4-0, 


gt $3 


K-U,,+U,; =0 
and 


K =mg(h+x)—4kx’? 
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ee 


Substitute for K to obtain: 
aiid - i{ mann 8 J-math--3)- 46° 


Express this equation in quadratic form: > 2mg mg 2 mgh 
al ae 


Solve for the positive value of x: 
X= 


ae 
mg +m g , Amgh 
k k* k 


92 eve 
Picture the Problem The free-body 
diagram shows the forces acting on the 
pendulum bob. The application of 
Newton’s 2™ law leads directly to the 
required expression for the tangential 
acceleration. Recall that, provided @is in 
radian measure, s = L@. Differentiation 
with respect to time produces the result 
called for in part (b). The remaining parts 
of the problem simply require following 


the directions for each part. 


(a) Apply >, F, = ma, to the bob: F.,, =—mg sin 6 = ma,,, 
Solve for dian: d.., = dv/ dt =—gsin@ 
(b) Relate the arc distance s to the s=L0 

length of the pendulum L and the 

angle @: 

Differentiate with respect to time: ds/dt =| v= Ld@/dt 


(c) Multiply ay by a0 aad dv_dvd@_dvdé 
dt ~ do dt dtd@ d@ dt 


substitute for from part (b): = “(2| 
dt dO\L 
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(d) Equate the expressions for dv/dt dv (+) =—gsin0 


from (a) and (c): do L 


Separate the variables to obtain: vdv =—gLsin0d0 


0 
v'dv' = [—gLsin0'do" 


equation in part (d) from v = 0 to the . 


(e) Integrate the left side of the { 
0 
final speed v and the right side from 


6 = &to 8 =0: 


Evaluate the limits of integration to ty? =gL (1 —cos8, ) 
obtain: 


Note, from the figure, that pel gh 
h=L(1 — cos). Substitute and 


solve for v: 


93 eee 
Picture the Problem The potential energy of the climber is the sum of his gravitational 
potential energy and the potential energy stored in the spring-like bungee cord. Let Obe 
the angle which the position of the rock climber on the cliff face makes with a vertical 
axis and choose the zero of gravitational potential energy to be at the bottom of the cliff. 
We can use the definitions of U, and Usp:ing to express the climber’s total potential 
energy. 


(a) Express the total potential U(s) = Uy moce cord + U 
energy of the climber: ‘ ° 


Substitute to obtain: U(s) (s = Ly + Mgy 


k 
k(s—L) +MgH cos 


NIP NR 


1k(s—L) +MgH cos (=) 


A spreadsheet solution is shown below. The constants used in the potential energy 
function and the formulas used to calculate the potential energy are as follows: 


Cell Content/Formula Algebraic Form 
B3 300 H 

B4 5 k 

B5 60 L 

B6 85 M 

B7 9.81 g 

Dil 60 Ss 

D12 D11+1 stl 
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Ell 0.5*$B$4*(D11-$B$5)\2 ; 5 
+$B$6*$B$7*$B$3*(cos(D11/$B$3))_ | +k(s—L) +MgH cos( =) 
Git E11-E61 U(60m)—U(110m) 
A B C D E 
1 
2 
3 H = | 300 m 
4 =15 N/m 
5 L= | 60 m 
6 m= | 85 kg 
7 g=|981 m/s\2 
8 
9 
10 s U(s) 
11 60 2.45E+05 
12 61 2.45E+05 
13 62 2.45E+05 
14 63 2.45E+05 
15 64 2.45E+05 
147 196 2.45E+05 
148 197 2.45E+05 
149 198 2.45E+05 
150 199 2.45E+05 
151 200 2.46E+05 


The following graph was plotted using the data from columns D (s) and E (U(s)). 


U (kJ) 
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239 


238 
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*O4 ecco 

Picture the Problem The diagram shows the forces each of the springs exerts on the 
block. The change in the potential energy stored in the springs is due to the elongation of 
both springs when the block is displaced a distance x from its equilibrium position and 


we can find AU using $k(AL)’ . We can find the magnitude of the force pulling the block 


back toward its equilibrium position by finding the sum of the magnitudes of the y 
components of the forces exerted by the springs. In Part (d) we can use conservation of 
energy to find the speed of the block as it passes through its equilibrium position. 


} 
| 
| 
| 


(a) Express the change in the Ati= atk(aLy |= k(AL) 
potential energy stored in the 


springs when the block is displaced 
a distance x: 


where AL is the change in length of a 
spring. 


Referring to the force diagram, Aba Paseo 


express AL: 
Substitute to obtain: 2 
AU = KWEe +x? =i) 
(b) Sum the forces acting on the F storing = 2 COS @ = 2kKAL cos 0 
block to express Frestoring: 
0 
PP +x? 
Substitute for AL to obtain: =e 
Pci = ax L’ + x’ a : 


aT? 4 x? 


2{ 1] 
VP eae 


(c) A spreadsheet program to calculate U(x) is shown below. The constants used in the 
potential energy function and the formulas used to calculate the potential energy are as 
follows: 


Cell Content/Formula Algebraic Form 
Bl 1 LE 

B2 1 k 

B3 1 M 

C8 C7+0.01 x 

D7 $B$2*((C7A2+$B$142)\0.5-$B$1)A2 U(x) 
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A B C D 
m L=(|01 m 
D k=/1 N/m 
3 M=/1 kg 
4 
5 
6 x U(x) 
# 0 0 
8 0.01 2.49E—07 
9 0.02 3.92E—06 
10 0.03 1.94E-05 
11 0.04 5.93E-—05 
12 0.05 1.39E—04 
23 0.16 7.86E—03 
24 0.17 9.45E—03 
25 0.18 1.12E—02 
26 0.19 1.32E—02 
27 0.20 1.53E—02 


The following graph was plotted using the data from columns C (x) and D (U(x)). 


16 


U (mJ) 
oe) 


0.00 0.05 0.10 0.15 0.20 


(d) Use conservation of energy to 
relate the kinetic energy of the block 
as it passes through the equilibrium foeess 
position to the change in its 7 Mv" = AU 
potential energy as it returns to its 

equilibrium position: 


=AU 


equilibrium 


or 
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Solve for v to obtain: 


po 
M M 


Substitute numerical values and evaluate v: 


2(1N/m 
v=(,(0.1m) + (0.1m) -0.1m) aN) = [5.86mi | 


Chapter 8 
Systems of Particles and Conservation of 
Momentum 


Conceptual Problems 


1 ° 
Determine the Concept A doughnut. The definition of the center of mass of an object 
does not require that there be any matter at its location. Any hollow sphere (such as a 
basketball) or an empty container with any geometry are additional examples of three- 
dimensional objects that have no mass at their center of mass. 


*D o 
Determine the Concept The center of mass is midway between the two balls and is in 
free-fall along with them (all forces can be thought to be concentrated at the center of 
mass.) The center of mass will initially rise, then fall. 


Because the initial velocity of the center of mass is half of the initial velocity of the ball 
thrown upwards, the mass thrown upwards will rise for twice the time that the center of 
mass rises. Also, the center of mass will rise until the velocities of the two balls are equal 


but opposite. | (b) is correct. 


3 e 

Determine the Concept The acceleration of the center of mass of a system of particles is 

described by F.... x, = DF, ext = Ma 
i 


where M is the total mass of the system. 


cm? 


Express the acceleration of the Hoe F netext _ F 
M m, +m, 


center of mass of the two pucks: 


and | (b) is correct. 


4 e 
Determine the Concept The acceleration of the center of mass of a system of particles 
is described by Fo. ox; = DF, ext = Ma@,,,, where M is the total mass of the system. 
i 
Express the acceleration of the _ ane _ F 


cm 


center of mass of the two pucks: M m, +m, 


because the spring force is an internal 
force. 


(b) is correct. 


517 


518 Chapter 8 


*5 * 

Determine the Concept No. Consider a 1-kg block with a speed of 1 m/s and a 2- kg 
block with a speed of 0.707 m/s. The blocks have equal kinetic energies but momenta of 
magnitude 1 kg-m /s and 1.414 kg-m/s, respectively. 


6 e 

(a) True. The momentum of an object is the product of its mass and velocity. Therefore, 
if we are considering just the magnitudes of the momenta, the momentum of a heavy 
object is greater than that of a light object moving at the same speed. 


(b) True. Consider the collision of two objects of equal mass traveling in opposite 
directions with the same speed. Assume that they collide inelastically. The mechanical 
energy of the system is not conserved (it is transformed into other forms of energy), but 
the momentum of the system is the same after the collision as before the collision, i.e., 
zero. Therefore, for any inelastic collision, the momentum of a system may be conserved 
even when mechanical energy is not. 


(c) True. This is a restatement of the expression for the total momentum of a system of 
particles. 


7 e 
Determine the Concept To the extent that the system in which the rifle is being fired is 
an isolated system, i.e., the net external force is zero, momentum is conserved during its 


firing. 
Apply conservation of momentum Pyne + Prutiee = 9 
to the firing of the rifle: or 

Prine = — Pruner 
*8 e 


Determine the Concept When she jumps from a boat to a dock, she must, in order for 
momentum to be conserved, give the boat a recoil momentum, i.e., her forward 
momentum must be the same as the boat’s backward momentum. The energy she 
imparts to the boat is Ey... = Pron 7 ZT ais 


When she jumps from one dock to another, the mass of the dock plus the 


earth is so large that the energy she imparts to them is essentially zero. 


*9 oo 
Determine the Concept Conservation of momentum requires only that the net external 
force acting on the system be zero. It does not require the presence of a medium such as 


air. 


Systems of Particles and Conservation of Momentum 519 


10 ° 
Determine the Concept The kinetic energy of the sliding ball is + mv. . The kinetic 


energy of the rolling ball is + mv. + K,,,, where its kinetic energy relative to its center 


rel > 


of mass is K _,,. Because the bowling balls are identical and have the same velocity, the 


rel * 


rolling ball has more energy. 


11 

Determine the Concept Think of someone pushing a box across a floor. Her push on 
the box is equal but opposite to the push of the box on her, but the action and reaction 
forces act on different objects. You can only add forces when they act on the same 
object. 


12 ° 

Determine the Concept It’s not possible for both to remain at rest after the collision, as 
that wouldn't satisfy the requirement that momentum is conserved. It is possible for one 
to remain at rest: This is what happens for a one-dimensional collision of two identical 
particles colliding elastically. 


13. 

Determine the Concept It violates the conservation of momentum! To move forward 
requires pushing something backwards, which Superman doesn’t appear to be doing 
when flying around. In a similar manner, if Superman picks up a train and throws it at 
Lex Luthor, he (Superman) ought to be tossed backwards at a pretty high speed to satisfy 
the conservation of momentum. 


*14 oe 
Determine the Concept There is only one force which can cause the car to move 
forward-the friction of the road! The car’s engine causes the tires to rotate, but if the 
road were frictionless (as is closely approximated by icy conditions) the wheels would 
simply spin without the car moving anywhere. Because of friction, the car’s tire pushes 
backwards against the road—from Newton’s third law, the frictional force acting on the 
tire must then push it forward. This may seem odd, as we tend to think of friction as 
being a retarding force only, but true. 


15 
Determine the Concept The friction of the tire against the road causes the car to slow 
down. This is rather subtle, as the tire is in contact with the ground without slipping at all 
times, and so as you push on the brakes harder, the force of static friction of the road 
against the tires must increase. Also, of course, the brakes heat up, and not the tires. 


16 
Determine the Concept Because Ap = FAt is constant, a safety net reduces the force 
acting on the performer by increasing the time At during which the slowing force acts. 


17 
Determine the Concept Assume that the ball travels at 80 mi/h ~ 36 m/s. The ball stops 
in a distance of about 1 cm. So the distance traveled is about 2 cm at an average speed of 
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2 
about 18 m/s. The collision time is vom =~ ims 
18 m/s 


18 
Determine the Concept The average force on the glass is less when falling on a carpet 
because At is longer. 


19 ° 
(a) False. In a perfectly inelastic collision, the colliding bodies stick together but may or 
may not continue moving, depending on the momentum each brings to the collision. 


(b) True. In a head-on elastic collision both kinetic energy and momentum are 
conserved and the relative speeds of approach and recession are equal. 


(c) True. This is the definition of an elastic collision. 


*20 ee 
Determine the Concept All the initial kinetic energy of the isolated system is lost in a 
perfectly inelastic collision in which the velocity of the center of mass is zero. 


21 oe 

Determine the Concept We can find the loss of kinetic energy in these two collisions 
by finding the initial and final kinetic energies. We’ll use conservation of momentum to 
find the final velocities of the two masses in each perfectly elastic collision. 


(a) Letting V represent the velocity Doefore = Patter 
of the masses after their perfectly or 
inelastic collision, use conservation mv—mv=2mV >V =0 


of momentum to determine V: 


Express the loss of kinetic energy ‘ 
for the case in which the two objects se 


have oppositely directed velocities 


of magnitude v/2: 22 
4 
Letting V represent the velocity of Doefore = Patter 
the masses after their perfectly or 
inelastic collision, use conservation mv=2mV >V= ty 


of momentum to determine V: 
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Express the loss of kinetic energy AK = K, -K, 
for the case in which the one object 2 2 
oat =f) 2) ty 
is initially at rest and the other has 2 D 2 4 
an initial velocity v: 
The loss of kinetic energy 
is the same in both cases. 
(b) Express the percentage loss for AK 4 mv 
; = =100% 
the case in which the two objects ~ 1 mv2 
have oppositely directed velocities 
of magnitude v/2: 
Express the percentage loss for the AK mv 50% 
case in which the one object is K ver 7 1 mv: : 


initially at rest and the other has an 
initial velocity v: 


The percentage loss is greatest for 
the case in which the two objects 


have oppositely directed velocities 


of magnitude v/2. 


*22 00 
Determine the Concept A will travel farther. Both peas are acted on by the same force, 
but pea A is acted on by that force for a longer time. By the impulse-momentum 
theorem, its momentum (and, hence, speed) will be higher than pea B’s speed on leaving 
the shooter. 


23. 
Determine the Concept Refer to the particles as particle 1 and particle 2. Let the 
direction particle 1 is moving before the collision be the positive x direction. We’ ll use 
both conservation of momentum and conservation of mechanical energy to obtain an 
expression for the velocity of particle 2 after the collision. Finally, we’ll examine the 
ratio of the final kinetic energy of particle 2 to that of particle 1 to determine the 
condition under which there is maximum energy transfer from particle 1 to particle 2. 


Use conservation of momentum to MV, , =M,V,—¢ +MVz - (1) 
obtain one relation for the final 

velocities: 

Use conservation of mechanical Voe ~Vig = (v,, —Vii ) =v, (2) 


energy to set the velocity of 
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recession equal to the negative of 
the velocity of approach: 


To eliminate vj, solve equation (2) Vie =Vor + Vii 
for v,,, and substitute the result in mv, ; = m,(v, ; = Vii )+ MV, 4 
equation (1): 
Solve for v2: _ 2m, 
Vor Vii 
m, +m, 
% _ 2 
Express the ratio R of Ks to K,; in 2m, : 
1 
+m Ve. 
terms of m, and mo: zitto Li 
: 2 K,; m,+m, 
R — = 1 5 
K, i my MVij 
m, 4m 
eer’ 1 
2 
My (m, ig m,) 


Differentiate this ratio with respect 


a —-—++1=0 
to mo, set the derivative equal to m; 
zero, and obtain the quadratic 
equation: 
Solve this equation for m, to m, =m, 


determine its value for maximum 
energy transfer: 


(b) is correct because all of 1's kinetic energy is transferred to 2 


when m, = m,. 


24° 
Determine the Concept In the center-of-mass reference frame the two objects approach 
with equal but opposite momenta and remain at rest after the collision. 


25 

Determine the Concept The water is changing direction when it rounds the corner in the 
nozzle. Therefore, the nozzle must exert a force on the stream of water to change its 
direction, and, from Newton’s 3" law, the water exerts an equal but opposite force on the 
nozzle. 


26° 
Determine the Concept The collision usually takes place in such a short period of time 
that the impulse delivered by gravity or friction is negligible. 
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27 


Determine the Concept No. F = dp/dt defines the relationship between the net 


ext,net 


force acting on a system and the rate at which its momentum changes. The net external 
force acting on the pendulum bob is the sum of the force of gravity and the tension in 
the string and these forces do not add to zero. 


*28 ee 
Determine the Concept We can apply conservation of momentum and Newton’s laws of 
motion to the analysis of these questions. 


(a) Yes, the car should slow down. An easy way of seeing this is to imagine a "packet" 
of grain being dumped into the car all at once: This is a completely inelastic collision, 
with the packet having an initial horizontal velocity of 0. After the collision, it is moving 
with the same horizontal velocity that the car does, so the car must slow down. 


(b) When the packet of grain lands in the car, it initially has a horizontal velocity of 0, so 
it must be accelerated to come to the same speed as the car of the train. Therefore, the 
train must exert a force on it to accelerate it. By Newton’s 3" law, the grain exerts an 
equal but opposite force on the car, slowing it down. In general, this is a frictional force 
which causes the grain to come to the same speed as the car. 


(c) No it doesn’t speed up. Imagine a packet of grain being "dumped" out of the railroad 
car. This can be treated as a collision, too. It has the same horizontal speed as the 
railroad car when it leaks out, so the train car doesn’t have to speed up or slow down to 
conserve Momentum. 


*29 ee 

Determine the Concept Think of the stream of air molecules hitting the sail. Imagine 
that they bounce off the sail elastically—their net change in momentum is then roughly 
twice the change in momentum that they experienced going through the fan. Another 
way of looking at it: Initially, the air is at rest, but after passing through the fan and 
bouncing off the sail, it is moving backward—therefore, the boat must exert a net force on 
the air pushing it backward, and there must be a force on the boat pushing it forward. 


Estimation and Approximation 


30. ee 
Picture the Problem We can estimate the time of collision from the average speed of the 
car and the distance traveled by the center of the car during the collision. We’ll assume a 
car length of 6 m. We can calculate the average force exerted by the wall on the car from 
the car’s change in momentum and it’s stopping time. 


(a) Relate the stopping time to the Age C cette _ 1a Lew) Z Ft Les 
assumption that the center of the car Vv Vv v 


av av av 


travels halfway to the wall with 
constant deceleration: 
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Express and evaluate vay: a nase 
av 2 
0 +90 km y th : 1000m 
_ h 3600s km 
2 
=12.5m/s 
Substitute for Vay : “(6m 
ubstitute for vay and evaluate At _ ( ) 10.1205 
12.5m/s 


(b) Relate the average force exerted by the wall on the car to the car’s change in 


momentum: 


200048) 90 km 1h 1000m 


x x 

Ap h 3600s km 

F.= = =| 417kN 
ay 0.1205 


31 oe 
Picture the Problem Let the direction the railcar is moving be the positive x direction 


and the system include the earth, the pumpers, and the railcar. We’ll also denote the 
railcar with the letter c and the pumpers with the letter p. We’ ll use conservation of 
momentum to relate the center of mass frame velocities of the car and the pumpers and 
then transform to the earth frame of reference to find the time of fall of the car. 


(a) Relate the time of fall of the Ai Ay 
railcar to the distance it falls and its Vv. 
velocity as it leaves the bank: 


Use conservation of momentum to P; = P; 

find the speed of the car relative to or 

the velocity of its center of mass: mu, +m,u, =0 
Relate u, to up and solve for uc: u, —u, = 4m/s 


“.U, =u, —4m/s 


Substitute for u, to obtain: mu, +m, (u, a 4m/s) =0 
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Solve for and evaluate uc: u= 4m/s = 4mis =1.85m/s 
. m 350 kg 
14-8 14728 
m, 4(75kg) 


Relate the speed of the car to its 
speed relative to the center of mass 
of the system: 


Substitute and evaluate At: 


(b) Find the speed with which the 
pumpers hit the ground: 


Vv. =U. t+ Van 


_195 439 km, 1h , 1000 m 
S h 3600s km 
=10.74m/s 


_ 25m _ 
= 10.74m/s — 


Vv, =V.—Uu, =10.74m/s — 4m/s 


- [7am] 


Hitting the ground at this speed, they 
may be injured. 
#32 ee 


Picture the Problem The diagram depicts the bullet just before its collision with the 
melon and the motion of the melon-and-bullet-less-jet and the jet just after the collision. 
We’ll assume that the bullet stays in the watermelon after the collision and use 
conservation of momentum to relate the mass of the bullet and its initial velocity to the 
momenta of the melon jet and the melon less the plug after the collision. 


After the Collision 


m = 
Oz co" @® 
= —> x 
Vij 03 


mV = (m, —m, +m, Woe +4 2m3K, 


Before the Collision 


Apply conservation of momentum 
to the collision to obtain: 


Solve for v2: 
mv 


Express the kinetic energy of the jet 
of melon in terms of the initial 
kinetic energy of the bullet: 
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Substitute and simplify to obtain: ony. (4 m,v2 


mV, 3 \20 


i 


m, —m,; +m, 


_ Mii (m, — [0-imm, ) 


m, —m,+™M, 


Vop = 


Substitute numerical values and evaluate v2,: 


a ft 1m (0.0104 kg —./0.1(0.0104kg)(0.14 kg)) = Sysco 


1800 — x 
s 3.281 ft 2.50 kg —0.14kg + 0.0104kg 


- [a7 


Note that this result is in reasonably good agreement with experimental results. 
Finding the Center of Mass 


33. 
Picture the Problem We can use its definition to find the center of mass of this system. 


Apply its definition to find xqn: 


_ MX, + MX, +M3X; (2 kg)(0)+ (2 kg)(0.2 m)+ (2 kg)(0.5m) 


=. 0.233 
m, +m, +m, 2kg+2kg+2kg 
Because the point masses all lie Yon = 0 and the center of mass of this 
along the x axis: system of particles is at (0.233 m, 0) . 
#34 ° 


Picture the Problem Let the left end of the handle be the origin of our coordinate 
system. We can disassemble the club-ax, find the center of mass of each piece, and then 
use these coordinates and the masses of the handle and stone to find the center of mass of 


the club-ax. 
Express the center of mass of the Mick Xcm,stick + MetoneXcm,stone 
X — 
. cm 
handle plus stone system: Mie Magen 
Assume that the stone is drilled and Xem,stice = 49.0cm 


the stick passes through it. Use 
symmetry considerations to locate 
the center of mass of the stick: 


Systems of Particles and Conservation of Momentum 527 


Use symmetry considerations to Mie = Oo. UCI 
locate the center of mass of the 
stone: 
Substitute numerical values and oe (2.5kg)(45cm)+(8kg)(89cm) 
evaluate Xen! a 2.5kg+8kg 
=| 78.5cm 
350° 


Picture the Problem We can treat each of balls as though they are point objects and 
apply the definition of the center of mass to find (Xan, Vem). 


Use the definition of Xem: a aa aa eke 
' m,+m, +m, 
(3kg)(2m)+ (1kg)(1m) + (1kg)(3m) 
3kg +1kg +1kg 


= 2.00m 


Use the definition of Yon: 


_ MaYa t MpYz t+ MeYc 


ae m, +m, +m. 
_ (8kg)(2m)+ (1kg)(1m)+ (1kg)(0) 
3kg+1kg+1kg 

=1.40m 
The center of mass of this system (2.00 m, 1.40 m) 
of particles is at: 
36° 
Picture the Problem The figure shows an ly 


equilateral triangle with its y-axis vertex 
above the x axis. The bisectors of the 
vertex angles are also shown. We can find 
x coordinate of the center-of-mass by 
inspection and the y coordinate using 
trigonometry. 


From symmetry considerations: Xan = 9 
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Express the trigonometric 
relationship between a/2, 30°, and 


Yem: 


Solve for Vem! 


#37 0 


tan 30° = 7 
a/2 


Yom = 3 4 tan 30° = 0.289a 


The center of mass of an equilateral 
triangle oriented as shown above is 


at} (0,0.289a) |. 


Picture the Problem Let the subscript 1 refer to the 3-m by 3-m sheet of plywood before 


the 2-m by 1-m piece has been cut from it. Let the subscript 2 refer to 2-m by 1-m piece 


that has been removed and let obe the area density of the sheet. We can find the center- 


of-mass of these two regions; treating the missing region as though it had negative mass, 


and then finding the center-of-mass of the U-shaped region by applying its definition. 


Express the coordinates of the 
center of mass of the sheet of 


plywood: 


Use symmetry to find Xan, Yom; 


Xcm,2» and Yem,2: 


Determine m, and m2: 


Substitute numerical values and 
evaluate Xon: 


Substitute numerical values and 
evaluate Yon: 


The center of mass of the U-shaped sheet of plywood is at (1.50 m,1.36 m) ; 


_ MX oni - M,Xon 9 
Xon - 
m,—™M, 
me, M Yomi a M,Von,2 
Yom ~ 
m,—™M, 


Xen = 15M, You, =1.5m 
and 


Xen = 15M, Von = 2.0m 


m, = 0A, =9o kg 
and 
m, = 0A, = 20 kg 


(9c kg)(1.5m)—(20 kg)(1.5kg) 
90 kg —- 20 kg 


cm 


=1.50m 


(90 kg)(1.5m)—(20kg)(2m) 
90 kg — 20 kg 
=1.36m 


cm 
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38 ee 
Picture the Problem We can use its definition to find the center of mass of the can plus 
water. By setting the derivative of this function equal to zero, we can find the value of x 
that corresponds to the minimum height of the center of mass of the water as it drains out 
and then use this extreme value to express the minimum height of the center of mass. 


(a) Using its definition, express the H x 
location of the center of mass of the M| —~ |+m| — 
can + water: Xon = 
M+m 
Let the cross-sectional area of the M m 
cup be A and use the definition of p= AH Ax 
density to relate the mass m of water 
remaining in the can at any given 
time to its depth x: 
Solve for m to obtain: 
m=—M 
Substitute to obtain: H 
mM|—|+| 2m |2 
2 H 2 
Xon = x 
M+—M 
H 
x 2 
Ll 
ofc 
2 Le 


(b) Differentiate x,,, with respect to x and set the derivative equal to zero for extrema: 


2 x)d x x . d x 
4s desis |= 14+ 14+ 
dx... _ H d H _ H H dx H H dx H 


2 

dx 2 dx fe 2 ‘) 
H 1+— 
H 


(2212) (GG) [a 


=0 


530 Chapter 8 


Solve for x/H to obtain: 


x = H(V2-1)~ 0.414 

where we’ve kept the positive solution 
because a negative value for x/H would 
make no sense. 


Use your graphing calculator to convince yourself that the graph of Xqm as a function of x 
is concave upward at x ~ 0.414H and that, therefore, the minimum value of X¢m occurs 


atx ~ 0.414H. 


Evaluate x,, at X = H (/2 =i to obtain: 


Finding the Center of Mass by Integration 


*3Q oe 
Picture the Problem A semicircular disk 
and a surface element of area dA is shown 
in the diagram. Because the disk is a 
continuous object, we’ll use 

Mr.,, = | rdm and symmetry to find its 


center of mass. 


Express the coordinates of the center 
of mass of the semicircular disk: 


Express y as a function of r and @: 
Express dA in terms of r and 0: 


Express M as a function of r and @: 


Xun = 0 by symmetry. 


[yoda 
Yom 
y=rsin0 
dA=rd@dr 


= at 2 
M = Avaraisk = 7 OAR 
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Substitute and evaluate Yon: ifr sin 0 dO dr 
o 
00 om 2 
Vea = } r°dr 
M Ms 
2 
2 2S ee | 3 R 

3M 30 


40 eco 
Picture the Problem Because a solid hemisphere is a continuous object, we’ll use 


Mr.,, = } rdm to find its center of mass. The volume element for a sphere is 


dV =r sinOd@d¢dr, where Gis the polar angle and ¢ the azimuthal angle. 


Let the base of the hemisphere be z=rcos@ 
the xy plane and p_be the mass 
density. Then: 


Express the z coordinate of the | rpdV 
center of mass: cm 


Evaluate M =| pdV: M =| pdV =} pv, 


sphere 


= £p($a R*)= 3 7pR? 


Ra/222a 
ae |reav: [redv =| } [r°sin 0 cos Adéd gar 
0 0 0 
77pR* 12 7G9R* 
se. 2 aT 
= 2 [ssin al; a, 
Substitute and simplify to find Zon: _ 1 77pR* Se 
Zon = OS gR 
3 TP. 


41 ec0e 
Picture the Problem Because a thin hemisphere shell is a continuous object, we’ ll use 
Mr.,, = | rdm to find its center of mass. The element of area on the shell is dA = 27R? 


sin@ d@, where R is the radius of the hemisphere. 


Let o be the surface mass density | zo dA 
and express the z coordinate of the Zon = 

P a | odA 
center of mass: 
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Evaluate M = | o dA: 


Evaluate | zo dA: 


Substitute and simplify to find Zon: 


42 eee 
Picture the Problem The parabolic sheet 
is shown to the right. Because the area of 
the sheet is distributed symmetrically with 
respect to the y axis, Xan = 0. We’ll 
integrate the element of area dA (= xdy) to 
obtain the total area of the sheet and yxdy 
to obtain the numerator of the definition of 
the center of mass. 


EXpress Yom! 


b 
Evaluate | xydy: 


0 


b 
Evaluate | xdy : 
0 


= _1 
M= Jo dA= 2 OA sherical shell 


Il 
NR 


m/2 


o(47 R?) = 20? 


[zodA= 2R°o [ sin 0cos0 do 
0 


ml2 


= 1R°o [sin 20 d0 
0 


=7R°o 
mR°o 
cm 2r0R? = 


LLLLLL ALLL LLL 


| (0,b) 


dA 
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Substitute and simplify to determine ycn: 2 pe? 
_5Va___ sy 
Yon = a an 35 
b?? 
3Va 
Note that, by symmetry: Xom = 0 
The center of mass of the parabolic (0, 2b) 
sheet is at: 


Motion of the Center of Mass 


43 
Picture the Problem The velocity of the center of mass of a system of particles is related 
to the total momentum of the system through P = >; mv, = Mv. - 


Use the expression for the total y mY, 
momentum of a system to relate the Vo = 


velocity of the center of mass of the 
two-particle system to the momenta 
of the individual particles: 


Substitute numerical values and is (3 kg)(v, + v,) ‘ 
evaluate V,,,: a 6kg ° 


~ 
° 


=| (3m/s)i -(1.5m/s)j 


*44 

Picture the Problem Choose a coordinate system in which east is the positive x 

direction and use the relationship P = > m,V; = Mv.,, to determine the velocity of the 
i 


center of mass of the system. 


Use the expression for the total > mV, 
momentum of a system to relate the v= 


velocity of the center of mass of the 
two-vehicle system to the momenta 
of the individual vehicles: 


Express the velocity of the truck: Vv. = (16 m/s)i 
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Express the velocity of the car: v= (- 20 m/s)i 


Substitute numerical values and evaluate v..: 


(4.00 m/s) i 


en 3000 kg + 1500 kg 
45° 
Picture the Problem The acceleration of the center of mass of the ball is related to the 
net external force through Newton’s 2™ law: F nevext = Ma,,, . 
Use Newton’s 2™ law to express the = F cent 
acceleration of the ball: Fem = M 
Substitute numerical values and - 12N)i z 
ee en ae (2.4m/s’)i 
evaluate don : 3kg +1kg +1kg 
46 


Picture the Problem Choose a coordinate system in which upward is the positive y 


direction. We can use Newton’s 2™ law F = Mg@.,, to find the acceleration of the 


net,ext 


center of mass of this two-body system. 


Yes; initially the scale reads (M + m)g; while m is in free fall, the 


(a) be ye 

reading is Mg. 
(b) Using Newton’s 2™ law, express i= F oe 
the acceleration of the center of mass ™ sm 


tot 
of the system: 


Substitute to obtain: = mg 3 
dG... =| — j 
a M+m 


(c) Use Newton’s 2™ law to express Fretext = (M + m)g —(M +m)a,,, 
the net force acting on the scale while 


the object of mass m is falling: 


Substitute and simplify to obtain: 


mg 
FP eext = (M —(M 
were = (M +m)g ~( +m (57s) 


- [Ma 
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*47 + 

Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F,,. We can use 
Newton’s 2™ law to determine the scale 
reading in part (a) and the work-energy 
theorem in conjunction with Newton’s 2™ 
law in parts (b) and (c). 


(a) Apply 2 F,, =ma, to the 
spring when it is compressed a 
distance d: 


Solve for Fy: 


(b) Use conservation of mechanical 
energy, with U, = 0 at the position at 
which the spring is fully 
compressed, to relate the 
gravitational potential energy of the 
system to the energy stored in the 
fully compressed spring: 


Solve for d: 


Evaluate our force equation in (a) 


2 
with d = eal ; 


as expected, given our answer to 
part (a). 


SF, =F, —™M,g =P psiiaupieg =o 


Fi= mg ee, 


all on spring 


=m,g+kd =m,g v4{ 8. 


=[m,g+m,g =(m, +m,)g | 


AK + AU, + AU, =0 
Because AK = Ug ¢ = Us; = 0, 
U,,—U,, =0 

or 


m,gd —4+kd* =0 


Fie 2m,9 
k 
F. = mg oe Fan on spring 


=m,g+kd =m,g vi{ 2) 


=| mg +2m,g = (m, +2m, )g 
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(c) When the ball is in its original 
position, the spring is relaxed and 
exerts no force on the ball. 
Therefore: 


*4B + 


F, =scale reading 


Picture the Problem Assume that the object whose mass is m, is moving downward 


and take that direction to be the positive direction. We’ll use Newton’s 2™ law for a 


system of particles to relate the acceleration of the center of mass to the acceleration of 


the individual particles. 
(a) Relate the acceleration of the 
center of mass to m, m2, m, and 


their accelerations: 


Because m, and m, have a common 
acceleration a and a, = 0: 


From Problem 4-81 we have: 


Substitute to obtain: 


(b) Use Newton’s 2” law for a 


system of particles to obtain: 


Solve for F and substitute for agy 
from part (a): 


(c) From Problem 4-81: 


m,-m 
a= 1 2 
m, +m, 
a m, my, m, mM, 
™  \(m,+m, m,+m,+m, 
2 
7 (m, 7 m,) 
(im, +m, )(m, +m, +m.) 
F — Mg =—Ma,,, 
where M = m, + m. + m,and F is positive 
upwards. 
F = Mg —- Ma,,, 
(m, — mM, y 


m,+m, 
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Substitute in our result from part (b) t 2m,m, 
; F =| 2——~+m™m, |g 
to obtain: m, +m, 


49 

Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially F, 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F,. We can 
use Newton’s 2" law to determine the 
scale reading in part (a) and the result of yrs 
Problem 7-96 part (b) to obtain the scale 


reading when the ball is dropped from a LF onmeng 

height h above the cup. 

(a) Apply > Ey = ma, to the spring SE, =F,- mig - Pain ae 0 
when it is compressed a distance d: 

Solve for F,: FE — mg a Fyau on spring 


mg 
=m,g +kd =m,9-+H{ : 


=| m,g+m,g =(m, +m,)g 


(b) From Problem 7-96, part (b): mg 2kh 
Xnax = ——| 1+ , 1+ — 
k m,9 


From part (a): Fi, = mg 3 Fyau on spring = m,g + 2 ae 


mg +m,g| 1+ io 
M9 


The Conservation of Momentum 
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Picture the Problem Let the system include the woman, the canoe, and the earth. Then 
the net external force is zero and linear momentum is conserved as she jumps off the 
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canoe. Let the direction she jumps be the positive x direction. 


Apply conservation of momentum to >» MY, =MgV oir + MeanceV cance = 9 
the system: 

Substitute to obtain: (55kg\2.5m/s)i + (75kg)Werroe = 0 
Solve for Veanoe: Veane =| (-1.83m/s) i | 

oe 


Picture the Problem If we include the earth in our system, then the net external force is 
zero and linear momentum is conserved as the spring delivers its energy to the two 
objects. 


Apply conservation of momentum > mV, =M.V, + M,)V,. = 0 
to the system: 


Substitute numerical values to obtain: (5 kg\- 8m/s)i 2 (10 kg )¥, =0 


Solve for V,, : Vio =| (4 m/s)i 
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Picture the Problem This is an explosion-like event in which linear momentum is 
conserved. Thus we can equate the initial and final momenta in the x direction and the 
initial and final momenta in the y direction. Choose a coordinate system in the positive x 
direction is to the right and the positive y direction is upward. 


Equate the momenta in the y » Pyi = > Py: = Mv, —2mv, 
direction before and after the = m(2v, )— 2mv, =0 
explosion: 


We can conclude that the momentum was 
entirely in the x direction before the 
particle exploded. 


Equate the momenta in the x by Pxi = »? Px 


direction before and after the - Amv. = mv 
a i 3 


explosion: 


Solve for v3: v, =4v, and | (c) is correct. 
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Picture the Problem Choose the direction the shell is moving just before the explosion 
to be the positive x direction and apply conservation of momentum. 


Use conservation of momentum to P, - P; 
relate the masses of the fragments to or 
. 5% " . 2 il . 1 ed | 
their velocities: mvi =4+mvj+4+mv 
Solve for v': vi=| Qi -yj 
*54 ee 
Picture the Problem Let the system include the earth and the platform, gun and block. 
Then F netext — 9 and momentum is conserved within the system. 
(a) Apply conservation of Pretore = Patter 
momentum to the system just before or 
and just after the bullet leaves the ee a 
J 0 = Pp bullet F Pp platform 
gun: 
Substitute for Pyuner ANd Ppratform and O=m,Vv,I + M, Vsti 
solve for Vision: and 
V platform = 
(b) Apply conservation of Prhefore = Patter 
momentum to the system just before or 
the bullet leaves the gun and just 0= Posten puto = 0 
after it comes to rest in the block: 
(c) Express the distance As traveled AS = VyjatformAt 
by the platform: 
Express the velocity of the bullet _ _ m, 
Viel = Vp — V platform =V, F —__Vp 

relative to the platform: 

m m +m 

=|1$— 2 jy =P ey, 

my Mm, 

Relate the time of flight At to L and Me= A 


Vrel: 
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Substitute to find the distance As m L 
bo NS =V jadiait =| —"V,. | 
moved by the platform in time At: platform m Vie 
p re 
_| Ms t 
m, ° || m,+m, 
Vp 
it, 
= m, 
m, +m, 
55 ee 


Picture the Problem The pictorial representation shows the wedge and small object, 
initially at rest, to the left, and, to the right, both in motion as the small object leaves the 
wedge. Choose the direction the small object is moving when it leaves the wedge be the 
positive x direction and the zero of potential energy to be at the surface of the table. Let 
the speed of the small object be v and that of the wedge V. We can use conservation of 
momentum to express v in terms of V and conservation of energy to express v in terms of 
h. 


2m 


Apply conservation of momentum to Pi. = Pex 
the small object and the wedge: or 


O= mvi + 2mV 


Solve for V : V= —1yi (1) 
and 
V=iv 

Use conservation of energy to AK + AU =0 

determine the speed of the small or 

object when it exits the wedge: K, -K,+U, -U, =0 


Because U; = Kj = 0: 4mv? +4(2m)V* —mgh =0 
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Substitute for V to obtain: Lmyv* +4 (2m)(2 v) mgh =0 
Solve for v to obtain: 
v=2 gh 
Substitute in equation (1) to _ A x 
Sete ¥=-3[2 [9 |7=|- |S? 
etermine V: 2 3 3 


i.e., the wedge moves in the direction 
opposite to that of the small object with a 


[gh 
speed of ,/—. 
3 
*56 oe 


Picture the Problem Because no external forces act on either cart, the center of mass of 
the two-cart system can’t move. We can use the data concerning the masses and 
separation of the gliders initially to calculate its location and then apply the definition of 
the center of mass a second time to relate the positions X,; and X, of the centers of the 
carts when they first touch. We can also use the separation of the centers of the gliders 
when they touch to obtain a second equation in X; and X, that we can solve 
simultaneously with the equation obtained from the location of the center of mass. 


(a) Apply its definition to find the m,X, +M,X, 
center of mass of the 2-glider system: om 
aca | m, +m, 
_ (0.1kg)(0.1m)+ (0.2kg)(1.6m) 
0.1kg+0.2kg 
=1.10m 


from the left end of the air track. 


Use the definition of the center of m,X,+m,X, 
mass to relate the coordinates of the 1.10m= 
m,+m 

centers of the two gliders when they ae 

first touch to the location of the _ (0.1kg)X, +(0.2kg)X, 

center of mass: 7 0.1kg+0.2kg 
=3%,+3%, 

Also, when they first touch, their X,-X,=4+(10cm+ 20cm) =0.15m 


centers are separated by half their 
combined lengths: 


Thus we have: 0.333X, +0.667X, =1.10m 
and 
X,-X,=0.15m 
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Solve these equations simultaneously 
to obtain: 


(b) 


X, = |1.00m | and X, =| 1.15m 


1 


No. The initial momentum of the 


system is zero, so it must be zero 


after the collision. 


Kinetic Energy of a System of Particles 
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Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right. Use the expression for the total momentum of a system to find the velocity of 
the center of mass and the definition of relative velocity to express the sum of the kinetic 


energies relative to the center of mass. 


(a) Find the sum of the kinetic energies: 


(b) Relate the velocity of the center 
of mass of the system to its total 
momentum: 


Solve for V., : 


Substitute numerical values and 
evaluate V., : 


(c) The velocity of an object relative 
to the center of mass is given by: 


K=K,+K, 
=1imy; +4m,v3 
= 1(3kg)(5m/s)’ +4(3kg)(2m/s)’ 
=| 43.5) 


Mv, =M,V, +m,v, 


F (3kg)(5m/s)i —(3kg)(2m/s)i 


a 3kg +3kg 


=| (1.50m/s)i 
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Substitute numerical values to = (5 m/s)i — (1.5 m/s)i 


Vi rel 
obtain: z 
=| (3.50m/s)i 
¥» 1 =(—2m/s)i —(1.5m/s)i 
=| (-3.50m/s)i 
(d) Express the sum of the kinetic Kya = Ky + Ko. = 3M Vi. atsm BV5. a 
energies relative to the center of 
mass: 
Substitute numerical values and Ko = 1(3 kg)(3.5 m/s) 
evaluate Kye: + 1(3kg)(- 3.5m/s)" 
=| 36.75J 
(e) Find Kem: Kom =FMyVo, = 4(6kg)(1.5m/s)" 
=6.75J 
= 43.5J —36.75J 


K=K,, 
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Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right. Use the expression for the total momentum of a system to find the velocity of the 
center of mass and the definition of relative velocity to express the sum of the kinetic 
energies relative to the center of mass. 


(a) Express the sum of the kinetic energies: K = K,+K,=4m,v,; +4m,v; 


Substitute numerical values and K= 13 kg)(5 m/s)’ +165 kg)(3 m/s)’ 
evaluate K: 60.05 | 
=| 60.0J 
(b) Relate the velocity of the center of Mv, = MV, +m,V, 
mass of the system to its total 
momentum: 
Solve for V,,,: _ _ mv, +m,V, 
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Substitute numerical values and 
evaluate V,,,: 


(c) The velocity of an object relative 
to the center of mass is given by: 


Substitute numerical values and 
evaluate the relative velocities: 


(d) Express the sum of the kinetic 
energies relative to the center of 
mass: 


Substitute numerical values and 
evaluate Kye: 


(e) Find Ken: 


= 3kg+5kg 
=| (3.75m/s)i 


F (3kg)(5m/s)i +(5kg)(3m/s)i 


Viel = v ~ Von 

Vi. =(5m/s)i —(3.75m/s)i 
=| (1.25m/s)i 

and 


¥> ,« = (3m/s)i —(3.75m/s)i 


2,rel 


=| (—0.750m/s)i 


Ks = ore + K 


2,rel 


—1 2 1 2 
— 2 MV) rel + 2 MyV> rel 


K,. =4(8kg)(1.25m/s) 
+4(5kg)(—0.75m/s)’ 
3.75) 


Impulse and Average Force 
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Picture the Problem The impulse imparted to the ball by the kicker equals the change in 
the ball’s momentum. The impulse is also the product of the average force exerted on the 
ball by the kicker and the time during which the average force acts. 
T= Ap= p; ~ P 

= mv, since v, =0 


(a) Relate the impulse delivered to 
the ball to its change in momentum: 


Substitute numerical values and 


I = (0.43kg\25m/s) = 


evaluate I: 
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(b) Express the impulse delivered to 
the ball as a function of the average 
force acting on it and solve for and 
evaluate F., : 


60 ° 


I=F,At 


and 


I 10.8N-s 
F,, = — =———_ =| 1.34kN 
Ae 008s 


Picture the Problem The impulse exerted by the ground on the brick equals the change 
in momentum of the brick and is also the product of the average force exerted by the 


ground on the brick and the time during which the average force acts. 


(a) Express the impulse exerted by 
the ground on the brick: 


Because P¢ brick = 0: 


Use conservation of energy to 
determine the speed of the brick at 
impact: 


Because U; = K;, = 0: 


Solve for v: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate I: 


(c) Express the impulse delivered to 
the brick as a function of the 
average force acting on it and solve 
for and evaluate F.,, : 
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I = AP rick =  Priaa ~ Py brick 

I a Pi prick = MyickY (1) 
AK +AU =0 

or 


K, -K, +U, -U, =0 


K, -U, =0 
or 


+MyickV ~ Myc Gh = 0 
v=/2gh 


i= Myrick V 2gh 
I =(0.3kg),/2(9.81m/s?)(8m) 


=| 3.76N-s 


I=F,At 


and 


bet 2 2e0KN 
At 0.0013s 


Picture the Problem The impulse exerted by the ground on the meteorite equals the 


change in momentum of the meteorite and is also the product of the average force exerted 


by the ground on the meteorite and the time during which the average force acts. 
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Express the impulse exerted by the E = AD xsnte = Pe — Di 
ground on the meteorite: 


Relate the kinetic energy of the 2 
ee K, =? = p, = f2mK, 
meteorite to its initial momentum 2m 


and solve for its initial momentum: 


Express the ratio of the initial and p; 

final kinetic energies of the Ki 2m _ Pe 5 

meteorite: K, — p. 7 p. ~ 
2m 

Solve for pg: P, 


I 
and simplify: 2 


ar 


Substitute in our expression for I D; 1 
~ P= Pil =A 


Because our interest is in its magnitude, evaluate [I | : 


It| =|,{2(30.8 10? kg)(617 x10° (=) = 


Express the impulse delivered to the I= F,,At 

meteorite as a function of the average and 

force acting on it and solve for and I 1.81MN-s 

evaluate F’, : Li re = 35 =| 0.602 MN 
62 ee 


Picture the Problem The impulse exerted by the bat on the ball equals the change in 
momentum of the ball and is also the product of the average force exerted by the bat on 
the ball and the time during which the bat and ball were in contact. 


(a) Express the impulse exerted by T = Ap, = B; — B, 
the bat on the ball in terms of the 


= mv, — ( mv,i)= 2mvi 
change in momentum of the ball: 


where v = Vy = Vj 
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Substitute for m and v and evaluate 
I: 


(b) Express the impulse delivered to 
the ball as a function of the average 
force acting on it and solve for and 
evaluate F’.: 


*63 oe 
Picture the Problem The figure shows the 
handball just before and immediately after 
its collision with the wall. Choose a 
coordinate system in which the positive x 
direction is to the right. The wall changes 
the momentum of the ball by exerting a 
force on it during the ball’s collision with 
it. The reaction to this force is the force the 
ball exerts on the wall. Because these 
action and reaction forces are equal in 
magnitude, we can find the average force 
exerted on the ball by finding the change 
in momentum of the ball. 


Using Newton’s 3" law, relate the 
average force exerted by the ball on 
the wall to the average force exerted 
by the wall on the ball: 


Relate the average force exerted by 
the wall on the ball to its change in 
momentum: 


Express Av, for the ball: 


Substitute in our expression for 


F 


av on ball : 


I = 2(0.15kg)(20m/s) =| 6.00N-s 
I=F,,At 
and 


2 
ae on wall = a on ball 
and 
Eves wall — P65 ball (1) 
. Ap _ mAv 


avon ball — At At 


AV, =V_ bd —V; i 
or, because vi, = vcos@ and v;, = —vcos8, 
Av, = —vcos 8i —vcos 8i = —2vcos Oi 


= mAv 


FE _ 2mv cos O = 


avon ball At At 
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Evaluate the magnitude of F 


av on ball : 


Substitute in equation (1) to obtain: 


64 

Picture the Problem The pictorial 
representation shows the ball during the 
interval of time you are exerting a force on 
it to accelerate it upward. The average 
force you exert can be determined from the 
change in momentum of the ball. The 
change in the velocity of the ball can be 
found by applying conservation of 
mechanical energy to its rise in the air 
once it has left your hand. 


(a) Relate the average force exerted 
by your hand on the ball to the 
change in momentum of the ball: 


Letting U, = 0 at the initial elevation 
of your hand, use conservation of 
mechanical energy to relate the 
initial kinetic energy of the ball to 
its potential energy when it is at its 
highest point: 


Substitute for K; and Uj; and solve 
for Vo: 


Relate At to the average speed of the 
ball while you are throwing it 
upward: 


_ 2mvcos@ 
av on ball At 
_ 2(0.06kg)(5m/s)cos40° 
2ms 
= 230N 
| = 230 N 
tp = At 


t =0 


1Ou=0 


v,= 
a | 


fF _ Ap _ P,—-P, _™, 
“At At At 


because v, and, hence, p; = 0. 


AK + AU =0 
or 
—K,+U, =0 


since K, =U; =0 


and 
v, =2gh 
Vay V5 Vo 
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Substitute for At and v2 in the a mgh 
expression for F’,, to obtain: es d 
Substitute numerical values and r= (0.15 kg)(9.81m/s?)(40 m) 
evaluate Fy: a 0.7m 

=| 84.1N 
(b) Express the ratio of the weight of w mg _ (0.15kg)(9.81m/s?) < 2% 
the ball to the average force acting F,, 7 F,, 7 84.1N 
on it: 


Because the weight of the ball is less than 2% of the average force exerted 


on the ball, it is reasonable to have neglected its weight. 
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Picture the Problem Choose a coordinate system in which the direction the ball is 
moving after its collision with the wall is the positive x direction. The impulse delivered 
to the wall or received by the player equals the change in the momentum of the ball. We 
can find the average forces from the rate of change in the momentum of the ball. 


(a) Relate the impulse delivered to I = Ap= mv, — MV, 
the wall to the change in momentum = (0.06 kg) (8 sii /s) 2 
of the handball: Z 

- L. (0.06 kg)(10 m/s); 

7 (1.08 N- s)i directed into wall. 
(b) Find Fy from the change in the F = Ap = 1.08N-s 
ball’s momentum: “At 0.003s 
=| 360N, into wall. | 

(c) Find the impulse received by the I = Apya = MAv 
player from the change in - (0.06 kg)(8 m/s) 


one =| 0.480 N-s, away from wall. 


(d) Relate F,, to the change in the F = AD pall 
ball’s momentum: “At 
Express the stopping time in terms ee de 


of the average speed v,, of the ball Vv 
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and its stopping distance d: 


Substitute to obtain: ee VavAP batt 

av d 
Substitute numerical values and FR = (4 m/s)(0.480 N: s) 
evaluate F,y: a 0.5m 


=| 3.84N, away from wall. 
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Picture the Problem The average force exerted on the limestone by the droplets of 
water equals the rate at which momentum is being delivered to the floor. We’re given 
the number of droplets that arrive per minute and can use conservation of mechanical 
energy to determine their velocity as they reach the floor. 

(a) Letting N represent the rate at _ AP croptets -N mAv 

which droplets fall, relate Fy to the At At 

change in the droplet’s momentum: 


Find the mass of the droplets: m= pV =(1kg/L)(0.03mL) 
= 3x10° kg 
Letting U, = 0 at the point of impact AK + AU =0 
of the droplets, use conservation of or 
mechanical energy to relate their K, -K,+U, -U, =0 
speed at impact to their fall 
distance: 
Because K; = U; = 0: 4mv; —mgh=0 
Solve for and evaluate v = vy: v=./2gh = (2(9.81m/s?)(5 m) 
= 9.90 m/s 
Substitute numerical values and N 
F,, =| — |mAv 
evaluate Fy: 
_l10 se 7 1min 
min 60s 


x (3 x 10° kg)(9.90 m/s) 


=| 4.95x10°N 
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(b) Calculate the ratio of the weight 


of a droplet to F,y: 


Collisions in One Dimension 


*67 ° 


We 

Fy 7 = 
_ (3x10%kg)(9.81m/s?) _ 
4.95 x10°N ~ [6 | 


Picture the Problem We can apply conservation of momentum to this perfectly 
inelastic collision to find the after-collision speed of the two cars. The ratio of the 
transformed kinetic energy to kinetic energy before the collision is the fraction of kinetic 


energy lost in the collision. 


(a) Letting V be the velocity of the 
two cars after their collision, apply 
conservation of momentum to their 
perfectly inelastic collision: 


Solve for and evaluate V: 


(b) Express the ratio of the kinetic 
energy that is lost to the kinetic 
energy of the two cars before the 
collision and simplify: 


Substitute numerical values to obtain: 


Pp initial — Pp final 
or 
mv, +mv, = (m + m)V 


_v,+v, _ 30m/s+10m/s 


V = 
2 2 
AK = Kena — K initia 
K initia K initia 
a Kena —1 
initial 
__3(2m)v" 
mv; +4mv; 
ww? 
yee 
AK _ 2(20 m/s)" 
Kini) (30m/s)” + (10 m/s) 
= —0.200 


the deformation of metal. 


20% of the initial kinetic energy is transformed into heat, sound, and 
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Picture the Problem We can apply conservation of momentum to this perfectly 
inelastic collision to find the after-collision speed of the two players. 


Letting the subscript 1 refer to the P, = Ds 
running back and the subscript 2 refer or 
to the linebacker, apply conservation my, = (m, +m, )v 


of momentum to their perfectly 
inelastic collision: 


Solve for V: m, 


vey, 
m, +m, 
Substitute numerical values and Ve 85 kg (7 = /s) -1313m/s 
evaluate V: 85kg +105kg 
69 ° 


Picture the Problem We can apply conservation of momentum to this collision to find 
the after-collision speed of the 5-kg object. Let the direction the 5-kg object is moving 
before the collision be the positive direction. We can decide whether the collision was 
elastic by examining the initial and final kinetic energies of the system. 


(a) Letting the subscript 5 refer to D; = Ps 

the 5-kg object and the subscript 2 or 

refer to es 10-kg object, apply MV; 5 —MyoV; 49 = MsV; 5 

conservation of momentum to 

obtain: 

Solve for v;5s: MsVii5 — MioVi 10 
Ves wee 

ms 
Substitute numerical values and i (5 kg)(4 m/; s) = (10 kg)(3 m/ s) 
evaluate ves: " 5kg 
=| —2.00m/s 


where the minus sign means that the 5-kg 
object is moving to the left after the 
collision. 
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(b) Evaluate AK for the collision: 


AK = K, —K, = 4(5kg)(2m/s) -|£(5kg)(4m/s)’+4(10kg)(3m/s)' |= -75.0J 


Because AK + 0, the collision was inelastic. 
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Picture the Problem The pictorial Prat =2 Vera = 0 
representation shows the ball and bat just 


before and just after their collision. Take = . 


| 

I} atl 

PO 
LI tly 


the direction the bat is moving to be the 
positive direction. Because the collision is 


elastic, we can equate the speeds of 
recession and approach, with the 
approximation that V; pat © Vepat to find Vg pan. 


> 
Express the speed of approach of the Ve bat ~ Veball = (Vs ha — V; pat 
bat and ball: 
Because the mass of the bat is much Vibat © Vebat 
greater than that of the ball: 
Substitute to obtain: Ve bat = Ve ball = (Ve px = Vi att) 


Solve for and evaluate Vépan: Vena = Vina Vi — Vist) 


=—Vi pan + 2Ve ne = V+ 2V 


*71 
Picture the Problem Let the direction the proton is moving before the collision be the 
positive x direction. We can use both conservation of momentum and conservation of 
mechanical energy to obtain an expression for velocity of the proton after the collision. 
(a) Use the expression for the total P= yim, = MV... 
momentum of a system to find Vem: i 

and 


g,, =< 7 = 2 (300mis)f 
mom: 


=| (23.1m/s)i 


594 Chapter 8 


(b) Use conservation of momentum MV gS gg Mee Vent (1) 
to obtain one relation for the final 

velocities: 

Use conservation of mechanical Vice Ve (Vinci Ve v,i 2) 


energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 


To eliminate Vjuc, solve equation Viet = Vpn? Ved 
(2) for Vauc.f, and substitute the result M,V,,; = MV, + Mug (v,, +Vi4 ) 
in equation (1): 
Solve for and evaluate v, ¢: Fs M, — Mnruc ; 
pf Pai 
mM, + Myx 
m—12m 
= —_——— (300 m/s) =| —254m/s 


13m 
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Picture the Problem We can use conservation of momentum and the definition of an 
elastic collision to obtain two equations in V2; and v3, that we can solve simultaneously. 


Use conservation of momentum to M3V3, = M3V3¢ + MV 9¢ (1) 
obtain one relation for the final 

velocities: 

Use conservation of mechanical Vog —Vap = (Vv. —V5 ) =v, (2) 


energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 


Solve equation (2) for v3; , substitute — 2M,V5, _ 2(3kg)(4m/s) 

in equation (1) to eliminate vs;, and 7 m, +m, 2kg+3k¢ 

solve for and evaluate v>,: —~|480m/s 

Use equation (2) to find v3¢ V3p = Vo¢ —V3, = 4.80 m/s — 4.00 m/s 
=| 0.800 m/s 

Evaluate K; and K¢: K, =K,, =4m,v;, = 1(3 kg)(4 m/s)" 
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Because K, = K,, we can conclude that the values obtained for v,, and v,, are 


consistent with the collision having been elastic. 


and 
K, = Ky +K., =1m,v;, +imv;, 
= 1(3kg)(0.8m/s) 
+4(2kg)(4.8m/s) 
= 24.0J 
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Picture the Problem We can find the velocity of the center of mass from the definition 


of the total momentum of the system. We’ll use conservation of energy to find the 


maximum compression of the spring and express the initial (i.e., before collision) and 


final (i.e., at separation) velocities. Finally, we’ll transform the velocities from the 


center of mass frame of reference to the table frame of reference. 


(a) Use the definition of the total 
momentum of a system to relate the 
initial momenta to the velocity of 
the center of mass: 


Solve for Vem: 


Substitute numerical values and 
evaluate Vom: 


(b) Find the kinetic energy of the 
system at maximum compression 
(u; = Us = 0): 


Use conservation of energy to relate 
the kinetic energy of the system to 
the potential energy stored in the 
spring at maximum compression: 


Because K; = K,, and U,; = 0: 


Pp = > mV, = Mv. 


or 
MV = (m, +m, vy. 


m 


= MV); is M5V>i 
cn 


m, +m, 


_ (2kg)(10m/s)+ (5kg)(3m/s) 
a 2kg+5kg 


=| 5.00 m/s 


5596 Chapter 8 


Solve for Ax: 2(K, = Ken) 

\ k 

2 mvj; By 4m,v5; i Ken] 
\ k 


2 2 
MV, +M,V5, — 2K on 


\ k 


Substitute numerical values and evaluate Ax: 


_ |(2kg)(Om/s) +(Skg)(3m/s) —_2(87.5J) | _ 
aa | 1120 N/m 1120N/m | — 


(c) Find uy, uz, and uy; for this Uys =Vyi — Von = 10 m/s —5m/s = 5 m/s, 
elastic collision: U5, =V>, —Von = 3/s — 5 m/s = —2 m/s, 
and 


Ui = Vig —Von = 0—-5m/s =—5 m/s 


Use conservation of mechanical Une — Uys = (uy, - U,;) 

energy to set the velocity of and 

recession equal to the negative of Une = U5, +U,; + Uy, 

the velocity of approach and solve = =(= y) m/s) +5m/s—5m/s 

for Ung: Pails 

Transform uj, and Uz to the table Vig = Uy +Vin =—OMV/s+5m/s =| 0 


frame of reference: 
and 


Vor = Ud, or Vag 


= 2m/s+5m/s =| 7.00m/s 
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Picture the Problem Let the system include the earth, the bullet, and the sheet of 
plywood. Then We x: = 0. Choose the zero of gravitational potential energy to be where 
the bullet enters the plywood. We can apply both conservation of energy and 
conservation of momentum to obtain the various physical quantities called for in this 


problem. 

(a) Use conservation of mechanical AK + AU =0 

energy after the bullet exits the sheet or, because K; = U; = 0, 
of plywood to relate its exit speed to —Lmv* +mgh=0 


the height to which it rises: 
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Solve for Vm: v= [2gh 


Proceed similarly to relate the initial =| ./2gH 
velocity of the plywood to the height 
to which it rises: 


(b) Apply conservation of momentum P, = P; 
to the collision of the bullet and the or 
sheet of plywood: MmvV,,; = Mv,, + Mv, 
a for Vm and vy and solve for a= | J2gh i M /2gH | 
mi: m 
(c) Express the initial mechanical E, =4mv%, 
energy of the system (i.e., just before 
By Gr thesy: (Le, j OM ue 
the collision): =| mg| h+—~vhH +|—| H 
m m 
Express the final mechanical energy E, =mgh+MgH = g(mh +MH) 


of the system (i.e., when the bullet 
and block have reached their 
maximum heights): 


(d) Use the work-energy theorem E, — E, + Woiction = 9 
with W.x: = 0 to find the energy and 

dissipated by friction in the inelastic ae 

collision: 
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Picture the Problem We can find the velocity of the center of mass from the definition 
of the total momentum of the system. We’ll use conservation of energy to find the 
speeds of the particles when their separation is least and when they are far apart. 


(a) Noting that when the distance P- > m,v, = Mv.,, 
between the two particles is least, i 

both move at the same speed, OF 

namely Vom, use the definition of the MVoi = (m, +m, Wag: 


total momentum of a system to relate 
the initial momenta to the velocity of 
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the center of mass: 


Solve for and evaluate Ven: _ mvi+mVv, mv, +0 
V =Vy= — 
- m, +m, m+4m 
=| 0.200v, 
(b) Use conservation of momentum MV = MVp¢ + MVoe (1) 
to obtain one relation for the final 
velocities: 
Use conservation of mechanical A al ao (v,, Va )= Vi (2) 


energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 


Solve equation (2) for vp¢ , substitute 2M,Vo 2mv, 0.400 
i i i i i = = = 
in equation (1) to eliminate v,;, and a m,+m, m+4m : 


solve for Veg: 
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Picture the Problem Let the numeral 1 denote the electron and the numeral 2 the 
hydrogen atom. We can find the final velocity of the electron and, hence, the fraction of 
its initial kinetic energy that is transferred to the atom, by transforming to the center-of- 
mass reference frame, calculating the post-collision velocity of the electron, and then 
transforming back to the laboratory frame of reference. 


Express f, the fraction of the K, -K;, Ke 
electron’s initial kinetic energy that cS K il K 
is transferred to the atom: : ' (1) 
2 2 
= TMVie _ y—| Mt 
= : — 
2 MVj; Vii 
Find the velocity of the center of m,Vi; 
mass: ™  m,+m, 
or, because m, = 1840m,, 
mV); 1 


Vom = = Vii 
m,+1840m, 1841 


Find the initial velocity of the 1 
electron in the center-of-mass Ui = Vii Yom = Yai — Vii 

1841 
reference frame: 
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Find the post-collision velocity of 
the electron in the center-of-mass 
reference frame by reversing its 
velocity: 


To find the final velocity of the 
electron in the original frame, add 
Vem to its final velocity in the center- 
of-mass reference frame: 


Substitute in equation (1) to obtain: 
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Picture the Problem The pictorial 
representation shows the bullet about to 
imbed itself in the bob of the ballistic 
pendulum and then, later, when the bob 
plus bullet have risen to their maximum 
height. We can use conservation of 
momentum during the collision to relate 
the speed of the bullet to the initial speed 
of the bob plus bullet (V). The initial 
kinetic energy of the bob plus bullet is 
transformed into gravitational potential 
energy when they reach their maximum 
height. Hence we apply conservation of 
mechanical energy to relate V to the angle 
through which the bullet plus bob swings 
and then solve the momentum and energy 
equations simultaneously for the speed of 
the bullet. 


Use conservation of momentum to 
relate the speed of the bullet just 
before impact to the initial speed of 
the bob plus bullet: 


Solve for the speed of the bullet: 


Use conservation of energy to relate 


1 
Uy, = Uy = ‘ca Vii 


599 


= 2.17x10° =| 0.217% 


Leos @ 


Vv, = (av (1) 
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the initial kinetic energy of the or, because K;= U; = 0, 

bullet to the final potential energy of —K,+U, =0 

the system: 

Substitute for K; and U; and solve - 1(m +M )v? 

for V: +(m+M )gL(1-cos @)=0 
and 


V =./2gL(1-cos6) 


Substitute for V in equation (1) to Vv, = fi re 4 2gL(1—cos0 
m 


obtain: 


Substitute numerical values and evaluate v,: 


v= [1+ gLSBB 0. sime7Ja.3m)—cos60) = 450 m/s 


0.016kg 
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Picture the Problem We can apply conservation of momentum and the definition of an 
elastic collision to obtain equations relating the initial and final velocities of the colliding 
objects that we can solve for v;; and V>,. 


Apply conservation of momentum to M,V;, +M,V, = M,V,,; + ,V5, (1) 
the elastic collision of the particles 
to obtain: 
es : ae : oa b 4 ed 5 
Relate the initial and final kinetic . my; +4m,v;, =4my,; +4m,v;, 
energies of the particles in an elastic 
collision: 
j j 2 2\_ 2 2 
pou this equation and factor to m, (v2. = v2 )= m, (v2 —Vi ) 
obtain: ei 
my, (Vag ~ Voi \(vag os V5; ) (2) 
=m, (v,; — Vie Wa + Vie ) 
Rearrange equation (1) to obtain: m,(V.¢ —V>, ) =m, (v,; —Vis ) (3) 
Divide equation (2) by equation (3) Vp + V5, =Vy + Vy 
to obtain: 
Rearrange this equation to obtain Vig —Vop = Voi — Vij (4) 
equation (4): 
Multiply equation (4) by m, and add (m, +m, yy, = (m, —m, yyy +2m,v,, 


it to equation (1) to obtain: 
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Solve for vj; to obtain: m—m 2m 
Vip = ——_§V + —+— Voi 
m,+m, m, +m, 
Multiply equation (4) by m, and (m, 4 m, )V, = (m, = m, )V>, +2myy,, 
subtract it from equation (1) to 
obtain: 


Solve for v2; to obtain: 


Remarks: Note that the velocities satisfy the condition that v,, —Vv,; = -(v,, —Vi; ). 
This verifies that the speed of recession equals the speed of approach. 
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Picture the Problem As in this problem, Problem 78 involves an elastic, one- 
dimensional collision between two objects. Both solutions involve using the conservation 


of momentum equation m,V,, +™M,V,, = M,V,, + m,V,, and the elastic collision 


equation Vj, —V>—_ = Vo; 


1 


— V,; . In part (a) we can simply set the masses equal to each other 
and substitute in the equations in Problem 78 to show that the particles "swap" velocities. 
In part (b) we can divide the numerator and denominator of the equations in Problem 78 
by m, and use the condition that m, >> m, to show that vis © —vyj+2Vo; and Vo¢*% Voi. 


(a) From Problem 78 we have: m,—m 2m 
= 1 2 a 2 1) 
Vie Vii V5 ( 
m,+m, m,+m, 
and 
2m m,—-m 
== 1 2 1 
Vop = Vv Voi (2) 
m, +m, m, +m, 
Set m, = mM» = m to obtain: 2m 
Vig = nm Voi Voi 
and 
2m 
Vop = aay Vii Vii 
(b) Divide the numerator and m, 
denominator of both terms in Fae. =1 2 
equation (1) by m, to obtain: Vi = a 7 V5; 
144 —liy 
m m 


>>m:: 
a Vig © | —Vyit2v,; 
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Divide the numerator and 


denominator of both terms in 
equation (2) by m; to obtain: 


If mz >> my: 


ge oe 
m m 
= 2 2 
Vor ~ li * Voi 
m, m, 
—+1 —+1 
mM, mM), 
Vo¢ = Voi 


Remarks: Note that, in both parts of this problem, the velocities satisfy the condition 
thatv,, —V,, = -(v,, —Viy ) . This verifies that the speed of recession equals the speed 


of approach. 


Perfectly Inelastic Collisions and the Ballistic Pendulum 
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Picture the Problem Choose U, = 0 at the bob’s equilibrium position. Momentum is 


conserved in the collision of the bullet with bob and the initial kinetic energy of the bob 


plus bullet is transformed into gravitational potential energy as it swings up to the top of 


the circle. If the bullet plus bob just makes it to the top of the circle with zero speed, it 


will swing through a complete circle. 


Use conservation of momentum to 
relate the speed of the bullet just 
before impact to the initial speed of 
the bob plus bullet: 


Solve for the speed of the bullet: 


Use conservation of energy to relate 
the initial kinetic energy of the bob 
plus bullet to their potential energy 
at the top of the circle: 


Substitute for K, and U;: 


Solve for V: 


Substitute for V in equation (1) and 
simplify to obtain: 


mv = (m, +m, )v 


y=[162]v (1) 


AK +AU =0 
or, because K;= U; = 0, 
—K,+U, =0 


—4(m, +m,)V? +(m, +m,)g(2L) =0 
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Picture the Problem Choose U, = 0 at the equilibrium position of the ballistic 


pendulum. Momentum is conserved in the collision of the bullet with the bob and 


kinetic energy is transformed into gravitational potential energy as the bob swings up to 


its maximum height. 


Letting V represent the initial speed 
of the bob as it begins its upward 
swing, use conservation of 
momentum to relate this speed to the 
speeds of the bullet just before and 
after its collision with the bob: 


Solve for the speed of the bob: 


Use conservation of energy to relate 
the initial kinetic energy of the bob 
to its potential energy at its 
maximum height: 


Substitute for K, and U;: 


Solve for h: 


Substitute V from equation (1) in 
equation (2) and simplify to obtain: 


82s 


mv = m,(4 v)+ mV 


V= Vv 1 
= (1) 

AK +AU =0 

or, because K;= U; = 0, 

—K,+U, =0 


—14m,V* +m,gh=0 


2 
par 


7 2g (2) 


Picture the Problem Let the mass of the bullet be m, that of the wooden block M, the 
pre-collision velocity of the bullet v, and the post-collision velocity of the block+bullet be 
V. We can use conservation of momentum to find the velocity of the block with the bullet 
imbedded in it just after their perfectly inelastic collision. We can use Newton’s 2" law 
to find the acceleration of the sliding block and a constant-acceleration equation to find 


the distance the block slides. 
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m o VA ee 
OQ— M m+M Ky | 
n n x 
\ LAX 


Using a constant-acceleration 
equation, relate the velocity of the 
block+bullet just after their collision 
to their acceleration and 
displacement before stopping: 


Solve for the distance the block 
slides before coming to rest: 


Use conservation of momentum to 
relate the pre-collision velocity of 
the bullet to the post-collision 
velocity of the block+bullet: 


Solve for V: 


Substitute in equation (1) to obtain: 


Apply > F = ma to the 


block+bullet (see the FBD in the 
diagram): 


Use the definition of the coefficient 
of kinetic friction and equation (4) 
to obtain: 


Substitute in equation (3): 
Solve for a to obtain: 


Substitute in equation (2) to obtain: 


(m+M)¢ 


0 =V* + 2aAx 
because the final velocity of the 
block+bullet is zero. 


Vv? 
Ax =-— 1 
Pa (1) 
mv =(m+M)V 
_  m 
m+M 


(2) 


(3) 


(4) 
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Substitute numerical values and evaluate Ax: 


2 
1 0.0105kg 
es 750m/s)| =[0.130m | 
Tae arm doses ms) = 
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Picture the Problem The collision of the ball with the box is perfectly inelastic and we 
can find the speed of the box-and-ball immediately after their collision by applying 
conservation of momentum. If we assume that the kinetic friction force is constant, we 
can use a constant-acceleration equation to find the acceleration of the box and ball 
combination and the definition of 4a, to find its value. 


Using its definition, express the f ( M+ m)|a| la| 
coefficient of kinetic friction of the b= = = (M ) = (1) 
table: n el 
Use conservation of momentum to MV = (m + M)v 
relate the speed of the ball just 
before the collision to the speed of 
the ball+box immediately after the 
collision: 
Solve for v: 
oa MV (2) 
m+M 
Use a constant-acceleration equation ve = y- + 2aAx 


to relate the sliding distance of the 
ball+box to its initial and final 
velocities and its acceleration: 


or, because v; = 0 and v; = v, 
0 =v’ + 2aAx 


Solve for a: v2 


Substitute in equation (1) to obtain: v2 


Use equation (2) to eliminate v: 1 ( MV ) 
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Substitute numerical values and evaluate sx: 


2 


1 1.3m/s 

= =| 0.0529 
 ~ 9(9.81m/s*(0.52m)| 0.327kg 
0.425kg 
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Picture the Problem Jane’s collision with Tarzan is a perfectly inelastic collision. We 
can find her speed v, just before she grabs Tarzan from conservation of energy and their 
speed V just after she grabs him from conservation of momentum. Their kinetic energy 
just after their collision will be transformed into gravitational potential energy when they 
have reached their greatest height h. 


0 E 
m,&—*& 
\ | % 
‘ | A, 
we 
% | Amn 


Use conservation of energy to relate USK, 
the potential energy of Jane and 
Tarzan at their highest point (2) to 
their kinetic energy immediately 
after Jane grabbed Tarzan: 


Solve for h to obtain: vy 
i (1) 


Use conservation of momentum to mv, =m,.V 
relate Jane’s velocity just before she 

collides with Tarzan to their 

velocity just after their perfectly 

inelastic collision: 


Solve for V: m 
V=—y, (2) 
My,7 
Apply conservation of energy to kK, =U, 


relate Jane’s kinetic energy at 1 to 
her potential energy at 0: 
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Solve for vj: v, = J2gL 
Substitute in equation (2) to obtain: 
q (2) ae Mm, J2gL 
My, 
Substitute in equation (1) and 4 we 2 
simplify: h -2 4 2gL -| | 1 
2g My 7 My 7 
Substitute numerical values and 54k 2 
evaluate h: a (es (25m) =| 3.94m 
54kg + 82kg 


Exploding Objects and Radioactive Decay 
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Picture the Problem This nuclear reaction is “Be + 2a + 1.5x10-* J. In order to 
conserve momentum, the alpha particles will have move in opposite directions with the 
same velocities. We’ll use conservation of energy to find their speeds. 


. — 921 2)_ 
Letting E represent the energy 2K, = (4 miVo ) =E 
released in the reaction, express 
conservation of energy for this 


process: 
Solve for v,: on 

v= 

\m, 
Substitute numerical values and =4 
| (i ee eso mis 

evaluate v,: a \ 6.68x10-2” kg 
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Picture the Problem This nuclear reaction is °Li— @+ p + 3.15 x 10°’ J. To conserve 
momentum, the alpha particle and proton must move in opposite directions. We’ll apply 
both conservation of energy and conservation of momentum to find the speeds of the 
proton and alpha particle. 


Use conservation of momentum in PD; = Pp; =9 
this process to express the alpha and 
particle’s velocity in terms of the 0=m,v, -M,V, 


proton’s: 
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Solve for v,, and substitute for m, to _m ms, 
a 1L=— 7, = v= aNp 
obtain: Mm, 4m, 
Letting E represent the energy Ki+K,=8 
released in the reaction, apply or 
i 2 2 
conservation of energy to the im,v, +4m,v, =E 
process: 
y] 2 
Substitute for v.: aL eagle (2 v, } =E 
Solve for v, and substitute for m, to B2E B2E 
‘ V— = 
obtain: * 16m, +m, 16m, + 4m, 
Substitute numerical values and 32(3. 15x10°% J) 
Vy= 
evaluate Vp: P 20(1.67 x 1072’ kg) 
=| 1.74x10’ m/s 
Use the relationship between v, and Vv, =4V) = 1(1.74 x10’ m/s) 


V, to obtain vy: 


—| 4,34x10° m/s | 
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Picture the Problem The pictorial representation shows the projectile at its maximum 
elevation and is moving horizontally. It also shows the two fragments resulting from the 
explosion. We chose the system to include the projectile and the earth so that no 
external forces act to change the momentum of the system during the explosion. With 
this choice of system we can also use conservation of energy to determine the elevation 
of the projectile when it explodes. We’ll also find it useful to use constant-acceleration 
equations in our description of the motion of the projectile and its fragments. 


0, 
| Ron ig 
y 3 e, teee ‘s 


e (Ax,Ay) 
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(a) Use conservation of momentum 
to relate the velocity of the projectile 
before its explosion to the velocities 
of its two parts after the explosion: 


The only way this equality can hold 
is if: 


Express v3 in terms of vg and 
substitute for the masses to obtain: 


Using a constant-acceleration 
equation with the downward 
direction positive, relate vy. to the 
time it takes the 2-kg fragment to hit 
the ground: 


With U, = 0 at the launch site, apply 
conservation of energy to the climb 
of the projectile to its maximum 
elevation: 


Solve for Ay: 


Substitute numerical values and 
evaluate Ay: 


Substitute in equation (2) and 
evaluate vyo: 


Substitute in equation (1) and 
evaluate vy;: 


P, = Ps 
m,V, = mV, + mV, 


m,v3i = mVv,,i +myv,,j —M,V,, J 


MV; = MV, 
and 


MV y, = MyVy9 


V,, = 3V3 = 3v, cos@ 
= 3(120m/s)cos30° = 312 m/s 


and 
y2 (1) 


(2) 


AK + AU =0 

Because K; = Uj; = 0, —K, +U, =0 
or 

= SV 55 +m,gAy = 0 


Vyo _ (v,sin30°) 


A =— = 
4 2g 2g 
ne [0.20 m/s)sin30°]” sees 
2(9.81m/s") 
_183.5m—4(9.81m/s")(3.6s) 
ue 3.68 
= 33.3m/s 


V,, = 2(33.3m/s) = 66.6 m/s 
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Express V, in vector form: Vi= Val + Vid 
=| (312m/s)i + (66.6 m/s)j 
(b) Express the total distance d d = Ax + Ax' (3) 


traveled by the 1-kg fragment: 


Relate Ax to Vo and the time-to- Ax = (v, cos @ (At... ) (4) 
explosion: 


Using a constant-acceleration Vo _ Vv, sind 


At... = 
equation, express Afexp: g g 
Substitute numerical values and Ape (120 m/ s)sin30° —6.125 
evaluate Atexp: “ 9.81m/s° : 
Substitute in equation (4) and Ax = (120m/s)(cos30°)(6.12s) 
evaluate Ax: = 636.5m 
Relate the distance traveled by the Ax' = v,,At' 
1-kg fragment after the explosion to 
the time it takes it to reach the 
ground: 
Using a constant-acceleration Ay =v,,At'—5 (At'y 
equation, relate the time At’ for the 
1-kg fragment to reach the ground to 
its initial speed in the y direction and 
the distance to the ground: 
Substitute to obtain the quadratic (At'y) - (13.6s)At’ —37.4s° =0 
equation: 
Solve the quadratic equation to find At'=15.9s 
At’: 
Substitute in equation (3) and d = Ax+ Ax' = Ax +v,, At’ 
evaluate d: = 636.5m +(312m/s\(15.9s) 


=| 5.61km 
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(c) Express the energy released in Ep = AK = K, — K; (5) 
the explosion: 


Find the kinetic energy of the K, =K,+K, =4my, +4m,v; 
fragments after the explosion: =4 (ik g)(312 iii /sY #: (66. Gai /s)'| 
+4(2kg\(33.3m/s) 
= 52.0kJ 
Find the kinetic energy of the K, =4m,v; =4m, (v, cos oy 
projectile before the explosion: =a (3 kg)[(120 " /s)cos 30°]? 
=16.2kJ 
Substitute in equation (5) to EQ = K; — K, =52.0kJ -16.2kJ 
determine the energy released in the —|35.8kI 
explosion: [35.8% | 
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Picture the Problem This nuclear 
reaction is °B > 2a + p + 4.4x10 “J. 
Assume that the proton moves in the —x 
direction as shown in the figure. The sum 
of the kinetic energies of the decay 
products equals the energy released in the 
decay. We’ll use conservation of 
momentum to find the angle between the 
velocities of the proton and the alpha 
particles. Note that v, =Vv,'. 


Express the energy released to the Ki t+2K, =Ea 
kinetic energies of the decay or 

: 2 2 
products: 4 m,v, + (2 m,V., ) =Eis 
Solve for vz: E.-1mv2 
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Substitute numerical values and evaluate v,: 
4.4x10™%J — 4(1.67x10~ kg)(6x10° m/s} ; 
Va = = = =, =| 1.44x10° m/s 
6.68x10 kg 6.68x10“ kg 


Given that the boron isotope was at P; =P,=9 > py =0 
rest prior to the decay, use & 2(m,v, cos 6) —m,v, =0 
conservation of momentum to relate 


or 


the momenta of the decay products: 2(4m,v, cos 0)- m,v, =0 


Solve for @: lv 
. 0 =cos '| 
| 8v, 
i; 6 
eee ae = +58.7° 

| 8(1.4410° m/s) 

Let 0’ equal the angle the velocities G = +(180° = 58.7°) 

of the alpha particles make with that = faeiod? | 


of the proton: 
Coefficient of Restitution 
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Picture the Problem The coefficient of restitution is defined as the ratio of the velocity 
of recession to the velocity of approach. These velocities can be determined from the 
heights from which the ball was dropped and the height to which it rebounded by using 
conservation of mechanical energy. 


Use its definition to relate the Vie 
coefficient of restitution to the V 
velocities of approach and recession: 


Letting U, = 0 at the surface of the AK +AU =0 
steel plate, apply conservation of Because K; = U;= 0, 
energy to express the velocity of K, —U, =0 
approach: or 
2 — 
7 mv,,, —mgh,,, = 0 


Solve for Vapp: Vag = 4) 20 as 


Systems of Particles and Conservation of Momentum 573 
Viec = V 2gh,,. 


Substitute in the equation for e to 2 gh ie h 


_ rec 


btain: oe i ~ 
obtain 2gh,,,, Asp 


Substitute numerical values and evaluate e: 2.5m 
e=_|—— =| 0.913 
— 


In like manner, show that: 
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Picture the Problem The coefficient of restitution is defined as the ratio of the velocity 
of recession to the velocity of approach. These velocities can be determined from the 
heights from which an object was dropped and the height to which it rebounded by using 


conservation of mechanical energy. 


Use its definition to relate the oe Ved 
coefficient of restitution to the Vavp 
velocities of approach and 
recession: 
Letting U, = 0 at the surface of the AK + AU =0 
steel plate, apply conservation of Because K; = U; = 0, 
energy to express the velocity of K, —U, =0 
approach: or 
1 2 
ymv,,, —mgh,,, =0 


Solve for Vapp: 


In like manner, show that: 


Substitute in the equation for e to 
obtain: 


2gh,,, app 
Find enin: 
aa 173cm _ 0.8295 
\ 254cm 
Find €max: 1 
PND hacker FT 
\ 254cm 
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and | 0.825<e< 0.849 


Picture the Problem Because the rebound kinetic energy is proportional to the rebound 


height, the percentage of mechanical energy lost in one bounce can be inferred from 


knowledge of the rebound height. The coefficient of restitution is defined as the ratio of 


the velocity of recession to the velocity of approach. These velocities can be determined 


from the heights from which an object was dropped and the height to which it rebounded 


by using conservation of mechanical energy. 


(a) We know, from conservation of 
energy, that the kinetic energy of an 
object dropped from a given height 
h is proportional to h: 


If, for each bounce of the ball, 
hyec = 0.8Napp: 


(b) Use its definition to relate the 
coefficient of restitution to the 
velocities of approach and 
recession: 


Letting U, = 0 at the surface from 
which the ball is rebounding, apply 


conservation of energy to express 
the velocity of approach: 


Solve for Vapp: 


In like manner, show that: 


Substitute in the equation for e to 
obtain: 


h 
Substitute for —** to obtain: 
app 


Kah. 


20% of its mechanical energy is lost. 


Viec 
e= 

Vapp 
AK + AU =0 
Because K;, = U; = 0, 
K, -—U, =90 
or 


Vapp = V 2gh.,, 
Viec = V 2 hie 


e= Vv 2 GPec = flee 
V 2ghyp Popp 
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Picture the Problem Let the numeral 2 refer to the 2-kg object and the numeral 4 to the 
4-kg object. Choose a coordinate system in which the direction the 2-kg object is moving 
before the collision is the positive x direction and let the system consist of the earth, the 
surface on which the objects slide, and the objects. Then we can use conservation of 
momentum to find the velocity of the recoiling 4-kg object. We can find the energy 
transformed in the collision by calculating the difference between the kinetic energies 
before and after the collision and the coefficient of restitution from its definition. 


(a) Use conservation of momentum P, = P; 
in one dimension to relate the initial or 
and final momenta of the _ 
MyVo, = MyVg¢ — MyVo¢ 


participants in the collision: 


Solve for and evaluate the final — MV; + MV o¢ 
velocity of the 4-kg object: bs mM, 
2k +1 
_ (2kg)(6m/s +1m/s) _ Sonik 
4kg 
(b) Express the energy lost in terms Bios = K, — Ky 


of the kinetic energies before and =1m,v;, - (2 m,Vv;, +4m,Vi; ) 


1 
2 

after the collision: | ( ae ) 2 
@ UM Woy — Var J MV ae 


Substitute numerical values and evaluate Fj: 


Eyq =4+((2kg){(6mm/s)’ —(am/s)'})—(4kg)(3.5 mvs)’ |= [10.5 


(c) Use the definition of the coefficient of restitution: 


ce, = UE 3.5m/s ~(-1m/s) =| 0.750 
V>, 6m/s 
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Picture the Problem Let the numeral 2 refer to the 2-kg block and the numeral 3 to the 
3-kg block. Choose a coordinate system in which the direction the blocks are moving 
before the collision is the positive x direction and let the system consist of the earth, the 
surface on which the blocks move, and the blocks. Then we can use conservation of 
momentum find the velocity of the 2-kg block after the collision. We can find the 
coefficient of restitution from its definition. 
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(a) Use conservation of momentum in 
one dimension to relate the initial and 


P; oa P; 
or 


final momenta of the participants in _ 
p P M,V>; ag M3V>3, aa M,V5¢5 + M3V 35 


the collision: 


Solve for the final velocity of the 2-kg MV, + M3V3, — M3V5¢ 


Vag = 
object: 7) 


Substitute numerical values and evaluate vos: 


(2kg)(Sm/s)+ (3kg)(2m/s—4.2m/s) 


ot = =| 1.70m/s 
2kg 
(b) Use the definition of the coefficient ae Vise Vat Vow 4,.2m/s—1.7m/s 
of restitution: Vv V5, =, 9m/s—2m/s 


app 2i- i 


- [0a 


Collisions in Three Dimensions 


*94 ee 

Picture the Problem We can use the definition of the magnitude of a vector and the 
definition of the dot product to establish the result called for in (a). In part (b) we can use 
the result of part (a), the conservation of momentum, and the definition of an elastic 
collision (kinetic energy is conserved) to show that the particles separate at right angles. 


(B+C).(B+C) 
= B?+C?+2B-C 


(a) Find the dot product of B+C 
with itself: 


Because A= B+C: A’ =|B+E] =(8+€)-(B+€) 


Substitute to obtain: A? = B?+C?+2B-C 


(b) Apply conservation of 
momentum to the collision of the 
particles: 


Pp, +p, =P 


Form the dot product of each side of ( B, $: p,) .( B, + p,) =p.p 


this equation with itself to obtain: 


or 
pi + p; +2p,- Bp, =P° (1) 

Apply the definition of an elastic pe p: Pp? 

collision to obtain: ee ee 


2m 2m 2m 


Systems of Particles and Conservation of Momentum 577 


Subtract equation (1) from equation 
(2) to obtain: 


95 


or 
Pi + py =P? (2) 


i.e., the particles move apart along paths that 
are at right angles to each other. 


Picture the Problem Let the initial direction of motion of the cue ball be the positive x 


direction. We can apply conservation of energy to determine the angle the cue ball makes 


with the positive x direction and the conservation of momentum to find the final 


velocities of the cue ball and the eight ball. 


(a) Use conservation of energy to 
relate the velocities of the collision 
participants before and after the 
collision: 


This Pythagorean relationship tells 
us that V.,, V.¢, and v, form a right 


ci? 


triangle. Hence: 


(b) Use conservation of momentum 
in the x direction to relate the 
velocities of the collision 
participants before and after the 
collision: 


Use conservation of momentum in 
the y direction to obtain a second 


equation relating the velocities of the 


collision participants before and 
after the collision: 


Solve these equations 
simultaneously to obtain: 


1 21 2 1 2 
7 MV, _ 7 MV oa 7 MV, 
or 

Oe a2! 2 
Voi Vet ate Ve 

fo) 

8, +4, =90 
and 
O.. = 
Py = Pye 
or 


mv, = mv, cos@, + mv, cos O, 


Pyi = Pys 
or 


0=mv,, sind, + mv, sin 6, 


and 
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Picture the Problem We can find the final velocity of the object whose mass is M, by 
using the conservation of momentum. Whether the collision was elastic can be decided 
by examining the difference between the initial and final kinetic energy of the 
interacting objects. 


(a) Use conservation of momentum to P, = P; 
relate the initial and final velocities of or 
the two objects: mv,i + 2m(tv,j) = 2mlLv,i )+ MV; 
Simplify to obtain: Vol +VoJ = 4Vol + Vy, 
Solve for V,, : Pl tas eso 
if Vip =| Vol +VoJ 


(b) Express the difference between the kinetic energy of the system before the collision 
and its kinetic energy after the collision: 


— = a 2 2 2 2 

AE = K, —K; ae K,, +K,; -(K,, +K,,)= 4|M,v3 +Mv5; —-M Vir — M5 
4 2 2 2 2] 4 2 2 2 2 

= 5 mv? + 2mv;; — MV,; — 2MV5, = tmlv? 2y ie 2v2,| 


1 2 1 yy 5 yy2 1,2 )/—] 1 2 
nly; o (ty; )-av3 oa ative ) _ 
Because AE + 0, the collision is inelastic. 


*Q7 ee 
Picture the Problem Let the direction of motion of the puck that is moving before the 
collision be the positive x direction. Applying conservation of momentum to the collision 
in both the x and y directions will lead us to two equations in the unknowns v, and v2 that 
we can solve simultaneously. We can decide whether the collision was elastic by either 
calculating the system’s kinetic energy before and after the collision or by determining 
whether the angle between the final velocities is 90°. 


(a) Use conservation of momentum Pyi = Pye 
in the x direction to relate the or 
velocities of the collision mv = mv, cos30° + mv, cos 60° 


participants before and after the OF 


collision: 7 7 
v =v, cos 30° + v, cos 60 
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Use conservation of momentum in Pyi = Pye 

the y direction to obtain a second or 

equation relating the velocities of = : ° : ° 
" 8 0 = mv, sin 30° — mv, sin 60 


the collision participants before and a 


0 =v, sin 30° —v, sin 60° 


Solve these equations v, =| 1.73m/s Jandv, =| 1.00 m/s 


simultaneously to obtain: 


after the collision: 


(b) | Because the angle between V, and v, is 90°, the collision was elastic. 
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Picture the Problem Let the direction of motion of the object that is moving before the 
collision be the positive x direction. Applying conservation of momentum to the motion 
in both the x and y directions will lead us to two equations in the unknowns v, and @, that 
we can solve simultaneously. We can show that the collision was elastic by showing that 
the system’s kinetic energy before and after the collision is the same. 


(a) Use conservation of momentum Px = Prxs 
in the x direction to relate the or 
velocities of the collision 


3mv, = J5mv, cos 0, + 2mv, cos 8, 
participants before and after the 


ts or 
collision: 
av, = V5, cos 6, + 2v, cos 8, 
Use conservation of momentum in Pyi = Pye 
the y direction to obtain a second or 


equation relating the velocities of . . 
i . 0= J5mv, sin 8, — 2mv, sin 6, 


or 


0= J5v, sin 8, — 2v, sin 8, 


the collision participants before and 
after the collision: 


i = . 1 : 
Note that if tan@, = 2, then: cos, = — and sin@, = 


2. 
V5 V5 
sisal in the no 3y, = V5v, eo + 2v, cos0, 
equations to obtain: J5 
or 
Vy) =V, cos 8, 


and 
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Z ; 
0= J5v, JE 2v, sin 8, 
or 


0=Vv, —Vv, sin 8, 


Solve these equations Q, =tan'1= 
simultaneously for @, : 


Substitute to find v2: Vo Vo 
2 = = 5 = V2v, 
cos@, cos45 


(b) To show that the collision was K, = 1m(3v, = 4.5mv; 
elastic, find the before-collision and and 
after-collision kinetic energies: 2 
K, =4mlV5v,} +4(2m)(v2v,) 
= 4.5mv, 


Because K; = K,, the collision is elastic. | 


*QQ oe 
Picture the Problem Let the direction of motion of the ball that is moving before the 
collision be the positive x direction. Let v represent the velocity of the ball that is moving 
before the collision, v, its velocity after the collision and v2 the velocity of the initially-at- 
rest ball after the collision. We know that because the collision is elastic and the balls 
have the same mass, v; and v> are 90° apart. Applying conservation of momentum to the 
collision in both the x and y directions will lead us to two equations in the unknowns v, 
and v» that we can solve simultaneously. 


Noting that the angle of deflection Py = Pye 
for the recoiling ball is 60°, use or 
conservation of momentum in the x = 
mv = mv, cos30° + mv, cos 60° 


direction to relate the velocities of ae 


the collision participants before and 
a Vv =v, cos 30° + v, cos 60° 
after the collision: 


Use conservation of momentum in Pyi = Pye 
the y direction to obtain a second or 
equation relating the velocities of = : ° : ° 

aaa 60 0 = mv, sin 30° — mv, sin 60 
the collision participants before and 


ae or 
after the collision: 


0 =v, sin 30° —v, sin 60° 
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Solve these equations v, =| 8.66m/s Jandv, =| 5.00 m/s 


simultaneously to obtain: 
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Picture the Problem Choose the coordinate system shown in the diagram below with the 
x-axis the axis of initial approach of the first particle. Call V the speed of the target 
particle after the collision. In part (a) we can apply conservation of momentum in the x 
and y directions to obtain two equations that we can solve simultaneously for tan@. In part 
(b) we can use conservation of momentum in vector form and the elastic-collision 
equation to show that v = vocos@. 


XV 
(a) Apply conservation of Vv, =vcos¢+V cosé (1) 
momentum in the x direction to 
obtain: 
Apply conservation of momentum in vsing=Vsind (2) 
the y direction to obtain: 
Solve equation (1) for Vcos@: V cos@ =v, —vcos@ (3) 
Divide equation (2) by equation (3) Vsin@ vsin¢ 


to obtain: 


Vcos@ v,—vcos¢ 


(b) Apply conservation of 
momentum to obtain: 


Draw the vector diagram 
representing this equation: 


Use the definition of an elastic Vi=v+V" 
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collision to obtain: 


If this Pythagorean condition is to _ 

V=] V, COS 
hold, the third angle of the triangle 
must be a right angle and, using the 
definition of the cosine function: 


Center-of-Mass Frame 
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Picture the Problem The total kinetic energy of a system of particles is the sum of the 
kinetic energy of the center of mass and the kinetic energy relative to the center of mass. 


The kinetic energy of a particle of mass m is related to momentum according 
toK = p’/2m. 


Express the total kinetic energy of K=K,,+ Ka (1) 
the system: 
Relate the kinetic energy relative to K.- Pp; n P, a PD; (m, + m, ) 
the center of mass to the momenta : 2m, 2m, 2m,m, 
of the two particles: 
Express the kinetic energy of the a (2 P, : : 2p ‘ 
center of mass of the two particles: 2(m, " m,) m, +m, 
Substitute in equation (1) and K D, (m, +m, ) n 2 Dp; 
simplify to obtain: Imm, m, +m, 
2 2 2 
_ Pi LE + 6m,m, +m; 
2 2 
2 m,m, +m,m, 
In an elastic collision: K, = K; 
2, 2 2 
_| Pi E +6m,m, +m, | 
2 2 
2| mm,+mm, 
12 2 2 
_| Pi LE +6m,m, au 
2 2 
2 mm, +m,m; 
r r rane cid 2 ; 
Simplify to obtain: ( p,) = ( P,) =>| p, =p, 
and 


If p, =+p,, the particles do not collide. 
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Picture the Problem Let the numerals 3 and 1 denote the blocks whose masses are 3 kg 


and 1 kg respectively. We can use > mV, = MV.,, to find the velocity of the center-of- 


I 


mass of the system and simply follow the directions in the problem step by step. 


(a) Express the total momentum of 
this two-particle system in terms of 
the velocity of its center of mass: 


Solve for Von: 


Substitute numerical values and 
evaluate V.,,: 


(b) Find the velocity of the 3-kg 
block in the center of mass reference 
frame: 


Find the velocity of the 1-kg block 
in the center of mass reference 
frame: 


(c) Express the after-collision 
velocities of both blocks in the 
center of mass reference frame: 


(d) Transform the after-collision 
velocity of the 3-kg block from the 
center of mass reference frame to the 
original reference frame: 


Transform the after-collision velocity 
of the 1-kg block from the center of 
mass reference frame to the original 
reference frame: 


(e) Express K; in the original frame of 


P= ny = mv, +mM,V, 
i 


= Mv. = (m, + Mm, Wem 


s m,V., + mV, 
cn 


m, +m, 


_ Gkg)(—5Sm/s)i + (1kg)(3m/s)i 
o 3kg +1kg 


(—3.00m/s)i 


ii, = ¥,—V.,, = (—5m/s)i -(-3m/s)i 
=| (—2.00m/s)i 


U, =V,—Ven = (3m/s)i —(—3m/s)i 


=| (6.00m/s)i 


ii, =| (2.00m/s)i 


ii, =| (-6.00m/s)i 


¥, =u,+Vv,, =(2m/s)i +(—3m/s)i 


=| (-1.00m/s)i 


V, =u, +V.,, = (-6m/s)i +(—3m/s)i 
=| (-9.00m/s)i 


—1 241 2 
K. =7M,V3 +> MV, 


1 
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reference: 


Substitute numerical values and 
evaluate K;: 


Express K; in the original frame of 
reference: 


Substitute numerical values and 
evaluate Kg: 


103. es 


K, =4|(3kg)(1m/s) + (1kg)(9mvs) | 
=| 42.0) 


Picture the Problem Let the numerals 3 and 1 denote the blocks whose masses are 3 kg 


and 1 kg respectively. We can use 2 m,V; = Mv.,, to find the velocity of the center-of- 


I 


mass of the system and simply follow the directions in the problem step by step. 


(a) Express the total momentum of 
this two-particle system in terms of 
the velocity of its center of mass: 


Solve for V,,,: 


Substitute numerical values and 
evaluate V,,,: 


(b) Find the velocity of the 3-kg 
block in the center of mass reference 
frame: 


Find the velocity of the 5-kg block in 
the center of mass reference frame: 


(c) Express the after-collision 
velocities of both blocks in the 
center of mass reference frame: 


P= yim, = M,V, + M.V. 
i 


= Mv... = (m, + Ms )Verm 


= Mm,V3 + mV. 
cm 


m, + M,; 


‘ (3kg)(—5m/s)i +(Skg)(3m/s)i 


= 3kg+5kg 


i, = V,—V.,. = (3m/s)i -0 


and 
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u, =| 0.75m/s 
(d) Transform the after-collision Vv, =U,+V... = (5 m/s)i +0 
velocity of the 3-kg block from the 7 (6 j i 
center of mass reference frame to the = Aer 
original reference frame: 
Transform the after-collision ¥, =U, +V., = (- 3m/s) i+0 
velocity of the 5-kg block from the _ [Cams)i | 
center of mass reference frame to the “EN a 
original reference frame: 
(e) Express K; in the original frame K, =4m,v; +4m.v: 
of reference: 
Substitute numerical values and K,= 1l(akg)(5 m/s) + (5 kg)(3 m/s)’ | 
evaluate K;: 

=| 60.0J 

Express K; in the original frame of K, =4mv'j +imyv'; 


reference: 


Substitute numerical values and evaluate K;: 


K, =4[(8kg)(5mis)’ +(5kg)(3mis)’ |= 60.0J 


Systems With Continuously Varying Mass: Rocket Propulsion 
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Picture the Problem The thrust of a rocket F';, depends on the burn rate of its fuel dm/dt 
and the relative speed of its exhaust gases u,x according to F,, = \dm/ dt\u,, - 


Using its definition, relate the _|dm 
rocket’s thrust to the relative speed | dt 


ex 


of its exhaust gases: 


Substitute numerical values and F,, = (200kg/s)(6km/s) = | 1.20 MN 
evaluate Fy: 
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Picture the Problem The thrust of a rocket F,, depends on the burn rate of its fuel dm/dt 
and the relative speed of its exhaust gases u,, according to F,, = |dm/ dt\u,, . The final 


velocity v; of a rocket depends on the relative speed of its exhaust gases u,x, its payload 
to initial mass ratio m;/mpo and its burn time according tov, = —u,, In(m, /m, )- gt,- 


(a) Using its definition, relate the 


rocket’s thrust to the relative speed 
of its exhaust gases: 


Substitute numerical values and F,, = (200kg/s)(1.8km/s) =| 360kN 


evaluate Fy: 


(b) Relate the time to burnout to the £ = Mut 0.8m, 
mass of the fuel and its burn rate: > dm/dt = dm/dt 


Substitute numerical values and — 0.8(30,000 kg) = 


evaluate t,: 200 kg/s 
(c) Relate the final velocity of a m, 

Cae Vv; =—u,, In| — |- gt, 
rocket to its initial mass, exhaust meee 


velocity, and burn time: 


Substitute numerical values and evaluate vs: 


v, =-(1.8 kin) (9.81m/s?)(120s) = 
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Picture the Problem We can use the dimensions of thrust, burn rate, and acceleration to 
show that the dimension of specific impulse is time. Combining the definitions of rocket 
thrust and specific impulse will lead us tou,, = gl, . 


(a) Express the dimension of M-L 

specific impulse in terms of the EF 2 

dimensions of F,, R, and g: lr. - el = _ L = [T | 
Te 

(b) From the definition of rocket F,, = Ru,, 

thrust we have: 

Solve for Uex: F,, 
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Substitute for F, to obtain: 


(c) Solve equation (1) for I, and 
substitute for u,, to obtain: 


From Example 8-21 we have: 


Substitute numerical values and 
evaluate I,,: 


#107 oe 


Rgl, 
Ux = R : = gl. (1) 
_— F, 
sp Rg 


R= 1.384x10* kg/s and Fy, = 3.4x10° N 


_ 3.4x10° N 
© (1:38410" kg/s)(9.81m/s’) 


-[Bi5] 


I 


Picture the Problem We can use the rocket equation and the definition of rocket thrust 
to show thatt, =1+a, / g . In part (b) we can express the burn time ¢, in terms of the 


initial and final masses of the rocket and the rate at which the fuel burns, and then use 
this equation to express the rocket’s final velocity in terms of I,,, 7, and the mass ratio 
mo/ms. In part (d) we’ll need to use trial-and-error methods or a graphing calculator to 
solve the transcendental equation giving v; as a function of mo/m,. 


(a) Express the rocket equation: 


From the definition of rocket thrust 
we have: 


Substitute to obtain: 


Solve for F,, at takeoff: 


Divide both sides of this equation by 
mog to obtain: 


Because T, = F,, /(™mg): 


(b) Use equation 8-42 to express the 
final speed of a rocket that starts 
from rest with mass mp: 


Express the burn time in terms of the 
burn rate R (assumed constant): 


—mg + Ru,, =ma 


Fa = Ru,, 


—mg+F,, =ma 


Fy, = mg +m,q, 


m 
Vp = Ux In— - gt,, (1) 
f 
where t, is the burn time. 


ee ae | 


Mo 
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Multiply ¢, by one in the form gT/gT 
and simplify to obtain: 


Substitute in equation (1): 


From Problem 32 we have: 


Substitute and factor to obtain: 


Ux a gl, 2; 
where Ue is the exhaust velocity of the 
propellant. 


m, gf, 
v, = gl, In 7m : i. c 
f 0 


(c) A spreadsheet program to calculate the final velocity of the rocket as a function of the 
mass ratio mo/m; is shown below. The constants used in the velocity function and the 
formulas used to calculate the final velocity are as follows: 


Cell Content/Formula Algebraic Form 

Bl 250 I, 

B2 9.81 g 

B3 2 T 

D9 D8 + 0.25 Mo/m; 

E8 $B$2*$B$1*(LOG(D8) — 1 | apf Mm \_2{4_ 2 

(1/$B$3)*(1/D8)) D's {| | mt 

A B Cc D E 

1 | Isp=| 250 | s 

2 g =| 9.81 | m/sA2 

3 | tau= | 2 

4 

) 

6 

7 mass ratio vf 

8 2.00 1.252E+02 

9 2.25 3.187E+02 
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10 2.50 4.854E+02 
11 2.75 6.316E+02 
12 3.00 7.614E+02 
36 9.00 2.204E+03 
37 9.25 2.237E+03 
38 9.50 2.269E+03 
39 9.75 2.300E+03 
40 10.00 2.330E+03 
41 725.00 | 7.013E+03 


A graph of final velocity as a function of mass ratio is shown below. 


Ve (km/s) 


2 4 6 8 10 


m/m s 


(d) Substitute the data given in part (c) in the equation derived in part (b) to obtain: 


7km/s = (o.ums")asos|n™—3f 1-4) 


Me Mo 
or 
0.5 
2.854 = In x —0.5+— where x = mo/m. 

x 
Use trial-and-error methods or a 

X=] 28.1], 
graphing calculator to solve this [28.1], 
transcendental equation for the root a value considerably larger than the 
greater than 1: practical limit of 10 for single-stage 

rockets. 
108 ° 


Picture the Problem We can use the velocity-at-burnout equation from Problem 106 to 
find v; and constant-acceleration equations to approximate the maximum height the 
rocket will reach and its total flight time. 


(a) Assuming constant acceleration, h=1dat? (1) 
. : 29g 
relate the maximum height reached 
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by the model rocket to its time-to- 
top-of-trajectory: 


From Problem 106 we have: 
1 
v, = gI,,| In Mo te 
: i ee os 
Evaluate the velocity at burnout v5 Vv, = (9.81m/s (200 s) 


for I,, = 100 s, mo/m; = 1.2, and 


T= 5: «| nt.2)-2(1-5 


=146m/s 
Assuming that the time for the fuel V; 146m/s 
to burn up is short compared to the lop = = 981m/s2 81m/s? =14.9s 
total flight time, find the time to the g ; 
top of the trajectory: 
Substitute in equation (1) and h-1 1m/s?\(14.9s =| 1.09k 
evaluate h: 2 (0.8 : XK 9s) |1.09km | 
the time it took the rocket to reach fight me ( ; s) = 
its maximum height: 
(c) Express ene evaluate the fuel 7 Lg _m,\_ 100s 7 a 
burn time t,: t, = 1 =——| 1 

iE My a 1.2 
=3.33s 


Because this burn time is approximately 1/5 of the total flight time, we can't 
expect the answer we obtained in Part (b) to be very accurate. It should, 
however, be good to about 30% accuracy, as the maximum distance 


the model rocket could possibly move in this time is + vt, = 243 m, assuming 


constant acceleration until burnout. 


General Problems 
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Picture the Problem Let the direction of motion of the 250-g car before the collision be 
the positive x direction. Let the numeral 1 refer to the 250-kg car, the numeral 2 refer to 
the 400-kg car, and V represent the velocity of the linked cars. Let the system include 
the earth and the cars. We can use conservation of momentum to find their speed after 
they have linked together and the definition of kinetic energy to find their initial and 
final kinetic energies. 


Systems of Particles and Conservation of Momentum 591 


Use conservation of momentum to Pix = Dex 
relate the speeds of the cars or 
immediately before and immediatel = 
y y mV, (m, a mM), \v 


after their collision: 


Solve for V: va 
m, +m, 
Substitute numerical values and Ve (0.250 kg)(0.50 m/s) _10.192m/s 
evaluate V: 0.250 kg + 0.400kg 
Find the initial kinetic energy of the K,= imy; = 4(0.250 kg)(0.50 m/s)’ 
= =| 31.3mJ 
Find the final kinetic energy of the K, = 1(m, +m, \v? 
coupled cars: = 1(0.250kg + 0.400kg)(0.192 m/s)’ 


I 
—_— 
™ 
oO 
B 

a 
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Picture the Problem Let the direction of motion of the 250-g car before the collision be 
the positive x direction. Let the numeral 1 refer to the 250-kg car and the numeral 2 refer 
to the 400-g car and the system include the earth and the cars. We can use conservation 
of momentum to find their speed after they have linked together and the definition of 
kinetic energy to find their initial and final kinetic energies. 


(a) Express and evaluate the initial K, = imy; = 14(0.250 kg)(0.50 m/s)" 
kinetic energy of the cars: -|31.3mJ 
(b) Relate the velocity of the center P= ~ mV, = MV on 
of mass to the total momentum of : 
the system: 
Solve for Vem: y SI + MV, 
“ m, +m, 
Substitute numerical values and fe i (0.250kg)(0.50m/s) ~ 0.192 m/s 


evaluate Vom! ™ ~~ 0.250kg + 0.400 kg 
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Find the initial velocity of the 250-g 
car relative to the velocity of the 
center of mass: 


Find the initial velocity of the 400-g 
car relative to the velocity of the 
center of mass: 


Express the initial kinetic energy of 
the system relative to the center of 
mass: 


Substitute numerical values and 
evaluate Kj rer: 


(c) Express the kinetic energy of the 
center of mass: 


Substitute numerical values and 
evaluate Ken: 


(d) Relate the initial kinetic energy of 
the system to its initial kinetic energy 
relative to the center of mass and the 
kinetic energy of the center of mass: 
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U, =V, Ve, = 0.50m/s —0.192m/s 


- [030805] 


u, =V, —V., = 0m/s —0.192 m/s 


- [oma] 


1 2 1 2 
K 7 Mu, +7M,U, 


irel ~~ 


K,. = +(0.250kg)(0.308m/s)’ 


+4(0.400kg)(— 0.192 m/s)’ 


-[1520i) 


i,rel 


K., = 4+(0.650kg)(0.192 m/s)” 


cm 


-[12.0n) 


K, = Kosa a Ks 
=19.2mJ+12.0mJ 
= 31.2mJ 


| K, =K, + Ken 


irel 


Picture the Problem Let the direction the 4-kg fish is swimming be the positive x 


direction and the system include the fish, the water, and the earth. The velocity of the 


larger fish immediately after its lunch is the velocity of the center of mass in this 


perfectly inelastic collision. 


Relate the velocity of the center of 
mass to the total momentum of the 
system: 


P=)' mv, =mv 


i cm 
i 
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Solve for Vem! 


Substitute numerical values and 
evaluate Von: 


112 « 


_ MV, —™M, 2V1 2 
cm 


m,+M, >, 


_ (4kg)(1.5m/s)—(1.2kg) (3m/s) 
- 4kg+1.2kg 


- [825] 


Picture the Problem Let the direction the 3-kg block is moving be the positive x 


direction and include both blocks and the earth in the system. The total kinetic energy of 


the two-block system is the sum of the kinetic energies of the blocks. We can relate the 


momentum of the system to the velocity of its center of mass and use this relationship to 


find V.. Finally, we can use the definition of kinetic energy to find the kinetic energy 


relative to the center of mass. 


(a) Express the total kinetic energy 
of the system in terms of the kinetic 
energy of the blocks: 


Substitute numerical values and 
evaluate Kyo: 


(b) Relate the velocity of the center 
of mass to the total momentum of 
the system: 


Solve for Vem: 


Substitute numerical values and 
evaluate Von: 


(c) Find the center of mass kinetic 
energy from the velocity of the 
center of mass: 


ail 2 1 2 
Rigi => M,V3 +7 MGV, 


_ MV, + MeVg 
m, +m, 


_ (8kg)(6m/s)+ (6kg)(3m/s) 
we 3kg + 6kg 


4.00 m/s 


K., =+Mv2, =4(9kg)(4m/s) 


-([7207 
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(d) Relate the initial kinetic energy Kya = Kr — Ken 

of the system to its initial kinetic = 81.0J—72.0J 
energy relative to the center of mass _lT900) 

and the kinetic energy of the center 

of mass: 
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Picture the Problem Let east be the positive x direction and north the positive y 
direction. Include both cars and the earth in the system and let the numeral 1 denote the 
1500-kg car and the numeral 2 the 2000-kg car. Because the net external force acting on 
the system is zero, momentum is conserved in this perfectly inelastic collision. 


(a) Express the total momentum of the P= Pp, + p, =My,+m,v, 


system: =my,j —myv,i 


Substitute numerical values and evaluate p: 


A 
e 


p = (1500kg)(70 km/h) j — (2000kg)(55km/h)i 
=| —(1.10%10° kg- km/h) 7+ (1.05x10° kg: km/h)j 


(b) Express the velocity of the 
wreckage in terms of the total 
momentum of the system: 


Substitute numerical values and evaluate v, : 


(1.10%10° kg-km/h) i, (1.05%10° kg - kmn/h)j 


Vv. = 
j 1500 kg + 2000 kg 1500 kg + 2000 kg 
=—~(31.4km/h) i +(30.0km/h)j 
Find the magnitude of the velocity Vv, = (31. 4 km/h} + (30. 0k m/h) 
of the wreckage: [43.4kmih | 
=| 43.4km/h 

Find the direction of the velocity of Amie 30.0 km/h _-43.7° 
the wreckage: 7 —31.4km/h | 


The direction of the wreckage is 
46.3° west of north. 
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Picture the Problem Take the origin to be at the initial position of the right-hand end of 
raft and let the positive x direction be to the left. Let "w” denote the woman and "r” the 
raft, d be the distance of the end of the raft from the pier after the woman has walked to 
its front. The raft moves to the left as the woman moves to the right; with the center of 
mass of the woman-raft system remaining fixed (because Fext net = 0). The diagram shows 
the initial (x,,;) and final (x,,..) positions of the woman as well as the initial (x, ¢mi) and 
final (x, cm) positions of the center of mass of the raft both before and after the woman 
has walked to the front of the raft. 


(a) Express the distance of the raft d=0.5m+ Xew (1) 
from the pier after the woman has 
walked to the front of the raft: 


Express Xcm before the woman has a M,Xy ji + IM.X, om,i 

walked to the front of the raft: me m, +m, 

Express Xcm after the woman has oe as MyXye +IMX, ome 

walked to the front of the raft: = m, +m, 

Because Fext net = 0, the center of MyXwi + IM: omi = My Xw FIM, ome 


mass remains fixed and we can 
equate these two expressions for Xen 


to obtain: 
Solve for xX, ¢: m, ( ) 
Xw ~~ Xwi = xX. om ~ Yomi 
Mm, 
From the figure it can be seen that ee My, Xy i 
we woman and, 


(d 


— 


After the shot leaves the woman's hand, the raft - woman system constitutes 
an inertial reference frame. In that frame the shot has the same initial 
velocity as did the shot that had a range of 6 m in the reference frame of 
the land. Thus, in the raft - woman frame, the shot also has a range of 6m 
and lands at the front of the raft. 


Systems of Particles and Conservation of Momentum 597 


115 e. 


Picture the Problem Let the zero of gravitational potential energy be at the elevation of 


the 1-kg block. We can use conservation of energy to find the speed of the bob just 


before its perfectly elastic collision with the block and conservation of momentum to 


find the speed of the block immediately after the collision. We’ll apply Newton’s 2”° law 


to find the acceleration of the sliding block and use a constant-acceleration equation to 


find how far it slides before coming to rest. 


(a) Use conservation of energy to 
find the speed of the bob just before 
its collision with the block: 


Because K; = U; = 0: 


Substitute numerical values and 
evaluate Vpaui: 


Because the collision is perfectly 
elastic and the ball and block have 
the same mass: 


(b) Using a constant-acceleration 
equation, relate the displacement of 
the block to its acceleration and 
initial speed and solve for its 
displacement: 


Apply iF = mato the sliding 
block: 


Using the definition of fk (44Fn) 
eliminate fx and F, between the two 
equations and solve for dptock: 


Substitute for aylock to obtain: 


AK +AU =0 
or 
K, —K, +U, -U, =0 


1 2 = 
TMyaVoan + MynGAh = 0 


and 


Vear = ¥2gAh 


Van = 2(9.81m/s)(2m)= 6.26 m/s 


Vilock = Vba =| 6.26 m/s 


2.2 
Ve =V + 2d oAX 
Since v, = 0, 


2 
TVi Vb lock 


2 Ahlock 2 Obock 


dF, = — fk = Mayiock 
and 


2r, = F, Mio =0 


Abiock = “HKG 


2 2 
— ~Volock _ Vblock 


—-2u.9 2449 
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Substitute numerical values and (6.26 m/s)’ 
evaluate Ax: es 2(0.1)(9.81m/s?) EI 
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Picture the Problem We can use conservation of momentum in the horizontal direction 
to find the recoil velocity of the car along the track after the firing. Because the shell will 
neither rise as high nor be moving as fast at the top of its trajectory as it would be in the 
absence of air friction, we can apply the work-energy theorem to find the amount of 
thermal energy produced by the air friction. 


No. The vertical reaction force of the rails is an external force and so 


the momentum of the system will not be conserved. 


(b) Use conservation of momentum Ap, =0 
in the horizontal (x) direction to or 
obtain: mv cos 30° — MV scoi = 0 
Solve for and evaluate Vyecoit: _ mvcos30° 

Vei > pene = 

M 
Substitute numerical values and 7 (200 kg)(125 m/s)cos30° 
evaluate Vyecoil: a 5000 kg 
=| 4.33m/s 

(c) Using the work-energy theorem, Waa =W; = AE, = AU + AK 


relate the thermal energy produced 
by air friction to the change in the 
energy of the system: 


— il 21 2 
= mgy; — Mgy; +3 MV; — > MV; 


= mg(y; —y,)+4mlv? -v?) 


Substitute for AU and AK to obtain: W 


ext 


Substitute numerical values and evaluate Wext: 


W, = (200kg)(9.81m/s?)(180m)+ 4(200kg)|(80 m/s) - (125m/s)' |= 
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Picture the Problem Because this is a perfectly inelastic collision, the velocity of the 
block after the collision is the same as the velocity of the center of mass before the 
collision. The distance the block travels before hitting the floor is the product of its 
velocity and the time required to fall 0.8 m; which we can find using a constant- 
acceleration equation. 


Relate the distance D to the velocity D =V mât 
of the center of mass and the time for 
the block to fall to the floor: 


Relate the velocity of the center of P= > mV, = MV n 
mass to the total momentum of the i 
system and solve for Vem: and 
y = MoutterM butter + MotockVitock 

Myuttet + Mh lock 
Substitute numerical values and E (0.015 kg)(500 m/s) -9.20 m/s 
evaluate Vem: 0.015kg + 0.8kg 
Using a constant-acceleration Ay = VAt + ta(aty 
equation, find the time for the block 

-o Are 2% 
to fall to the floor: Because v, =0, At = Fa 
Substitute to obtain: D 2Ay 
cm g 


Substitute numerical values and 


2(0.8m) 
evaluate D: D =(9.20m/s) Sonim 
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Picture the Problem Let the direction the particle whose mass is m is moving initially 
be the positive x direction and the direction the particle whose mass is 4m is moving 
initially be the negative y direction. We can determine the impulse delivered by F and, 
hence, the change in the momentum of the system from the change in the momentum of 
the particle whose mass is m. Knowing Ap, we can express the final momentum of the 


particle whose mass is 4m and solve for its final velocity. 


Express the impulse delivered by the I-FT-=- Ap = P; — P; 


force F : = m(4v)i -mvi =3mvi 
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Express P'4m : 


Solve for v': 
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Picture the Problem Let the numeral 1 
refer to the basketball and the numeral 2 to 
the baseball. The left-hand side of the 
diagram shows the balls after the 
basketball’s elastic collision with the floor 
and just before they collide. The right-hand 
side of the diagram shows the balls just 
after their collision. We can apply 
conservation of momentum and the 
definition of an elastic collision to obtain 
equations relating the initial and final 
velocities of the masses of the colliding 
objects that we can solve for viş and V2. 


(a) Because both balls are in free- 
fall, and both are in the air for the 
same amount of time, they have the 
same velocity just before the 
basketball rebounds. After the 
basketball rebounds elastically, its 
velocity will have the same 
magnitude, but the opposite 
direction than just before it hit the 
ground. 


(b) Apply conservation of 
momentum to the collision of the 
balls to obtain: 


Relate the initial and final kinetic 
energies of the balls in their elastic 


collision: 


Rearrange this equation and factor 
to obtain: 


Rearrange equation (1) to obtain: 


Divide equation (2) by equation (3) 
to obtain: 


P'am z 4mv' = Pn (0)+ Ap 


= —4mv j +3mvi 


sy liege aS 
v' =| 4vi-vj 


O55 


. Vit 
U, 


1 
i 


V 


The velocity of the basketball will 
be equal in magnitude but opposite 
in direction to the velocity of the 
baseball. 


M, Vit + M,Vas = MV; + MV, (1) 


1 2 1 2 —i 2 1 2 
3M Vi F 3 MV = 3 M Vi + 7M V5, 


2 2\_ 2 2 
m, (v3, — Voi ) =m (v2 — Vif ) 
or 


m, (va -= va (Vas + V5) 


=m; (vi Vie (v + Vie ) 


(2) 


m, (va — Vj ) =m; (vi; — Vig ) (3) 


Vor + Vo, = Vii + Vig 
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Rearrange this equation to obtain 
equation (4): 


Multiply equation (4) by m, and add 
it to equation (1) to obtain: 


Solve for vi; to obtain: 


For m; = 3m, and vj; = v: 


(c) Multiply equation (4) by m, and 
subtract it from equation (1) to 
obtain: 


Solve for v2; to obtain: 


For m; = 3m, and v4; = v: 


Vit Z Vaf = Voi — Vii (4 


(m, +m, Vie = (m, =m, Vi + 2M,V>, 


m, -m 2m 
Vif Ta 1 2 Vt 2 Voi 
m, +m, m, +m, 
or, because v3; = —V1i, 
m,—m 2m 
= 1 2 2 
Vif = Vii Vii 
m, +m, m, +m, 
_m,—3m, 
= li 
m +m, 
_ 3m, —3m, 0 
1 z 
3m, +m, 


N 2m, y, 72m 
"A ~ li 2i 
m +m, m, +m, 
or, because v2; = —V1i, 
2m m, -m 
1 2. $ 
Vap Vi Vii 
m +m, m, +m, 
_3m-m, . 
a li 
m +m, 
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Picture the Problem In Problem 119 
only two balls are dropped. They collide 
head on, each moving at speed v, and the 
collision is elastic. In this problem, as it 
did in Problem 119, the solution 
involves using the conservation of 
momentum equation 

MVt + MV = MV; + MV9; 

and the elastic collision equation 

Vie Z Va = Voi — Vii» 

where the numeral 1 refers to the 
baseball, and the numeral 2 to the top 
ball. The diagram shows the balls just 
before and just after their collision. From 
Problem 119 we know that that v4; = 2v 
and vz; = —v. 


(a) Express the final speed vı of the 
baseball as a function of its initial 
speed vı; and the initial speed of the 
top ball v2; (see Problem 78): 


Substitute for vj; and , vz; to obtain: 


Divide the numerator and 
denominator of each term by m, to 
introduce the mass ratio of the upper 
ball to the lower ball: 


Set the final speed of the baseball v1; 
equal to zero, let x represent the 
mass ratio m;/mp, and solve for x: 


(b) Apply the second of the two 
equations in Problem 78 to the 
collision between the top ball and 
the baseball: 


Substitute vı; = 2v and are given that 
Voi = —v to obtain: 


- Vv=0 
Uzi 
Uii 

m, -m 2m 

Vig = i žy t 5 2i 
m +m, m +m, 
m,—m, 2m, 

Vie = (2v)+ v) 
m +m, m +m, 
my , 

m 

v = —2—(2v) + (-v) 

m, m, 
— +1 — +1 
m, m, 
x-1 2 
0=*~~(2v)+— (v) 
x+1 x+1 

and 
m 1 

i ~ — p 
m, 2 

Tam 2m, m, —™ 

2f 2i 
m +m, m, +m, 
= 2m, 2 pa u ) 
Vy = v v 
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In part (a) we showed that 
m = 2m,. Substitute and simplify: 
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oe 2(2m, ) 2v) 2m, -m, 
i m, + 2m, m, + 2m, 
mp ) m v=8v-ty 


Picture the Problem Let the direction the probe is moving after its elastic collision with 
Saturn be the positive direction. The probe gains kinetic energy at the expense of the 
kinetic energy of Saturn. We’ll relate the velocity of approach relative to the center of 


mass tO Uyec and then to v. 


(a) Relate the velocity of recession 
to the velocity of recession relative 
to the center of mass: 


Find the velocity of approach: 


Relate the relative velocity of 
approach to the relative velocity of 
recession for an elastic collision: 


Because Saturn is so much more 
massive than the space probe: 


Substitute and evaluate v: 


(b) Express the ratio of the final 
kinetic energy to the initial kinetic 
energy: 


Uu... + V 


rec cm 


Vv 


Upp = ~9-6 km/s —10.4 km/s 


= —20.0 km/s 
Urec = —Uapp = 20.0 km/s 


rec 


v = 9.6 km/s 


cm Veaturn 


V = Ukec + Von = 20 km/s + 9.6 km/s 


=| 29.6km/s 


2 
1 2 
K; = z MV... = Viec 
K, iMv; v; 


2 
_ 29.6km/s -T810 
10.4km/s 


The energy comes from an immeasurably small slowing of Saturn. 
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Picture the Problem We can use the relationships P = cAm and AE = Amc’ to show 
that P = AE/c. We can then equate this expression with the change in momentum of the 


flashlight to find the latter’s final velocity. 
(a) Express the momentum of the 

mass lost (i.e., carried away by the 

light) by the flashlight: 

Relate the energy carried away by the 
light to the mass lost by the 

flashlight: 


Substitute to obtain: 


(b) Relate the final momentum of the 
flashlight to AE: 


Solve for v: 


Substitute numerical values and 
evaluate v: 
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P=cAm 
AE 
Am => 7 
C 
AE AE 
Pac = 
C C 
AE 
— = Ap = mv 
C 
because the flashlight is initially at rest. 
AE 
v =— 
mc 


1.5x10°J 


(1.5kg)(2.998 x 10° m/s) 


= 3.33 x 10° m/s 


=| 3.33 «m/s 


Picture the Problem We can equate the change in momentum of the block to the 
momentum of the beam of light and relate the momentum of the beam of light to the 
mass converted to produce the beam. Combining these expressions will allow us to find 


the speed attained by the block. 
Relate the change in momentum of 
the block to the momentum of the 
beam: 

Express the momentum of the mass 
converted into a well-collimated 


beam of light: 


Substitute to obtain: 


Solve for v: 


(M-m) =P 


beam 


because the block is initially at rest. 


Fr mc 

(M — m)v = mc 
mc 

y= 
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Substitute numerical values and (0.00 1kg)(2.998 x 10°m /s) 
evaluate v: v= 
1kg —0.001kg 


=| 3.00 x 10° m/s 
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Picture the Problem Let the origin of the coordinate system be at the end of the boat at 
which your friend is sitting prior to changing places. If we let the system include you and 
your friend, the boat, the water and the earth, then Fx: ne = 0 and the center of mass is at 
the same location after you change places as it was before you shifted. 


Express the center of mass of the e Moat Xboat + MyouXyou + MXfriend 
cn 


system prior to changing places: Mise + Myou ON acs 


Xyou (moa + Myou ) + MX friend 


Mp oat + Myou +m 


Substitute numerical values and -pe (2m)(60kg +80kg)+(0)m 
simplify to obtain an expression for m 60kg +80kg +m 
Xcm in terms of m: 280kg :m 

~ 140kg +m 


Find the center of mass of the system after changing places: 


= Myoat*boat + MyouXyou of MX friend = (Moa F m)(2 m+ 0.2 m) + Myou (+ 0.2 m) 


X 


cm 


Mp oat + Myou F M friend Mpoat + Myou +m Moat F Myou +m 


Substitute numerical values and simplify to obtain: 


(60kg + m)(2m+0.2m) : (80kg)(+0.2m) _120kg-m+12kg-m 


= 60kg +80kg +m 60kg +80kg +m 140kg +m 
(2m)m+0.2mm+16kg-m 
140kg+m 
Because Fextnet = 0, X'on = Xem- B (160 + 28) 
Equate the two expressions and (2 t 0.2) 


solve for m to obtain: 


Calculate the largest possible mass RR (160 +28) - [104kg 
for your friend: (2 = 0.2) 
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Calculate the smallest possible mass (160 — 28) 

m =—~———“kg =| 60.0k 
for your friend: (2 + 0.2) _60.0xs | 
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Picture the Problem Let the system include the woman, both vehicles, and the earth. 
Then Fext,net = 0 and dem = 0. Include the mass of the man in the mass of the truck. We 
can use Newton’s 2" and 3" laws to find the acceleration of the truck and net force 
acting on both the car and the truck. 


(a) Relate the action and reaction forces Fa = Fy 
acting on the car and truck: or 
Meoarllcar = Meruck+woman4 truck 
Solve for the acceleration of the truck: a o Marla 
truck ~~ 


truck+woman 


Substitute numerical values and (800 kg) 1.2 m/s* z 
evaluate Gpuck! Dirck = 1600kg =| 0.600 m/s 


(b) Apply Newton’s 2™ law to F et = Marla 
either vehicle to obtain: 


Substitute numerical values and F,,, = (800 kg)(1.2 m/ s?) =| 960 N 
evaluate Fret 
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Picture the Problem Let the system include the block, the putty, and the earth. Then 
Fextnet = 0 and momentum is conserved in this perfectly inelastic collision. We’ll use 
conservation of momentum to relate the after-collision velocity of the block plus blob 
and conservation of energy to find their after-collision velocity. 


Noting that, because this is a Pi = Ds 
perfectly elastic collision, the final or 
velocity of the block plus blob is the 


MV = Mv... 
velocity of the center of mass, use 


conservation of momentum to relate wheter i 
the velocity of the center of mass to 
the velocity of the glob before the 
collision: 
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Solve for vg to obtain: 


Use conservation of energy to find 
the initial energy of the block plus 
glob: 


Use fk = 44Mg to eliminate fx and 
solve for Vem: 


Substitute numerical values and 
evaluate Vem! 


Substitute numerical values in 
equation (1) and evaluate vg: 
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Va = — Va (1) 


AK +AU +W, =0 


Because AU = K= 0, 
-4 Mvi, + f, Ax =0 


Vim = 42(0.4)(9.81m/s° )(0.15m) 
=1.08 m/s 
vy = 288+ 0-4K8 Ogni) 
0.4kg 


=| 36.2 m/s 


Picture the Problem Let the direction the moving car was traveling before the collision 
be the positive x direction. Let the numeral 1 denote this car and the numeral 2 the car 
that is stopped at the stop sign and the system include both cars and the earth. We can 
use conservation of momentum to relate the speed of the initially-moving car to the 
speed of the meshed cars immediately after their perfectly inelastic collision and 


conservation of energy to find the initial speed of the meshed cars. 


Using conservation of momentum, 
relate the before-collision velocity to 
the after-collision velocity of the 
meshed cars: 


Solve for vı: 


Using conservation of energy, relate 
the initial kinetic energy of the 
meshed cars to the work done by 
friction in bringing them to a stop: 


Substitute for Ki and, using 
fk = Fn = Mg, eliminate fk to 


Pi = Ds 
or 


mV, = (m, +m, )v 


AK F AE herma = 0 


or, because K = 0 and AE thermal = fAs, 
—K, + f,As =0 


-4 MV? + 1,MgAx =0 
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obtain: 


Solve for V: V = 4/2 u4, g^x 
Substitute to obtain: 
v= (1+2) amga 


Substitute numerical values and evaluate vj: 


v =|1+ 8 | /2(0.92)(9.81m/s?)(0.76m) = 6.48m/s = 23.3km/h 
1 
1200kg 


The driver was not telling the truth. He was traveling at 23.3 km/h. 
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Picture the Problem Let the zero of gravitational potential energy be at the lowest point 
of the bob’s swing and note that the bob can swing either forward or backward after the 
collision. We’ll use both conservation of momentum and conservation of energy to 
relate the velocities of the bob and the block before and after their collision. 


Express the kinetic energy of the K = p; 
block in terms of its after-collision m 2m 
momentum: 
Solve for m to obtain: p? 
m=—- (1) 
2K. 
Use conservation of energy to relate AK +AU =0 
K,, to the change in the potential or, because K; = 0, 
energy of the bob: K, +U, -U, =0 
Solve for Km: K„=-U; +U, 


= m,,g[L(1— cos 6.)- L( —cos 6; )] 
= m,.,9L[cos O; — cos o] 


Substitute numerical values and evaluate K,,: 


K,, = (0.4kg)(9.81m/s?)(1.6m)[cos5.73° — cos53°] = 2.47 J 
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Use conservation of energy to find 


the velocity of the bob just before its 


collision with the block: 


Substitute numerical values and 
evaluate v: 


Use conservation of energy to find 
the velocity of the bob just after its 


collision with the block: 


Substitute for K; and U; to obtain: 


Solve for v’: 


Substitute numerical values and 
evaluate v': 


Use conservation of momentum to 
relate p,, after the collision to the 
momentum of the bob just before 
and just after the collision: 


Solve for and evaluate ppm: 


Find the larger value for pm: 


Find the smaller value for pm: 


Substitute in equation (1) to 
determine the two values for m: 


AK +AU =0 
or, because K; = U; = 0, 
K, -—U, =90 


-.4m,,V° —m,,,gL(1—cos 0, )=0 


or 


v= 2gL(1—cos 6.) 


v = /2(9.81m/s?)(1.6m)(1— cos53°) 
= 3.544m/s 


AK +AU =0 
or, because K; = U; = 0, 
—K,+U, =0 


—4m,,.v"+m,,,gL(1— cos 8, )= 0 


v= J2gL(1— cos 8, ) 


v'= ,/2(9.81m/s? \(1.6m)(1- cos5.73°) 
= 0.396 m/s 


Pi = Pi 
or 


= T 
MyopV = Mpb V E Pm 


Pm = MyyV E Mpo" 
= (0.4kg )(3.544m/s + 0.396 m/s) 
=1.418kg - m/s + 0.158 kg - m/s 


D, =1.418kg-m/s + 0.158 kg - m/s 
=1.576kg- m/s 


D, =1.418kg - m/s — 0.158 kg - m/s 
=1.260kg- m/s 


(1.576kg- m/s)” 
2(2.47J) 


=| 0.503kg 
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or 


(1.260kg - m/s)” 
= =| 0.321k 
m 2(2.47 J) | 0.321kg | 
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Picture the Problem Choose the zero of gravitational potential energy at the location 
of the spring’s maximum compression. Let the system include the spring, the blocks, 
and the earth. Then the net external force is zero as is work done against friction. We 
can use conservation of energy to relate the energy transformations taking place during 
the evolution of this system. 


Apply conservation of energy: AK +AU, +AU, =0 
Because AK = 0: AU, + AU, =0 
Express the change in the AU, =—mgAh — Mgxsin 0 


gravitational potential energy: 


Express the change in the potential AU, =5 kx? 
energy of the spring: 


Substitute to obtain: —mgAh — Mgxsin 6 + 4kx* =0 


Solve for M: W= t kx? —mgAh z kx _2mAh 


gxsin30° g X 


Relate Ah to the initial and rebound Ah = (4m - 2.56 m)sin 30° = 0.720 m 
positions of the block whose mass is 
m: 


Substitute numerical values and evaluate M: 


11x10? N/m) (0.04m)  2(1kg)(0.72m) 
ue! =| 8.85kg 


9.81m/s” 0.04m 
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Picture the Problem By symmetry, Xem = 0. Let obe the mass per unit area of the disk. 
The mass of the modified disk is the difference between the mass of the whole disk and 
the mass that has been removed. 
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Start with the definition of Yem: 


Express the mass of the complete disk: 


Express the mass of the material removed: 


Substitute and simplify to obtain: 


131° 


2 my 


Yem = 


hole 
— Maisk Yaisk — MholeY hole 
M- Mhole 
M =0oA=0rmr 


Picture the Problem Let the horizontal axis by the y axis and the vertical axis the z 
axis. By symmetry, Xem = Yem = 0. Let p be the mass per unit volume of the sphere. The 
mass of the modified sphere is the difference between the mass of the whole sphere and 


the mass that has been removed. 


Start with the definition of yon: 


Express the mass of the complete sphere: 


Express the mass of the material removed: 


Substitute and simplify to obtain: 


*132 ee 


cm 
M = Myole 
_ M sphere Y sphere = Mote Y hole 
M Marge 


Picture the Problem In this elastic head-on collision, the kinetic energy of recoiling 
nucleus is the difference between the initial and final kinetic energies of the neutron. We 
can derive the indicated results by using both conservation of energy and conservation 
of momentum and writing the kinetic energies in terms of the momenta of the particles 


before and after the collision. 
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(a) Use conservation of energy to ps. _ På + Dodie (1) 

relate the kinetic energies of the 2m 2m 2M 

particles before and after the 

collision: 

Apply conservation of momentum to Poi = Prot + Prucieus (2) 

obtain a second relationship between 

the initial and final momenta: 

Eliminate pj; in equation (1) using Pructeus i Pructeus _ Pri _ 0 (3) 

equation (2): 2M 2m m 

Use equation (3) to write p>, /2min på Plas (M +m)" (4) 
terms Of Prudeus: 2m 8M *m 

Use equation (4) to express 4Mm 

K nucleus = Pinces / 2M in terms of a CET i 
Ka: 

(b) Relate the change in the kinetic AK, = -K puceus 


energy of the neutron to the after- 
collision kinetic energy of the 
nucleus: 


Using equation (5), express the 
fraction of the energy lost in the 


collision: 


133° 
Picture the Problem Problem 132 (b) provides an expression for the fractional loss of 
energy per collision. 


(a) Using the result of Problem 132 K, _ K,,-AK (M -m 
(b), express the fractional loss of K E, (M +m 


energy per collision: 
Evaluate this fraction to obtain: Ky (12m = mý 


= = 0.716 
E, (12m+m) 


Express the kinetic energy of one Ky = 0.716” E, 
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neutron after N collisions: 


(b) Substitute for Kat and Eo to 
obtain: 


Take the logarithm of both sides of 
the equation and solve for N: 


134 


0.716% =10° 


-8 
N= Tog07i6 ~ 


Picture the Problem We can relate the number of collisions needed to reduce the 
energy of a neutron from 2 MeV to 0.02 eV to the fractional energy loss per collision 


and solve the resulting exponential equation for N. 


(a) Using the result of Problem 132 
(b), express the fractional loss of 
energy per collision: 


Express the kinetic energy of one 
neutron after N collisions: 


Substitute for Kat and Eo to obtain: 


Take the logarithm of both sides of 
the equation and solve for N: 


(b) Proceed as in (a) to obtain: 


Express the kinetic energy of one 
neutron after N collisions: 


Substitute for Kpt and Eo to obtain: 


Take the logarithm of both sides of 
the equation and solve for N: 


K, _ Ku -AK, _ K,,-0.63K,, 
Ki E, Ka 
= 0.37 
K =| 0.37" E, 
0.37" =10° 
N= 8. ~|19 
log 0.37 


Ky K ,-AK, _ K,,—0.11K,, 
K,, E, K 
= 0.89 


ni 


0.89% =10° 
N= ag 158 
log 0.89 
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Picture the Problem Let 7 = M/L be the mass per unit length of the rope, the subscript 
1 refer to the portion of the rope that is being supported by the force F at any given time, 


and the subscript 2 refer to the rope that is still on the table at any given time. We can 


find the height hem of the center of mass as a function of time and then differentiate this 


expression twice to find the acceleration of the center of mass. 


(a) Apply the definition of the 
center of mass to obtain: 


From the definition of 2 we have: 
hı cm and hy om are given by : 


Substitute for mı, hı,cm, and hom in 
equation (1) and simplify to obtain: 


(b) Differentiate hem twice to obtain 
dem: 


(c) Letting N represent the normal 
force that the table exerts on the 


rope, apply XF, = MA n to the 


rope to obtain: 


Solve for F, substitute for acm and N 
to obtain: 


Use the definition of A again to 
obtain: 


h = mA, om + Myhy om (1) 
cm M 
M m 
— = — > m=—vt 
L vt 
Ay om = VE and hycm = 0 
[4 vo + m, (0) y? 
h = = t 
M 2L 
2 2 
dh o| ¥ ye 
dt 2L L 
and 
dh. v? 
7 = dem = | — 
dt L 


F +N -Mg = Ma.,, 


F = Mg + Ma. -N 
2 


= Mg +M———m,g 
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Substitute for m, and simplify: 


v’ í z) v? vt v vt 
Fsgim —-mli- |g =Ml gr gt g =M 7-4" 
g L L g g L g TI g g 


L\ gt 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F,. We can use 
Newton’s 2™ law to determine the scale 
reading in part (a). We’ll use both 
conservation of energy and momentum to 
obtain the scale reading when the ball 
collides inelastically with the cup. 


(a) Apply > F, = ma, to the 
spring when it is compressed a 
distance d: 


Solve for Fp: 


(b) Letting the zero of gravitational 
energy be at the initial elevation of 
the cup and vi represent the velocity 
of the ball just before it hits the cup, 
use conservation of energy to find 
this velocity: 


Use conservation of momentum to 


F, 
$ 
ed 
pP pring 
k =m,g = F paion sping =0 
F, = mg F Foon on spring 
=m,g+kd 
m 
=m g+ i 3 
P k 


=| m,g +m,g = (m, +m, )g 


AK + AU, =0 where K, =U „ =0 
<. im Va —mgh =0 


and 


Va =4/2gh 
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find the velocity of the center of 
mass: 


Apply conservation of energy to the 


collision to obtain: 


Substitute for Vem and solve for kx’: 


Solve for x: 


From part (a): 


AK m + AU, =0 
or, with K; = U; = 0, 
—4(m, +m, Ven + $kx® =0 


kx = (m, +m, ve, 
2 
= 2ghlm, +m) | 
b c 
_ 2ghm, 
= m,+m, 
2gh 
x=m 
k(m, +m.) 
F, =m,g + kx 
2gh 
EG, +m) 
=| gim +m Ni 
7 i : i g(m, +m,) 


(c) | Because the collision is inelastic, the ball never returns to its original height. 
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Picture the Problem Let the direction that astronaut 1 first throws the ball be the 
positive direction and let v, be the initial speed of the ball in the laboratory frame. Note 


that each collision is perfectly inelastic. We can apply conservation of momentum and 


the definition of the speed of the ball relative to the thrower to each of the perfectly 


inelastic collisions to express the final speeds of each astronaut after one throw and one 


catch. 


Use conservation of momentum to 
relate the speeds of astronaut 1 and 
the ball after the first throw: 


Relate the speed of the ball in the 
laboratory frame to its speed relative 


mv, +m,v, =0 (1) 


v=vV -V (2) 
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to astronaut 1: 


Eliminate v, between equations (1) 
and (2) and solve for vı: 


Substitute equation (3) in equation 
(2) and solve for v,: 


Apply conservation of momentum to 
express the speed of astronaut 2 and 
the ball after the first catch: 


Solve for vy: 


Express vz in terms of v by 
substituting equation (4) in equation 


(6): 


Use conservation of momentum to 
express the speed of astronaut 2 and 
the ball after she throws the ball: 


Relate the speed of the ball in the 
laboratory frame to its speed relative 
to astronaut 2: 


Eliminate vpt between equations (8) 
and (9) and solve for v2¢: 


Substitute equation (10) in equation 
(9) and solve for vpt: 


Apply conservation of momentum to 
express the speed of astronaut 1 and 
the ball after she catches the ball: 


m 
v =-— v 
m, +m, 
Zei 
v = v 
m, +m, 


0 = m,v, = (m, +m, W, 


m, 
v, = v, 
m, +m, 
m m 
v, =—— ty 


m,+m, m +m, 


(m, + m, V2 = M, Vpt + MzVo¢ 


V= mp 1+ 
= 
z m, +m, m, +m, 


(m, +m, Mie = M, Vys + MV, 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


i (10) 


(11) 


(12) 
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Using equations (3) and (11), ee sies m,m, (2m, + m, ) 
eliminate vp; and v, in equation (12) i 


(m, +m, (m, +m, ) 


and solve for v5: 


*138 0 « 

Picture the Problem We can use the definition of the center of mass of a system 
containing multiple objects to locate the center of mass of the earth—moon system. Any 
object external to the system will exert accelerating forces on the system. 


(a) Express the center of mass of the Mra = Smr 
earth—moon system relative to the ! 


center of the earth: or 
M, (0) rn Tee Mom 
m M etm, M .+mM, 
= Tom 
M 
e 4+1 
Mn 
Substitute numerical values and 3.84x10° km 
= ——__——— =| 4670k 
evaluate ron! Tom 81341 | 4670 km | 


Because this distance is less than the radius of the earth, the position of the 


center of mass of the earth — moon system is below the surface of the earth. 


(b) Any object not in the earth — moon system exerts forces on the system, 


e.g., the sun and other planets. 


© Because the sun exerts the dominant external force on the earth — moon 
c 
system, the acceleration of the system is toward the sun. 
(d) Because the center of mass is at d=2r,, = 2(4670 km) =| 9340 km 
a fixed distance from the sun, the 


distance d moved by the earth in 
this time interval is: 
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Picture the Problem Let the numeral 2 refer to you and the numeral 1 to the water 
leaving the hose. Apply conservation of momentum to the system consisting of yourself, 
the water, and the earth and then differentiate this expression to relate your recoil 
acceleration to your mass, the speed of the water, and the rate at which the water is 
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leaving the hose. 


Use conservation of momentum to 
relate your recoil velocity to the 
velocity of the water leaving the 
hose: 


Differentiate this expression with 
respect to t: 


Because the acceleration of the 
water leaving the hose, aj, is zero ... 


_ dm, 
as is Fa , the rate at which you are 
t 


losing mass: 


Substitute numerical values and 
evaluate do: 


#140 ve 


m +v =0 
“at | dt ? dt °? dt 
or 
dm 
ma, +v, — + ma, +v, — =0 
171 1 t 2 2 dt 
v —+m,a, =0 
and 
_ v dm, 
f m, dt 
30 m/s 
— 2.4kg/ 
2 5k (2.4kg/s) 


=| —0.960 m/s” 


Picture the Problem Take the zero of gravitational potential energy to be at the elevation 


of the pan and let the system include the balance, the beads, and the earth. We can use 


conservation of energy to find the vertical component of the velocity of the beads as they 


hit the pan and then calculate the net downward force on the pan from Newton’s 2™ law. 


Use conservation of energy to relate 
the y component of the bead’s 
velocity as it hits the pan to its height 
of fall: 


Solve for vy: 


Substitute numerical values and 
evaluate vy: 


Express the change in momentum in the y 
direction per bead: 


AK +AU =0 

or, because K; = U; = 0, 
2 

zmv, -mgh =0 


v, = /2(9.81m/s?)(0.5m) = 3.13m/s 


Ap, = Py — Py =m, af- mv, )=2mv, 
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Use Newton’s 2” law to express the -N AP, 
net force in the y direction exerted ny At 
on the pan by the beads: 
Letting M represent the mass to be Ma -N Ap, 
placed on the other pan, equate its an At 
weight to the net force exerted by and 
the beads, substitute for Ap,, and N (2mv 
M =— x 
solve for M: Atl g 
Substitute numerical values and M = (100/5) [2(0.0005 kg)(3.13 m/s)| 
evaluate M: 9.81m/s7 
=| 31.9g 
141 ove 


Picture the Problem Assume that the connecting rod goes halfway through both balls, 
i.e., the centers of mass of the balls are separated by L. Let the system include the 
dumbbell, the wall and floor, and the earth. Let the zero of gravitational potential be at 
the center of mass of the lower ball and use conservation of energy to relate the speeds of 
the balls to the potential energy of the system. By symmetry, the speeds will be equal 
when the angle with the vertical is 45°. 


Use conservation of energy to E =E; 
express the relationship between the 

initial and final energies of the 

system: 


Express the initial energy of the E, =mgL 
system: 


Express the energy of the system E, = mgLsin 45° + 4(2m)v’ 


when the angle with the vertical is 
45°: 


Substitute to obtain: gle a A ) p 


Solve for v: 
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Substitute numerical values and 3 1 
evaluate v: Da (9.81m/s IL mee 


= | (1.70 m/s WL | 
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Chapter 9 
Rotation 


Conceptual Problems 


*1 e 

Determine the Concept Because r is greater for the point on the rim, it moves the 
greater distance. Both turn through the same angle. Because r is greater for the point on 
the rim, it has the greater speed. Both have the same angular velocity. Both have zero 
tangential acceleration. Both have zero angular acceleration. Because r is greater for the 
point on the rim, it has the greater centripetal acceleration. 


2 ° 


1 
(a) False. Angular velocity has the dimensions =| whereas linear velocity has 


=| 
dimensions| — |. 
T 


(b) True. The angular velocity of all points on the wheel is d@dt. 
(c) True. The angular acceleration of all points on the wheel is da/dt. 


3 ee 

Picture the Problem The constant-acceleration equation that relates the given variables 
is@? = o, +2aA0 . We can set up a proportion to determine the number of revolutions 
required to double œ and then subtract to find the number of additional revolutions to 
accelerate the disk to an angular speed of 2 œ. 


Using a constant-acceleration w’ = On + 2aA0 
equation, relate the initial and final or because w 2 =0 
angular YEGUE to the angular o? =2aA0 
acceleration: 
Let A@o represent the number of w’ = 2aA0 o (1) 
revolutions required to reach an 
angular velocity æ: 
Let Abo represent the number of Rof = 2aA6,,, (2) 
revolutions required to reach an 
angular velocity a: 
Divide equation (2) by equation (1 207 
q (2) by eq (1) aes 22) 06, = 480, 


and solve for AQ o: 


623 
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The number of additional revolutions is: 4A6,, — Abo = 3A0,, = 3(10rev) = 30 rev 


*4 oe 


_. | MP 
Determine the Concept Torque has the dimension Fk 


ML 
T 
ML? | 


T? 


(a) Impulse has the dimension 


(b) is correct. | 


(b) Energy has the dimension] : 
ML 
(c) Momentum has the dimension B : 
5 ° 

Determine the Concept The moment of inertia of an object is the product of a constant 


that is characteristic of the object’s distribution of matter, the mass of the object, and the 
square of the distance from the object’s center of mass to the axis about which the object 


is rotating. Because both (b) and (c) are correct | (d) is correct. | 


*G m 
Determine the Concept Yes. A net torque is required to change the rotational state of an 
object. In the absence ofa net torque an object continues in whatever state of rotational 
motion it was at the instant the net torque became zero. 


7 ° 

Determine the Concept No. A net torque is required to change the rotational state of an 
object. A net torque may decrease the angular speed of an object. All we can say for sure 
is that a net torque will change the angular speed of an object. 


8 ° 
(a) False. The net torque acting on an object determines the angular acceleration of the 
object. At any given instant, the angular velocity may have any value including zero. 


(b) True. The moment of inertia of a body is always dependent on one’s choice of an axis 


of rotation. 


(c) False. The moment of inertia of an object is the product of a constant that is 
characteristic of the object’s distribution of matter, the mass of the object, and the square 
of the distance from the object’s center of mass to the axis about which the object is 
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rotating. 
9 e 


Determine the Concept The angular acceleration of a rotating object is proportional to 
the net torque acting on it. The net torque is the product of the tangential force and its 


lever arm. 

Express the angular acceleration of we Fret Fd _ F d 
the disk as a function of the net I I I 
torque acting on it: i.e., ad 

Because œ œ d , doubling d will (b) is correct. 


double the angular acceleration. 


*10 œ 
Determine the Concept From the parallel-axis theorem we know that 
ial + Mh’, where em is the moment of inertia of the object with respect to an axis 


cm 


through its center of mass, M is the mass of the object, and A is the distance between the 


parallel axes. Therefore, / is always greater than Zm by Mh’. | (d) is correct. 


11 œ 

Determine the Concept The power delivered by the constant torque is the product of the 
torque and the angular velocity of the merry-go-round. Because the constant torque 
causes the merry-go-round to accelerate, neither the power input nor the angular velocity 


of the merry-go-round is constant. | (b) is correct. 


12 œ 
Determine the Concept Let’s make the simplifying assumption that the object and the 


surface do not deform when they come into contact, i.e., we’ll assume that the system is 
rigid. A force does no work if and only if it is perpendicular to the velocity of an object, 
and exerts no torque on an extended object if and only if it’s directed toward the center of 
the object. Because neither of these conditions is satisfied, the statement is false. 


13 œ 

Determine the Concept For a given applied force, this increases the torque about the 
hinges of the door, which increases the door’s angular acceleration, leading to the door 
being opened more quickly. It is clear that putting the knob far from the hinges means 
that the door can be opened with less effort (force). However, it also means that the hand 
on the knob must move through the greatest distance to open the door, so it may not be 
the quickest way to open the door. Also, if the knob were at the center of the door, you 
would have to walk around the door after opening it, assuming the door is opening 
toward you. 
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#14 
Determine the Concept If the wheel is rolling without slipping, a point at the top of the 
wheel moves with a speed twice that of the center of mass of the wheel, but the bottom of 


the wheel is momentarily at rest. | (c) is correct. 


15 ee 
Picture the Problem The kinetic energies of both objects is the sum of their translational 
and rotational kinetic energies. Their speed dependence will differ due to the differences 
in their moments of inertia. We can express the total kinetic of both objects and equate 
them to decide which of their translational speeds is greater. 


Express the kinetic energy of the Ky y= Pea + Lmv, 
cylinder: 2 


v 
af E E a hay 
=1(mr ee +MY oy 


z9 2 
~ 4 MV) 


. . a] 2 1 Wi 
Express the kinetic energy of the Kon = 2! sph eon + ZMV h 
sphere: z 
= Lf 2 pp l PD diay 
= (2 mr ) z + aan 
r 
= 2 
T0 V sph 
TEE? f fe 
Equate the kinetic energies and Veyl = 1sVeph < Vsph 


implify t tain: x 
r and| (b) is correct. 


*16 >œ 

Determine the Concept You could spin the pipes about their center. The one which is 
easier to spin has its mass concentrated closer to the center of mass and, hence, has a 
smaller moment of inertia. 


17. 
Picture the Problem Because the coin and the ring begin from the same elevation, they 
will have the same kinetic energy at the bottom of the incline. The kinetic energies of 
both objects is the sum of their translational and rotational kinetic energies. Their speed 
dependence will differ due to the differences in their moments of inertia. We can express 
the total kinetic of both objects and equate them to their common potential energy loss to 
decide which of their translational speeds is greater at the bottom of the incline. 


Express the kinetic energy of the 
coin at the bottom of the incline: 


Express the kinetic energy of the 
ring at the bottom of the incline: 


Equate the kinetic of the coin to its 
change in potential energy as it 
rolled down the incline and solve for 


Veoin: 


Equate the kinetic of the ring to its 
change in potential energy as it 
rolled down the incline and solve for 


Vring: 


18 ° 
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+1 2 
coin cyl®, coin + aM goin coin 
2 
V 
=A: 2 \” coin 1 2 
= am ) p? F Z MooinY 


coin coin 


2 
coin ” coin 


K ving = HLan Oin TEM, iVi 


ring ring “~ ring ring © ring 


Vo 
— 1l 2 \ “ring 
=H (m ar = 7? To tm v? 


ring “ ring 


ring “ring 

åm „v, =m gh 
4° “coin” coin ~ ° “coin & 
and 

2 _4 

coin ~ 3 & h 
Maing Ys ring = = M ing gh 
and 

2 — 
Ving & h 


Therefore, Voin > Vingand (b) is 


coin 


correct. 


Picture the Problem We can use the definitions of the translational and rotational kinetic 


energies of the hoop and the moment of inertia of a hoop (ring) to express and compare 


the kinetic energies. 


Express the translational kinetic 
energy of the hoop: 


Express the rotational kinetic energy 
of the hoop: 


2 
K,.. =4mv 


trans 2 


Therefore, the translational and rotational 
kinetic energies are the same and 


(c) is correct. | 
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Picture the Problem We can use the definitions of the translational and rotational kinetic 
energies of the disk and the moment of inertia of a disk (cylinder) to express and compare 
the kinetic energies. 


Express the translational kinetic K swans = tmv 

energy of the disk: 

Express the rotational kinetic energy E cip gai ( ie) 2 er 
of the disk: rot — 2+ hoop 75 Ss 


Therefore, the translational kinetic energy is 


greater and | (a) is correct. 


20. 
Picture the Problem Let us assume that f+ 0 and acts along the direction of motion. 
Now consider the acceleration of the center of mass and the angular acceleration about 
the point of contact with the plane. Because Fy, # 0, dem # 0. However, r = 0 because £ 
=0,so a =0. But æ =0 is not consistent with aem # 0. Consequently, f= 0. 


21 œ 
Determine the Concept True. If the sphere is slipping, then there is kinetic friction 
which dissipates the mechanical energy of the sphere. 


22 œ 
Determine the Concept Because the ball is struck high enough to have topspin, the 
frictional force is forward; reducing ø until the nonslip condition is satisfied. 


| (a) is correct. 


Estimation and Approximation 


23 we 
Picture the Problem Assume the wheels are hoops, i.e., neglect the mass of the spokes, 
and express the total kinetic energy of the bicycle and rider. Let M represent the mass of 
the rider, m the mass of the bicycle, mw the mass of each bicycle wheel, and r the radius 

of the wheels. 


Express the ratio of the kinetic K a K ves 
energy associated with the rotation K E K +K- (1) 
of the wheels to that associated with tot trans rot 


the total kinetic energy of the 
bicycle and rider: 
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Express the translational kinetic K 
energy of the bicycle and rider: 


=K +K 


bicycle rider 


2 2 
=4mv^ +4Mv 


Express the rotational kinetic energy Ko = 2K oi wnee = a4 I o°) 
of the bicycle wheels: j rue es A y 
= i _ 2 
=\|m,r° j= = m,y 
r 
Substitute in equation (1) to obtain: 
K o _ mV" = My = 2 
Koa tm? +My +m v? tm++M+m, 24 m+M 
My 
Substitute numerical values and Kia 2 
= = — 5 =| 10.3% 
evaluate K,o/Ktot: K o 24 14kg +38kg [10.3% | 
3kg 


24 

Picture the Problem We can apply the definition of angular velocity to find the angular 
orientation of the slice of toast when it has fallen a distance of 0.5 m from the edge of the 
table. We can then interpret the orientation of the toast to decide whether it lands jelly- 
side up or down. 


Relate the angular orientation 0 of 0 = 0; + At (1) 
the toast to its initial angular 

orientation, its angular velocity æ, 

and time of fall At: 


Use the equation given in the = 
problem statement to find the ø = 0.956, -————- = 9.47 rad/s 
angular velocity corresponding to 0.1m 

this length of toast: 


Using a constant-acceleration Ay =\,At+4a ( At? 
equation, relate the distance the i n 7 
toast falls Ay to its time of fall At: or, because _ = 0 and a, =g, 
Ay = }g(Av) 
Solve for At: oe 2Ay 
V8 
Substitute numerical values and 2(0 5 ) 
evaluate Ar: At = An, =0.319s 
\ 9.81 m/s 
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1/2 T 
o ) + cos 0, Substitute in equation (1) to 0= 2 F (9.47 rad/s)(0.3 19s) 
& 


find @: = 3.54radx = = 203° 
mra 


The orientation of the slice of toast will therefore be at an angle of 203° 


with respect to the ground, i.e. with the jelly - side down. 


+95 oo 
Picture the Problem Assume that the mass of an average adult male is about 80 kg, and 
that we can model his body when he is standing straight up with his arms at his sides as a 
cylinder. From experience in men’s clothing stores, a man’s average waist circumference 
seems to be about 34 inches, and the average chest circumference about 42 inches. We’ll 
also assume that about 20% of the body’s mass is in the two arms, and each has a length 
L= 1 m, so that each arm has a mass of about m = 8 kg. 


Letting Zout represent his moment of I AE 
. . . . i out __ ody arms 1 
inertia with his arms straight out and eo 7 (1) 
Iin his moment of inertia with his in in 
arms at his side, the ratio of these 
two moments of inertia is: 
Express the moment of inertia of the Í= 1 MR? 
. in 

"man as a cylinder”: 

ae . j 
Express the moment of inertia of his Lan 2(4)m L 


arms: 


Express the moment of inertia of his 
body-less-arms: 


Substitute in equation (1) to obtain: La 1(M = m)R? + 2(t mL 
= 2 
in + MR 
Assume the circumference of the 34in + 42in . 
cylinder to be the average of the Cay = 2 =38in 
average waist circumference and the 
average chest circumference: 
Find the radius of a circle whose `. 2.54cem lm 
circumference is 38 in: 38in x 
' Ral a in 100cm 
21 20 
=0.154m 


Substitute numerical values and evaluate Jou Lin! 
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I 


out 


_ 4(80kg-16kg)(0.154m} +3 (8kg)(Imy 


=| 6.42 
Ln 1(80kg)(0.154m) 


Angular Velocity and Angular Acceleration 


26° 

Picture the Problem The tangential and angular velocities of a particle moving in a 
circle are directly proportional. The number of revolutions made by the particle in a given 
time interval is proportional to both the time interval and its angular speed. 


(a) Relate the angular velocity of v=ro 
the particle to its speed along the 
circumference of the circle: 


: 25 m/ 

Solve for and evaluate æ: ae La S_ 0.278 rad/s 
r 90m 
b) Using a constant-acceleration d 1 

oe A0 = wAt =| 0.278 ËE |(30s)| 
equation, relate the number of s 27rad 
revolutions made by the particle in a 
given time interval to its angular E 
velocity: 
27 >œ 


Picture the Problem Because the angular acceleration is constant; we can find the 
various physical quantities called for in this problem by using constant-acceleration 


equations. 

(a) Using a constant-acceleration æ = M, + At 

equation, relate the angular velocity or, when @ = 0, 

of the wheel to its angular © = at 

acceleration and the time it has been 

accelerating: 

Evaluate œ when At = 6 s: O= (2.6raais” ) (6s)=| 15.6rad/s 
(b) Using another constant- A0 = @,At + lalat y 


acceleration equation, relate the or, when @ = 0, 
angular displacement to the wheel’s =i 2 


angular acceleration and the time it 
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has been accelerating: 


Evaluate AO when At=6s: 


(c) Convert A@(6s) from rad to 


revolutions: 


(d) Relate the angular velocity of the 
particle to its tangential speed and 
evaluate the latter when 

At=6s: 


Relate the resultant acceleration of 
the point to its tangential and 
centripetal accelerations when 
At=6s: 


Substitute numerical values and 
evaluate a: 


*28 ° 


A@(6s)= 1(2.6rad/s”)(6s)° = 


lrev 
AO(6s) = 46.8 rad x i= 


v =r@ =(0.3m)(15.6rad/s) =| 4.68m/s 


a= a? +a? = (ray +r} 


=rJa°+a° 


a=(03 m)y (2.6 rad/s”) + (15.6 rad/s Ý 


-[ Bonk 


Picture the Problem Because we’re assuming constant angular acceleration; we can find 


the various physical quantities called for in this problem by using constant-acceleration 


equations. 


(a) Using its definition, express the 
angular acceleration of the 
turntable: 


Substitute numerical values and 
evaluate a: 


AO O-® 
oS > 
At At 


0-334 rev  2etad Imin 


min rev 60s 
26s 


=| 0.134 rad/s” 


a= 
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(b) Because the angular acceleration Cee O tO 
is constant, the average angular = 2 
velocity is the average of its initial rev 2arad_ Imin 
334 —— x x 
and final values: B min rev 60s 
2 
=| 1.75 rad/s 
(c) Using the definition of ay, find A0 = ,,At = (1.75rad/s)(26s) 
the number or revolutions the 1 
j = 45, Sradx —~— =| 7.24rev 
turntable makes before stopping: Qn rad 
29 >œ 


Picture the Problem Because the angular acceleration of the disk is constant, we can use 
a constant-acceleration equation to relate its angular velocity to its acceleration and the 
time it has been accelerating. We can find the tangential and centripetal accelerations 
from their relationships to the angular velocity and angular acceleration of the disk. 


(a) Using a constant-acceleration © = 0, +4 At 
equation, relate the angular velocity or, because @ = 0, 
of the disk to its angular a=adt 


acceleration and time during which 
it has been accelerating: 


Evaluate œ when t= 5 s: a(5 s) = (3 rad/s? )(5 s) = 


(b) Express a; in terms of a: a,=ra 
Evaluate a, when t= 5 s: a,(5s) =(0. 12m)(8rad/s”) 
=| 0.960 m/s? 
Express a, in terms of ø: a, =r 
Evaluate a, when ¢ = 5 s: a,(5s) = (0.12m )(40.0 rad/s)’ 


30 > 

Picture the Problem We can find the angular velocity of the Ferris wheel from its 
definition and the linear speed and centripetal acceleration of the passenger from the 
relationships between those quantities and the angular velocity of the Ferris wheel. 
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(a) Find ø from its definition: 


(b) Find the linear speed of the 
passenger from his/her angular speed: 


Find the passenger’s centripetal 
acceleration from his/her angular 


velocity: 


31 > 


A0 2zrrad 
Gan I: =| 0.233 rad/s 


v =ro = (12m)(0.233 rad/s) 
=| 2.79 m/s 


a, = rœ =(12m)(0.233rad/s) 
=| 0.651m/s 


Picture the Problem Because the angular acceleration of the wheels is constant, we can 


use constant-acceleration equations in rotational form to find their angular acceleration 


and their angular velocity at any given time. 


(a) Using a constant-acceleration 
equation, relate the angular 
displacement of the wheel to its 
angular acceleration and the time it 
has been accelerating: 


Solve for a: 


Substitute numerical values and 
evaluate a: 


(b) Using a constant-acceleration 
equation, relate the angular velocity 
of the wheel to its angular 
acceleration and the time it has been 
accelerating: 


Evaluate œ when At = 8 s: 


AO =a,Att+4a(At) 


or, because @ = 0, 


A0 =1a(At)’ 
a = 248 
(ar) 


2(3 rev 2arad 


oo | 
S 


O = M, + At 


or, when @ = 0, 
@ = aAt 


a(8s) = (0.589 rad/s”)(8 s)=| 4.71rad/s 
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Picture the Problem The earth rotates through 27 radians every 24 hours. 


Find @ using its definition: A0 27 rad 


O= = 
At s4anx 3600s 


=| 7.27 x10” rad/s 


33 >° 

Picture the Problem When the angular acceleration of a wheel is constant, its average 
angular velocity is the average of its initial and final angular velocities. We can combine 
this relationship with the always applicable definition of angular velocity to find the 
initial angular velocity of the wheel. 


Express the average angular velocity _@,+@ 
of the wheel in terms of its initial and i 2 
final angular speeds: or, because w= 0, 

Ow = 7% 
Express the definition of the average = A0 
angular velocity of the wheel: ~O At 

i 2A0  2(5rad 

Equate these two expressions and 0, = 7 ( ) -3.57sand 
solve for æ: At 2.88 


(d) is correct. 


34 >œ 

Picture the Problem The tangential and angular accelerations of the wheel are directly 
proportional to each other with the radius of the wheel as the proportionality constant. 
Provided there is no slippage, the acceleration of a point on the rim of the wheel is the 
same as the acceleration of the bicycle. We can use its defining equation to determine the 
acceleration of the bicycle. 


Relate the tangential acceleration of a=a,=ra 
a point on the wheel (equal to the and 
acceleration of the bicycle) to the a 

5 : a=— 
wheel’s angular acceleration and r 


solve for its angular acceleration: 
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Use its definition to express the 
acceleration of the wheel: 


Substitute in the expression for @ to 
obtain: 


Substitute numerical values and 
evaluate a: 


*35 ee 


Av v-v 
4 = — = Mm — 
At At 
or, because vp = 0, 
v 
a = — 
At 
v 
& = — 
rAt 
(242) 1h (22m) 
T h 3600s km 
(0.6m)(14.0s) 
=| 0.794 rad/s? 


Picture the Problem The two tapes will have the same tangential and angular velocities 


when the two reels are the same size, i.e., have the same area. We can calculate the 


tangential speed of the tape from its length and running time and relate the angular 


velocity to the constant tangential speed and the radius of the reels when they are turning 


with the same angular velocity. 


Relate the angular velocity of the 
tape to its tangential speed: 


Letting Ry represent the outer radius 
of the reel when the reels have the 
same area, express the condition 
that they have the same speed: 


Solve for Rg 


Substitute numerical values and 
evaluate Rg 


Find the tangential speed of the tape 
from its length and running time: 


v 
@=— (1) 
r 
mR? -rr’ =1(rR? —rr?) 
2 2 
R, = R +r 


2 2 
Pe (45mm) +(12 mm) SA 


: 246 „100cm 
=— = m — =3.42 
v ie 3600s 3.42cm/s 
2hx—— 


Substitute in equation (1) and 
evaluate æ: 


Convert 1.04 rad/s to rev/min: 
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v 3.42 cm/s 
o=— = E 


Re 39 ommx 


- [Toma] 


Lumis- ii e i a 


s 2mrad min 


10mm 


=| 9.93 rev/min 


Torque, Moment of Inertia, and Newton’s Second Law for 


Rotation 


36 > 


Picture the Problem The force that the woman exerts through her axe, because it does 


not act at the axis of rotation, produces a net torque that changes (decreases) the angular 


velocity of the grindstone. 


(a) From the definition of angular 
acceleration we have: 


Substitute numerical values and 
evaluate a: 


(b) Use Newton’s 2™ law in 
rotational form to relate the angular 
acceleration of the grindstone to the 
net torque slowing it: 


Express the moment of inertia of 
disk with respect to its axis of 
rotation: 


_A@_ 0-0, 


At At 
or, because w= 0, 
_ 
At 
730 1 e 2a rad z l] min 
min rev 60s 


9s 


=| — 8.49 rad/s? 


where the minus sign means that the 
grindstone is slowing down. 
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Substitute to obtain: 


Substitute numerical values and 
evaluate Tet: 


*37 ° 


= Ml 
Tet = 7 MRa 


= 4(1.7kg)(0.08m) (8.49 rad/s?) 


=| 0.0462 N-m 


Th 


et 


Picture the Problem We can find the torque exerted by the 17-N force from the 


definition of torque. The angular acceleration resulting from this torque is related to the 


torque through Newton’s 2” law in rotational form. Once we know the angular 


acceleration, we can find the angular velocity of the cylinder as a function of time. 


(a) Calculate the torque from its 
definition: 


(b) Use Newton’s 2™ law in 
rotational form to relate the 
acceleration resulting from this 
torque to the torque: 


Express the moment of inertia of the 
cylinder with respect to its axis of 
rotation: 

Substitute to obtain: 


Substitute numerical values and 
evaluate a: 


(c) Using a constant-acceleration 
equation, express the angular 
velocity of the cylinder as a function 
of time: 


Evaluate @ (5 s): 


38 eo 


r = Fé =(17N)(0.11m)=| 1.87N-m | 


T 
a=— 
I 
IT =4MR’ 
2T 
a= 7 
MR 


2(1.87N-m) 
** 2.5kg)(0.11my 


o=0,+at 


or, because @ = 0, 
a=at 


o(5s)= (124 rad/s” \(5 s)= 


Picture the Problem We can find the angular acceleration of the wheel from its 


definition and the moment of inertia of the wheel from Newton’s 2™ law. 


(a) Express the moment of inertia of 
the wheel in terms of the angular 
acceleration produced by the applied 
torque: 


Find the angular acceleration of the 
wheel: 


Substitute and evaluate /: 


(b) Because the wheel takes 120 s to 
slow to a stop (it took 20 s to 
acquire an angular velocity of 600 
rev/min) and its angular acceleration 
is directly proportional to the 
accelerating torque: 


39 we 
Picture the Problem The pendulum and 
the forces acting on it are shown in the 
free-body diagram. Note that the tension in 
the string is radial, and so exerts no 
tangential force on the ball. We can use 
Newton’s 2™ law in both translational and 
rotational form to find the tangential 
component of the acceleration of the bob. 


(a) Referring to the FBD, express 
the component of mg that is tangent 


to the circular path of the bob: 


Use Newton’s 2” law to express the 
tangential acceleration of the bob: 


(b) Noting that, because the line-of- 
action of the tension passes through 
the pendulum’s pivot point, its lever 
arm is zero and the net torque is due 
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jo 
a 
600 rev P 2a rad 7 1min 
m _ Ao _ min rev 60s 
At 20s 
= 3.14 rad/s” 
50ON-m 
Suede OO 


ry =r = 160N-m) = [B35N 


F, =mgsin@ 


F : 
a, =— =| gsin@ 
m 
5 T pivot point = mgL sim 0 
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to the weight of the bob, sum the 
torques about the pivot point to 
obtain: 

(c) Use Newton’s 2" law in 
rotational form to relate the angular 
acceleration of the pendulum to the 
net torque acting on it: 

Solve for @ to obtain: 

Express the moment of inertia of the 


bob with respect to the pivot point: 


Substitute to obtain: 


Relate ato a: 


*40 eee 


T net = MgL sin @ = la 


Lsin@ 
ge 


T=mL 


mgLsin@ gsinð 
a= 7 = 
mL L 


a, -ra= 258) gsind 


Picture the Problem We can express the velocity of the center of mass of the rod in 


terms of its distance from the pivot point and the angular velocity of the rod. We can find 


the angular velocity of the rod by using Newton’s 2™ law to find its angular acceleration 


and then a constant-acceleration equation that relates œ to a. We’ll use the impulse- 


momentum relationship to derive the expression for the force delivered to the rod by the 


pivot. Finally, the location of the center of percussion of the rod will be verified by 


setting the force exerted by the pivot to zero. 


(a) Relate the velocity of the center 
of mass to its distance from the 
pivot point: 


Express the torque due to Fo: 


Solve for a: 


Express the moment of inertia of the 
rod with respect to an axis through 


v =—@ (1) 


T=fyx= Liivo 


_ Fox 
I 


pivot 


Lira = 4ML 


pivot 
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its pivot point: 


Substitute to obtain: ae 3 Fx 

ML’ 

i F xAt 
Express the angular velocity of the OZAN- 3 aa 
rod in terms of its angular ML 
acceleration: 
Substitute in equation (1) to obtain: 3F xAt 
vV = 
cm 2ML 

(b) Let Ip be the impulse exerted by I, + FyAt = MV om 
the pivot on the rod. Then the total and 
impulse (equal to the change in I, = Mv» — FyAt 
momentum of the rod) exerted on 
the rod is: 

i 3h xAt 
pubetitut our result from (a) to Ar oXAt _ FAZEM 3x 1 
obtain: 2L 2L 
Because J, = F At : 3 

a ESR = 
2L 
In order for Fp to be zero: 3x 2L 
—-l=0>x=| — 
2L 3 
41 eco 


Picture the Problem We’ll first express the torque exerted by the force of friction on the 
elemental disk and then integrate this expression to find the torque on the entire disk. 
We’ll use Newton’s 2™ law to relate this torque to the angular acceleration of the disk 
and then to the stopping time for the disk. 


(a) Express the torque exerted on dt, =rdf, (1) 
the elemental disk in terms of the 

friction force and the distance to the 

elemental disk: 


Using the definition of the df, = H,gdm (2) 
coefficient of friction, relate the 
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force of friction to 44 and the weight 
of the circular element: 


Letting orepresent the mass per unit 
area of the disk, express the mass of 
the circular element: 


Substitute equations (2) and (3) in 
(1) to obtain: 


Because o = Te 
aR 


(b) Integrate dr, to obtain the total 


torque on the elemental disk: 


(c) Relate the disk’s stopping time 
to its angular velocity and 
acceleration: 


Using Newton’s 2" law, express @ 
in terms of the net torque acting on 
the disk: 


The moment of inertia of the disk, 
with respect to its axis of rotation, 


is: 


Substitute and simplify to obtain: 


dm=2rro dr 


dT; =27 40 gr°dr 


dT, = AMLE pdr 


f 


hee 
a 
gs 
I 
I=}MR° 
ie 3Ra 
4 Ug 


Calculating the Moment of Inertia 


42 >œ 


2 R 
T -ZAM E f pdr = 
Rs 


(3) 


(4) 


$ MRu,g 


Picture the Problem One can find the formula for the moment of inertia of a thin 


spherical shell in Table 9-1. 


The moment of inertia of a thin 
spherical shell about its diameter is: 


IT =2MR° 
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Substitute numerical values and I = 2(0.057kg)(0.035m) 
evaluate Z: =| 4.66x10°kg-m? 


*43 œ 
Picture the Problem The moment of inertia of a system of particles with respect to a 
given axis is the sum of the products of the mass of each particle and the square of its 


distance from the given axis. 


Use the definition of the moment of l= 2 mr? 
i 


inertia of a system of particles to 
2 2 2 2 
=m, +m,r; +m; + M,N, 


obtain: 

Substitute numerical values and fz B kg)(2 my + (4 kg)(2V2 m) 

evaluate J: 4, (4 kg)(0) 5 (3 kg)(2 m} 
=| 56.0kg-m* 

44 >œ 


Picture the Problem Note, from symmetry considerations, that the center of mass of the 
system is at the intersection of the diagonals connecting the four masses. Thus the 
distance of each particle from the axis through the center of mass is V2 m. According to 
the parallel-axis theorem, J = Zom + Mh? , where Zem is the moment of inertia of the 
object with respect to an axis through its center of mass, M is the mass of the object, and 
h is the distance between the parallel axes. 


Express the parallel axis theorem: IT=I,,, + Mh? 
Solve for J, and substitute from Dm = — Mh? 
Problem 44: 


= 56.0kg-m? —(I4kg)(v2m) 


- ROE] 


Use the definition of the moment of In = > mr? 
inertia of a system of particles to : 

ee 2 2 2 
express em: =mn +m, +m, +m, 
Substitute numerical values and E kg)( 2 m) + (4kg) ( J al 


evaluate Lm: 


+ (4 kg)(V2 m) + (3 kg)(V2 m) 


=| 28.0kg-m? 
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Picture the Problem The moment of inertia of a system of particles with respect to a 
given axis is the sum of the products of the mass of each particle and the square of its 
distance from the given axis. 


(a) Apply the definition of the I = > mr? 
moment of inertia of a system of : > : ; 
particles to express Z: =mn +M, + Mr, +M," 
Substitute numerical values and I, =(3kg)(2m) +(4kg)\(2my 
x 8 g 
ee +(4kg)(0)+ (3kg)(0) 
=| 28.0kg-m? 

oe 2 
(b) Apply the definition of the l= > m,r, 
moment of inertia of a system of : s ; : : 
particles to express Z: =mn +My +m, +m, 
Substitute numerical values and I, = (3 kg)(0) + (4 kg)(2 my) 
— + (4kg)(0)+ (kg)(2my 


- [Rig | 


Remarks: We could also use a symmetry argument to conclude that I, = I,. 
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Picture the Problem According to the parallel-axis theorem, / = /,,, + Mh’, where Im 


is the moment of inertia of the object with respect to an axis through its center of mass, M 
is the mass of the object, and h is the distance between the parallel axes. 


Use Table 9-1 to find the moment of Tm = MR? 
inertia of a sphere with respect to an 
axis through its center of mass: 


Express the parallel axis theorem: T=I,,, + Mh? 


Substitute for Jm and simplify to I =2MR? + MR? =| MR? 
obtain: 
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Picture the Problem The moment of inertia of the wagon wheel is the sum of the 
moments of inertia of the rim and the six spokes. 


Express the moment of inertia of the Tse = Liim + Lspokes 
wagon wheel as the sum of the 
moments of inertia of the rim and 


the spokes: 
Using Table 9-1, find formulas for Lin = M sig R? 
the moments of inertia of the rim and 
and spokes: 

T poke = IM pol 
Substitute to obtain: T ect = M sin R + 6(4 M TE 

= M in R T 2M ool 

Substitute numerical values and La = (8kg)(0.Sm) + 2(1.2kg)(0.5m) 
evaluate wheel: =| Seko: e 


+48 oe 
Picture the Problem The moment of inertia of a system of particles depends on the axis 
with respect to which it is calculated. Once this choice is made, the moment of inertia is 
the sum of the products of the mass of each particle and the square of its distance from 
the chosen axis. 


(a) Apply the definition of the i 3. mr? =| mx? +m, (L = x) 
moment of inertia of a system of i 
particles: 


(b) Set the derivative of J with 


dI 
i —= 2m,x + 2m,(L—x)(-1) 
respect to x equal to zero in order to dx 


identify values for x that correspond = 2(m,x + m,x— m,L) 
to either maxima or minima: = 0 for extrema 
dl mx +m,x—m,L =0 


If — =0, then: 
dx 
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Solve for x: E m,L 


Convince yourself that you’ ve found mL. A 
I 4 > x = ——— is, by definition, the 
a minimum by showing that —— is K 
dx distance of the center of mass from m. 


positive at this point. 
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Picture the Problem Let cbe the mass 


per unit area of the uniform rectangular 
plate. Then the elemental unit has mass 
dm = o dxdy. Let the corner of the plate 
through which the axis runs be the 
origin. The distance of the element 
whose mass is dm from the corner r is 


related to the coordinates of dm through 


the Pythagorean relationship 7° =x? + y’. (a/2,0) (a,0) 
(a) Express the moment of inertia of dI = ox? + y’ )dxdy 

the element whose mass is dm with 

respect to an axis perpendicular to it 

and passing through one of the 

corners of the uniform rectangular 

plate: 


Integrate this expression to find Z: 7 4 
=o fh +’) 
00 


(b) Letting d represent the distance I=I,.+md’ 

from the origin to the center of mass or 

of the plate, use the parallel axis L =I-md = imla? +b?)-md? 
theorem to relate the moment of 
inertia found in (a) to the moment of 
inertia with respect to an axis 
through the center of mass: 


Using the Pythagorean theorem, d’ = € ay + ( 4 by =1 (a? + b?) 
relate the distance d to the center of 


mass to the lengths of the sides of 
the plate: 


Substitute for d” in the expression 
for Jem and simplify to obtain: 
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Picture the Problem Corey will use the point-particle relationship 


Lg > mr, =m,r, +m,r; for his calculation whereas Tracey’s calculation will take 


1 


into account not only the rod but also the fact that the spheres are not point particles. 


(a) Using the point-mass 
approximation and the definition of 
the moment of inertia of a system of 
particles, express Lapp: 


Substitute numerical values and 
evaluate Japp: 


Express the moment of inertia of the 
two spheres and connecting rod 
system: 


Use Table 9-1 to find the moments 
of inertia of a sphere (with respect 
to its center of mass) and a rod (with 
respect to an axis through its center 
of mass): 


Because the spheres are not on the 
axis of rotation, use the parallel axis 
theorem to express their moment of 
inertia with respect to the axis of 
rotation: 


Substitute to obtain: 


Substitute numerical values and evaluate Z: 


_ 2 2 2 
Lp = mr, =mn + mn, 


1 


L» = (0.5kg)(0.2m) + (0.5kg)(0.2m} 
=| 0.0400 kg -m° 


I=I1 


spheres T I rod 


and 


h? 


where h is the distance from the center 


—2 2 
I sphere — 5M sphere È +M sphere 


of mass of a sphere to the axis of 


rotation. 


I = 212 M nere R? aj M snore!” H EM ol 
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I = 22 (0.5 kg)(0.05m}? + (0.5 kg)(0.2 m} }+ 4 (0.06kg)(0.3m) 


=| 0.0415kg +m? 


Compare J and Zapp by taking their ratio: I app _ 0.0400kg- m =| 0.964 
I 0.0415kg-m 


The rotational inertia would increase because Z „„ of a hollow sphere is 


greater than Z.» of a solid sphere. 
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Picture the Problem The axis of rotation 
passes through the center of the base of the 
tetrahedron. The carbon atom and the 
hydrogen atom at the apex of the 
tetrahedron do not contribute to J because 
the distance of their nuclei from the axis of 
rotation is zero. From the geometry, the 
distance of the three H nuclei from the 
rotation axis is a/ V3 , where a is the 


length of a side of the tetrahedron. 


Apply the definition of the moment of 
inertia for a system of particles to 


obtain: 

Substitute numerical values and f= (1 67x107 kg)(0. 18x10° m) 
evaluate /: =|5.41x10 kem 
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Picture the Problem Let the mass of 
the element of volume dV be 

dm = pdV = 2zphrdr where h is the 
height of the cylinder. We’ll begin by 
expressing the moment of inertia d/ for 
the element of volume and then 
integrating it between R, and Ro. 


Express the moment of inertia of the 
element of mass dm: 


Integrate dI from R; to R2 to obtain: 


The mass of the hollow cylinder 
ism = z ph(R? sR), so: 


Substitute for p and simplify to obtain: 
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dl = r’dm = 27phr°dr 


I= zph | dr = Lmph(R$ =R) 


R 


= Lp WR? — R?)(R? +R?) 


i=ta[ z JH -REAR R= tm(R} +R?) 
1 


m hR} -R 
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Picture the Problem We can derive the given expression for the moment of inertia of a 


spherical shell by following the procedure outlined in the problem statement. 


Find the moment of inertia of a 
sphere, with respect to an axis 
through a diameter, in Table 9-1: 


Express the mass of the sphere as a 
function of its density and radius: 


Substitute to obtain: 


Express the differential of this 
expression: 


Express the increase in mass dm as 
the radius of the sphere increases by 
dR: 


Eliminate dR between equations (1) 
and (2) to obtain: 


I =2mR°’ 

m=47pR 

l=47pR 

dl =x p R'dR (1) 
dm = 4r p R’dR (2) 
dI =2R*dm 


Therefore, the moment of inertia of 


the spherical shell of mass mis 2mR’. 
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Picture the Problem We can find C in terms of M and R by integrating a spherical shell 


of mass dm with the given density function to find the mass of the earth as a function of 


M and then solving for C. In part (b), we’ll start with the moment of inertia of the same 


spherical shell, substitute the earth’s density function, and integrate from 0 to R. 


(a) Express the mass of the earth 
using the given density function: 


Solve for C as a function of M and R 


to obtain: 


(b) From Problem 9-40 we have: 


Integrate to obtain: 


M = | dm = [arora 
0 


a AnC * 
=47 cf 1.22r?dr — | redr 
0 R 0 


= 97 .22CR' — 7 CR? 


dl =r pr'dr 


R 
I =8n| pr'dr 
0 


R R 
_ 82(0.508)M [1.22r*dr ae f ar! 
J R 


3R? 4 
_ a” 1.22 p5 _l ps 
R 5 6 


- [032R] 
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Picture the Problem Let the origin be at 

the apex of the cone, with the z axis along 
the cone’s symmetry axis. Then the radius 
of the elemental ring, at a distance z from 

the apex, can be obtained from the 


R 
proportion — = —. The mass dm of the 
z H 


elemental disk is pd V = par’ dz. We’ll 
integrate r°dm to find the moment of inertia 
of the disk in terms of R and H and then 
integrate dm to obtain a second equation in 
R and H that we can use to eliminate H in 
our expression for J. 


Express the moment of inertia of the 
cone in terms of the moment of 
inertia of the elemental disk: 


Express the total mass of the cone in 
terms of the mass of the elemental 
disk: 


Divide J by M, simplify, and solve 
for J to obtain: 


56 cce 
Picture the Problem Let the axis of 
rotation be the x axis. The radius r of the 


elemental area is y R? — z’ and its mass, 
dm, is o dA = 20N R? — z’ dz. We’ll 
integrate z° dm to determine T in terms of o 
and then divide this result by M in order to 


eliminate o and express / in terms of M 
and R. 
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H ape 
M = apf r’dz = mp | Z 2’dz 
0 o H 


1p R°H 


4 MR? 
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Express the moment of inertia about 


the x axis: 


The mass of the thin uniform disk 
is: 

Divide I by M, simplify, and solve 
for I to obtain: 


57 eee 
Picture the Problem Let the origin be at 

the apex of the cone, with the z axis along 
the cone’s symmetry axis, and the axis of 
rotation be the x rotation. Then the radius 

of the elemental disk, at a distance z from 
the apex, can be obtained from the 


R 
proportion — = —. The mass dm of the 
z H 


elemental disk is pd V = par’dz. Each 
elemental disk rotates about an axis that is 
parallel to its diameter but removed from it 
by a distance z. We can use the result from 
Problem 9-57 for the moment of inertia of 
the elemental disk with respect to a 
diameter and then use the parallel axis 
theorem to express the moment of inertia 
of the cone with respect to the x axis. 


Using the parallel axis theorem, 
express the moment of inertia of the 
elemental disk with respect to the x 


axis: 


In Problem 9-57 it was established 
that the moment of inertia of a thin 
uniform disk of mass M and radius 
R rotating about a diameter 

is + MR * Express this result in 


I = f z°dm = | z’o dA 


R 
= [ebovR -7 az] 
-R 


M =onR’ 


I= + MR? , a result in agreement with 


the expression given in Table 9-1 for a 
cylinder of length L = 0. 


dI, = dI x + dmz’ (1) 


where 


dm = pdV = prr°dz 


dlix = 1 (pn rdz\r? 
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terms of our elemental disk: 


Substitute in equation (1) to obtain: 


Integrate from 0 to H to obtain: 


4\ R’ H? 
R*H R°’H? 
=7zp| —— + 

2 5 
Express the total mass of the cone in M a 2g 2 R? 2g 
terms of the mass of the elemental 7p J TRER | ga Ge 

isk: 
dis = Lap H 
Divide J, by M, simplify, and solve H? R? 
P I. =| 3M| — + — 

for Z to obtain: x 5 20 


Remarks: Because both H and R appear in the numerator, the larger the cones are, 
the greater their moment of inertia and the greater the energy consumption 
required to set them into motion. 


Rotational Kinetic Energy 
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Picture the Problem The kinetic energy of this rotating system of particles can be 
calculated either by finding the tangential velocities of the particles and using these 
values to find the kinetic energy or by finding the moment of inertia of the system and 
using the expression for the rotational kinetic energy of a system. 


(a) Use the relationship between v v =h0= (0.2 m)(2 rad/s) = 0.4m/s 
and w to find the speed of each and 


particle: v, =7,@ = (0.4m)(2 rad/s) = 0.8 m/s 
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Find the kinetic energy of the 
system: 


(b) Use the definition of the moment 
of inertia of a system of particles to 
obtain: 


Substitute numerical values and 
evaluate T: 


Calculate the kinetic energy of the 
system of particles: 


*59 œ 


K =2K,+2K,=m,v3+my, 


= (3kg)(0.4m/s) + (1kg)(0.8m/s) 


=/1.12J 
I=) mr 
i 
=mrf +m,r; + mr; + mri 


I = (1kg)(0.4mY +(3kg)(0.2m) 
+(1kg)(0.4m)’ +(3kg)(0.2 mY 
= 0.560kg: m’ 


K =1I@° = 1(0.560kg-m?)(2rad/s)’ 
=/1.12J 


Picture the Problem We can find the kinetic energy of this rotating ball from its angular 


speed and its moment of inertia. We can use the same relationship to find the new angular 


speed of the ball when it is supplied with additional energy. 


(a) Express the kinetic energy of the 
ball: 


Express the moment of inertia of 
ball with respect to its diameter: 


Substitute for T: 


Substitute numerical values and 
evaluate K: 


(b) Express the new kinetic energy 
with K' = 2.0846 J: 


Express the ratio of K to K^ 


K =410° 
1 =2MR* 
K =1MR’@” 


K =1(1.4kg)(0.075m/) 


2 <2 
[v rev : 2arad | mi) 


min rev 60s 
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Solve for a’ K' 


Substitute numerical values and . ~ 12.0846J 

A @' = (70 rev/min) ——— 

evaluate a’: 0.0846 J 
=| 347 rev/min 
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Picture the Problem The power delivered by an engine is the product of the torque it 
develops and the angular speed at which it delivers the torque. 


Express the power delivered by the P=tø@ 
engine as a function of the torque it 

develops and the angular speed at 

which it delivers this torque: 


Substitute numerical values and evaluate P: 


rev 2arad_ lmin 
P=(400N. =| 155kW 
(400 3700 mi 


rev 
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Picture the Problem Let 7; and r, be the distances of m; and m, from the center of mass. 
We can use the definition of rotational kinetic energy and the definition of the center of 
mass of the two point masses to show that K/K = m2/m. 


Use the definition of rotational K, tlo = miro _ mr? 


kinetic energy to express the ratio of K. 1 lo; m ro m, r 
the rotational kinetic energies: 


Use the definition of the center of rnm =r,m, 


mass to relate mı, m, rı and r2: 


2 
r : 
Solve for — , substitute and K _ m (2 | a| My 
r. 
2 K, m, m, 
simplify to obtain: 
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Picture the Problem The earth’s rotational kinetic energy is given by 
Ka =H @ where I is its moment of inertia with respect to its axis of rotation. The 


rot 
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center of mass of the earth-sun system is so close to the center of the sun and the earth- 
sun distance so large that we can use the earth-sun distance as the separation of their 


centers of mass and assume each to be point mass. 


Express the rotational kinetic energy 
of the earth: 


Find the angular speed of the earth’s 
rotation using the definition of a: 


From Table 9-1, for the moment of 
inertia of a homogeneous sphere, we 
find: 


Substitute numerical values in 
equation (1) to obtain: 


Express the earth’s orbital kinetic 
energy: 


Find the angular speed of the center 
of mass of the earth-sun system: 


Express and evaluate the orbital 
moment of inertia of the earth: 


Substitute in equation (2) to obtain: 


K vot =11@° (1) 
se. AQ _  2azrad 
At 24hx 3600s 


= 7.27 x10” rad/s 


I=2MR° 
= 2(6.0x10* kg)(6.4x10° mf 
= 9.83x10°’ kg-m? 


a = $(9.83x10°’ kg-m?) 
x (7.2710 rad/s) 


=| 2.60x10” J 
Kos = +1o;., (2) 
_ A0 
At 
B 2a rad 
Bes Osama en 
day h 
=1.99x107 rad/s 
I=M,R? 


orb 


= (6.010% kg )(1.50x10" m} 
=1.35x10""kg-m? 


Koy =4(1.35x10" kg-m?) 
(1.99107 rad/s)” 
= 2.67x10" J 


orb , 


Evaluate the ratio 


rot 
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K orb 
K 


267210" T 
2.60 x10” J 


10° 


rot 


Picture the Problem Because the load is not being accelerated, the tension in the cable 


equals the weight of the load. The role of the massless pulley is to change the direction 


the force (tension) in the cable acts. 


(a) Because the block is lifted at 
constant speed: 


(b) Apply the definition of torque at 
the winch drum: 


(c) Relate the angular speed of the 
winch drum to the rate at which the 
load is being lifted (the tangential 
speed of the cable on the drum): 


(d) Express the power developed by 
the motor in terms of the tension in 

the cable and the speed with which 

the load is being lifted: 
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T = mg =(2000kg)(9.81 m/s’) 


- [198] 


T = Tr =(19.6kN)(0.30m) 


=| 5.89kN-m 
pe E 0.267 rad/s 
r 0.30m 


P = Tv = (19.6 KN) (0.08 m/s) 
=| 1.57kW 


Picture the Problem Let the zero of gravitational potential energy be at the lowest point 


of the small particle. We can use conservation of energy to find the angular velocity of 


the disk when the particle is at its lowest point and Newton’s 2™ law to find the force the 


disk will have to exert on the particle to keep it from falling off. 


(a) Use conservation of energy to 
relate the initial potential energy of 
the system to its rotational kinetic 
energy when the small particle is at 
its lowest point: 


Solve for œg 


AK + AU =0 
or, because U;= K; = 0, 
ae FI i)o —mgAh = 0 


2mgAh 
ee Re 
L sick + lst 
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Substitute for Laisks L particles and Ah 
and simplify to obtain: 


(b) The mass 1s in uniform circular 
motion at the bottom of the disk, so 
the sum of the force F exerted by 
the disk and the gravitational force 
must be the centripetal force: 


Solve for F and simplify to obtain: 
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Picture the Problem Let the zero of gravitational potential energy be at the center of 
mass of the ring when it is directly below the point of support. We’ll use conservation of 
energy to relate the maximum angular velocity and the initial angular velocity required 


aoe 2mg(2R) z 8mg 
© \2MR? + mR? R(2m+M) 


F-mg=mRo; 


F=mg+mRoa; 


for a complete revolution to the changes in the potential energy of the ring. 


(a) Use conservation of energy to 
relate the initial potential energy of 
the ring to its rotational kinetic 
energy when its center of mass is 
directly below the point of support: 


Use the parallel axis theorem and 
Table 9-1 to express the moment of 
inertia of the ring with respect to its 
pivot point P: 


Substitute in equation (1) to obtain: 


Solve for @nax: 


Substitute numerical values and 
evaluate max: 


AK + AU =0 
or, because U;= K; = 0, 
+1,,., —mgAh = 0 (1) 


Ip = Lon +mR°* 


1 (mR? +mR’)@?,, —mgR =0 


3 
id 
—_— 
[oa | 


9.81m/s* 
Onax = \ 0.75m =| 3.62 rad/s 
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(b) Use conservation of energy to AK + AU =0 
relate the final potential energy of or, because U; = Kr= 0, 
the ring to its initial rotational -41 p0; +mgAh=0 


kinetic energy: 


Noting that the center of mass must = 1 (mR? + mR? Jo? +mgR=0 
rise a distance R if the ring is to 

make a complete revolution, 

substitute for Ip and Ah to obtain: 


Solve for @;: 


S 
ll 
by jo | 


Substitute numerical values and 9.81m/s? 
evaluate @;: QO; = \ 075m =| 3.62 rad/s 
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Picture the Problem We can find the energy that must be stored in the flywheel and 
relate this energy to the radius of the wheel and use the definition of rotational kinetic 
energy to find the wheel’s radius. 


Relate the kinetic energy of the Kyo = St O? = (2 MJ/km)(300 km) 
flywheel to the energy it must = 600 MJ 
deliver: 
Express the moment of inertia of the I= 1 MR?’ 
flywheel: 
Substitute for /.,; and solve for æ: R= 2 |K m 

@\VM 
Substitute numerical values and 
evaluate R: E 2 

400 Œ x 2a rad 
s rev 


-[198m] 
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Picture the Problem We’ll solve this problem for the general case of a ladder of length 
L, mass M, and person of mass m. Let the zero of gravitational potential energy be at 
floor level and include you, the ladder, and the earth in the system. We’ll use 
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conservation of energy to relate your impact speed falling freely to your impact speed 


riding the ladder to the ground. 


Use conservation of energy to relate 
the speed with which a person will 
strike the ground to the fall distance 
L: 


Solve for v; : 


Letting ær represent the angular 
velocity of the laddertperson 
system as it strikes the ground, use 
conservation of energy to relate the 
initial and final momenta of the 
system: 


Substitute for the moments of inertia 
to obtain: 


Substitute v, for L.@; and solve for 


2 
Vex 


Tr 


2 
Vv 

Express the ratio —> : 
v 
f 


Solve for v, to obtain: 


AK + AU =0 
or, because K; = Us= 0, 
4mv; —mgL =0 


v? =2gL 


AK +AU =0 
or, because K; = Uf = 0, 


L 
ise + Iai lO? F- (mgr + Mg 2) = 0 


sfm sim Po; -[ met +m] =0 


v = 
m+— 

2 m+— 
Ua 
v m% 
3 

6m+3M 

© fYN6m+2M 


Unless M, the mass of the ladder, is zero, v, > v,. It is better to let go and 


fall to the ground. 
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Pulleys, Yo-Yos, and Hanging Things 
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Picture the Problem We’ll solve this problem for the general case in which the mass of 
the block on the ledge is M, the mass of the hanging block is m, and the mass of the 
pulley is M,, and R is the radius of the pulley. Let the zero of gravitational potential 
energy be 2.5 m below the initial position of the 2-kg block and R represent the radius of 
the pulley. Let the system include both blocks, the shelf and pulley, and the earth. The 
initial potential energy of the 2-kg block will be transformed into the translational kinetic 
energy of both blocks plus rotational kinetic energy of the pulley. 


(a) Use energy conservation to AK + AU =0 
relate the speed of the 2 kg block or, because K; = Up= 0, 
when it has fallen a distance Ah to 1(m+M)v? +41 R -mgh =0 


its initial potential energy and the 
kinetic energy of the system: 


2 


Substitute for Jpuney and @ to obtain: 
ubstitute for Jputiey and @ to obtain y(m+M)v? +4 (MR?) —mgh = 0 


Solve for v: 2mgh 

v= [—— 

\M+m+3M, 
Substitute numerical values and ve 2(2 kg)(9.8 1m/s? (2. 5 m) 
evalua | 4kg+2kg++(0.6kg) 
=| 3.95 m/s 

(b) Find the angular velocity of the ae 3.95 m/s =| Ao Sead 
pulley from its tangential speed: R 0.08m 
69 = 


Picture the Problem The diagrams show 
the forces acting on each of the masses and 
the pulley. We can apply Newton’s 2™ law 
to the two blocks and the pulley to obtain 
three equations in the unknowns 7}, 7>, and 


a. Ë | mg 
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Apply Newton’s 2" law to the two 
blocks and the pulley: 


Eliminate æ in equation (2) to 
obtain: 


Eliminate T, and T, between 
equations (1), (3) and (4) and solve 
for a: 


Substitute numerical values and 
evaluate a: 


Using equation (1), evaluate Tı: 


Solve equation (3) for T): 


Substitute numerical values and 
evaluate 7): 
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Sa =a; (1) 
ae =(1,-T)r=I,a, (2) 
and 

DF, =m,g -T, =m,a (3) 
T, -T, =1M,,a (4) 
g= Mas 


m,+m,+7M, 


2 
___@kg)08ims*) _ pa 
2kg+4kg+4+(0.6kg) 


7, = (4kg)(3.11m/s*)=[12.5N | 


T, =m,(g-a) 


(2kg)(9.81m/s? -3.11m/s?) 


=|13.4N 


T, 


Picture the Problem We’ll solve this problem for the general case in which the mass of 


the block on the ledge is M, the mass of the hanging block is m, the mass of the pulley is 


M,, and R is the radius of the pulley. Let the zero of gravitational potential energy be 2.5 


m below the initial position of the 2-kg block. The initial potential energy of the 2-kg 


block will be transformed into the translational kinetic energy of both blocks plus 


rotational kinetic energy of the pulley plus work done against friction. 


(a) Use energy conservation to 
relate the speed of the 2 kg block 
when it has fallen a distance Ah to 
its initial potential energy, the 
kinetic energy of the system and the 
work done against friction: 


Substitute for pulley and @ to obtain: 


AK +AU +W; =0 
or, because K; = Us= 0, 
L(m a M)v + H iyt 


-mgh + u,Mgh = 0 


2 
v 
a 
-mgh + u,Mgh = 0 


L(m+M)v+4(4M,) 
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Solve for v: 2gh(m — uM) 
y= 
M+m+ 3M, 


Substitute numerical values and evaluate v: 


2(9.81m/s? )(2.5m)|2kg —(0.25)(4kg)| 
"=y akg +2ke+4(0.6kg) eae 


(b) Find the angular velocity of the pulley nie La 2.79 m/s - [349 rad/s 


from its tangential speed: R 0.08m 


71 % 

Picture the Problem Let the zero of gravitational potential energy be at the water’s 
surface and let the system include the winch, the car, and the earth. We’ ll apply energy 
conservation to relate the car’s speed as it hits the water to its initial potential energy. 
Note that some of the car’s initial potential energy will be transformed into rotational 
kinetic energy of the winch and pulley. 


Use energy conservation to relate AK + AU =0 
the car’s speed as it hits the water to or, because Ki = Us= 0, 
its initial potential energy: tmv*+41,o. +41 > o; —mg\h = 0 
Express @, and œ, in terms of the v’ v’ 
o. O,, =— and @, => 
speed v of the rope, which is the r r, 


same throughout the system: 


Substitute to obtain: v ‘i 
1 2 1 1 m 
ymv” tale poly z7 mgAh =0 
w p 


Solve for v: 2mgAh 


Substitute numerical values and 2(1 200 kg)(9.8 lis (5 m) 

evaluate v: 320kg:-m? 4kg-m? 
+ 

(0.8m) (0.3m) 


1200kg + 


=| 8.21m/s 


a 
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Picture the Problem Let the system 1 
include the blocks, the pulley and the earth. n T, 
Choose the zero of gravitational potential i 
energy to be at the ledge and apply energy 
conservation to relate the impact speed of 
the 30-kg block to the initial potential me 
energy of the system. We can use a — 
constant-acceleration equations and My) 8 
Newton’s 2™ law to find the tensions in the | 
strings and the descent time. 


AK +AU =0 
or, because K; = Uç = 0, 


(a) Use conservation of energy to 
relate the impact speed of the 30-kg 


1 241 244 2 
ZMV +5>Myv +z, 


block to the initial potential energy 71, 


of the system: +m,,gAh —m,,gAh = 0 


Substitute for @, and J, to obtain: 


Solve for v: — 2gAh(m,, = my) 

N Mag + Mao +7M, 
Substitute numerical values and (9.81 m/s? (2 m) (30 kg —20 kg) 
evaluate v: = 


(b) Find the angular speed at impact 
from the tangential speed at impact 
and the radius of the pulley: 


(c) Apply Newton’s 2™ law to the 
blocks: 


Using a constant-acceleration 
equation, relate the speed at impact 
to the fall distance and the 


2 
1 2,1 2,1(1 2 
ZMV +z MoV +M, z 


+m,,gAh—m,,gAh = 0 


2 


|  20kg+30kg++4(5kg) 


=| 2.73 m/s 
2.73 m/ 


r 


> F, =T, -Myg = Mya (1) 


pas =m, g—T, = My a 


v? =v; +2aAh 


or, because vo = 0, 


(2) 
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leration and solve for and 2 ? 

acceleration and solve for an ri v (2.73 m/s) -1.87 m/s? 
evaluate a: 2Ah 2(2 m) 

Substitute in equation (1) to find 7;: T = My) (g + a) 


= (20 kg)(9.81m/s? +1.87 m/s?) 


=| 234N 


Substitute in equation (2) to find 7): T, = Mo (g z a) 
= (30kg)(9.81m/s? -1.87 m/s?) 


- [BN] 


(d) Noting that the initial speed of A= Ah _ Ah _ 2Ah 
the 30-kg block is zero, express the v $v v 


av 


time-of-fall in terms of the fall 
distance and the block’s average 
speed: 


Substitute numerical values and _ 2(2 m) =| 7476 
evaluate At: 2.73 m/s 


73 0 

Picture the Problem The force diagram . 

shows the forces acting on the sphere and . A 
the hanging object. The tension in the 

string is responsible for the angular R 
acceleration of the sphere and the 0 ? 
difference between the weight of the object 
and the tension is the net force acting on 
the hanging object. We can use Newton’s y T 
2™ law to obtain two equations in a and T Y mg 


that we can solve simultaneously. 


(a)Apply Newton’s 2" law to the > To =TR = Tere (1) 


sphere and the hanging object: and 


DF. =mg-T=ma 2) 


Substitute for sphere and @ in TR = (2 MR? ) a G3) 
equation (1) to obtain: R 


666 Chapter 9 


Eliminate T between equations (2) 
and (3) and solve for a to obtain: 


(b) Substitute for a in equation (2) 
and solve for T to obtain: 


74 + 

Picture the Problem The diagram shows 
the forces acting on both objects and the 
pulley. By applying Newton’s 2™ law of 
motion, we can obtain a system of three 
equations in the unknowns 7}, 7>, and a 
that we can solve simultaneously. 


(a) Apply Newton’s 2™ law to the 
pulley and the two objects: 


Substitute for Jo = Zputiey and @ in 
equation (2) to obtain: 


Eliminate 7; and T, between 
equations (1), (3) and (4) and solve 
for a to obtain: 


Substitute numerical values and 
evaluate a: 


(b) Substitute for a in equation (1) 
and solve for 7; to obtain: 


_ g 
"=| OM 
1+ — 
5m 
Te 2mMg 
5m+2M 


(m, -m )g 
m +m, +}4m 


a= 


_ (510g -500g)(981cm/s*) 
500g +510g+4(50g) 


=| 9.478 cm/s? 


T= m (g +a) 
= (0.500 kg)(9.81m/s? +0.09478m/s°) 


- [195285] 
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Substitute for a in equation (3) and T, =m, (g -= a) 
solve for T, to obtain: = (0.510kg)(9.81m/s? -0.09478 m/s?) 
=| 4.9548 N 
Find AT: AT =T, -T = 4.9548 N — 4.9524 N 
=| 0.0024 N 
(c) If we ignore the mass of the Pm (m, EMi )g 
pulley, our acceleration equation is: m +m, 
Substitute numerical values and = (510g -500 2)(98 1cm/s? ) 
evaluate a: 7 500g¢+510¢ 
=| 9.713cm/s* 
Substitute for a in equation (1) and T, =m, (g + a) 


solve for T; to obtain: 


Substitute numerical values and evaluate T): 


T, =(0.500kg)(9.81m/s? +0.09713 m/s? )=| 4.9536N 


From equation (4), if m = 0: T =T, 
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Picture the Problem The diagram shows H 
the forces acting on both objects and the 4 
pulley. By applying Newton’s 2™ law of T, 
motion, we can obtain a system of three 

equations in the unknowns 7}, 7>, and a 9 ° 
that we can solve simultaneously. 


Tm g 


mg Ñ 
| 


x x 


(a) Express the condition that the Tre = 1,ZR, —m,gR, =0 
system does not accelerate: 
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Solve for mz: wy R 

m, = m — 

2 

Substitute numerical values and 1.2m 

m, = (24kg) — =| 72.0k 
evaluate my: i ( g) 0.4m [720kg | 
(b) Apply Newton’s 2" law to the XF, =mg-T =ma, (1) 
objects and the pulley: Er =T.R,-T,R, =1,a, (2) 

and 


> F,=T,-m,g=m,a Q) 


Eliminate a in favor of æ in equations T =m, (g -Ra ) (4) 
(1) and (3) and solve for T; and 7): and 

T, =m, (g +R,a) (5) 
Substitute for T, and T» in equation E (m, R, -m,R, )g 
(2) and solve for @ to obtain: m R? +m,R; +1, 


Substitute numerical values and evaluate a: 


_ [86kg)(1.2m)—(72kg)(0.4m)](9.81m/s*)  _ ; 
ies Bea 2my ENIN, paims), 7 


Substitute in equation (4) to find 7): 


T, = (36kg)|9.81m/s? -(1.2m)(1.37rad/s?)]=[ 294N 


Substitute in equation (5) to find 7: 


T, = (72kg)|9.81 m/s?+ (0.4 m)(1.37 rad/s” )|=[ 746N 
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Picture the Problem Choose the 

coordinate system shown in the diagram. Ť 
By applying Newton’s 2™ law of motion, 
we can obtain a system of two equations in 
the unknowns T and a. In (b) we can use 
the torque equation from (a) and our value 
for T to finda. In (c) we use the condition 
that the acceleration of a point on the rim 
of the cylinder is the same as the 
acceleration of the hand, together with the TMg 


angular acceleration of the cylinder, to find 
the acceleration of the hand. 


` nd 
(a) Apply Newton’s 2™ law to the J peT i a (1) 
cylinder about an axis through its 
center of mass: and 
2 F, =Mg-T =0 (2) 
Solve for T to obtain: T =| Mg 
(b) Rewrite equation (1) in terms of TR = Iæ 
a. 
Solve for a: _TR 
a=— 
vf 
Substitute for T and Jp to obtain: a= MgR _ 
+MR* | R 
(c) Relate the acceleration a of the a=Ra 


hand to the angular acceleration of 
the cylinder: 


=|2¢ 


; iti: 2 
Substitute for @ to obtain j= x| & ) 
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Picture the Problem Let the zero of 
gravitational potential energy be at the 
bottom of the incline. By applying 
Newton’s 2™ law to the cylinder and the 
block we can obtain simultaneous 
equations in a, T, and @ from which we 
can express a and T. By applying the 
conservation of energy, we can derive 
an expression for the speed of the block 
when it reaches the bottom of the 


incline. 


(a) Apply Newton’s 2™ law to the 
cylinder and the block: 


Substitute for a in equation (1), 
solve for 7, and substitute in 
equation (2) and solve for a to 
obtain: 


(b) Substitute for a in equation (2) 
and solve for T: 


(c) Noting that the block is released 
from rest, express the total energy of 
the system when the block is at 
height h: 


(d) Use the fact that this system is 
conservative to express the total 
energy at the bottom of the incline: 


(e) Express the total energy of the 
system when the block is at the 
bottom of the incline in terms of its 
kinetic energies: 


Dae Re 
and 
SF, =m,gsinĝ -T = m,a 


a= 
1+ 

T= 

E=U+K= 

E potom =| mgh 

E bottom — Bs + K o 


_1 2.1 2 
= z MV +51,@ 


(1) 


(2) 
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2 


Substitute for œ and Jp to obtain: n nn (: 2 yy _ 
zi aa S m,gh 


Solve for v to obtain: 


(f) For 0=0: 


For 6= 90°: 


For m; = 0: 


, and 
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Picture the Problem Let r be the radius of 

the concentric drum (10 cm) and let Jp be 

the moment of inertia of the drum plus T 
platform. We can use Newton’s 2™ law in 

both translational and rotational forms to i) 

express Jo in terms of a and a constant- 

acceleration equation to express a and then Ť 

find Jo. We can use the same equation to Mg 
find the total moment of inertia when the | 
object is placed on the platform and then x 
subtract to find its moment of inertia. 


(a) Apply Newton’s 2™ law to the » To =Tfr=1,a (1) 
platform and the weight: £ F. = Mg -T = Ma (2) 


672 Chapter 9 


Substitute a/r for a in equation (1) 
and solve for T: 


Substitute for T in equation (2) and 
solve for a to obtain: 


Using a constant-acceleration 
equation, relate the distance of fall 
to the acceleration of the weight and 
the time of fall and solve for the 
acceleration: 


Substitute for a in equation (3) to 
obtain: 


Substitute numerical values and 
evaluate Jp: 


(b) Relate the moments of inertia of 
the platform, drum, shaft, and pulley 
(Io) to the moment of inertia of the 
object and the total moment of 


inertia: 


Substitute numerical values and 
evaluate Aot: 


Solve for and evaluate Z: 


1 e (3) 


Ax = v,At +4a(At) 


or, because vy = 0 and Ax = D, 
2D 


(Ac) 


2 
f -mr(£-1| scales 
2D 


a 


(2.5kg)(0.1m) 


Bats sl i 
2(1.8m) 


L 


=| 1.177kg: m? 


EES; -m(£-1) 
a 


Tq = (2.5kg)(0.1m) 


eciaee 
2(1.8m) 


=| 3.125kg-m? 


I=] —1y) =3.125kg-m? 
—1.177kg-m? 


=| 1.948kg-m?* 


| 


: 
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Objects Rolling Without Slipping 
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Picture the Problem The forces acting on 
the yo-yo are shown in the figure. We can 
use a constant-acceleration equation to 

relate the velocity of descent at the end of 


the fall to the yo-yo’s acceleration and 
Newton’s 2™ law in both translational and 


rotational form to find the yo-yo’s Ving 
acceleration. : 
Using a constant-acceleration v= vo + 2aAh 
equation, relate the yo-yo’s final or, because vy = 0 
speed to its acceleration and fall v= 24Ah (1) 
distance: 
Use Newton’s 2™ law to relate the > F, = mg -T = ma (2) 
forces that act on the yo-yo to its ane 
acceleration: 3 t) =Tr=1,a (3) 
Use a = rqa to eliminate ain a 

2 Pak” (4) 
equation (3) r 

. . . I 
Eliminate T beiween equations (2) mg — 2 ama (5) 
and (4) to obtain: r 
Substitute 4 mR ? for Ip in equation + mR? 
mg ———,— a= ma 
(5): r 
Solve for a: ie E 
= T 
l+- 
2r 
Substitute numerical values and 9.81m/s?° 
a= — = 0.0864 m/s” 
evaluate a: (1 5 m) 
2(0.1m)’ 

Substitute in equation (1) and pe (2(0.0864 m/s? )(57 m) 


evaluate v: 
=| 3.14m/s 
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Picture the Problem The diagram shows — T 
the forces acting on the cylinder. By N N 
applying Newton’s 2™ law of motion, we | \o 
can obtain a system of two equations in the o F 
unknowns T, a, and @ that we can solve = 
simultaneously. on 
| 

(a) Apply Newton’s 2™ law to the p2 To =TR=1,a (1) 
cylinder: and 

> F,=Mg-T=Ma (2) 
Substitute or a and J in equation TR = ( i MR?) a 
(1) to obtain: R 
Solve for T: T = 4 Ma (3) 
Substitute for T in equation (2) and a=|2¢g 
solve for a to obtain: 
(6) Substitute for a in equation (3) T=1iM (2 g) =| + Mg 
to obtain: 
81 eo 
Picture the Problem The forces acting on 
the yo-yo are shown in the figure. Apply E) 
Newton’s 2™ law in both translational and ras 
rotational form to obtain simultaneous 
equations in T, a, and @ from which we can 
eliminate q and solve for T and a. "E 

| 

Apply Newton’s 2™ law to the yo-yo: > F. =mg-T = ma (1) 

and 

Tame (2) 

z sra ; å 

Use a =ra to eliminate ain Pei, (3) 


equation (2) r 


Eliminate T between equations (1) 
and (3) to obtain: 


Substitute +mR? for Jy in equation 


(4): 


Solve for a: 


Substitute numerical values and 
evaluate a: 


Use equation (1) to solve for and 
evaluate T: 
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S E 
2r’ 
_ 9.81m/s* 
2(0.01m) 
T = m(g~-a) 


II 


=| 0.962 N 
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(4) 


Cn ea 
1+—— 


(0.1kg)(9.81 m/s? — 0.192 m/s?) 


Picture the Problem We can determine the kinetic energy of the cylinder that is due to 
its rotation about its center of mass by examining the ratio K o / K. 


Express the rotational kinetic energy of 
the homogeneous solid cylinder: 


Express the total kinetic energy of the 
homogeneous solid cylinder: 


rot , 


Express the ratio 


83 


= 1 
K o ~ Z Loyi 
K = K o + K iras 
1 
Kio = qmv 
2 
K ¿êm 


(b) is correct. 


Picture the Problem Any work done on the cylinder by a net force will change its 


kinetic energy. Therefore, the work needed to give the cylinder this motion is equal to its 


kinetic energy. 


Express the relationship between the 
work needed to stop the cylinder and 
its kinetic energy: 


| =|AK|=4mv? +410? 


676 Chapter 9 


Because the cylinder is rolling without v=ro 
slipping, its translational and angular 
speeds are related according to: 


Substitute for J (see Table 9-1) and œ w| = timy + 11o 


and simplify to obtain: y? 
l 2, 1f(1l 2 
=5mMVv +4(Lmr l; 


—3 2 
= zmv 


Substitute for m and v to obtain: | =4(60kg)(Sm/s) =| 1.13kJ 
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Picture the Problem The total kinetic energy of any object that is rolling without 
slipping is given by K = K,, + K- We can find the percentages associated with each 


trans rot * 
motion by expressing the moment of inertia of the objects as km7” and deriving a general 
expression for the ratios of rotational kinetic energy to total kinetic energy and 

translational kinetic energy to total kinetic energy and substituting the appropriate values 


of k. 


Express the total kinetic energy K = K rans 


associated with a rotating and 2 
translating object: 


K i 2 
Express the ratio —* : Koa _ ee P acer 
K K mw (+k) l+k ac 
k 
K Iy 
Express the ratio —““: Kans = a 2 Al 
K K  im?(l+k) 1+k 


(a) Substitute k = 2/5 for a uniform K o a a E E 
L T = 0.286 =| 28.6% 


sphere to obtain: 


1 
Hans. = =0.714=| 71.4% 
T 71.4% | 
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(b) Substitute k = 1/2 for a uniform Ko Io o 0 
eo ae 33.3% 


cylinder to obtain: 


1+— 
0.5 
and 
K ans : =| 66.7% 
K  1+0.5 
(c) Substitute k= 1 for a hoop to obtain: K o z l = 5 
K ni R l 50.0% 
1 
and 
K 1 
trans 2o 50.0% 
K 1+1 
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Picture the Problem Let the zero of gravitational potential energy be at the bottom of the 
incline. As the hoop rolls up the incline its translational and rotational kinetic energies are 
transformed into gravitational potential energy. We can use energy conservation to relate 
the distance the hoop rolls up the incline to its total kinetic energy at the bottom of the 


incline. 


Using energy conservation, relate 
the distance the hoop will roll up the 
incline to its kinetic energy at the 
bottom of the incline: 


Express Ķ; as the sum of the 
translational and rotational kinetic 
energies of the hoop: 


When a rolling object moves with 
speed v, its outer surface turns with 
a speed v also. Hence @ = v/r. 
Substitute for / and @ to obtain: 


Letting AA be the change in 
elevation of the hoop as it rolls up 
the incline and AL the distance it 
rolls along the incline, express Ug 


Substitute in equation (1) to obtain: 


AK +AU =0 

or, because Kp = U; = 0, 

—K,+U, =0 (1) 
K; = K rans +K o = tm’ +110 


U, =mgAh = mgAL sin 0 


-my’ +mgALsin@ =0 
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Solve for AL: Are v 
gsind 
Substitute numerical values and (1 5m/ s) 
= - =| 45.9m 
evaluate AL: (9.81m/s?) sin30° 
*86 se 


Picture the Problem From Newton’s 2™ law, the acceleration of the center of mass 
equals the net force divided by the mass. The forces acting on the sphere are its weight 


mg downward, the normal force F , that balances the normal component of the weight, 


and the force of friction f acting up the incline. As the sphere accelerates down the 
incline, the angular velocity of rotation must increase to maintain the nonslip condition. 
We can apply Newton’s 2™ law for rotation about a horizontal axis through the center of 
mass of the sphere to find æ, which is related to the acceleration by the nonslip condition. 


The only torque about the center of mass is due to f because both mg and F, act through 


the center of mass. Choose the positive direction to be down the incline. 
y 


A 


Apply XF = md to the sphere: mg sin 0 — f = mam (1) 
Apply > T = Í mæ to the sphere: Sr=lT yO 
Use the nonslip condition to a. 
eliminate œ and solve for f: Pt = Ly oe 
and 
I 
f =—7 lem 
r 
Substitute this result for fin . om 
equation (1) to obtain: Mg sin O ——H aem = MA gm 
From Table 9-1 we have, for a solid (a 2 mr? 


sphere: 
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Substitute in equation (1) and simplify mg sin 0 —2a,,, = My», 
to obtain: 
Solve for and evaluate 0: [Ta 
0 =sin em 
5g 
0. 
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Picture the Problem From Newton’s 2” law, the acceleration of the center of mass 
equals the net force divided by the mass. The forces acting on the thin spherical shell are 


its weight mg downward, the normal force F, that balances the normal component of the 


weight, and the force of friction f acting up the incline. As the spherical shell accelerates 


down the incline, the angular velocity of rotation must increase to maintain the nonslip 
condition. We can apply Newton’s 2" law for rotation about a horizontal axis through the 
center of mass of the sphere to find æ, which is related to the acceleration by the nonslip 


condition. The only torque about the center of mass is due to f because both mg and 


F , act through the center of mass. Choose the positive direction to be down the incline. 


Apply YF = md to the thin mg sin@— f = mam (1) 
spherical shell: 

Apply >) 7 = I „4 to the thin fr =L yl 

spherical shell: 


Use the nonslip condition to 
eliminate @ and solve for f: 


Substitute this result for fin 
equation (1) to obtain: 


From Table 9-1 we have, for a thin I = 2mr’ 
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spherical shell: 


Substitute in equation (1) and 
simplify to obtain: 


Solve for and evaluate 0: 


mg sin@—+a,,, =ma 


cm 


6 =sin" ELE 
3g 
= sin” ee =| 19.5° 


Remarks: This larger angle makes sense, as the moment of inertia for a given mass 
is larger for a hollow sphere than for a solid one. 
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Picture the Problem The three forces 
acting on the basketball are the weight of 
the ball, the normal force, and the force of 
friction. Because the weight can be 
assumed to be acting at the center of mass, 
and the normal force acts through the 
center of mass, the only force which exerts 
a torque about the center of mass is the 
frictional force. We can use Newton’s 2" 
law to find a system of simultaneous 
equations that we can solve for the 
quantities called for in the problem 
statement. 


(a) Apply Newton’s 2" law in both 


translational and rotational form to the 
ball: 


Because the basketball is rolling 
without slipping we know that: 


Substitute in equation (3) to obtain: 


From Table 9-1 we have: 


Substitute for J) and @ in equation 
(4) and solve for f: 


YF, =mgsind— f, =ma, 
y =F —mgcosé=0 
and 


St =fr=I1,a 


(2) 


(3) 


(4) 


(5) 
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Substitute for f; in equation (1) and a=|2gsin0 

solve for a: 

(b) Find f, using equation (5): = 2m(ig sin 6) =| 2mgsin0 
(c) Solve equation (2) for F,,: F, =mgcos@ 

Use the definition of f; max to obtain: Somax = Me Py, = Lmg COS O rax 
Use the result of part (b) to obtain: 2mgsin6,,,, = LME cos Oax 
Solve for Anax: Oax =| tan” (i u) 
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Picture the Problem The three forces 
acting on the cylinder are the weight of the 
cylinder, the normal force, and the force of 
friction. Because the weight can be 
assumed to be acting at the center of mass, 
and the normal force acts through the 
center of mass, the only force which exerts 
a torque about the center of mass is the 
frictional force. We can use Newton’s 2™ 
law to find a system of simultaneous 
equations that we can solve for the 


quantities called for in the problem 


statement. 
(a) Apply Newton’s 2™ law in both XF, =mgsinĝ- f =ma, (1) 
translational and rotational form to y F, = F, -mg cos 0=0 (2) 
the cylinder: 

and 

Dt hae (3) 
Because the cylinder is rolling We a 
without slipping we know that: r 
Substitute in equation (3) to obtain: r=, a (4) 


From Table 9-1 we have: I, =4mr 
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Substitute for Jọ and @ in equation 
(4) and solve for f: 


Substitute for f; in equation (1) and 
solve for a: 


(b) Find f; using equation (5): 


(c) Solve equation (2) for F;: 


Use the definition of fmax to obtain: 


Use the result of part (b) to obtain: 


Solve for Onax: 


#90 ee 


fr=(bmr?)2= f =+ma (5) 
r 


f,=4mlge sind) = [Frain | 


F, =mgcos@ 


oo = He, = Umg COS Cis 


t mg sin Opas = LME COS O pax 


max 


6... =| tan h3 u, ) 


max 


Picture the Problem Let the zero of gravitational potential energy be at the elevation 


where the spheres leave the ramp. The distances the spheres will travel are directly 


proportional to their speeds when they leave the ramp. 


Express the ratio of the distances 
traveled by the two spheres in terms 
of their speeds when they leave the 
ramp: 


Use conservation of mechanical 
energy to find the speed of the 


spheres when they leave the ramp: 


Express Ke for the spheres: 


Substitute in equation (2) to obtain: 


L' B v'At z y' 


a =a 1 
L vt v 0) 
AK +AU =0 

or, because K; = U;= 0, 

K, -U, =0 (2) 
K; = K rans FKit 


2 
=tmv +41 o’ 


2* cm 


yy? 
2 2 
2 2 
=imv +4kmv 
=(1+k)4mv? 
where kis 2/3 for the spherical shell and 2/5 


for the uniform sphere. 


(1+ k)+mv? = mgH 
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Solve for v: _ |2gH 
l+k 


Substitute in equation (1) to obtain: L'_ {l+k _ [1+2 -1.09 
L Vitek Vie? ` 
or 
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Picture the Problem Let the subscripts u and h refer to the uniform and thin-walled 
spheres, respectively. Because the cylinders climb to the same height, their kinetic 
energies at the bottom of the incline must be equal. 


Express the total kinetic energy of K, = Kans tKa =Z MV +31, 
the thin-walled cylinder at the A ay i 
ey =l L S 

bottom of the inclined plane: = 7MVv t7 (nr a tn 

Express the total kinetic energy of K, = Keane tKa =m," +41," 

the solid cylinder at the bottom of i v” A 
PE —1 ' L(4 foes ' 

the inclined plane: = 2 +7 ç Mar ) pa hY 

. . 2 
Because the cylinders climb to the åm v” =m,gh 
same height: and 


Divide the first of these equations åm v? mgh 
by the second: mv’  m,gh 
Simplify to obtain: 3v” = 

Ay? 


Solve for v’: IE 
v = 3” 
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Picture the Problem Let the subscripts s 
and c refer to the solid sphere and thin- 
walled cylinder, respectively. Because the 
cylinder and sphere descend from the same 
height, their kinetic energies at the bottom 
of the incline must be equal. The force 
diagram shows the forces acting on the 
solid sphere. We’ll use Newton’s 2” law to 
relate the accelerations to the angle of the 
incline and use a constant acceleration to 
relate the accelerations to the distances 
traveled down the incline. 


Apply Newton’s 2" law to the sphere: 


Substitute for Jọ and æ in equation 
(3) and solve for fy: 


Substitute for f; in equation (1) and 
solve for a: 


Proceed as above for the thin-walled 
cylinder to obtain: 


Using a constant-acceleration 
equation, relate the distance traveled 
down the incline to its acceleration 
and the elapsed time: 


Because As is the same for both objects: 


Substitute for a, and a, to obtain the 
quadratic equation: 


> F, =mgsind— f,=ma, (1) 


> F, =F, -mgcosé =0, (2) 
and 
y Hira he (3) 


a 
fr= Gmr) > f, =2ma, 


a, =2gsin0 
a, =+gsin0 


As =v, At +4a(Aty 


or, because vo = 0, 


As = talat} (4) 
at; =at 
where 


t? =(t,+2.4) =t? +4.8t, +5.76 


provided ¢, and ft, are in seconds. 


t? +4.8t,+5.76 = 22 
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Solve for the positive root to obtain: t, =12.3s 
Substitute in equation (4), simplify, ; 14 As 
0 =sin 
and solve for 0: 5 pe 
Substitute numerical values and = | 1463 m) 
0 =sin 5 
evaluate 0: | 5(9.81 m/s? \(12.3s) 


- [27] 
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Picture the Problem The kinetic energy of the wheel is the sum of its translational and 
rotational kinetic energies. Because the wheel is a composite object, we can model its 
moment of inertia by treating the rim as a cylindrical shell and the spokes as rods. 


Express the kinetic energy of the K = K sans + K i 
wheel: =1M „V + begs 
y? 
=1M,,v + Ly r z 


where Mot = Mim + AM poke 


Express the moment of inertia of | ae Oe ae Gere 
the wheel: =M „R? + a|; MoR?) 
afi rim +3 +M spoke \R? 


Substitute for J... in the equation i ž 3 5 v? 
for K: K = 7M oY +> L(V in t3 5M spoke \R lz 


=| (M + M im) +2 M vote v? 


tot 


Substitute numerical values and K = [4 (7.8 kg+3 kg) +4 (1 2 kg)| (6 m/ sý 


evaluate K: z 
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Picture the Problem Let M represent the 
combined mass of the two disks and their 
connecting rod and / their moment of 
inertia. The object’s initial potential energy 
is transformed into translational and 
rotational kinetic energy as it rolls down 
the incline. The force diagram shows the 
forces acting on this composite object as it 
rolls down the incline. Application of 
Newton’s 2™ law will allow us to derive an 
expression for the acceleration of the 
object. 


(a) Apply Newton’s 2™ law to the 
disks and rod: 


Eliminate f; and @ between 
equations (1) and (3) and solve for a 
to obtain: 


Express the moment of inertia of the 
two disks plus connecting rod: 


Substitute numerical values and 
evaluate T: 


Substitute in equation (4) and 
evaluate a: 


(b) Find @ from a: 


> F, = Mg sind - f, = Ma, (1) 
DF, =F, —Mgcos@=0, (2) 
and 
>» = fr =la (3) 
a= Mesne (4) 
Ma 
r 


I= 2I sist + Laod 
— pfl 2 1 2 
= 2(4 Mag R )+ 2 Mioa” 


— 21 2 
= Mas Ro +F Moa” 


I = (20kg)(0.3m) +4(1kg)(0.02m% 
=1.80kg:-m?° 


(41kg)(9.81m/s?)sin30° 
1.80kg-m’ 
(0.02 m) 


=| 0.0443 m/s” 


Alkg+ 


a 0.0443 m/s? 
a = — = =~ = | 2.2 I rad/s’ 
ar 


(c) Express the kinetic energy of 
translation of the disks-plus-rod 
when it has rolled a distance As 
down the incline: 


Using a constant-acceleration 
equation, relate the speed of the 
disks-plus-rod to their acceleration 


and the distance moved: 


Substitute to obtain: 


(d) Express the rotational kinetic 


energy of the disks after rolling 2 m 


in terms of their initial potential 


energy and their translational kinetic 


energy: 


Substitute numerical values and 
evaluate Kot: 
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v? =v) +2aAs 


or, because vo = 0, 


v? = 2aAs 

K rans T MaAs 
= (41kg)(0.0443m/s? (2m) 
=| 3.63J 

K o = U; 3 K rer > Mgh = K rans 


K „ =(41kg)(9.81m/s? )(2m)sin30° 
~3.63] 


E 


Picture the Problem We can express the coordinates of point P as the sum of the 


coordinates of the center of the wheel and the coordinates, relative to the center of the 


wheel, of the tip of the vector 7} . Differentiation of these expressions with respect to time 


will give us the x and y components of the velocity of point P. 


(a) Express the coordinates of point 
P relative to the center of the wheel: 


Because the coordinates of the 
center of the circle are X and R: 


x=r, cos? 
and 
y=rsind 


(xp. yp)=]| (X +n, cosO,R +r sind) 
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(b) Differentiate xp to obtain: 


Note that 
Ee ee A @ = are 
dt dt R 


Differentiate yp to obtain: 


do 
Because =-O= 
dt 


(c) Calculate V -F : 


(d) Express v in terms of its components: 


Express r in terms of its components: 


Divide v by r to obtain: 


Vee Z (X +r c056) 
-Z n sino Z 
PEE ET 
R 
d ; dé 
Vp, =— (R +7 sin 0) =r cos 8: — 
Py a 0 ) 0 dt 
r, 
Ver= sig eas 
VF = Vpr, Vpr, 
(7+ sino) cos 8) 
R 
-— (= cos air +r, sin) 
R 
vay, +v 
2 2 
= ||[V+ sing | + Barn, 
R R 
r 2 
=Vj1+2~sind+— > 


*QG eve 
Picture the Problem Let the letter B 
identify the block and the letter C the 
cylinder. We can find the accelerations of 
the block and cylinder by applying 
Newton’s 2” law and solving the resulting 
equations simultaneously. 


Apply DF = ma, to the block: 
Apply > F, = ma, to the cylinder: 
Apply > Tom = cmg to the cylinder: 


Substitute for J/cm in equation (3) 
and solve for f= f' to obtain: 


Relate the acceleration of the block 
to the acceleration of the cylinder: 


Equate equations (2) and (4) and 
substitute from (5) to obtain: 


Substitute equation (4) in equation (1) 
and substitute for ac to obtain: 


Solve for apg: 
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Picture the Problem Let the letter B 
identify the block and the letter C the 
cylinder. In this problem, as in Problem 97, 
we can find the accelerations of the block 
and cylinder by applying Newton’s 2" law 
and solving the resulting equations 
simultaneously. 
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(1) 
f =Mag, (2) 
SR = Toy (3) 
f =iMRa (4) 


dc = ap + acp 
or, because acg = —Rais the acceleration 


of the cylinder relative to the block, 
ao =a,—Ra 


and 
Ra =a, - ae (5) 
Ay = 3a, 
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Apply we = ma, to the block: 


Apply DF, = ma, to the cylinder: 


Apply by Tom = cmg to the cylinder: 


Substitute for J/cm in equation (3) 
and solve for f: 


Relate the acceleration of the block 
to the acceleration of the cylinder: 


(a) Solve for a and substitute for ag 
to obtain: 


(b) Equate equations (2) and (4) and 
substitute (5) to obtain: 


From equations (1) and (4) we 
obtain: 


Solve for apg: 


Substitute to obtain the linear 


acceleration of the cylinder relative 
to the table: 


F- f=ma, (1) 
f =Ma,, (2) 
SR = Tey (3) 
f =1MRa (4) 


Ao = dp + dcp 
or, because acg = —Ra, 
Ao =a, -Ra 


and 
Ra =d,-a (5) 


R è R R 
2 2F_ 
R(M +3m) 


From the force diagram it is evident 


that the torque and, therefore, œ is in 


the counterclockwise direction. 


(c) Express the acceleration of the 
cylinder relative to the block: 
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Picture the Problem Let the system 
include the earth, the cylinder, and the 


block. Then F is an external force that 


changes the energy of the system by doing 


work on it. We can find the kinetic energy 
of the block from its speed when it has 
traveled a distance d. We can find the 


kinetic energy of the cylinder from the sum 


of its translational and rotational kinetic 


energies. In part (c) we can add the kinetic 


energies of the block and the cylinder to 
show that their sum is the work done by 
F in displacing the system a distance d. 


(a) Express the kinetic energy of the block: 


Using a constant-acceleration 
equation, relate the velocity of the 
block to its acceleration and the 
distance traveled: 

Substitute to obtain: 

Apply XF, = ma, to the block: 


Apply ba = ma, to the cylinder: 


Apply » Tom = Icey to the 


cylinder: 


Substitute for /cm in equation (4) 
and solve for f: 


Relate the acceleration of the block 
to the acceleration of the cylinder: 
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don = lc — lp =A, —34, =—2Gg 
_|__2F 
M +3m 
y 
Fy 
i f 
m =% 
F 
mg 
F, 
Ks = Won block = tmv 
v =v + 2a,d 
or, because the block starts from rest, 
2 

v = 2a,d 
K, =4m(2a,d)=ma,d (1) 
F- f =ma, 2) 
f =Ma,, (3) 
AR = Ley (4) 
f = 7MRa (5) 


ac = ag + deog 


or, because acg = —Ra, 
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Equate equations (3) and (5) and 
substitute in (6) to obtain: 


Substitute equation (5) in equation 
(2) and use a, = 3a, to obtain: 


Solve for ag: 


Substitute in equation (1) to obtain: 


(b) Express the total kinetic energy of 
the cylinder: 


In part (a) it was established that: 


Integrate both sides of the equation 
with respect to time to obtain: 


Substitute the initial conditions to obtain: 


Substitute in our expression for vcg 
to obtain: 


Substitute for Joy and vcp in 
equation (7) to obtain: 


and 

Ra =a, ~ a (6) 
az = 3a 

F — Ma, = map 

or 


F 
dg = 
m+4M 
_| mFd 
P | m+iM 

= 4 2 1 2 

Ky z K ii + K o g zMve a alo @ 
2 (7) 
Spel Vos 
= Mv + slo R? 


where Veg = Ve — Vp- 
ay =3a, 


Vg =3v, +constant 


where the constant of integration is 
determined by the initial conditions that vc 
= 0 when vg = 0. 


constant = 0 


and 
Vg = 3ve 
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Because ve =+Vz: Vo =v 
It part (a) it was established that: v = 2a,d 
and 
F 
ap ; 
m+; M 
Substitute to obtain: 5 F 
ve = 5 (24,4) = [k 
m+4M 
_ 2Fd 
9(m +3M ) 
Substitute in equation (8) to obtain: : Fd 
K y = zM 1 
9(m +5;M ) 
B MFd 
3(m +4M ) 
(c) Express the total kinetic energy Ki = Kg + Ky 
of the system and simplify to obtain: mFd MFd 


99 we 
Picture the Problem The forces 
responsible for the rotation of the gears are 
shown in the diagram to the right. The 
forces acting through the centers of mass of 


4 ' 
the two gears have been omitted because AS 5 
they produce no torque. We can apply € Oo) 
F 


2N 


Newton’s 2" law in rotational form to 
obtain the equations of motion of the gears 
and the not slipping condition to relate 
their angular accelerations. 


(a) Apply Jr to the gears to 2N-m-FR = 1a; (1) 
obtain their equations of motion: and 
FR, = 1,0, (2) 


where F is the force keeping the gears from 
slipping with respect to each other. 


Because the gears do not slip Ra, =R,a, 
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relative to each other, the tangential or 
accelerations of the points where R i 
they are in contact must be the a R ee (3) 
same: 2 
Divide equation (1) by R; to obtain: 2N-m F I 
=— q 

R, R, i 
Divide equation (2) by R, to obtain: F L, 

=— q 

Ro 
Add these equations to obtain: 2N-m_ J, L, 
~-= +q, 


Use equation (3) to eliminate a: 2N-m_ J, L, 


Solve for a to obtain: _ 2N-m 
oe 
I+ ity 7 
2R, 

Substitute numerical values and 2N-m 
evaluate a: & = 0.5m 

lke? +~ 16kg-m’ 

p 2(1 m)! i ) 


=| 0.400rad/s? 
Use equation (3) to evaluate a: a, = 1(0.400 rad/s”) = 0.200 rad/s 


(b) To counterbalance the 2-N-m 2N-m-FR, =0 

torque, a counter torque of 2 N-m and 

must be applied to the first gear. Use 2N-m 2N-m 

equation (2) with œ = 0 to find F: F= = =| 4.00N 


R -0.5m 
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Picture the Problem Let 7 be the radius of 
the marble, m its mass, R the radius of the 
large sphere, and v the speed of the marble 
when it breaks contact with the sphere. The 
numeral | denotes the initial configuration 
of the sphere-marble system and the 
numeral 2 is configuration as the marble 
separates from the sphere. We can use 
conservation of energy to relate the initial 
potential energy of the marble to the sum 
of its translational and rotational kinetic 
energies as it leaves the sphere. Our choice 
of the zero of potential energy is shown on 
the diagram. 


(a) Apply conservation of energy: AU + AK =0 
or 


U,-U, +K,-K,=0 
Because U, = K, = 0: —~mg|R+r—(R+r)cos6] 
+imv +1Io’ =0 


or 


—mg|(R+r)(1—cos8)| 


+1mv’ +4Io° =0 


Use the rolling-without-slipping — mg|(R + r)(1 — cos 6)| 
condition to eliminate @: y? 
+imv’ +41 =0 
r 
From Table 9-1 we have: T=2mr’ 
Substitute to obtain: —mg|(R+r)(1-cos6)| 


2 
tmy? 12 2) = 
+4mv +4(2mr 7 =0 

r 

or 


= mg|(R +r)(l -cos 6)| 


+4mv? +1mv* =0 


2 Lar 
Solve for v to obtain: j= a(R 4 r)( —cos 6) 


2 


Apply DF = ma, to the marble as 


l mg cos =m 
it separates from the sphere: R+r 


or 
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Substitute for v’: 


Solve for and evaluate 0: 


gja Y 
cos Rir) 

1 10 
cos Teale +r)( e058) 


(b)| point where the ball leaves the sphere, meaning that the force of 


The force of friction is always less than x, multiplied by the normal 


force on the marble. However, the normal force decreases to 0 at the 


friction must be less than the force needed to keep the ball rolling 


without slipping before it leaves the sphere. 


Rolling With Slipping 
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Picture the Problem Part (a) of this problem is identical to Example 9-16. In part (b) we 


can use the definitions of translational and rotational kinetic energy to find the ratio of the 


final and initial kinetic energies. 


(a) From Example 9-16: 


(b) When the ball rolls without 
slipping, vı = ræ. Express the final 
kinetic energy of the ball: 


12 vé 
sS =| — 
49 Ug 
t = 2 Yo , and 
7 g 
J 5 
Y= 58h, = 7 Vo 
K, = K rans FK iot 
=1 Mv; +41 


_1 2, 1(2 44,2)” 
=7My, +t mr r 


=i 2_ 5 2 
=77 My, =} Mvi 


Express the ratio of the final and 
initial kinetic energies: 


(c) Substitute in the expressions in 
(a) to obtain: 
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12. (8m/s) 


= = 26.6 
“i = 49 (0.06)(9.81 m/s?) m 


2 8 m/s 

^= 7 0.06)0.81m/s) 3-885 | 
5 

v = Sems) = [57m] 


Picture the Problem The cue stick’s blow delivers a rotational impulse as well as a 


translational impulse to the cue ball. The rotational impulse changes the angular 


momentum of the ball and the translational impulse changes its linear momentum. 


Express the rotational impulse Prot 
as the product of the average torque 
and the time during which the 
rotational impulse acts: 


Express the average torque it 


produces about an axis through the 
center of the ball: 


Substitute in the expression for Prot 
to obtain: 


The translational impulse is also 
given by: 


Substitute to obtain: 


Solve for æ: 


P 


rot 


=T,,At 


T = P(h—r)sind =P (h-r) 
where @ (= 90°) is the angle between F 
and the lever arm h — r. 


Pa = R(h-r)At = (RAt)(h-r) 
=P ar =AL =o, 


P 


trans 


= RAt = Ap = mv, 
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Picture the Problem The angular velocity 
of the rotating sphere will decrease until 
the condition for rolling without slipping is 
satisfied and then it will begin to roll. The 
force diagram shows the forces acting on 
the sphere. We can apply Newton’s 2™ law 
to the sphere and use the condition for 


rolling without slipping to find the speed of 


TPE IT EE —TTTTTTTT S 


the center of mass when the sphere begins fk 
to roll without slipping. mg 
Relate the velocity of the sphere v=aAt (1) 
when it begins to roll to its 
acceleration and the elapsed time: 
Apply Newton’s 2" law to the YF, =f, =ma, (2) 
sphere: XF, =F, -mg =0, (3) 
and 
nahha (4) 
Using the definition of f and Fa a = Ug 
from equation (3), substitute in 
equation (2) and solve for a: 
Substitute in equation (1) to obtain: v =at = u ,g^t (5) 
Solve for @ in equation (4): ye ft _ mar _ 5 g 


Express the angular speed of the 
sphere when it has been moving for r 
a time At: 


Express the condition that the v=rao 
sphere rolls without slipping: 


Substitute from equations (5) and 
(6) and solve for the elapsed time 7 Ug 
until the sphere begins to roll: 
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Use equation (4) to find v when the 2 rog | 27a, 
: V = M gAt = = 

sphere begins to roll: 7 4g 7 
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Picture the Problem The sharp force 
delivers a rotational impulse as well as a 
translational impulse to the ball. The y 
rotational impulse changes the angular 
momentum of the ball and the translational 
impulse changes its linear momentum. In 
parts (c) and (d) we can apply Newton’s 2" 
law to the ball to obtain equations 
describing both the translational and 
rotational motion of the ball. We can then 
solve these equations to find the constant 


. TTI ETT ToT a ia AT a a a Td 
accelerations that allow us to apply Ii 
constant-acceleration equations to find the . 
velocity of the ball when it begins to roll mg 
and its sliding time. 

(a) Relate the translational impulse Paans = Fn At = Ap = mvp 
delivered to the ball to its change in 
its momentum: 
Solve for vo: _ FxAt 

Vy = 

m 

Substitute numerical values and 20kN)(2x10™s 
evaluate vo: 0.02kg 
(b) Express the rotational impulse Pop = Tay At 
Pot as the product of the average 
torque and the time during which 
the rotational impulse acts: 
Letting h be the height at which the T,, = Flsin 0 
impulsive force is delivered, express where ĝis the angle between F and the 
the average torque it produces about lever arm £. 


an axis through the center of the ball: 


Substitute 4 — r for ¢ and 90° for 0 Ty = F(h-r) 
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to obtain: 


Substitute in the expression for Pot 
to obtain: 


Because Pans = FAS: 


Express the translational impulse 
delivered to the cue ball: 


Substitute for Pans to obtain: 
Solve for æ: 


Substitute numerical values and 
evaluate æ: 


(c) and (d) Relate the velocity of the 
ball when it begins to roll to its 
acceleration and the elapsed time: 


Apply Newton’s 2" law to the ball: 


Using the definition of fg and Fn 
from equation (3), substitute in 
equation (2) and solve for a: 


Substitute in equation (1) to obtain: 


Solve for @ in equation (4): 


P 


trans 


= RAt = Ap = mv, 


2 2 = 
mM OW, = MV, 


5v,(h—r) 

Ea 

_ 5(200m/s)(0.09m —0.05m) 

i 2(.05m) 

=| 8000rad/s 
v=adt (1) 
DF =f, =ma, 2) 
> F, =F, -mg =0, (3) 
and 
Ee == 16 (4) 
a= Ug 
v=aAt = “1, gAt (5) 
yadta mar _ 5g 


Express the angular speed of the ball 
when it has been moving for a time 
At: 


Express the speed of the ball when it 
has been moving for a time At: 


Express the condition that the ball 
rolls without slipping: 


Substitute from equations (6) and 
(7) and solve for the elapsed time 


until the ball begins to roll: 


Substitute numerical values and 
evaluate Af: 


Use equation (4) to express v when 
the ball begins to roll: 


Substitute numerical values and 
evaluate v: 
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g-i ahim AEN 
2r 


(6) 


V= Vo + Ly gAt (7) 


V=rqo 
ie 2 1D) —Vo 
7 Ag 


2| (0.05m)(8000 rad/s)— 200 m/s 
At = 
7 (0.5)(9.81m/s?) 


=|11.6s 


v=vy+u,gAt 


v = 200 m/s + (0.5)(9.81m/s? )(11.6s) 
=| 257m/s 


Picture the Problem Because the impulse is applied through the center of mass, 


@ = 0. We can use the results of Example 9-16 to find the rolling time without slipping, 


the distance traveled to rolling without slipping, and the velocity of the ball once it begins 


to roll without slipping. 


(a) From Example 9-16 we have: 


Substitute numerical values and 
evaluate ¢,: 


(b) From Example 9-16 we have: 


Si 


o2 v 


7 g 


2 4m/s 
7 (0.6)(9.81m/s’) 


=| 0.194s 


1 = 


O12 v 


49 ig 
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Substitute numerical values and 
evaluate sı: 


(c) From Example 9-16 we have: 


Substitute numerical values and 
evaluate vı: 
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Picture the Problem Because the 
impulsive force is applied below the center 
line, the spin is backward, i.e., the ball will 
slow down. We’ll use the impulse- 
momentum theorem and Newton’s 2™ law 
to find the linear and rotational velocities 
and accelerations of the ball and constant- 
acceleration equations to relate these 
quantities to each other and to the elapsed 
time to rolling without slipping. 


(a) Express the rotational impulse 
delivered to the ball: 


Solve for æ: 


(b) Apply Newton’s 2™ law to the 
ball to obtain: 


Using the definition of fg and F, 
from equation (2), solve for a: 


Using a constant-acceleration 
equation, relate the angular speed of 
the ball to its acceleration: 


12 (4m/s/)’ 
= =| 0.666 
* 49 (0.6)(0.81m/s") eres | 


v= Vo 


2R 
To S 
Å 
tnig 
By = MVor = MVo TA Im 
= (2 mR? Jo, 
Sv 
Mo = ak 
Yahi ale (1) 
> F, =F, —mg =0, (2) 
and 
2r =-f, =ma (3) 
g = AMER _ MmgR _ Smg 
Lon 2mR? 2R 
5 
O = M + At =a, + PB ay 
2R 


Using the definition of fg and Fn 
from equation (2), solve equation 
(3) for a: 


Using a constant-acceleration 
equation, relate the speed of the ball 


to its acceleration: 


Impose the condition for rolling 
without slipping to obtain: 


Solve for At: 


Substitute in equation (4) to obtain: 


(c) Express the initial kinetic energy 
of the ball: 


(d) Express the work done by friction 
in terms of the initial and final kinetic 
energies of the ball: 


Express the final kinetic energy of the 
ball: 


Substitute to find Wg: 


Rotation 703 


a=—-MS§ 


V =V +aAt =v, — U gAt (4) 


Ae w 
21 g 
TE 16 v 5 
0 AE Fi & 21 
=| 0.238y, 
K; = K rans FK =1mv, +I 
2 
5v 19 
= pm tiem Ze sa 
=| 1.056mv, 
Wa =K,-K; 
K; =1 my’ +i no 


= i m(0.238v, y = 0.0397mv, 


W =1.056mv, —0.0397mv, 


- [orem] 
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Picture the Problem The figure shows the 
forces acting on the bowling during the 
sliding phase of its motion. Because the 
ball has a forward spin, the friction force is 
in the direction of motion and will cause 
the ball’s translational speed to increase. 
We’ll apply Newton’s 2" law to find the 
linear and rotational velocities and 
accelerations of the ball and constant- 
acceleration equations to relate these 


quantities to each other and to the elapsed 


time to rolling without slipping. ji 

(a) and (b) Relate the velocity of the v=v, +aAt (1) 

ball when it begins to roll to its 

acceleration and the elapsed time: 

Apply Newton’s 2™ law to the ball: > F.=f,=ma, (2) 
X F,=F,-mg=0, (3) 
and 
Yak ee (4) 

Using the definition of f and Fa a = Ug 

from equation (3), substitute in 

equation (2) and solve for a: 

Substitute in equation (1) to obtain: V = V + 4At = V) + U, gât (5) 

Solve for æ in equation (4): Ae fR _maR _5 4g 

I, %mR*> 2 R 
5 
Rela the anular speed of the ball ERE Ug At 
to its acceleration: 2 R 
Hi : 5 

Apply ie for rolling v=Ro=R a, -— MWg ii 

without slipping: 
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5 
n v= 3v- pre (6) 
Equate equations (5) and (6) and a 
solve At: 7 fe 
Substitute for At in equation (6) to 1] 
v=—v, =| 1.57v 
obtain: gee [1.57% | 
(c) Relate Ax to the average speed of Ax = v,,At = (vy + v)At 
the ball and the time it moves before 11 Ay, 
= | 
beginning to roll without slipping: = af + Hn) Tg 
-36 vi | 735% 
49 1g tg 
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Picture the Problem The figure shows the 
forces acting on the cylinder during the 
sliding phase of its motion. The friction 
force will cause the cylinder’s translational 
speed to decrease and eventually satisfy the 
condition for rolling without slipping. 
We’ll use Newton’s 2™ law to find the 
linear and rotational velocities and 
accelerations of the ball and constant- 
acceleration equations to relate these 


quantities to each other and to the distance 
traveled and the elapsed time until the 


satisfaction of the condition for rolling 
without slipping. 


(a) Apply Newton’s 2™ law to the >F =-f, =Ma, (1) 
cylinder: = = 

and 

Sai =e (3) 
Use fk = Fn to eliminate Fp a = -Ug 


between equations (1) and (2) and 
solve for a: 
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Using a constant-acceleration 
equation, relate the speed of the 
cylinder to its acceleration and the 
elapsed time: 


Similarly, eliminate fg between 
equations (2) and (3) and solve for 
a. 


Using a constant-acceleration 
equation, relate the angular speed of 
the cylinder to its acceleration and 
the elapsed time: 


Apply the condition for rolling 
without slipping: 


Solve for At: 


Substitute for At in the expression 
for v: 


(b) Relate the distance the cylinder 
travels to its average speed and the 
elapsed time: 


(c) Express the ratio of the energy 
dissipated in friction to the cylinder’s 
initial mechanical energy: 


Express the kinetic energy of the 
cylinder as it begins to roll without 


slipping: 


V =v) +aAt =v, — U, gAt 


V =V) — 1, gAt = Ro= 2 w) 


= 2 gAt 


At = 
31,8 


ienaat “0 
3,8 
AS V5 
(18 mg 
Wi K,—K; 
K K 
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Substitute for K,and Ky and simplify Wi 1 Mvi -t My 
to obtain: K; 7 1 Mvi 3 
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Picture the Problem The forces acting on 
the ball as it slides across the floor are its 


weight mg, the normal force F, exerted by 


the floor, and the friction force f. Because 


the weight and normal force act through 
the center of mass of the ball and are equal 
in magnitude, the friction force is the net 
(decelerating) force. We can apply 
Newton’s 2™ law in both translational and 
rotational form to obtain a set of equations 
that we can solve for the acceleration of the 
ball. Once we have determined the ball’s 
acceleration, we can use constant- 
acceleration equations to obtain its velocity 


Ving 
when it begins to roll without slipping. ü 
(a) Apply XF = ma to the ball: SF, =—f=ma (1) 
and 
DF, =F, -mg =0 (2) 
From the definition of the f = uaF, (3) 
coefficient of kinetic friction we 
have: 
Solve equation (2) for Fy: F, =mg 
Substitute in equation (3) to obtain: f = umg 
Substitute in equation (1) to obtain: — umg = ma 
or 
a =-UE 
Apply Sr = [a to the ball: fr=la 
Solve for @ to obtain: ce ir _ mgr 
I I 
Assuming that the coefficient of v; — V = 4At = -u gAt (4) 
kinetic friction is constant*, we and 


can use constant-acceleration ir 
equations to describe how long O; = Hgm" At (5) 
it will take the ball to begin I 
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rolling without slipping: 


Once rolling without slipping Vi 
has been established, we also O; = E (6) 
have: 
Equate equations (5) and (6): Ve _ gmr Ni 
ro I 
Solve for At: i= vl 
H gmr 
Substitute in equation (4) to obtain: yi 
f 
Ve ZV 5M 2 
H,gmr 
mr? ' 
Solve for vg: 1 
v, = 7 v 
lF 
mr 
(b) Express the total kinetic ba 


12 
energy of the ball: K= a i k z Ilo; 


Because the ball is now rolling without slipping, v = r@, and: 


2 2 9 2 
= DE valg an Vad mw? (1+ 7/mr?) =a 
2 \1+I/mr 2 \1l4+I/mr r 2 1+J//mr 


l3 1 
= mv 
2 1+I/mr’ 


* Remarks: This assumption is not necessary. One can use the impulse-momentum 
theorem and the related theorem for torque and change in angular momentum to 
prove that the result holds for an arbitrary frictional force acting on the ball, so long 
as the ball moves along a straight line and the force is directed opposite to the 
direction of motion of the ball. 
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Picture the Problem The angular velocity of an object is the ratio of the number of 
revolutions it makes in a given period of time to the elapsed time. 
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The moon’s angular velocity is: ae lrev 
27.3days 
lrev 2arad_liday_ th 


x x x 


~27.3days. rev 24h 3600s 


=| 2.66x10° rad/s 
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Picture the Problem The moment of inertia of the hoop, about an axis perpendicular to 
the plane of the hoop and through its edge, is related to its moment of inertia with respect 
to an axis through its center of mass by the parallel axis theorem. 


Apply the parallel axis theorem: I =I „+ Mh? = MR? + MR? =| 2mR? 
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Picture the Problem The force you exert on the rope results in a net torque that 
accelerates the merry-go-round. The moment of inertia of the merry-go-round, its angular 
acceleration, and the torque you apply are related through Newton’s 2™ law. 


(a) Using a constant-acceleration A0 = @,At+ la(ļAt y 
equation, relate the angular or, because @ = 0 
displacement of the merry-go-round 2 

P ny- A0 = talat) 
to its angular acceleration and 


acceleration time: 


Solve for and evaluate a: a= a = 2(2x rad) =| 0.0873 rad/s? 
(Az) (12s) 


(b) Use the definition of torque to obtain: t=Fr= (260 N)(2.2 m) —|572N-m 


(c) Use Newton’s 2™ law to find the pa Ete 572N-m 


moment of inertia of the merry-go- a 0.0873 rad/s’ 
roni =[6.55x10 kgm’ | 
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Picture the Problem Because there are no 
horizontal forces acting on the stick, the 
center of mass of the stick will not move in 
the horizontal direction. Choose a 
coordinate system in which the origin is at 
the horizontal position of the center of 
mass. The diagram shows the stick in its 
initial raised position and when it has fallen 
to the ice. 


Express the displacement of the right 
end of the stick Ax as the difference 
between the position coordinates x, 
and x2: 


Using trigonometry, find the initial 
coordinate of the right end of the 
stick: 


Because the center of mass has not 
moved horizontally: 


Substitute to find the displacement of 
the right end of the stick: 
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Ax =x, =X 


x, = £cos6 = (1m )cos30° = 0.866m 


x,=f=lm 


Ax = 1m —0.866m =| 0.134m | 


Picture the Problem The force applied to the string results in a torque about the center 


of mass of the disk that accelerates it. We can relate these quantities to the moment of 


inertia of the disk through Newton’s 2™ law and then use constant-acceleration equations 


to find the disk’s angular velocity the angle through which it has rotated in a given period 


of time. The disk’s rotational kinetic energy can be found from its definition. 


(a) Use the definition of torque to 
obtain: 


(b) Use Newton’s 2™ law to express 
the angular acceleration of the disk 
in terms of the net torque acting on 
it and its moment of inertia: 


Substitute numerical values and 
evaluate a: 


(c) Using a constant-acceleration 
equation, relate the angular velocity 
of the disk to its angular 


t = FR =(20N)(0.12m)=| 2.40N-m 


2(2.40N-m) 


sds (Re E 


O = O, + At 


or, because @ = 0, 
@ = at 
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acceleration and the elapsed time: 


Substitute numerical values and O= (66.7 rad/s? \(5 s) = 


evaluate @: 


(d) Use the definition of rotational K 
kinetic energy to obtain: 


Substitute numerical values and K „ =+(5kg)(0.12m) (833 rad/s Ý 
evaluate Kot: 
=| 2.00kJ 

(e) Using a constant-acceleration A0 = @,At+ La(Aty 
equation, relate the angle through or, because a = 0 
which the disk turns to its angular AO = al Aty 
acceleration and the elapsed time: i 
Substitute numerical values and AO = 1(66.7 rad/s” \(5 sř =| 834rad 
evaluate A0: 

E Kint f : 
(f) Express K in terms of rand 0 K -1o -fE Jeary =1ar(At} 
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Picture the Problem The diagram shows 
the rod in its initial horizontal position and 


position. The center of mass is denoted by 
the numerals 0 and 1. Let the length of the a / 
rod be represented by L and its mass by m. 


then, later, as it swings through its vertical | je" i J 


We can use Newton’s 2™ law in rotational 
form to find, first, the angular acceleration | — — — —u,=0 
of the rod and then, from z 

a, the acceleration of any point on the rod. 
We can use conservation of energy to find 
the angular velocity of the center of mass 


of the rod when it is vertical and then use 
this value to find its linear velocity. 


(a) Relate the acceleration of the L 
center of the rod to the angular 2 


712 Chapter 9 
acceleration of the rod: 


Use Newton’s 2” law to relate the 
torque about the suspension point of 
the rod (exerted by the weight of the 
rod) to the rod’s angular 
acceleration: 


Substitute numerical values and 
evaluate a: 


Substitute numerical values and 
evaluate a: 


(b) Relate the acceleration of the 
end of the rod to a: 


(c) Relate the linear velocity of the 
center of mass of the rod to its 
angular velocity as it passes through 
the vertical: 


Use conservation of energy to relate 
the changes in the kinetic and 
potential energies of the rod as it 
swings from its initial horizontal 
orientation through its vertical 
orientation: 


Substitute to obtain: 


Substitute for Ah and solve for æ: 


Substitute to obtain: 


Substitute numerical values and evaluate v: 


pot OD 
I ¿MP 2L 
2 
E E E 
2(0.8m) 


a =+(0.8m)(18.4rad/s*)=[ 7.36m/s" | 


Ang = La =(0.8 m)(18.4rad/s’ ) 
=| 14.7 m/s? 


AK +AU = K,-K,+U,-U, =0 


or, because Ko = U, = 0, 


KeU 20 
+1,@° =mgAh 
E 

L 


v = 44/3(9.81m/s? (0.8m) =| 2.43m/s 
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Picture the Problem Let the zero of gravitational potential energy be at the bottom of 


the track. The initial potential energy of the marble is transformed into translational and 


rotational kinetic energy as it rolls down the track to its lowest point and then, because 


the portion of the track to the right is frictionless, into translational kinetic energy and, 


eventually, into gravitational potential energy. 


Using conservation of energy, relate 
hy to the kinetic energy of the 
marble at the bottom of the track: 


Substitute for K;and Urto obtain: 


Solve for ho: 


Using conservation of energy, relate 


hı to the kinetic energy of the 
marble at the bottom of the track: 


Substitute for Krand U; to obtain: 
Substitute for J and solve for v? to 


obtain: 


Substitute in equation (1) to obtain: 
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AK +AU =0 
or, because K; = U; = 0, 
—K,+U, =0 
-1 Mv?’ - Mgh, =0 

2 

v 
h, =— 1 
2-35 (1) 
AK +AU =0 
or, because K; = Us= 0, 
K, -U, =0 


1 Mv? +41@* -Mgh =0 


=> 
N 
II 
GQ 
= 
II 
aju 
= 


Picture the Problem To stop the wheel, the tangential force will have to do an amount of 


work equal to the initial rotational kinetic energy of the wheel. We can find the stopping 


torque and the force from the average power delivered by the force during the slowing of 


the wheel. The number of revolutions made by the wheel as it stops can be found from a 


constant-acceleration equation. 


(a) Relate the work that must be 
done to stop the wheel to its kinetic 
energy: 
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Substitute numerical values and 
evaluate W: 


(b) Express the stopping torque is 
terms of the average power 
required: 


Solve for 7: 


Substitute numerical values and 
evaluate 7: 


Relate the stopping torque to the 
magnitude of the required force and 
solve for F: 


(c) Using a constant-acceleration 
equation, relate the angular 
displacement of the wheel to its 
average angular velocity and the 
stopping time: 


Substitute numerical values and 
evaluate A6. 
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W =+(120kg)(1.4m) 


7 
«| 1100 rev M 2nrad | mi 


min rev 60s 


=| 780kJ 


780kJ 
(2.5min)(60s/min) 


= (1100 rev/min )(2z rad/rev)(1 min/60s) 


2 
=| 90.3N-m 
pal —203Nm_ ISIN 
R 0.6m 
A0 = @At 


A0 = É eum as min) 


=| 1380rev 


Picture the Problem The work done by the four children on the merry-go-round will 


change its kinetic energy. We can use the work-energy theorem to relate the work done 


by the children to the distance they ran and Newton’s 2™ law to find the angular 


acceleration of the merry-go-round. 


(a) Use the work-kinetic energy 
theorem to relate the work done by 
the children to the kinetic energy of 
the merry-go-round: 


Substitute for J and solve for As to obtain: 


Substitute numerical values and 
evaluate As: 


(b) Apply Newton’s 2™ law to 
express the angular acceleration of 
the merry-go-round: 


Substitute numerical values and 
evaluate a: 


(c) Use the definition of work to 
relate the force exerted by each 
child to the distance over which that 
force is exerted: 


(d) Relate the kinetic energy of the 
merry-go-round to the work that 


was done on it: 


Substitute numerical values and 
evaluate Wnet force! 
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Waa force — AK 
or 
4FAs =410° 
om Ilo timro _ mro 

8F 8F 16F 

2 
(240kg\(2 m e = a 
2.88 rev 
As = 
16(26N) 

ga ihe 4Fr _ 8F 

I im? mr 

Oo 0.433 rad/s? 
(240kg)(2m) 


W = FAs =(26N)(11.6m) = 


W 


net force 


= AK = Ķ, -0 = 4FAs 


W, 


rece = 4(26N)(11.6m) = 


Picture the Problem Because the center of mass of the hoop is at its center, we can use 


Newton’s second law to relate the acceleration of the hoop to the net force acting on it. 


The distance moved by the center of the hoop can be determined using a constant- 


acceleration equation, as can the angular velocity of the hoop. 


(a) Using a constant-acceleration 
equation, relate the distance the 


As = taylar) 
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center of the travels in 3 s to the 
acceleration of its center of mass: 


Relate the acceleration of the center Li 
of mass of the hoop to the net force m 
acting on it: 


Substitute to obtain: : 
Ag = A 
2m 
Substitute numerical values and (5 N)(3 s) 
As = ~*~ =| 15.0m 
evaluate As: 2(1 5 kg) 
(b) Relate the angular velocity of the o=ant 


hoop to its angular acceleration and 
the elapsed time: 


Use Newton’s 2” law to relate the Ta FR _ F 
angular acceleration of the hoop to I mR? mR 


the net torque acting on it: 


Substitute to obtain: je FAt 
mR 
Substitute numerical values and a (5 N)(3 s) B 
= =| 15.4rad/s 
evaluate æ: (1.5kg)(0.65m) 
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Picture the Problem Let R represent the radius of the grinding wheel, M its mass, r the 
radius of the handle, and m the mass of the load attached to the handle. In the absence of 
information to the contrary, we’ll treat the 25-kg load as though it were concentrated at a 
point. Let the zero of gravitational potential energy be where the 25-kg load is at its 
lowest point. We’ll apply Newton’s 2™ law and the conservation of mechanical energy to 
determine the initial angular acceleration and the maximum angular velocity of the 


wheel. 
(a) Use Newton’s 2™ law to relate a Tat mgr 
the acceleration of the wheel to the I 1 MR? + mr? 


net torque acting on it: 


Substitute numerical values and 
evaluate a: 


(b) Use the conservation of 
mechanical energy to relate the 
initial potential energy of the load to 
its kinetic energy and the rotational 
kinetic energy of the wheel when 
the load is directly below the center 
of mass of the wheel: 


Substitute and solve for a: 


Substitute numerical values and 
evaluate a: 
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Picture the Problem Let the smaller block 


have the dimensions shown in the diagram. 
Then the length, height, and width of the 
larger block are S£, Sh, and Sw, 
respectively. Let the numeral 1 denote the 
smaller block and the numeral 2 the larger 
block and express the ratios of the surface 
areas, masses, and moments of inertia of 
the two blocks. 


(a) Express the ratio of the surface 
areas of the two blocks: 
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___(25kg)(9.81m/s?)(0.65m) 
= T(60kg)(0.45m) + (25kg)(0.65m) 


=| 9. 58rad/s” 


AK +AU =0 
or, because K; = Us= 0, 
K + K-4 U; =0. 


f,trans f,rot 


tm’ +4(LMR?)o” -mgr =0, 


4mr*@? +1 MR°@’ -mgr =0, 


and 
= 4mgr 
= \ 2mr? + MR? 
me 4(25kg)(9.81m/s?)(0.65m) 
\ 2(25kg)(0.65m) +(60kg)(0.45m) 


-[ 38d 


A, _ 2(Sw)(S2)+2(S£)(SA)+ 2(Sw)(SA) 


A, 2we +2¢h+2wh 


_ S?(2we +2¢h + 2wh) 
2wl+2¢h+2wh 
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(b) Express the ratio of the masses 
of the two blocks: 


(c) Express the ratio of the moments 
of inertia, about the axis shown in 
the diagram, of the two blocks: 


In part (6) we showed that: 


Substitute to obtain: 
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M, pV, hL (Sw)(S4)(S4) 


M py V w£h 
_ S(wth) _ s 
© wh 

I, _#M,|(SeP +(Say | 

L Merr] 
m, S|e+r] (m 
ie eo ae 

Mi g 

M, 

I 

Bee) 


Picture the Problem We can derive the perpendicular-axis theorem for planar objects by 


following the step-by-step procedure outlined in the problem. 


(a) and (b) 


(c) Let the z axis be the axis of 


rotation of the disk. By symmetry: 


Express /, in terms of Z: 


Letting M represent the mass of the 
disk, solve for Z: 
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i, = |r°dm =f +y? )dm 


= [x?am+ | y’dm 
=| +L, 

I = 

I, =21, 


Picture the Problem Let the zero of gravitational potential energy be at the center of the 


disk when it is directly below the pivot. The initial gravitational potential energy of the 


disk is transformed into rotational kinetic energy when its center of mass is directly 


below the pivot. We can use Newton’s 2” law to relate the force exerted by the pivot to 


the weight of the disk and the centripetal force acting on it at its lowest point. 


(a) Use the conservation of 
mechanical energy to relate the 
initial potential energy of the disk to 
its kinetic energy when its center of 
mass is directly below the pivot: 


Substitute for K,,,, and U; : 


f,rot 


Use the parallel-axis theorem to 
relate the moment of inertia of the 
disk about the pivot to its moment of 
inertia with respect to an axis 
through its center of mass: 


Solve equation (1) for @ and 
substitute for / to obtain: 


(b) Letting F represent the force 
exerted by the pivot, use Newton’s 
2" law to express the net force 
acting on the swinging disk as it 
passes through its lowest point: 


Solve for F and simplify to obtain: 
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Picture the Problem The diagram shows a 
vertical cross-piece. Because we’ll need to 
take moments about the point of rotation 
(point P), we’ ll need to use the parallel- 
axis theorem to find the moments of inertia 
of the two parts of this composite structure. 
Let the numeral 1 denote the vertical 
member and the numeral 2 the horizontal 
member. We can apply Newton’s 2™ law 
in rotational form to the structure to 
express its angular acceleration in terms of 
the net torque causing it to fall and its 
moment of inertia with respect to point P. 
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AK +AU =0 
or, because K; = U;=0, 
Ket ~U; =9 


frot 


(1) 


F « = F -Mg = Mro’ 


F = Mg + Mro’ = Mg + Mr £ 
r 
= ee = [7] 
~ € = 
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(a) Taking clockwise rotation to be 
positive (this is the direction the 
structure is going to rotate), apply 


re lice 


Solve for æ to obtain: 


Convert /,,/,,and w to SI units: 


Using Table 9-1 and the parallel- 
axis theorem, express the moment of 
inertia of the vertical member about 
an axis through point P: 


Substitute numerical values and 
evaluate Jp: 


Using the parallel-axis theorem, 
express the moment of inertia of the 
horizontal member about an axis 
through point P: 


Solve for d: 


Substitute numerical values and evaluate d: 


PAE Mgl, -M gW 
2I, 
or 
g= g(m,l, -mw) (1) 
(Typ + 1p) 


paire e 


3.281ft 
paee O o 
3.281ft 
Jaai O aeii 
3.281 ft 


Lp = (850kg)|}(6.66m} ++(0.610m} | 
=1.60x10°kg-m’ 


I 2P 7 I 
where 


d’ =(¢, +40) +G, -w 


+m,d’ (2) 


2,cm 


d=4(¢,+4w) +h —w) 


d = ,|[3.66m++(0.610m)]’ + [4(1.83m)-0.610m]? =3.86m 


From Table 9-1 we have: 


Substitute in equation (2) to obtain: 


i 2 
Ly om = Fz Mol} 


2,cm 


eae | 2 2: 
Lp = 5ml +m d 


= m, (02 +d’) 
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Evaluate Jp: i= (1 75 kg) (1 83 my + (3.86 m} | 
=2.66x10° kg: m? 


Substitute in equation (1) and evaluate a: 


ee (9.81 m/s’ )[(175kg)(1.83m)—(350kg)(0.61m)] _ 1rd | 


2(1.60+ 2.66)x10°kg-m? 


(b) Express the magnitude of the a=aR 

acceleration of the sparrow: where R is the distance of the sparrow from 
the point of rotation and 
R =(¢,+w) +(¢,-w) 


Ive for R: 
ae R= (¢,+w) +, -w 
Substitute numerical values and evaluate R: 


R=(3.66m+0.610m) +(1.83m—0.610m) = 4.44m 


Substitute numerical values and evaluate a: gq = (o. 123 rad/s? \(4.44 m) 


=| 0.546 m/s? 


(c) Refer to the diagram to express a, £,+w 
in terms of a: a, =acosO=a 


Substitute numerical values and 5 
evaluate ax: a, = (0.546 m/s ) 


3.66m+0.61m 
4.44m 
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Picture the Problem Let the zero of p 
gravitational potential energy be at the 3 
bottom of the incline. The initial potential 
energy of the spool is transformed into 
rotational and translational kinetic energy 
when the spool reaches the bottom of the 
incline. We can apply the conservation of 
mechanical energy to find an expression 
for its speed at that location. The force 
diagram shows the forces acting on the 
spool when there is enough friction to keep 


it from slipping. We’ll use Newton’s 2™ 
law in both translational and rotational 
form to derive an expression for the static 
friction force. 


(a) In the absence of friction, the The spool will move down the plane 


forces acting on the spool will be its at constant acceleration, spinning in 


eNe the nommal sores exe a counterclockwise direction as string 


the incline, and the tension in the . 
unwinds. 


string. A component of its weight will 
cause the spool to accelerate down the 
incline and the tension in the string 
will exert a torque that will cause 
counterclockwise rotation of the 


spool. 

Use the conservation of mechanical AK + AU =0 

energy to relate the speed of the center or, because Kj = Ur = 0, 
of mass of the spool at the bottom of K brans Kero U; = 0. 


the slope to its initial potential energy: 


Substitute for K swans Ker and U; : + Mv* ++ Io?’ —-MgDsin@=0 (1) 


f,trans ? 


Substitute for œ and solve for v to 


2 
1 2 vV ; = 
òbtain: + Mv Tai eee 


and 


(b) Apply Newton’s 2” law to the spool: 


Eliminate T between these equations to 
obtain: 
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> F, =Mgsind -T - f, =0 


pa =Tr-f,R=0 
f= Meane , up the incline. 
R 
1+— 
r 


Picture the Problem While the angular acceleration of the rod is the same at each point 


along its length, the linear acceleration and, hence, the force exerted on each coin by the 


rod, varies along its length. We can relate this force the linear acceleration of the rod 


through Newton’s 2™ law and the angular acceleration of the rod. 


Letting x be the distance from the 
pivot, use Newton’s 2" law to 
express the force F acting on a coin: 
Use Newton’s 2” law to relate the 
angular acceleration of the system to 


the net torque acting on it: 


Relate a(x) and a: 


Substitute in equation (1) to obtain: 


Evaluate F(0.25 m): 


Evaluate F(0.5 m): 


Evaluate F(0.75 m): 


Evaluate F(1 m): 
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Fig = Mg - F(x) = ma(x) 


F(x)=m(g—a(x)) (1) 


a(x)=xa=x 3g 7 


2(1.5m 


F(x)=m(g - gx)= mg(1- x) 


F(0.25m)= mg(1-0.25m)= 
F(0.5m)=mg(1-0.5m)= 


F(0.75m) = mg(1—0.75m) =| 0.25mg 


F(Im) = F(1.25m)= F(1.5m)=|0| 


Picture the Problem The diagram shows the force the hand supporting the meterstick 
exerts at the pivot point and the force the earth exerts on the meterstick acting at the 
center of mass. We can relate the angular acceleration to the acceleration of the end of the 
meterstick using a = Læ and use Newton’s 2™ law in rotational form to relate a to the 


moment of inertia of the meterstick. 
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Frand 


cm 


(a) Relate the acceleration of the far 
end of the meterstick to the angular 
acceleration of the meterstick: 


Apply Diep = I1,a@ to the 
meterstick: 


Solve for a: 


From Table 9-1, for a rod pivoted at 
one end, we have: 


Substitute to obtain: 
Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate a: 


(b) Express the acceleration of a 
point on the meterstick a distance x 
from the pivot point: 


Express the condition that the 
meterstick leaves the penny behind: 


Substitute to obtain: 


Solve for and evaluate x: 


Mg 
a=La 
L 
me|=)-1,a 
MgL 
2I, 
lass 
L, =7ML 
7 3MgL _ 3g 
2MĽ 2L 
gae 
2 
_ 3(9.81m/s?) 
2 
TEE = 
2L 
a>g 
3g 
— x> 
T 
, 2L _2(m)_ 


(1) 


=| 14.7m/s” 


66.7cm 
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Picture the Problem Let m represent the 0.2-kg mass, M the 0.8-kg mass of the cylinder, 


L the 1.8-m length, and x + Ax the distance from the center of the objects whose mass is 


m. We can use Newton’s 2" law to relate the radial forces on the masses to the spring’s 


stiffness constant and use the work-energy theorem to find the work done as the system 


accelerates to its final angular speed. 


(a) Express the net inward force 
acting on each of the 0.2-kg masses: 


Solve for k: 


Substitute numerical values and 
evaluate k: 


(b) Using the work-energy theorem, 
relate the work done to the change 
in energy of the system: 


Express Z as the sum of the moments 
of inertia of the cylinder and the 
masses: 


From Table 9-1 we have, for a solid 
cylinder about a diameter through 
its center: 


For a disk (thin cylinder), L is small 
and: 


Apply the parallel-axis theorem to obtain: 


Substitute to obtain: 


Substitute numerical values and evaluate Z: 


> Foaia = kA = m(x + Ax)o? 


radial 


= m(x + Ax)o’ 
Ax 
p — (0.2kg)(0.8m)(24 rad/s) 
7 0.4m 
=| 230N/m 
W = K o + AU spring (1) 
=1]@? +1k(Axy 
I= Iy + Lym 


=1 Mr’ +4MĽ +21, 


=i 2 1 2 
f= mr +5 mL 


where L is the length of the cylinder. 


= fil 2 2 
I„ = {mr +mx 


I=1 Mr" + 4ML +2(tmr? + mx’) 


= 1 Mr’ + 5ML + 2m(Lr? + x?) 
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I =4(0.8kg)(0.2m)° + 4 (0.8kg)(1.8m} +2(0.2kg)|t (0.2m) +(0.8m) | 
= 0.492N-m’ 


Substitute in equation (1) to obtain: 


W =+(0.492N-m?)(24 rad/s) +4(230N/m)(0.4m)° = 
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Picture the Problem Let m represent the 0.2-kg mass, M the 0.8-kg mass of the cylinder, 
L the 1.8-m length, and x + Ax the distance from the center of the objects whose mass is 
m. We can use Newton’s 2" law to relate the radial forces on the masses to the spring’s 
stiffness constant and use the work-energy theorem to find the work done as the system 
accelerates to its final angular speed. 


Using the work-energy theorem, W = K œ + AU spring 
1) 
relate the work done to the change 2 ( 
, 8 =1]@* +14k(Ax) 
in energy of the system: 
Express J as the sum of the moments es Or tln 
of inertia of the cylinder and the =l Mr? + T ME +21 
masses: 
From Table 9-1 we have, for a solid l= imr’ + mL 
cylinder about a diameter through where L is the length of the cylinder. 
its center: 
For a disk (thin cylinder), Z is small I= lmr’ 
and: 
Apply the parallel-axis theorem to I= imr’ + mx’ 
obtain: 
Substitute to obtain: T=1Mr?+4ML + (4 mr? +mx 2) 
=1Mr’ ea r 2ga 


Substitute numerical values and evaluate Z: 


D 


I =4(0.8kg)(0.2mJ +4 (0.8kg)(1.8m} + 2(0.2kg)|+(0.2m} +(0.8m) | 
= 0.492N-m? 


Express the net inward force acting 
on each of the 0.2-kg masses: 


Solve for @: 


Substitute numerical values and 
evaluate @: 


Substitute numerical values in 
equation (1) to obtain: 


130 »° 

Picture the Problem The force diagram 
shows the forces acting on the cylinder. 
Because F causes the cylinder to rotate 
clockwise, f, which opposes this motion, is 
to the right. We can use Newton’s 2™ law 
in both translational and rotational forms to 
relate the linear and angular accelerations 


to the forces acting on the cylinder. 


(a) Use Newton’s 2™ law to relate the 
angular acceleration of the center of 
mass of the cylinder to F: 


Use Newton’s 2™ law to relate the 
acceleration of the center of mass of 
the cylinder to F: 


Express the rolling-without-slipping 
condition to the accelerations: 


(b) Take the point of contact with the 
floor as the "pivot" point, express the 
net torque about that point, and solve 
for æ: 
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IP a = kAx = m(x + Axo’? 


kAx 
o= |——_ 
\m(x+Ax) 
(60N/m)(0.4m) 
= EN a 
O =A (0.2kg)(0.8m) i 


W =+(0.492N-m?)(12.2 rad/s} 
+4(60N/m)(0.4m) 


-m 


g- ine — FR 2k 
I 4MR?° MR 
Toi F 
Gon = Te tore 
M M 
F 
g = 4m i =] 24 
R MR 
T =2FR = Ia 
and 
2FR 
L=- 
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Express the moment of inertia of the 
cylinder with respect to the pivot 


point: 


Substitute to obtain: 


Express the linear acceleration of the 
cylinder: 


Apply Newton’s 2™ law to the forces 
acting on the cylinder: 


Solve for f: 
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IT =1MR?* + MR? =3MR’ 


ee) _ 4AF 
3 MR? 3MR 
4m = Ra = a 
3M 


=| 14 F in the positive x direction. 


Picture the Problem As the load falls, mechanical energy is conserved. As in Example 
9-7, choose the initial potential energy to be zero. Apply conservation of mechanical 

energy to obtain an expression for the speed of the bucket as a function of its position and 
use the given expression for ¢ to determine the time required for the bucket to travel a 


distance y. 


Apply conservation of mechanical energy: 


Express the total potential energy 
when the bucket has fallen a 
distance y: 


Assume the cable is uniform and 
express m, in terms of me, y, and L: 


Substitute to obtain: 


U,+K, =U,+K,=0+0=0 (1) 


U; =U, Us Uwe 


nae 


where m,’ is the mass of the hanging part 
of the cable. 


Noting that bucket, cable, and rim of 
the winch have the same speed v, 
express the total kinetic energy when 
the bucket is falling with speed v: 


Substitute in equation (1) to obtain: 


Solve for v: 
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Ky = Kye + Kee + Kye 


= 2 1 2 1 2 
=zmv +zmv + 51a; 


2 
may + 8) 


M +2m+2m, 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 


the columns are as follows: 


Cell Formula/Content Algebraic Form 
D9 0 Yo 
D10 D9+$B$8 ytAy 
E9 0 Vo 
E10 | ((4*$B$3*$B$7*D10+2*$B$7*D1042/(2*$B$5))/ 2m_gy? 
($B$1+2*$B$3+2*$B$4))‘0.5 4mgy + 7 
M+2m+2m, 
F10 F9+$B$8/((E10+E9)/2) v +v 
t+ [iw 
2 
J9 0.5*$B$7*H9^2 1 gf? 
A B C D E F G H I J 
1 M= | 10 kg 
2 R= | 0.5 m 
3 m= | 5 kg 
4 mc= | 3.5 kg 
5 L= | 10 m 
6 
7 g= | 9.81 | m/s^2 
8 dy= | 0.1 m y v(y) | tly) t(y) y 1/2gt^2 
9 0.0 0.00 | 0.00 0.00 | 0.0 0.00 
10 0.1 0.85 | 0.23 0.23 | 0.1 0.27 
11 0.2 1.21 | 0.33 0.33 | 0.2 0.54 
12 0.3 1.48 | 0.41 0.41 | 0.3 0.81 
13 0.4 1.71 | 0.47 0.47 | 0.4 1.08 
15 0.5 1.91 | 0.52 0.52 | 0.5 1.35 
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105 9.6 9.03 | 2.24 2.24 | 9.6 24.61 
106 9.7 9.08 | 2.25 2.25 | 9.7 24.85 
107 9.8 9.13 | 2.26 2.26 | 9.8 25.09 
108 9.9 9.19 | 2.27 2.27 | 9.9 25.34 
109 10.0 | 9.24 | 2.28 2.28 | 10.0 | 25.58 


The solid line on the graph shown below shows the position y of the bucket when it is in 
free fall and the dashed line shows y under the conditions modeled in this problem. 


= = ay 


free fall 


y m) 


t (s) 
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Picture the Problem The pictorial 
representation shows the forces acting on 
the cylinder when it is stationary. First, we 
note that if the tension is small, then there 
can be no slipping, and the system must 
roll. Now consider the point of contact of 
the cylinder with the surface as the “pivot” 
point. If r about that point is zero, the 
system will not roll. This will occur if the 
line of action of the tension passes through 
the pivot point. 


From the diagram we see that: 
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Picture the Problem Free-body diagrams 
for the pulley and the two blocks are shown 
to the right. Choose a coordinate system in 
which the direction of motion of the block 
whose mass is M (downward) is the 
positive y direction. We can use the given 


relationship 7"... = Te“*”’ to relate the 


tensions in the rope on either side of the 7 
pulley and apply Newton’s 2™ law in both i 
rotational form (to the pulley) and m 
translational form (to the blocks) to obtain 

a system of equations that we can solve mg 
simultaneously for a, Ti, T2, and M. 


(a) Use T' nax = Te“^’ to evaluate ‘ie (lON)e3”" =| 25.7N 
the maximum tension required to 

prevent the rope from slipping on 

the pulley: 


(c) Given that the angle of wrap is 7 Tete" 22577, (1) 
radians, express T» in terms of 7}: 


Because the rope doesn’t slip, we 
can relate the angular acceleration, 
a, of the pulley to the acceleration, 


a 
a, of the hanging masses by: a= = 
Apply YF, = ma to the two T -mg = ma (2) 
blocks to obtain: and 
Mg -T, = Ma (3) 
Apply > T = Ia to the pulley to (T, -rY -7f (4) 
obtain: r 


Substitute for T, from equation (1) 


a 
in equation (4) to obtain: (2.577, = T,)r =] a 


Solve for 7; and substitute P I 0.35 kg -m? 
1 in: = a= a 
numerical values to obtain: 1757/2 1.57(0.15 my (5) 
=(9.91kg)a 


Substitute in equation (2) to obtain: (9.91kg)a -mg = ma 
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Solve for and evaluate a: mg g 
 99lkg-m  9.91kg_ 
m 
9.81m/s* 7 
= 901k E =| 1.10 m/s 
lkg 
(b) Solve equation (3) for M: M= T, 
= = 
Substitute in equation (5) to find 7;: T, = (9.91kg)(1.10m/s?)= 10.9N 
Substitute in equation (1) to find T»: T,= (2.57)(10.9 N) =28.0N 
Evaluate M: 28.0 N 
M= =| 3.21k 
9.81m/s? -1.10 m/s? 
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Picture the Problem When the tension is horizontal, the cylinder will roll forward and 
the friction force will be in the direction of T. We can use Newton’s 2" law to obtain 
equations that we can solve simultaneously for a and f. 


(a) Apply Newton’s 2™ law to the DF, _=T+f=ma (1) 
cylinder: and 

Vic =Tr- fR= la (2) 
Substitute for J and @ in equation (2) Tr — fR = 1 mR? ie: imRa (3) 
to obtain: i R ? 
Solve equation (3) for f: Tr 4 

=—-—->5ma 4 

f R? (4) 
Substitute equation (4) in equation = 2T TEA (5) 
(1) and solve for a: 3m R 
Substitute equation (5) in equation | ff ar i 
(4) to obtain: i= 3R 


(b) Equation (4) gives the 2T r 
: a 1+— 
acceleration of the center of mass: 3m R 


T 
(c) Express the condition that a > — : 
m 


(a)Ifr>tR: 
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Picture the Problem The system is shown 
in the drawing in two positions, with angles 
& and 0 with the vertical. The drawing also 
shows all the forces that act on the stick. 
These forces result in a rotation of the 
stick—and its center of mass—about the 
pivot, and a tangential acceleration of the 
center of mass. We’ll apply the 
conservation of mechanical energy and 
Newton’s 2" law to relate the radial and 
tangential forces acting on the stick. 


Use the conservation of mechanical 
energy to relate the kinetic energy of 
the stick when it makes an angle 0 
with the vertical and its initial 
potential energy: 


Substitute for Z and solve for a: 


Express the centripetal force acting 
on the center of mass: 


Express the radial component of Mg: 


Express the total radial force at the 
hinge: 
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2T r T 2 r 

1+ >—>—|1+ >1 
3m R m 3 R 
r>|+R 


f >0,1.e., in the direction of T. 


K,-K,+U,—-U, =0 
or, because Ks= 0, 


L L 
—1I@° + Mg : cos — Mg > cos@, =0 


o’ ==£ (cos -cos6,) 


Baup 
2 
L 3g 
= M —=— (cos — cos 0 
L 3e l 


= ue (cos 0 — cos, ) 


(Mg) cit = Mg cos@ 


Py =F. + (M2)radial 
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= = (cos 8 — cos 8, )+ Mg cos 8 


=| 1 Mg(5cos @—3cos6, ) 


Relate the tangential acceleration of a=} La 
the center of mass to its angular 
acceleration: 


Use Newton’s 2” law to relate the L. 

i , Mg — sin 0 . 
angular acceleration of the stick to the yet = 2 = 3g sind 
net torque acting on it: I LMP 2L 
Express a, in terms of a: ai=} La= 3 gsinO= gsinO+ F\/M 


Solve for F; to obtain: F= where the minus sign 


indicates that the force is directed 
oppositely to the tangential component of 


MG. 


Chapter 10 
Conservation of Angular Momentum 


Conceptual Problems 


*] è 
(a) True. The cross product of the vectors Aand B is defined to be Ax B = ABsin Qn. 
If Aand B are parallel, sing = 0. 


(b) True. By definition, @ is along the axis. 


(c) True. The direction of a torque exerted by a force is determined by the definition of 
the cross product. 


2 e 
Determine the Concept The cross product of the vectors A and B is defined to be 


Ax B = ABsin gn. Hence, the cross product is a maximum when sing = 1. This 


condition is satisfied provided Aand Bare perpendicular. | (c) 1s correct. 


3 ° 
Determine the Concept L and p are related according to L = F x p. From this 
definition of the cross product, Land p are perpendicular; i.e., the angle between them 


is 90°. 


4 e 
Determine the Concept LZ and p are related according to L = F x p. Because the 


motion is along a line that passes through point P, r = 0 and so is L. | (b) is correct. 


*5 ee 


Determine the Concept L and p are related according to L =F x P. 


(a) Because L is directly proportional Doubling p doubles L. 
to p: 

(b) Because L is directly proportional Doubling F doubles L. | 
tor: 


n5 
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6 ee 
Determine the Concept The figure shows 


straight line (i.e., with constant velocity 
rsin o 


a particle moving with constant speed in a p 
| 
and constant linear momentum). The | 
| 


magnitude of L is given by rpsing = 
mv(rsing). R 


Referring to the diagram, note that the distance rsin g from P to the line along which the 
particle is moving is constant. Hence, mv(rsinø) is constant and so Lis constant. 


7 ° 
False. The net torque acting on a rotating system equals the change in the system’ s 
= dL/dt , where L = I. Hence, if T 


angular momentum; i.e., T is zero, all we can say 


net net 


for sure is that the angular momentum (the product of Z and ø) is constant. If J changes, 


so musta. 


*§ eo 

Determine the Concept Yes, you can. Imagine rotating the top half of your body with 
arms flat at sides through a (roughly) 90° angle. Because the net angular momentum of 
the system is 0, the bottom half of your body rotates in the opposite direction. Now 
extend your arms out and rotate the top half of your body back. Because the moment of 
inertia of the top half of your body is larger than it was previously, the angle which the 
bottom half of your body rotates through will be smaller, leading to a net rotation. You 
can repeat this process as necessary to rotate through any arbitrary angle. 


9 e 
Determine the Concept If L is constant, we know that the net torque acting on 
the system is zero. There may be multiple constant or time-dependent torques acting on 


the system as long as the net torque is zero. | (e) is correct. 


10 eo 
Determine the Concept No. In order to do work, a force must act over some distance. In 
each "inelastic collision” the force of static friction does not act through any distance. 


11 ee 
Determine the Concept It is easier to crawl radially outward. In fact, a radially inward 
force is required just to prevent you from sliding outward. 


*12 oe 
Determine the Concept The pull that the student exerts on the block is at right angles to 


its motion and exerts no torque (recall that T =F x F and T=rF sin0 ). Therefore, we 


Conservation of Angular Momentum 737 


can conclude that the angular momentum of the block is conserved. The student does, 
however, do work in displacing the block in the direction of the radial force and so the 


block’s energy increases. | (b) is correct. 


*13 ee 

Determine the Concept The hardboiled egg is solid inside, so everything rotates with a 
uniform velocity. By contrast, it is difficult to get the viscous fluid inside a raw egg to 
start rotating; however, once it is rotating, stopping the shell will not stop the motion of 
the interior fluid, and the egg may start rotating again after momentarily stopping for this 
reason. 


14 - 
False. The relationship T = dL| dt describes the motion of a gyroscope independently of 


whether it is spinning. 


15 œ 

Picture the Problem We can divide the expression for the kinetic energy of the object by 
the expression for its angular momentum to obtain an expression for K as a function of 7 
and L. 


Express the rotational kinetic K = slo 
energy of the object: 


Relate the angular momentum of L=Io 
the object to its moment of inertia 
and angular velocity: 


Divide the first of these equations 


K =— and so| (b) is correct. 
2I 


by the second and solve for K to 


obtain: 


16 œ 

Determine the Concept The purpose of the second smaller rotor is to prevent the body 
of the helicopter from rotating. If the rear rotor fails, the body of the helicopter will tend 
to rotate on the main axis due to angular momentum being conserved. 


17 eo 

Determine the Concept One can use a right-hand rule to determine the direction of the 
torque required to turn the angular momentum vector from east to south. Letting the 
fingers of your right hand point east, rotate your wrist until your fingers point south. Note 


that your thumb points downward. | (5) is correct. 
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18 eo 

Determine the Concept In turning east, the man redirects the angular momentum vector 
from north to east by exerting a clockwise torque (viewed from above) on the gyroscope. 
As a consequence of this torque, the front end of the suitcase will dip downward. 


| (d) is correct. 


19 e 
(a) The lifting of the nose of the plane rotates the angular momentum vector upward. It 
veers to the right in response to the torque associated with the lifting of the nose. 


(b) The angular momentum vector is rotated to the right when the plane turns to the right. 
In turning to the right, the torque points down. The nose will move downward. 
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Determine the Concept If L points up and the car travels over a hill or through a 
valley, the force on the wheels on one side (or the other) will increase and car will tend to 
tip. If L points forward and car turns left or right, the front (or rear) of the car will tend 
to lift. These problems can be averted by having two identical flywheels that rotate on the 
same shaft in opposite directions. 


21 ee 
Determine the Concept The rotational kinetic energy of the woman-plus-stool system is 
given by K,, =H =L / 21. Because L is constant (angular momentum is conserved) 


and her moment of inertia is greater with her arms extended, | (b) is correct. 


*22 oe 
Determine the Concept Consider the © 
overhead view of a tether pole and ball Pad “~ Tether 


shown in the adjoining figure. The ball 
rotates counterclockwise. The torque 
about the center of the pole is clockwise 
and of magnitude RT, where R is the 
pole’s radius and T is the tension. So L 


must decrease and | (e) is correct. 


23 eo 
Determine the Concept The center of mass of the rod-and-putty system moves in a 


straight line, and the system rotates about its center of mass. 
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24 œ 
(a) True. The net external torque acting a system equals the rate of change of the angular 
. y dl 
momentum of the system; i.e., > Tit = T 
a t 


(b) False. If the net torque on a body is zero, its angular momentum is constant but not 
necessarily zero. 


Estimation and Approximation 


*25 oo 

Picture the Problem Because we have no information regarding the mass of the skater, 
we’ll assume that her body mass (not including her arms) is 50 kg and that each arm has a 
mass of 4 kg. Let’s also assume that her arms are | m long and that her body is 
cylindrical with a radius of 20 cm. Because the net external torque acting on her is zero, 
her angular momentum will remain constant during her pirouette. 


Express the conservation of her angular L, = L; 
momentum during her pirouette: or 

arms out arms out T armsin arms in (1) 
Express her total moment of inertia Dae One 4 attis 


with her arms out: 


Lpa = Emr? = +(50kg)(0.2m) 


cylindrical, calculate its moment of =1.00kg-m 


Treating her body as though it is 
inertia of her body, minus her arms: 


Modeling her arms as though they Lams = al; (4 kg)(1 m} | 
are rods, calculate their moment of = 2.67kg- n? 
inertia when she has them out: 


Substitute to determine her total Temsom =1.00kg-m? + 2.67 kg -m° 
moment of inertia with her arms out: =3.67kg- m? 

Express her total moment of inertia sade, ~ leoa t li 

with her arms in: =1,00kg-m? +2|(4kg)(0.2m)| 


=1.32kg-m? 
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Solve equation (1) for Dams in and arms out 
substitute to obtain: amam w out 
3.67kg-m’ 
= 2 (1.5 rev/s) 
1.32kg-m 
=| 4.17 rev/s 
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Picture the Problem We can express the period of the earth’s rotation in terms of its 
angular velocity of rotation and relate its angular velocity to its angular momentum and 
moment of inertia with respect to an axis through its center. We can differentiate this 
expression with respect to / and then use differentials to approximate the changes in J and 
T. 


Express the period of the earth’s 27 
rotation in terms of its angular o 


velocity of rotation: 


Relate the earth’s angular velocity of 


o=— 
rotation to its angular momentum I 
and moment of inertia: 
Substitute to obtain: T= 2a 1 
L 
Find dT/dI: dT_2m_ T 
aq L I 
i . T dl 
Solve for dT/T and approximate AT: aT = di AT x Al, 
I 
Substitute for AZ and / to obtain: AT = a T= 5m T 
5M ERE 3M E 
Substitute numerical values and AT = 5(2.3 x10" kg) (1 d) 
evaluate AT: 3(6 x10” kg 
= 6.39x10%d 
24h 3600s 


= 6.39x10°dx——x 
d 


- [0 


h 
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27 >œ 
Picture the Problem We can use L = mvr to find the angular momentum of the particle. 
In (b) we can solve the equation L =./¢(¢+1)h for £ (¢ + 1) and the approximate value of 


l. 
(a) Use the definition of angular L = mr 
momentum to obtain: = (2 x10” kg)(3 x10” m/s)(4 x10° m) 


=| 2.40x10* kg-m7/s 


; 2 
(b) Solve the equation F, ( t4 1) _ - 
L= e(t +1) for ¢(¢+1): h 
Substitute numerical values and 2.40x10* kg-m?/s i 
evaluate (¢+1): e(e+1)= 1.05x01 Is 


=| 5.22x10” 
Because ¢>>1, approximate its la| 2.291079 


value with the square root of 


(¢+1): 


The quantization of angular momentum is not noticed in macroscopic 
(c)| physics because no experiment can differentiate between / = 2x10” and 
6=2x10" +1. 
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Picture the Problem We can use conservation of angular momentum in part (a) to relate 
the before-and-after collapse rotation rates of the sun. In part (b), we can express the 
fractional change in the rotational kinetic energy of the sun as it collapses into a neutron 
star to decide whether its rotational kinetic energy is greater initially or after the collapse. 


(a) Use conservation of angular Io, = 1,0, (1) 
momentum to relate the angular 

momenta of the sun before and after 

its collapse: 


Using the given formula, I, =0.059MR: 
approximate the moment of inertia > 
I, of the sun before collapse: = 0.059(1 .99x10°° kg) (6.96 x10° km) 


= 5.69x10*° kg- m? 
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Find the moment of inertia /, of the I =2 MR? 

sun when it has collapsed into a a? z ; 

spherical neutron star of radius 10 =2(1.99x10 kg)(10km) 

km and uniform mass distribution: ~ 7.96x102” kg- ime 

Substitute in equation (1) and solve PES I, Po 569x10% kg- m? P 

for @, to obtain: a I, e 7 096x102" ke “ae 
=7.15x10° ©, 

Given that @, = 1 rev/25 d, evaluate 

a aeti e 

j 25d 

=| 2.86 x10” rev/d 


The additional rotational kinetic energy comes at the expense of 
gravitational potential energy, which decreases as the sun gets smaller. 


Note that the rotational period decreases by the same factor of /,//, and becomes: 


27 20 


T,=“ = = 3.02x10"s 
O, 286x10 Vy 2nrad ld z lh 
d rev 24h 3600s 
(b) Express the fractional change in AK K,-K, K, 
the sun’s rotational kinetic energy as K = K = K 
: b b b 
a consequence of its collapse and 
simplify to obtain: BETRA 4 
71,0, 
low 
=a] 
1,@, 


Substitute numerical values and evaluate AK/K;: 


2 
AK 1 2.86x10" rev/d sia , a 

z 1=| 7.15x10 i.e., the rotational kinetic 
K, Graal lrev/25d l i 


energy increases by a factor of approximately 7x10°.) 


29 ee 


Picture the Problem We can solve J = CMR’ for C and substitute numerical values in 
order to determine an experimental value of C for the earth. We can then compare this 
value to those for a spherical shell and a sphere in which the mass is uniformly 
distributed to decide whether the earth’s mass density is greatest near its core or near its 
crust. 
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(a) Express the moment of inertia of I = CMR? 
the earth in terms of the constant C: 


Solve for C to obtain: I 
C=—, 
MR 
Substitute numerical values and é 8.03x10°’ kg-m?* 
luate C: = 
eee (5.98x 10" kg)(6370km} 


- [0331] 


(b) If all of the mass were in the Tera = 2 MR? 
crust, the moment of inertia of the 

earth would be that of a thin 

spherical shell: 

If the mass of the earth were I 2 MR? 


f ae i a 
uniformly distributed throughout its aes 3 


volume, its moment of inertia would 


be: 
Because experimentally C < 2/5 = 0.4, the mass density must be greater 
near the center of the earth. 
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Picture the Problem Let’s estimate that the diver with arms extended over head is about 
2.5 m long and has a mass M = 80 kg. We’ll also assume that it is reasonable to model 
the diver as a uniform stick rotating about its center of mass. From the photo, it appears 
that he sprang about 3 m in the air, and that the diving board was about 3 m high. We can 
use these assumptions and estimated quantities, together with their definitions, to 
estimate wand L. 


Express the diver’s angular velocity A@ 
@ and angular momentum L: = te (1) 
and 
L=lo (2) 
Using a constant-acceleration At = Atiice3m + Ateanem 
equation, express his time in the air: —— 
= 2M up + 2AV own 
Ve Ve 
Substitute numerical values and 23m 6m 
evaluate At: At = l ) ( ) =1.89s 
\ 9.81m/s 9.81m/s 
Estimate the angle through which he A0 = 0.5rev = z rad 


rotated in 1.89 s: 
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Substitute in equation (1) and evaluate 
O: 


Use the "stick rotating about an axis 
through its center of mass” model to 
approximate the moment of inertia 
of the diver: 


Substitute in equation (2) to obtain: 


Substitute numerical values and 
evaluate L: 


mrad 
v= ggs 66s] 


I=5ML 


L 


4ML o 
L = 4(80kg)(2.5m) (1.66 rad/s) 


= 69.2kg-m’/s =| 70kg-m7/s 


Remarks: We can check the reasonableness of this estimation in another way. 
Because he rose about 3 m in the air, the initial impulse acting on him must be about 
600 kg-m/s (i.e., I = Ap = My;). If we estimate that the lever arm of the force is 
roughly / = 1.5 m, and the angle between the force exerted by the board and a line 
running from his feet to the center of mass is about 5°, we obtain L = I/sinS° = 78 
kg-m/’/s, which is not too bad considering the approximations made here. 
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Picture the Problem First we assume a spherical diver whose mass M = 80 kg and 
whose diameter, when curled into a ball, is 1 m. We can estimate his angular velocity 
when he has curled himself into a ball from the ratio of his angular momentum to his 
moment of inertia. To estimate his angular momentum, we’ll guess that the lever arm ¢ of 
the force that launches him from the diving board is about 1.5 m and that the angle 
between the force exerted by the board and a line running from his feet to the center of 


mass is about 5°. 


Express the diver’s angular velocity 
æ when he curls himself into a ball 
in mid-dive: 


Using a constant-acceleration 
equation, relate the speed with 
which he left the diving board vo to 
his maximum height Ay and our 
estimate of his angle with the 
vertical direction: 


Solve for vo: 


Substitute numerical values and 
evaluate vo: 


o=— 1 
7 (1) 
0 =v + 2a Ay 
where 
Voy = V COS 5° 
| 2gAy 
y= 
° Vos? 5° 
2(9.81m/s? )(3 
v _ v2 s*)(m) =7.70m/s 


cos5° 


Approximate the impulse acting on 
the diver to launch him with the 
speed vo: 


Letting / represent the lever arm of 
the force acting on the diver as he 
leaves the diving board, express his 
angular momentum: 


Use the "uniform sphere” model to 
approximate the moment of inertia 


of the diver: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate a: 
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I= Ap = Mv, 


L = I sin 5° = Mv,£sin 5° 


ia My,ésin5° _ 5v)ésin 5° 


2 MR’ 2R° 


5(7.70 m/s)(1.5m)sin 5° 
O= 7 
2(0.5m) 


- [Toa | 


Picture the Problem We’ll assume that he launches himself at an angle of 45° with the 
horizontal with his arms spread wide, and then pulls them in to increase his rotational 
speed during the jump. We’ll also assume that we can model him as a 2-m long cylinder 
with an average radius of 0.15 m and a mass of 60 kg. We can then find his take-off 
speed and "air time” using constant-acceleration equations, and use the latter, together 
with the definition of rotational velocity, to find his initial rotational velocity. Finally, we 
can apply conservation of angular momentum to find his initial angular momentum. 


Using a constant-acceleration 


equation, relate his takeoff speed vo to 


his maximum elevation Ay: 


Solve for vo to obtain: 


Substitute numerical values and 
evaluate vo: 


Use its definition to express 
Goebel’s angular velocity: 


Use a constant-acceleration 
equation to express Goebel’s "air 
time” At: 


v= i + 2a,Ay 


or, because voy = vosin45°, v = 0, and 


ay =- §; 
0 =v? sin? 45° — 2gAy 


y = | 284v_ _ v28Ay 


0 Vsin?45° sin 45° 


(2(9.81m/s’)(0.6m) 
V= 7 
sin45° 


A0 
@=— 
At 


At = 2At ise 0.6m = a 
\ g 


4.85m/s 
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Substitute numerical values and 
| a 0.6 m) 
evaluate Ar: At = 2 9 81m/5? = 0.699s 


Substitute numerical values and Arev 2xrad 
evaluate æ: o= 0.6995 x y =| 36.0rad/s 
Use conservation of angular Ia =lo 


momentum to relate his take-off 
angular velocity @ to his average 
angular velocity was he performs a 
quadruple Lutz: 


Assuming that he can change his 
angular momentum by a factor of 2 
by pulling his arms in, solve for and 


O = g = 16 rad/s)=| 18.0rad/s 
I 2 


0 


evaluate æ: 
Express his take-off angular Lat, 
momentum: 

i i EDT A 2 
Assuming that we can model him as i= a(t mr )= mr 


a solid cylinder of length £ with an 
average radius r and mass m, 
express his moment of inertia with 
arms drawn in (his take-off 


where the factor of 2 represents our 
assumption that he can double his moment 
of inertia by extending his arms. 


configuration): 

Substitute to obtain: L= mr’ O, 

Substitute numerical values and a (60 kg)(0. 15 my (1 8 rad/s) 
evaluate Lo: g 


=| 24.3 kg- m7/s 


Vector Nature of Rotation 
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Picture the Problem We can express F and F in terms of the unit vectors i and jand 


then use the definition of the cross product to find T. 


Express F in terms of F and the unit F=-Fi 
vector I: 
Express F in terms of R and the unit r= Rj 


vector j: 
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Calculate the cross product of r and t=rxF=FR (x —j ) 
n = FR(xj)= 
34 


Picture the Problem We can find the torque is the cross product of F and F. 


Compute the cross product of F and F : t=7xF = (xf + me mgĵ) 
= —mexli x j)-mgy\j xj 


-Ere 


35 
Picture the Problem The cross product of the vectors Á = Aji +A A 
and B = Bi + B, jis given by 
Ax B= A,B (îxî]+ aB (ix j)+ 4,B,(jxi)+ 4,B, (xi) 
= A.B,(0)+ A,B, (é)+ 4,B,(-k)+ 4,B, (0) 
= A.B, (k)+ 4,B,(-k) 


(a) Find AxB for A =4i and Ax B =4i (67 +6j) 
B =6i + 6j: = 24(7 xi) +24(? x j) 


(b) Find Ax B for A =4i and Ax B = 4i x(67 + 6k) 
B =6i+6k: = 24(F xi) 24(F xk) 
=24(0)+24(- j)=[-24] | 
(c) Find Ax B ford=27 +37 Ax B = (27 +37)? +2]) 
and B=3i +2): = ffxi) + alix j)li) 
+6(7xj) 


= 6(0)+4(k)+9(-£)+ 6(0) 
=|-5k 
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Picture the Problem The magnitude of Ax Bis given by|AB sin o| . 


Equate the magnitudes of AxB 
and A- B: 


Solve for @to obtain: 
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Picture the Problem Let F be in the xy 
plane. Then @ points in the positive z 
direction. We can establish the results 
called for in this problem by forming the 
appropriate cross products and by 
differentiating V. 


(a) Express @ using unit vectors: 


Express F using unit vectors: 


Form the cross product of @ and F : 


(b) Differentiate V with respect to t to 
express @: 


|AB sin o| = |AB cos o| 
= [sin o| = [cos o| 


or 
tan 0 = 1 


6 =tan!+1=| +45° or +135° 


=vj 
v=oxr 
- dv diy. . 
a=—_ = — 
dt A ) 
do `. . ar 
=—xr+o@x— 
dt dt 
do ` . . 
=—xr+@xy 
dt 
= 4, + @x(@xF) 
=a,+4a 


where 4, =| @x(@xF) 


and a, and @,are the tangential and 
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centripetal accelerations, respectively. 
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Picture the Problem Because B, = 0, we can express Bas B = Bi + Bj and form its 


cross product with A to determine B, and B,. 


Express B in terms of its components: B= Bi +B vd (1) 
Express Ax B: Ax B = 4i x (i + B,j)= 4B k =12k 
Solve for B,: B, =3 

Relate B to B, and B,: B? =B? + BY 

Solve for and evaluate B,: B,= JP x B? = J5? -3 =4 
Substitute in equation (1): B=|4i+3j 
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Picture the Problem We can write B in the form B = Bi + Bj + Bk and use the dot 


product of A and B to find B, and their cross product to find B, and B.. 


Express B in terms of its components: B= Bi + Bj + Bk (1) 
Evaluate A-B: A-B=3B, =12 
and 
B,=4 
Evaluate A x B: AxB =3jx(B.i+4j+Bk) 
=-3B k+3B.i 
Because Ax B =9i: B, = 0 and B, = 3. 


Substitute in equation (1) to obtain: B=|4j+3k 
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Picture the Problem The dot product of A with the cross product of B and C isa scalar 


a, a, 4, 


quantity and can be expressed in determinant form as |b, b, b,|. We can expand this 


C, C C 


x y Z 


determinant by minors to show that it is equivalent to A: (B xC ), C- (A x B) , and 


B.(Cx A). 


The dot product of A with the cross 


product of B and Č isa scalar 
quantity and can be expressed in 
determinant form as: 


Expand the determinant by minors 
to obtain: 


Evaluate the cross product of B and 
C to obtain: 


Form the dot product of Á with 
B x C to obtain: 


Because (1) and (2) are the same, 
we can conclude that: 


Proceed as above to establish that: 


a, a, a, 
A(BxC)=|b, b, b, 

x C, z 
a, a, a, 
b, b, b, =a b,c, —a,b,c, 
C ky C, 


+a bc, -a,b,c (1) 


+a,b,c, — a,b,c, 


BxC= (b,c. =D ji 
+ (b.c, -b Cc, )j + (b.c, — b,c, Mi 


A: (B xC )= abc, — a,b,c, 


+a, b,c,- a,b,c, (2) 


+a bc,- a,b,c, 


Z7 XY 


a, a, Zz 
A(BxC)=|b, b, b, 
C, C, C, 

x y a, 
C-(AxB)=|b, b, b, 
C C, C, 


and 
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Picture the Problem Let, without loss of generality, the vector C lie along the x axis and 


the vector B lie in the xy plane as shown below to the left. The diagram to the right 
shows the parallelepiped spanned by the three vectors. We can apply the definitions of 


the cross- and dot-products to show that A: (B xC ) is the volume of the parallelepiped. 


B 


B sin 0 / 
/ 
i = x 
rod 

Express the cross-product of B and Č : BxC =(BCsin o)(-k) 

and 

iB x č! =(Bsin@)C 

= area of the parallelogram 

Form the dot-product of A with the Á: (B x Č) = A(B sin O)C cos @ 
cross-product of B and C to obtain: = (BC sin 6)( Acos ¢) 


= (area of base)(height) 


= V arallelepiped 
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Picture the Problem Draw the triangle 
using the three vectors as shown below. 
Note that A+ B = Č. We can find the 
magnitude of the cross product of Aand 

B and of Á and C and then use the cross 
product of Aand C, using A+B=C,to 
show that AC sin b = AB sinc or 

B/sin b = C/ sin c. Proceeding similarly, we 


can extend the law of sines to the third side 
of the triangle and the angle opposite it. 
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Express the magnitude of the cross 
product of A and B: 


Express the magnitude of the cross 
product of A and C: 


Form the cross product of Awith 
C to obtain: 


Because AxC = Ax B: 
Simplify and rewrite this expression 
to obtain: 


Proceed similarly to extend this 
result to the law of sines: 


Angular Momentum 
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|4xB = ABsinc 


|AxC| = ACsinb 


= Ax A+AxB 

= AxB 
because Ax A=0. 
|4xC|=|4xB 


and 
ACsinb = ABsinc 


B C 
sinb sinc 
A B C 


sina sinb sinc 


Picture the Problem L and p are related according to L = F x p. If L= 0, then 


examination of the magnitude of F x p will allow us to conclude that sin ø = 0 and that 


the particle is moving either directly toward the point, directly away from the point, or 


through the point. 


Because L= 0: 


Express the magnitude of F x V : 


Because neither r nor v is zero: 


Solve for ¢: 


sing =0 


where ¢ is the angle between F and V. 
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Picture the Problem We can use their definitions to calculate the angular momentum 
and moment of inertia of the particle and the relationship between L, J, and æ to 
determine its angular speed. 


(a) Express and evaluate the L = mvr =(2kg)(3.5m/s)(4m) 
magnitude of L: =| 28.0kg-m’/s 
(b) Express the moment of inertia of l=mr = (2 kg)(4 my =| 32kg- m’? 


the particle with respect to an axis 
through the center of the circle in 
which it is moving: 


(c) Ses = angular speed of the n= L 2 28.0kg-m7/s 10.875 tad/s2 
particle to its angular momentum I 32kg- m? 


and solve for and evaluate ø: 


45 œ 

Picture the Problem We can use the definition of angular momentum to calculate the 
angular momentum of this particle and the relationship between its angular momentum 
and angular speed to describe the variation in its angular speed with time. 


(a) Express the angular momentum L = rmvsin ð 
of the particle as a function of its = (6 m)(2 kg)(4.5 m/s)sin90° 


mass, speed, and distance of its path =| 54.0kg- mek 


from the reference point: 


=o. 2 1 
(b) Because L = mr æ: wx — and 
r 


@ increases as the particle 
approaches the point and decreases 


as it recedes. 
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Picture the Problem We can use the formula for the area of a triangle to find the area 
swept out at ¢ = ¢,, add this area to the area swept out in time dt, and then differentiate this 
expression with respect to time to obtain the given expression for dA/dt. 


Express the area swept out at t = tı: A, = xr, cos 0, = + bx, 


where @ is the angle between Fand v and 
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Express the area swept out at 
t=t +dt: 


Differentiate with respect to t: 


Because rsinĝ = b: 
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xı is the component of F, in the direction of 


v. 
A= A, +dA=ż}b(x, +dx) 
dA =1b a = 5 bv = constant 
dt dt 
tbv = L(r sin 6)v = a sin 8) 
2m 
_| 2 
2m 


Picture the Problem We can find the total angular momentum of the coin from the sum 


of its spin and orbital angular momenta. 


(a) Express the spin angular 
momentum of the coin: 


From Problem 9-44: 


Substitute for / to obtain: 


Substitute numerical values and 
evaluate Lspin: 


(b) Express and evaluate the total 
angular momentum of the coin: 


(c) From Problem 10-14: 


(d) Express the total angular 
momentum of the coin: 


Lis = em spin 
IT=1MR’ 
Lopin = IMR Opn 
Loin = +(0.015kg)(0.0075m) 
«(10% Prad) 
S rey 


=| 1.33x10° kg-m’/s 


L= L mwi + Losin = OTL 


orbit spin spin 
=| 1.33x10~° kg-m7/s 
Lit = 0 
and 
L=|1.33x10~ kg -m?/s 
L = Lorvit + Lopin 
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Find the orbital momentum of the Lovit = MVR 
coin: = +(0.015kg)(0.05m/s)(0.1m) 
= +7.50x10° kg :m’/s 


where the + is a consequence of the fact 
that the coin’s direction is not specified. 


Substitute to obtain: L=+7.50x10~ kg- m”/s 
+1.33x10°kg-m’/s 


The possible values for L are: L= | 8.83 x107” kg- m’?/s 


or 


L=] -6.17 x10% kg-m?/s 
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Picture the Problem Both the forces acting on the particles exert torques with respect to 
an axis perpendicular to the page and through point O and the net torque about this axis is 
their vector sum. 


Express the net torque about an axis Ta = 2 t, =F x F, +F, x F, 

perpendicular to the page and : 

through point O: = (r, = )x F, 
e 


Because F, — F, points along — F, : (F, =f, )x F =0 


Torque and Angular Momentum 
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Picture the Problem The angular momentum of the particle changes because a net 
torque acts on it. Because we know how the angular momentum depends on time, we can 
find the net torque acting on the particle by differentiating its angular momentum. We 
can use a constant-acceleration equation and Newton’s 2™ law to relate the angular speed 
of the particle to its angular acceleration. 


(a) Relate the magnitude of the _ dL = d ( AN. m) t] 
torque acting on the particle to the "dt dt 
rate at which its angular momentum =14.00N-m 


changes: 
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(b) Using a constant-acceleration 
equation, relate the angular speed of 
the particle to its acceleration and 
time-in-motion: 


Use Newton’s 2™ law to relate the 
angular acceleration of the particle 
to 

the net torque acting on it: 
Substitute to obtain: 


Substitute numerical values and 
evaluate @: 
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O=0,+at 
where @ = 0 
a Cnet T iet 
I mr 
O= ante t 
mr 
(4 N -m)t 


(1.8kg)(3.4m) 
=| (0.192 rad/s?) 


provided ¢ is in seconds. 


Picture the Problem The angular momentum of the cylinder changes because a net 


torque acts on it. We can find the angular momentum at t = 25 s from its definition and 


the net torque acting on the cylinder from the rate at which the angular momentum is 


changing. The magnitude of the frictional force acting on the rim can be found using the 


definition of torque. 


(a) Use its definition to express the 
angular momentum of the cylinder: 


Substitute numerical values and 
evaluate L: 


L 
(b) Express and evaluate £ : 


(c) Because the torque acting on the 
uniform cylinder is constant, the rate 


2 
L=Io=+4mro 


L =1(90kg)(0.4m) 


AET a 
min rev 60s 


=| 377kg- m”/s 


dL (377kg -m?/s) 


dt 25s 
=| 15.1kg-m7/s? 
ce 15.1kg-m7/s* 
dt 
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of change of the angular momentum 
is constant and hence the 
instantaneous rate of change of the 
angular momentum at any instant is 
equal to the average rate of change 
over the time during which the 
torque acts: 


(d) Using the definition of torque 


=| 37.7N 


that relates the applied force to its e 0.4m 
lever arm, express the magnitude of 

the frictional force facting on the 

rim: 
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Picture the Problem Let the system include the pulley, string, and the blocks and 
assume that the mass of the string is negligible. The angular momentum of this system 
changes because a net torque acts on it. 


(a) Express the net torque about the Ta = Rm,g sin 0 — Rm, g 
center of mass of the pulley: 


=| Re(m, sind —m,) 


where we have taken clockwise to be 
positive to be consistent with a positive 
upward velocity of the block whose mass is 
m; as indicated in the figure. 


(b) Express the total angular L=loa+mvR+m,vR 
momentum of the system about an I 
val +m,+m, 
R 


axis through the center of the 


pulley: 
(c) Express ras the time derivative dL d I 
T = — = —| vR — tmtm, 
of the angular momentum: dt dt R? 
I 
= an 2 + mM, + m) 
Equate this result to that of part (a) glm, sin 0 -m,) 


a = 


and solve for a to obtain: 


I 
ee +m, 
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Picture the Problem The forces resulting from the release of gas from the jets will exert 
a torque on the spaceship that will slow and eventually stop its rotation. We can relate 
this net torque to the angular momentum of the spaceship and to the time the jets must 


fire. 

Relate the firing time of the jets to Mee AL = [Ao 

the desired change in angular Con Tag 

momentum: 

Express the magnitude of the net Tre = 2FR 

torque exerted by the jets: 

Letting Am/A?' represent the mass of F= Am 

gas per unit time exhausted from the At' 

jets, relate the force exerted by the 

gas on the spaceship to the rate at 

which the gas escapes: 

Substitute and solve for Aż to obtain: he Io 
A 

224R 

At' 


Substitute numerical values and evaluate Ar: 


(4000kg-m?) 6 ay : 2arad | Imin 
min rev 60s 


210° kg/s800m/s)6m) 524s | 
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Picture the Problem We can use constant-acceleration equations to express the 
projectile’s position and velocity coordinates as functions of time. We can use these 
coordinates to express the particle’s position and velocity vectors F and V. Using its 


definition, we can express the projectile’s angular momentum L as a function of time and 
then differentiate this expression to obtain dL/ dt. Finally, we can use the definition of 
the torque, relative to an origin located at the launch position, the gravitational force 


exerts on the projectile to express T and complete the demonstration that dL| age. 


Using its definition, express the L=Fxmy (1) 


angular momentum vector L of the 
projectile: 


Using constant-acceleration Kea (v cos 6)t 


equations, express the position 
coordinates of the projectile as a 
function of time: 


Express the projectile’s position 
vector F : 
Using constant-acceleration 


equations, express the velocity of 
the projectile as a function of time: 


Express the projectile’s velocity 
vector V : 


Substitute in equation (1) to obtain: 


Differentiate L with respect to ¢ to obtain: 


Using its definition, express the 
torque acting on the projectile: 


Comparing equations (2) and (3) we 
see that: 
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and 
Y=VotVoytt tat? 


=(V sin6)t—4 gt? 


F =|(V cosO\]i + lv sin 0)t—1 gt? li 


V, =V =V cosé 
and 
V, = Vey + a,t 


=V sin- gt 


v= lV cos Oli + lV sin 0— gt|j 


L= {(v coso)r]é +[(V sin o)jt-+g lj} 
xm{V cos6lé +|V sing- gt] ĵ} 
= (—Lmgt?V cos0)k 


5 <-tmet’v cos o) 


= (— mgtV cos O)k 


(2) 


T =F x(-mg)j 
= |(V cos@)t]i + lv sin 6)t—4 gt? iF 
x(-mg)j 
or 
T =(—mgtV cos O)\k (3) 
dl = 
=F 
dt 
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Picture the Problem Let m represent the mass of the planet and apply the definition of 


torque to find the torque produced by the gravitational force of attraction. We can use 


Newton’s 2™ law of motion in the form 7 = dL/ dt to show that L is constant and apply 


conservation of angular momentum to the motion of the planet at points A and B. 
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(a) Express the torque produced by 
the gravitational force of attraction 
of the sun for the planet: 


(b) Because T = 0: 


Noting that at points A and B 
|r x v| = rv, express the 


relationship between the distances 
from the sun and the speeds of the 
planets: 
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t=7xF = [o] because F acts along 


the direction of F. 


dL eat 
—=0> L =r xmv = constant 
dt 

KV, =hhV, 

or 

vy | 

Vo r 


Picture the Problem Let the system consist of you, the extended weights, and the 


platform. Because the net external torque acting on this system is zero, its angular 


momentum remains constant during the pulling in of the weights. 


(a) Using conservation of angular 
momentum, relate the initial and 
final angular speeds of the system to 
its initial and final moments of 
inertia: 


Solve for ©; : 


Substitute numerical values and 
evaluate ©; : 


(b) Express the change in the kinetic 
energy of the system: 


Substitute numerical values and 
evaluate AK: 


Lo =1,0, 
oO; =a, 
f I i 
2 
O; SON R (1 Stevis) = 5.00 rev/s 
1.8kg-m 


AK = K, -K =11,@; -to 


i >\ -rev 2arad : 
AK = 4(L.8kg-m ) 5— x 


S rev 


2 
-H(6kg-m | 1.5222 | 


S rev 
- 
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© Because no external agent does work on the system, the energy comes 
c 

from the internal energy of the man. 
*56 oe 


Picture the Problem Let the system consist of the blob of putty and the turntable. 
Because the net external torque acting on this system is zero, its angular momentum 
remains constant when the blob of putty falls onto the turntable. 


(a) Using conservation of angular LO; =1;0; 
momentum, relate the initial and and 

final angular speeds of the turntable I 

to its initial and final moments of a p 


inertia and solve for œ 


Express the final rotational inertia of I, =I, + Lyw =l + mR? 
the turntable-plus-blob: 


Substitute and simplify to obtain: 


(b) If the blob flies off tangentially to the turntable, its angular momentum doesn’t 
change (with respect to an axis through the center of turntable). Because there is no 
external torque acting on the blob-turntable system, the total angular momentum of the 
system will remain constant and the angular momentum of the turntable will not change. 
Because the moment of inertia of the table hasn’t changed either, the turntable will 


continue to spin al o=o | ; 
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Picture the Problem Because the net external torque acting on the Lazy Susan- 
cockroach system is zero, the net angular momentum of the system is constant (equal to 
zero because the Lazy Susan is initially at rest) and we can use conservation of angular 
momentum to find the angular velocity œ of the Lazy Susan. The speed of the cockroach 
relative to the floor vr is the difference between its speed with respect to the Lazy Susan 
and the speed of the Lazy Susan at the location of the cockroach with respect to the floor. 


Relate the speed of the cockroach v =v-or (1) 
with respect to the floor vs to the 

speed of the Lazy Susan at the 

location of the cockroach: 


Use conservation of angular Lis- Lc =0 
momentum to obtain: 
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Express the angular momentum of L.. =1..@ =1+MR’o 
Ls T 2s 2 
the Lazy Susan: 


Express the angular momentum of [v 
the cockroach: Lo = Ic = mr | —-@ 


Substitute to obtain: 


r 
Solve for @ to obtain: a 2mrv 
MR? +2mr’° 
Substitute in equation (1): Imr y 
jasy 7 
f MR? +2mr’° 


Substitute numerical values and evaluate vg 


2 
ee 2(0. 015kg)(0. 08m) (0.01m/s) 2 - [967mm] 


(0.25m)(0.15m) + 2(0.015 kg)(0.08m} 
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Picture the Problem The net external torque acting on this system is zero and so we 
know that angular momentum is conserved as these disks are brought together. Let the 
numeral 1 refer to the disk to the left and the numeral 2 to the disk to the right. Let the 
angular momentum of the disk with the larger radius be positive. 


Using conservation of angular Ia, =1,0, 
momentum, relate the initial angular or 
speeds of the disks to their common 1,0, —1,@,) = (1 iF; Jo; 
final speed and to their moments of 
inertia: 
Solve for @¢ Ld, 
O; = Do 
Leds 
5 1 2 2 
Express 7, and J: l= 1 m(2r) = 2mr 
and 
I, =4mr 
Substitute and simplify to obtain: 7 2mr? —Lmr? 5 
m= 2mr? +m? > 52 
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Picture the Problem We can express the angular momentum and kinetic energy of the 
block directly from their definitions. The tension in the string provides the centripetal 
force required for the uniform circular motion and can be expressed using Newton’s 2" 
law. Finally, we can use the work-kinetic energy theorem to express the work required to 
reduce the radius of the circle by a factor of two. 


(a) Express the initial angular Ly =| nmv 


momentum of the block: 


(b) Express the initial kinetic energy K, =|4 mv 
of the block: 

(c) Using Newton’s 2" law, relate the vo 
tension in the string to the centripetal a n 


force required for the circular motion: 


Use the Work-kinetie energy theorem WARK -R= a Io 
to relate the required work to the 21, 2i 
o in the kinetic energy of the E È r í 1 ) 
ock: = = 
ale 21, 2 lel, 
o5 1 2h 
2 m(4 T y mr; 3 mr, 
Substitute the result from part (a) and W =| -2 mvi 


simplify to obtain: 
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Picture the Problem Because the force exerted by the rubber band is parallel to the 
position vector of the point mass, the net external torque acting on it is zero and we can 
use the conservation of angular momentum to determine the speeds of the ball at points B 
and C. We’ll use mechanical energy conservation to find b by relating the kinetic and 
elastic potential energies at A and B. 


(a) Use conservation of momentum L,=L, = Le 
to relate the angular momenta at or 
points A, B and C: MV 4r} = MV pl, = MVcře 
Solve for vz in terms of vy: r 
Vg =V 
r 


B 
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Substitute numerical values and 0.6m 

v, = (4m/s )}—— =| 2.40m/s 
evaluate vz: ý ( ) lm [240m | 
Solve for vc in terms of v4: o r 

Ve =Va— 

ie 

Substitute numerical values and 0.6m 

vo = (4m/s )—— =| 4.00m/s 
evaluate vc: ? l lage [4.00s | 
(b) Use conservation of mechanical E,=E,; 
energy between points 4 and B to or 
relate the kinetic energy of the point + mv? + tbr = 4 mv, + tbr a 
mass and the energy stored in the 
stretched rubber band: 
Solve for b: mh? a) 

b= B “A 


E 
r4 — Fg 


Substitute numerical values and evaluate b: (0.2kg)(2.4 m/s) -(4m/sY 
pa 2 2 
(0.6m) —(1m) 


3.20 N/m 


II 


Quantization of Angular Momentum 
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Picture the Problem The electron’s spin = 
, , Lý 4 
angular momentum vector is related to its z an 


component as shown in the diagram. 


Using trigonometry, relate the 


th 
7 0 = cos” — =| 54.7° 
magnitude of $ to its z component: ii V0.75h 
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Picture the Problem Equation 10-27a describes the quantization of rotational energy. 
We can show that the energy difference between a given state and the next higher state is 
proportional to Z + 1by using Equation 10-27a to express the energy difference. 


From Equation 10-27a we have: 


Using this equation, express the 
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K, =€(€+1)E,, 


AE = (€+1)(€+2)E,, — (0+ 1)E,, 


difference between one rotational 


=| 2(¢+1DE,, 


state and the next higher state: 
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Picture the Problem The rotational energies of HBr molecule are related to £ and 
E according to K, = e(t + 1E where Ep, = h f2I. 


(a) Express and evaluate the moment l= mr’ 


= (1.67x10” kg) (0.144x10° m} 


=| 3.46x10 kg- m’ 


K, =€(€+1E,, 


of inertia of the H atom: 


(b) Relate the rotational energies to 
Land Ep, : 


Evaluate E,, : Wh] (1.05x10“*I-s)’ 


E =—= 
"27 2(3.46x 10" kg-m?) 


=1.59x10 2 Jx—_e¥_ 
1.60x10™° J 


= 0.996 meV 


E, =(1+1)(0.996 meV) = 


E, = 2(2+1)(0.996 meV) 


-[ 98m] 


E, = 3(3+1)(0.996meV) 


- [120m] 


Evaluate E for @= 1: 


Evaluate E for @=2: 


Evaluate E for = 3: 
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Picture the Problem We can use the definition of the moment of inertia of point 
particles to calculate the rotational inertia of the nitrogen molecule. The rotational 
energies of nitrogen molecule are related to £ and Ey, according 


toK, = e +1)E,, where Ep, = h21. 
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(a) Using a rigid dumbbell model, I= Yim = m "° + myr? 
express and evaluate the moment of i 

inertia of the nitrogen molecule = 2m,r° 

about its center of mass: 


Substitute numerical values and evaluate/: J= 2(14)(I 66x10” kg)(5. 5x107! m) 
=| 141x10“ kg-m? | 


(b) Relate the rotational energies to E= (0 + DE a 
Cand Ep, : 


Evaluate Eo: E he 1.05x10*J-s)” 
™ 27 2(1.41x10“ kgm? 
saoi i E 
1.6010? J 


= 0.244 meV 


Substitute to obtain: E, = 0.244 0(¢ + 1) meV 
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Picture the Problem We can obtain an expression for the speed of the nitrogen molecule 


by equating its translational and rotational kinetic energies and solving for v. Because this 
expression includes the moment of inertia / of the nitrogen molecule, we can use the 
definition of the moment of inertia to express J for a dumbbell model of the nitrogen 
molecule. The rotational energies of a nitrogen molecule depend on the quantum number 
l according to E, = I/21 = ¢(¢+1)h? /21. 


Equate the rotational kinetic energy E= tmy? (1) 
of the nitrogen molecule in its / = 1 

quantum state and its translational 

kinetic energy: 


Express the rotational energy levels E- i _ e(t + 1h? 

of the nitrogen molecule: a) 21 

For ¢= 1: 11+)h? R? 
E = ————————— = — 


Substitute in equation (1): 


Solve for v to obtain: 


Using a rigid dumbbell model, 
express the moment of inertia of the 
nitrogen molecule about its center of 
mass: 


Substitute in equation (2): 


Substitute numerical values and evaluate v: 


Collision Problems 
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=l 2 
= 5 Myy 


2 
I 2 


27? 
= 2 
i ml @) 


_ Qo 2 2 2 
T=) mi = mr" + myr’ = 2my,r 
i 


and 
2.2 
myl = 2mxyr 


2h? h 
v= = 
2mir? m, 


1.055x10™ J -s 
14(1.66x10~ kg) (5.5x10" m) 


=| 82.5m/s 


Picture the Problem Let the zero of gravitational potential energy be at the elevation of 


the rod. Because the net external torque acting on this system is zero, we know that 


angular momentum is conserved in the collision. We’ll use the definition of angular 


momentum to express the angular momentum just after the collision and conservation of 


mechanical energy to determine the speed of the ball just before it makes its perfectly 


inelastic collision with the rod. 


Use conservation of angular 
momentum to relate the angular 
momentum before the collision to 
the angular momentum just after the 
perfectly inelastic collision: 


Use conservation of mechanical 
energy to relate the kinetic energy of 
the ball just before impact to its 
initial potential energy: 


Letting 4 represent the distance the 


K,-K,+U,—-U, =0 
or, because K; = Us= 0, 
K, -U, =0 


v=./2gh 
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ball falls, substitute for 
K, and U and solve for v to 


obtain: 
Substitute for v to obtain: L; =mr.j2gh 
Substitute numerical values and bee (3.2 kg)(0.9 m) 219.81 m/s” (1.2 m) 


evaluate Lg 
- [0T] 
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Picture the Problem Because there are no external forces or torques acting on the 
system defined in the problem statement, both linear and angular momentum are 
conserved in the collision and the velocity of the center of mass after the collision is the 
same as before the collision. Let the direction the blob of putty is moving initially be the 
positive x direction and toward the top of the page in the figure be the positive y 
direction. 


Using its definition, express the below the center of the bar. 


location of the center of mass relative M+m 
to the center of the bar: 


Using its definition, express the mv 
y = 
velocity of the center of mass: = M+m 
Using the definition of L in terms of I ne Lom (1) 
and @, express ©: ae 
Express the angular momentum about v(d - Y = 
the center of mass: mMvd 
M+m) M+m 
Using the parallel axis theorem, Lon = 4M + My>, + md — Yem y 


express the moment of inertia of the 
system relative to its center of mass: 


Substitute for yen and simplify to obtain: 
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(M + mY M+m 
i 2 Mmd? m a i 2 (M + m)mMd 
(M+m) (M+m) (M +m) 
2 
Md 
SAMP ae 

M+m 

Substitute for Zem and Lem in equation mMvyd 
R , @= 

(1) and simplify to obtain: 4, ML’ (M + m) + Mmd’ 


Remarks: You can verify the expression for I.m by letting m — 0 to obtain 

I „= MP and letting M > 0 to obtain Im = 0. 
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Picture the Problem Because there are no external forces or torques acting on the 
system defined in the statement of Problem 67, both linear and angular momentum are 
conserved in the collision and the velocity of the center of mass after the collision is the 
same as before the collision. Kinetic energy is also conserved as the collision of the hard 
sphere with the bar is elastic. Let the direction the sphere is moving initially be the 
positive x direction and toward the top of the page in the figure be the positive y direction 
and v’ and V’ be the final velocities of the objects whose masses are m and M, 


respectively. 
Apply conservation of linear Pi = Pe 
momentum to obtain: or 

mv = mv'+MV' (1) 
Apply conservation of angular L =L; 
momentum to obtain: or 

2 

myd = mv'd + 4 ML œ (2) 

Set v' = 0 in equation (1) and solve y'= mv 
=. (3) 

for V': M 
Use conservation of mechanical K =K, 
energy to relate the kinetic energies or 


of translation and rotation before 
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and after the elastic collision: 


Substitute (2) and (3) in (4) and 
simplify to obtain: 


Solve for d: 
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Picture the Problem Let the zero of 


gravitational potential energy be a distance 
x below the pivot as shown in the diagram. 


Because the net external torque acting on 
the system is zero, angular momentum is 
conserved in this perfectly inelastic 
collision. We can also use conservation of 
mechanical energy to relate the initial 
kinetic energy of the system after the 


collision to its potential energy at the top of 


its swing. 


Using conservation of mechanical 
energy, relate the rotational kinetic 
energy of the system just after the 
collision to its gravitational potential 
energy when it has swung through 
an angle 6: 


Apply conservation of momentum to 
the collision: 


Solve for @ to obtain: 


Express the moment of inertia of the 
system about the pivot: 


m  12m(d? 

l=—+—| -= 
M M\L 
d=\L M-m 
12m 


L 
L 


Ug =0 
AK +AU =0 

or, because K= U;= 0, 
—K,+U, =0 

and 


1I@’ = [eS + mex cosa) (1) 


Lad: 
or 


0.8dmv = I = |+ Ma? +(0.8d) mlo 


0.8dmv 
Oa ; (2) 
+ +0.64md 


I = m(0.8d) +4 Ma’ 
= 0.64md? +4Md? 
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ase ananas 2) and (3) in Mg d ned (1 UR 0) 
equation (1) and simplify to obtain: 2 


_ 0.32(dmvř 
1 Md’ +0.64md? 


Solve for v: 


a (0.5M +0.8m) (4 Ma? + 0.64md? )g(1—cos6) 
0.32dm? 


Evaluate v for 0= 90° to obtain: 


(0.5M +0.8m)(+ Md? +0.64md” )g 
0.32dm? 
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Picture the Problem Let the zero of => 
gravitational potential energy be a distance 

x below the pivot as shown in the diagram. i 
Because the net external torque acting on x cos 0 
the system is zero, angular momentum is x 
conserved in this perfectly inelastic 
collision. We can also use conservation of 


mechanical energy to relate the initial Ug=0 ¥ 


kinetic energy of the system after the 
collision to its potential energy at the top of 


its swing. 

Using conservation of mechanical K,-K,+U,—-U, =0 

energy, relate the rotational kinetic or, because Ky= U;= 0, 

energy of the system just after the -K +U; =0 

collision to its gravitational potential and 

energy when it has swung through an d 

angle ö: slo = Mg mB (I1—cos@) (1) 
Apply conservation of momentum to L =L; 

the collision: or 


0.8dmv = Ia 
= [y Ma? +(0.84) mlo 


772 Chapter 10 


in: 0.8d 
Solve for æ to obtain: o=- mv - (2) 
> Md + 0.64md 


Express the moment of inertia of the i= m(0.8d) + 1 Md’ 
system about the pivot: = (0 64m+1 M) d? 
f 3 

= [0.64(0.3kg)+4(0.8kg)|(1.2m) 

= 0.660 kg - m’ 
Substitute equation 2) in equation (1) í We d +08 dmg asd) 
and simplify to obtain: 2 

_ 0.32(dmv) 
I 
Solve for v: e [E05 sml coed} 
0.32dm° 


Substitute numerical values and evaluate v for 0= 60° to obtain: 


0.32(1.2m)(0.3kg) 
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Picture the Problem Let the length of the uniform stick be /. We can use the impulse- 
change in momentum theorem to express the velocity of the center of mass of the stick. 
By expressing the velocity V of the end of the stick in terms of the velocity of the center 
of mass and applying the angular impulse-change in angular momentum theorem we can 
find the angular velocity of the stick and, hence, the velocity of the end of the stick. 


(a) Apply the impulse-change in K =Ap=p-p,=P 


momentum theorem to obtain: or, because po = 0 and p = Mvem 


K=Mv,,, 
Solve for Vem to obtain: K 

vy =| — 

cm M 

(b) Relate the velocity V of the end V =V a + Veltocotm = Von + ot £) (1) 
of the stick to the velocity of the 
center of mass Vem: 
Relate the angular impulse to the K (i £) =AL=L-L,=I,,,@ 
change in the angular momentum of or, because Lo = 0, 
the stick: 


K(4£)=1.,,@ 
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Refer to Table 9-1 to find the I =M 
: : . . cm 12 

moment of inertia of the stick with 

respect to its center of mass: 


Substitute to obtain: K( 1 £) =} MCo 
Solve for æ: 6K 
© = — 
Me 
Substitute in equation (1) to obtain: K 6K \ 8 AK 
V = — +| — |— =| — 
M \Me)2 M 
(c) Relate the velocity V’ of the other V = Vaa oe EV — ol} ) 


end of the stick to the velocity of the 
center of mass Vem: 2a 


(d) Letting x be the distance from the v -ax=0 
center of mass toward the end not 

struck, express the condition that the 

point at x is at rest: 


Solve for x to obtain: K 6K 0 
— —— xy = 
M M? 
Solve for x to obtain: K 
_ M _ 
“ox Let 
Me 


Note that for a meter stick struck at the 
100-cm mark, the stationary point would 
be at the 33.3-cm mark. 


Remarks: You can easily check this result by placing a meterstick on the floor and 
giving it a sharp blow at the 100-cm mark. 
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Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. 


(a) Use its definition to express the Ly =| m mb 
total angular momentum of the disk 


and projectile just before impact: 
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b) Use conservation of angular L 
(b) g L,=L= Io and @ = 
momentum to relate the angular I 
momenta just before and just after 


the collision: 


Express the moment of inertia of the I= 1 MR?’ +m Ti 
disk + projectile: 
Substitute for / in the expression for 2m,Vb 
æ to obtain: ii MR? +2m b’ 
P 
(c) Express the kinetic energy of the P (mvb? 
system after impact in terms of its = 21 z 2(} MR? +m b?) 
angular momentum: 5 i 
(m vob) 
MR? +2m,b° 
(d) Express the difference between AE = K,- K; 
the initial and final kinetic energies, i (m vb? 
. e o er p 
substitute, and simplify to obtain: 2 P0 MR? 49 m, be 
mb’ 
=| 4m vž|1 P 
> POL MR? +2m,b? 
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Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the perfectly inelastic collision with the particle and the rotational kinetic of the after- 
collision system is then transformed into gravitational potential energy as the rod-plus- 
particle swing upward. Let the zero of gravitational potential energy be at a distance Lı 
below the pivot and use both angular momentum and mechanical energy conservation to 
relate the distances L, and L, and the masses M and m. 


Use conservation of energy to relate K,-K,+U,;—U, =0 
the initial and final potential energy or, because K; = 0, 
of the rod to its rotational kinetic K,+U,—U, =0 


energy just before it collides with the 
particle: 


Substitute for Ky, Us and U; to 
obtain: 


Solve for æ: 


Letting w’represent the angular 
speed of the rod-and-particle system 
just after impact, use conservation of 
angular momentum to relate the 
angular momenta before and after 
the collision: 


Solve for œ^ 


Use conservation of energy to relate 
the rotational kinetic energy of the 
rod-plus-particle just after their 
collision to their potential energy 
when they have swung through an 
angle Onax: 


Express the moment of inertia of the 
system with respect to the pivot: 


Substitute for Onax, Z and @’in 
equation (1): 


Simplify to obtain: 


Simplify equation (2) by letting 


a=m/M and P= L/L; to obtain: 


Substitute for œ and simplify to 
obtain the cubic equation in £: 


Use the solver function* of your 
calculator to find the only real value 
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L 
IME) o +M; Z -MgL =0 


o= [2E 

L 
A 
or 


(ME Jo = (ML; + mL Jo 


ML; 
1 2 2 o 
1 ME + mÈ 


K,-K,+U,—U, =0 
or, because Ks= 0, 


1 
+ mgL,(1—cos@,,,, )= 0 


IT =MG +mL; 


3E (LME) 

L 1 
1 ME + mE = Mg(4 L,)+mgL, 
3 1 2 


m m 
Le 2 Libs +3L5L, +6 E (2) 
6a’ B +38 +2aßp-1=0 


128° +98 +48 -3=0 


p =[ 0.349 | 
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of £: 


*Remarks: Most graphing calculators have a “solver” feature. One can solve the 


cubic equation using either the “graph” and "trace” capabilities or the "solver" 


feature. The root given above was found using SOLVER on a TI-85. 


4 


Picture the Problem Because the net external torque acting on the system is zero, 


angular momentum is conserved in this perfectly inelastic collision. The rod, on its 


downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 


the perfectly inelastic collision with the particle and the rotational kinetic energy of the 


after-collision system is then transformed into gravitational potential energy as the rod- 


plus-particle swing upward. Let the zero of gravitational potential energy be at a distance 


L, below the pivot and use both angular momentum and mechanical energy conservation 


to relate the distances L; and L2 and the mass M to m. 


(a) Use conservation of energy to 
relate the initial and final potential 
energy of the rod to its rotational 
kinetic energy just before it collides 
with the particle: 


Substitute for Ks, Us and U; to 
obtain: 


Solve for @: 


Letting w’represent the angular 
speed of the system after impact, 
use conservation of angular 
momentum to relate the angular 
momenta before and after the 


collision: 


Solve for a’ 


K-K, +U;,-U,=0 
or, because K; = 0, 
K,+U,—U, =0 


L 
(GML) o + Mg- Mel, =0 


3 
a= |E 
L, 
L =L; 
or 
GMe)o=(bMb+m2)o (1) 
3 1 T 1 2 
____ ML 
=F 2 7 0 
IME + mL 
3ML _ [3g 


1 ML, +m \ L, 


Substitute numerical values to obtain: 


Use conservation of energy to relate 
the rotational kinetic energy of the 
rod-plus-particle just after their 
collision to their potential energy 
when they have swung through an 
angle Onax: 


Substitute for Ki, Uş, and U; to 
obtain: 


Express the moment of inertia of the 
system with respect to the pivot: 


Substitute for Onax, Z and @’in 
equation (1) and simplify to obtain: 


Substitute for M, Lı and L and 
simplify to obtain: 


Solve the quadratic equation for its 
positive root: 


(b) The energy dissipated in the 
inelastic collision is: 


Express U;: 


Express Us: 
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____ $2kg)(1.2my’ 
1(2kg)(1.2m) +m(0.8m) 


. [30.81m/s? 
1.2m 
> 4.75kg-m*/s 
0.960kg-m? +(0.64m? n 


_ 4.75 kg/s 
0.960kg + 0.64m 


K, -—K,+U,—U, =0 
or, because K= 0, 
—K,+U,—-U, =0 


—L1o"+Me(tL,)(1 — COS Onax) 
+mgL,(1—cos@,,,, )=0 


max 


IT =MG +m, 


1(4.75kg/s) 
0.960kg +0.64m 


m’ +3.00m -8.901 = 0 


m=| 1.84kg 

AE =U; —-U, (2) 
L 

U, = Mg — 

i & 5 


Up= (1 —cos Oax ef + mt, | 


= 0.2g(ML, + mL,) 
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. . . . v d; 
Substitute in equation (2) to obtain: AE = Mg A 


- (1 — cos pax elm a + mt; 


Substitute numerical values and evaluate AE: 


(2kg)(9.81m/s?)(1.2m) 
2 


(i -c0337°)(9.8imss*) CkeM2m) (1.85 kg)(0:8m)| 


U, = 


=| 6.51) 
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Picture the Problem Let œ; and æ be the angular velocities of the rod immediately 
before and immediately after the inelastic collision with the mass m. Let @ be the initial 
angular velocity of the rod. Choose the zero of gravitational potential energy be at a 
distance Lı below the pivot. We apply energy conservation to determine @;and 
conservation of angular momentum to determine @. We’ll apply energy conservation to 
determine æ. Finally, we’ll find the energies of the system immediately before and after 
the collision and the energy dissipated. 


Express the energy dissipated in the AE =U, -U, (1) 
inelastic collision: 


Use energy conservation to relate K,-K,+U,;—-U, =0 

the kinetic energy of the system or, because Kr= Kiop = 0 and Ki = Kpottom; 
immediately after the collision to its — K potom + U top — U bottom = O 

potential energy after a 180° 

rotation: 

Substitute for Kpottom, Utop, and —1]@; +4 MgL + mg(L, + L,) 

Ubottom to obtain: = t MgL, = mg(L, — L,) =0 
Simplify to obtain: —~1]@; + MgL +2mgL, =0 (2) 
Express T: I=1MG +mL; 


Substitute for J in equation (2) and _ {2 g(ML, + 2mL, ) 
solve for @; to obtain: a 1 ML +mL; 
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Substitute numerical values and evaluate œg 


= 7.00 rad/s 


e ets Hee onl thate se 
i 1(0.75kg)(1.2m) +(0.4kg)(0.8m) 


Use conservation of angular 
momentum to relate the angular 
momentum of the system just before 
the collision to its angular 
momentum just after the collision: 


Substitute for J; and Jç and solve for 
QO: 


Substitute numerical values and 
evaluate @;: 


Apply conservation of mechanical 
energy to relate the initial rotational 
kinetic energy of the rod to its 
rotational kinetic energy just before 
its collision with the particle: 


Substitute to obtain: 


Solve for æ: 


Substitute numerical values and 
evaluate @: 


L =L 
or 
Lo =1,0,; 


(ME Jo, = CME + mE Jo, 


and 


Z 
w = 14 30-4kg) Eon (7.00 rad/s) 
0.75kg (1.2m 
=12.0rad/s 


K,-K,+U,;—-U, =0 


IME Jo? -LME o Mg 


-MgL =0 
o = |o; 22E 
Yo L 
l 2 ) 
@, = ,|(12 rad/s)’ gee) 
\ 1.2m 


=| 10.9 rad/s 
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Substitute in equation (1) to express AE = ih ML; Jo? -MgL +2mgL, 
the energy dissipated in the collision: 


Substitute numerical values and evaluate AE: 


AE = 4(0.75kg)(1.2m)*(12 rad/s)’ -(9.81m/s?) [(0.75kg)(1.2m)+ 2(0.4kg)(0.8m)] 


-[10a) 


T6 eee 

Picture the Problem Let v be the speed of the particle immediately after the collision 
and œ; and æ be the angular velocities of the rod immediately before and immediately 
after the elastic collision with the mass m. Choose the zero of gravitational potential 
energy be at a distance L below the pivot. Because the net external torque acting on the 
system is zero, angular momentum is conserved in this elastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the elastic collision with the particle and the kinetic energy of the after-collision system is 
then transformed into gravitational potential energy as the rod-plus-particle swing 
upward. Let the zero of gravitational potential energy be at a distance L below the pivot 
and use both angular momentum and mechanical energy conservation to relate the 
distances L; and L, and the mass M to m. 


Use energy conservation to relate the K,-K,+U;—-U, =0 
energies of the system immediately or, because K; = 0, 
before and after the elastic collision: K,+U,—-U, =0 


. : dzi L L 
Substitute for K;, U;, and U; to obtain: I moi Me = (1 ~cos0,,. j= Mg a -0 


Solve for mv’: mv = MgL, cos O yay (1) 
Apply conservation of energy to K,—-K,+U,—U,=0 

express the angular speed of the rod or, because K; = 0, 

just before the collision: K,+U,—-U, =0 


Substitute for K;, Us and Uj to obtain: (2 ML) o? + Mg > - MgL =0 


Solve for @: 3g 


Conservation of Angular Momentum 781 


Apply conservation of energy to the ï ( ML 2\ ay? ie L Lq- ets = ü 
rod after the collision: 2 2 max 


Solve for a 0.6g 
©; = ,|— 
L 
Apply conservation of angular L =L; 
momentum to the collision: or 


Gut)o, = (43), +t, 


Sol : 1 MEI. — 
olve for mv MPE ML, (a, o) 
L, 
Substitute for œ and @, to obtain: a| |3¢ 0.6g 
ML 1- - ,|-—> 
L, L, 
mv = 
3L, 
Divide equation (1) by equation (2) 7 MgL, cos Onax 
to eliminate m and solve for v: 
ML mel Ps 5 n oe] 
_  3gL, cos Fa 
JB3gL -./0.6gL, 


Substitute numerical values and evaluate v: 


3(9.81m/s? ) (0.8m)cos37° 


Vs = EM Tas 
(3(9.81m/s?) (1.2m) —,/0.6(9.81m/s")(1.2m) 
Solve equation (1) for m: ge MBL, COS Onax 
2 
v 
Substitute for v in the expression for AR (2 kg)(9.8 m/s’ a .2m)cos37° 
mv and solve for m: E (5.72m/sf 


=| 0.575kg 


Because the collision was elastic: AE = [o] 
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Picture the Problem We can determine the angular momentum of the wheel and the 


angular velocity of its precession from their definitions. The period of the precessional 


motion can be found from its angular velocity and the angular momentum associated with 


the motion of the center of mass from its definition. 


(a) Using the definition of angular 
momentum, express the angular 
momentum of the spinning wheel: 


Substitute numerical values and 
evaluate L: 


(b) Using its definition, express the 
angular velocity of precession: 


Substitute numerical values and 
evaluate @,: 


(c) Express the period of the 
precessional motion as a function of 
the angular velocity of precession: 


(d) Express the angular momentum 
of the center of mass due to the 


precession: 


Substitute numerical values and 
evaluate Lp: 
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L=lIo =MR o= Ro 
g 


L-[ = Jom 


9.81m/s* 


«(125s Zana) 
s rev 


=|18.1J-s 


_ dý _ MgD 
P? dt L 


_ (30N)(0.25m) 


A =| 0.414rad/s 
18.1J-s 


ps a eo: 
O, 0.414 rad/s 


2 
L, = I,@, =MD’o, 


cmp 


30N 


- [ops] 


The direction of L, is either up or down, 
depending on the direction of L. 


Picture the Problem The angular velocity of precession can be found from its definition. 


Both the speed and acceleration of the center of mass during precession are related to the 


angular velocity of precession. We can use Newton’s 2™ law to find the vertical and 
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horizontal components of the force exerted by the pivot. 


(a) Using its definition, express the angular velocity of precession: 


_ do _MgD __MgD _ 2gD 
> d 1a, 4MR’e, Ra, 


Substitute numerical values and evaluate @,: 


ne 2(9.81m/s’) (0.05m) | - [Emak] 


(0.064m} 700 rev „2nrad | lmin 
i aa 


rev “60 s 
(b) Express the speed of the center Ven = Da, = (0.05 m)(3.27 rad/s) 
of mass in terms of its angular ~| 0.164 m/ 
=| 0. s 

velocity of precession: ea 
(c) Relate the acceleration of the = Do; = ( 05 m)(3.27 rad/s) 
center of mass to its angular velocity 7 

l =| 0.535 m/s 
of precession: 
(d) Use Newton’s 2™ law to relate F = i = 5kg)(9. 81m/s* ) 


the vertical component of the force 


exerted by the pivot to the weight of 
the disk: 


5 


Relate the horizontal component of = 


= (2.5kg)(0.535m/s?) 


the Totes excl’ by the pivot to the 1.34N 


acceleration of the center of mass: 
General Problems 
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Picture the Problem While the 3-kg particle is moving in a straight line, it has angular 


momentum given by L = F x p where F is its position vector and p is its linear 


momentum. The torque due to the applied force is given by T = F x F. 


(a) Express the angular momentum L=7x Pp 
of the particle: 


Express the vectors F and p: f= (1 2m)i 4. (5.3 m)j 
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and 
p=mvi = (3kg)(3m/s)i 
=(9kg- m/s)i 
Substitute and simplify to find L: L= a2m)i + (5.3 m)j}x (9 kg: m/s)i 
= (47.7 kg- m?/s)( fx i) 
= | —(47.7kg-m?/s)k | 
(b) Using its definition, express the T=F7xF 
torque due to the force: 
Substitute and simplify to find 7 : z =|(12m)i +(5.3m)j{k(-3N)i 
= ~(15.9N-m)(}xé) 
=| (15.9N-m)k 
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Picture the Problem The angular momentum of the particle is given by 


L =F x p where F is its position vector and p is its linear momentum. The torque acting 


on the particle is given by T = dL/ dt. 


Express the angular momentum of L=fx p=Fxmv =mrFxv 
the particle: dr 
= mr x — 
dt 
dr dr a 
Evaluate —: — = 6f 
dt dt 
Substitute and simplify to find L: L= 6 kg){4 m)i + Be m/s”) j} 
x (6t m/s) j 


II 


(72.0tJ-s)k 


Find the torque due to the force: dL d ( ) i] 
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Picture the Problem The ice skaters rotate about their center of mass; a point we can 
locate using its definition. Knowing the location of the center of mass we can determine 
their moment of inertia with respect to an axis through this point. The angular momentum 


of the system is then given by L = /,,,@ and its kinetic energy can be found 
from K = VADA 


(a) Express the angular momentum L=I,,0 
of the system about the center of 
mass of the skaters: 


Using its definition, locate the center MeS (55 kg)(1 T m)+ (85 kg)(0) 
of mass, relative to the 85-kg skater, cm 55kg +85kg 
of the system: = 0.668 m 
Calculate Z»: Toy, = (55kg)(1.7m —0.668m) 
+(85kg)(0.668m) 
= 96.5kg-m?* 
Substitute to determine L: Le (0 este. m?) Irev x 2nrad 
2.58 rev 


- [RTS] 


(b) Relate the total kinetic energy of L 
the system to its angular momentum 21 


and evaluate K: 


Substitute numerical values and (243J-s) 


evaluate K: m= 2(96.5kg-m? j Ael 
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Picture the Problem Let the origin of the 
coordinate system be at the pivot (point P).  — 
The diagram shows the forces acting on the Py 
ball. We’ll apply Newton’s 2” law to the z” 7 

ball to determine its speed. We’ll then use / RE 
the derivative of its position vector to 


express its velocity and the definition of 
angular momentum to show that L has 
both horizontal and vertical components. 
We can use the derivative of L with 
respect to time to show that the rate at 
which the angular momentum of the ball 
changes is equal to the torque, relative to 
the pivot point, acting on it. 


(a) Express the angular momentum (1) 
of the ball about the point of support: 
Apply Newton’s 2™ law to the ball: . : 
pply Newton’s aw to the ba YF, =Tsin =m v 
rsin@ 

and 

YF, =T cos@—mg =0 
Eliminate T between these equations v= rgsin@ tand 
and solve for v: 
Substitute numerical values and v= J (1 5 m)(9.81m/s”) sin30°tan30° 
evaluate v: 29:06 mils 
Express the position vector of the r= (I .5 m)sin 30°cos ati +sin ot) 
ball: 


= (1 5 m)cos 30°k 


where @ = ok. 


Find the velocity of the ball: 


sig 


= (0.750 m/s)(- sin wt Í + cos ot ĵ) 


Evaluate œ: a= OEL = 2.75rad/s 
(1.5m)sin 30° 
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Substitute for @ to obtain: v= (2.06 m/s)(- sin at i + cos at) 


Substitute in equation (1) and evaluate L: 


L= (2kg\(1.5 m)sin 30°cos oti +sin at j)- (1.5 m)cos30°K | 
x [(2.06 m/s)(- sin at i + cos øt iy 
= 5,36(cosati +sin ot j)+3.09h|I-s 


The horizontal component of L is: 5.3 6(cos oti +sin at pi Ss | 
The vertical component of Lis: 3.09KI-s 
L L 3 3 
(b) Evaluate we ; a = 5.36c0 2 sin æti + cos of) J 
dt dt 
i : 
Evaluate the magnitude of a ae (5.36N-m-s)(2.75 rad/s) 
t t 
=|14.7N-m 
Express the magnitude of the torque t = mgr sin@ 
exerted by gravity about the point of 
support: 
Substitute numerical values and r=(2 kg)(9.8 m/s? \(ı .5m)sin30° 
evaluate 7: =\(49 Nan 
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Picture the Problem In part (a) we need to decide whether a net torque acts on the 
object. In part (b) the issue is whether any external forces act on the object. In part (c) we 
can apply the definition of kinetic energy to find the speed of the object when the 
unwrapped length has shortened to 7/2. 


(a) Consider the overhead view of the 

cylindrical post and the object shown in 

the adjoining figure. The object rotates 

counterclockwise. The torque about the 

center of the cylinder is clockwise and f 
of magnitude RT, where R is the radius 


\\ 


of the cylinder and T is the tension. So 
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L must decrease. 
(b) Because, in this frictionless 
environment, no net external forces 


act on the object: 


(c) Express the kinetic energy of the 
object as it spirals inward: 
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No, L decreases. 
Its kinetic energy is constant. 


K=1Iq’ =1(mr?)” 


V)- (The kinetic energy remains 
constant.) 


Picture the Problem Because the net torque acting on the system is zero; we can use 


conservation of angular momentum to relate the initial and final angular velocities of the 


system. 

Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 


and final moments of inertia: 


Solve for a; 


Express J: 


Express Jg 


Substitute to express @, in terms of @: 


Express the initial kinetic energy of 
the system: 


L =L; 

or 

Lo =1;0; 

0; = +0, => 0 
IL, L 


1 


I, = ML? +2(tme?) 
I, =4ML +2(tmL’) 


_ 4 MP +2(t-mé?) 
Or ME + Aime)” 
10 4 


g? 


— o 
M +5m 


K, =4 10 =4[,. MP + 2m lo 


=| 4ML +5m jo’ 
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Express the final kinetic energy of the system and simplify to obtain: 


K, =41,07 =4| MP +2(¢m2?)\o? = 4 (ME +5mP Jo? 
2 2 g 
Misa (uras) 
= (ME +5mi?) ——£ o| =3 J 
20 20 


M +5m M +5m 


20 


MP? +5mL 


ae eee o 
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Determine the Concept Yes. The net external torque is zero and angular momentum is 
conserved as the system evolves from its initial to its final state. Because the disks come 
to the same final position, the initial and final configurations are the same as in Problem 
84. Therefore, the answers are the same as for Problem 84. 
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Picture the Problem Because the net torque acting on the system is zero; we can use 
conservation of angular momentum to relate the initial and final angular velocities of the 


system. 

Using conservation of angular L =L; 
momentum, relate the initial and or 

final angular velocities to the initial Lo =1;, 


and final moments of inertia: 


; I. 
Solve for œ O; = 7% = ae (1) 


Relate the tension in the string to the 
angular speed of the system and 
solve for and evaluate a: and 


o= |= -| 2(108N) 
ml \(0.4kg)(0.6m) 


- [oord] 
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Express and evaluate /;: 


Express and evaluate /; 


Substitute in equation (1) and solve 
for @;: 


Express and evaluate the initial 
kinetic energy of the system: 


Express and evaluate the final kinetic 
energy of the system: 
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I, =4;MP +2(tm0’) 
= 4(0.8kg)(2m)’ +4(0.4kg)(0.6m/ 
= 0.392kg-m? 


I, =} ME +2(tml?) 
=+1(0.8kg)(2m) +4(0.4kg)(2m/) 
=1.12kg-m’ 


I; J= 0.392 kg -m° 
L 1.12kg-m? 
10.5 rad/s 


QO; = 


(30.0 rad/s) 


II 


176J 


K, =41,@; 


-n 


Picture the Problem Until the inelastic collision of the cylindrical objects at the ends of 
the cylinder, both angular momentum and energy are conserved. Let K’ represent the 
kinetic energy of the system just before the disks reach the end of the cylinder and use 
conservation of energy to relate the initial and final kinetic energies to the final radial 


velocity. 


Using conservation of mechanical 
energy, relate the initial and final 
kinetic energies of the disks: 


Solve for vx: 


Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 


KaK 


Lo -1.07 
v= {0 OF (1) 
2m 
L, =L, 
or 


and final moments of inertia: 


Solve for @;: 


Express A: 


Express Jg 


Substitute to obtain @, in terms of @: 


Substitute in equation (1) and 
simplify to obtain: 
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Picture the Problem Because the net torque acting on the system is zero, we can use 
conservation of angular momentum to relate the initial and final angular velocities and 
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Lo =1,0; 


I, = 4ML +2(tme?) 


1 


I; = + ML? +2(tmL?) 


> _ ME? + 2b me? 7 
f FME + 2(¢m2? 
ML’ + 5me* 
rer 70 

ML +5mL 


v= £0 ip a ) 


2L 


the initial and final kinetic energy of the system. 


Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 
and final moments of inertia: 


Solve for @;: 


Relate the tension in the string to the 
angular speed of the system: 


Solve for æ: 


Substitute numerical values and 
evaluate a: 


L =L; 

or 

1,0, = 1,0; 
I I 

O; = — 0 = —> 0 (1) 
I; I; 


= | 2(108N) 
= \(0.4kg)(0.6m) — 
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I, = 4;MP +2(L m0’) 
= 4(0.8kg)(2m) +4(0.4kg)(0.6m) 
= 0.392kg-m? 


Express and evaluate /;: 


Letting L’ represent the final I, = ML + a(t mL”) 


= 4 (0.8kg)(2m) +4(0.4kg)(1.6m) 


separation of the disks, express and 
evaluate Iç: 


= 0.832 kg : m? 
titute i tion (1) and sol I, .392 kg -m° 

Substi y e in equation (1) and solve me gE 0.392 kg ee (30.0rad/s) 

for @;: I, 0.832kg-m 
=14.1rad/s 

Express and evaluate the initial K,=41 oO 

kinetic energy of the system: =1 (0.392 kg-m? )(0.0ra d Js} 
=| 176J 

Express and evaluate the final K, =41 0O; 

kinetic energy of the system: =4 (0.832kg m? a 4.1rad /s) 
=| 82.7] 

The energy dissipated in friction is: AE = K,- K; =176J—82.7]J 


-[9331 


*89 oo 

Picture the Problem The drawing shows 
an elliptical orbit. The triangular element 
of the area is dA = 17(rd6) =1r'dé. 


Differentiate dA with respect to ¢ to 
obtain: 


Because the gravitational force acts 
along the line joining the two 
objects, r = 0 and: 


dA ,d0_, 
ori err a 
dt dt 


L=mr’a 


= constant 


Eliminate 7° @ between the two 
equations to obtain: 
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L 
— =| — = constant 
dt 2m 


Picture the Problem Let x be the radial distance each disk moves outward. Because the 


net torque acting on the system is zero, we can use conservation of angular momentum to 


relate the initial and final angular velocities to the initial and final moments of inertia. 


We’ll assume that the disks are thin enough so that we can ignore their lengths in 


expressing their moments of inertia. 


Use conservation of angular 
momentum to relate the initial and 
final angular velocities of the disks: 


Solve for a 


Express the initial moment of inertia 
of the system: 


Express the moment of inertia of the 
cylinder: 


Letting l represent the distance of 
the clamped disks from the center of 
rotation and ignoring the thickness 
of each disk (we’re told they are 
thin), use the parallel-axis theorem 
to express the moment of inertia of 
each disk: 


With the disks clamped: 


L= L; 

or 

Lo =1,0, 

o =7 o, 0) 

I, 

I= Ly + 2I iisk 

Ly = 4 ML’ +1 MR? 
=4M(Ľ +6R?) 
= 1 (0.8kg)(1.8m} +6(0.2m} | 
= 0.232kg -m° 


Lix = mr? + me? 
= Lm(r? +40") 
= 1(0.2kg)|(0.2m) +4(0.4m) | 
= 0.0340kg-m* 


I, =I +21 
= 0.232kg-m? + 2(0.0340kg-m?) 
= 0.300kg - m’ 


disk 
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With the disks unclamped, £= 0.6 m lis Lm(r? +40 z) 
and: =1(0.2 kg)|(0.2 m} +4(0.6 m) | 
= 0.0740 kg-m? 
Express and evaluate the final Te = Ty t+ 21 gig 
moment of inertia of the system: = 0.232ke-m? + 2(0.0740 kg- m?) 
= 0.380 kg - m’ 
Substitute in equation (1) to _ 0.300kg- m’ (8 rad/s) 
determine æ: a 0.380kg-m? 
=| 6.32 rad/s 
Express the energy dissipated in AE =E -E, 
a = 11,0; ~($1,0; ttk?) 
Apply Newton’s 2” law to each x F aa = AX = mro 
disk when they are in their final 
positions: 
Solve for k: k= mro? 
x 
: ; 2 
Substitute numerical values and k= (0.2 kg)(0.6 m)(6.32 rad/s) 
evaluate k: 7 0.2m 
= 24.0 N/m 
Express the energy dissipated in friction: W, = E, —E, 
=t1a; -( Lo; +h?) 


Substitute numerical values and evaluate Wg: 


W, = +(0.300kg -m° )(8 rad/s}? —4(0.380kg-m?)(6.32 rad/s)’ —4(24N/m)(0.2m/ 
= [1.53] 
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Picture the Problem Let the letters d, m, and r denote the disk and the letters t, M, and R 
the turntable. We can use conservation of angular momentum to relate the final angular 
speed of the turntable to the initial angular speed of the Euler disk and the moments of 
inertia of the turntable and the disk. In part (b) we’ II need to use the parallel-axis theorem 


to express the moment of inertia of the disk with respect to the rotational axis of the 
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turntable. You can find the moments of inertia of the disk in its two orientations and that 


of the turntable in Table 9-1. 


(a) Use conservation of angular 
momentum to relate the initial and 
final angular momenta of the 
system: 


Because @r= Wag: 


Solve for @¢: 


Ignoring the negligible thickness of 
the disk, express its initial moment 
of inertia: 


Express the final moment of inertia 
of the disk: 


Express the final moment of inertia 
of the turntable: 


Substitute in equation (1) to obtain: 


Express gi in rad/s: 


Substitute numerical values in 
equation (2) and evaluate ay: 


(b) Use the parallel-axis theorem to 
express the final moment of inertia 
of the disk when it is a distance L 
from the center of the turntable: 


LO, = LaO + Lp Oe 


LaO = LOs + 1p Os 


Ti 
Og = z Oji (1) 
i Iar +I 
Ta =ņmr 
La = 5mr 
Is =+MR° 
imr’ 
O, = —— 0 
“© Imr +1MR? “ 
1 (2) 
mr’ 
rev 2arad lmin 
@j; = 30—— x x = Tra 
min rev 60s 
ee m rad/s 
s  (0.735kg)(0.25m)" 


(0.5kg)(0.125m)° 


- [Usd] 


aul 2 2 1222 2 
Ly = mr +m =m(tr +L) 


d/s 
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Substitute in equation (1) to obtain: lmr’ 
On = : 
"mtr? +02 )+iMR? * 
1 
= Ox 
É „MR © 
2+4; +t2— 
r mr 


Substitute numerical values and evaluate axt: 


z rad/s 
~ ~| 0.192 rad/ 
o 244 (0.1m} > (0.735kg)(0.25m) 0.192 rad/s | 


(0.125m)  (0.5kg)(0.125mY 
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Picture the Problem We can express the period of the earth’s rotation in terms of its 
angular velocity of rotation and relate its angular velocity to its angular momentum and 
moment of inertia with respect to an axis through its center. We can differentiate this 
expression with respect to T and then use differentials to approximate the changes in r 
and T. 


(a) Express the period of the earth’s 27 
rotation in terms of its angular @ 


velocity of rotation: 


Relate the earth’s angular velocity L L 


of rotation to its angular momentum I 
and moment of inertia: 


Substitute and simplify to obtain: a 2n(2 mr? ) 4rm , 
— — r 
L 5L 
(b) Find dT/dr: dT 4am T 2T 
— = 2) —— |r =% — r=— 
dr 5L 
Solve for dT/T: dT dr AT Ar 
=2— or z2 
T r T r 
(c) Using the equation we just AT _ 34d ? i nn 
derived, substitute for the change in T y 365.24d 1460 r 


the period of the earth: 
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Solve for and evaluate Ar: Oo F _ 6.37x 10° km 
2(1460) —-2(1460) 


=| 2.18km 
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Picture the Problem Let œp be the angular velocity of precession of the earth-as- 
gyroscope, @, its angular velocity about its spin axis, and / its moment of inertia with 
respect to an axis through its poles, and relate @ to œ, and J using its definition. 


Use its definition to express the T 
precession rate of the earth as a giant = 
gyroscope: 

Substitute for / and solve for 7z: T = La, = loo, 


Express the angular velocity @, of 


of etch E 
; : wo æ = —where T is the period of rotation o 
the earth about its spin axis: T P 


the earth. 
Substitute to obtain: 271, 
T = ——— 

T 


Substitute numerical values and evaluate zt: 


- 2 (8.03%10" kgm?) (7.66x10? s7 
= 24h _ 3600s 

1d x —x 

dh 


)- 4.47x102N-m 
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Picture the Problem The applied torque accelerates the system and increases the tension 
in the string until it breaks. The work done before the string breaks is the change in the 
kinetic energy of the system. We can use Newton’s 2™ law to relate the breaking tension 
to the angular velocity of the system at the instant the string breaks. Once the applied 
torque is removed, angular momentum is conserved. 


Express the work done before the W=AK =K, =} o; (1) 
string breaks: 


ont Ly = (x)= My Ley, + 2mx? 
system (see Table 9-1): = “(1 2kg)(I 6m) + 2(0.4kg h? 


= 0.256kg-m? + (0.8kg )x? 


Express the moment of inertia of the l=] 
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Evaluate Z¢ = /(0.4 m): 


Using Newton’s 2™ law, relate the 
forces acting on a disk to its angular 
velocity: 


Solve for a; 


Substitute numerical values and 
evaluate ar. 


Substitute in equation (1) to express 
the work done before the string 
breaks: 


Substitute numerical values and 
evaluate W: 


With the applied torque removed, 
angular momentum is conserved and 
we can express the angular 
momentum as a function of x: 


Solve for (x) : 


Substitute numerical values to obtain: 
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I, =1(0.4m) 
= 0.256kg-m? +(0.8kg)(0.4m) 
= 0.384kg-m?* 


=o 2 
Da =T =mra, 


where T is the tension in the string at which 
it breaks. 


QO; = \ HF 
100 N 
= |- ~ =25.0rad/ 
t = 1 04kg)0.4m) — 
W =41,0; 


W = 1(0.384kg -m? (25 rad/s) 


-[1207 


L=I1,0, 


=] (x)o(x) 


(x)= He: 


I(x) 


nee (0.384 kg- m?)(25 rad/s) 
0.256kg-m? +(0.8kg)x? 
7 9.60J-s 
-| 0.256kg-m? + (0.8kg )x’ 


Picture the Problem The applied torque accelerates the system and increases the tension 


in the string until it breaks. The work done before the string breaks is the change in the 


kinetic energy of the system. We can use Newton’s 2™ law to relate the breaking tension 


to the angular velocity of the system at the instant the string breaks. Once the applied 
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torque is removed, angular momentum is conserved. 


Express the work done before the 
string breaks: 


Express the moment of inertia of the 
system (see Table 9-1): 


Substitute numerical values to 
obtain: 


Evaluate J; = 1(0.4 m): 


Using Newton’s 2™ law, relate the 
forces acting on a disk to its angular 
velocity: 


Solve for œg 


Substitute numerical values and 
evaluate ar. 


With the applied torque removed, 
angular momentum is conserved and 
we can express the angular 
momentum as a function of x: 


W=AK=K,=11,o; (1) 


I=1 +21, =I(x)= 4M „L, +2mx? 


cyl cyl 


I =4(1.2kg)(1.6mf +2(0.4kg)x? 
= 0.256kg-m? +(0.8kg)x? 


I, = 1(0.4m) 
= 0.256kg-m? + (0.8kg )(0.4mY 
= 0.384kg-m* 


> Fa=T=mro; 


where T is the tension in the string at which 
it breaks. 


O, = ,|— 
mr 


100N 
O; "e ) 5.0rad/s 


L=1;@; 


=I (olx) 


Solve for a(x): is F L0, 
I(x) 
Substitute numerical values and simplify to obtain: 
ae (0.384kg-m?)(25rad/s) _ 9.60J-s 


0.256kg-m?+(0.8kg)x? 0.256kg-m° + (0.8kg)? 


Evaluate œ(0.8 m): 
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«(0.8 m) 


9.60J-s 
2 =| 12.5rad/s | 
0.256kg-m? +(0.8kg)(0.8m) = 


Remarks: Note that this is the angular velocity in both instances. Because the disks 
leave the cylinder with a tangential velocity of + Lw, the angular momentum of the 


system remains constant. 
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Picture the Problem The applied torque accelerates the system and increases the tension 


in the string until it breaks. The work done before the string breaks is the change in the 


kinetic energy of the system. We can use Newton’s 2™ law to relate the breaking tension 


to the angular velocity of the system at the instant the string breaks. Once the applied 


torque is removed, angular momentum is conserved. 


Express the work done before the 
string breaks: 


Using the parallel axis theorem and 
treating the disks as thin disks, 
express the moment of inertia of the 
system (see Table 9-1): 


Substitute numerical values to 
obtain: 


Evaluate J; = 1(0.4 m): 


Using Newton’s 2™ law, relate the 
forces acting on a disk to its angular 
velocity: 


Solve for œ 


Substitute numerical values and 
evaluate ar. 


W =AK =K, =} o; (1) 


I(x) = Loy + 2I 
= ML’ +4.MR’ +2(LmR? +m) 
= E M(L +6R?)+2m(LR? +x?) 


1(x)=4(1.2kg)|(1.6m) +6(0.4m) | 
+ 2(0.4kg) [1 (0.4m) +x] 
= 0.384kg-m? + (0.8kg )x? 


I, =1(0.4m) 
= 0.384kg-m? + (0.8kg )(0.4my 
=0.512kg:-m’° 


> Fa=T=mro; 


where T is the tension in the string at which 
it breaks. 


©; =,- — 
mr 


100 N 
= ——— 2 f 
O; ee ) 5.0rad/s 
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Substitute in equation (1) to express W=1I,0; 
the work done before the string 
breaks: 
Substitute numerical values and W= 1(0.5 12kg-m? (2s rad/s) 
evaluate W: 
=| 160J 
With the applied torque removed, L=1,0; 
angular momentum is conserved and =I (x)o(x) 


we can express the angular 
momentum as a function of x: 


Solve for a(x): ax) _ lo 


Substitute numerical values to obtain: ae (0.5 12kg-m? \(25 rad/s) 
~ 0.384kg-m? + (0.8kg)x’ 


7 12.83 +s 
0.384kg -m° + (0.8kg)? 
*Q7 ooo 


Picture the Problem Let the origin of the coordinate system be at the center of the pulley 


with the upward direction positive. Let 4 be the linear density (mass per unit length) of 
the rope and L; and L, the lengths of the hanging parts of the rope. We can use 
conservation of mechanical energy to find the angular velocity of the pulley when the 
difference in height between the two ends of the rope is 


7.2 m. 

(a) Apply conservation of energy to AK +AU =0 

relate the final kinetic energy of the or, because K; = 0, 

system to the change in potential K+AU =0 (1) 
energy: 

Express the change in potential AU =U, -U; 

energy of the system: 2-47 ALA) (tA le 


-[-41,(L,4)g -} Lj; (L,,A)g] 
= -1(Ei, +B, gst(E, +e 
=-14 ele, + pl be +L, J 
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Because Lı + Ly = 7.4 m, 
Loi = Li = 0.6 m, and 
La- Lit = 7.2 m, we obtain: 


Substitute numerical values and 
evaluate AU: 


Express the kinetic energy of the 
system when the difference in 
height between the two ends of the 
rope is 7.2 m: 


Substitute numerical values and 
simplify: 


Substitute in equation (1) and solve 
for æ: 


(6) Noting that the moment arm of 
each portion of the rope is the same, 
express the total angular momentum 
of the system: 


Letting @be the angle through which 
the pulley has turned, express U( 0): 


Express AU and simplify to obtain: 


Assuming that, at t= 0, Li; = Lai: 


Ly= 3.4 m, Lai =4.0 m, 
L= 0.1 m, and Lz = 7.3 m. 


AU =-—4(0.6kg/m)(9.81m/s?) 
x (0.1m? +(7.3m} 
-(3.4m} -(4m} | 


2 
K =1[}(2.2kg)+ 4.8kg] a o 
27 
= (0.1076kg-m? Jo? 


(0.1076kg-m? lœ? -75.75J = 0 


and 


@= o 26.5rad/s 
0.1076kg-m 


L=L,+L,=1,0+M,R’o 
=(1M,R? +M,R? ko (2) 
=(1M,+M, )R’@ 


U(0)= sili —R6) ee (hy + Roy hig 


AU =U, -U, =U(6)-U(0) 
= zile, —R6) + (L, +Roy hg 
sile +B, ag 
=-R’@Ag+(L,-L,)RAg 


AU x-R°@ Ag 
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Substitute for K and AU in equation (0. 1076kg-m* Jo? -R°Ag=0 
(1) to obtain: 
Solve for æ: ROAg 

@ = 


\ 0.1076kg-m°* 


Substitute numerical values to 12mV 
obtain: : (0.6kg/m)(9.81m/s") 
0.1076kg-m 

=(1.41s")@ 

Express was the rate of change of do 7 (1 41s")o = do = (1 Als“ dt 

0: dt l 0 l 

Integrate 0 from 0 to Oto obtain: Ind= (1 Als"t 

Transform from logarithmic to olt) = el Ais} 

exponential form to obtain: 

Differentiate to express was a ol t) = do = (1 Als” (ais) 

function of time: 

Substitute for œ in equation (2) to E= (Lu, +M, \r?( Als? (as) 


obtain: 


Substitute numerical values and evaluate L: 


L =[4(2.2kg)+ (4a) 2) f Ais*)el's"|=[(0.303kg-m? /sjeF 
TW 


804 Chapter 10 


Chapter 11 
Gravity 


Conceptual Problems 


*1 e 

(a) False. Kepler’s law of equal areas is a consequence of the fact that the 
gravitational force acts along the line joining two bodies but is independent 
of the manner in which the force varies with distance. 


(b) True. The periods of the planets vary with the three-halves power of their distances 
from the sun. So the shorter the distance from the sun, the shorter the period of the 
planet’s motion. 


2 ° 
Determine the Concept We can apply Newton’s 2™ law and the law of gravity to the 
satellite to obtain an expression for its speed as a function of the radius of its orbit. 


Apply Newton’s 2™ law to the _ GMm v? 
satellite to obtain: 2 tadial Pa i ‘io 
where M is the mass of the object the 
satellite is orbiting and m is the mass of the 


satellite. 


Solve for v to obtain: GM 


r 
Thus the speed of the satellite is 


independent of its mass and: (c) is correct. 


3 oo 
Picture the Problem The acceleration due to gravity varies inversely with the square of 


the distance from the center of the moon. 


Express the dependence of the a! 
acceleration due to the gravity of the r 
moon on the distance from its 


center: 
Express the dependence of the j 1l 
acceleration due to the gravity of the RÈ 


moon at its surface on its radius: 


837 
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Divide the first of these expressions a’ RÈ, 
by the second to obtain: a r 
Solve for a': , RÈ Ry, i 
a'=— a= z4=%4 
r (4R,, ) 


and| (d) is correct. 


4 ° 
Determine the Concept Measurement of G is difficult because masses accessible in the 
laboratory are very small compared to the mass of the earth. 


5 ° 
Determine the Concept The escape speed for a planet is given by v, = 4 2Gm/R . 


Between ve depends on the square root of M, doubling M increases the escape speed by a 


factor of V2 and (a) is correct. 


6 oo 
Determine the Concept We can take careful measurements of its position in order to 


determine whether its trajectory is an ellipse, a hyperbola, or a parabola. If the path is an 
ellipse, it will return; if its path is hyperbolic or parabolic, it will not return. 


7 oo 

Determine the Concept The gravitational field is proportional to the mass within the 
sphere of radius r and inversely proportional to the square of r, i.e., proportional 

tor? / r’ =P. 
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Determine the Concept Let m represent the mass of Mercury, Ms the mass of the sun, v 
the orbital speed of Mercury, and R the mean orbital radius of Mercury. We can use 
Newton’s 2" law of motion to relate the gravitational force acting on the Mercury to its 
orbital speed. 


Use Newton’s 2” law to relate the F = GM.m 4 
gravitational force acting on = R? R 


Mercury to its orbital speed: 


Simplify to obtain: 
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Picture the Problem We can use the definition of the gravitational field to express the 
ratio of the student’s weight at an elevation of two earth radii to her weight at the surface 
of the earth. 


Express the weight of the student at w=mg = GM,.m 

the surface of the earth: RÅ 

Express the weight of the student at e 1 GM ,,m 

. a w =mg = 2 

an elevation of two earth radii: (3R, ) 

Express the ratio of w’ to w: GM,m 
w' (Ry _ 1 
—= = —and | (d) is correct. 
Ww GM,,m 9 ie ( ) 

Ri 
10 eo 


Determine the Concept One such machine would be a balance wheel with weights 
attached to the rim with half of them shielded using Cavourite. The weights on one side 
would be pulled down by the force of gravity, while the other side would not, leading to 
rotation, which can be converted into useful work, in violation of the law of the 
conservation of energy. 


Estimation and Approximation 


11 $ 
Picture the Problem To approximate the mass of the galaxy we’ll assume the galactic 
center to be a point mass with the sun in orbit about it and apply Kepler’s 3™ law. 


Using Kepler’s 3™ law, relate the 4r 
period of the sun 7 to its mean Ag? M 
distance r from the center of the a s 73 
galaxy: GM galaxy Gey 
M, 
3 M M 
Solve for— to obtain: , G Emi 
T r oo M _ OM, 
T? An? An? 
M GM 
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If we measure distances in AU and Ar? >» M , 
times in years: =land — = — 5 
GM, M, 
Substitute numerical values and g P 
evaluate Meataxy/Ms: 3x10* LY x 6.3x10° AU 
M sees LY 
M, (250x10° y) 
=1.08x10" 
or 
galaxy = 1.08x10" M, 


*12 ecco 
Picture the Problem We can use Kepler’s 3™ law to find the size of the semi-major axis 
of the planet’s orbit and the conservation of momentum to find its mass. 


(a) Using Kepler’s 3" law, relate the 4r? 

2 m 3 
period of this planet T to the length r T= GM M r 
of its semi-major axis: 


Iota Draconis 


4r’ 
M, 7 
= —___4___ yr 
G M Iota Draconis 
M, 
4r’ 
GM, 3 
=—— = r 
M iota Draconis 
M, 
If we measure time in years, Agr? ; 1 : 
distances in AU, and masses in G =land T° = __———_r 
terms of the mass of the sun: s ~~ Tota Draconis 
M, 
Solve for r to obtain: 
r r=3 M iota Draconis T? 

| M, 
Substitute numerical values and 1.05M 
evaluate r: r=3|| ———* \(1.5yY =| 1.33AU 

(Sir y = Le3sa0) 
(b) Apply conservation of mv = Iota Draconis 


momentum to the planet (mass m 
and speed v) and the star (mass Miota 
Draconis 2nd speed V) to obtain: 


Solve for m to obtain: 


Use its definition to find the speed 
of the orbiting planet: 


Substitute numerical values and 
evaluate v: 


Express m in terms of the mass M; 
of Jupiter: 
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y 


Iota Draconis __ 
Vy 


m=M 


pe 
At T 


11 
afi 33aux m) 


1.50y 


365.25d 24h 3600s 
x x x 
y d h 
= 2.65x10* m/s 


296 m/s 
2.65x10* m/s 


m= M iota m 


= 0.01 12M Lota Draconis 

= 0.0112(1.05M,,, ) 

= 0.0112(1.05)(1.99x10" kg) 
=2.34x10* kg 


m — 2.34x10* kg _ 


= = =123 
M, 1.90x10” kg 
or 
m=| 12.3M, 


Remarks: A more sophisticated analysis, using the eccentricity of the orbit, leads to 
a lower bound of 8.7 Jovian masses. (Only a lower bound can be established, as the 


plane of the orbit is not known.) 
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Picture the Problem We can apply Newton’s law of gravity to estimate the maximum 
angular velocity which the sun can have if it is to stay together and use the definition of 
angular momentum to find the orbital angular momenta of Jupiter and Saturn. In part (c) 
we can relate the final angular velocity of the sun to its initial angular velocity, its 
moment of inertia, and the orbital angular momenta of Jupiter and Saturn. 


(a) Gravity must supply the 
centripetal force which keeps an 
element of the sun’s mass m rotating 
around it. Letting the radius of the 
sun be R, apply Newton’s law of 
gravity to an element of mass m to 
obtain: 


where we’ ve used the inequality because 
we’re estimating the maximum angular 
velocity which the sun can have if it is to 
stay together. 
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Solve for æ: GM 


Substitute numerical values and evaluate æ: 


-l1 2 2 30 
o< emen N :m°/kg? )(1.99x10” kg) _ rezz o Fae 


(6.96x10° m} 


Calculate the period of this motion on on 
from its angular velocity: o 628x10“ rad/s 


1h 
=1.00x10* sx =| 2.78h 
55006 7 L2:78h | 


(b) Express the orbital angular L, =m,nv, and Ly = MV; 
momenta of Jupiter and Saturn: 


Express the orbital speeds of Jupiter 21, 2n rs 
and Saturn in terms of their periods Vis and Vs = 
and distances from the sun: A S 
Substitute to obtain: 2 2 2 
mmr 20 msr, 
L, == and L = ——S* 
T, s 


Substitute numerical values and evaluate L; and Ls: 


27(318M,)r? _ 2x(318)(5.98x10* kg)(778x10° m} 
T ` 365.25d 24h _ 3600s 


J 


11.9yx 
y d h 
=| 1.93x10* kg- m’/s 
and 
7, 22(95.1M,)rè _ 2(95.1)(5.98%10™ kg)(1430x10° m)? 
mie: K m 365.25d_ 24h 3600s 
29.5yx x i x k 
=| 7.85 x10” kg -m°/s 
Express the angular momentum of Lon 
the sun as a fraction of the sum of f= Tei 
the angular momenta of Jupiter and PS 
Saturn: 1.91x10" kg: m7/s 


(19.3+7.85)x 10” kg-m?/s 


- [0703 


(c) Relate the final angular 
momentum of the sun to its initial 
angular momentum and the angular 
momenta of Jupiter and Saturn: 


Solve for ato obtain: 


Substitute for @ and Isun: 


Substitute numerical values and evaluate wr 


20 
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L=L+tL tL 
or 


L nOr = Ly, ® + Ly + Ly 


sun sun 1 


Ltd 
0; = 0,+—— 
L 
27 L tL 
O, = — + 5 
Ht 0.059M ae 


(19.3+7.85)x10” kg-m?/s 


QO, = 


=| 4.80x10~ rad/s | 


+ 
30d x 248 „3600s — 0.059(1.99x 10" kg \6.96x 108 m} 
d h 


Note that this result is about 76% of the maximum possible rotation allowed by gravity 


that we calculated in part (a). 
Kepler’s Laws 


14 - 


Picture the Problem We can use the relationship between the semi-major axis and the 
distances of closest approach and greatest separation, together with Kepler’s 3“ law, to 
find the greatest separation of Alex-Casey from the sun. 


Letting x represent the greatest 
distance from the sun, express the 
relationship between x, the distance 
of closest approach, and its semi- 
major axis R: 


Solve for x to obtain: 
Apply Kepler’s 3™ law, with the 
period 7 measured in years and R in 


AU to obtain: 


Solve for R: 


Substitute numerical values and 
evaluate R: 


Substitute in equation (1) and 
evaluate R: 


p= xt0-1AU 
2 
x =2R-0.1AU (1) 
T? = R? 
R=NT’ 


R=4(1274y) =25.3 AU 
x = 2(25.3AU)-0.1AU = 
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Picture the Problem We can use Kepler’s 3™ law to relate the period of Uranus to its 
mean distance from the sun. 


Using Kepler’s 3™ law, relate the T? =Cr? 


period of Uranus to its mean An? 


where C = = 2.973 x10" s?/m°. 


distance from the sun: 


S 


Solve for T: T =4 Cr? 


Substitute numerical values and evaluate 7: 


T = J(2.973x10™ s*/m’) (2.87x10? m} 


lh ld ly 
= 2.651x10°sx x x =| 84.0 
3600s 24h 365.25d 


16 >» 
Picture the Problem We can use Kepler’s 3™ law to relate the period of Hektor to its 
mean distance from the sun. 


Using Kepler’s 3™ law, relate the T? =Cr° 
eriod of Hektor to its mean 2 
p ise C= = 2.973x10 s2/m?. 
distance from the sun: : 
Solve for T: T=4 0? 


Substitute numerical values and evaluate T: 


re 
T = ||(2.973x10 sm (seaux tSo) 


lh ld ly 
= 3.713x10°sx x——x—> =| 11.8 
3600s 24h 365.25d 
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Picture the Problem Kepler’s 3“ law relates the period of Icarus to the length of its 
semimajor axis. The aphelion distance r, is related to the perihelion distance r, and the 
semimajor axis byr, +r, = 2a. 
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(a) Using Kepler’s 3“ law, relate the T? = Ca? 


period of Icarus to the length of its hee = i = 2973x107 s?/m?. 


S 


semimajor axis: 


Solve for a: T2 
a= 3/_—_ 
Ve 
Substitute numerical values and 365.25d 24h 3600s 2 
evaluate a: l.lyx % x 
3 y d h 
a= 
\ 2.973 x10” s*/m? 
=| 1.59x10''m 
(b) Use the definition of the r, =a(l-e) 
eccentricity of an ellipse to = (1 59x10! m\I _ 0.83) 
determine the perihelion distance of T 
[carüs: =| 2.71x10 m 
Express the relationship between rp HtA 2a 
and r, for an ellipse: 
Solve for and evaluate r,: r, =2a-r, 
= 2(1.59x10" m)-2.71x10! m 
=| 2.91x10''m 
18 eo 


Picture the Problem The Hohmann transfer orbit is shown in the diagram. We can apply 
Kepler’s 3™ law to relate the time-in-orbit to the period of the spacecraft in its Hohmann 
Earth-to-Mars orbit. The period of this orbit is, in turn, a function of its semi-major axis 
which we can find from the average of the lengths of the semi-major axes of the Earth 
and Mars orbits. 
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Using Kepler’s 3™ law, relate the T? = R? 
period T of the spacecraft to the 
semi-major axis of its orbit: 


Solve for T to obtain: ra=VR? 


Relate the transit time to the period PREET EA T 
of this orbit: trip — 2 2 


Express the semi-major axis of the 1.52AU+1.00 AU 
Hohmann transfer orbit in terms of R= a ce 
the mean sun-Mars and sun-Earth 

distances: 


=1.26AU 


Substitute numerical values and e 
evaluate frip: tip ~ 2 


365.24d 


(1.26 AU) 
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Picture the Problem We can use a property of lines tangent to a circle and radii drawn to 
the point of contact to show that b = 90°. Once we’ve established that b is a right angle 
we can use the definition of the sine function to relate the distance from the sun to Venus 
to the distance from the sun to the earth. 


(a) The line from earth to Venus’ b 
orbit is tangent to the orbit of Venus 

at the point of maximum extension. 

Venus will appear closer to the sun 

in earth’s sky when it passes the line 

drawn from earth and tangent to its 

orbit. Hence: 


(b) Using trigonometry, relate the 
distance from the sun to Venus dsv 
to the angle a: 


0 d; 
sina = — 


Solve for dsy: dy =dg, sina 


Substitute numerical values and . (1 AU)sin 47° =| 0.731AU 
evaluate dsy: i - 


Remarks: The correct distance from the sun to Venus is closer to 0.723 AU. 
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Picture the Problem Because the gravitational force the Earth exerts on the moon is 
along the line joining their centers, the net torque acting on the moon is zero and its 
angular momentum is conserved in its orbit about the Earth. Because energy is also 
conserved, we can combine these two expressions to solve for either v, or v, initially and 
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then substitute in the conservation of angular momentum equation to find the other. 


Letting m be the mass of the moon, myr, = mvt, 
apply conservation of angular 


or 
momentum to the moon at apogee 
: . v r,=v,F 
and perigee to obtain: Pp- caa 
Solve for v,: r, 
v, =Y, (1) 
rı 
Apply conservation of energy to the 1 > GMm 1 > GMm 
moon-earth system to obtain: mY T3 MV 
A r, 
or 
1, GM 1, GM 
=—v 
p 
2 r, 2 r, 


Substitute for v, to obtain: 


Solve for v, to obtain: 


Substitute numerical values and evaluate v,: 


2(6.673x10"" N-m/kg?) (5.98 10" kg) l = [L09 km/s | 


E 3.576210 m 3576x110" m 
4.064x10° m 
Substitute numerical values in 7 3.576x10° m 


(1.09 km/s) 


equation (1) and evaluate v,: v= 4.064x10°m 


- [0950 rm] 


Newton’s Law of Gravity 
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Picture the Problem We can use Kepler’s 3“ law to find the mass of Jupiter in part (a). 
In part (b) we can express the centripetal accelerations of Europa and Callisto and 
compare their ratio to the square of the ratio of their distances from the center of Jupiter 
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to show that the given data is consistent with an inverse square law for gravity. 


(a) Assuming a circular orbit, apply 
Kepler’s 3" law to the motion of 
Europa to obtain: 


Solve for the mass of Jupiter: 


Substitute numerical values and 
evaluate My: 


(b) Express the centripetal 
acceleration of both of the moons to 
obtain: 


Using this result, express the 
centripetal accelerations of Europa 
and Callisto: 


Substitute numerical values and 
evaluate ag: 


Substitute numerical values and 
evaluate ac: 


Evaluate the ratio of these 
accelerations: 


47° 
T? _ 3 
E GM, E 
An? 
M,;= 2 : 
GT; 
Wise An? 
1 (6.67310 N-m’/kg’) 
(6.71x10° m} 
2 
[s.ssax 24h ee) 
d h 


=| 1.90x10” kg |. a result in 


excellent agreement with the 
accepted value of 1.902 x107” kg. 


2aRY 
vi _\T } _40R 


R R T? 
where R and T are the radii and periods of 
their motion. 


2 2 
pos ayes 

Tg Cc 

427(6.71x10° m) 


“=~ 1G.55d)(24h/d)(3600s/h)p 
am] 


© 4n7(18.8x 10% m) 
“c = [(16.74)(24h/d)(3600s/h)f 


=| 0.0356 m/s” 


a, _ 0.282m/s? 
ac 0.0356 m/s? 


=7.91 
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Evaluate the square of the ratio of 2 eee 
the distance of Callisto divided by (3) “ [pete = 7.85 
the distance of Europa to obtain: R; 6.71x10°m 


The close agreement (within 1%) of our last two calculations strongly supports 


the conclusion that the gravitational force varies inversely with the square of 


the distance. 


*22 è 

Determine the Concept The weight of anything, including astronauts, is the reading of a 
scale from which the object is suspended or on which it rests. If the scale reads zero, then 
we say the object is "weightless." The pull of the earth’s gravity, on the other hand, 
depends on the local value of the acceleration of gravity and we can use Newton’s law of 
gravity to find this acceleration at the elevation of the shuttle. 


(a) Apply Newton’s law of GmM , 
gravitation to an astronaut of mass ME shuttle = (a+R.) 
m ina shuttle at a distance h above E 
the surface of the earth: 


Solve for Zsnutte: g _ GM, 
shuttle (h + R, y 


Substitute numerical values and evaluate gehutte: 


(6.673 10"! N-m?/kg?)(5.98 x10” kg) - 
aae E POE =] 8.71 m/ 
E shuttle (400 km + 6370km} 


Because they are in "free fall" everything on the shuttle is falling toward 
(b)| the center of the earth with exactly the same acceleration, so the astronauts 


will seem to be "weightless." 


23 ° 
Picture the Problem We can use Kepler’s 3™ law to relate the periods of the moons of 
Saturn to their mean distances from its center. 


(a) Using Kepler’s 3“ law, relate the T? =- 4r? , 
period of Mimas to its mean M GM š 
distance from the center of Saturn: 
Solve for Ty: 4r’ 

Tu = ™ 
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(b) Using Kepler’s 3™ law, relate the 
period of Titan to its mean distance GM, 


from the center of Saturn: 


Substitute numerical values and evaluate Ty: 


- 47?(1.86x10°m} i 
a (5.6910 kg)(6.6726x 10" N-m’/kg’) E 


Solve for ry: T; GM, 


Substitute numerical values and evaluate rz: 


2 = 
„= | (1.38 10° s) (6.6726 x as -m?/kg?)(5.69 10° kg) _ 


24 > 
Picture the Problem We can use Kepler’s 3™ law to relate the period of the moon to the 


mass of the earth and the mean earth-moon distance. 


(a) Using Kepler’s 3™ law, relate the r? An? 3 
period of the moon to its mean orbital = GM, = 
radius: 
Solve for Mz: 4r’ 

olve for Mg is a 3 

GTa 
Substitute numerical values and evaluate Mg: 
4r°(3.84x10° m)° 
a r’ (3-84x10" m) ; =[6.02x10”kg 


(6.6726x10 N-m‘ikg’) 27.34 a i >) 


Remarks: This analysis neglects the mass of the moon; consequently the mass 
calculated here is slightly too great. 


25 > 
Picture the Problem We can use Kepler’s 3™ law to relate the period of the earth to the 
mass of the sun and the mean earth-sun distance. 
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(a) Using Kepler’s 3™ law, relate the 
period of the earth to its mean GM, 
orbital radius: 


Solve for Ms: M 4r? , 


Substitute numerical values and evaluate Ms: 


4n°(1.496x10'' m}? 


a a A 
(6.6726x10™" Nimke ty 365.25d L : _ 


=| 1.99x10" kg 


M,= 


*26 ° 
Picture the Problem We can relate the acceleration of an object at any elevation to its 
acceleration at the surface of the earth through the law of gravity and Newton’s 2™ law of 


motion. 
Letting a represent the acceleration GmM 
ee DF radial > = ma 
due to gravity at this altitude (Rp) (2 R,) 
and m the mass of the object, apply ànd 
Newton’s 2™ law and the law of GM, 
gravity to obtain: a= (2R y (1) 
E 
Apply Newton’s 2™ law to the same 5 2 GmM , = 
object when it is at the surface of the = RÈ 
earth: and 
GM, 
ns (2) 
Ry 
Divide equation (1) by equation (2) a RÈ 
and solve for a: g 7 4R? 
and 
a=}g=}[0.81m/s?)=|2.45m/s 
27 œ 


Picture the Problem Your weight is the local gravitational force exerted on you. We can 
use the definition of density to relate the mass of the planet to the mass of earth and the 
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law of gravity to relate your weight on the planet to your weight on earth. 


Using the definition of density, M,=pV, =4 paR} 
relate the mass of the earth to its 
radius: 
Relate the mass of the planet to its M,=pV,=4p mm: 
radius: =4p (1 OR, y 
Divide the second of these equations M, 4 p zh OR, y 
by the first to express Mp in terms of M, ~ 4 paR : 
Mr: 
2 and 

M, =10°M, 
Letting w’ represent your weight on yi GmM, _ Gm(10°M a) 
the planet, use the law of gravity to R$ (1 OR, y 
relate w' to your weight on earth: GmM 

=10 722 =[10w 
E 

where w is your weight on earth. 

28 œ 


Picture the Problem We can relate the acceleration due to gravity of a test object at the 


surface of the new planet to the acceleration due to gravity at the surface of the earth 
through use of the law of gravity and Newton’s 2™ law of motion. 


Letting a represent the acceleration 5 _GmM; _ P 
due to gravity at the surface of this ver (4 R; y 
new planet and m the mass of a test and 
object, apply Newton’s 2" law and GM 
E 
the law of gravity to obtain: amr 2 
G Rg ) 
. . . . a. GM 
Simplify this expression to obtain: pea a = 4g =| 39.2 m/s? 


E 
29 >œ 
Picture the Problem We can use conservation of angular momentum to relate the 


planet’s speeds at aphelion and perihelion. 


Using conservation of angular L =L, 
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momentum, relate the angular or 
momenta of the planet at aphelion mvt, = MV, 
and perihelion: 


Solve for the planet’s speed at = V 

aphelion: ao r, 

Substitute numerical values and PUN (5 x10* m/s)(I 0x10" m) 
evaluate v,: an 2.2x10' m 


=| 2.27x10' m/s 


30 >œ 

Picture the Problem We can use Newton’s law of gravity to express the gravitational 
force acting on an object at the surface of the neutron star in terms of the weight of the 
object. We can then simplify this expression be dividing out the mass of the object ... 
leaving an expression for the acceleration due to gravity at the surface of the neutron star. 


Apply Newton’s law of gravity to an GM jeutron Star! 
object of mass m at the surface of R? =mg 


the neutron star to obtain: Neutron stat ; 
where g represents the acceleration due to 


gravity at the surface of the neutron star. 


Solve for g and substitute for the GM Neuton Star G( .60M an) 
mass of the neutron star: £= R? = 
Neutron Star Neutron Star 


Substitute numerical values and evaluate g: 


-11 2 2 30 
p = 1:60(6.673 x10" N-m*/kg?\1.99%10" kg) _ os Toh n 


(10.5 km)” 


*31 ee 
Picture the Problem We can use conservation of angular momentum to relate the 
asteroid’s aphelion and perihelion distances. 


Using conservation of angular L,=L, 

momentum, relate the angular on 

momenta of the asteroid at aphelion mv, r, =Mv,!, 

and perihelion: 

Solve for and evaluate the ratio of n Y 20 km/s MEPE 
the asteroid’s aphelion and no V 14km/s 


perihelion distances: 
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Picture the Problem We’ll use the law of gravity to find the gravitational force acting on 
the satellite. The application of Newton’s 2™ law will lead us to the speed of the satellite 
and its period can be found from its definition. 


(a) Letting m represent the mass of F GmM mR, g 
the satellite and / its elevation, use j ( R, + hy ( R; + hy 
the law of gravity to express the 


mg 
gravitational force acting on it: = h 2 
1+— 
Rg 
Substitute numerical values and p= "E (300 kg)(9.81N/ kg) 
evaluate F,: i h : 5x10 m 
1+— lL+— ao 
Rg 6.37x10°m 
=| 37.6N 
(b) Using Newton’s 2™ law, relate Pay v’ 
the gravitational force acting on the a y 
satellite to its centripetal 
acceleration: 
Solve for v: Fr 
ya ee 
Vm 
Substitute numerical values and (37.6 N)(6.37 x10°m+5x10’ m) 
y= 
evaluate v: \ 300kg 
=| 2.66 km/s 
(c) Express the period of the T= 2mr 
satellite: v 
Substitute numerical values and T= 2n(6.37 x10°m+5x10’ m) 
evaluate T: p 2.66 x10° m/s 
lh 
=1.33x10°sx =| 36.9h 
3600s 
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*33 oo 
Picture the Problem We can determine the maximum range at which an object with a 
given mass can be detected by substituting the equation for the gravitational field in the 
expression for the resolution of the meter and solving for the distance. Differentiating 
g(r) with respect to r, separating variables to obtain dg/g, and approximating Ar with dr 
will allow us to determine the vertical change in the position of the gravity meter in the 
earth’s gravitational field is detectable. 


(a) Express the gravitational field of _ GM, 

the earth: = RÈ 

Express the gravitational field due g(r) _ Gm =1072.<10" GM; 
to the mass m (assumed to be a point r’ j Ee 


mass) of your friend and relate it to 
the resolution of the meter: 


Solve for r: 10!!m 


Substitute numerical values and 


11 
r= (6.37x10° m) 19 (80kg) 


evaluate r: 5.98 x10” kg 
- 
(b) Differentiate g(r) and simplify to dg -—2Gm 2(Gm 2 
EN = a 2 |7 & 
obtain: dr r r\r r 
Separate variables to obtain: dg -2 dr -10 
g r 
Approximating dr with Ar, evaluate Ar = - 1( o™ )(6.37 x106 m) 
Ar with r = Rr: 
— =3.19x10%m 
=| 0.0319 mm 
34 


Picture the Problem We can use the law of gravity and Newton’s 2™ law to relate the 
force exerted on the planet by the star to its orbital speed and the definition of the period 
to relate it to the radius of the orbit. 
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Using the law of gravity and KMm v 


Newton’s 2™ law, relate the force 7 r r 
exerted on the planet by the star to 
its centripetal acceleration: 


Solve for v? to obtain: v? = KM 
Express the period of the planet: T= 2ar_ ar 2m j 
v „KM vXKM 
or 
Tær 


*35 oo 
Picture the Problem We can use the definitions of the gravitational fields at the surfaces 
of the earth and the moon to express the accelerations due to gravity at these locations in 
terms of the average densities of the earth and the moon. Expressing the ratio of these 
accelerations will lead us to the ratio of the densities. 


Express the acceleration due to _GM, _Go,V, _ Go, +aR; 
gravity at the surface of the earth in Sr = RÉ 7 RÉ 7 RÉ 
terms of the earth’s average density: =4Gp,7 R, 
Express the acceleration due to Ou =F Glut Ry 
gravity at the surface of the moon in 
terms of the moon’s average 
density: 
Divide the second of these equations &m _ Pm Ru 
by the first to obtain: Ze Pek 
R 

Solve for Pm : Pu. Eur 

Pe Pe Srky 
Substitute numerical values and Py _ (1.62m/s? )(6.37x10°m 

a 2 6 

evaluate P~. Pe  \9.81m/s* \1.738x10° m 


Pr =| 0.605 
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Picture the Problem We can use the law of gravity to find the forces of attraction 
between the two masses and the definition of torque to determine the balancing torque 


required. 

(a) Use the law of gravity to express F= Gmm, 
the force of attraction between the r’ 
two masses: 


Substitute numerical values and evaluate F: 


p — (6.6726x10™ N-m/kg? )(10kg)(0.01kg) _ esa 5 N 
(0.06m)° 
(b) Use its definition to find the t = 2Fr = 2(1.85x10 N\(0.1m) 


torque exerted by the suspension to -[370x10 Nim 


balance these forces: 

Gravitational and Inertial Mass 

37 eœ 

Picture the Problem Newton’s 2™ law of motion relates the masses and accelerations of 


these objects to their common accelerating force. 


(a) Apply Newton’s 2™ law to the F=ma, 
standard object: 


Apply Newton’s 2” law to the F=m,a, 
object of unknown mass: 


Eliminate F between these two m =m 

equations and solve for my: ? a, ! 

Substitute numerical values and ms 2.6587 L ( js 227kg 
evaluate my: 1.1705 m/s 


(b) Itis the inertial mass of m,. 
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Picture the Problem Newton’s 2™ law of motion relates the weights of these two objects 
to their masses and the acceleration due to gravity. 


(a) Apply Newton’s 2" law to the Fret = W, = mg 
standard object: 


Apply Newton’s 2" law to the Fia = W2 = Mg 
object of unknown mass: 


Eliminate g between these two wW, 
equations and solve for mz: w, 


Substitute numerical values and 56.6 N 
m, = =—— (lkg) =| 5.77k 
> 9.81N ( g) 


evaluate m3: 


Since this result is determined by the effect on m, of the earth's 


(b) 


gravitational field, it is the gravitational mass of m,. 


*39 œ 

Picture the Problem Noting that g; ~ g2~ g, let the acceleration of gravity on the first 
object be gı, and on the second be g2. We can use a constant-acceleration equation to 
express the difference in the distances fallen by each object and then relate the average 
distance fallen by the two objects to obtain an expression from which we can 
approximate the distance they would have to fall before we might measure a difference in 
their fall distances greater than 1 mm. 


Express the difference Ad in the Ad =d -d, 
distances fallen by the two objects in 
time £: 
Express the distances fallen by each d, = Ligt 
of the objects in time £: 

and 

d, =48,t 
Substitute to obtain: Ad =1g tP -igt = 1(g, z g,) 1? 
Relate the average distance d fallen d= 1 et 
by the two objects to their time of ee 
fall: 

, 2d 
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Substitute to obtain: 2 A 
idari a 
& g 
Solve for d to obtain: g 
d = Ad = 
Ag 


Substitute numerical values and evaluate d: d= (1 03 m)(10'”) 2 


Gravitational Potential Energy 


40 > 
Picture the Problem Choosing the zero of gravitational potential energy to be at infinite 
separation yields, as the potential energy of a two-body system in which the objects are 
separated by a distance r, U (r) =— GMm/ r , where M and m are the masses of the two 
bodies. In order for an object to just escape a gravitational field from a particular 
location, it must have enough kinetic energy so that its total energy is zero. 


(a) Letting U(«) = 0, express the u=- GM „m (1) 
gravitational potential energy of the r 
earth-object system: 
Substitute for GM; and simplify t GM jie 
or GM; and simplify to u(R,)= pm _ gRem_ mgR, 


obtain: j Rg Rg 


Substitute numerical values and evaluate U(Rpẹ): 


U(R,)=-(100kg)(9.81N/kg)(6.37x10° m)=| =6.25x10°J 


(b) Evaluate equation (1) with r = 2Rg: GM,m _ gRim 
2R; 2R; 


= -4 mgR; 


U(2R;)= 


Substitute numerical values and evaluate U(2Rp): 


U(2R,)= —4(100kg)(9.81N/kg)(6.37 x 10° m)= 


(c) Express the condition that an Ka (2R; ) +U (2R; ) =0 
object must satisfy in order to or 
escape from the earth’s gravitational + mv, + U(2 R; ) =0 
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field from a height Rg above its 
surface: 


Solve for vesc: 


Substitute numerical values and 
evaluate Ves: 


41 


o f-2(-3.12x10° 5) _ 
Vese = \ 100kg 7 | 7.90 km/s | 


Picture the Problem In order for an object to just escape a gravitational field from a 


particular location, an amount of work must be done on it that is equal to its potential 


energy in its initial position. 
Express the work needed to remove 
the point mass from the surface of 
the sphere to a point a very large 


distance away: 


Express the initial potential energy 
of the system: 


Substitute in equation (1) to obtain: 


42 œ 


W =AU =U, -U, 


or, because U;= 0, 


W =AU =-U, (1) 
U =- _GMm, 
R 
W = GMm, 
R 


Picture the Problem Let the zero of gravitational potential energy be at infinity and let 


m represent the mass of the spacecraft. We’ ll use conservation of energy to relate the 


initial kinetic and potential energies to the final potential energy of the earth-spacecraft 


system. 


Use conservation of energy to relate 
the initial kinetic and potential 
energies of the system to its final 
energy when the spacecraft is one 
earth radius above the surface of the 
planet: 


K,—K,+U,=—U, =0 
or, because Ks = 0, 
- K(R,)+U(2R, )-U(R, )=0 (1) 
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Express the potential energy of the 
spacecraft-and-earth system when r 
the spacecraft is at a distance r from 


the surface of the earth: 


Substitute in equation (1) to obtain: 1 


Solve for v: 2 
me GM, _ [gR _ IZR. 
R; R; 


Substitute numerical values and evaluate v: y = [0.81m ){6.37 x10 m) 
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Picture the Problem Let the zero of gravitational potential energy be at infinity and let 
m represent the mass of the object. We’ll use conservation of energy to relate the initial 
potential energy of the object-earth system to the final potential and kinetic energies. 


Use conservation of energy to relate K, -K,+U, —U,; =0 

the initial potential energy of the or, because K; = 0, 

system to its energy as the object is K(R, )+ U(Ry )- U(Ry + h) =0 (D 
about to strike the earth: where A is the initial height above the 


earth’s surface. 


Express the potential energy of the U (r) ae GM „m 
object-earth system when the object r 
is at a distance r from the surface of 
the earth: 
Substitute in equation (1) to obtain: 1 ny? GM „m A GM ,m -0 
Ry R, +h 
Solve for v: san GM, GM, 
R, Rẹ+h 
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Substitute numerical values and evaluate v: 


`- 2(9.81m/s° )(6.37 x 10° m )|4x10° m 
6.37x10°m+4x10°m 
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- [erm] 


Picture the Problem Let the zero of gravitational potential energy be at infinity, m 


represent the mass of the object, and A the maximum height reached by the object. We’ Il 


use conservation of energy to relate the initial potential and kinetic energies of the object- 


earth system to the final potential energy. 


Use conservation of energy to relate 
the initial potential energy of the 
system to its energy as the object is 
about to strike the earth: 


Express the potential energy of the 
object-earth system when the object 
is at a distance r from the surface of 
the earth: 

Substitute in equation (1) to obtain: 


Solve for h: 


Substitute numerical values and evaluate h: 


45s 


K, —K,+U, —U; =0 

or, because Ks = 0, 
K(R,)+U(R,)—-U(R, +h)=0 (1) 
where A is the initial height above the 
earth’s surface. 


M 
go 
r 
GM,m GM,m 
L my? E E = 
Re R, +h 
= Rg 
= 2gR, 
ee 
v 
7 6.37x10°m 
2(9.81mi/s")[6.37%10%m) _, 
(410° m} 


=| 935km 


Picture the Problem When the point mass is inside the spherical shell, there is no mass 


between it and the center of the shell. On the other hand, when the point mass is outside 


the spherical shell we can use the law of gravity to express the force acting on it. In (b) 


we can derive U(r) from F(7). 
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(a) The force exerted by the shell on Fpa TE [o] 
a point mass mo when mo is inside 
the shell is: 
The force exerted by the shell on a -= z GMm, , 
4 e 5 F isis = mg AT r 
point mass mp when mo is outside r? 
the shell is: where f is radially outward from the center 
of the spherical shell. 


r 


(b) Use its definition to express U(r) uy (r) = =f Fdr=GMm [re dr 


for r> R: 
_| _GMm, 
r 
When r =R: U(R)= _ GMm, 
R 
= . dU 
(c) For r < R, F = 0 and: T =0 > [U = constant | 
dr 
(d) Because U is continuous, then for U (r) -U ( R) GMm, 


r<R: 


(e) A sketch of U as a function of r/R (with GMmp = 1) is shown below: 


0.0 


-0.2 


-1.0 


rIR 
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Picture the Problem The escape speed from a planet is related to its mass according to 
= ./2GM/R , where M and R represent the mass and radius of the planet, 


respectively. 


Express the escape speed from Saturn: 2GM , (1) 
Yaz 
eS R; 
Express the escape speed from Earth: 2GM D 
yV = 
eE R; 
Divide equation (1) by equation (2) 2GM, 
to obtain: vs VY Rs _ |R, M 
Ve E 2GM , R; M, 
| R: 
Substitute numerical values and vs 1 95.2 317 
Vy ve V947 1 l 
Vek 
Solve for and evaluate ves: v.s =3.17v,, =3.17(11.2 km/s) 


- [555m] 


47 >œ 
Picture the Problem The escape speed from the moon or the earth is given by 
= ,/2GM/R , where M and R represent the masses and radii of the moon or the earth. 


Express the escape speed from the moon: 


2GM moa 
Ves = R =S 28n Rm (1) 


m 


Express the escape speed from earth: 2GM 
eE 7 R E = ./29,R, (2) 
E 


to obtain: 


Divide equation (1) by equation (2) v m -ER m 
Vek gpR 


Solve for Vem: 


Substitute numerical values and 
evaluate Vem: 


#48 
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em eE 


gpk, 


Vem = (0.166 )(0.273)(11.2 km/s) 
=| 2.38km/s 


Picture the Problem We’ll consider a rocket of mass m which is initially on the surface 
of the earth (mass M and radius R) and compare the kinetic energy needed to get the 
rocket to its escape velocity with its kinetic energy in a low circular orbit around the 
earth. We can use conservation of energy to find the escape kinetic energy and Newton’s 
law of gravity to derive an expression for the low earth-orbit kinetic energy. 


Apply conservation of energy to 
relate the initial energy of the rocket 
to its escape kinetic energy: 


Letting the zero of gravitational 
potential energy be at infinity we 
have Us = Kr= 0 and: 


Apply Newton’s law of gravity to 
the rocket in orbit at the surface of 
the earth to obtain: 


Rewrite this equation to express the 
low-orbit kinetic energy E, of the 
rocket: 

Express the ratio of K, to Ke: 
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K,—-K,+U;-U;=0 


—K,-U,=0 
or 
K =y -0m 
R 
GMm v? 
a SM 
R R 
K,=imv gon 
2R 
GMm 
K 2R 1 
u = K. =|2K 
K Gum = o |. as 
R 


asserted by Heinlein. 


Picture the Problem Let the zero of gravitational potential energy be at infinity, m 


represent the mass of the particle, and the subscript E refer to the earth. When the particle 


is very far from the earth, the gravitational potential energy of the earth-particle system 


will be zero. We’ll use conservation of energy to relate the initial potential and kinetic 


energies of the particle-earth system to the final kinetic energy of the particle. 


Use conservation of energy to relate 
the initial energy of the system to its 
energy when the particle is very 


K, -K,+U,; —U, =0 
or, because U; = 0, 
K(%)—K(R, )-U(R, )=0 (1) 
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from the earth: 


GM „m 
Ry 
or, because GM, = gRÅ, 


Substitute in equation (1) to obtain: 
ne bm? —4m(2v,)° + 


Solve for va: v, =4/2(2v? — gR 


Substitute numerical values and evaluate v»: 


Ve = biza m/s} -(9.81m/s? )(6.37 x10° =) =[19.4km/s | 
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Picture the Problem Let the zero of gravitational potential energy be at infinity, m 


represent the mass of the particle, and the subscript E refer to the earth. When the particle 
is very far from the earth, the gravitational potential energy of the earth-particle system 
will be zero. We’ll use conservation of energy to relate the initial potential and kinetic 
energies of the particle-earth system to the final kinetic energy of the particle. 


Use conservation of energy to relate K-K, +U,=U,=0 

the initial energy of the system to its or, because U; = 0, 

energy when the particle is very far K (co) -K (R; ) -U (R; ) =0 (1) 
away: 

Substitute in equation (1) to obtain: ti? im P. GM „m = 


or, because GM, = gR;, 


1 24 2 = 
zmv —zmv; +mgk, =0 


Solve for vj: Vv, =v, +2gR, 


Substitute numerical values and evaluate v;: 


v; = y (11.210? m/s} +2(9.81m/s?)(6.37x10° m) =[ 15.8km/s | 
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Picture the Problem We can use the definition of kinetic energy to find the energy 
necessary to launch a 1-kg object from the earth at escape speed. 


(a) Using the definition of kinetic 
energy, find the energy required to 
launch a 1-kg object from the 
surface of the earth at escape speed: 


(b) Using the conversion factor 


1 kW-h = 3.6 MJ, convert 62.7 MJ 
to kW-h: 


(c) Express the cost of this project in 
terms of the mass of the astronaut: 


Substitute numerical values and find 
the cost: 
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K=1mv; 


K = 62.7MJ x 


e 


= 1(Ikg)(11.2x10° m/s) 
=| 62.7MI 


1kW-h 
3.6 MJ 


- [FAW] 
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Cost = rate x required energy x mass 
kg 
Cost = $0.10 : 17.4kW-h (80kg) 
kW-h kg 
=| $139 


Picture the Problem Let m represent the mass of the body that is projected vertically 


from the surface of the earth. We’ll begin by using conservation of energy under the 


assumption that the gravitational field is constant to determine 


H'. We’ll apply conservation of energy a second time, with the zero of gravitational 


potential energy at infinity, to express H. Finally, we’ll solve these two equations 


simultaneously to express H in terms of H '. 


Assuming the gravitational field to 
be constant and letting the zero of 
potential energy be at the surface of 
the earth, apply conservation of 
energy to relate the initial kinetic 
energy and the final potential energy 
of the object-earth system: 


Substitute for K; and Uç and solve 
for H': 


Letting the zero of gravitational 
potential energy be at infinity, use 
conservation of energy to relate the 
initial kinetic energy and the final 


K, -K,+U, —U; =0 
or, because K= U; = 0, 
-K +U, =0 


-tmy +mgH'=0 


and 


K, -K,+U, —U; =0 
or, because Ke = 0, 
—K,+U,—-U,; =0 


(1) 
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potential energy of the object-earth 


system: 
Substitute to obtain: 1.2 GMm  GMm _ 
z MV + =0 
R, +H R; 
or 
2 
Reta Rg 
Solve for v’: 
olve for v y? =2gR? XL... 1 
Re Aya 
H 
=2eR 
2 dz $ z) 
Substitute in equation (1) to obtain: 
q (1) H'=R, H 
R, +H 
Solve for H: H- HE 
R -H' 
Orbits 
53 o 


Picture the Problem We can use its definition to express the period of the spacecraft’ s 
motion and apply Newton’s 2™ law to the spacecraft to determine its orbital velocity. We 
can then use this orbital velocity to calculate the kinetic energy of the spacecraft. We can 
relate the spacecraft’s angular momentum to its kinetic energy and moment of inertia. 


(a) Express the period of the Te 2a R _ 20 (3R, ) _6aR, 
spacecraft’s orbit about the earth: v v v 
where v is the orbital speed of the 
spacecraft. 
Use Newton’s 2" law to relate the GM „m v? 
= = 


gravitational force acting on the 


radial ~ BR, F 3R; 
spacecraft to its orbital speed: 


Solve for v to obtain: _ {gRe 
V3 


Substitute for v in our expression for 
T to obtain: 


Substitute numerical values and 
evaluate T: 


(b) Using its definition, express the 
spacecraft’s kinetic energy: 


Substitute numerical values and 
evaluate K: 


(c) Express the kinetic energy of the 
spacecraft in terms of its angular 


momentum: 

Solve for L: 

Express the moment of inertia of the 
spacecraft with respect to an axis 


through the center of the earth: 


Substitute and solve for L: 


Substitute numerical values and evaluate L: 
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K =4(100kg)(9.81m/s)(6.3710° m) 
=| 1.04GI 


LC 
2 


L =18mR2K =3R,V2mK 


L =3(6.37x10° m)/2(100kg)(1.04x10° J) =| 8.7210" J-s 
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Picture the Problem Let the origin of our coordinate system be at the center of the earth 
and let the positive x direction be toward the moon. We can apply the definition of center 
of mass to find the center of mass of the earth-moon system and find the "orbital” speed 

of the earth using xem as the radius of its motion and the period of the moon as the period 


of this motion of the earth. 


(a) Using its definition, express the 
x coordinate of the center of mass of 
the earth-moon system: 


_M;x, +m x 


moon moon 


M,+m 


Xx 


cm 
moon 
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Substitute numerical values and evaluate Xem: 
22 8 
7 _ M,(0)+(7.36%10 kg)(3.82%10 ti) ieee 
5.98x10™ kg +7.36x10~ kg 


Note that, because the radius of the earth is 6.37x10° m, the center of mass is actually 
located about 1700 km below the surface of the earth. 


(b) Express the “orbital” speed of 27K om 

the earth in terms of the radius of its a T 

circular orbit and its period of 

rotation: 

Substitute numerical values and 27(4.64x10f m 

evaluate v: y= l 24h a =| 12.4m/s 
27.3dx Fa x 7 
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Picture the Problem We can express the energy difference between these two orbits in 
terms of the total energy of a satellite at each elevation. The application of Newton’s 2" 
law to the force acting on a satellite will allow us to express the total energy of each 
satellite as function of its mass, the radius of the earth, and its orbital radius. 


Express the energy difference: AE = E eo ~ Exoo (1) 

Express the total energy of an Ey =K+U 

orbiting satellite: 1.2 GM,m (2) 
=zmv 7 


where R is the orbital radius. 


Apply Newton’s 2™ law to a _GM,m _ v’ 
satellite to relate the gravitational radial R? R 
force to the orbital speed: or 
gR _ v’ 
RÈ R 
Simplify and solve for v’: oP gR? 
R 


Substitute in equation (2) to obtain: 
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Substitute in equation (1) and AE= mgRg mgR; 
simplify to obtain: 2 ess 2 Rinso 
mgR,{ 1 1 
2 Rioo dt 
Substitute numerical values and evaluate AE: 
AE = }(500kg)(9.81N/kg)(6.37x10°m) l l =[11.1GJ 
7.37x10fm 4.22x10’m 
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Picture the Problem We can use Kepler’s 3™ law to relate the periods of the moon and 

Earth, in their orbits about the earth and the sun, to their mean distances from the objects 
about which they are in orbit. We can solve these equations for the masses of the sun and 
the earth and then divide one by the other to establish a value for the ratio of the mass of 


the sun to the mass of the earth. 
Using Kepler’s 3™ law, relate the 


period of the moon to its mean 
distance from the earth: 


Using Kepler’s 3™ law, relate the 
period of the earth to its mean 
distance from the sun: 


Solve equation (1) for Mz: 


Solve equation (2) for Ms: 


Divide equation (4) by equation (3) 
and simplify to obtain: 


Substitute numerical values and 
evaluate M,./Mg: 


2 
2 4r 3 
m` GM, Fn 

where rm is the distance between the 

centers of the earth and the moon. 


(1) 


2 
a (2) 


E GM, 
where rg is the distance between the 
centers of the earth and the sun. 


4r’ 3 
M, = GT? Tn (3) 
4r? 
M = or r (4) 
E 


3 2 
My _| Te || fo 
M; Tn Tg 


M, _(15x10"m)( 2734 Y 
M, (3.82x10°m ) (365.24d 


=| 3.38x10° 
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Express the difference between this i 3.38 x105 -3.33 x105 
value and the measured value of % diff = T 
3.33x10°: i 

=| 1.50% 


The Gravitational Field 


57 œ 
Picture the Problem The gravitational field at any point is defined by g = F / m. 


Using its definition, express the F (12N)i (4 Nk i 
— = = g I 
m 


gravitational field at a point in space: 


*58 ° 
Picture the Problem The gravitational field at any point is defined by g = F / m. 


Using its definition, express the r F 

gravitational field at a point in g= m 

space: 

Solve for F and substitute for m and F= mg 

ioon = (0.004kg)(2.5 x10 N/kg)j 
=| (10° N)j 
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Picture the Problem We can use the definition of the gravitational field due to a point 
mass to find the x and y components of the field at the origin and then add these 
components to find the resultant field. We can find the magnitude of the field from its 
components using the Pythagorean theorem. 


(a) Express the gravitational field - Gm ? 

due to the point mass at x = L: ae 5 

Express the gravitational field due Bs Gm j 

to the point mass at y = L: AT 

Add the two fields to obtain: Da ae Gm; Gm; 
g=9,.+9,= qe p 
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(b) Find the magnitude of g: 


60 ee 

Picture the Problem We can find the net force acting on m by superposition of the 
forces due to each of the objects arrayed on the circular arc. Once we have expressed the 
net force, we can find the gravitational field at the center of curvature from its definition. 


(a) Express the net force acting on m: F= F, i fe Fj (1) 
Express F,: H= a a m oun cos 45° 
R R R 
Mi 
= ai cos 45° 
=0 
Express F: Pa a z L sin 45° 
° R R 
+ Le sin 45° 
= OMM O sin45° +1) 
R 
Substitute numerical values and F- (6.673 x10" N-m?/ kg’) 
evaluate F;: yo (0. 1 m) 
x (3 kg)(2kg)(2 sin 45° + 1) 
=9.67x10*N 
Substitute in equation (1) to obtain: F =| 0:+(9.67x10°N fi 
(b) Using its definition, express g at ._ F Oi (9.67 x105 N)ĵ 
the center of curvature of the arc: g= m 2kg 


=| (4.8310 N/kg)ĵ 
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61 » 
Picture the Problem The configuration of 
point masses is shown to the right. The 
gravitational field at any point can be 
found by superimposing the fields due to 
each of the point masses. 


(a) Express the gravitational field at 
x = 2 mas the sum of the fields due to 
the point masses m, and mz: 


Express g,and g, : 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate g: 


(b) Express g,and g,: 


Substitute in equation (1) to obtain: 


0 2 6 
9=9,+9, (1) 
J, = Taans 

Xi Xz 
= Gm, > Gm, 
g=-—i+— I 

X Xz 

_ Gm Gm, 
= 2 2 
x (2x,) 
-= (m, im,)i 


6.6726 x10"! N-m7/kg* 
(2m) 


x[2kg—-+(4kg)]i 


=| (-1.67x10"' Nikg)i 


A z Gm, > 
i and g, =-—+I 


g= 


z Gm, 


gı => 2 


X 


2 


Gm ;: Gm, ; 


g=-—yi 


Xi 


Gm, 


2 
Xz 


Gm, i 


Si 


2 
Xz 


G 3 
= salem, +m, )i 


2 
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Substitute numerical values and +. 6.67/26x 107! N-m’/kg” 
evaluate g: g= (6m) 
x[1(2kg)+4kg]i 


=| €8.34x10"? Nikg)i | 


(c) Express the condition that g = 0: Gm, E Gm, zi 
x? (6 E xy 
or 
2 4 
ae Tae 
x? (6-x) 
Express this quadratic equation in x’ +12x —36 = 0 , where x is in meters. 
standard form: 
Solve the equation to obtain: x =2.48m and x= -14.5m 
From the diagram it is clear that the x=|2.48m 
physically meaningful root is the 
positive one at: 
62 eo 
Picture the Problem To show that the maximum value of |g „| for the field of Example 


11-7 occurs at the points x = ta/ V2 , we can differentiate g, with respect to x and set 


the derivative equal to zero. 


From Example 11-7: _ 2GMx 
re a 2/2 
(x? +a?) 


Differentiate g, with respect to x and set the derivative equal to zero to find extreme 
values: 


£ = 26M [x j e — 3x hx? + e 0 for extrema. 
X 


Solve for x to obtain: 


ols 
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Remarks: To establish that this value for x corresponds to a relative maximum, we 
need to either evaluate the second derivative of g, at x = + a/ J2 or examine the 


graph of | g,jatx=+a/ V2 for concavity downward. 
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Picture the Problem We can find the mass of the rod by integrating dm over its length. 
The gravitational field at x) > L can be found by integrating dg at xo over the length of the 


rod. 


a) Express the total mass of the r L 
(a) Exp M =[Adx=C|xdx= 1Cr 
0 0 


stick: 
(b) Express the gravitational field ja Gdm ;_ Gidx ; 
: g= = 2 
due to an element of the stick of (x = x) (x = x) 
mass dm: GCxdx > 
=i 
(xo z x) 
Integrate this expression over the - t xdx > 
§ =-GC/ i 
length of the stick to obtain: A (x, z x) 


64 coo 

Picture the Problem Choose a mass element dm of the rod of thickness dx at a distance x 
from the origin. All such elements produce a gravitational field at a point P located a 
distance x, > 4L from the origin. We can calculate the total field by integrating the 


magnitude of the field produced by dm from x = —L/2 to x = +L/2. 


(a) Express the gravitational field at ig. == Gdm A 
P due to the element dm: 7 
: M 
Relate dm to dx: eae T 
L 
Express the distance r between dm FHX 7x 


and point P in terms of x and xo: 


Substitute these results to express E GM A 
dg, in terms of x and xo: dg, =| 34- y dx ri 
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(b) Integrate to find the total field: . GM 1? dx ; 


(c) Use the definition of g to s B GMm, > 
p. F =mg9=| -=z 
express F : Xo —4L 
(d) Factor x from the denominator Gee GM ; 
of our expression for g, to obtain: i y ( 7 p l 
0 2 
Ax, 
For xo >> L the second term in n GM > 
„Z| i 
parentheses is very small and: I. xe 


which is the gravitational field of a point 
mass M located at the origin. 


g due to Spherical Objects 
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Picture the Problem The gravitational field inside a spherical shell is zero and the field 
at the surface of and outside the shell is given by g = GM / r’. 


(a) Because 0.5 m < R: g=[0 
(b) Because 1.9 m < R: g= [o] 
(c) Because 2.5 m > R: eZ on 
r 
_ (6.6726x10™ N -m?/kg?) (300kg) 


(2.5 m) 


=| 3.20x10° N/kg 
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Determine the Concept The gravitational attraction is zero. The gravitational field inside 
the 2 m shell due to that shell is zero; therefore, it exerts no force on the | m shell, and, 


by Newton’s 3" law, that shell exerts no force on the larger shell. 


*67 œ 


Picture the Problem The gravitational field and acceleration of gravity at the surface of 
a sphere given by g = GM / R? , where R is the radius of the sphere and M is its mass. 


Express the acceleration of gravity 
on the surface of S1: 


Express the acceleration of gravity 
on the surface of S3: 


Divide the second of these equations 
by the first to obtain: 
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8 __R? 
&1 GM 


Picture the Problem The gravitational field and acceleration of gravity at the surface of 
a sphere given by g = GM / R? , where R is the radius of the sphere and M is its mass. 


Express the acceleration of gravity on 
the surface of $1: 


Express the acceleration of gravity on 
the surface of Sz: 


Divide the second of these equations 
by the first to obtain: 


Solve for g3: 


_ GM 
&ı R? 


zh ok. 
&2 R? &ı 


Remarks: The accelerations depend only on the masses and radii because the points 


of interest are outside spherically symmetric distributions of mass. 
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Picture the Problem The magnitude of the gravitational force is F = mg where g inside a 
spherical shell is zero and outside is given by g = GM / r’. 


(a) Atr = 3a, the masses of both F= _ G(M, + M,) 

: Smg =m 2 
spheres contribute to g: (3a) 

_ Gm(M, +M,) 
9a? 
(b) Atr = 1.9a, g due to My = 0: GM, 
F=mg=m z= 3 
(1.9ay |3.6la 

(c) Atr =0.9a, g= 0: F=|0 


7 » 
Picture the Problem The configuration is 
shown on the right. The centers of the 
spheres are indicated by the center-lines. 
The x coordinates of the mass m for parts 
(a), (b), and (c) are indicated along the x 


axis. The magnitude of the gravitational 
force is F = mg where g inside a spherical 
shell is zero and outside is given 


GM 
by g =——. 
r 
(a) Express the force acting on the F= m(g wtE i) 


object whose mass is m: 


Find gıx at x = 3a: g _ GM, _ GM, 
1x (3a) 9a’ 


Find go, at x = 3a: _ GM, _ GM, 
82x = oo 3 
(3a-0.8a) 4.84a 
Substitute to obtain: GM, GM, 
F=m aad ; 
9a 4.84a 


PL9 4.84 


or (= M, 
+ 
a 
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(b) Find go, at x = 1.9a: g, = GM, = GM, 
= (1.9a-0.8a) 1.214? 
Find gi, at x = 1.9a: g =0 
Substitute to obtain: F=eme= GmM , 
EET 
(c) At x = 0.9a, 21x = go = 0: F =[0] 


g Inside Solid Spheres 
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Picture the Problem The "weight" as measured by a spring scale will be the normal 
force which the spring scale presses up against you. There are two forces acting on you 
as you stand at a distance r from the center of the planet: the normal force (Fy) and the 
force of gravity (mg). Because you are in equilibrium under the influence of these forces, 
your weight (the scale reading or normal force) will be equal to the gravitational force 
acting on you. We can use Newton’s law of gravity to express this force. 


(a) Express the force of gravity GM (r)m 
acting on you when you are a F= r? (1) 
distance r from the center of the 
earth: 
Using the definition of density, M (r) M (r) 
express the density of the earth P= v( ) ETF 
r Zr 
between you and the center of the 
earth and the density of the earth as and 
a whole: M; _ M; 
p= | R? 
E 3m 
Because we’re assuming the earth to M(r)_ M; 
of uniform-density and perfectly 4 ae 47 R? 
spherical: 
or 


Substitute in equation (1) and 
simplify to obtain: GM y 
r 


Apply Newton’s law of gravity to 
yourself at the surface of the earth to 
obtain: 


Substitute to obtain: 


(b) Apply Newton’s 2™ law to your 
body to obtain: 


Solve for your "effective weight” 
(i.e., what a spring scale will 
measure) Fy: 


(c) We can decide whether the 
change in mass with distance from 
the center of the earth or the 
rotational effect is more important 
by examining the ratio of the two 
terms in the expression for your 
effective weight: 


Substitute numerical values and 
evaluate this ratio: 


Gravity 
TE GM m 
R? 
or 
ar 


where g is the magnitude of free-fall 
acceleration at the surface of the earth. 


F, = Me 

R 
i.e., the force of gravity on you is 
proportional to your distance from the 
center of the earth. 


r 
En- MeT = -mro 
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Fy = 8 -mro = 
R 


[2 — me 
R 


Note that this equation tells us that your 


effective weight increases linearly with 


distance from the center of the earth. The 


second term can be interpreted as a 
"centrifugal force" pushing out, which 
increases the farther you get from the 
center of the earth. 


M, & i 
R _R_ ee _ 82l 
mro o (27) 4r’ R 

T 


2 
i (0.81m? 241x 26005) 


4r’ R ~ 
= 291 


4n°(6370km) 


the rotational effect. 


The change in the mass between you and the center of the earth as 


you move away from the center is 291 times more important than 
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Picture the Problem We can find the loss in weight at this depth by taking the difference 
between the weight of the student at the surface of the earth and her weight at a depth d = 
15 km. To find the gravitational field at depth d, we’Il use its definition and the mass of 
the earth that is between the bottom of the shaft and the center of the earth. We’ll assume 
(incorrectly) that the density of the earth is constant. 


Express the loss in weight: Aw = w(R, ) — w(R) (1) 
Express the mass M inside M=pVe= 4 pn(R, = d) 
R =Rg —d: 
Express the mass of the earth: M, = pV, =4 par; 
Divide the first of these equations M $ prz(R, -d y _(R, -d y 
by the second to obtain: M, 4 pR; 7 RÈ 
Solve for M: R, -dọ 
M = M, ( E 5 ) 
Rg 

Express the gravitational field at _GM _ GM, (R; -d y o 
R =Rg- d: ETR (R, -dY R? i 
Express the gravitational field at GM, 

he 8: = (3) 
R=Re: R? 
Divide equation (2) by equation (3) GM, (R; -d y 
to obtain: g (R; -dY RÈ _R, -d 

E&E GM; R; 
Ri 
Solve for g: R, -d 
= ao 
E 

E the weight of the student at R,-d 

xpress the weight of the student a w(R)=mg(R)= E mg, 
R =Rg — d: Rg 
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Substitute in equation (1) to obtain: d mg,d 
Aw = mg,, -| 1-—— Img, = —= 
Reg Rg 
Substitute numerical values and oe (800 N)(15km) -[T88N 
evaluate Aw: 6370km 
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Picture the Problem We can use the hint to find the gravitational field along the x axis. 


Using the hint, express g(x) : g(x) = S solid sphere + S hollow sphere 
Substitute for Ssolid sphere and GM solid sphere GM ollow sphere 
d simplify to obtain: ey 2 2 
hollow sphere ANd simplify to obtain: x (x — LR) 
3 3 
= Gp,(aR j; Gp, -4z(}R) | 
x (x-4R} 
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Picture the Problem The diagram shows 
the portion of the solid sphere in which the 
hollow sphere is embedded. g; is the field 
due to the solid sphere of radius R and 
density p and g, is the field due to the 
sphere of radius '2R and negative density 
po centered at ⁄2R. We can find the 
resultant field by adding the x and y 
components of g,andg,. 


Use its definition to express \g,| : lā | _ GM 7 Gov _ Amp r°G 
l y r’? 3r? 
_ Amp rG 
aaa a 
Find the x and y components of g; : B B x) 4p Gx 
£1, = -8 C080 = «(*)- 3 


and 
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Use its definition to express | CA : 


Express the x and y components of g, : 


Add the x components to obtain the 
x component of the resultant field: 


Add the y components to obtain the 
y component of the resultant field: 


Express g in vector form and 


evaluate | g | : 
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. 4mo, G 
81, 578 sin 0 = -2(2| = es 


where the negative signs indicate that the 
field points inward. 


a.|= GM, Gp, _ 4apyr;G 
r’ r 3r; 


4 npr, G 


3 


where r, = (x—LR/ +y’ 


Ex = Six t 8x 
47p,Gx F 4np,G(x -—+R) 
3 3 
_ _2APpGR 
3 


where the negative sign indicates that the 


field points inward. 


gy = Sy +ga, 
_ Amp Gy y EPO -0 
3 3 
j-e.i+6,j-|(-72); 
3 
and 


Picture the Problem The gravitational field will exert an inward radial force on the 


objects in the tunnel. We can relate this force to the angular velocity of the planet by 


using Newton’s 2™ law of motion. 
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Letting r be the distance from the Fant, = mro’ 
objects to the center of the planet, or 
use Newton’s 2™ law to relate the mg = mro’ 
gravitational force acting on the 
objects to their angular velocity: 
Solve for @ to obtain: g 
=Z (1) 
r 
Use its definition to express g: _ GM _GpV _ 4p r’G 
a 7 po 2 
r r 3r 
_ 4npyrG 
3 


Substitute in equation (1) and simplify: 


Arp rG 
a 3 = [420,G 
r 3 
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Picture the Problem Because we’re given the mass of the sphere, we can find C by 
expressing the mass of the sphere in terms of C. We can use its definition to find the 
gravitational field of the sphere both inside and outside its surface. 


(a) Express the mass of a differential dm=pdV = pl4a r?dr) 
element of the sphere: 


Sm 


M =42C [rdr =(50m*)rC 
0 


Integrate to express the mass of the 
sphere in terms of C: 


Solve for C: M 


C= 

(50 m° )r 

: ‘ 1011k 
Substitute numerical values and C= 0 5 8- 6.436 kg/m’ 
evaluate C: (5 Om } 


(b) Use its definition to express the GM 
gravitational field of the sphere at a r 


distance from its center greater than 
its radius: 


886 Chapter 11 


(1) For r>5 m: 


Use its definition to express the 
gravitational field of the sphere at a 
distance from its center less than its 


radius: 


(2) For r< 5m: 


we (6.6726 x10"'' N-m7/kg”) (1011kg) 
~ 2 


r 


6.75x10* N/kg 


=G2 =G2 
& r? r? 
4x C| rdr 
=G——2__ = 2GC 
r 


g = 22(6.6726x 107" N- m?/kg?) 
x (6.436kg/m?) 
=| 2.70x10” Nikg 


Remarks: Note that g is continuous at r = 5 m. 
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Picture the Problem We can use conservation of energy to relate the work done by the 


gravitational field to the speed of the small object as it strikes the bottom of the hole. 


Because we’re given the mass of the sphere, we can find C by expressing the mass of the 


sphere in terms of C. We can then use its definition to find the gravitational field of the 


sphere inside its surface. The work done by the field equals the negative of the change in 


the potential energy of the system as the small object falls in the hole. 


Use conservation of energy to relate 
the work done by the gravitational 
field to the speed of the small object 
as it strikes the bottom of the hole: 


Solve for v: 


Express the mass of a differential 
element of the sphere: 


K,—K,+AU =0 

or, because K; = 0 and W =—AU, 
W=1mv’ 

where v is the speed with which the object 
strikes the bottom of the hole and W is the 
work done by the gravitational field. 


y= ,/—— (1) 


dm= pdV = pl4x rdr) 


Integrate to express the mass of the 
sphere in terms of C: 


Solve for and evaluate C: 


Use its definition to express the 
gravitational field of the sphere at a 
distance from its center less than its 
radius: 


Express the work done on the small 
object by the gravitational force 
acting on it: 


Substitute in equation (1) and 
simplify to obtain: 


Substitute numerical values and evaluate v: 
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5m 
M = 42 Írar = (50m?) 
0 
C- M  _ 10likg 


~ (50m°)z (50m?) 


= 6.436 kg/m’ 


4zc] rdr 
= G—_*——_ = 27GC 


r 


3m 


W= — | mgdr =(2m)ng 
5m 


ees 2(2 m )n(2x GC) 2 J(@m)z GC 
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Picture the Problem The spherical deposit of heavy metals will increase the 


gravitational field at the surface of the earth. We can express this increase in terms of the 


difference in densities of the deposit and the earth and then form the quotient Ag/g. 


Express Ag due to the spherical deposit: 


Express the mass of the spherical deposit: 


Substitute in equation (1): 


GAM 
agm- a (1) 


M =ApV =Ap(42R?)=47ApR° 


4GrApR* 
Ag = 2" e 
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Express Ag/g: 4GrApR 
Ag P _ 4GrApR 
g g gr’ 


Substitute numerical values and evaluate Ag/g: 
Ag _ 42(6.6726x107! N -m?/kg?) (5000 kg/m?) (1000 m} 
g (9.81 N/kg)(2000m) 


=| 3.56x10° 
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Picture the Problem The force of attraction of the small sphere of mass m to the lead 
sphere is the sum of the forces due to the solid sphere (F s) and the cavities ( Fo ) of 


negative mass. 


(a) Express the force of attraction: F=F s + F € (1) 
Use the law of gravity to express the F =- GMm $ 

force due to the solid sphere: ù d’ 

Express the magnitude of the force F.= GM'm 

acting on the small sphere due to d4 RY 

one cavity: 2 


Relate the negative mass of a cavity RY 
M'=-pV= 4m 
to the mass of the sphere before P P| 3 2 
hollowing: 
= -ifto R)= -4M 

: = GM 5 
Leting Obe thg anple between the x F, =2 m — cos Gi 
axis and the line joining the center gl d2 + R 
of the small sphere to the center of 4 


RPO Se Mga ot Era because, by symmetry, the y components 


t 
to express the force due to the two ađd:to:zero. 


cavities: 


: d 
Express cos@: cos = 


Gravity 889 


Substitute to obtain: Ë=- GMm d > 
et R? z I 
ur + eae 
4 4 
= GMmd > 
~ R? 3/2 
{a + 
4 
Substitute in equation (1) and simplify: Fe GMm > GMmd A 
= d? L R? 372 * 
a + z) 
4 
= F = 
= _ GMm ie 4 a 
~ d? R? 372 |! 


(b) Evaluate F atd=R: 


R? 

j-__4 

R? R? 3/2 
R? +— 


= -0.821 ti 
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Picture the Problem Let R be the size of the cluster, and N the total number of stars in it. 
We can apply Newton’s law of gravity and the 2™ law of motion to relate the net force 
(which depends on the number of stars N(r) in a sphere whose radius is equal to the 
distance between the star of interest and the center of the cluster) acting on a star at a 
distance r from the center of the cluster to its speed. We can use the definition of density, 
in conjunction with the assumption of uniform distribution of the starts within the cluster, 
to find Mr) and, ultimately, express the orbital speed v of a star in terms of the total mass 
of the cluster. 


Using Newton’s law of gravity and GN(r) M? y? 
2" law, express the force acting on F(r)= 2 =M 

a star at a distance r from the center a 
of the cluster: 


r 

where V(r) is the number of stars within a 
distance r of the center of the cluster and M 
is the mass of an individual star. 
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Using the uniform distribution N (r)M NM 
assumption and the definition of aa m? aR 
3 3 


density, relate the number of stars 


Nr) within a distance r of the center or 
of the cluster to the total number M N( j= N r? 
of stars in the cluster: r= R? 
Substitute to obtain: GNM? r? v 
P BÈ r 
or 
2 
GNM — =v 
R 
Solve for v to obtain: GNM 
v= w > vVar 


The mean velocity v of a star in a circular orbit around the center 
of the cluster increases linearly with distance r from the center. 


General Problems 
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Picture the Problem We can use Kepler’s 3™ law to relate Pluto’s period to its mean 
distance from the sun. 


Using Kepler’s 3™ law, relate the T? = Cr? 

eriod of Pluto to its mean distance 4r? 
a ene where C = 7 = 2.973 x10” s°/m? . 
Solve for T: T =4 Cr? 


Substitute numerical values and evaluate T: 


Tee 
ja esr 10° s?/m? |39. AUx een 


lh ld ly 


= 7.864x10°sx x x 
3600s 24h 365.25d 


- [253] 
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Picture the Problem Consider an object of mass m at the surface of the earth. We can 
relate the weight of this object to the gravitational field of the earth and to the mass of the 
earth. 


Using Newton’s 2" law, relate the w= GM,m 
weight of an object at the surface of RÉ 


the earth to the gravitational force 
acting on it: 


Solve for Mg: M, = gR? 

G 
Substitute numerical values and (9.8 1N/ kg)(6.37 x10° m) 
evaluate Mz: Me 6.6726 x10'' N-m*/kg” 


=| 5.97x 10" kg 
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Picture the Problem The work you must do against gravity to move the particle from a 
distance r to r2 is the negative of the change in the particle’s gravitational potential 


energy. 
(a) Relate the work you must do to f 2 dr 
the change in the gravitational Tamaya d rar GM,mj r 
potential energy of the earth-particle i 
system: =-GM,m 1 = 1 

a H 

1 1 

=| GM TE — +) 

n h 

(b) Substitute gR? for GMp, Rg for 1 1 
. W =| mgRĘ| —-— (1) 

rı, and Rg + A for r3 to obtain: R, Ri th 
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(c) Rewrite equation (1) with a y R? R, +h-R, 
common denominator and simplify E R; ( R; + h) 
to obtain: 
= mgh = |= mgh ——— 
a] j TEA 
E 
=| mgh 
when h << Rg. 
84. 


Picture the Problem The gravitational field outside a uniform sphere is given by 
g= —GM |r’? and the field inside the sphere by g = (GM /R°)r. 


(a) Express g outside the sphere: pas GM 
©) 
Find the mass of the sphere: M=pV= pltzR*) 
Substitute and simplify to obtain: ps Gp (4 R°) _ 4,Gp R? 
~ 2 7-3 2 
r r 


Substitute numerical values and evaluate g: 


4 
3 


(6.673x10"'! N-m? /kg”) (2000kg/m’) (100m) 


_| 0.559N-m*/kg 
=|-— ae 
r 


r 
(b) Express the gravitational field GM Gp (4 mR ) 
A : g= r= r 
inside the uniform sphere: R? R? 
=—$a pGr 


Substitute numerical values and evaluate g: 


g = —$2(2000kg/m’)(6.6726x10"" N -m?/kg? )r =| -(5.59x107 Nikg-m)r | 
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Picture the Problem We can use Kepler’s 3™ law to relate the period of the satellite to 


its mean distance from the center of Jupiter. 
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Use Kepler’s 3™ law to relate the 


period of the satellite to its mean GM 
distance from the center of Jupiter: 


Solve for h: T?GM 
h= T i -R; (1) 
4r 


Express the mass of Jupiter in terms M, =320M, 
of the mass of the earth: 


Express the volume of Jupiter in V, =1320V, 
terms of the mass of the earth: 


Express the volumes of Jupiter and R = 3/1320 R; 
Earth in terms of their radii and 


solve for Ry: 


Substitute in equation (1) to obtain: 


2 
Sa CN V1320R, 


An 
Express the period of the satellite in T =9h+50min 
seconds: -9hx 3600s samm ous 
h min 
= 3.54x10*s 


Substitute numerical values and evaluate h: 


p = 3|(3:54210" s}' (6.6726 x10"! N-m’/kg*){320(5.98%10™ kg} 
g An? 


-3/1320(6.37x10° m) 
- [Eron] 
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Picture the Problem Let m represent the mass of the spacecraft. From Kepler’s 3™ law 
we know that its period will be a minimum when it is in orbit just above the surface of 
the moon. We’ll use Newton’s 2™ law to relate the angular velocity of the spacecraft to 
the gravitational force acting on it. 
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Relate the period of the spacecraft to 
its angular velocity: 


Using Newton’s 2” law of motion, 
relate the gravitational force acting 
on the spacecraft when it is in orbit 
at the surface of the moon to the 
angular velocity of the spacecraft: 


Solve for æ: 


Substitute in equation (1) and 
simplify to obtain: 


Substitute numerical values and evaluate Tmin: 


Ry Ry 
=,/4+Gzp 

_ 2a _ | 3a 

min 4Grp pG 


T = 3m 
min (6.672610 N-m/kg?)3 
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Picture the Problem We can use conservation of energy to establish a relationship 


between the height / to which the projectile will rise and its initial speed. The application 


of Newton’s 2™ law will relate the orbital speed, which is equal to the initial speed of the 


projectile, to the mass and radius of the moon. 


Use conservation of energy to relate 
the initial energies of the projectile 
to its final energy: 


Solve for h: 


Use Newton’s 2™ law to relate 
velocity of the satellite to the 


K, —-K,+U, —U;, =0 
or, because Ks = 0, 
2 GM,,m n GM ,,m _ 


Lmv 0 
Ru +A Ry 
a (1) 

. v’ Ryu 
2GMyų 
GMym ow 


2 Ti = Re Mp 


gravitational force acting on it: 


Solve for v’: 


Substitute for v” in equation (1) and 
simplify to obtain: 
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Picture the Problem If we assume the astronauts experience a constant acceleration in 
the barrel of the cannon, we can use a constant-acceleration equation to relate their exit 
speed (the escape speed from the earth) to the acceleration they would need to undergo in 
order to reach that speed. We can use conservation of energy to express their escape 
speed in terms of the mass and radius of the earth and then substitute in the constant- 
acceleration equation to find their acceleration. To find the balance point between the 
earth and the moon we can equate the gravitational forces exerted by the earth and the 


moon at that point. 


(a) Assuming constant acceleration 
down the cannon barrel, relate the 
ship’s speed as it exits the barrel to 
the length of the barrel and the 
acceleration required to get the ship 
to escape speed: 


Solve for the acceleration: 


Use conservation of energy to relate 
the initial energy of astronaut’s ship 
to its energy when it has escaped the 
earth’s gravitational field: 


When the ship has escaped the 
earth’s gravitational field: 


Solve for v? to obtain: 


v, =2aAé 


where / is the length of the cannon. 


2 


y 
=— 1 
=A U9 
AK +AU =0 


or 


Ke he, —-U, = 0 


K, =U, =0 
and 
—K,-—U,=0 
or 
ME 
R 
where m is the mass of the spaceship. 
2 2GM, 
y= 


i R 
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Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate a: 


(b) Let the distance from the center 
of the earth to the center of the 
moon be R, and the distance from 
the center of the spaceship to the 
earth be x. If M is the mass of the 
earth and m the mass of the moon, 
the forces will balance out when: 


Solve for x to obtain: 


Substitute numerical values and 
evaluate x: 


= GM, 
ALR 


a= (6.673 x10" N. m?/kg?) 
(5.98x10% kg) 
x 
(274 m)(6370 km) 
= 2.29x10° m/s? 
= 23,300g 


Survival is extremely unlikely! 


GM Gm 
x (R-xř 


or 


vM vm 
where we’ve ignored the negative solution, 


as it doesn't indicate a point between the 
two bodies. 


R 
x= 
14," 
M 
ee 3.84x 10° m 
7.3610” kg 
5.98x10™ kg 


- [ae | 


(c) 


No it is not. During the entire trip, the astronauts would be in free - fall, 


and so would not seem to weigh anything. 
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Picture the Problem Let the origin of our coordinate system be at the center of mass of 


the binary star system and let the distances of the stars from their center of mass be r, and 


r2. The period of rotation is related to the angular velocity of the star system and we can 


use Newton’s 2™ law of motion to relate this velocity to the separation of the stars. 


Relate the square of the period of the 


motion of the stars to their angular 
velocity: 


An? 
P=; (1) 


Using Newton’s 2" law of motion, 
relate the gravitational force acting 
on the star whose mass is m, to the 
angular velocity of the system: 


Solve for a: 


From the definition of the center of 
mass we have: 


Eliminate rı from equations (3) and 
(4) and solve for r2: 


Eliminate rz from equations (3) and 
(4) and solve for rı: 


Substitute for rı and r2 in equation 
(2) to obtain: 


Finally, substitute in equation (1) 
and simplify: 
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G 
DF radial — eT 


rtm) 


2_ Gm, 
ao = 2 
AG +1) 
Mr, = My", 


where r =7 +7, 


rm, 
i= 
m +m, 
rm 
= 2 
r= 
m, +m, 
2 G(m, F m, ) 
(G0) = 
3 
r 
T? = 
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— 2 
= m, næ 


(2) 


(3) 
(4) 


Picture the Problem Because the two-particle system has zero initial energy and zero 


initial linear momentum; we can use energy and momentum conservation to obtain 


simultaneous equations in the variables r, vı and v2. We’ll assume that initial separation 


distance of the particles and their final separation r is large compared to the size of the 


particles so that we can treat them as though they are point particles. 


Use conservation of energy to relate 


the speeds of the particles when 
their separation distance is 7: 


Use conservation of linear 
momentum to obtain a second 
relationship between the speeds of 
the particles and their masses: 


E =E, 


or 


Gm,m 

2 2 pT 
0=3m v; +3mv, . (1) 
Pi = Pe 

or 

0 = mv +m,v, (2) 
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Solve equation (2) for vı and 


substitute in equation (1) to obtain: 


Solve equation (3) for v2: 


Solve equation (2) for vı and 
substitute for v, to obtain: 
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2 
2 
v(m 2 E (83) 
m; r 


2Gm? 


"a - \r(m, +m,) 


y= 


2Gm? 


\r(m, +m,) 


Picture the Problem We can find the orbital speeds of the planets from their distance 
from the center of mass of the system and the period of their motion. Application of 
Kepler’s 3 law will allow us to express the period of their motion T in terms of the 
effective mass of the system ... which we can find from its definition. 


Express the orbital speeds of the 
planets in terms of their period T: 


Apply Kepler’s 3™ law to express 
the period of the planets: 


Substitute to obtain: 


The distance of each planet from the 


effective mass is: 


Find Mer from its definition: 


Substitute for R and Mer to obtain: 


27R 
y= — 


T 
where R is the distance to the center of 
mass of the four-planet system. 


4r’ R? 
GM or 


where Mer is the effective mass of the four 
planets. 


T3 


: 27R B GM ss 
[a R? R 
GM ir 
a 
R=— 
J2 
1 1 1 1 1 
=—+—+—+ 
Ma M M M M 
and 
M s =4M 
„| _|V2GM 
4a 
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Picture the Problem Let 7 represent the separation of the particle from the center of the 
earth and assume a uniform density for the earth. The work required to lift the particle 
from the center of the earth to its surface is the integral of the gravitational force function. 
This function can be found from the law of gravity and by relating the mass of the earth 
between the particle and the center of the earth to the earth’s mass. We can use the work- 
kinetic energy theorem to find the speed with which the particle, when released from the 
surface of the earth, will strike the center of the earth. Finally, the energy required for the 
particle to escape the earth from the center of the earth is the sum of the energy required 
to get it to the surface of the earth and the kinetic energy it must have to escape from the 
surface of the earth. 


a) Express the work required to lift Re 
(2) Exp i W = f Fdr (1) 
0 


the particle from the center of the 


earth to the earth’s surface: f ae . 
where F is the gravitational force acting on 


the particle. 
Using the law of gravity, express the F- GmM Q) 
force acting on the particle as a r’ 
function of its distance from the where M is the mass of a sphere whose 
center of the earth: radius is r. 
Express the ratio of M to Mg: M pix r°) T ? 
= => = E a 
M, pl§zR;) : 


Substitute for M in equation (2) to obtain: F- GmM, pe mgR,, mg 


r= r 
Ri Rè R 
Substitute for F in equation (1) and w mg a emR,, 
evaluate the integral: = Ry , T 2 
(b) Use the work-kinetic energy W =AK =14mv" 


theorem to relate the kinetic energy 
of the particle as it reaches the 
center of the earth to the work done 
on it in moving it to the surface of 
the earth: 


Substitute for W and solve for v: v=]| 4 2R; 
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(c) Express the total energy required 
for the particle to escape when 
projected from the center of the 
earth: 


Substitute for W and solve for Vese: 


Substitute numerical values and 
evaluate Vege! 
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where ve is the escape speed from the 
surface of the earth. 


Vesc = V3gR, 


Vee = 93(9.81 N/kg)(6.37x 10° m) 


Picture the Problem We need to find the gravitational field in three regions: 


r<R,, Ri <r<R), and r > R2. 


Forr<R;: 


For r > Ro, g(r) is the field of a mass 
M centered at the origin: 


For Ri <r < Ro, g(r) is determined 
by the mass within the shell of 
radius r: 


Express the density of the spherical 
shell: 


Substitute for in equation (2) and 
simplify to obtain: 


Substitute for m in equation (1) to 
obtain: 


s=[0] 


GM 
g(r)=| 
r 
G 
Sy bere (1) 
where m = 4 ap(r° =R) (2) 
M_M 
POP 4n(R-R) 
M(r? - R?) 
CRR 
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A graph of g, with R; = 2, R: = 3, and GM = 1 follows: 


0.12 


0.04 
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Picture the Problem A ring of radius R is 
shown to the right. Choose a coordinate 
system in which the origin is at the center 


of the ring and x axis is as shown. An 
element of length dZ and mass dm is 


responsible for the field dg at a distance x 
from the center of the ring. We can express 
the x component of dg and then integrate 
over the circumference of the ring to find 


the total field as a function of x. 


(a) Express the differential 
gravitational field at a distance x 
from the center of the ring in terms 
of the mass of elemental length dL: 
Relate the mass of the element to its 
length: 


Substitute to obtain: 
By symmetry, the y and z 


components of g vanish. Express the 
x component of dg: 


Gdm 
gaz 
e R? +x? 
dm=AdL 


where J is the linear density of the ring. 


wees GAdL 
= R? +x? 
dg. =dgcosé 


R? +x 
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Referring to the figure, express 
cosĝ: 


Substitute to obtain: 


M 
Because 2 = ——: 
2m R 


Integrate to find g(x): 


cos = à 
R? +x? 
ace GA dL x _ GAxdL 


jee GM xdL 
i 27 R(R? a 
GM x a 
x)= dL 
œ) Qn R(R? +x?) | 
GM 
= R2 +x?) X 


A plot of g, is shown below. The curve is normalized for R = 1 and GM = 1. 


0.40 


0.35 
0.30 


0.25 


gx 0.20 
0.15 


0.10 


0.05 


0.00 


(b) Differentiate g(x) with respect to x and set the derivative equal to zero to identify 


extreme values: 


Beg 


(aR) sat 


dx (r? ty 


Simplify to obtain: 


) (x? +R? ye (2x) = 0 for extrema 


1/2 


(x? PR -3x he? R) =0 


Solve for x to obtain: 
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Picture the Problem The diagram shows a 
segment of the wire of length dx and mass 
dm = Adx at a distance x from the origin of 
our coordinate system. We can find the 
magnitude of the gravitational field at a 
distance r from the wire from the resultant 
gravitational force acting on a particle of 
mass m’ located at point P and then 
integrating over the length of the wire. 


Express the gravitational force 
acting on a particle of mass m’ at a 
distance r from the wire due to the 
segment of the wire of length dx: 


Using Newton’s law of gravity, 
express dF: 


Substitute and simplify to express 
the gravitational field due to the 
segment of the wire of length dx: 


By symmetry, the segment on the 
opposite side of the origin at the 
same distance from the origin will 
cancel out all but the radial 
component of the field, so the 
gravitational field will be given by: 
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R 
x =| +£— 


Because the curve is concave downward, 
we can conclude that this result 
corresponds to a maximum. Note that this 
result agrees with our graphical maximum. 


/ dm=dAdx 
7 


dF =m'dg 
or 
F 
dg = g 7 
m 
dF = ee 
or, because R? =x? +r’, 
dF = an = 
x +r 
GAdx 
foe 
oT ar 
dg = La cos 
_ Gâdx r 
PAP a te 
Gâr 
7 (x? +r?) z 


Integrate de from x’ = —oœ to x’ = +00 to obtain: 
g g 


Gar 


g= | cacapa= 204] z 4 
—0 mes 


3/2 
(x?+r?] 


2 \B/2 
+r ) 7 
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Picture the Problem We can use the relationship between the angular velocity of an 
orbiting object and its tangential velocity to express the speeds vin and Vout of the 
innermost and outermost portions of the ring. In part (6) we can use Newton’s law of 
gravity, in conjunction with the 2™ law of motion, to relate the tangential speed of a 
chunk of the ring to the gravitational force acting on it. As in part (a), once we know Vin 
and Vou, We can express the difference between them to obtain the desired results. 


(a) Express the speed of a point in v(R')= oR 
the ring at a distance R’ from the 

center of the planet under the 

assumption that the ring is solid and 

rotates with an angular velocity æ: 


Express the speeds vin and vou of the ‘= (R = 4 r)o 
innermost and outermost portions of ahd 
the ring: 


Express the difference between Vout Vo Vn =(R+4r)o—(R-Lr)o 
and vin: 
v r 
=ør=—r=|v— 
R 
(b) Assume that a chunk of the ring GMm my? 


is moving in a circular orbit around 
the center of the planet under the 
force of gravity. Then, we can find 
its velocity by equating the force of GM 

: : v= — 
gravity to the centripetal force R' 
needed to keep it in orbit: where M is the mass of the planet and R' 
the distance from the center. 


Substitute for R’ to express Vout: GM GM 

Vou = aa 

\ R+ 3r a1 + 1 4 
E GM i Ir -1/2 
V R 2R 

Expand binomially to obtain: GM llr 

yo = 

“VR | 22 R 


+ higher order terms) 


` (i-i) 
R 4R 
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Proceed similarly to obtain, for vin: GM í lr 


Express the difference between vout and Vin: 


GM lr GM lr GM lr 
Vout — Vin ~ 1 1+ = 
R 4R R 4R R 2R 


and, because v = ,/——-, v 
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Picture the Problem Let U = 0 at x = ~ The potential energy of an element of the stick 
dm and the point mass mọ is given by the definition of gravitational potential energy: 
dU =—Gm,dm/r where r is the separation of dm and mo. 


(a) Express the potential energy of rie Gm,dm 
the masses my and dm: 2 ee 
The mass dm is proportional to the dm = A dx 
size of the element dx: M 
where 2 = —. 

L 
Substitute these results to express dU = Gm,Adx _| GMm, dx 
dU in terms of x: 7 t= xX E L(x = x) 


(b) Integrate to find the total potential energy for the system: 


L/2 
U = P Í a e Ce -5) -m(x 4) 


L 2p L 
_| GMm, inl 20 +L/2 
L Xo — L/2 


(c) Because xo is a general point along the x axis: 


_ dU _ Gmm 1 1 
i ar aaa N a 
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Simplify this expression to obtain: Gmm, 
F (x,) a L 
L/4 
in agreement with the result of Example 


11-8. 
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Picture the Problem Choose a mass element dm of the rod of thickness dx at a distance x 
from the origin. All such elements of the rod experience a gravitational force dF due to 
presence of the sphere centered at the origin. We can find the total gravitational force of 
attraction experienced by the rod by integrating dF from x = a to x =a + L. 


Express the gravitational force dF dF = GMdm 
acting on the element of the rod of x’ 
mass dm: 
Express dm in terms of the mass m dm- m dx 
and length L of the rod: L 
Substitute to obtain: dF = GMm dx 
L x 
Integrate dF from x =atox =at p GMm “¥ 24 GMm[ 17°" 
L to find the total gravitational force E i E 5 


acting on the rod: 


99 eco 
Picture the Problem The semicircular rod 
is shown in the figure. We’ll use an 


L 
element of length Rd@ =—d@ whose 
1 


M 
mass dM is—d@. By symmetry, F, = 0. 
F i 


We’ll first find dF, and then integrate over 
0 from —7/2 to 7/2. 


Express dF’: 
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Integrate dF, over 0 from —7/2 to 7/2: GMm 7” 22 GM 
F.=" = Joos ag -270m 
—1/2 


Substitute numerical values and evaluate Fx: 


p = 2H (6.6726x10-" N-m’/kg* )(20kg)(0.1kg) 
i (5 m) 


=| 33.5pN 
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Picture the Problem We can begin by expressing the forces exerted by the sun and the 
moon on a body of water of mass m and taking the ratio of these forces. In (b) we’ ll 
simply follow the given directions and in (c) we can approximate differential quantities 
with finite quantities to establish the given ratio. 


(a) Express the force exerted by the F= GM „m 
sun on a body of water of mass m: 3 rè 
Express the force exerted by the F = GM „m 
moon on a body of water of mass m: m r? 


Divide the first of these equations F, M, r? 
by the second and simplify to Fo Mr 
obtain: = 
Substitute numerical values and F, (1 99x10% kg)(3 84x108 mÝ 
evaluate this ratio: F = (7 36x102 kg)(I 50x10! m) 
=| 177 

dF 
(b) Find &—: a Aui sa 

dr dr r r 
Solve for the ratio d : dF D 5a 

F F r 

(c) Express the change in force AF AP ZDEN 


for a small change in distance Ar: r 
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Express AF; : 


Express AF’: 


Divide the first of these equations 
by the second and simplify: 


Substitute numerical values and 
evaluate this ratio: 


101 œ». 


GmM, 
2 
AF, =-2—S— Ar, 
AS 
GmM 
=-2 = > Ar, 
aS 
GmM 
Tt a = -2 da = AF a 
Fn 
Ms 
AF, R * Mg AK 
= = 1—5 
AF. = Ar, M,N Ar, 
= Mra 
Mts 
Ar, 


AF, _ (1.99x10°kg)(3.84%10% m)’ 
AF, (7.36x10” kg)(1.50x10!' m} 


=| 0.454 


Picture the Problem Let Mys be the mass of the Neutron Star and m the mass of each 
robot. We can use Newton’s law of gravity to express the difference in the tidal-like 
forces acting on the coupled robots. Expanding the expression for the force on the robot 
further from the Neutron Star binomially will lead us to an expression for the distance at 
which the breaking tension in the connecting cord will be exceeded. 


The gravitational force is greater on the lower robot, so if it were not for 
(a) | the cable its acceleration would be greater than that of the upper robot, and 


they would separate. In opposing this separation the cable is stressed. 


(b) Letting the separation of the two 
robots be Ar, and the distance from 
the center of the star to the lower 
robot be r, use Newton’s law of 
gravity to express the difference in 
the forces acting on the robots: 


Expand the expression in the square 
brackets binomially to obtain: 


Substitute to obtain: 


Letting Fg be the breaking tension 
of the cord, substitute for Fide and 
solve for the value ofr 
corresponding to the breaking strain 
being exceeded: 


Substitute numerical values and evaluate r: 


tide ~~ 
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_GM,,m GM,,m 
r’ (r + Ary 


2(6.673x107'N- m?/kg? )(1.99 x10” kg )(1k 
Co a en - [220i 
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Chapter 12 
Static Equilibrium and Elasticity 


Conceptual Problems 


1 ° 
(a) False. The conditions XF, = 0 and ee = 0 must be satisfied. 


(b) True. The necessary and sufficient conditions for static equilibrium are DF =0 and 


> =. 
(c) True. The conditions VF =0 and pas = 0 must be satisfied. 


(d) False. An object is in equilibrium provided the conditions XF, = 0 and 2i = Oare 


satisfied. 


2 ° 
False. The location of the center of gravity depends on the mass distribution. 


3 ° 
No. The definition of the center of gravity does not require that there be any material at its 
location. 


4 ° 
Determine the Concept When the acceleration of gravity is not constant over an object, 
the center of gravity is the pivot point for balance. 


5 ee 
Determine the Concept This technique works because the center of mass must be 
directly under the balance point. Thus, a line drawn straight downward will pass through 
the center of mass, and another line drawn straight downward when the figure is hanging 
from another point will also pass through the center of mass. The center of mass is where 
the lines cross. 


*6G è 
Determine the Concept No. Because the floor can exert no horizontal force, neither can 
the wall. Consequently, the friction force between the wall and the ladder is zero 
regardless of the coefficient of friction between the wall and the ladder. 
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7 ° 

Determine the Concept We know that equal lengths of aluminum and steel wire of the 
same diameter will stretch different amounts when subjected to the same tension. Also, 
because we are neglecting the mass of the wires, the tension in them is independent of 


which one is closer to the roof and depends only on W. | (b) is correct. 


8 ° 
Determine the Concept Yes; if it were otherwise, angular momentum conservation 
would depend on the choice of coordinates. 


*9 š 
Determine the Concept The condition that the bar is in rotational equilibrium is that the 
net torque acting on it be zero; i.e., Ri, = R2M>. This condition is satisfied provided R, 


= R, and M, = M. | (c) is correct. 


10 ee 
Determine the Concept You cannot stand up because your body’s center of gravity must 


be above your feet. 


*11 œe 

Determine the Concept The tensile strengths of stone and concrete are at least an order 
of magnitude lower than their compressive strengths, so you want to build compressive 
structures to match their properties. 


Estimation and Approximation 


12 » 
Picture the Problem The diagram to the Yy 
right shows the forces acting on the crate 

as it is being lifted at its left end. Note that 
when the crowbar lifts the crate, only half 
the weight of the crate is supported by the 


bar. Choose the coordinate system shown : Ar, 
and let the subscript “pb” refer to the pry A Fp 

bar. The diagram below shows the forces l W o; 
acting on the pry bar as it is being used to B id 


lift the end of the crate. 
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Assume that the maximum force F’ you can apply is 500 N (about 110 Ib). Let Z be the 


distance between the points of contact of the steel bar with the floor and the crate, and let L 


be the total length of the bar. Lacking information regarding the bend in pry bar at the 


fulcrum, we’ll assume that it is small enough to be negligible. We can apply the condition 


for rotational equilibrium to the pry bar and a condition for translational equilibrium to the 


crate when its left end is on the verge of lifting. 


Apply peg , = 0 to the crate: 


Apply yz = Oto the crate about 


an axis through point B and 
perpendicular to the plane of the 
page to obtain: 


Solve for Fx: 


Solve equation (1) for F» and 
substitute for F, to obtain: 


Apply Me = Oto the pry bar about 


an axis through point A and 
perpendicular to the plane of the 
page to obtain: 


Solve for L: 


Substitute for Fp» to obtain: 


F,-W+F, =0 (1) 
wF, -wW =0 
F =4W 


as noted in Picture the Problem. 


F, =W-4W =4W 


914 Chapter 12 
Substitute numerical values and 4500N 
evaluate L: L= (1m a = 


*13 ec 

Picture the Problem We can derive this expression by imagining that we pull on an area A 
of the given material, expressing the force each spring will experience, finding the 
fractional change in length of the springs, and substituting in the definition of Young’s 
modulus. 


(a) Express Young’s modulus: y F / A (1) 
~ AL/L 
Express the elongation AL of each spring: AL = = (2) 
Express the force F, each spring will F 
F=— 
experience as a result of a force F sy 
acting on the area A: 
Express the number of springs N in A 
the area A: Neg 
a 
Substitute to obtain: Fa 
F, = 
A 
Substitute in equation (2) to obtain, Fa? 
for the extension of one spring: AL = TA 
Assuming that the springs AL AL 1Fa Fa 


extend/compress linearly, express Se =o 
the fractional extension of the 
springs: 


Substitute in equation (1) and simplify: 


k 
(b) From our result in part (a): k = Ya 
From Table 12-1: Y = 200GN/m° = 2x10" N/m? 


Assuming that a ~ 1 nm, evaluate k: k= (2 x10"! Nim?)(10~° m) -| 200 N/m 


Conditions for Equilibrium 


14 œ 

Picture the Problem Let w, represent the 
weight of the 28-kg child sitting at the left 
end of the board, wz the weight of the 40- 
kg child, and d the distance of the 40-kg 
child from the pivot point. We can apply 
the condition for rotational equilibrium to 
find d. 


Apply > T = 0 about an axis through 


the pivot point P: 


Solve for and evaluate d: 


15 œ 

Picture the Problem Let F; represent the 
force exerted by the floor on Misako’s feet, 
F the force exerted on her hands, and m 
her mass. We can apply the condition for 
rotational equilibrium to find F>. 


Apply 5r = 0 about an axis 
through point 0: 


Solve for F»: 


Substitute numerical values and 
evaluate F): 


*16 ° 
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wW, 


W 


w(2m)-w,d =0 


q- Mil2m) _ (28kg)s(2m) _ [iam | 


W, (40 kg )g 


- F 


F, 
0.9 m 


0 


0.6 m 


0 
mg 


F,(1.5m)—mg(0.9m) = 0 


He mg(0.9m) 
1.5m 
P (54kg)(9.81m/s? (0.9m) 
1.5m 
=| 318N 


Picture the Problem Let F represent the force exerted by Misako’s biceps. To find F we 


apply the condition for rotational equilibrium about a pivot chosen at the tip of her elbow. 


Apply r = 0 about an axis 


(Scm)F —(28cm)(18N)=0 
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through the pivot: 


Solve for F: p= CECEN) _ oan] 


5cm 


17 œ 
Picture the Problem Choose a coordinate system in which upward is the positive y 
direction and to the right is the positive x direction and use the conditions for translational 


equilibrium. 
(a) Apply > F =0 to the forces dF, =- f +F sinĝ=0 (1) 
acting on the tip of the crutch: and 

$ F, =F, -F,cos0=0 (2) 
Solve equation (2) for F, and Ke = famas = HF = HF. cos 8 


assuming that f; = fimax, obtain: 


Substitute in equation (1) and solve u, =| tand 
for us: 


Taking long strides requires a large coefficient of static friction because 


Ois large for long strides. 


(c) | If 4, is small, i.e., there is ice on the surface, @ must be small to avoid slipping. 


The Center of Gravity 


18 >» 

Picture the Problem Let the weight of the automobile be w. Choose a coordinate system in 
which the origin is at the point of contact of the front wheels with the ground and the 
positive x axis includes the point of contact of the rear wheels with the ground. Apply the 
definition of the center of gravity to find its location. 


Use the definition of the center of gravity: x,W = > wx; 
i 


= 0.58w(0)+0.42w(2m) 
= (0.84m)w 
or, because W = w, Xo (w) = (0.84 m)w 


Solve for Xcg: 


*19 œ 

Picture the Problem The figures are 
shown on the right. The center of mass for 
each is indicated by a small +. At static 
equilibrium, the center of gravity is 
directly below the point of support. 


20 eo 
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7A O 


Picture the Problem Using the coordinate system indicated in the figure, we can apply 


the definition of the center of gravity to determine x, and yeg. 


Apply the definition of the center of 
gravity to find xeg: 


Solve for Xeg: 


Apply the definition of the center of 
gravity to find yeg: 


Solve for yeg: 


The coordinates of the center of 
gravity are: 


XW = > wx; 


- (40N)(4a)+(60N)(Ea) 
+(30N)(2a)+(50N)(2a) 
=(170N)a 


or, because W = 180 N, 
X180 N)=(170N)a 


Xog = a = 0.944a 
€ 180N 
YW = My 


= (40N)(Ja)+(60N)(a) 
+(30N)(2a)+(S50N)(4a) 
=(180N)a 
or, because W = 180 N, 
Y (180 N) = (180 N)a 


Veg = 4 


(x.,, Veg ) = (0.944a, a) 
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21 we 

Picture the Problem Let the origin of the coordinate system be at the lower left corner of 
the plate and the positive x direction be to the right. Let a and b be the length and width of 
the plate. Let o be the mass per unit area of the plate. Then the weight of the plate is given 
by w = abog and that of the matter missing from the hole is — zR°og. Noting that, by 


symmetry, Vcg = 5/2, we can apply the definition of the center of gravity to find xeg. 


Apply the definition of the center of XW = > WX; 
gravity to find xeg: i 

= (abox)($a)— (20x )(a— R) 
or, because 


W=w 


plate 


om (abog — Rog) = (abog)(4a) 


— Whole = abog = 7R* og, 


~(ak*o)(a—R) 
Solve for Xcg: Pope ta’°b-— zaR?’ + aR? 
i ab — aR? 
The coordinates of the center of gravity 1 &?b — aR? + aR? 
are: (xg, Seg) = : 2 ‚zb 
' ab- zR 


Some Examples of Static Equilibrium 


22 œ 
Picture the Problem We can use the given definition of the mechanical advantage of a 
lever and the condition for rotational equilibrium to show that M = x/X. 


(a) Express the definition of F 
mechanical advantage for a lever: M = f 
Apply the condition for rotational xf -XF =0 


equilibrium to the lever: 


Solve for the ratio of F to fto F 
obtain: Ff = 


x 

X 
Substitute to obtain: x 
M =| — 
X 


A shorter moment arm for the applied force is useful when one wishes to 


(b) | move the load over a large distance using a short movement of the applied 
force. 
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23. 
Picture the Problem The force diagram 


shows the tension in the forestay, T, p, the 


tension in the backstay, T, 


p> the 


gravitational 
force on the mast mg, and the force exerted 


by the deck, F,. Let the origin of the 


coordinate system be at the foot of the mast 
with the positive x direction to the right and Fp 
the positive y direction upward. Because the nig 
mast is in equilibrium, we can apply the 


conditions for both translational and 


rotational equilibrium to find the tension in 
the backstay and the force that the deck P 
exerts on the mast. 


Apply Sr = 0 to the mast about an axis (4.88m )(1000 N)sin 6, 


through its foot and solve for Tp: E (4.88 m)T, sin 45° =0 
and 
(1000 N)sin 6, 
Lee 
sin 45° 
Find &, the angle of the forestay with the 2.74 
. i . Q= anf z) = 29.3° 
vertical: 4.88m 
Substitute to obtain: (1000 N)sin 29.3° 
T, =—————_ =| 692 N 
B sin 45° [692x | 
Apply the condition for translational 5 F, = F cos +T, sin 45° 
equilibrium in the x direction to the mast: —T, sin6, = 0 
or 
F, cos6 = (1000 N)sin29.3° 
— (692 N)sin45° 
~0 
Apply the condition for translational > F, = Fy sin 8 -T, cos 0; 
equilibrium in the y direction to the mast: - T, cos 45°—mg =0 


or 
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Because Fpcos@ = 0: 


24 o 


Picture the Problem The diagram shows 
Mg, the weight of the beam, mg, the 


weight of the student, and the force the 
ledge exerts F , acting on the beam. 
Because the beam is in equilibrium, we can 
apply the condition for rotational 
equilibrium to the beam to find the location 
of the pivot point P that will allow the 
student to walk to the end of the beam. 


Apply Sz =0 about an axis 
through the pivot point P: 


Solve for x: 


*25 oo 

Picture the Problem The diagram shows 
w, the weight of the student, F,, the 
force exerted by the board at the pivot, and 
F, the force exerted by the scale, acting 
on the student. Because the student is in 
equilibrium, we can apply the condition for 
rotational equilibrium to the student to find 
the location of his center of gravity. 


Apply 3: = 0 about an axis 


F, sin 8 = (1000N)cos29.3° 
+ (692 N)cos45° 
+(120kg)(9.81m/s’) 
= 2539 N 


and 
no block is required to prevent the 


mast from moving. 


Ki 


—|5m-x 


mg 
Mg 


Mg(5m-x)-mgx =0 


5M 5(300kg) a7 | 
= = = 4.17 
i M+m 300kg+60kg = 


F.(2m)- wx =0 
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through the pivot point P: 


Solve for x: ae (2 m)F. 
w 
Substitute numerical values and me (2 m)(250 N) -T 0728m 
evaluate x: (70 kg)(9.81m/ s? ) 
26 % 


Picture the Problem The diagram shows 
mg, the weight of the board, F, the force 
exerted by the hinge, Mg, the weight of 
the block, and F , the force acting 
vertically at the right end of the board. 
Because the board is in equilibrium, we can 


apply the condition for rotational 


equilibrium to it to find the magnitude of 


F. Mg 
(a) Apply vz = 0 about an axis F [(8m)cos 30°]- mg|(1.5 m)cos 30°] 
through the hinge: -Mg [(0.8m)cos 30°] =0 
Solve for F: F=- m(1.5m)+ M (0.8m) , 
3m 

Substitute numerical values and F= (5 kg\(1.5m)+ (60 kg (0.8 m) 
evaluate F: 3m 

x(9.81m/s?) 

- 

(b) Apply J.F, = 0 to the board: F,—-Mg-mg+F =0 
Solve for and evaluate Fy: Fy =Mg+mg-F = (M +m)g -=F 


= (60kg +5kg)(9.81m/s?)-181N 


- [57] 
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(c) The force diagram showing the 
force F acting at right angles to the 
board is shown to the right: 


Apply a = 0 about the hinge: 


Solve for F: 


Substitute numerical values and 
evaluate F: 


Apply > F, = 0 to the board: 


Apply > F, = 0 to the board: 


Divide the first of these equations by 
the second to obtain: 


Solve for @ 


Substitute numerical values and evaluate @: 


F(3m)- mg|(1.5m)cos 30°] 
— Mg|(0.8m)cos30°]= 0 


we m(1.5m)+M (0.8m) 


cos 30° 
3m 7 


(Skg)(1.5m)+(60kg)(0.8m) 
3m 


x (9.81m/s? }cos30° 


=|157N 


Fa sin @— Mg -mg + F cos30° = 0 
or 
F sin =(M +m)g -F cos30° (1) 


F= 


Fa cos@ — F'sin30° = 0 
or 
F cos@ = F sin 30° (2) 


F,sin@ _ (M +m)g -F cos30° 
Fi, cos F sin 30° 


0 = tan“ (M +m)g — F cos30° 
F sin 30° 
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Ae tn Gresia N)cos30° 


(157 N)sin30° 


Substitute numerical values in 
equation (2) and evaluate Fy: 


“27 œ 

Picture the Problem The planes are 
frictionless; therefore, the force exerted by 
each plane must be perpendicular to that 
plane. Let F be the force exerted by the 30° 


plane, and let F, be the force exerted by the 


60° plane. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the cylinder is in equilibrium, we 
can use the conditions for translational 
equilibrium to find the magnitudes of F, and 


Es 
Apply ye = 0 to the cylinder: 
Apply XF, = 0 to the cylinder: 
Solve equation (1) for F: 


Substitute in equation (2) to obtain: 


Solve for F>: 


Substitute in equation (3): 


[enr 


157 N )sin 30° 

_ = fis )sin 30° _ O 
cos81.1° 

F sin 30° — F, sin 60° = 0 (1) 


F cos30° + F, cos60°-W =0 (2) 


F, = V43F, 


(3) 


3F, cos30° + F, cos60°-W = 0 


(V3 cos30° + cos60°)F, =W 


or 


-= J3 cos 30° + cos 60° 


W 


=| 4W 
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28 ee 
Picture the Problem The force diagram 
shows the forces F,, T, >» and T, acting 
on the strut. Choose a coordinate system 
in which the positive x direction is to the 
right and the positive y direction is 
upward. Because the strut is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to it. 


The forces acting on the strut are the tensions T, and T. >» and F,, the 


a 
force exerted on the strut by the hinge. 


(b) Apply yt = 0 about an axis 
through the hinge: 


Solve for 7}: 


(c) Apply >F =Q to the beam: 


Apply >F, =Q to the beam: 


Divide equation (2) by equation (1) 
to obtain: 


Solve for @: 


Express T, in terms of Tx: 


T,lsin30°- T2 = 0 


T, =f, sin30° = 7, 
or, because 7, = 80 N, 


Fa cos @ —T, cos30° = 0 


or 


Fa cos @ =T, cos30° 


Fa sin @ +T, sin30°—T, = 0 


or 


F,, sin @ = T, —T, sin 30° 
= 80 N -T, sin 30° 


tan 6 = 


0 = an” 


80 N —7; sin 30° 


T, cos 30° 


T. 


2v 


80N -T, sin e| 


T, cos 30° 


_ 80N 


2 Sin 30° 


sin 30° 


=160N 


(1) 


(2) 


Evaluate @ 


Substitute numerical values in equation 
(1) and evaluate Fy: 


29 ee 


Picture the Problem The force diagram 
shows the weight of the pirate, Mg, the 


weight of the victim, mg, and the force 
the deck exerts at the edge of the 

ship, F acting at the fulcrum P. The 
diagram also shows, for part (b), the 
weight of the plank acting through the 
plank’s center of gravity. 


(a) Apply 2 T = Qat the pivot point P: 


Solve for x: 


(b) Apply >a = 0 about an axis 
through the pivot point P: 


Solve for x: 


Substitute numerical values and 


evaluate x: 
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5 an | OR — (160 N)sin 30 | e 


(160 N)cos30° 
F,= Q60 N)cos30° _ T3655 Jro the 
cos 0° 
right. 
E 
=a 8 m- x ——> x 
4m | P | 
mig E 
mg 
Mg 
Mg(8m —x)—mgx =0 
or 
M(8m-x)—mx =0 
8M (105kg) | 


5.00m 


X= = = 
M+m_ 105kg+63k¢ 


Mg(8m-x)+ m,g(4m—x)—mgx =0 


or 
M(8m-x)+m (4m-x)-mx =0 


8M +4m, 
x= 
M+m+m, 


8(105kg)+ 4(25kg) 
= =| 4.87 
i 105kg + 63kg +25kg [487m | 
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30 ee 
Picture the Problem The drawing shows 
the door and its two supports. The center of 
gravity of the door is 0.8 m above (and 
below) the hinge, and 0.4 m from the hinges 
horizontally. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Denote the horizontal and vertical 
components of the hinge force by Fm and 
Fv. Because the door is in equilibrium, we 
can use the conditions for translational and 
rotational equilibrium to determine the 
horizontal forces exerted by the hinges. 


Apply > T = 0 about an axis through 


the lower hinge: 


Solve for Fm: 


Substitute numerical values and 
evaluate Fm: 


Apply ye = 0 to the door and 


solve for F'n : 


_ 0.4 m —= 


F„(1.6m)-mg(0.4m)=0 


mg(0.4m) 
Pos eTA 
7 1.6m 
(18kg)(9.81m/s? )(0.4m) 
Fin = 1.6 
om 
F'n —F n =0 
and 


Note that the upper hinge pulls on the door 
and the lower hinge pushes on it. 
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31 we 
Picture the Problem The figure shows the 
wheel on the verge of rolling over the edge 
of the step. Note that, under this condition, 
the normal force the floor exerts on the 
wheel is zero. Choose the coordinate system 


shown in the figure and apply the conditions 4 

for translational equilibrium and the result i 

for F from Example 12-4 to the wheel. t 
je— x — 

Apply > F =0 to the wheel: dF, =F-F,=0 


Write F, in vector form: =-F,itkyJ 


From Example 12-4 we have: M: JhQ2R —h ) 


Substitute to obtain: . MgJh(2R z h) RF 
=- i + Mgj 


32 ee 

Picture the Problem The diagram shows 
the forces F, and F, acting at the supports, 
the weight of the board mg, acting at its 


center of gravity, and the weight of the o_i2m_| 09m 21m 
diver Mg acting at the end of the diving á | 


board. Because the board is in 

equilibrium, we can apply the condition F, 
for rotational equilibrium to find the 

forces at the supports. Mg 


Apply y T = Q about an axis through (1.2 m)F, = (2.1m)mg = (4.2 m)Mg =0 


the left support: 
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Solve for F>: 


a (2.1m)m +(4.2m)M 


° (1.2m) 2 


Substitute numerical values and evaluate F3: 


P= (2.1m)(30kg)+ (4.2m)(70 kg) (9.81m/s?)= 2.92 kN, compression | 
(1.2m) 
Apply È, T = Oabout an axis through (1.2 m)F, = (0.9 m)mg = (3m)Mg =0 


the right support: 


Solve for F3: F- (0.9 m)m + (3m)M 
i (1.2m) 


& 


Substitute numerical values and evaluate F;: 


r; = COOTAD o 1n) [BARN tension | 
<m 


33 e 
Picture the Problem Let 7 be the tension in 
the line attached to the wall and L be the 
length of the strut. The figure includes w, 
the weight of the strut, for part (b). Because 
the strut is in equilibrium, we can use the 
conditions for both rotational and 
translational equilibrium to find the force 


exerted on the strut by the hinge. 


(a) Express the force exerted on the F- Fi + Fj (1) 
strut at the hinge: 


Ignoring the weight of the strut, LT- (L cos 45°)W =0 
apply ya T = Oat the hinge: 


Solve for the tension in the line: T = W cos 45° = (60N)cos45° 
= 42.43 N 


Apply XF = 0 to the strut: XE = F, -T cos45° =0 
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and 
> F, =F, +T cos45°- Mg =0 


Solve for Fy: T, = T cos45° = (42.43N)cos 45° 
= 30.0N 

Solve for Fy: F, = Mg -T cos 45° 
= 60 N —(42.43N)cos45° 
= 30.0N 

Substitute in equation (1) to obtain: F> (30.0 N)i g (30.0 N)j | 


(b) Including the weight of the strut, 


L 
= LT —\Lcos45°)W —| —cos45 |w =0 
apply 5 T = Oat the hinge: l me ) E B J» 


Solve for the tension in the line: T= (cos 45°)W a £ en 45°) P 


= (cos 45°)(60 N)+ [5045 (20 N) 
= 49.5N 
Apply DF = 0 to the strut: AF = F -T cos45°=0 


and 
> F, =F, +T cos45°-W-w=0 


Solve for Fy: T, = T cos 45° = (49.5 N)cos 45° 
=35.0N 

Solve for Fy: PF, =W+w-Tcos45° 
= 60 N + 20 N - (49.5 N)cos45° 
=45.0N 


~ 
. 


Substitute in equation (1) to obtain: (35.0 N)i 4 (45.0 N)j 


`y: 
ll 
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Picture the Problem Note that if the 60-kg mass is at the far left end of the plank, 7; and 
T, are less than 1 kN. Let x be the distance of the 60-kg mass from 7,. Because the plank is 


in equilibrium, we can apply the condition for rotational equilibrium to relate the distance x 


to the other distances and forces. 


oy 


15m lm 


Apply vz = 0 about an axis 
through the left end of the plank: 


Solve for x: 
Substitute numerical values and 
simplify to obtain: 


Set Tə = 1 KN and evaluate x: 


mpg 
myg 


(5m)T, -(4m)m,g -(2.5m)m,g 


—m,gx =0 


7 (Sm)T, —(4m)m,g —(2 m)m,g 


mg 


(5m)T, -3.63kN -m 
0.5886 kN 


(5m)(1kN)—3.63kN-m 
0.5886 kN 


= 2.33m 


and | Julie is safe for 0 < x < 2.33m. 
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Picture the Problem The figure to the 
right shows the forces acting on the 
cylinder. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the cylinder is in equilibrium, we 
can apply the conditions for translational 
and 

rotational equilibrium to find F, and the 


horizontal and vertical components of the 
force the corner of the step exerts on the 


F; 
cylinder. 
(a) Apply X7 =0 to the cylinder Mgl-FL-F(2R-h)=0 
about the step’s corner: 
f 2R— 
Solve for Fp: Pee F( R h) 
4 
Express £as a function of R and h: l=] R? -(R -hÝ _ Rh -h 
F = Me- F(2R-h) 
2Rh—h°* 
=| ae 2R—-h 
h 
(b) Apply > F, = 0 to the cylinder: -Fp +f =0 
Solve for Fen: Fon = 
(c) Apply > F, = 0 to the cylinder: Fo-Met lf. = 0 


Solve for Fyy: Fg = Mer, 
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Substitute the result from part (a): 2R— 
part (a) F., = Mg [us PH 
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Picture the Problem The figure to the 
right shows the forces acting on the 
cylinder. Because the cylinder is in 
equilibrium, we can use the condition for 
rotational equilibrium to express F, in 


terms of F. Because, to roll over the step, 
the cylinder must lift off the floor, we can 


set F, = 0 in our expression relating Fh 
and F and solve for F. 


Apply ys = 0 about the step’s corner: Mgl—F.¢-F(2R-h)=0 


Solve for Fp: F = Mg- F(2R — h) 


à £ 


Express £as a function of R and h: l= |R? -(R -hÝ at 


Substitute to obtain: F=Me- F (2R — h) 
V2Rh-h° 
2R-h 
= Me -F | 
i h 
To roll over the step, the cylinder = 
ane a 0=Mg-F 2R—-h 
must lift off the floor, i.e., Fa = 0: h 
Solve for F: h 
F =| Mg 
2R-h 
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Picture the Problem The diagram shows the forces F; and F, that the fencer’s hand 
exerts on the epee. We can use a condition for translational equilibrium to find the 
upward force the fencer must exert on the epee when it is in equilibrium and the 
definition of torque to determine the total torque exerted. In part (c) we can use the 
conditions for translational and rotational equilibrium to obtain two equations in F and 
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F, that we can solve simultaneously. In part (d) we can apply Newton’s 2™ law in 
rotational form and the condition for translational equilibrium to obtain two equations in 
F and F; that, again, we can solve simultaneously. 


F, 
- 12 cm 
0 
2 cm 
F, . 
yw 
= 24 cm —$— 
(a) Letting the upward force F-W=0 


exerted by the fencer’s hand be F, 
apply `F, = Oto the epee to 


obtain: 


Solve for and evaluate F: 


(b) Express the torque due to the 
weight about the left end of the 
epee: 


(c) Apply SF, = Oto the epee to 


obtain: 
Apply >. = Oto obtain: 


Solve these equations 
simultaneously to obtain: 
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F = mg = (0.7kg)(9.81m/s) = 


r = lw = (0.24m)(6.87N) = 


—F,+ F,-6.87N =0 (1) 


—(0.02m)F, +(0.12m)F, -1.65N-m =0 


F, =| 8.26N | and F, =| 15.1N |. 


Note that the force nearest the butt of the 
epee is directed downward and the force 
nearest the hand guard is directed upward. 


Picture the Problem In the force diagram, the forces exerted by the hinges 


are F F 


y,2? ~ yl? 


and F , Where the subscript 1 refers to the lower hinge. Because the gate 


is in equilibrium, we can apply the conditions for translational and rotational equilibrium 


to find the tension in the wire and the forces at the hinges. 
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T 
0 
i 
l 
= ae 
mg 
(a) Apply a = 0 about an axis ¢,Tsin@+,T cos -Lmg =0 
through the lower hinge and 
perpendicular to the plane of the page: 
Solve for T: = Lmg 
L sin +£, cos 
Substitute numerical values and T= (1.5m)(200 N) 
evaluate T: (1.5m)sin 45° + (1.5m)cos45° 
=| 141N 
(b) Apply XF, = 0 to the gate: F. -T cos45°=0 
Solve for and evaluate F,,: F, = T cos 45° = (141N)cos 45° 
=| 99.7N 
(c) Apply DF, = Oto the gate: Fy, +F, +Tsin45°— mg =0 
Because F,,; and F, cannot be F, +F, =mg—Tsin 45° 
determined independently, solve for = 200N—99.7N 
and evaluate their sum: _l100N 


39 eco 
Picture the Problem Let T = the tension in the wire; F, = the normal force of the 
surface; and f; max = sf", the maximum force of static friction. Letting the point at which 
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the wire is attached to the log be the origin, the center of mass of the log is at (-1.838 m, 
—0.797 m) and the point of contact with the floor is at (—3.676 m, —1.594 m). Because the 
log is in equilibrium, we can apply the conditions for translational and rotational 


equilibrium. 


fas 


Apply XE = Oto the log: 


Apply ye = Oto the log: 


Divide equation (1) by equation (2) 
to obtain: 


Apply vz = 0 about an axis 


through the origin: 


Solve for Fx: 


Tsinð — fy max = 9 


or 
T sind = ae = UPa (1) 


Tcos6+F. -mg =0 


or 

Tcos0=mg-F. (2) 

TsinO — uF, 

TcosO mg-F, 

or 

6 =tan t Hs (3) 
mg 
F 


n 


Lmg -4LF =L F, = 0 


_ Lmg 
A + Lh, 


n 
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Substitute numerical values and 
evaluate F: 


Substitute in equation (3) and 
evaluate 6: 


Substitute numerical values in 
equation (1) and evaluate 7: 


40 eve 
Picture the Problem Consider what 
happens just as @ increases beyond 

O max- Because the top of the block is fixed 
by the cord, the block will in fact rotate 
with only the lower right edge of the block 
remaining in contact with the plane. It 
follows that just prior to this slipping, Fa 
and f; = usFn act at the lower right edge of 
the block. Choose a coordinate system in 
which up the incline is the positive x 
direction and the direction of F, is the 


positive y direction. Because the block is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium. 


Apply > F, = 0 to the block: 
Apply D F, = Oto the block: 


Apply > T = 0 about an axis 


through the lower right edge of the 
block: 


Eliminate F, between equations (1) 
and (2) and solve for T: 


2 
me 1.838(100kg)(9.81m/s*) _ JIN 


r 3.676 +1.594(0.6) 


0 = tan” De 
(100kg)(9.81m/s”) 
389 N 


[EF] 


(0.6)(389 N) 
T = =| 636N 
sin21.5° | 636N | 


T+u.F,—mgsin@=0 (1) 
F —mgcos@=0 (2) 


4a(mg cos@)+4b(mg sin @)— bT =0 (3) 


T= mg(sin 0 — u, COS 6) 
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Substitute for T in equation (3): 1a(mg cos O)+ 1b(mg sin 6) 
—b[mg(sin @ — u, cos @)|=0 


Substitute 4a for b: 4a(mg cos 0) + 1(4a)(mg sin 6) 
= (4a)|mg(sin 0 — u, COS 6)| =0 


Simplify to obtain: (1 +84, )cos 0-4sinĝ0=0 
1+ 
Solve for & 6 = tan” 84, 
4 
j j 1+8(0.8 
Substitute numerical values and pega ( ) -T 61.6° 
evaluate 0: 4 
#41 ee 


Picture the Problem The free-body diagram shown to the left below is for the weight 
and the diagram to the right is for the boat. Because both are in equilibrium under the 
influences of the forces acting on them, we can apply a condition for translational 
equilibrium to find the tension in the chain. 


y 
y 
| A 
Fa 
T | T 
| 
0 | 0 
X z X 
xA ra 
T \ 
100 N mg 
(a) Apply DF, = Oto the boat: F,-Tcos0=0 
Solve for T: Te By 
cos @ 
Apply ya = 0 to the weight: 2T sin@—100N =0 (1) 
Substitute for T to obtain: 2F, tan0—-100N =0 
Solve for 0: 4 100N 
0 = tan  —— 


2F, 
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Substitute for F4 and evaluate 0: 


Solve equation (1) for 7: 


Substitute for 9 and evaluate T: 


(b) Use the diagram to the right to 
relate the sag Ay in the chain to the 
angle @ the chain makes with the 
horizontal: 


Solve for Ay: 


Because the horizontal and vertical 
forces in the chain are equal, 0= 
45° and: 


(c) Relate the distance d of the boat 
from the dock to the angle Othe 
chain makes with the horizontal: 


Solve for and evaluate d: 


(d) Relate the resultant tension in 
the chain to the vertical component 
of the tension F, and the maximum 
drag force exerted on the boat by the 
water Fa max: 


Solve for Fu max: 


Because the vertical component of the 
tension is 50 N: 


42 


0 = tan” WON = 45° 
N) 
T= 100 N 
2sin 0 
r-_100N _ 70.7N 
2sin 45° 


sin 0 = 
where L is the length of the chain. 


Ay =4Lsin0 


Ay = 4(5m)sin 45° =| 1.77m 


d = Lcos@ =(5m)cos 45° =| 3.54m 


F? + F? a = (500 NY 


v d,max 


F 


d,max 


Fm. = \(500 NJ - (50NF = 


= (500 NY - F? 


Picture the Problem Choose a coordinate system in which the positive x axis is along 


the rod and the positive y direction is normal to the rod. The rod and the forces acting on 
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it are shown in the free-body diagram. The forces acting at the supports are denoted by 
the numerals 1 and 2. The resultant forces at the supports are shown as dashed lines. 
We’ll assume that the rod is on the verge of sliding. Because the x components of the 
forces at the supports are friction forces, they are proportional to the normal, i.e., y, 
components of the forces at the supports. Because the rod is in equilibrium, we can apply 
the conditions for translational and rotational equilibrium. 


wer 
e 


6 È, „Xm 
7 N v4 a 
we a pt f \ 
fı = F,, / \ 
4} > 
i COOK >DE 
: \ m 
y ako fs 
\ 
N 
\ \ 
0 ; 
mg 
Apply Die = 0 about an axis LF, —£,mg cos 8 = 0 
through the support at x = 2 m: 
Solve for F»,: Fk = £ mg cos 0 
3 i ; 
2 
Substitute numerical values and F- (3 m)(20 kg)(9.81m/s? )cos 30° 
evaluate F>,: a 4m 
=127.4N 
Apply Seu = 0 about an axis (¢, —¢,)mgcos0—0,F,, =0 
through the support at x = 6 m: 
Solve for F,: FE = (2, S ¢,)mg cos 0 
=e E 
y l 
Substitute numerical values and F = (4 m-— 3m)(20 kg)(9.81m/ s?) 
evaluate F1: Ea 4m 


x cos 30° 
=42.48N 
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Apply pas = Oto the rail: 
Assuming that the rod is on the 
verge of sliding and that the 
coefficient of static friction is the 
same for both supports: 

Divide the first of these equations 
by the second and evaluate this ratio 


to obtain: 


Solve for Fz x: 
Substitute in equation (1): 
Solve for Fix: 


Substitute numerical values and 
evaluate F1: 


Evaluate F,: 


Find the angle 0, the force at 
support 1 (x = 2 m) makes with the 
rod: 


Find the angle @, the force at 
support 2 makes with the rod: 


Find the magnitude of F, : 


F, + Fy, —mgsin 30° = 0 (1) 
F x= Uti 

and 

Fs = MF, 


F, F, 4248N 1 


F,, F,, 127.4N 3 
F, x = 3F, 


F +3F,,. -mgsin@ =0 


F,,, =4mg sin 0 
F, , =4(20kg)(9.81m/s?)sin 30° 
= 24.53N 


F, , =3(24.53N) = 73.58N 


Fy — pant 42-48N _ 


0, = tan =| 60.0° 
F, 24.53N 
F, 127.4N 

8, = tan“ —” = tan” =| 60.0° 
F,, 73.58N 

R= hth, 


= /(24.53N/) + (42.48N)’ 


- [æn] 
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Find the magnitude of F, : F, =, [Fy + F, 


= (73.58 N} + (127.4N} 


- [7N] 


43 žá >œ 

Picture the Problem The forces shown in the figure constitute a couple and will cause 
the plate to experience a counterclockwise angular acceleration. We can find this net 
torque by expressing the torque about either of the corners of the plate. 


Sum the torques about an axis Tiet = b|(80 N)cos 30°] = al(80 N)sin 30°] 


through the upper left corner of the _ (69 3 N) b- ( 40.0 N) 4 
plate to obtain: 


44 >» 

Picture the Problem We can use the condition for translational equilibrium and the 
definition of a couple to show that the force of static friction exerted by the surface and 
the applied force constitute a couple. We can use the definition of torque to find the 
torque exerted by the couple. We can use our result from (b) to find the effective point of 
application of the normal force when F = Mg/3 and the condition for rotational 
equilibrium to find the greatest magnitude of F for which the cube will not tip. 


S 


(a) Apply SF © = 0 to the stationary F+f.=0 


cube: 


F= -f. and this pair of equal, 
parallel, and oppositely directed 


forces constitute a couple. 


The torque of the couple is: T couple = 

(b) Let x = the distance from the Mgx-Fa=0 (1) 
point of application of F, to the or 

center of the cube. Now, Fa = Mg, D Fa 

so applying ya = Oto the cube Mg 

yields: 

Substitute for F = Mg/3 to obtain: Mg 
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(c) Solve equation (1) for F: F= Mgx 


Noting that Xmax = 4/2, substitute to 


Me 
express the condition that the cube F> MEX max — d = Mg 
will tip: a a 2 
45 = 


Picture the Problem We can find the perpendicular distance between the lines of action 
of the two forces by following the outline given in the problem statement. 


Express the vertical components of 3 

r p F cos30° = Sy 
the forces: 2 
Express the horizontal components F sin 30° = a 


of the forces: 


Express the net torque acting on the 40 


plate: T net 2 


Letting D be the moment arm of the Tre = FD 
couple, express the net torque acting 
on the plate: 


Equate these two expressions for Tne: FD=4F (/3p = a) 
Solve for D: D= 1(/3b a) 
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Picture the Problem Choose the y 
coordinate system shown in the diagram h 
and let x be the coordinate of the thrust INO 
point. The diagram to the right shows the 

forces acting on the wall. The normal force 
must balance out the weight of the wall and 
the vertical component of the thrust from 
the arch and the frictional force must 

balance out the horizontal component of mig 

the thrust. We can apply the conditions for | i 
translational equilibrium to find f and F, | 
and the condition for rotational equilibrium fo | 
to find the distance x from the origin of our 9 lw x w 
coordinate system at which Fp acts. 
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(a) Apply the conditions for > F.=-f+F,,,cos@ =0 (1) 
translational equilibrium to the wall d f 
to obtain: a 


$X F, =F, -mg-F,asin0=0 (2) 


Solve equation (1) for and evaluate f: f =F a COs = (2 x104 N)cos 30° 
=| 17.3kN 
Solve equation (2) for Fy: F, =mg+F,,,sin0 
Substitute numerical values and F= (3x 104 kg)(9.81m/s?) 
evaluate F: i j 
+ (2x10* N)sin30° 
=| 304kN 
Apply oo = 0 to the to the wall: xF, —4wmg —hF,,,, cos @ = 0 
Solve for x: oe 5wmg + hF n cos 
F. 


n 


Substitute numerical values and evaluate x: 


_ 4(1.25m)(3x10* kg)(9.81m/s?)+ (10m)(2 x104 N)cos30° 
7 304 kN 


=| 0.570m 


(b) 


If there were no thrust on the side of the wall, the normal force would act 
through the center of mass, so making the weight larger compared to the 


thrust must move the point of action of the normal force closer to the center. 


477 œ 
Picture the Problem Let / be the height of d 
the structure, T be the thrust, Othe angle h 
from the horizontal of the thrust, m’g the 
weight of the wall above height y, N(x) the SS) R 

| 

| 

| 

| 

| 

| 

| 


normal force, f the friction force the lower 
part of the wall exerts on the upper part, 
and w the width of the structure. We can 
apply the conditions for translational and 
rotational equilibrium to the portion of the 
wall above the point at which the thrust is 
applied to obtain two equations that we can 
solve simultaneously for x. 


m'g 
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Apply > F, = 0 to that fraction of the 
wall above height y: 


Assuming the wall is of uniform 


density, express m'g in terms of mg: 


Substitute to obtain: 


Solve for N(x): 


Apply Far = 0 about an axis 
through (0,y) and perpendicular to 
the xy plane to obtain: 


Solve for x to obtain: 


Substitute for N(x) to obtain: 


N(x)-Tsinĝ -m'g =0 


mg _ ME 
h-y h 

and 

' y 
m'g =mg| 1-— 
=me(1-2) 


M(x)-Tsind—me{ 1-7) =0 


N(x)= Tin 8+ me{ 1-2 


xN(x)—(h—y)T cos 


—im 
zm, 


ee 
= img is 7 


(Lmgw+ hT cos 1- r) 


Psind+me{ 1-2 


x= 


Substitute numerical values and simplify to obtain: 


[+(3x10*kg)(9.81m/s?)(1.25m)+ (10m)(2x10* N)cos |i- 


x= 
(2x10* N)sin30° + (3x10 kg)(9.81m/s?}) 1- —— 
10m 
__ 35.71m-3.571y 
30.43- (2.943m"}y 
Solve for y: 


35.71m —30.43x 
3.571—(2.943m")x 


Yy 
10m 
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The graph shown below was plotted using a spreadsheet program: 
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Picture the Problem The ladder and the 
forces acting on it at the critical moment of 
slipping are shown in the diagram. Use the 


coordinate system shown. Because the 


ladder is in equilibrium, we can apply the 
conditions for translational and rotational 


equilibrium. 


Using its definition, express us: 


Apply > T = 0 about the bottom of 
the ladder: 


Solve for Fw: 


Find the angle 6. 


p= (1) 


[(9m)cos6 |Mg +[(5m)cos 4|mg 
—|(10m)sina]F,, = 0 
(9m)M +(5m)m 


ae (10m)sin 8 a 


6 = cos 128 _ 73.749 
10m 


945 
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Evaluate Fw: F- (9m)(70kg)+(5m)(22kg) 
(10m)sin 73.74° 


W 
x (9.81m/s? )cos 73.74° 
=211.7N 


Apply DF . = 0 to the ladder and Fu fig = 


solve for f; max: and 
Sea = Fy =211.7N 


Apply XF, = Oto the ladder: F, —Mg-mg=0 
Solve for Fy: h= (m +m)g 
= (70kg + 22kg)(9.81m/s’) 
=902.5N 
Substitute numerical values in — 211.7 N - [0.235 
equation (1) and evaluate us: ` 902.5N : 
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Picture the Problem The ladder and the 
forces acting on it are shown in the 


diagram. Because the wall is smooth, the 
force the wall exerts on the ladder must be 
horizontal. Because the ladder is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to it. 


Apply dF, = Oto the ladder and F. -Mg =0> F, = Mg 


solve for Fa: 


Apply $F, = 0 to the ladder and Fy — fmax OS foma = Ew 


solve for f; max: 


Apply » T =O about the bottom of Megxcos@-F,,Lsin@ =0 
the ladder: 
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Solve for x: ee FY Lsin @ 7 Joie 
Mg cos@ Mg 

_ HA yh 

= Me 


tand 


tan = u.Ltané 


. . h 
Referring to the figure, relate x to h and ange” 


solve for h: x 
and 


h = xsin =) 4L tan ĝsin 0 


50 » 
Picture the Problem The ladder and the 
forces acting on it are shown in the 
drawing. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 


Because the wall is smooth, the force the 


4mg mg 


wall exerts on the ladder must be 


horizontal. Because the ladder is in 
equilibrium, we can apply the conditions 


for translational and rotational equilibrium. Fo 
Apply SF, = Oto the ladder and F —mg—4mg =0 
solve for Fx: and 
F =smg 
Apply DF, = 0 to the ladder and Fy Fc) 
solve for f; max: and 
Tis Fy 


Apply Ya = 0 about an axis 


through the bottom of the ladder: 


Substitute for Fw and then f, max and t= 5u,.mgL sin 0 —+mgL cos 0 
solve for £: 4mg cos 0 


L 
ma o + 4mgl cos — F,,Lsin@ = 


947 


0 
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Simplify to obtain: t= l 5 £ in- z) L 


i.e., you can climb about 85% of the way to 
the top of the ladder. 
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Picture the Problem The ladder and the 
forces acting on it are shown in the figure. 
Because the ladder is separating from the 
wall, the force the wall exerts on the ladder T N” i 
is zero. Because the ladder is in 

equilibrium, we can apply the conditions mg 


for translational and rotational equilibrium. 


To find the force required to pull the mg —cos@-~ F sin =0 
ladder away from the wall, apply 2 2 


yz = 0 about an axis through the ee Z gee h 


bottom of the ladder: TE. tan @ 
ms" _= Fsind=0 
tand 2 
Solve for F: F- emeh (1) 
Ltan @sin 0 
Apply >) F, = 0to the ladder: Fey eS Pai =P, 2) 
Apply XF, = Oto the ladder: F -mg=0> F,=mg 
Equate equations (1) and (2) and ames 2mgh 
substitute for F, to obtain: ° Ltan ĝsin 0 
Solve for ws: E 2h 
AET tan @sin 0 


52 ee 


Picture the Problem Assume that half the 
man’s weight acts on each side of the 
ladder. The force exerted by the frictionless 
floor must be vertical. D is the separation 
between the legs at the bottom and x is the 
distance of the cross brace from the apex. 


Because each leg of the ladder is in 


equilibrium, we can apply the condition for 
rotational equilibrium the right leg to relate 
the tension in the cross brace to its distance 


from the apex. 


(a) By symmetry, each leg carries 
half the total weight. So the force on 
each leg is: 


(b) Consider one of the ladder’s 
legs and apply ya = 0 about the 


apex: 
Solve for 7: 


Using trigonometry, relate A and 0 
through the tangent function: 
Solve for D to obtain: 

Substitute and simplify to obtain: 
Substitute numerical values and 
evaluate T: 


Apply > F, = 0 to the ladder and 


solve for Fy: 


Substitute to obtain: 
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F —-Ix=0 
r- P 
2x 

D/2 
tan + A 

h 
D=2htan40 
r- 25htanz0 _ Fhtanz0 

2x x 
7 aft tan 50 

x 


F —-4w=0and F =4w 


n 


T= whtan40 
2x 


(1) 
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Substitute numerical values and T= (900 N)(4m)tan15° _ EN 41N 
evaluate T: 2(2 m) 
(c) From equation (1) we can see T will decrease. 


that, if x is increased, i.e., the brace 
moved lower: 
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Picture the Problem The figure shows the 
forces acting on the ladder. Because the 
wall is frictionless, the force the wall exerts 
on the ladder is perpendicular to the wall. 
Because the ladder is on the verge of 
slipping, the static friction force is f; max- 
Because the ladder is in equilibrium, we 
can apply the conditions for translational 


and rotational equilibrium. 
Apply XF, = Oto the ladder: F -mg=0> F =mg 


T= j L 
Apply 5r 0 about an axis mg% cos 0-LF,sin0=0 


through the bottom of the ladder: 


Substitute for Fw and F, and 5cos@— u, sinĝ=0 
simplify to obtain: 


Solve for and evaluate 6: 


ze tan” =| 59.0° 
2 


Stress and Strain 
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Picture the Problem Z is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire AZ is related to Young’s modulus by 

Y =(F/A)/(AL/L). We can use Table 12-1 to find the numerical value of Young’s 


modulus for steel. 


Find the amount the wire is oe /A 
stretched from Young’s modulus: AL/L 
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Solve for AL: AL = FL 
YA 
Substitute for F and A to obtain: A= mgL 
Yrr’ 
Substitute numerical values and AL = (50 kg)(9.81m/s? G m) 
evaluate AZ: 27x10" N/m? (2x10°m}" 


- [0876mm] 


55 ° 
Picture the Problem Z is the unstretched length of the wire, F is the force acting on it, and 


A is its cross-sectional area. The stretch in the wire AZ is related to Young’s modulus by 
Y =stress/strain =(F/A)/(AL/L). 


(a) Express the maximum load in Fax = breaking stress x A 
terms of the wire’s breaking stress: = breaking stress x 7s r° 
Substitute numerical values and F = (3x 10° N/m? Jz (0.21x 10° m}? 
evaluate Fmax: 

=| 41.6N 
(b) Using the definition of Young’s ALJL = F/A _1.5x10° N/m? 
modulus, express the fractional = Y 1.1x«10! N/m? 
change in length of the copper wire: ~ 136x102 =| 0.136% 
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Picture the Problem Z is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire AZ is related to Young’s modulus by 

Y =(F/A)/(AL/L). We can use Table 12-1 to find the numerical value of Young’s 


modulus for steel. 


Find the amount the wire is stretched Y= F / A 
from Young’s modulus: AL/L 
Solve for AL: AL = FL 
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Substitute for F and A to obtain: Ae mgL 

Yar" 
Substitute numerical values and AL = (4 kg)(9.81m/s? \(.2 m) 
evaluate AL: 27x10" N/m? (0.3x10~ m)° 


=| 0.833mm 


*57 œ 
Picture the Problem The shear stress, defined as the ratio of the shearing force to the area 


over which it is applied, is related to the shear strain through the definition of the shear 
shear stress _ F,/A 


modulus; M, = - i 
shear strain tan0 

Using the definition of shear tanĝ = F, 
modulus, relate the angle of shear, 0 M,A 
to the shear force and shear modulus: 

; F 
Solve for 8: 0 = tan” s 

M.A 


Substitute numerical values and 4 25N 


0 = tan = 5 SS 
evaluate 0: (1.9x10 N/m 5x10 m ) 
- 
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Picture the Problem The stretch in the wire AL is related to Young’s modulus 

by Y =(F/A)/(AL/L), where L is the unstretched length of the wire, F is the force acting 
on it, and A is its cross-sectional area. For a composite wire, the length under stress is the 
unstressed length plus the sum of the elongations of the components of the wire. 


Express the length of the composite wire L =3.00m + AL (1) 
when it is supporting a mass of 
5 kg: 
Express the change in length of the AL = ALga + AL) 
composite wire: _ F Lia n F Ly 
A Yea 4Yy 


_F Liec! Fa 
Al Yoa Yn 


steel 
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Find the stress in each wire: F (5 kg)(9.81m/s?) 
A n(0.5x10°m} 
= 6.245x10’ N/m? 


Substitute numerical values and evaluate AL: 


AL = (6.245x10" Nim?)| —™ _, _*°™ ___)-1.81x10°m 
2x10" Nim? 0.7x10" N/m 
Substitute in equation (1) and evaluate L: L =3.00m+1.81x10° m 


=| 3.0018m 


59 se 

Picture the Problem We can use Hooke’s law and Young’s modulus to show that, if the 
wire is considered to be a spring, the force constant k is given by 

k = AY/L. By treating the wire as a spring we can show the energy stored in the wire is U = 
"FAL. 


Express the relationship between the F=kAL 
stretching force, the stiffness or 
constant, and the elongation of a ee F 
spring: AL 
Using the definition of Young’s F _ AY (1) 
modulus, express the ratio of the AL L 
stretching force to the elongation of 
the wire: 
Equate these two expressions for pe AY 
FJAL to obtain: L 
Treating the wire as a spring, 2 AY 2 
° ie U = 4k(AL)? =4——(AL) 
express its stored energy: L 
Solve equation (1) for F: F= AYAL 
L 


Substitute in our expression for U to obtain: ee AL =| 4 FAL 
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Picture the Problem Let L’ represent the stretched and Z the unstretched length of the wire. 
The stretch in the wire AL is related to Young’s modulus by Y = (F/A)/(AL/L), where F is 
the force acting on it, and A is its cross-sectional area. In problem 58 we showed that the 
energy stored in the wire is U = “4.F AL, where Y is Young’s modulus and AL is the amount 
the wire has stretched. 


(a) Express the stretched length of the L'=L+AL 
wire: 
Using the definition of Young’s AL= LF 
modulus, express AL: AY 
Substitute and simplify: L'=L+ LF Aglis F 
AY AY 
Solve for L: L= cn 
1+— 
AY 
Substitute numerical values and L= 0.35m 
evaluate L: iz 53N 


z(0.1x10° m} (2x10" N/m?) 


=| 0.347m 


(b) Using the expression from W =AU =} FAL 

Problem 59, express the work done = 1(53 N)(0.35m — 0.347 m) 
in stretching the wire: 2 
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Picture the Problem The table to the right | Load| F AL AL/F 
summarizes the ratios AL/F for the (g) (N) (m) (m/N 
student’s data. Note that this ratio is 100 | 0.981 | 0.006 | 6.12x10° 
constant, to three significant figures, for 200 | 1.962 | 0.012 | 6.12x10° 
loads less than or equal to 200 g. We can 300 | 2.943 | 0.019 | 6.46x102 
use this ratio to calculate Young’s modulus 400 | 3.924 | 0.028 | 7.14x107 
for the rubber strip. 500 | 4.905 | 0.05 | 10.2x10° 


(a) Referring to the table, we see 
that for loads < 200 g: 


Use the definition of Young’s 
modulus to express Y: 


Substitute numerical values and evaluate Y: 


5x10? m 
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= = 6.12x10° m/N 


OFL _ L 
AAL gak 
F 


Y = 10° m)(5x10°m)(6-12x10°m/N]} 


(b) Interpolate to determine the 
stretch when the load is 150 g, and 
use the expression from Problem 58, 
to express the energy stored in the 
strip: 
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Picture the Problem The figure shows 
the forces acting on the wire where it 
passes over the nail. m represents the mass 
of the mirror and T is the tension in the 
supporting wires. The figure also shows 
the geometry of the right triangle defined 
by the support wires and the top of the 
mirror frame. The distance a is fixed by 
the geometry while / and Z will change as 
the mirror is suspended from the nail. 


Express the distance between the 
nail and the top of the frame when 


the wire is under tension: 


Apply > F, = Oto the wire where it 


passes over the supporting nail: 


Solve for the tension in the wire: 


=| 1.82x10° N/m? 


U =4FAL 
= 1(0.15kg)(9.81m/s?)(9 x10 m) 
=| 6.62mJ 


Z 
rá 
Z E! a = 0.75 m 
h'=h+Ah 
(1) 
= 0.4m+ Ah 


mg —2T cos@ =0 


T=—8 
2cos@ 
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Substitute numerical values and T- (2.4kg) 9.81m/s* _250N 
evaluate T: j 0.4m 
l 0.85 2) 
Using its definition, find the stress TP 25.0N 
, i stress = — = 5 
in the wire: A z(0.1x10° m) 
= 7.96 x10? N/m” 
Using the definition of Young’s E = AL _ stress 
modulus, find the strain in the L Y 
hypotenuse of the right triangle 7. 10° N/m? 
yp . 8 8 _ 96x10° N/m ~ 398x102 
shown in the figure: 2x10" N/m? 
Using the Pythagorean theorem, @ +h =L 
express the relationship between the 
sides of the right triangle in the 
figure: 
Express the differential of this 2aAa + 2hAh = 2LAL 
equation: or, because Aa = 0, 
hAh = LAL 

Solve for and evaluate Ah: Ah= LAL | i? AL 

h h L 
Substitute numerical values and 85m)’ 

an = 085m)" 6 98:109)=7.19 mm 
evaluate Ah: 0.4m 
Substitute in equation (1) to obtain: h'=0.4m+7.19mm 
=| 40.72cm 
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Picture the Problem Let the numeral 1 denote the aluminum wire and the numeral 2 the 
steel wire. Because their initial lengths and amount they stretch are the same, we can use 
the definition of Young’s modulus to express the change in the lengths of each wire and 
then equate these expressions to obtain an equation solvable for the ratio M/M}. 


Using the definition of Young’s AL MgL 


modulus, express the change in 7 A Yy 


length of the aluminum wire: 


Using the definition of Young’s 
modulus, express the change in 
length of the steel wire: 


Because the two wires stretch by the 
same amount, equate AL, and AL» 
and simplify: 


Solve for the ratio M/M»: 


Substitute numerical values and 
evaluate Mı/M5: 


64 

Picture the Problem The free-body 
diagram shows the forces acting on the ball 
as it rotates around the post in a horizontal 
plane. We can apply Newton’s 2™ law to 
find the tension in the wire and use the 
definition of Young’s modulus to find the 
amount by which the aluminum wire 
stretches. 


Express the length of the wire under 
tension to its unstretched length: 


Apply >) F, = Oto the ball: 


Solve for the tension in the wire: 
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AL, = M,gL, 
A Yiia 
M, — M, 
AY, A Yiee 
Mi aAa 
M, ALY sect 
T 2 11 2 
— (0.7 mm) (0.7x10 N/m 
u, ZO7m | 
M, 


7 (0.5mm) (2x10" N/m?) 


(0.7 mm} (0.7 x10" N/m?) 
(0.5mm) (2 x10" N/m? 


=| 0.686 


=; 


mig 


L=L,+AL=0.7m+AL (1) 


Tsinĝ-mg=0 


_ ME 
sind 
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Substitute numerical values and T (0.5 kg)(0.81mis*) Sree 

evaluate T: sin5° 

Using the definition of Young’s ae FL 

modulus, express AL: AY 

Substitute numerical values and AL= (56.3N)(0.7m) 

PORI 7 (.6x10° m) (0.7x10" N/m?) 
= 0.280 mm 

Substitute in equation (1) to obtain: L=0.7m+0.280mm =|! 70.03cm 
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Picture the Problem We can use the definition of stress to calculate the failing stress of 
the cable and the stress on the elevator cable. Note that the failing stress of the composite 
cable is the same as the failing stress of the test sample. 
Express the stress on the elevator cable: F 20kN 
Stress abe =— = a 
A 1.2x10°m 


= 1.67 x10" N/m’ 


Express the failing stress of the sample: F 1kN 
SUeSS siting = — = se 
A 0.2x10°m 


= 0.500 x10" N/m? 


Because Stress titing < StTeSS aie» it will not support the elevator. 


cable? 


*GG eve 
Picture the Problem Let the length of the sides of the rectangle be x, y and z. Then the 
volume of the rectangle will be V = xyz and we can express the new volume V” resulting 
from the pulling in the x direction and the change in volume AV in terms of Ax, Ay, and 
Az. Discarding the higher order terms in AV and dividing our equation by V and using the 
given condition that Ay/y = Az/z will lead us to the given expression for Ay/y. 


Express the new volume of the rectangular box when its sides change in length by Ax, Ay, 
and Az: 


Vl= (x + Ax\y + Ay\(z + Az) = xyz + Ax(yz)+ Ay(xz)+ Az(xy) 
+ {zAxAy + yAxAz + xAyAz + AxAyAz} 


where the terms in brackets are very small (i.e., second order or higher). 
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Discard the second order and higher V=V+ Ax(yz ) +Ay (xz ) + Az (xy ) 
terms to obtain: or 
AV =V'-V = Ax(yz)+ Ay(xz)+ Az(xy) 


Because AV = 0: Ax(yz) = —[Ay(xz)+ Az(xy)] 
Divide both sides of this equation by Ax _ | Ay F Az 

V = xyz to obtain: x y z 

Because Ay/y = Az/z, our equation Ax _ 9 Ay es Ay_| 1A 
becomes: x y y 2x 
67 eo 


Picture the Problem We can evaluate the differential of the volume of the wire and, 
using the assumptions that the volume of the wire does not change under stretching and 
that the change in its length is small compared to its length, show that Ar/r = —(1/2) AL/L. 


Express the volume of the wire: VenrrL 

Evaluate the differential of V to dV =nr2dL+2xrLdr 

obtain: 

Because dV = 0: 1 dL 
r 


Because AL << L, we can Ar 
approximate the differential changes = 
dr and dL with small changes Ar 
and AL to obtain: 


*GB eee 
Picture the Problem Because the volume of the thread remains constant during the 
stretching process, we can equate the initial and final volumes to express ro in terms of r. 
We can also use Young’s modulus to express the tension needed to break the thread in 
terms of Y and ro. 


(a) Express the conservation of arL=rr?L 
. : 0 “~0 

volume during the stretching of the 

spider’s silk: 


Solve for r: Ly 
r= 04 FA 
Substitute for Z to obtain: L 
r=r 0 =| 0.3167 
f 10L, 
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(b) Express Young’s modulus in T/A T/rr’ 107 /x re 
terms of the breaking tension T: n7 m i 


Solve for T to obtain: 1 AL 
T=—rY— 
10 L 
Because AL/L = 9: pa Or rY 
10 


General Problems 
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Picture the Problem Because the board is in equilibrium, we can apply the conditions for 
translational and rotational equilibrium to determine the forces exerted by the supports. 


Apply > T, = 0 about the right support: (2 m)(360 N) + (5 m)(90 N) = (10 m)F, =0 


Solve for and evaluate Fy: F= (2 m)(360 N)+ (5 m)(90 N) 
g 10m 
=|117N 
Apply J.F, = Oto the board: F, + F} -90N -360 N = 0 
Solve for and evaluate Fr: F} =—F, +90 N +360 N 
=—117 N +90 N +360 N 
=| 333N 


Remarks: We could just as easily found Fx by applying » T = 0 about the left 


support. 
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Picture the Problem Because the man-and-board system is in equilibrium, we can apply 
the conditions for translational and rotational equilibrium to determine the forces exerted 
by the supports. Let d represent the distance from the man’s feet to his center of gravity. 


Apply X, 7 = 0 about an axis (845 N)d -(1.88m)(445N)=0 


through the man’s feet and 
perpendicular to the page: 
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Solve for and evaluate d: d= (1.88m)(445 N) = 0.990m 


845N 
99.0cm 


961 


his center of mass and so the scale readings would not change. 


No. Holding his head slightly above the board would not change the location of 
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Picture the Problem We can apply the balance condition Ma = 0 successively, starting 


with the lowest part of the mobile, to find the value of each of the unknown weights. 


Apply 5r = 0 about an axis (3 cm)(2 N)- (4 cm), =0 


through the point of suspension of 
the lowest part of the mobile: 


. 2N 
Solve for and evaluate w: = (3 cm)( ) -[L50N 
4cm 

Apply >. = 0 about an axis (2cm)w, —(4cm)(2N +1.5N)=0 
through the point of suspension of 
the middle part of the mobile: 
Solve for and evaluate wy: _ (4 cm)(2 N +1.5N) =| 7.00N 

2 SS ee SO . 

2cm 
Apply >, T = O about an axis (2 cm)(10.5 N)- (6 cm)w, =0 
through the point of suspension of 
the top part of the mobile: 
Solve for and evaluate w3: (2 cm)(10.5 N ) 
w, = —— = = 3.50N 
ee | 
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Picture the Problem We can determine the ratio of L to A by noting the number of ropes 


supporting the load whose mass is M. 


(a) Noting that three ropes support L 3 
h 


the pulley to which the object whose 
mass is M is fastened we can 
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conclude that: 


(b) Apply the work-energy principle W x = AE siem = AU plock-tackle 
to the block-tackle object to obtain: or 

FL = Meh 
73 oo 


Picture the Problem The figure shows the 
equilateral triangle without the mass m, and 
then the same triangle with the mass m and 
rotated through an angle @. Let the side 
length of the triangle to be 2a. Then the 
center of mass of the triangle is at a 


2 
distance of = from each vertex. As the 


triangle rotates, its center of mass shifts 


2 
by = 
a 
which m is attached moves toward the 
plumb line by the distance d = 2a@cos30° 


= J3a0 (see the drawing). 


0, for 0 << 1. Also, the vertex to 


Apply ys = 0 about an axis through mgla E J3a0)- Mg 2a 9 -0 
the point of suspension: V3 
Solve for m/M: m 20 

M 3(\-39) 
Substitute numerical values and 9 (6°) mrad 
evaluate m/M: 180° 
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Picture the Problem If the hexagon is to 
roll rather than slide, the incline’s angle 
must be such that the center of mass falls 
just beyond the support base. From the 
geometry of the hexagon, one can see that 
the critical angle is 30°. The free-body 
diagram shows the forces acting on the 
hexagonal pencil when it is on the verge of 
sliding. We can use Newton’s 2™ law to 


relate the coefficient of static friction to the 


mg 


angle of the incline for which rolling rather 
than sliding occurs. 


Apply YF = Oto the pencil: 2e = mg sinl- fmax =O (1) 


and 
> F, = F,-mgcosé =0 (2) 


Substitute f, max = Us/n in equation (1): mg sin@—- uF =0 (3) 


Divide equation (3) by equation (2) tan = 4, 
to obtain: 


Thus, if the pencil is to roll rather 4u, = tan30° =| 0.577 


than slide when the pad is inclined: 


75 oo 
Picture the Problem The box and the 
forces acting on it are shown in the figure. 


When the box is about to tip, Fn acts at its 
edge, as indicated in the drawing. We can 
use the definition of u, and apply the 


mg 


condition for rotational equilibrium in an A 


accelerated frame to relate f; to the weight E 


of the box and, hence, to the normal force. 


Using its definition, express us: 


964 Chapter 12 


Apply Df = 0 about an axis through wf, -wF =0 


the box’s center of mass: 


1 
Solve for the ratio A : I =— 

a F 2 
Substitute to obtain the condition for 4 20.500 
tipping: 
Therefore, if the box is to slide: u, <| 0.500 
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Picture the Problem Because the balance is in equilibrium, we can use the condition for 
rotational equilibrium to relate the masses of the blocks to the lever arms of the balance 
in the two configurations described in the problem statement. 


Apply Fa = 0 about an axis (1.5kg)L, = (1.95 kg)L, 


through the fulcrum: 


Solve for the ratio L,/L»: L z 1.95kg ~1.30 
L, 1.5kg 
Apply DF = 0 about an axis (1.5kg)L, = ML, 
through the fulcrum with 1.5 kg at 
Lo: 
Solve for and evaluate M: ys (1.5kg)L, _ 15kg _ 1.5kg 
L L/L, 1.30 
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Picture the Problem The figure shows the 
location of the cube’s center of mass and 
the forces acting on the cube. The opposing 
couple is formed by the friction force f; max 
and the force exerted by the wall. Because 
the cube is in equilibrium, we can use the 
condition for translational equilibrium to 
establish that f, mas = Fwand F, = Mg 
and the condition for rotational equilibrium 
to relate the opposing couples. 


Apply > F = 0 to the cube: 


Noting that Í and Fy form a 


couple, as do F, and Mg, apply 
Yr = 0 about an axis though the 


center of mass of the cube: 


Referring to the diagram to the 
right, note 


that d = ——sin(45° +8). 


J 


Substitute for d and f; max to obtain: 


Solve for us and simplify to obtain: 
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i 
A 


a 
Fw 


a sin 0 


>, = F, -Mg =0 > F, = Mg 
and 
zE =f- =0> Fy, =f 


fmax Sin O- Mgd = 0 


u,Mgasin 0- Mg —sin(45° + 0) =0 


or 


L, sing- sin(45° +0)=0 


V2 
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sin(45° + 6) = sin 45° cos6 + cos 45°sin 0) 


1 1 
= sind ene 
1 


1 1 1 
= —=—_| —cos9+—=sin@ | =| —(cot@+1 
a+ V2 ) zl ) 


78 oo 

Picture the Problem Because the meter stick is in equilibrium, we can apply the condition 
for rotational equilibrium to find the maximum distance from the hinge at which the block 
can be suspended. 


Apply >. T =0 about an axis through the hinge to obtain: 
(1m)(75N)-(0.5m)(5kg)(9.81m/s? )cos 45°— d(10 kg)(9.81 m/s” )cos 45° = 0 


Solve for and evaluate d: 


(im)(75N)-(0.5m)(5kg)(9.81m/s") 
= 45° =| 0.831 
i (l0kg)(9.8im/s*)cos45° j 
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Picture the Problem Let m represent the 
mass of the ladder and M the mass of the 
person. The force diagram shows the forces 
acting on the ladder for part (b). From the 
condition for translational equilibrium, we 
can conclude that T = Fw, a result we’ll 
need in part (b). Because the ladder is also 
in rotational equilibrium, summing the 


torques about the bottom of the ladder will 
eliminate both F, and T. 


(a) Apply È. 7, =0 about an axis (5m)F,, —(0.75m)(20kg)(9.81m/s’ ) 
through the bottom of the ladder: —(0.75m)(80kg)(9.81m/s”) = 0 
Solve for and evaluate Fw: r= (0.75m)(20 kg)(9.81m/s?) 
E 5m 
_ (0.75m)(80kg)(9.81m/s") 
5m 


=| 147N 
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(b) Solve for and evaluate f : 


(5m)(200N)-(0.75m)(20kg)(9.81m/s”) 


=0.724 
(1.5m)(80kg)(9.81m/s’) 


f= 


Find the distance the 80-kg person can d=f (5 m) = (0.7245 m) = 


climb the ladder: 
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Picture the Problem To "Troll” the cube 
one must raise its center of mass from y = 
al2 toy = J2a/2 , where a is the cube 


length. During this process the work done 


is the change in the gravitational potential 
energy of the cube. No additional work is 
done on the cube as it "flops” down. We 
can also use the definition of work to 


express the work done in sliding the cube a 


distance a along a horizontal surface and 
then equate the two expressions to 
determine uy. 


Express the work done in moving Ja a mga 
the cube a distance a by raising its W=mg > 2) 2 (V2 -1) 
center of mass from y = a/2 
ee = 0.207mga 
toy= J2a / 2 and then letting the 
cube flop down: 
Letting fy represent the kinetic W = f.a= mga 


friction force, express the work done 
in dragging the cube a distance a 
along the surface at constant speed: 


Equate these two expressions to obtain: Ly =| 0.207 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block when it is on the verge of sliding. 
Because the block is in equilibrium, we can 
use the conditions for translational 
equilibrium to determine the minimum 
angle for which the block will slide. The 
diagram to the right of the FBD shows that 
the condition for tipping is that the plumb 
line from the center of mass pass outside of 
the base. We can determine the tipping 
angle from the geometry of the block under 
this condition. 


Apply YF = 0 to the block: 


Substitute for f; max and eliminate Fn 
between these equations to obtain: 


Solve for the condition for sliding: 


Using the geometry of the block, 
express the condition on @that must 
be satisfied if the block is to tip: 


SE, = mg sin Asiaing ~ Tage 2 0 
if the block is to slide, and 
SF, = F, -Mg 008 Oayiing = 0 


S 


Ls < tan Oding 


Asiaing z tan™ (u, ) = tan '(0.4) = 21.8° 


Because G0 Cis 


the block will tip before it slides. 
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Picture the Problem Let m represent the 
mass of the bar, M the mass of the 
suspended object, Fy the vertical component 
of the force the wall exerts on the bar, F, the 
horizontal component of the force exerted 
the wall exerts on the bar, and 7 the tension 
in the cable. The free-body diagrams show 
these forces and their points of application 
on the bar for parts (a) and (b) of the 
problem. Because the bar is in equilibrium, 
we can apply the conditions for translational 
and rotational equilibrium to relate the 
various forces and distances. 


(a) Apply T; =0 about an axis 
through the hinge: 


Solve for T: 


Substitute numerical values and 
evaluate T: 


Apply XF, = 0 to the bar: 


Solve the y equation for Fy: 


Solve the x equation for Fy: 
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(a) 


(b) 


(5m)T —(7.5m)mg cos30° 
— (15m) Mg cos 30° = 0 


T = 
5m 
ee (7.5m)(85kg )+ (15m)(360kg) 
5m 
x (9.81m/s? )cos30° 


=| 10.3kN 


> F, =F, +Tsin60°—mg—Mg = 0 
and 
> F, =F, -Tcos60° =0 


F, =-Tsin60°+(m+M )g 
= ~(10.3kN)sin 60° 
+ (85kg+360kg)(9.81m/s") 
= —4.55kN 


F, =T cos60° = (10.3kN)cos 60° 
=5.15kN 
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Find the magnitude of the force 
exerted by the wall on the bar: 


Find the direction of the force 
exerted by the wall on the bar: 


(b) Apply a =Q about the hinge: 


Solve for 7: 


Substitute numerical values and 


evaluate 7: 


Apply STF = 0 to the bar: 


Solve the y equation for Fy: 


Solve the x equation for F}: 


Find the magnitude of the force 
exerted by the wall on the bar: 


F=JF?+F 


= (—4.55kN)° +(5.15kN) 


-[ a7] 


|F, _,(-4.55kN 

8 = tan — |= tan a 
F, 5.15kN 

=| —41.5° 


i.e., 41.5° below the horizontal. 


[(10m)sin 60°|7 — (7.5m)mg cos 30° 
- (15m) Mg cos30° = 0 
(7.5m)m+(15m)M 


T= 30° 
(10m)sin 60° oe 


(7.5m)(85kg)+ (15m)(360kg) 
(10m)sin 60° 
x (9.81m/s? )cos 30° 


- [S20] 


XF, = F, +T cos60° -(85kg)g 
-(360kg)g =0 


and 
> F, =F, -Tsin60° = 0 


F, =-(5.92kN)cos60° 
+ (85kg +360kg)(9.81m/s’) 
=1.41kN 


F, =T sin 60° = (5.92kN)sin 60° 
=5.13kN 


F=4F? +F? 


= J(L.41kN} + (5.13kN} 


- [532] 
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Find the direction of the force { F ) Í 1.41kN ) 
0 = tan` | — | = tan 


exerted by the wall on the bar: 5.13kN 
- 


i.e., 15.4° above the horizontal. 


h 


83 ee 
Picture the Problem The box and the 
forces acting on it are shown in the figure. 
When the box is about to tip, Fa acts at its 
edge, as indicated in the drawing. We can 
use the definition of u, and apply the 
condition for rotational equilibrium in an 
accelerated frame to relate f; to the weight 
of the box and, hence, to the normal force. 


Using its definition, express us: u2 a. 
Apply ye = 0 about an axis wf, -;wF, =0 
through the box’s center of mass: 

1 
Solve for the ratio i. A = 3 
Substitute to obtain the condition for 4 Z 0.500 


tipping: 
Therefore, if the box is to slide: u, <| 0.500 |, as in Problem 75. 


Remarks: The difference between problems 75 and 83 is that in 75 the maximum 
acceleration before slipping is 0.5g, whereas in 88 it is 
(0.5 cos9°— sin9°) = 0.337g. 


*84 oe 

Picture the Problem Let the mass of the rod be represented by M. Because the rod is in 
equilibrium, we can apply the condition for rotational equilibrium to relate the masses of 
the objects placed on it to its mass. 
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Apply > T =0 about an axis (20cm)(2m+2g)—(40cm)m 
through the pivot for the initial = (10cm)M =D 
condition: 
Solve for and evaluate M: M= (20cm)(2m + 2g)—(40cm)m 
10cm 

=| 4.00g 
Apply x = 0 about an axis (20 cm)m = (10 cm)M =0 
through the pivot for the second 
condition: 
Solve for and evaluate m: mz (10cm)M =1M =| 2.00g 

20cm 

#85 ee 


Picture the Problem Let the distance from the center of the meterstick of either finger be 
x, and x and W the weight of the stick. Because the meterstick is in equilibrium, we can 
apply the condition for rotational equilibrium to obtain expressions for the forces one’s 
fingers exert on the meterstick as functions of the distances x; and xz and the weight of the 
meterstick W. We can then explain the stop-and-start motion of one’s fingers as they are 
brought closer together by considering the magnitudes of these forces in relationship the 
coefficients of static and kinetic friction. 


E 


= 


| The stick remains balanced as long as the center of mass is between the | 
two fingers. For a balanced stick the normal force exerted by the finger 
nearest the center of mass is greater than that exerted by the other 

@) finger. Consequently, a larger static - frictional force can be exerted by 
the finger closer to the center of mass, which means the slipping occurs 


at the other finger. 


(b) Apply > T =O about an axis through 


point 1 to obtain: 


Solve for Fto obtain: 


Apply ya = 0 about an axis 


through point 2 to obtain: 


Solve for F; to obtain: 
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F,(x, +x, )—Wx, =0 


X 


F, =W 
X, tX, 


-F(x +x, )+ Wx, =0 


F =W —> 


xtX 


The finger farthest from the center of mass will slide inward until the normal 
force it exerts on the stick is sufficiently large to produce a kinetic - frictional 
force exceeding the maximum static - frictional force exerted by the other 
finger. At that point the finger that was not sliding begins to slide, the finger 
that was sliding stops sliding, and the process is reversed. When one finger is 


is slipping the other is not. 


86 ee 
Picture the Problem The drawing shows a 
side view of the wall-and-picture system. 
Because the frame’s width is not specified, 
we assume it to be negligible. Note that 
0.75, 0.4, and 0.85 form a Pythagorean 
triad. Thus, the nail will be at the same 
level as the top of the frame. We can apply 
the condition for rotational equilibrium to 
determine the force exerted by the wall. 


(1.2 m)cos £ 


(a) Because the center of gravity of the picture is in front of the wall, the torque due to mg 


about the nail must be balanced by an opposing torque due to the force of the wall on the 
picture, acting horizontally. So that > F, =0, the tension in the wire must have a 


horizontal component, and the picture must therefore tilt forward. 


(b) Apply Sr = 0 about an axis 


through the nail and parallel to the 


—|(0.6m)sin5°|(8kg)(9.81 m/s?) 
+[(1.2m)cos5°|F,, =0 
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wall to obtain: 


Solve for and evaluate Fw: 


87 ee 
Picture the Problem The box car and rail 
are shown in the drawing. At the critical 
speed, the normal force is entirely on the 
outside rail. The center of gravity is 0.775 
m from that rail and 2.15 m above it. 
Choose the coordinate system shown in the 
figure. To find the speed at which this 
situation prevails, we can apply the 
conditions for static equilibrium in an 
accelerated frame. 


Apply Dt = 0 about an axis 


through the center of gravity of the 
box car: 


Apply dF, = 0 to the box car and 


solve for Fa: 


Apply XF, = MAd» to the box: 


Substitute in equation (1) to obtain: 


Solve for v: 


(a) Evaluate v for R = 150 m: 


K 
ee (1.2m)cos5° 


=| 3.43N 


mg 


(0.775m)F, —(2.15m)f, =0 


F -mg=0=> F, =mg 


2 
vV 
=m— 
f > 


2 


0.775m)mg —(2.15m)m~— =0 
( )mg -( ) = 


v=./0.360Rg 


v = 0.360(150m)(9.81m/s?) 


- [20m] 


0.6m)sin 5°](8kg)(9.81m/s?) 


(1) 


(6) Evaluate v for R = 240 m: 


88 we 
Picture the Problem For neutral 
equilibrium, the center of mass of the 
system must be at the same height as the 
feet of the tightrope walker. The system is 
shown in the drawing. Let the origin of the 
coordinate system be at the rope. We’ll 
determine the distance d such that yem = 0. 
We’ll then determine the angle 0 
subtended by one half the long rod. 


Express the y coordinate of the 
center of mass of the system: 


Set Yom = 0 and solve for d: 


Relate the distances s and d and 
solve for s: 


Relate s to R and 6 


Relate R and @to the half-length of 
the rod: 


Substitute in equation (1) to obtain: 


Use graphical or trial-and-error 
methods to solve for @: 


Substitute in equation (2) to obtain: 
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v = {0.360(240m)(9.81m/s") 


=| 29.1m/s 


20 kg 
R cos 05 R s 


t 


_ (58kg)(0.9m)- 2(20kg)d 
ii 58kg + 40kg 


d = 1.305 m 


s = 0.65 m + d = 1.955 m 


s = R(1—cos6) (1) 


RO=4m (2) 


1.955m =(4m 


or 
1-—cos@ 


0 


= 0.489 


0 =1.08 rad 


4m 


R= =| 3.70m 
1.08 rad 
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*89 ooo 


Picture the Problem Let the mass of each brick be m and number them as shown in the 


diagrams for 3 bricks and 4 bricks below. Let £ denote the maximum offset of the mth 


brick. Choose the coordinate system shown and apply the condition for rotational 


equilibrium about an axis parallel to the z axis and passing through the point P at the 


supporting edge of the nth brick. 


(a) Apply ie = 0 about an axis 


through P and parallel to the z axis to 
bricks 1 and 2 for the 3-brick 
arrangement shown above on the left: 


Solve for £ to obtain: 


(b) Apply yt = 0 about an axis 
through P and parallel to the z axis 
to bricks 1 and 2 for the 4-brick 
arrangement shown above on the 
right: 


Solve for £ to obtain: 


Continuing in this manner we 
obtain, as the successive offsets, the 
sequence: 


(c) Express the offset of the (n +1)st 
brick in terms of the offset of the nth 
brick: 


mg|L—(4L + ¢)|—mgé =0 


mg[L—-(:L+0)]+mg|L-GL+)] 
—~mg(2L+¢-L)=0 


L=Ł}L 
LLLL L 
2°4°6' 8 2n 


where n = 1, 2,3, ... N. 


L 
Eis =f), a 
2n 


A spreadsheet program to calculate the sum of the offsets as a function of n is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 
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Cell | Formula/Content | Algebraic Form 
B5 B4+1 n+1 
C5 | C4+$B$1/(2*B5) E 
L, +— 
2n 
A B C 
1 L=/1 m 
2 
3 n offset 
4 1 0.500 
5 2 0.750 
6 3 0.917 
7 4 1.042 
8 5 1.142 
9 6 1.225 
10 7 1.296 
11 8 1.359 
12 9 1.414 
13 10 1.464 
98 95 2.568 
99 96 2.573 
100 97 2.579 
101 98 2.584 
102 99 2.589 
103 100 2.594 


From the table we see that @; = | 1.142 m, | 4o = | 1.464m, | and 
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(d) Increasing N in the spreadsheet solution suggests that the sum of the individual offsets 


continues to grow as N increases without bound. The series is, in fact, divergent and the 
stack of bricks has no maximum offset or length. 
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Offset as a function of n 


Offset 
= 
ol 


40 60 80 100 


90 eco 


Picture the Problem The four forces 
acting on the sphere: its weight, mg; the 
normal force of the plane, F; the frictional 
force, f, acting parallel to the plane; and the 


tension in the string, T, are shown 


figure. Choose the coordinate system 


shown. Because the sphere is in 


equilibrium, we can apply the conditions 
for translational and rotational equilibrium 


to find f, Fa, and T. 


(a) Apply au = 0 about an axis 


through the center of the sphere: 


Apply dF = Oto the sphere: 


Substitute for f and solve for T: 


Substitute numerical values and 
evaluate T: 


(b) Apply DF , = Oto the sphere: 


in the 


fR-TR=0=>T=f 


f +Tcos@-Mgsin@=0 


Te Mg sin@ 
1+cosé 
yab kg)(9.81m/s?)sin 30° 
1+ cos30° 


F, —Tsin@—-Mgcos@=0 


- [70N] 
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Solve for Fp: F, =Tsin@+Mgcosé 

Substitute numerical values and F, = (7.89 N)sin30° 

evaluate Fy: + (3kg)(9.81m/s? )cos 30° 
=| 29.4N 

(c) In part (a) we showed that f= T: f =| 7.89N 

91 ase 


Picture the Problem Let L be the length of 
each leg of the tripod. Applying the 
Pythagorean theorem leads us to conclude 
that the distance a shown in the figure is 


fe and the distance b, the distance to the 


2 13 
centroid of the triangle ABC is 31 Pu , and 
L L 
the distance c is =. These results allow 


V3 


L 
us to conclude that cos 80 = Na . Because 


the tripod is in equilibrium, we can apply 
the condition for translational equilibrium 
to find the compressional forces in each 
leg. 


Letting Fc represent the compressional 3F, cos 0 -mg =0 
force in a leg of the tripod, apply 
XF = Oto the apex of the tripod: 


Solve for Fc: F= mg 
3cos 0 
Solve for Fe: 
j F =E= ee 
3x — 3 


Substitute numerical values and V3 > 
ae F, == (100 kg)(9.81m/s?)=[ 566N 
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92 ee 
Picture the Problem The forces that act 
on the beam are its weight, mg; the force of 
the cylinder, F., acting along the radius of 
the cylinder; the normal force of the 
ground, Fp; and the friction force f = usFn. 
The forces acting on the cylinder are its 
weight, Mg; the force of the beam on the 
cylinder, Fa = F. in magnitude, acting 
radially inward; the normal force of the 
ground on the cylinder, Fac; and the force 
of friction, foc = Usclnc. Choose the 
coordinate system shown in the figure and 
apply the conditions for rotational and 
translational equilibrium. 


EXpresS Hs beam-floor in terms of f; and Fp: 


EXPTresS {s cylinder-floor ÌN terms Of fsc 
and Fac: 


Apply Ya = 0 about an axis 
through the right end of the beam: 


Solve for and evaluate F:: 


Apply 2 F, = 0 to the beam: 


Solve for F;: 


Apply >, F, = Oto the beam: 


Hs beam-—floor = (1) 


oa [os 


(2) 


H s,cylinder—floor = 


[a0 cm)cos 6|mg —(15cm)F. =0 


F- [(40cm)cos 6|mg 
i 15cm 


[10cos30°](5kg)(9.81m/s?) 
15 


= 28.3N 
F, + F.cos(90°— 0)— mg =0 


F, =mg-F.cos@ 
= (5kg)(9.81m/s*)- (28.3N)cos30° 
=24.5N 


— f. + F.cos(90°- @)=0 


Solve for and evaluate fy: 


F , is the reaction force to F ; 


Apply py F, = Oto the cylinder: 


Solve for and evaluate Fie: 


Apply 2 F = Oto the cylinder: 


Solve for and evaluate f,.: 


Substitute numerical values in 
equations (1) and (2) and evaluate 


Ls,beam-floor and Hs,cylinder-floor: 


93 eee 
Picture the Problem The geometry of the 
system is shown in the drawing. Let 
upward be the positive y direction and to 
the right be the positive x direction. Let the 
angle between the vertical center line and 


the line joining the two centers be@ Then 


R- = 
” andtan 0 = ims 


r JR(r-R) 
The force exerted by the bottom of the 
cylinder is just 2mg. Let F be the force that 


sin 0 = 


the top sphere exerts on the lower sphere. 
Because the spheres are in equilibrium, we 
can apply the condition for translational 
equilibrium. 


Apply > = 0 to the spheres: 
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f, = F, cos(90° — 8) = (28.3 N)cos60° 
=14.2N 


F, = F, = 28.3 N radially inward. 
F — Fa cos — Mg =0 


F « = Fa cos 0 + Mg 
= (28.3 N)cos30° + (8kg)(9.81m/s?) 
=103N 


Se- Fo cos(90° = 6) =0 


f.. = F,,c0s(90° — 8) = (28.3N)cos60° 
=14.2N 


14.2N 
= =| 0.580 
Hs beam—floor 24.5 N 


and 


14.2N 


; = —— =| 0.138 
Hs cylinder—floor 10 3 N 


F —-mg-mg=0 
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Solve for Fy: F= 


Because the cylinder wall is smooth, p-| "E 
Fcos0= mg, and: ~ | cos 
Express the x component of F: F = Fsin@ = mg tan 
Express the force that the wall of the R-r 
: Fw =| mg 
cylinder exerts: R(2 r- R) 


Remarks: Note that as r approaches R/2, Fy =>. 


*94 cee 
Picture the Problem Consider a small rotational displacement, 60 of the cube from 
equilibrium. This shifts the point of contact between cube and cylinder by R6@ where R = 
d/2. As a result of that motion, the cube itself is rotated through the same angle 0@ and so 
its center is shifted in the same direction by the amount (a/2) 68, neglecting higher order 


terms in 00. 


50 
R 


- m~ 


If the displacement of the cube’s center of mass is less than that of the point of contact, the 
torque about the point of contact is a restoring torque, and the cube will return to its 
equilibrium position. If, on the other hand, (a/2) 0 > (d/2) 6@, then the torque about the 
point of contact due to mg is in the direction of 6@ and will cause the displacement from 
equilibrium to increase. We see that the minimum value of d/a for stable equilibrium is 
dia = 1. 


Chapter 13 
Fluids 


Conceptual Problems 


1 e 

Determine the Concept The absolute pressure is related to the gauge pressure according 
to P = Pyauge + Pat. While doubling the gauge pressure will increase the absolute pressure, 
we do not have enough information to say what the resulting absolute pressure will be. 


(e)is correct. 


*? e 
y? 

Determine the Concept No. In an environment where g „p =F, —m— = 0, there is no 
r 


buoyant force; there is no “up” or "down." 


3 ee 
Determine the Concept As you lower the rock into the water, the upward force you 
exert on the rock plus the upward buoyant force on the rock balance its weight. When the 
thread breaks, there will be an additional downward force on the scale equal to the 
buoyant force on the rock (the water exerts the upward buoyant force on the rock and the 
reaction force is the force the rock exerts on the water ... and hence on the scale). Let po 
represent the density of the water, V the volume of the rock, and w; the weight of the 
displaced water. Then the density of the rock is 3. We can use Archimedes’ principle to 
find the additional force on the scale. 


Apply Archimedes’ principle to the rock: B = w; = mg = P;V;2Z 


Because V= Viock: B= ps = gk =;4Mg 
Prock 3p 


and | (d) is correct. 


4 oo 

Determine the Concept The density of water increases with depth and the buoyant force 
on the rock equals the weight of the displaced water. Because the weight of the displaced 
water depends on the density of the water, it follows that the buoyant force on the rock 


increases as it sinks. | (b) is correct. 


5 eo 
Determine the Concept Nothing. The fish is in neutral buoyancy (that is, its density 


equals that water), so the upward acceleration of the fish is balanced by the downward 
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acceleration of the displaced water. 


a) 
Determine the Concept Yes. Because the volumes of the two objects are equal, the 
downward force on each side is reduced by the same amount when they are submerged, 
not in proportion to their masses. That is, if m,L, = mL and L; # Lp, then (mı —c)L, # 
(m — c)L. 


7 ee 
Determine the Concept The buoyant forces acting on these submerged objects are equal 
to the weight of the water each displaces. The weight of the displaced water, in turn, is 
directly proportional to the volume of the submerged object. Because ppp > cu, the 
volume of the copper must be greater than that of the lead and, hence, the buoyant force 


on the copper is greater than that on the lead. | (b) is correct. 


8 eo 
Determine the Concept The buoyant forces acting on these submerged objects are equal 


to the weight of the water each displaces. The weight of the displaced water, in turn, is 
directly proportional to the volume of the submerged object. Because their volumes are 


the same, the buoyant forces on them must be the same. | (c) is correct. | 


9 e 
Determine the Concept It blows over the ball, reducing the pressure above the ball to 
below atmospheric pressure. 


10 œ 

Determine the Concept From the equation of continuity (Iy = Av = constant), we can 
conclude that, as the pipe narrows, the velocity of the fluid must increase. Using 
Bernoulli’s equation for constant elevation ( P + + pv = constant ), we can conclude 


that as the velocity of the fluid increases, the pressure must decrease. | (b) is correct. 


*11 œ 
Determine the Concept False. The buoyant force on a submerged object depends on the 
weight of the displaced fluid which, in turn, depends on the volume of the displaced fluid. 


12 œ 

Determine the Concept When the bottle is squeezed, the force is transmitted equally 
through the fluid, leading to a pressure increase on the air bubble in the diver. The air 
bubble shrinks, and the loss in buoyancy is enough to sink the diver. 
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13 >œ 

Determine the Concept The buoyant force acting on the ice cubes equals the weight of 
the water they displace, i.e., B = w, = 9,V,;g. When the ice melts the volume of water 

displaced by the ice cubes will occupy the space previously occupied by the submerged 

part of the ice cubes. Therefore, the water level remains constant. 


14 œ 
Determine the Concept The density of salt water is greater than that of fresh water and 
so the buoyant force exerted on one in salt water is greater than in fresh water. 


15 ee 

Determine the Concept Because the pressure increases with depth, the object will be 
compressed and its density will increase. Its volume will decrease. Thus, it will sink to 
the bottom. 


16 oo 
Determine the Concept The force acting on the fluid is the difference in pressure 
between the wide and narrow parts times the area of the narrow part. 


17. 
Determine the Concept The drawing 
shows the beaker and a strip within the 
water. As is readily established by a simple 
demonstration, the surface of the water is 
not level while the beaker is accelerated, 
showing that there is a pressure gradient. 


That pressure gradient results in a net force 
on the small element shown in the figure. 


*18 oe 
Determine the Concept The water level in the pond will drop slightly. When the anchor 
is in the boat, the boat displaces enough water so that the buoyant force on it equals the 
sum of the weight of the boat, your weight, and the weight of the anchor. When you put 
the anchor overboard, it will displace its volume and the volume of water displaced by 
the boat will decrease. 


19 ee 
Determine the Concept From Bernoulli's principle, the opening above which the air 
flows faster will be at a lower pressure than the other one, which will cause a circulation 
of air in the tunnel from opening 1 toward opening 2. It has been shown that enough air 
will circulate inside the tunnel even with the slightest breeze outside. 
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*20 œ 
Determine the Concept The diagram that follows shows the forces exerted by the 
pressure of the liquid on the two cups to the left. 


AoE Ae 


Because the force is normal to the surface of the cup, there is a larger downward 
component to the net force on the cup on the left. Similarly, there will be less total force 
exerted by the fluid in the cup on the far right in the diagram in the problem statement. 


Density 


21 œ 
Picture the Problem The mass of the cylinder is the product of its density and volume. 
The density of copper can be found in Figure 13-1. 


Using the definition of density, m= pV = plz R?h) 
express the mass of the cylinder: 


Substitute numerical values and m= z[8.93 x10° kg/m’? \2 x107 m} 


evaluate m: P l6 x102 m) 


=| 0.673kg 


22 >œ 
Picture the Problem The mass of the sphere is the product of its density and volume. 
The density of lead can be found in Figure 13-1. 


Using the definition of density, m= pV = plézRr’) 
express the mass of the sphere: 


Substitute numerical values and m=4 Pall 1.3x10° kg/m? (2 x107 m) 


evaluate m: = 
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23 œ 
Picture the Problem The mass of the air in the room is the product of its density and 
volume. The density of air can be found in Figure 13-1. 


Using the definition of density, m= pV = pLWH 
express the mass of the air: 


Substitute numerical values and m= (1 .293 kg/m? \(4 m)(5m)(4m) 
evaluate m: 2 
*24 


Picture the Problem Let p represent the density of mercury at 0°C and ’ its density at 
80°C, and let m represent the mass of our sample at 0°C and m' its mass at 80°C. We can 
use the definition of density to relate its value at the higher temperature to its value at the 
lower temperature and the amount spilled. 


Using its definition, express the ,_ mMm 

density of the mercury at 80°C: a V 

Express the mass of the mercury at ,_ m-Am m Am 
80°C in terms of its mass at 0°C and _ V vV YV 
the amount spilled at the higher _ Am 
temperature: TED O y 


. P = 
Substitute numerical values and p! =1.3645x10* kp/m’ — 1.47 x ad Kg 
evaluate p': 60x10 m 


=| 1.3621x10* kg/m? 


Pressure 


25 œ 
Picture the Problem The pressure due to a column of height / of a liquid of density p is 
given by P = pgh. 


Letting / represent the height of the Pugh =101kPa 


column of mercury, express the 
pressure at its base: 


Solve for h: I= 101kPa 
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Substitute numerical values and 2 1.01x10° N/m? 
evaluate h: (13.6x10° kg/m’ )(9.81m/s’) 
sime = 
2.54x10~ m 
=| 29.8in of Hg 
26 >œ 


Picture the Problem The pressure due to a column of height / of a liquid of density p is 
given by P = pgh. 


(a) Express the pressure as a P =P, + Prater ZN 
function of depth in the lake: 


Solve for and evaluate h: h= Palya Py En __ fa 
P water& P. water& P. water& 


Substitute numerical values and B 1.01x10° N/m? 
evaluate h: (10° kg/m’ )(9.81m/s”) 
=| 10.3m 
(b) Proceed as in (a) with Pwater k= 2P“ Fa _ P, 
replaced by Py, to obtain: Pug& Pueg 
Substitute numerical values and J= 1.01x10° N/m? 
evaluate h: (13.6«10° kg/m*)(9.81m/s’) 


=| 75.7cm 


*27 3 

Picture the Problem The pressure applied to an enclosed liquid is transmitted 
undiminished to every point in the fluid and to the walls of the container. Hence we can 
equate the pressure produced by the force applied to the piston to the pressure due to the 
weight of the automobile and solve for F. 


Express the pressure the weight of — Manto 
the automobile exerts on the shaft of = A hat 
the lift: 

Express the pressure the force P= F 


applied to the piston produces: 


piston 
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Because the pressures are the same, Wato __ E 
we can equate them to obtain: A hat niston 
Solve for F: F _ Aes = A iston 
= Wauto A = Mao A 
shaft shaft 


Substitute numerical values and 
evaluate F: 


F =(1500kg)(9.81m/s’) (=) 


cm 
=| 230N 


28 oe 
Picture the Problem The pressure exerted by the woman’s heel on the floor is her 
weight divided by the area of her heel. 


Using its definition, express the P= F _wW_ mgs 
pressure exerted on the floor by the A A A 
woman’s heel: 
Substitute numerical values and p- (56kg)(9.8 1 m/s?) 
evaluate P: 10“ m? 
lat 
= 5.49 x 10° N/m? x — 1 
101.3 kPa 
=|54.2atm 
*29 œ 
Picture the Problem The required pressure AP is related to the change in volume AV and 
AP 
the initial volume V through the definition of the bulk modulus B; B = -——. 
AV /V 
Using the definition of the bulk B=- AP 
modulus, relate the change in AV /V 


volume to the initial volume and the 
required pressure: 


Solve for AP: _ AV 
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Substitute numerical values and AP = -2.0x10° Pa x [= 0.01 =) 
evaluate AP: 
=2.00%107 a _ 
101.325kPa 
- 
30 œ 


Picture the Problem The area of contact of each tire with the road is related to the 
weight on each tire and the pressure in the tire through the definition of pressure. 


Using the definition of gauge = iw 
pressure, relate the area of contact to au 
the pressure and the weight of the 
car: 
Substitute numerical values and j= 1(1500kg) (9.8 1m/s? ) 
evaluate A: 200kPa 
_ +(1500kg)(9.81m/s?) 
200 x10° N/m? 
=1.84 x 10° m” =| 184cm” 
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Picture the Problem The force on the lid is related to pressure exerted by the water and 
the cross-sectional area of the column of water through the definition of density. We can 
find the mass of the water from the product of its density and volume. 


(a) Using the definition of pressure, F = PA 
express the force exerted on the lid: 


Express the pressure due to a column P = Pona gh 
of water of height A: 


Substitute for P and A to obtain: F = Pater Qhar’ 
Substitute numerical values: r= (1 0° kg/m? (9.8 m/s” ) 
x(12m)z (0.2m) 


=| 14.8kN 
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i 2 
(b) Relate the mass of the water to its M = Prater” = Pwarertt TTY 
density and volume: 


Substitute numerical values and m= (1 0° kg/m? \(12 m)z B x10” mf 
evaluate m: 

=| 0.339 kg 
32 e 


Picture the Problem The minimum elevation of the bag / that will produce a pressure of 
at least 12 mmHg is related to this pressure and the density of the blood plasma 
through P = Prtooah i 


Using the definition of the pressure P= Piooggh 
due to a column of liquid, relate the 
pressure at its base to its height: 


Solve for A: h= P 

PriooaS 
Substitute numerical values and 12mm ex 133.32 Pa 
evaluate h: mmHg 


"= (03x10 kgm’ )(0.81mis") 


=0.158m =| 15.8cm | 


33 eo 
Picture the Problem The depth / below the surface at which you would be able to breath 
is related to the pressure at that depth and the density of water pw through P= p,, gh. 


Express the pressure at a depth h P=p,gh 
and solve for A: and 
P 
h = — 
PwS 
Express the pressure at depth A in P= F 
terms of the weight on your chest: A 


Substitute to obtain: h F 
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Substitute numerical values and 400 N 


evaluate }: "= 009m" Jio kim (0.81mi) 


=| 0.453m 
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Picture the Problem Let 4, and 4, represent the cross-sectional areas of the large piston 
and the small piston, and F; and F; the forces exerted by the large and on the small 
piston, respectively. The work done by the large piston is W, = Fh, and that done on the 
small piston is W2 = Fzh2. We’ ll use Pascal’s principle and the equality of the volume of 
the displaced liquid in both pistons to show that W; and W are equal. 


Express the work done in lifting the W =Fh 
car a distance h: where F is the weight of the car. 


Using the definition of pressure, Ff, _F, 
relate the forces F (= w) and F to j 
the areas A, and 43: 


Solve for F\: A, 


Equate the volumes of the displaced hA =h,A, 
fluid in the two pistons: 


Solve for hı: A 
h, =h, 
A, 
Substitute in the expression for W; A A 
: . r l W, = F —h — = Bh, = W, 
and simplify to obtain: > Á 
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Picture the Problem Because the pressure 
varies with depth, we cannot simply 
multiply the pressure times the half-area of 
a side of the cube to find the force exerted 
by the water. We therefore consider the 
force exerted on a strip of width a, height 
dh, and area dA = adh at a depth h and 
integrate from h = 0 to h = a/2. The water 


a/2 


pressure at depth A is Pa + pgh. We can 
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omit the atmospheric pressure because it is 
exerted on both sides of the wall of the 
cube. 


Express the force dF on the element dF = PdA = pghadh 
of length a and height dh in terms of 
the net pressure pgh: 


a/2 a/2 


1 a 
F= |dF = hdh = — — 
for eae) 

8 
*36 eco 


Picture the Problem The weight of the water in the vessel is the product of its mass and 


Integrate from h = 0 to h = a/2: 


the gravitational field. Its mass, in turn, is related to its volume through the definition of 
density. The force the water exerts on the base of the container can be determined from 
the product of the pressure it creates and the area of the base. 


(a) Using the definition of density, w=mg = plg 
relate the weight of the water to the 
volume it occupies: 


Substitute for V to obtain: w=t70 r’hg 


Substitute numerical values and evaluate w: 


w = 42(10° kg/m’) (15x10 m) (25x10? m) (9.81m/s) = 


(b) Using the definition of pressure, F = PA = pghrr’ 
relate the force exerted by the water 

on the base of the vessel to the 

pressure it exerts and the area of the 

base: 


Substitute numerical values and evaluate F: 


F = (10° kg/m’) (9.81m/s?)(25x107 m) x (15x10? m) = 
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This occurs in the same way that the force on Pascals barrel is much greater 


than the weight of the water in the tube. The downward force on the base is 
also the result of the downward component of the force exerted by the 


slanting walls of the cone on the water. 


Buoyancy 


*37 œ 
Picture the Problem The scale’s reading will be the difference between the weight of the 
piece of copper in air and the buoyant force acting on it. 


Express the apparent weight w' of w'=w-B 
the piece of copper: 


Using the definition of density and w' = Pa Vg- pP, Vg 
Archimedes’ principle, substitute for = (Po - Py Wg 
w and B to obtain: 


Express w in terms of pcu and V and w= p,Ve=>Ve= w 


solve for Vg: Pou 
Substitute to obtain: f w a 
w= (Po Pw) = í P I. 
Cu Pou 

. . 1 
Substitute numerical values and ra (0. 5 kg)(9.81 m/s’) 
evaluate w’: 9 

=| 4.36 N 
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Picture the Problem We can use the definition of density and Archimedes’ principle to 
find the density of the stone. The difference between the weight of the stone in air and in 
water is the buoyant force acting on the stone. 


Using its definition, express the — Mstone 

. Pstone = (1) 
density of the stone: V ioie 
Apply Archimedes’ principle to B = w, = m8 = PV 


obtain: 


Solve for Vg 


Because V¢= Votone and Of = Pwater! 


Substitute in equation (1) and 


simplify to obtain: 


Substitute numerical values and 


evaluate Pstone: 
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B 

p=- 

PrE 

_ B 

= Pwater8 
m, oneS W, one 
Pytone = BR Prater T y Paer 
60N 3 3 

= ————_{10° kg/m 

Pstone T 8 ) 


=| 3.00x10° kg/m? 


Picture the Problem We can use the definition of density and Archimedes’ principle to 


find the density of the unknown object. The difference between the weight of the object 


in air and in water is the buoyant force acting on the object. 


(a) Using its definition, express the 
density of the object: 


Apply Archimedes’ principle to 
obtain: 


Solve for Vg 


Because Ve = Vobject and Pr = Pwater! 


Substitute in equation (1) and 
simplify to obtain: 


Substitute numerical values and 


evaluate object: 


M diect 
P object = V ( 1) 


object 


B = w; = mg = PV -g 


B 
V, =— 
PrE 
B 
V bject _ 
PrwaterS 
a MN soject& L Wobject 


P object ~ B water ~ B P water 


5N 
5N—4.55N 


=| 11.1 10° kg/m? 


Pobject = (10° kg/m’) 


b) From Figure 13 - 1, we see that the unknown material has a density close to 
that of lead. 
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Picture the Problem We can use the definition of density and Archimedes’ principle to 
find the density of the unknown object. The difference between the weight of the object 
in air and in water is the buoyant force acting on it. 


Using its definition, express the — Metal 
7 P metal yr (1) 
density of the metal: Yeas 
Apply Archimedes’ principle to B = w, = mg = PV-g 
obtain: 
Solve for Vg V= B 
—— 
Prg 
Because V¢= Vmeta and pf = Pwater: _ B 
metal — 
' P. water& 
Substitute in equation (1) and M neta W oneta 
š A 2 . ( ) P metal = nel Prater = L O ater 
simplify to obtain: B B 
i i 90N 
Substitute numerical values and Paa = (10° kg /m? ) 
evaluate Pmetal: 90N —56.6N 


=| 2.69 x 10° kg/m? 
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Picture the Problem Let V be the volume of the object and V’ be the volume that is 
submerged when it floats. The weight of the object is pVg and the buoyant force due to 
the water is ~,,V’g. Because the floating object is translational equilibrium, we can use 
dF |, = 0 to relate the buoyant forces acting on the object in the two liquids to its 


weight. 


Apply | F, =0to the object pV E—mg =p, V g-pVg=0 (1) 
floating in water: 
Solve for p: y' 


P= Pu Te 


Substitute numerical values and 3 3)0.8V 3 
= (10° kg/m” J—— =| 800 kg/m 
p ( 8 ) V 


evaluate p: 
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Apply XF, = 0 to the object mg =0.72V p, g 


floating in the second liquid and 
solve for mg: 
Solve equation (1) for mg: mg = 0.8p,,Vg 


Equate these two expressions to obtain: 0.72p, =0.8p, 


Substitute in the definition of 


specific gravity = Pus Mas =| 1.11 


WwW 


specific gravity to obtain: 
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Picture the Problem We can use Archimedes’ principle to find the density of the 
unknown object. The difference between the weight of the block in air and in the fluid is 
the buoyant force acting on the block. 


Apply Archimedes’ principle to obtain: B = w; =m,g = PV -g 
Solve for pg _ &B 
Pi 
Vig 
Because Vt= Vere block: B B 
t= VFe block p; = _ A 


Vre block& Mere blockS 


Substitute numerical values and evaluate pg 


_ (5kg)(9.81m/s?)-6.16N eo — 
p= ao Simi} (7.96x10° kg/m*)=| 6.96 10° kg/m 


43s 
Picture the Problem The forces acting on the cork are B, the upward force due to the 


displacement of water, mg, the weight of the piece of cork, and F,, the force exerted by 
the spring. The piece of cork is in equilibrium under the influence of these forces. 


Apply XF, = 0 to the piece of cork: B-w-F,=0 (1) 
or 
B- Pil g -E =0 (2) 
Express the buoyant force as a function B =w; = p, Vg 


of the density of water: 
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Solve for Vg: 


Substitute for Vg in equation (2): 


Solve equation (1) for B: 


Substitute in equation (3) to obtain: 


Solve for cork! 


Substitute numerical values and 
evaluate cork! 


44 


es 
Pw 
B 
B- Pok -F = 0 (3) 
B=wt+F. 


0.285N 
kent ee 
Pay = (10° kg ee ee 


- [urea] 


Picture the Problem Under minimum-volume conditions, the balloon will be in 


equilibrium. Let B represent the buoyant force acting on the balloon, wot represent its 


total weight, and V its volume. The total weight is the sum of the weights of its basket, 


cargo, and helium in its balloon. 


Apply XF, = 0 to the balloon: 


Express the total weight of the balloon: 


Express the buoyant force due to the 


displaced air: 


Substitute to obtain: 


Solve for V: 


B-w,, =90 


Wwa =2000N + pp Vg 


B = W; = Pal g 


PaVg -2000N- pp Vg =0 


2000 N 


Var 
(Par — Pue )Z 
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Substitute numerical values and evaluate V: 


_ 2000N Saas 
"> (29kgim® —0.178kgim')(0.81mis*) ~ 
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Picture the Problem Let V = volume of diver, pp the density of the diver, Vp, the volume 
of added lead, and mp, the mass of lead. The diver is in equilibrium under the influence of 
his weight, the weight of the lead, and the buoyant force of the water. 


Apply YF, = 0 to the diver: B-W, -Wp =9 
Substitute to obtain: Pa Vog — Poog -Mpg =0 
or 


Pao + Pw ~ Poo — Mpp = 9 


Rewrite this expression in terms of py pS ar 0 
masses and densities: Po Prep Pp 
Solve for the mass of the lead: m = ad: (2, = Pp)My 
Pb = 
Pp (Dp, T Pw ) 


Substitute numerical values and evaluate mp,: 


Mp, = 


(11.310? kg/m’ )(10° kg/m’ - 0.96 x10° kg/m’ )(85kg) _ 
(0.96x10° kg/m? )(11.3x10° kg/m? -10° kg/m’) [3.89 ks | 
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Picture the Problem The scale’s reading w’ is the difference between the weight of the 
aluminum block in air w and the buoyant force acting on it. The buoyant force is equal to 
the weight of the displaced fluid, which, in turn, is the product of its density and mass. 
We can apply a condition for equilibrium to relate the reading of the bottom scale to the 
weight of the beaker and its contents and the buoyant force acting on the block. 


Express the apparent weight w’ of the w'=w-B (1) 


aluminum block: 


Letting F be the reading of the bottom F +w'—M œg =0 (2) 
scale and choosing upward to be the 
positive y direction, apply 
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XF 5 0 to the scale to obtain: 


Using the definition of density and w'= p,Vg-p,Vg 
Archimedes’ principle, substitute for = ( Pu-Pw Weg 
w and B in equation (1) to obtain: 


Express w in terms of pa; and V and w= p,Ve—Ve = w 


solve for Vg: Pa 
Substitute to obtain: i w 
w'=(Pu- Py) -|: 2e hy 
Al Pa 
Substitute numerical values and ly 10° kg/m? 
evaluate w’: a 2.7x10° kg/m? 
x (2kg)(9.81m/s”) 

=|12.4N 
Solve equation (2) for F: F=M,,g—-w' 
Substitute numerical values and F= (5 kg)(9.8 1m/s? 2 12.4N 
evaluate the reading of the bottom -136.7N 
scale: 
47 coo 


Picture the Problem Let V = displacement of ship in the two cases, m be the mass of 
ship without load, and Am be the load. The ship is in equilibrium under the influence of 
the buoyant force exerted by the water and its weight. We’ll apply the condition for 
floating in the two cases and solve the equations simultaneously to determine the loaded 
mass of the ship. 


Apply dF, = 0 to the ship in fresh water: 9,Vg—mg =0 (1) 
Apply DF, = 0 to the ship in salt water: Pox V8- (m + Am)g =0 (2) 
Solve equation (1) for Vg: mg 
q (1) & Vg -6 
Pw 
Substitute in equation (2) to obtain: mg 


Solve for m: 


Add Am to both sides of the 
equation and simplify to obtain: 


Substitute numerical values and 
evaluate m + Am: 
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PAm 


m=—~—— 
Pew ~ Pw 


Py Am 
Psw — Pw 


e Psa 
Psw ~ Pw 


_ Amp, 


Psw — Pw 


m+Am= +Am 


vn Am = 6x10 ke )(1.025p,.) 


1.0250, — Py 


_ (6x10° kg)(1.025) 
© 1025-1 


=| 2.46x10" kg 


Picture the Problem For minimum liquid density, the bulb and its stem will be 
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submerged. For maximum liquid density, only the bulb is submerged. In both cases the 


hydrometer will be in equilibrium under the influence of its weight and the buoyant force 


exerted by the liquids. 


(a) Apply XF, =0 to the hydrometer: 


Using Archimedes’ principle to express 


B, substitute to obtain: 


Solve for mp: 


Substitute numerical values and evaluate mp: 


Mp, 


=| 14.72 


(b) Apply >» F, =Q to the hydrometer: 


Pomin Z ~ Mag = 0 
or 
Prin Pours + V-som) = M glass t Mpp 


Mpp = Prin a + Viem ) ~ M glass 


0° m? 


(0.9kg/L) 002012 (0.15m)(0.005m)|- : }| (e107) 


Priel g = MoE = 0 


or 
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PrmaxY puto = MM glass ce Mpp 


Solve for Pmax: aE Morass + Mpp 
max 
Vout 


Substitute numerical values and 6g +14.7g 
= =~ =| 1.04kg/L 


evaluate Pmax: 


49 >œ 
Picture the Problem We can relate the upward force exerted on the dam wall to the area 
over which it acts using F = P,A and express P, in terms of the depth of the water 


using P, = pgh. 


Using the definition of pressure, F= P, A 
express the upward force exerted on 
the dam wall: 


Express the gauge pressure P, of the P, = pgh 
water 5 m below the surface of the i 
dam: 
Substitute to obtain: F = pghA 
Substitute numerical values and F= (1 0° kg/m? (9.8 1m/s \(5 m) (1 0m? ) 
evaluate F: 
=| 491kN 
50 œ 
Picture the Problem The forces acting on y 
the balloon are the buoyant force B, its - 


weight mg, and a drag force Fp. We can 
find the initial upward acceleration of the 
balloon by applying Newton’s 2™ law at 
the instant it is released. We can find the 
terminal velocity of the balloon by 
recognizing that when 

a, = 0, the net force acting on the balloon F, 
will be zero. 


(a) Apply >» F, = ma , to the B- Mallong = Myatloon® y 
balloon at the instant of its release to 

obtain: 

Solve for a,: 2 B-Mystioon& = B 


a, g 


m balloon m balloon 
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Using Archimedes principle, B =w, = m,g = ple 
express the buoyant force B acting , 5 
on the balloon: = Pait  valoong = 3 Par g 
Substitute to obtain: 4 Apat g = Mpatioon& = Myatloon® y 
Solve for a,: E pa 7 i} 
7 
M alloon 
She dia pumeeea values and E |4 zli 29kg im \2. 5 m) 
evaluate a,: a, = 1 
15kg 
2 
x(9.81m/s?) 
=| 45.4m/s” 

(b) Apply J.F, = ma, to the B-mg-tar’ p? =0 
balloon under terminal-speed 
conditions to obtain: 
Substitute for B: tapar g-mg-}rr’ pv’ =0 


Solve for ve 2(4zp..r3 —m)g 
v, = 3 n 
mw p 


Substitute numerical values and evaluate v: 


4 3) 3 2 
„ — (262 U.29ke/m (2.5m) —15kg|{9.81m/s*) _ EIT 


i (2.5m) (1.29 kg/m? 


(c) Relate the time required for the h 10km 
balloon to rise to 10 km to its At = E = Taak 
terminal speed: t . 


=| 22.7 min 


=1364s 


Continuity and Bernoulli's Equation 


*51 oe 
Picture the Problem Let J represent the flow rate of the water. Then we can use J = Av 
to relate the flow rate to the cross-sectional area of the circular tap and the velocity of the 
water. In (b) we can use the equation of continuity to express the diameter of the stream 
7.5 cm below the tap and a constant-acceleration equation to find the velocity of the 
water at this distance. In (c) we can use a constant-acceleration equation to express the 
distance-to-turbulence in terms of the velocity of the water at turbulence v, and the 
definition of Reynolds number Ne to relate v; to Nr. 
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(a) Express the flow rate of the 
water in terms of the cross-sectional 
area A of the circular tap and the 
velocity v of the water: 


Solve for v: 


Substitute numerical values and 
evaluate v: 


(b) Apply the equation of continuity 
to the stream of water: 


Solve for dg 


Use a constant-acceleration equation 
to relate vp and v to the distance Ah 
fallen by the water: 


Solve for ve to obtain: 


Substitute numerical values and 
evaluate vg: 


Substitute in equation (2) and 
evaluate dg 


(c) Using a constant-acceleration 
equation, relate the fall-distance-to- 
turbulence Ad to its initial speed v 
and its speed v, when its flow 
becomes turbulent: 


Solve for Ad to obtain: 


Express Reynolds number Ne for 
turbulent flow: 


J=Av=arve=tad’yv (1) 
pe J 
1 zd? 
10.5cm? /s 
v = ——— _ =| 9.28 cm/s 
ibe a 
v,A, =v; Á = VA. 
or 
Tira I 45 
v, —d; =v—d; 
£ 4 f 4 i 
d; = |74; 2) 
Vs 


v? =v +2gAh 


v; =v? +2gAh 


v; = (9.28cm/s)’ + 2(981cm/s? )(7.5cm) 


=122cm/s 


d,=(1 20m) oy =[ 0331m | 


v? =v’ +2gAd 
2.2 

Kaa (3) 
2g 

eee 


From equation (1): 


Substitute to obtain: 


Solve for vg 


Substitute numerical values (see 
Figure 13-1 for the density of water 


and Table 13-1 for the coefficient of 


viscosity for water) and evaluate vy: 


Substitute in equation (3) and 
evaluate the fall-distance-to 
turbulence: 
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J 
r= [— 
TV, 
Ne 2pv, | J 
n \7y, 
y -MA 
apy 


Ppa z(2300¥ (1.8 gio Pa a 
4(10° kg/m? F (10.5 ai /s) 
=1.28m/s 


(128cm/s) —(9.28cm/s) 
2(981 cm/s? 


- [31cm] 


in reasonable agreement with everyday 
experience. 


Ad = 


Picture the Problem Let 4; represent the cross-sectional area of the hose, A, the cross- 


sectional area of the nozzle, vı the velocity of the water in the hose, and v, the velocity of 


the water as it passes through the nozzle. We can use the continuity equation to find vz 


and Bernoulli’s equation for constant elevation to find the pressure at the pump. 


(a) Using the continuity equation, 
relate the speeds of the water to the 
diameter of the hose and the 
diameter of the nozzle: 


Solve for vy: 


Substitute numerical values and 
evaluate vz: 


(6) Using Bernoulli’s equation for 
constant elevation, relate the 
pressure at the pump Pp to the 


2 
mel ogm] Tmk 
0.3cm 


1 Z 1 2 
Pp +30 = Pa +7 v5 
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atmospheric pressure and the 
velocities of the water in the hose 
and the nozzle: 


Solve for the pressure at the pump: P= Py ti ph? = v7) 


Substitute numerical values and evaluate Pp: 
P, = 101kPa + 4(10° kg/m*)|(65 m/s)’ - (0.65m/s) | 


latm 
= 2.21x10°Pa x ——— =| 21.9atm 
joLa2skpa 7 L2i2atm | 
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Picture the Problem Let 4; represent the cross-sectional area of the larger-diameter 
pipe, A, the cross-sectional area of the smaller-diameter pipe, vı the velocity of the water 
in the larger-diameter pipe, and v, the velocity of the water in the smaller-diameter pipe. 
We can use the continuity equation to find vz and Bernoulli’s equation for constant 
elevation to find the pressure in the smaller-diameter pipe. 


(a) Using the continuity equation, Av, = A,Vv, 
relate the velocities of the water to or 
the diameters of the pipe: ad i md A 
Pa = Pa 
Solve for and evaluate vz: d? 
Vy = TY 
d 
2 
Substitute numerical values and d, 3 
evaluate v2: v =|- (3 m/s) =| 12.0 m/s 
2. d 1 
(b) Using Bernoulli’s equation for P +p =P, +p 
constant elevation, relate the 
pressures in the two segments of the 
pipe to the velocities of the water in 
these segments: 
Solve for P»: P =P +}p v -tpv 


=P +}p, (3 -v3] 
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Substitute numerical values and P, = 200kPa +4 (1 0° kg/m’) 
evaluate P3: z (3 m/s)’ _ (1 2 m/s) | 

=| 133 kPa 
(c) Using the continuity equation, E TE md; = md? 6 m/s) 
evaluate Jy: 
Using the continuity equation, hedis md : a 
express [y: 4 
Substitute numerical values and (4 ) 

al 2 
evaluate [y): 2 md 
ly = 4 (12 mis) = L (3m/s) 

Thus, as we expected would be the as 
case: 
54 œ 


Picture the Problem Let 4, represent the cross-sectional area of the 2-cm diameter pipe, 
Ay the cross-sectional area of the constricted pipe, vı the velocity of the water in the 2-cm 
diameter pipe, and v2 the velocity of the water in the constricted pipe. We can use the 
continuity equation to express d in terms of d; and to find vı and Bernoulli’s equation for 
constant elevation to find the velocity of the water in the constricted pipe. 


Using the continuity equation, relate Av, = 4v, 
the volume flow rate in the 2-cm or 
diameter pipe to the volume flow rate nd nd F 
in the constricted pipe: 4! 4 v2 
Solve for də: v 

i d,=d, |— 

v2 
Using the continuity equation, relate j2 Iy = 2.80L/s =8.91m/s 
vı to the volume flow rate Jy: i A z(0.02 my 
4 

Using Bernoulli’s equation for P+tpo,y =P, +1p,v; 


constant elevation, relate the 
pressures in the two segments of the 
pipe to the velocities of the water in 
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these segments: 


Solve for v2: 


Substitute numerical values and 
evaluate vz: 


Substitute and evaluate d: 
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Vv, = AR =P) +v? 
V A 
re 2(142 = — OA ) n (8.91m/s} 
\ 10° kg/m 
=12.7m/s 


d, = (2cm) = =| 1.68cm 


Picture the Problem We can use the definition of the volume flow rate to find the 


volume flow rate of blood in an aorta and to find the total cross-sectional area of the 


capillaries. 


(a) Use the definition of the volume 
flow rate to find the volume flow 
rate through an aorta: 


Substitute numerical values and 
evaluate Jy: 


(b) Use the definition of the volume 
flow rate to express the volume flow 
rate through the capillaries: 


Solve for the total cross-sectional 
area of the capillaries: 


Substitute numerical values and 
evaluate A cap: 


I, =Av 


I, = (9107 m*)(0.3m/s) 
60s . 1L 


3 
= 7.63x108 =x —— x ——— 
s min 10°m 


- [7580 


V cap cap 
Ae 
ca 
P? y 


_ 7.63x10° m°/s 
= 0.001m/s 


= 7.63x107 m? =| 763cm? 
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Picture the Problem We can apply Bernoulli’s equation to points a and b to determine 
the rate at which the water exits the tank. Because the diameter of the small pipe is much 
smaller than the diameter of the tank, we can neglect the velocity of the water at the point 
a. The distance the water travels once it exits the pipe is the product of its speed and the 
time required to fall the distance H — h. 


Express the distance x as a function of x=v,At (1) 
the exit speed of the water and the 
time to fall the distance H — h: 


Apply Bernoulli’s equation to the P, + p,gH +4 py. =P 
water at points a and b: +p e(H = h)+ lp v? 


or, because v, ~ 0 and P, = Pp = Put, 
gH = g(H -h)+3y, 


Solve for vz: v, =42gh 


Using a constant-acceleration Ay =V At + La(At y 


equation, relate the time of fall to the _ 
or, because voy = 0, 


distance of fall: H-h= Le(At? 
Solve for At: Age 2(H - h) 
& 
Substitute in equation (1) to obtain: x= J2gh aot _ 
& 
57 % 


Picture the Problem Let the subscript 60 denote the 60-cm-radius pipe and the subscript 
30 denote the 30-cm-radius pipe. We can use Bernoulli’ s equation for constant elevation 
to express P39 in terms of vso and vzo, the definition of volume flow rate to find vso and the 
continuity equation to find v39. 


Using Bernoulli’s equation for Patt pve, =Py,+4 Vp 
constant elevation, relate the 

pressures in the two pipes to the 

velocities of the oil: 
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Solve for P30: Po = Foo + 1 vz, = x) (1) 
Use the definition of volume flow ON 
Veg. > 
rate to find veo: Aso 
3 
jien rt lae 
_ day 24h 3600s 
(0.6m) 

= 2.456 m/s 

Using the continuity equation, relate AgVen = 4o30 


the velocity of the oil in the half- 
standard pipe to its velocity in the 


standard pipe: 
Solve for and evaluate v30: A (0.6m)? 
i 59 = — Veg = #10.6m) O 456 m/s) 
Ay a 3 m) 
= 9.824 m/s 


Substitute numerical values in equation (1) and evaluate P39: 


P, = 180KPa ++(800kg/m’)[(2.456m/s)° - (0.824m/s)'|=[144kPa | 


*58 ee 
Picture the Problem We’ll use its definition to relate the volume flow rate in the pipe to 
the velocity of the water and the result of Example 13-9 to find the velocity of the water. 


Using its definition, express the I, =Ay=ary, 
volume flow rate: 


Using the result of Example 13-9, 
find the velocity of the water 
upstream from the Venturi meter: 


Substitute numerical values and evaluate v: 


2(13.6 10° kg/m’ )(9.81m/s? )(0.024m) 


2 
(10° kgm’) |{ 095m) _, 
0.056m 


= 1.847 m/s 


v= 
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Substitute numerical values and i= a (0. 095 my (1 847 m/s) 
evaluate Jy: 4 


=1.309x10” m?/s 


[B15] 


59 os 
Picture the Problem We can apply the definition of the volume flow rate to find the 
mass of water emerging from the hose in 1 s and the definition of momentum to find the 
momentum of the water. The force exerted on the water by the hose can be found from 
the rate at which the momentum of the water changes. 


(a) Using its definition, express the a AV m Am 
volume flow rate of the water At p,,At 
emerging from the hose: 


Solve for Am: Am = Avp,,At 

Substitute numerical values and Am = 2(0.015m) (30 m/s)(I 0° kg/m? \(ı s) 
evaluate Am: =[21.2kg/s 

(b) Using its definition, express and p = Am = (21.2kg/ s)(3 Om/s) 

evaluate the momentum of the =| 636kg-m/s 

water: 


(c) The vector diagrams are to the 


right: . 
a ae Ap -Pi 
Express the change in momentum Ap = P: = P: 
of the water: 
Substitute numerical values and Ap =.|(636kg- m/s) +(636kg-m/s) 


evaluate Ap: 


= (636kg - m/s}V2 


- [rem] 
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Relate the force exerted on the water 
by the hose to the rate at which the 
water’s momentum changes and 
evaluate F: 


60 oo 


Ap 899kg -m/s 
F ==> = =| 899 N 
ea 


Picture the Problem Let the letter P denote the pump and the 2-cm diameter pipe and 


the letter N the 1-cm diameter nozzle. We’ll use Bernoulli’s equation to express the 


necessary pump pressure, the continuity equation to relate the velocity of the water 


coming out of the pump to its velocity at the nozzle, and a constant-acceleration equation 


to relate its velocity at the nozzle to the height to which the water rises. 


Using Bernoulli’s equation, relate the 


pressures, areas, and velocities in the 
pipe and nozzle: 


Solve for the pump pressure: 


Use the continuity equation to relate 
vp and vy to the cross-sectional areas 
of the pipe from the pump and the 
nozzle: 


Using a constant-acceleration 
equation, express the velocity of the 
water at the nozzle in terms of the 
desired height Ah: 


Substitute in equation (1) to obtain: 


P, + Py Bhp + + PyVp = Py + py ghy 
+3 Pwn 

or, because Py = Pu and hp = 0, 

Po +z Purp = Pit PuShy +7 Pun 


2 


P, =P, + pyghy ++p, v-v) (1) 


ApVp = AyVy 


and 


17g? i 


” Ap ~ tad “ (2cm 
=7VN 
v’ =v. —2gAh 


or, because v = 0, 
v? =2gAh 


P, = P, + Pyghy +4 p, [2gAh -5 (2gAh)]= P, +P, ghy ++p, (gdh) 


= Ps + Py 8glhy + BAA) 


Substitute numerical values and evaluate Pp: 


P, =101kPa +(10° kg/m’)(9.81 m/s” )[3m+4£(12m)]=| 241kPa 
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Picture the Problem We can apply Bernoulli’s equation to points a and b to determine 
the rate at which the water exits the tank. Because the diameter of the small pipe is much 
smaller than the diameter of the tank, we can neglect the velocity of the water at the point 
a. The distance the water travels once it exits the pipe is the product of its velocity and 
the time required to fall the distance H — h. That there are two values of h that are 
equidistant from the point h = 4H can be shown by solving the quadratic equation that 


relates x to h and H. That x is a maximum for this value of A can be established by 
treating x = f(A) as an extreme-value problem. 


(a) Express the distance x as a x =v,At (1) 
function of the exit speed of the 

water and the time to fall the 

distance H — A: 


Apply Bernoulli’s equation to the Pot p 2H +5), 2 =P + Pp, g(H — h) 


water at points a and b: +p, v? 
2F w 


or, because v, ~ 0 and P, = Pp = Pat, 
gH =g(H-h)+ 3v 


Solve for vy: v, =4/2gh 


Using a constant-acceleration Ay = VAt + La(Aty 


equation, relate the time of fall to or, because Voy = 0, 


the distance of fall: H-h= 1e(Aty 
Solve for At: WH -h 
At = _ | 
E 
Substitute in equation (1) to obtain: = 
k (1) x=/2¢h [2(# =A) _ [n(H =h) 
E 
(b) Square both sides of this x? =4hH -4k or 4h? -4Hh+ x° =0 
equation and simplify to obtain: 
Solve this quadratic equation to h = inai or | 
ae 


obtain: 
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Find the average of these two values 


i 
A 
for h: ha = 2 
- 
(c) Differentiate dx _ 2 1 [ale hj 7 2h) 
x =2,/h\H — h) with respect to A: dh 2 
_. H-2h 
h(H —h 
Set the derivative equal to zero for H -2h -0 
extrema: h(H —h) 
Solve for A to obtain: h= 1 H 
Evaluate x =24/A(H —h) with Xmax = 244 HA -4H 


h=+H: =[H | 


Remarks: To show that this value for h corresponds to a maximum, one can either 


d’x 


dh? 


show that <0 at h=4H or confirm that the graph of fh) at h = 5 H is 


concave downward. 


*62 oo 
Picture the Problem Let the numeral 1 denote the opening in the end of the inner pipe 
and the numeral 2 to one of the holes in the outer tube. We can apply Bernoulli’s 
principle at these locations and solve for the pressure difference between them. By 
equating this pressure difference to the pressure difference due to the height A of the 
liquid column we can express v as a function of p, pg, Z, 

and A. 


Apply Bernoulli’s principle at 


P +3 Py =P +4P,.% 
locations 1 and 2 to obtain: ‘ 


where we’ve ignored the difference in 
elevation between the two openings. 


2 


Solve for the pressure difference AP=P-—P,=1p vy Lpy 
8 8 


AP = P, — P:: 


Express the velocity of the gas at 1: 


Express the velocity of the gas at 2: 


v, = 0 because the gas is brought to a halt 
(i.e., is stagnant) at the opening to the inner 
pipe. 


v, =v because the gas flows freely past 


Substitute to obtain: 


Letting A be the cross-sectional area 
of the tube, express the pressure at a 
depth / in the column of liquid 
whose density is p;: 


Substitute to obtain: 


Equate these two expressions for 
AP: 


Solve for v’ to obtain: 
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the holes in the outer ring. 


Wäisplacedliquid B 
A A 
where B = p, Ahg is the buoyant force 


R=P,+ 


acting on the column of liquid of 
height h. 


pghA _PghA 
A A 
=P, + (o = )gh 
or 


AP = P,-P, =(p-p, )gh 


R=P+ 


1 


TAI =(p-p,)gh 


r- 2ghlp—p,) 
Ps 
Note that the correction for buoyant force 


due to the displaced gas is very small and 
that, to a good approximation, 


v= aah? : 
Ps 


Remarks: Pitot tubes are used to measure the airspeed of airplanes. 


63 eo 


Picture the Problem Let the letter "a" denote the entrance to the siphon tube and the 
letter "b” denote its exit. Assuming streamline flow between these points, we can apply 
Bernoulli’s equation to relate the entrance and exit speeds of the water flowing in the 
siphon to the pressures at either end, the density of the water, and the difference in 
elevation between the entrance and exit points. We can use the expression for the 
pressure as a function of depth in an incompressible fluid to find the pressure at the 
entrance to the tube in terms of its distance below the surface. We’ll also use the 
equation of continuity to argue that, provided the surface area of the beaker is large 
compared to the area of the opening of the tube, the entrance speed of the water is 


approximately zero. 


(a) Apply Bernoulli’s equation at the 


entrance to the siphon tube (point a) 
and at its exit (point b): 


P.+3pv. + pg(H -h) 


1 
=P,+4pv, + pg(H-h-d) = 


where H is the height of the containers. 
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Apply the continuity equation to a v,4, =v 
point at the surface of the liquid in 
the container to the left and to point 


surface us 


or, because A, << Asurtaces 


a: Va = Veurface = 0 
Express the pressure at the inlet P =P,,+ pg(H — h) 
(point a) and the outlet (point b): and 
P, = Patel id) 
Letting v, = v, substitute in equation Pim + pe(H — h) + pgH 
1) to obtain: 
(1) = Pam + pg(H —h-d) 


+4 pv’ + pg(H-h-d) 
or, upon simplification, 


g(H —h)+ gH = g(H -h-d) 
+1y? + 9(H -h-d) 


Solve for v: v=| .2ed 

(b) Relate the pressure at the highest P_ + o00(H —h)+1 ov? 

part of the tube P,,, to the pressure ve psl ) 2 PM A 
at point b: = Pum + pRH —h—-d)+4 pv; 


or, because vh = Vp, 


Po =| Pam — pgd 


top a 


Remarks: If we let P,., = 0, we can use this result to find the maximum theoretical 
height a siphon can lift water. 


Viscous Flow 


64 >œ 
Picture the Problem The required pressure difference can be found by applying 
Poiseuille’s law to the viscous flow of water through the horizontal tube. 


Using Poiseuille’s law, relate the AP= 8L I 
pressure difference between the two mr 
ends of the tube to its length, radius, 

and the volume flow rate of the 


water: 
Substitute numerical values and AP = 8(1 mPa- s)(0.25 m) (0.3 wL /s) 
evaluate AP: T (0.6 x10” m) 


1.47kPa 
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Picture the Problem Because the pressure difference is unchanged, we can equate the 
expressions of Poiseuille’s law for the two tubes and solve for the diameter of the tube 
that would double the flow rate. 


Using Poiseuille’s law, express the AP = 87L I 
pressure difference required for the ar’ Y 
radius and volume flow rate of 
Problem 64: 
i L 
Express the pressure difference AP = 87 l (2 A 
required for the radius r’ that would mr' 
double the volume flow rate of 
Problem 57: 
Equate these equations and simplify 87L _ nL 
4 4 Qi) ~ 4 ly 
to obtain: mr' 
or 
2 A 
mr 
Solve for 7’: r'=4/2r 
Express d ': d' =2r' =24/2r = 42d 
Substitute numerical values and d' = 4/2(1.2mm) =| 1.43mm 
evaluate d ': 
*66 ° 


Picture the Problem We can apply Poiseuille’s law to relate the pressure drop across the 
capillary tube to the radius and length of the tube, the rate at which blood is flowing 
through it, and the viscosity of blood. 


Using Poiseuille’s law, relate the AP = 8yL I 
pressure drop to the length and ar’ Y 
diameter of the capillary tube, the 

volume flow rate of the blood, and 

the viscosity of the blood: 

Solve for the viscosity of the blood: ie mr*AP 
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Using its definition, express the I, = Aap =T ry 
volume flow rate of the blood: 
Substitute and simplify: B r’AP 
" 8Lv 

Substitute numerical values to obtain: (3 5x10% m} (2.60 kPa) 

= T 

slo” m| i =) 
Is 

=| 3.98 mPa -s 

*67 œ 


Picture the Problem We can use the definition of Reynolds number to find the velocity 
of a baseball at which the drag crisis occurs. 


Using its definition, relate Reynolds 2rpv 
number to the velocity v of the Ng = 
baseball: g 
Solve for v: Pe Np 

2rp 
Substitute numerical values (see (0.01 8mPa- s)(3 x10° ) 
Figure 13-1 for the density of air and = 2(0 05 ji 293 ko/ 3) 
Table 13-1 for the coefficient of ees gm 

. . . í 1 i/h 
viscosity for air) and evaluate v: =A inex mi 
0.447 m/s 


- [samim] 


Because most major league pitchers can throw a fastball in the low - to mid - 90s, 


this drag crisis may very well play a role in the game. 


Remarks: This is a topic which has been fiercely debated by people who study the 
physics of baseball. 


68 wee 
Picture the Problem Let the subscripts 
"f" refer to "displaced fluid”, ”s” to 
"soda", and "g” to the “gas” in the 
bubble. The free-body diagram shows 
the forces acting on the bubble prior to 
reaching its terminal velocity. We can 
apply Newton’s 2™ law, Stokes’ law, 
and Archimedes principle to express the 
terminal velocity of the bubble in terms 
of its radius, and the viscosity and 
density of water. 


Apply >) F, = ma, to the bubble to 


obtain: 


Under terminal speed conditions: 


Using Archimedes principle, 
express the buoyant force B acting 
on the bubble: 


Express the mass of the gas bubble: 
Substitute to obtain: 


Solve for ve 


Substitute for Vpubbie and simplify: 


Substitute numerical values and 
evaluate vg 


Express the rise time Af in terms of 
the height of the soda glass A and the 
terminal speed of the bubble: 
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B-m,g—F, =ma, 


B-m,g—F, =0 


B = w, = mg 


= Pig = PV our 
M, = PV a = PV bubble 
Pwl viii? — Pel bubog = 6zņav, =0 


Pa s7 Pa) 
6zna 


t 


_ 4 na’ gl .- Ps) 2a°g( .- Ps) 


67Na 9n 
_ 24° gp, 
9 


t 


, Since p, >> p,. 


_ 2(0.5x107 m)’(9.81m/s’) 
‘91.8107 Pa-s 

x (1.110? kg/m’) 
=| 0.333m/s 


At =— 


v, 
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Assuming that a "typical" soda glass 0.15m 


has a height of about 15 cm, At = 


= —_—— =| 0.450s 
0.333 m/s 
evaluate At: 


Remarks: About half a second seems reasonable for the rise time of the bubble. 


General Problems 


*69 ee 

Picture the Problem We can solve the given equation for the coefficient of roundness C 
and substitute estimates/assumptions of typical masses and heights for adult males and 
females. 


Express the mass of a person as a M = Cph 
function of C, p, and A: 
Solve for C: M 
C = — 3 
ph 
Assuming that a "typical" adult 71kg 
male stands 5' 10" (1.78 m) and C= =| 0.0137 


3 
weighs 170 lbs (77 kg), then: ( 0 kg/m’ )( 78m) 


Assuming that a "typical" adult 50kg 
female stands 5' 4" (1.63 m) and C= 10° ke/m? (1 63m) =| 0.0115 
weighs 110 Ibs (50 kg), then: (10° kg/m’). 

70 œ 

Picture the Problem Let the letter "s” denote the shorter of the two men and the letter "t" 


the taller man. We can find the difference in weight of the two men using the relationship 
M = Cph’? from Problem 69. 


Express the difference in weight of Aw=w, -—w, = M,g-M,g 
the two men: 
= (M, T; M, )g 
Express the masses of the two men: M, =Cph; 
and 
M,=Coh; 
Substitute to obtain: Aw = (Coh? —Cph; eg 
= (x -n°)Cpg 
Assuming that a "typical" adult 71kg 
male stands 5' 10" (1.78 m) and = (10° k /m’)(1 78m) = 0.0137 
weighs 170 Ibs (77 kg), then: 8 ` 
Express the heights of the two men h, = 72in x 2.54cm/in =1.83m 


in SI units: 
and 
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h, = 69in x 2.54cm/in = 1.75m 


Substitute numerical values (assume Aws la 83 my = (1 75 m} | 


that p= 10° kg/m”) and evaluate Aw: 
at p g/m’) and evaluate Aw x (0.0137)(10° kg/m? \(9.81 m/s?) 


Ib | 
4.4482 N 


=103N x 23.21b 


71 œ 
Determine the Concept The net force is zero. Neglecting the thickness of the table, the 
atmospheric pressure is the same above and below the surface of the table. 
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Picture the Problem The forces acting on 
the Ping-Pong ball, shown in the free-body 
diagram, are the buoyant force, the weight 
of the ball, and the tension in the string. 
Because the ball is in equilibrium under the 
influence of these forces, we can apply the 
condition for translational equilibrium to 
establish the relationship between them. 
We can also apply Archimedes’ principle T 
to relate the buoyant force on the ball to its 

diameter. 


Apply XF, = 0 to the ball: B-mg-T=0 
Using Archimedes’ principle, relate B = w, = Mmg = P Vang =F yd 3 
the buoyant force on the ball to its 


diameter: 


Substitute to obtain: tzp,d’-mg-T=0 


Solve for d: 
p l6(T + mg) 
TP, 


Substitute numerical values and evaluate d: 


=| 5.05cm 


q =| 928x102 N+ (0.004 kg)(9.81 m/s") 
J (10° kg/m’) 
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Picture the Problem Let p represent the density of seawater at the surface. We can use 
the definition of density and the fact that mass is constant to relate the fractional change 
in the density of water to its fractional change in volume. We can also use the definition 
of bulk modulus to relate the fractional change in density to the increase in pressure with 
depth and solve the resulting equation for the density at the depth at which the pressure is 
800 atm. 


Using the definition of density, m= pV 
relate the mass of a given volume of 
seawater to its volume: 


Noting that the mass does not vary pdV +Vdp =0 
with depth, evaluate its differential: 


Solve for dp/p: dp _ dV : Ap P AV 


Using the definition of the bulk B= AP __AP 
modulus, relate AP to Ap/ po: AVIV Ap/p,p 
Solve Ap: PAP 
j Ap =P-p = D 
Solve for p: PAP AP 
j P=pPy+— =p (1+) 


Substitute numerical values and evaluate p: 


5 
800atmx 1.01x10° Pa 
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Picture the Problem When it is i 
submerged, the block is in equilibrium 
under the influence of the buoyant force } B 
due to the water, the force exerted by the 
spring balance, and its weight. We can use 
the condition for translational equilibrium 
to relate the buoyant force to the weight of 
the block and the definition of density to 
express the weight of the block in terms of 


its density. mg 
Apply > F, = 0 to the block: B +0.8mg -mg =0=> B=0.2mg 
Substitute for B and m to obtain: Pal oio g = 9-2 Polock olog 
Solve for and evaluate block: a 
i Polock = E = 5(10° kg/m’) 


=| 5.00 x 10° kg/m’ 


*75 » 

Picture the Problem When the copper block is floating on a pool of mercury, it is in 
equilibrium under the influence of its weight and the buoyant force acting on it. We can 
apply the condition for translational equilibrium to relate these forces. We can find the 
fraction of the block that is submerged by applying Archimedes’ principle and the 
definition of density to express the forces in terms of the volume of the block and the 
volume of the displaced mercury. Let V represent the volume of the copper block, V’ the 
volume of the displaced mercury. Then the fraction submerged when the material is 
floated on water is V'/ V. Choose the upward direction to be the positive y direction. 


Apply XF , = 0 to the block: B —w= 0, where B is the buoyant force and 
w is the weight of the block. 


Apply Archimedes’ principle and the Pu 8- PoVg =9 
definition of density to obtain: 


Solve for V'/ V: y — Lou 
y Pug 
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Substitute numerical values and V'  8.93x 10° kg/m? 7 E - 
evaluate V'/ V: Vv 13.6x10° kg/m? = 0.657 =| 65.7% 
76 ° 


Picture the Problem When the block is floating on a pool of ethanol, it is in equilibrium 
under the influence of its weight and the buoyant force acting on it. We can apply the 
condition for translational equilibrium to relate these forces. We can find the fraction of 
the block that is submerged by applying Archimedes’ principle and the definition of 
density to express the forces in terms of the volume of the block and the volume of the 
displaced ethanol. Let V represent the volume of the copper block, V’ the volume of the 
displaced ethanol. Then the fraction of the volume of the block that will be submerged 
when the material is floated on water is V’/ V. Choose the upward direction to be the 
positive y direction. 


Apply SF , = 0 to the block Bay, — W=90, where Ben is the buoyant 

floating on ethanol: force due to the ethanol and w is the weight 
of the block. 

Apply Archimedes’ principle to W= Pan (0.97 )g 

obtain: 

Apply XF, = Q to the block B, —w=0, where Bw is the buoyant force 

floating on water: due to the water and w is the weight of the 
block. 

Apply Archimedes’ principle to obtain: w= p,V'g, where V is the volume of the 


displaced water. 


Equate the two expressions for w y _ 0.9 Pen 

and solve for V'/ V: yV Pe 

Substitute numerical values and V 0.9(0.806 x10° kg/m’) 
evaluate V'/ V: Vo 10° kg/m? 


= 0.725 =| 72.5% 


77 œ 

Determine the Concept If you are floating, the density (or specific gravity) of the liquid 
in which you are floating is immaterial as you are in translational equilibrium under the 
influence of your weight and the buoyant force on your body. Thus, the buoyant force on 
your body is your weight in both (a) and (b). 
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Picture the Problem Let m and V represent the mass and volume of your body. Because 
you are in translational equilibrium when you are floating, we can apply the condition for 
translational equilibrium and Archimedes’ principle to your body to express the 
dependence of the volume of water it displaces when it is fully submerged on your 
weight. Let the upward direction be the positive y direction. 


Apply `F, = 0 to your floating body: B-mg=0 


Use Archimedes’ principle to relate B = w; =M;2 = Py (0.96V )g 
the density of water to your volume: 


Substitute to obtain: p,,(0.96V )g -mg =0 
Solve for V: B m 

0.96 0, 
79 ae 


Picture the Problem Let m and V represent the mass and volume of the block of wood. 
Because the block is in translational equilibrium when it is floating, we can apply the 
condition for translational equilibrium and Archimedes’ principle to express the 
dependence of the volume of water it displaces when it is fully submerged on its weight. 
We’ll repeat this process for the situation in which the lead block is resting on the wood 
block with the latter fully submerged. Let the upward direction be the positive y direction. 


Apply YF, = 0 to floating block: B-mg=0 

Use Archimedes’ principle to relate B = w; =m; = pP, (0.687 )g 
the density of water to the volume of 

the block of wood: 

Using the definition of density, ME = Pwo 2 


express the weight of the block in 
terms of its density: 


Substitute to obtain: p, (0.687 )2 - PyooaVZ = 0 


Solve for and evaluate the density of Pwooa = 0.680, = 0.68(10° kg/m’) 
the wood block: = 680 kg/m? 


1026 Chapter 13 


Use the definition of density to find 
the volume of the wood: 


Apply YF , = 0 to the floating 


block when the lead block is placed 
on it: 


Use Archimedes’ principle and the 
definition of density to obtain: 


Solve for the mass of the lead block: 


Substitute numerical values and 
evaluate mp: 
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m 1.5kg 
V = 3 
P wood 680kg/m 


= 2.206x10”° m° 


wood _ 


B'— m'g = 0, where B' is the new 
buoyant force on the block and m' is the 


combined mass of the wood block and the 
lead block. 


Px Vg- (imp, + Moiock )g =0 


Mp, = PyV — Moock 


my, = (10° kg/m? }(2.206x 107 m°) 
-1.5kg 


- [07ste] 


Picture the Problem The true mass of the Styrofoam cube is greater than that indicated 


by the balance due to the buoyant force acting on it. The balance is in rotational 


equilibrium under the influence of the buoyant and gravitational forces acting on the 


Styrofoam cube and the brass masses. Neglect the buoyancy of the brass masses. Let m 


and V represent the mass and volume of the cube and L the lever arm of the balance. 


Apply > T = 0 to the balance: 


Use Archimedes’ principle to 
express the buoyant force on the 
Styrofoam cube as a function of 
volume and density of the air it 
displaces: 


Substitute and simplify to obtain: 
Solve for m: 


Substitute numerical values and 
evaluate m: 


(mg z B)L g Myass BL = 0 


B = Parl Z 


m— Pai = Myrass = 0 
m= Pal” + M rass 


m =(1.293kg/m’)(0.25m) + 20x 107 kg 
=4.02x107 kg =| 40.2g 


81 oo 


Fluids 1027 


Picture the Problem Let din and dou represent the inner and outer diameters of the 


copper shell and V the volume of the sphere that is submerged. Because the spherical 


shell is floating, it is in translational equilibrium and we can apply a condition for 


translational equilibrium to relate the buoyant force B due to the displaced water and its 


weight w. 


Apply `F, = 0 to the spherical shell: 


Using Archimedes’ principle and the 
definition of w, substitute to obtain: 


Express V’ as a function dout: 


Express m in terms of din and dou: 


Substitute in equation (1) to obtain: 


Simplify: 


Solve for din: 


Substitute numerical values and 
evaluate din: 
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B-w=0 

PV'g —mg =0 

or 

p,V'-m=0 (1) 


lz; T- 


y'= out 
26 


m = Pou Vou -V,,) 


T T 
2 Zd? -Zaz 
Pal 2 out 6 in 


Prin Fe po Eat Za |=0 


+ Padi = Pru (a3, =~ d?) = 0 
din out 3 1 Pa 
2 Pou 


Determine the Concept The additional weight on the beaker side equals the weight of 
the displaced water, i.e., 64 g. This is the mass that must be placed on the other cup to 


maintain balance. 
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Picture the Problem We can use the definition of Reynolds number and assume a value 


for Np of 1000 (well within the laminar flow range) to obtain a trial value for the radius 
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of the pipe. We’ll then use Poiseuille’s law to determine the pressure difference between 


the ends of the pipe that would be required to maintain a volume flow rate of 500 L/s. 


Use the definition of Reynolds 
number to relate Np to the radius of 
the pipe: 

Use the definition of Jy to relate the 
volume flow rate of the pipe to its 


radius: 


Substitute to obtain: 


Solve for r: 


Substitute numerical values and evaluate r: 


Using Poiseuille’s law, relate the 
pressure difference between the ends 
of the pipe to its radius: 


Substitute numerical values and 
evaluate AP: 


Evaluate AP for a pipe of 50 cm radius: 


NS 2rpv 
7] 


Iy 
mr’ 


2 
I, =Av=arv>ve= 


am 2pl,, 
nm Nx 


_ 2(700kg/m’)(0.500m‘/s) 


=27.9 
z (0.8 Pa -s)(1000) age 


Pt 8(0.8Pa -s\50km) 6 5993/5) 


(0.279 m)° 
=8.41x10° Pa 
latm 


=8.41x10° Pa x - 
1.01325 x105 Pa 


= 83.0 atm 
This pressure is too large to maintain in the 
pipe. 


= 8(0.8 Pa -s)(50km) (0.500 m/s) 
z(0.50mÝ 
=8.15x10° Pa 
latm 


= 8.15x10° Pax 


1.01325x10° Pa 
= 8.04atm 
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1 mis a reasonable diameter for the pipeline. 
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Picture the Problem We’ll measure the height of the liquid—air interfaces relative to the 
centerline of the pipe. We can use the definition of the volume flow rate in a pipe to find 
the speed of the water at point A and the relationship between the gauge pressures at 
points A and C to determine the level of the liquid-air interface at A. We can use the 
continuity equation to express the speed of the water at B in terms of its speed at A and 
Bernoulli’s equation for constant elevation to find the gauge pressure at B. Finally, we 
can use the relationship between the gauge pressures at points A and B to find the level of 
the liquid-air interface at B. 


Relate the gauge pressure in the pipe Pagea = PRM» 
at A to the height of the liquid-air where h4 is measured from the center of 
interface at A: the pipe. 
Solve for ha: EN 
h, = == 
PE 
Substitute numerical values and (1 22 atm)(I .01x10° Pa/atm) 
evaluate ha: ‘(10° kg/m? 9.81 m/s”) 
=|12.6m 
oo the velocity of the water a ty _ 0.8x10° m?/s -2.55 m/s 
Di Ax 7 (02m) 
4 
Apply Bernoulli’s equation for P, +t =P, +t pv, (1) 
constant elevation to relate Pg and 
Px: 
Use the continuity equation to relate AV, = Ag 
vp and va: 
Solve for vz: A d? 2cm) 
vy =v, = yA = Rony. =4yv, 
A, di ( cm) 


Substitute in equation (1) to obtain: P, ++ pv, = P, +80; 
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Solve for Pp: 


Substitute numerical values and 
evaluate Pp: 


Relate the gauge pressure in the pipe 
at B to the height of the liquid-air 
interface at B: 


Solve for Apg: 


Substitute numerical values and 
evaluate hp: 
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5 


2 
2 PVA 


wo 
II 

Rao) 
| 


P, = (2.22.atm)(1.01x10° Pa/atm) 
—15(10° kg/m? )(2.55m/s) 
=1.75x10° Pa 


latm 


=1.75x10° Pax ———~__ 
1.01x10° Pa 


= 1.733 atm 


E augn = Peh 


P 


_ ~ gauge,B 
h, =——— 


PE 


[(1.733 —1)atm] (rox 10° = | 
atm 


B (10° kg/m? )(9.81m/s”) 
=|7.55m 


Picture the Problem We’ll measure the height of the liquid—air interfaces relative to the 


centerline of the pipe. We can use the definition of the volume flow rate in a pipe to find 


the speed of the water at point A and the relationship between the gauge pressures at 


points A and C to determine the level of the liquid-air interface at A. We can use the 


continuity equation to express the speed of the water at B in terms of its speed at A and 


Bernoulli’s equation for constant elevation to find the gauge pressure at B. Finally, we 


can use the relationship between the gauge pressures at points A and B to find the level of 


the liquid-air interface at B. 
Relate the gauge pressure in the pipe 


at A to the height of the liquid-air 
interface at A: 


Solve for ha: 


Tiek = pgh, 


where Aa is measured from the center of 


the pipe. 
h = Flee 
A 


PE 


Substitute numerical values and 
evaluate hy: 


Determine the velocity of the water 
at A: 


Use the continuity equation to relate 


vp and va: 


Solve for vg: 


Apply Bernoulli’s equation for 
constant elevation to relate Pg and 
Px: 


Substitute in equation (1) to obtain: 


Solve for Pp: 


Substitute numerical values and 
evaluate Pg: 


Relate the gauge pressure in the pipe 
at B to the height of the liquid-air 
interface at B: 


Solve for hp: 
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1.22atm)(I.01 10° Pa/atm) 
(10° kg/m? )(9.81 m/s?) 


- [on] 


_ 1, _ 0.6x10° m’/s 
Z (0.02m)’ 
4 


je 


A.V, = Ag, 


0 = —— V, = — V, = y 
dL ge (Iem)’ È 
=4v; 
1 2 1 2 
Pot zVy = Fo t728 (1) 


P, +3 pvy = Py + 8pV5 


P, = (2.22atm)(1.01x10° Pa/atm) 
—15 (10° kg/m’ )(1.91m/s)° 
=1.969x10* Pa 


latm 


=1.969x10° Pa x —— = — 
1.01x10° Pa 


=1.95atm 


Faison = peng 


__ ~ gauge,B 
h, = 22 


=1.91m/s 
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Substitute numerical values and (1 95— 1)atm] 1.01x10° Pa 
evaluate hp: atm 


M = “To kgm jOm) 


=| 9.78m 


*BG oe 
Picture the Problem Because it is not given, we'll neglect the difference in height 
between the centers of the pipes at A and B. We can use the definition of the volume flow 
rate to find the speed of the water at A and Bernoulli’s equation for constant elevation to 
find its speed at B. Once we know the speed of the water at B, we can use the equation of 
continuity to find the diameter of the constriction at B. 


Use the definition of the volume _ fy - 05x10? m’*/s_ 1.59 m/s 
flow rate to find va: aa A, = To 02m? Ea 
Use Bernoulli’s equation for P, +4 pv, =P, +t pv, 
constant elevation to relate the 
pressures and velocities at A and B: 
2, = 
Solve for v, : v= ar $) fy 
Substitute numerical values and evaluate v% : 
2\(1.187 —0.1)atm(1.01x10° Pa/at 
v= ( Jatin SS lassa = 222 m/s" 
10° kg/m 
Using the continuity equation, relate I = Avg =T r Vp 
the volume flow rate to the radius at 
B: 
Solve for and evaluate rg: I 0.5x10” m?/s soa 
Kk = = =). mm 
P rv z(14.9m/s) 
and 
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Picture the Problem Let V represent the volume of the buoy that is submerged and h’ 
the height of the submerged portion of the cylinder. We can find the fraction of the 
cylinder’s volume that is submerged by applying the condition for translational 
equilibrium to the buoy and using Archimedes’ principle. When the buoy is submerged it 
is in equilibrium under the influence of the tension T in the cable, the buoyant force due 
to the displaced water, and its weight. When the cable breaks, the net force acting on the 
buoy will accelerate it and we can use Newton’s 2™ law to find its acceleration. 


(a) Apply DF , = 0 to the cylinder: B-w=0 
Using Archimedes’ principle and the PoyV'Z —mg = 0 
definition of weight, substitute for B or 
and w: Py ht'Ag —mg = 0 
where A is the cross-sectional area of the 
buoy. 
Solve for and evaluate h’: h'= m 
PowA 
Substitute numerical values and h'= 600kg 
eae (1.025x10° kg/m’)? (0.9m) 
=0.920m 

Use h' to find the height h of the h—-h'=2.6m—0.920m = 
buoy: 
Express the fraction of the volume ZA 
of the cylinder that is above water: V-V" -1 y’ _1_4 

4 

oes 
h 
Substitute numerical values to obtain: Pare. 1- 0.920m _ 64.6% 
4 2.6m 

(b) Apply >| F, =0to the B-T-w=0 


submerged buoy: 
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Solve for T and substitute for B and 
w to obtain: 


Substitute numerical values and evaluate 7: 


(c) Apply DF, s = 0 to the buoy: 


Substitute for B — w and solve for a to 
obtain: 


Substitute numerical values and evaluate a: 
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T= B-w= p,,Vg —mg 
=(p,,V —m)g 


T =|(1.025x10° kg/m’) (0.9m) (2.6m) 


— 600 kg](9.81:1m/s? ) 
=|10.7kN 
B-w=ma 
B-w T 
gee 
m m 


10.75 KN 
= t =| 17.9 m/s? 
“600 kg 


Picture the Problem Because the floating object is in equilibrium under the influence of 


the buoyant force acting on it and its weight; we can apply the condition for translational 


equilibrium to relate B and w. Let AA represent the change in elevation of the liquid level 


and V; the volume of the displaced fluid. 


Apply >, = 0 to the floating 
object: 

Using Archimedes’ principle and the 
definition of weight, substitute for B 
and w: 

The volume of fluid displaced is the 
sum of the volume displaced in the 


two vessels: 


Substitute for V; to obtain: 


Solve for Ah: 


PogV; -mg =0 


V, =AV,+AV,, = AAh+3AAh 
=4AAh 


4 p,gAAh -mg =0 


Aha 
4 Ap, 
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Picture the Problem We can calculate the smallest pressure change AP that can be 
detected from the reading Ah from AP = pgAh. 


Express and evaluate the pressure AP = pgAh 
difference between the two columns = (900 kg/m’ (9.8 1 m/s?) 
of the manometer: X (0 05x10% m) 

= 0.4415 Pa 
Express this pressure in mmHg and AP = 0.4415 Pa x latm 
umHg: 1.01325 x10° Pa 

z 760 mmHg 
latm 

=| 3.31x10° mmHg 

=| 3.31 umHg 
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Picture the Problem We can use the 
equality of the pressure at the bottom of the 
U-tube due to the water on one side and 4 —— 
that due to the oil and water on the other to 
relate the various heights. Let h represent h 
the height of the oil above the water. Then hiw haw 
hy = hiw + h. | VY) 
Using the constancy of the amount hiw + how = 56 cm 


of water, express the relationship 
between Aw and hw: 


Find the height of the oil-water h „ =56cm—34cm = 


interface: 


Express the equality of the pressure p,Z(34em)= p, g(22cm)+ 0.780, gh,, 
at the bottom of the two arms of the 
U tube: 
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Solve for and evaluate Aoi: h= PwS (34 cm) — Pw8 (22 cm) 
A 0.78p,2 
_ (34 cm)— (22 cm) ete 
0.78 
Find the height of the air-oil h, =22cm+15.4cm =| 37.4cm 


interface hy: 
91 ec 
Picture the Problem Let c represent the 


specific gravity of the liquid. The specific 


the equality of the pressure at the bottom of 


gravity of the oil is œ = 0.8. We can use TN t PEEN /i 


the U-tube due to the water on one side and 
that due to the oil and water on the other to 


relate the various heights. 


Express the equality of the pressure ogh = oglh -7 cm) +0.80, g(12 cm) 
at the bottom of the two arms of the 
U tube: 
Solve for and evaluate o: me 0.80, (12cm) _ 0.8(12cm) 
7cm 7cm 
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Picture the Problem The block of wood is in translational equilibrium under the 
influence of the buoyant force due to the displaced water acting on it and on the lead 
block, its weight, and the weight of the lead block. We can use a condition for 
translational equilibrium and Archimedes’ principle to obtain a relationship between the 
mass of the lead block and the densities of water, wood, and lead and the mass of the 
wood block. 


Apply DF, = 0 to the block of wood: Brood + Bey — Myooak — Mpg = 0 


Use Archimedes’ principle to Byood = PoV wood 
express the buoyant force on the 
block of wood: 


Use Archimedes’ principle to Ba, = Py Vag 
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express the buoyant force on the 


lead block: 
Substitute and simplify to obtain: Pal wood + Palop — "wood — Mp, = 0 
Express the volume of the wood — Mood 
block in terms of its density and iii Priod 
mass: 
Express the volume of the lead y, = "e 
block in terms of its density and S Po 
mass: 
Substitute for Vwooa and Vp: Lee m 
ea j i Pw it 0, re Mood Mp, =0 
P wood Prep 
Solve for í 
Olve fOr Mpp Pw _ pr 
= P wood 
Mp = p 
| ea 
Pro 
A : 1 
ae numerical values and E 1) (0. 5 kg) 
evaluate mp: E _ 
Mp, = ; 7 =| 0.235kg 
11.3 
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Picture the Problem Because the balloon is in equilibrium under the influence of the 
buoyant force exerted by the air, the weight of its basket and load w, the weight of the 
skin of the balloon, and the weight of the helium. Choose upward to be the positive y 
direction and apply the condition for translational equilibrium to relate these forces. 
Archimedes’ principle relates the buoyant force on the balloon to the density of the air it 
displaces and the volume of the balloon. 


(a) Apply > F, = 0 to the balloon: B-mMgin& Myg — W=9 


Letting V represent the volume of the PriVZ — Min & TMg —W =O 
balloon, use Archimedes’ principle to 
express the buoyant force: 


Substitute for mpe: Pal 2 — Myking — PuVZ—-Ww=% 
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Solve for V: y = sing + W 

(Ai z Pue )g 
Substitute numerical values and y=- (1 re) kg)(9.8 m/s” )+ 750N 
evaluate V: (1 .293 —0.1786)(kg/m? (9.81m/s? ) 

=| 70.0m° 
(b) Apply > F, = ma to the balloon: Br Mo F = MA 
Solve for a: _ 8B 
a =— -8g 

Mio 

Assuming that the mass of the skin Mot = Migag + Mye + Mskin 


has not changed and letting V’ Wioad y 
= 4 Pue +m 


skin 


represent the doubled volume of the 
balloon, express Mot: 


Substitute numerical values and evaluate mot: 


900 N 
m, = ————~ + (0.1786 kg/m’? }{140 m? )+1.5kg =118k 
ene g/m’ 140m? )+1.5kg = 
Express the buoyant force acting on B = Wiisptaced fluid = Parl Z 


the balloon: 


Substitute numerical values and evaluate B: B= (1 .293kg/m* (140 m? (9.8 1 m/s?) 


=1.78kN 
Substitute and evaluate a: 1.78 kN 2 2 
a= —9.81m/s° =| 5.27 m/s 
Te [5.27 ws? | 
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Picture the Problem When the hollow sphere is completely submerged but floating, it is 
in translational equilibrium under the influence of a buoyant force and its weight. The 
buoyant force is given by Archimedes’ principle and the weight of the sphere is the sum 
of the weights of the hollow sphere and the material filling its center. 


Apply > F, =0 to the hollow sphere: B-w=0 


Express the buoyant force acting on 
the hollow sphere: 


Express the weight of the sphere 
when it’s hollow is filled with a 
material of density p': 


Substitute to obtain: 


Solve for a’: 
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B = 2 PV sphereg = 2Po le x(2R) lg 


— 64 


= & pr Rg 


W = PV hoiow sphereg + O “nation 
= pliz (2R) —R' fle + pl a’ Je 


— 28 


= 3 pyr R’gt+4p'aR’g 


Picture the Problem We can differentiate the function P(A) to show that it satisfies the 
differential equation dP/P = —C dh and in part (b) we can use the approximation e™ ~ 1 — 


x and Ah << ho to establish the given result. 


(a) Differentiate P(h) = Pye: 


Separate variables to obtain: 


(b) Express P(A + Ah): 


For Ah << ho: 


Let ho = 1/C. Then: 


Substitute to obtain: 


dP = -CPe 
dh 
=-CP 
Lian gh 
P 


P(h+ Ah) = Peo") 


=P aug 
—~~0 
= Plhje™ 

me <<] 

hy 

CAA << 1 

and 

e ®™ =1—CAh -1-2 


P(h+Ah)= rts a 


1040 Chapter 13 


(c) Take the logarithm of both sides 


In P = ln Pe™®™ =InP, +Ine™ 


of the function P(A): =InP,-Ch 
Solve for C: C= La R 
h P 
Substitute numerical values and 1 P 1 
C = In 0 = In 2 
evaluate C: 5.5km (UB 5.5km 
=| 0.126km” 
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Picture the Problem Let V represent the volume of the submarine and V’ the volume of 
seawater it displaces when it is on the surface. The submarine is in equilibrium in both 
parts of the problem. Hence we can apply the condition for translational equilibrium 
(neutral buoyancy) to the submarine to relate its weight to the buoyant force acting on it. 
We’ll also use Archimedes’ principle to connect the buoyant forces to the volume of 
seawater the submarine displaces. Let upward be the positive y direction. 


(a) Express f, the fraction of the f ro =]— y 


(1) 


submarine’s volume above the V 
surface when the tanks are filled 
with air: 


Apply SF, = 0 to the submarine 
when its tanks are full of air: 

Use Archimedes’ principle to 
express the buoyant force on the 
submarine in terms of the volume of 


the displaced water: 


Substitute and solve for V”: m 


Substitute in equation (1) to obtain: f m 


Substitute numerical values and 
evaluate f: 


(b) Express the volume of seawater in 
terms of its mass and density: 


Apply XF , =0 , the condition for 
neutral buoyancy, to the submarine: 
Use Archimedes’ principle to express 
the buoyant force on the submarine in 
terms of the volume of the displaced 


water: 


Substitute to obtain: 


Solve for mw: 


Substitute for V, in equation (2) to obtain: 


Substitute numerical values and 
evaluate V,,: 
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Ge 2.4x10° kg 
~~ (1.025x10° kg/m? )(2.4x 10° m°} 


= 2.4410? = 


‘ga (2) 
Pew 

B- Wiw Z Wew =0 

B= p Vg 


Pave 7 MoS > Mwg = 0 
Mw = Pak z Mou 


V= Dil Man 2 y — sub 
Psw Psw 
2.4x10° kg 
1.025 x 10° kg/m? 


V,, =2.4x10° m° 


=| 58.5 m°? 


Picture the Problem While the loaded crate is under the surface, it is in equilibrium 
under the influence of the tension in the cable, the buoyant force acting on the gold, and 
the gravitational force acting on the gold. The empty crate has neutral buoyancy. When 
the crate is out of the water, the buoyant force of the air is negligible and the tension in 
the cable is the sum of the weights of the crate, the gold bullion, and the seawater. 


(a) Apply DF, = 0 to the crate T +B Wau =0 
while it is below the surface: 
Solve for the tension in the cable: T = Wau - Ba, 


Using Archimedes’ principle, relate Bay = Pow ag 


the buoyant force acting on the gold 
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to its density and volume: 
Substitute for B au and simplify to obtain: T= (Da, =p Wag 
Substitute numerical values and evaluate T: 


T = |(19.3x10° kg/m? )-(1.025x10° kg/m’ )|(0.36)(1.4m)(0.75m\(0.5m)(9.81 m/s”) 
=| 33.9kN 


(b) 1. Apply IN = 0 to the crate T — Wau Wee Weg = 0 


while it is being lifted to the deck of 
the ship with none of the seawater 
leaking out: 


Substitute for the weights of the gold, T = Wau F Worse Woy 
crate, and seawater and solve for the = Pha aag + Maeg + Pow Vow Z 
tension in the cable and express: = 

P ~ (Px, Vay + Morate + Psw ow )g 


Substitute numerical values and evaluate T: 


T =|(19.3x10° kg/m’ )(0.36)(1.4m)(0.75m)(0.5m)+ 32kg + (1.025x10° kg/m’) 
x (0.64)(1.4m)(0.75 m)(0.5m)](9.81 m/s?) 


=| 39.8kN 
2. With the seawater term missing, T = Wa, + Werte 
the expression for the tension is: = Px Vink + MerateZ 


= T Vau + Morate )g 


Substitute numerical values and evaluate T: 


T =|(19.3x10° kg/m? )(0.36)(1.4m)(0.75m)(0.5m)+32kg](9.81m/s?) = 
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Picture the Problem In the three situations described in the problem the hydrometer will 
be in equilibrium under the influence of its weight and the buoyant force exerted by the 
liquids. We can use Archimedes’ principle to relate the buoyant force acting on the 
hydrometer to the density of the liquid in which it is floating and to its weight. 
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(a) Find the volume of the bulb: V n = 47d? = 17(2.4 cm) = 7.238cm? 
Find the volume of the tube: Vine =H L = 1 7(0.75 cm) (20 cm) 

= 8.836 cm? 
Apply YF „= 0 to the hydrometer B — Wya — Mpg = 0 
just floating in the liquid: 
Substitute for B and Wotass: Piia nya — Maass8 — Mp8 = 0 
Solve for mpy: Mp = Piia nya = Mya 
Substitute numerical values and Mp, = 0.78(1 g/cm’) 
evaluate mps: x (7.238cm? +8.836cm°) 

-7.28g 

=| 5.26g 
(b) Letting V represent the volume Px Vg-mg=0 
of the hydrometer that is submerged, 
apply DF, = 0 to the hydrometer 
just floating in the liquid: 
Solve for V: jc = Mha + Mp, 

Pw Pw 

i i .28g+5.2 

Substitute numerical values and V= 7.28g 6 =12.54cm? 
evaluate V: 1 g/cm 
Relate the volume of the hydrometer V =1ird} Ah +V aw 
that is submerged to the volume of 
the bulb and the volume of the tube 
that is submerged: 
Solve for h’: h'= V -Vaw 

q m doi 
Substitute numerical values and , 12.54cem* -7.238 cm? 

h'= =12.0cm 


evaluate h’: 1 z(0.75 cm) 
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Find the length of the tube that shows 
above the surface of the water: 


(c) Apply DF , = Oto the 
hydrometer floating in the liquid of 
unknown specific gravity: 


Solve for the density of the liquid: 


Express the volume of the displaced 
liquid: 


Substitute numerical values and 
evaluate V: 


Substitute for V, and mpya and 
evaluate pr: 


Express and evaluate the specific 
gravity of the liquid: 


99 coo 


h = 20cm — h'= 20cm -12.0cm 
=| 8.00 cm 


PVE — Mya =O 


Myd 


PLZ A 


= 1 2 g 
Vi = Vru +47 dubh 


V, =7.238cm° +42(0.75em)y 
x (20cm -12.2cm) 
=10.68cm° 


_ 12.54g 


= =1.174 g/cm? 
Pr = 10.68 cm? j 


specific gravity joia = Pw =/1.17 
p 


Picture the Problem We can apply Bernoulli’ s equation to the top of the keg and to the 


spigot opening to determine the rate at which the root beer exits the tank. Because the 


area of the spigot is much smaller than that of the keg, we can neglect the velocity of the 


root beer at the top of the keg. We’ll use the continuity equation to obtain an expression 


for the rate of change of the height of the root beer in the keg as a function of the its 


height and integrate this function to find A as a function of time. 


(a) Apply Bernoulli’s equation to the 
beer at the top of the keg and at the 
spigot: 


Solve for v2: 


2 
P + Poer gh + F Pree” = P, + Precr& My 
2 
T > PoeerV2 
or, because vı ~ 0, A. = 0, Pi = P2 = Px, and 
hy = h, 


(b) Use the continuity equation to 
relate vı and vy: 


Substitute —dh/dt for vı: 


Substitute for v) and solve for dh/dt 
to obtain: 


(c) Separate the variables in the 
differential equation: 


Express the integral from h’ = H to 
hand t' =Otot: 


Evaluate the integral to obtain: 


Solve for h: 


(d) Solve A(t) for the time-to-drain 


m 


Substitute numerical values and 
evaluate £ 
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Av = 4v, 
dh 
-Á A = A,v, 


pai ET gorios 
1074, | 9.81m/s 


- [Thani | 
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Chapter 14 
Oscillations 


Conceptual Problems 


1 ° 
Determine the Concept The acceleration of an oscillator of amplitude A and frequency 
f is zero when it is passing through its equilibrium position and is a maximum when it is 


at its turning points. 


When v = Vmax! a=|0 
When x = Xmax: a=@ A=| 42’ f’A 
2 e 


Determine the Concept The condition for simple harmonic motion is that there be a linear 
restoring force; i.e., that F = —kx. Thus, the acceleration and displacement (when they are 
not zero) are always oppositely directed. v and a can be in the same direction, as can v and 


X. 


3 ° 
(a) False. In simple harmonic motion, the period is independent of the amplitude. 


(b) True. In simple harmonic motion, the frequency is the reciprocal of the period which, 


in turn, is independent of the amplitude. 


(c) True. The condition that the acceleration of a particle is proportional to the 
displacement and oppositely directed is equivalent to requiring that there be a linear 
restoring force; i.e., F = —kx < ma = —kx or a = — (k/m)x. 


*4 œ 
Determine the Concept The energy of a simple harmonic oscillator varies as the square 
of the amplitude of its motion. Hence, tripling the amplitude increases the energy by a 
factor of 9. 


5 ee 
Picture the Problem The total energy of an object undergoing simple harmonic motion 
is given by E,,, = 1 kA’, where k is the stiffness constant and A is the amplitude of the 


motion. The potential energy of the oscillator when it is a distance x from its equilibrium 
position is U(x) =k’. 
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Express the ratio of the potential U(x) 1 kx? _ x 
energy of the object when it is 2 cm E 7 
from the equilibrium position to its 

total energy: 


Evaluate this ratio for x = 2 cm and U(2 cm) (2 cm) 1 
A=4cm: Eo (4cm? 4 


U (2cm) B (2cm)’ 1 


E o (4 cm) 4 


and| (a) is correct. 


6 ° 
(a) True. The factors determining the period of the object, i.e., its mass and the spring 
constant, are independent of the oscillator’s orientation. 


(b) True. The factors determining the maximum speed of the object, i.e., its amplitude 
and angular frequency, are independent of the oscillator’s orientation. 


7 e 

False. In order for a simple pendulum to execute simple harmonic motion, the restoring 
force must be linear. This condition is satisfied, at least approximately, for small initial 
angular displacements. 


8 ° 
True. In order for a simple pendulum to execute periodic motion, the restoring force must 
be linear. This condition is satisfied for any initial angular displacement. 


*9 o 
Determine the Concept Assume that the first cart is given an initial velocity v by the 
blow. After the initial blow, there are no external forces acting on the carts, so their 
center of mass moves at a constant velocity v/2. The two carts will oscillate about their 
center of mass in simple harmonic motion where the amplitude of their velocity is v/2. 
Therefore, when one cart has velocity v/2 with respect to the center of mass, the other 
will have velocity —v/2. The velocity with respect to the laboratory frame of reference 
will be +v and 0, respectively. Half a period later, the situation is reversed; one cart will 
move as the other stops, and vice-versa. 


*10 e 
Determine the Concept The period of a simple pendulum depends on the reciprocal of 
the length of the pendulum. Increasing the length of the pendulum will decrease its period 
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and the clock would run slow. 
11 œ 


True. The mechanical energy of a damped, undriven oscillator varies with time according 
to E = Ee” © where Eo is the oscillator’s energy at t= 0 and 7 is the time constant. 


12 œ 
(a) True. The amplitude of the motion of a driven oscillator depends on the driving (@) 


and natural (œ) frequencies according to A = Fy / J mlo = o f +b°@ . When 


@= @p, the amplitude of the motion is a maximum and is given by A = F, / vbo. 


(b) True. The width of the resonance curve (Aœ) depends on the Q value according to 
Ao/ QO) = 1/ Q . Thus when Q is large, Aœ is small and the resonance is sharp. 


13 œ 
Determine the Concept Examples of driven oscillators include the pendulum of a clock, 
a bowed violin string, and the membrane of any loudspeaker. 


14 >œ 
Determine the Concept The shattering of a crystal wineglass is a consequence of the 


glass being driven at or near its resonant frequency. | (a) 1s correct. 


*15 œ 
Determine the Concept We can use the expression for the frequency of a spring-and- 
mass oscillator to determine the effect of the mass of the spring. 


If m represents the mass of the 1 Ik 


object attached to the spring in a On Vm 
spring-and-mass oscillator, the 

frequency is given by: 

If the mass of the spring is taken „1 k 
into account, the effective mass is f= on Mere 


greater than the mass of the object 
alone. 


f Iik 


Divide the second of these equations 1 k 
by the first and simplify to obtain: f 20 Vi me [m 
Mese 


2mz\m 
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Solve for f ': m 


Because f' varies inversely with the square root of m, taking into account the 


effective mass of the spring predicts that the frequency will be reduced. 


16 oo 
Determine the Concept The period of the lamp varies inversely with the square root of 
the effective value of the local gravitational field. 


1. greater than Ty) when B. the train rounds a curve of radius R with 
speed v. 
2. less than Ty when D. the train goes over the crest of a hill of 


radius of curvature R with constant speed. 


3. equal to Ty when A. the train moves horizontally with 
constant velocity. 


C. the train climbs a hill of inclination @ at 
constant speed. 


17 oo 
: 1 Ik : 
Picture the Problem We can use f = rs to express the frequencies of the two 
mT 
mass-spring systems in terms of their masses. Dividing one of the equations by the other 
will allow us to express M4 in terms of Mg. 


Express the frequency of mass- 1 k 
spring system A as a function of its fa= 2x \ M, 
mass: 

Express the frequency of mass- 1 k 
spring system B as a function of its fs = 27 \ M, 
mass: 

Divide the second of these equations fe M, 

by the first to obtain: TA 7 M, 


Solve for Ma: f 4 f 5 
m, -(£) ma =[ z M,=7M, 
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and | (d) is correct. 


18 eo 
Picture the Problem We can relate the energies of the two mass-spring systems through 
either E = 1 kA’ or E=5M @ A’ and investigate the relationship between their 


amplitudes by equating the expressions, substituting for M,, and expressing A, in terms 
of Ag. 


Express the energy of mass-spring E, =+k,A, =4M,@,A, 
system A: 

Express the energy of mass-spring Ep =4+k,A, =+M,@,A, 
system B: 

Divide the first of these equations By j= 1M, 0, A, 

by the second to obtain: Eg D 1M,o, A; 


Substitute for M, and simplify: _ 2M 30, A? _ 20, A? 


1 = 
M,@,4, ORA 
Solve for Aa: oO, 
A Ay = B Ag 
2a, 

Without knowing how œ, and æ, or ka and 
kg, are related, we cannot simplify this 
expression further. | (d) is correct. 

19 eo 


Picture the Problem We can express the energy of each system using E = tka’ and, 


because the energies are equal, equate them and solve for Ag. 


Express the energy of mass-spring E,=tk A, 
system A in terms of the amplitude of 

its motion: 

Express the energy of mass-spring E, = +k, As 


system B in terms of the amplitude 
of its motion: 
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Because the energies of the two tk Ay =tkgAs 
systems are equal we can equate 
them to obtain: 
Solve for Aa: k 
A = ^ 

Vk 
Substitute for ką and simplify to a kg _ Ag 
obtain: A i) 2k, As = V2 


and | (b) is correct. 


20 eo 
Picture the Problem The period of a simple pendulum is independent of the mass of its 
bob and is given by T = 27,/L/g. 


Express the period of pendulum A: L, 

T, = a r 
Express the period of pendulum B: Te 

Ta = Ai g 
Divide the first of these equations by the L IT i 
second and solve for La/Lp: L (T 

B B 
Substitute for Ta and solve for Lg to 2T, 
obtain: Ly =| = | Ly =4Lg 
B 


and | (c) is correct. 


Estimation and Approximation 


21 eo 
Picture the Problem The Q factor for this system is related to the decay constant T 
through Q = @rt = 2at/ T and the amplitude of the child’s damped motion varies with 


-t/2¢ 


time according to A= A,e ‘’. We can set the ratio of two displacements separated by 


eight periods equal to 1/e to determine r in terms of T. 


Express Q as a function of r: jegre = (1) 


The amplitude of the oscillations 
varies with time according to: 


The amplitude after eight periods is: 


Express and simplify the ratio Ag/A: 


Set this ratio equal to 1/e and solve 
for T: 


Substitute in equation (1) and 
evaluate Q: 


+22 oe 


Oscillations 


A= Ae 


A, = Aes 
A, _ Ae _ pte 


A Ae" 


Q= =| 87 
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Picture the Problem Assume that an average length for an arm is about 0.8 m, and that it 


can be treated as a uniform stick, pivoted at one end. We can use the expression for the 


period of a physical pendulum to derive an expression for the period of the swinging arm. 


When carrying a heavy briefcase, the mass is concentrated mostly at the end of the pivot 


(i.e., in the briefcase), so we can treat the arm-plus-briefcase as a simple pendulum. 


(a) Express the period of a uniform 
rod pivoted at one end: 


Express the moment of inertia of the 
stick with respect to an axis through 
its end: 


Substitute the values for I and D to 
find T: 


Substitute numerical values and 
evaluate T: 


(b) Express the period of a simple 
pendulum: 


T=22 = 
MgD 


where I is the moment of inertia of the 


stick about an axis through one end, M is 
the mass of the stick, and D (= L/2) is the 


distance from the end of the stick to its 


center of mass. 


I=1MP 
i 2 
Par | 3ME Lo, [24 
\ Mg(5L) 3g 


2(0.8m) 
PS 2730 81mis a ELEY 


T'= zr [E 
g 


where L’ is slightly longer than the arm 
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length due to the size of the briefcase. 


Assuming L' = 1 m, evaluate the 


lm 
period of the simple pendulum: T'=22 ‘Rime = 


From observation of people as they walk, these estimates seem reasonable. 


Simple Harmonic Motion 


23 œ 
Picture the Problem The position of the particle is given by x = Acos(at +6 ) where A 


is the amplitude of the motion, wis the angular frequency, and 6 is a phase constant. 


(a) Use the definition of æ to @ 68" 

=— = =| 3.00 H 
determine f: f 27 27 [3.00H | 
(b) Evaluate the reciprocal of the = 1 = l -= [0.3335 
frequency: 3.00 Hz 


(c) Compare x = (7 cm) cos 67 t to A= 


x = Acos(at + 6): 


(d) x = 0 when cosøt = 0: at = cos 0= = 


Solve for t: T m 
=— =— = [ 0.0833s | 
‘ 2(6z) s 


20 
Differentiate x to find v(t): 


d 
v= a (7 cm)cos 6x t] 


= (427 cm/s)sin6zt 


Evaluate v(0.0833 s): 


v(0.0833s) = -(427 cm/s)sin 6(0.0833s) < 0 


Because v < 0, the particle is moving in the negative direction at t = 0.0833 s. 


24 >œ 
Picture the Problem The initial position of the oscillating particle is related to the 
amplitude and phase constant of the motion by x, = Acos ô where 0 < 6< 2z. 


(a) For xo = 0: 
(b) For xo = —A: 
(c) For Xo =A: 


(d) When x = A/2: 


*25 ° 
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Y 

II 

Q 

© 

m 
r 
N| = 
Nae, 

II 
v| 


Picture the Problem The position of the particle as a function of time is given 
by x= Acos(at +6 ). Its velocity as a function of time is given by v = —Aasin(at +6 ) 


and its acceleration bya = -A œ?’ cos(at +6 ). The initial position and velocity give us 


two equations from which to determine the amplitude A and phase constant ó 


(a) Express the position, velocity, 
and acceleration of the particle as a 
function of t: 


Find the angular frequency of the 
particle’s motion: 


Relate the initial position and 
velocity to the amplitude and phase 
constant: 


Divide these equations to eliminate 
A: 


x = Acos(at + 6) (1) 
v =—Aasin(at +6) (2) 
a =—Aa’ cos(at +6) (3) 


oo AA 
3 
X = Acosd 
and 


V) = —@Asin ô 


Vo _ ~@Asind _ and 
Xo  Acosd 
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Solve for 6 and substitute numerical sf Vo 4 0 
: ô =tan | -— |= tan | -—— |=0 
values to obtain: X,@ X,@ 
. . f M 
Substitute in equation (1) to obtain we (2 sem}ooy [ = ad 
= | (25 cm)cos|(4. 198" Je] | 
b titute i tion (2) t (4 
( ) SUbSubate in eguanoii ) to v=-(25cm dr Sa AT i 
obtain: 3 3 
=| -(105 cm/s)sin[(4.19s7) t] | 
(c) Substitute in equation (3) to obtain: An, F An , 
a =-(25cm} —s" | cos|| —s™ |t 
3 3 
=|- (439 cm/s? Jcos[[4.19s7 )e] 
26 œ 
Picture the Problem The maximum speed and maximum acceleration of the particle in 
are given by v,,,. = A@ and a,,,, = Aw’. The particle’s position is given by 


X= Acos(at + ô) where A = 7 cm, w= 67s ', and ô = 0, and its velocity is given by 
v=-Aosinlat+ ô). 


(a) Express Vmax in terms of A and æ: Vinax = AO = (7 cm)(6z s~!) 


= 427 cm/s =| 1.32 m/s 


(b) Express dmax in terms of A and ø: aaax = Aw = (7 cm)(6z s” y 
= 25277 cm/s’ =| 24.9 m/s? 
(c) When x = 0: cos at = 0 
and 


3m 


ot = cos” 0 =, 22 
2 2 


mT (T 
Evaluate v at ot = > : v=-Aa sin( = =-Ao 


i.e., the particle is moving to the left. 


3m 
Evaluate v at ot = x 


Solve for t: 


27 ee 
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v=—-Aa sin{ 2 =Aao 


i.e., the particle is moving to the right. 


aE xe SEN pGagg 


30 ers)” 


Picture the Problem The position of the particle as a function of time is given by 
x = Acos(at + 6). Its velocity as a function of time is given by v= —Aasin(at + 6) 


and its acceleration by a = -Ao cos(ct +6 ). The initial position and velocity give us 


two equations from which to determine the amplitude A and phase constant 6. 


(a) Express the position, velocity, 
and acceleration of the particle as 
functions of t: 


Find the angular frequency of the 
particle’s motion: 


Relate the initial position and 


velocity to the amplitude and phase 
constant: 


Divide these equations to eliminate 
A: 


Solve for 6: 


Substitute numerical values and 
evaluate 6: 


Use either the xo or Vp equation (Xp is 
used here) to find the amplitude: 


Substitute in equation (1) to obtain: 


x = Acos(at + 6) (1) 
v= —Aasin(at + ô) (2) 
a=-A@ cos(at +8) (3) 


san M aa 
T 3 
X) = Acos ó 
and 


V =-@Asin ô 


S=-tan 50cm/s 
(25cm\(4.192s") 


= —0.445rad 


A=% 25cm 


= ` =27.7 cm 
cos cos(—0.445rad) 


x= | (27.7 cm)cos[(4.19s7 Jt E 0.445] 
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; ; ; ee 4 
(b) Substitute in equation (2) to obtain: ee 07. 7 em} An =) 


x il (425 — oes 


=| -(1 16cm/s)sin|(4. 19s" Je = 0.445] 


(c) Substitute in equation (3) to obtain: 


4r 1 i 4r -1 
a = -(27.7cm) Pi cos Pi t -0.445 
=| —(486 cm/s Jeos|(4.1957 jt = 0.445] 


28 oo 

Picture the Problem The position of the particle as a function of time is given 

byx = Acos(at +6 ). We’re given the amplitude A of the motion and can use the initial 
position of the particle to determine the phase constant 6. Once we’ve determined these 
quantities, we can express the distance traveled Ax during any interval of time. 


Express the position of the particle x =(12cm)cos(at + 5) (1) 
as a function of t: 


Find the angular frequency of the Hz 2m = 2a ee 
particle’s motion: T 8s 4 
Relate the initial position of the X) = Acosd 
particle to the amplitude and phase 
constant: 

: X 0 zxz 
Solve for & Sacos bik ee rg == 

A 2 


Substitute in equation (1) to obtain: (1 2 ceo ( Z s) : m l 
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adie 

scale} 
emeei] 
-ofze 


Express the distance the particle m 


travels in terms of tç and ti: 


(a) Evaluate Ax for t= 2 s, ti= 1 s: ika 2em) feos (25 Jas) 7] 
fe )or5] 
= (12 cm)}{-1-0} 
=| 12.0cm 
(b) Evaluate Ax for t= 4 s, ti = 2 s: jez otter ye 


c) Evaluate Ax for ts= 1 s, ti = 0: 
9 ; Ax =|(12 en) cod (£55) 2] 
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(d) Evaluate Ax for t= 2 s, t, = 1 s: 


29 oo 


AX = 


izenetan] 
dge] 


= |(12 cm){-1+ 0.7071} 


=| 3.5lcem 


Picture the Problem The position of the particle as a function of time is given 
by X= (10 cm)cos(at +6 ) . We can determine the angular frequency @ from the period 


of the motion and the phase constant 6 from the initial position and velocity. Once we’ve 


determined these quantities, we can express the distance traveled Ax during any interval 


of time. 


Express the position of the particle 
as a function of t: 


Find the angular frequency of the 
particle’s motion: 


Find the phase constant of the 
motion: 


Substitute in equation (1) to obtain: 


x =(10cm)cos(at + 6) (1) 


x= (10 en)eos (Zs) e| 
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(a) A graph of x = (10cm) cos (Zs) follows: 


x (cm) 


t (s) 


(b) Express the distance the particle travels in terms of tp and t;: 


Ax = |(10 en)eos( =) t| - (10 em)eos| Z s7 ) J 
ellil 


(2) 


Substitute numerical values in te | ti Ax 
equation (2) and evaluate Ax in each (s)| (s)| (cm) 
of the given time intervals to obtain: 1 | 0 2.93 
2 | 1 | | 7.07 
3 | 2 | | 7.07 
4 | 3 2.93 
#30 e 


Picture the Problem We can use the expression for the maximum acceleration of an 
oscillator to relate the 10g military specification to the compliance frequency. 


: . 2 
Express the maximum acceleration Anax = AO 
of an oscillator: 
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Express the relationship between o = 2nf 
the angular frequency and the 
frequency of the vibrations: 


Substitute to obtain: G4 r Af’ 
Solve for f: f- 1 la, 
AV A 
Substitute numerical values and 1 OR 1m/s? 
evaluate f: f = 2r \ 15x102m =| 12.9Hz 


31 eo 
Picture the Problem The maximum speed and acceleration of the particle are given by 
Vine = A@ andaa = A@’. The velocity and acceleration of the particle are given by 


max 


v=—Aasin at and a = —Aa’ cos at. 


(a) Find Vmax from A and a: Vinay = A@ = (2.5 m)(z s~!) 
=| 7.85 m/s 

Find dmax from A and æ: d = A@’ = (2.5 m)(zr s7 y 
=| 24.7 m/s” 

(b) Use the equation for the position 1.5m = (2.5 m)cos at' 


of the particle to relate its position at 
x = 1.5 m to the time (to reach this 


position: 
Solve for zt’: at' = cos '0.6 = 0.9273 rad 
Evaluate v when zt= zt’: v=-(2.5 m)(z s')sin(0.9273 rad) 
=| — 6.28 m/s 
where the minus sign indicates that the 
particle is moving in the negative direction. 
Evaluate a when at = at’: a=-(2.5 m)zr st)’ cos(0.9273 rad) 


[=m | 
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where the minus sign indicates that the 
particle’s acceleration is in the negative 
direction. 


+32 oo 
Picture the Problem We can use the formula for the cosine of the sum of two angles to 
write x = Ao cos( øt + ô) in the desired form. We can then evaluate x and dx/dt at t = 0 to 
relate A, and A, to the initial position and velocity of a particle undergoing simple 
harmonic motion. 


(a) Apply the trigonometric identity x = A, cos(at +5) = A [cos at cos 5 
cos(cut + ô) = cos øt cos ô — sin æt sin ô -sin ot sin ô] 
to obtain: =-Ą, sin 6 sin wt 
+ A, cos cos at 
=| A sin øt + A, cos at 
provided 


A, = —A, sin 6 and A, = A, cos ô 


(b) Att=0: x(0) =| A, cosd = A, 


Evaluate dx/dt: dx 
VSS = 

dt 
= A,acos at — A œ sin at 


Evaluate v(0) to obtain: v(0) = @A, = 


Simple Harmonic Motion and Circular Motion 


<A sin wt + A, cos at | 
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Picture the Problem We can find the period of the motion from the time required for the 
particle to travel completely around the circle. The frequency of the motion is the 
reciprocal of its period and the x-component of the particle’s position is given 

by x = Acos(at +ô). 


(b) Use the definition of speed to T= 27r = 27(0.4 m) _[314s 
find the period of the motion: V 0.8 m/s 

(a) Because the frequency and the f= 1 _ l -|0318 Hz 
period are reciprocals of each other: T 3.14s 


(c) Express the x component of the x= Acos(at T ô) 
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position of the particle: 


Assuming that the particle is on the A=Acosd=> 6 =cos'1=0 
positive x axis at time t = 0: 


Substitute for A, œ, and Sto obtain: x= Acos(2zft ) 


= (40cm)cos[(2s7 Md 
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Picture the Problem We can find the period of the motion from the time required for the 
particle to travel completely around the circle. The angular frequency of the motion is 27 
times the reciprocal of its period and the x-component of the particle’s position is given 
by x = Acos(at +8). 


iti 2 2a\1 

(a) Use the definition of speed to y= 7 z( 5 cm) =| Si 4cm/s 
express and evaluate the speed of T 3s 
the particle: 

b) E th l locity of 2 2 
(b) Apress e angular velocity o pees E adi 
the particle: T 3 
(c) Express the x component of the x= Acos(at +6 ) 
position of the particle: 
Assuming that the particle is on the A=Acoséd=> 6 =cos'1=0 


positive x axis at time t = 0: 


Substitute to obtain: 2 
x=| (15 em)oos 22 s7 ) t 


Energy in Simple Harmonic Motion 


35 ° 


Picture the Problem The total energy of the object is given by E =4kA’, where A is 


tot 


the amplitude of the object’s motion. 


Express the total energy of the E 
system: 


Substitute numerical values and E = 1(4. 5 kN/m)(0. 1 m) - 


evaluate Etot: 
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36 >œ 
Picture the Problem The total energy of an oscillating object can be expressed in terms 
of its kinetic energy as it passes through its equilibrium position: E,,, = tmv? Its 


maximum speed, in turn, can be expressed in terms of its angular frequency and the 
amplitude of its motion. 


Express the total energy of the E= + mv 
object in terms of its maximum 
kinetic energy: 


EXpress Vmax: Vinx = AO = 27Af 

Substitute to obtain: E=1 m(27Af y =2mA°x’ f? 
Substitute numerical values and E= 2(3 kg)\(0. 1 my m’ (2.4 s! 
evaluate E: -340 

37 >œ 


Picture the Problem The total mechanical energy of the oscillating object can be 
expressed in terms of its kinetic energy as it passes through its equilibrium position: 
Ex = SMV, 


to max * 


Its total energy is also given by E,,, =4kA’. We can equate these 


expressions to obtain an expression for A. 


(a) Express the total mechanical E=>mv 
energy of the object in terms of its 
maximum kinetic energy: 


Substitute numerical values and E =4(1.5kg)(0.7 m/s) =] 0.368) 
evaluate E: 

(b) Express the total energy of the Ea = 4kA 

object in terms of the amplitude of 

its motion: 

Solve for A: 2E 


Substitute numerical values and 
Re 2(0.368J) _ 


evaluate A: \ 500 N/m 
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Picture the Problem The total energy of the oscillating object can be expressed in terms 


of its kinetic energy as it passes through its equilibrium position: Et = tmv? Its total 


energy is also given by E,,, = 1kA’, We can solve the latter equation to find A and solve 


the former equation for Vmax. 
(a) Express the total energy of the E= +kA’ 
object as a function of the amplitude 


of its motion: 


Solve for A: 2E 


A tot 
k 
Substitute numerical values and 2(0.9J 
evaluate A: a 2000 N/m _ 
(b) Express the total energy of the Ew = tmvi nx 
object in terms of its maximum 
speed: 
Solve for Vmax: 2E 
v = tot 
max y m 
Substitute numerical values and 2(0. 
| , Vinax = (0.9) =| 0.775 m/s 
evaluate Vmax: \ 3kg 
39 œ 


Picture the Problem The total energy of the object is given by E,,, =4kA”. We can 


solve this equation for the force constant k and substitute the numerical data to determine 


its value. 
Express the total energy of the Ey =4 kA’ 
oscillator as a function of the 
amplitude of its motion: 
Solve for k: ka 2E iot 
n 

i i 2(1.4 

Substitute numerical values and k= ( J ) -|1 38kN/m 


evaluate k: (0.045 my 
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Picture the Problem The total energy of the object is given, in terms of its maximum 
kinetic energy by E = tmv. We can express Vmax in terms of A and æ and, in turn, 


express @in terms of amax to obtain an expression for Etot in terms of dmax- 


Express the total energy of the E= }mv 
object in terms of its maximum 
kinetic energy: 


Relate the maximum speed of the Vinax = AO 
object to its angular frequency: 


Substitute to obtain: B= 1m(Aa) =1mA’o 
Relate the maximum acceleration of d nax = Aw 
the object to its angular frequency: or 
o — “max 
A 
Substitute and simplify to obtain: 2 A max 
j 7 Eg = mA A = 4 MAA nax 
Substitute numerical values and Ex = 163 kg \(0.08 m)3 50 m/s” ) 
evaluate Erot: 10.420) 
Springs 
41 >œ 


1 
Picture the Problem The frequency of the object’s motion is given by f = aa m. 
1 


Its period is the reciprocal of its frequency. The maximum velocity and acceleration of an 


object executing simple harmonic motion are v,,,. = A@ and dpa = A@’, respectively. 
(a) The frequency of the motion is f 1 fk 
given by: = 2m\m 


Substitute numerical values and 1 A SkKN/m 
evaluate f: f= 2 \ “24kg =| 6.89 Hz 
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(b) The period of the motion to is T= l l -|0145 
=— = =| 0.145s 
f 6.8957! 


the reciprocal of its frequency: 


(c) Because the object is released A=|0.100m 


from rest after the spring to which it 


is attached is stretched 10 cm: 


(d) Express the object’s maximum Vinax = AO = 27fA 
speed: 
Substitute numerical values and Vax =2 z(6.89 gt Jo. Im) =| 4.33m/s 


evaluate Vmax: 


(e) Express the object’s maximum apax = AO? = OV pax = LAF pax 
acceleration: 
Substitute numerical values and d nax = 2z(6.89 s7! )(4.33 m/s) 


evaluate dmax: [187m/s° | 
z =| 187 m/s 
(f) The object first reaches its t=1T= 1(0.145 s) = 


equilibrium when: 


Because the resultant force acting a=|0 


on the object as it passes through its 
equilibrium point is zero, the 
acceleration of the object is: 
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Picture the Problem The frequency of the object’s motion is given by f = an m. 
1 


Its period is the reciprocal of its frequency. The maximum velocity and acceleration of an 


object executing simple harmonic motion are v,,,. = A@ and dpa = A@’, respectively. 
(a) The frequency of the motion is f 1 fk 
given by: = 2m\m 


Substitute numerical values and 1 700 N/m 
evaluate f: f “2Y 5kg =| 1.88 Hz 


(b) The period of the motion is the 
reciprocal of its frequency: 


(c) Because the object is released 


from rest after the spring to which it 


is attached is stretched 8 cm: 


(d) Express the object’s maximum 
speed: 


Substitute numerical values and 
evaluate Vmax: 
(e) Express the object’s maximum 


acceleration: 


Substitute numerical values and 
evaluate dmax: 


(f) The object first reaches its 
equilibrium when: 


Because the resultant force acting 


on the object as it passes through its 


equilibrium point is zero, the 
acceleration of the object is: 


43 > 
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1 1 
Te em nl 
A=[0.0800m 


Vinax = AO = 27fA 


Vaas = 277(1.888"')(0.08m) =| 0.945 mis | 


max 


=| 11.2m/s* 
t= 47 = $(0.531s)=[ 0.1335 | 
a-[0] 


apa = 27(1.88 87 )(0.945 m/s) 


Picture the Problem The angular frequency, in terms of the force constant of the spring 


and the mass of the oscillating object, is given by Oo = k/m. The period of the motion is 


the reciprocal of its frequency. The maximum velocity and acceleration of an object 


executing simple harmonic motion are V pax = A@ and a 


(a) Relate the angular frequency of 
the motion to the force constant of 
the spring: 


Substitute numerical values to 
obtain: 


= Aa’, respectively. 


max 


or 
k=mo’ =427 f’m 


k = 47° (2.4s 7] kg) = 
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(b) Relate the period of the motion T= 1 = 1 =| 0.4175 
f 2.457! 


to its frequency: 


(c) Express the maximum speed of Vinax = A@ = 27fA 

the object: 

Substitute numerical values and Vax = 2 n(2.4 s! 10 1m)=| 1.51m/s 
evaluate Vmax: 

(d) Express the maximum a nax = A@ =4r° f 7A 

acceleration of the object: 

Substitute numerical values and a... =4n’ (2.457 y (0. 1m) =| 22.7 m/s? 


evaluate dmax: 


*44 ¢ 
Picture the Problem We can find the frequency of vibration of the car-and-passenger 
k 
system using f = aAa where M is the total mass of the system. The spring 
mT 


constant can be determined from the compressing force and the amount of compression. 


Express the frequency of the car- 1 fk 

and-passenger system: = VM 

Express the spring constant: k= F mg 
Ax Ax 


where m is the person’s mass. 


Substitute to obtain: _ 1 | mg 

~ 2m V MAx 
Substitute numerical values and f 1 (85 kg)(9.8 1m/s? ) 
evaluate f: ~ 2m \ (2485kg)(2.35x10° m 


- [oeo] 


45 œ 
Picture the Problem We can relate the force constant k to the maximum acceleration by 


eliminating @ between œ =k /m and dax = Aq’. We can also express the frequency f 


max 


1 
of the motion by substituting Mdmax/A for kin f = pm —. 


(a) Relate the angular frequency of 
the motion to the force constant and 
the mass of the oscillator: 


Relate the object’s maximum 
acceleration to its angular frequency 
and amplitude and solve for the 
square of the angular frequency: 


Substitute to obtain: 


Substitute numerical values and 
evaluate k: 


(b) Replace @ in equation (1) by 2af 
and solve for f to obtain: 


Substitute numerical values and 
evaluate f: 


(c) The period of the motion is the 
reciprocal of its frequency: 


46 > 
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k 
z\m 
@ =— ork =@m 
m 
= 2 
(nax Ao 
or 
> a 
(a) max 
A 
k = Mad nax 
A 


(1) 


ee 


f 


1 
~ In \3.8x10?m = Gm 


T 1 1 


Ff 4.1687 


Picture the Problem We can find the frequency of the motion from its maximum speed 


and the relationship between frequency and angular frequency. The mass of the object 


can be found by eliminating œ between œ =k/m and v 


(b) Express the object’s maximum 
speed as a function of the frequency 
of its motion: 


Solve for f: 


Substitute numerical values and 
evaluate f: 


= Ao. 


max 


Vinax = AO = 27fA 


f = V max 


7 2.2m/s 
~ Qa(5.8x10°m) 


f 


(1) 


=| 6.04 Hz 
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(a) Relate the square of the angular 2_k k (2) 
frequency of the motion to the force m 7) 
constant and the mass of the object: 


Eliminate @ between equations (1) ie kA’ 

and (2) to obtain: 7 Vu: 

Substitute numerical values and (1 8x10 N/m )(5 8x10% m} 
evaluate m: an (22 m/s) 


=| 1.25kg 
(c) The period of the motion is the T= 1 _ l -| 0.1665 
f 6.04s! 


reciprocal of its frequency: 


47 ee 
Picture the Problem The maximum speed of the block is given by v,,,, = A@ and the 


angular frequency of the motion is@= k/ m =5.48rad/s . We’ll assume that the 
position of the block is given by x = Acos at and solve for æt for x = 4 cm and x = 0. We 
can use these values for æt to find the time for the block to travel from x = 4 cm to its 
equilibrium position. 


(a) Express the maximum speed of Vinax = AO 
the block as a function of the 


system’s angular frequency: 


Substitute numerical values and Vinax = (0.08 m)(5.48 rad/s) 


evaluate Vmax: =| 0.438 m/s 


(b) Assuming that x = Acos at, 


A | 
—=Acosat > at=cos — 
evaluate ot for x = 4 cm = A/2: 2 2 


Evaluate v for wt = 27/3: 


max 


v3 
= (0.438m/s)—— =| 0.379 m/s 


Express a as a function of Vmax and a= Aa’ cosat = V nax 2 COS Cot 


V = V nax SIN Ct = (0.438m/s)sin = 


QO: 
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Substitute numerical values and E (0. 438 m/s)(5. AR rad /s)cos m 
evaluate a: 3 


=| 1.20m/s?° 


zi : mT 
(c) Evaluate æt for x = 0: O= Keates ot cos 0 => 


Let At = time to go from æt = 7/3 to 
cot = 7/2 . Then: 


Solve for and evaluate At: T mT 
At = = =| 95.5ms 
6@  6(5.48rad/s) 


ota" = 
2 2 


aA 
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Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can find the mass of the object using m = k/ @ . We can apply a condition 


for translational equilibrium to the object when it is at its equilibrium position to 
determine the amount the spring has stretched from its natural length. Finally, we can use 
the initial conditions to determine A and and express x(t) and then differentiate this 
expression to obtain v(t) and a(t). 


(a) Express the angular frequency of 2_k k 
the system in terms of the mass of m o 
the object fastened to the vertical 

spring and solve for the mass of the 


object: 
Express @ in terms of f: œ =4r f? 
Substitute to obtain: T= k 
An’ f? 

. è 1 N 
Substitute numerical values and we 800 N/m -= 1.51kg 
evaluate m: Ar’ (5 5 s7) 
(b) Letting Ax represent the amount kAx-mg =0 


the spring is stretched from its 
natural length when the object is in 
equilibrium, apply DF y = 0 to the 


object when it is in equilibrium: 
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Solve for Ax: Rae mg 

k 
$ : 2 

Substitute numerical values and ies (1 5 1kg)(9.81m/s ) = ogee 

evaluate Ax: 1800 N/m 

(c) Express the position of the object x = Acos(at +ô) 

as a function of time: 

Use the initial conditions i Vo e 

(Xo = —2.5 cm and vo = 0) to find 6: gee [- 2] =ta ot 

Evaluate æ: k 1800N 

valuate æ: o= | _ 800 /M _ 34 Srad/s 

m 1.51kg 

Substitute to obtain: x= (2.5 cm)cos|(34.5 rad/s)t + z] 


=| — (2.5 cm )cos|(34.5 rad/s)t | 


Differentiate x(t) to obtain v: v= | (86.4 cm/s)sin|(34.5 rad/s)t | 
Differentiate v(t) to obtain a: a= (29.8m/s? Jeos[(34.5 rad/s)t] 
49 


Picture the Problem Let the system include the object and the spring. Then, the net 
external force acting on the system is zero. Choose E; = 0 and apply the conservation of 
mechanical energy to the system. 


Express the period of the motion in T= 2m (1) 
terms of its angular frequency: 7) 
Apply conservation of energy to the E, = Epor O=U, +U pring 
system: 
Substitute for U, and Uspring: 0 =-mgA^Ax++4 k(Ax)’ 
Solve for @ = k/m: Be k = 2g 
m Ax 
Substitute numerical values and 2 2(9.81m/s" ) - 574rad/s? 


2. oO = -2 
evaluate a: 3.42x10~m 
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. . . TON 2 
Substitute in equation (1) to obtain: T T -| 0.2625 


574rad/s” 
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Picture the Problem Let the system include the object and the spring. Then the net 
external force acting on the system is zero. Because the net force acting on the object 
when it is at its equilibrium position is zero, we can apply a condition for translational 
equilibrium to determine the distance from the starting point to the equilibrium position. 
Letting E; = 0, we can apply conservation of energy to the system to determine how far 
down the object moves before coming momentarily to rest. We can find the period of the 
motion and the maximum speed of the object from T = 2n,/m/k and v.,, = Ay k/m. 


(a) Apply XF, =Q to the object ky, —mg =0 
when it is at the equilibrium 

position: 

Solve for yo: mg 


aes 


Substitute numerical values and (1 kg)(9.8 1m/s? ) 
= =| 3.92 
evaluate yo: Yo 250 N/m 


(b) Apply conservation of energy to E =E; 
the system: or 

0 = U, + U spring 
Substitute for U, and Uspring: 0 =—mgy, ++ky; 
Solve for yg _ 2mg 

Jee Ea 


Substitute numerical values and _ 2(1 kg)(9.8 1m/s” ) 2 
evaluate yg: Je = 250N/m = 


(c) Express the period T of the m 
T=27 k 


motion in terms of the mass of the 
object and the spring constant: 
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Substitute numerical values and lkg 

evaluate T: Kmen 250N/m oe 
(d) The object will be moving with k 

: . : v_ = Ao = A,|— 

its maximum speed when it reaches man m 


its equilibrium position: 


Substitute numerical values and 250 N/m 

Vax = (3.92cm) 
evaluate Vmax: ia lkg 

=| 62.0cm/s 

(e) The time required for the object to t=if= 4(0.397 s) =| 99.3ms 
reach equilibrium is one-fourth of its 
period: 
51 oe 


Picture the Problem The stunt woman’s kinetic energy, after 2 s of flight, is 

K,, =4mv;,. We can evaluate this quantity as soon as we know how fast she is moving 
after two seconds. Because her motion is oscillatory, her velocity as a function of time is 
v(t ) = —Aasin(at +6). We can find the amplitude of her motion from her distance of 
fall and the angular frequency of her motion by applying conservation of energy to her 
fall to the ground. 


Express the kinetic energy of the K, = tmv? (1) 

stunt woman when she has fallen for 

2s: 

Express her velocity as a function of v(t) = —Aasin(at +6 ) 

time: where = 0 (she starts from rest with 
positive displacement) and 
A=1(192m)=96m 
<. V(t) = (96 mo sin(at) (2) 

Letting E; = 0, use conservation of O=U, +U gastic 

energy to find the force constant of or 

: ; , 
the elastic band: 0 =—mgh+1kh? =0 
Solve for k: k= 2mg 


Substitute numerical values and 
evaluate k: 


Express the angular frequency of 


her motion: 


Substitute numerical values and 


evaluate a: 


Substitute in equation (2) to obtain: 


Evaluate v(2 s): 


Substitute in equation (1) and 
evaluate K(2 s): 


*5D2 ee 

Picture the Problem The diagram shows 
the stretched bungie cords supporting the 
suitcase under equilibrium conditions. We 


1 Jk 
can use f =—.|/—“ to express the 
27 \ M 


frequency of the suitcase in terms of the 
effective "spring” constant keg and apply a 
condition for translational equilibrium to 
the suitcase to find kerr. 


Express the frequency of the 
suitcase oscillator: 


Apply >, F, =0 to the suitcase to 


obtain: 
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2 
p — A60ks)(9.81m/s") aye 
192m 
o- |k 
\m 
O= Cea = 0.320 rad/s 
\ 60kg 


v(t) = -(96m)(0.320 rad/s) 
x sin|(0.320rad/s)¢] 
= (30.7 m/s)sin|(0.320rad/s)t] 


v(2s) = (30.7 m/s)sin|(0.320rad/s)(2s)| 
=18.3m/s 


K(2s)=+4(60kg)(18.3m/s) =| 10.1kJ 


Mg 


= 1 kos 
aM 
kx + kx- Mg = 0 
or 
2kx — Mg =0 
or 
kX — Mg =0 


where kere = 2k 
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Solve for keg to obtain: k = Mg 

eff x 
Substitute to obtain: 1 lg 

f =— 2 

2m \ x 

Substitute numerical values and 1 19.81m/s? 
evaluate f: f= 27 0.05m ge cca 
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Picture the Problem The frequency of the motion of the stone and block depends on the 
force constant of the spring and the mass of the stone plus block. The force constant can 
be determined from the equilibrium of the system when the spring is stretched 
additionally by the addition of the stone to the mass. When the block is at the point of 
maximum upward displacement, it is momentarily at rest and the net force acting on it is 
its weight. 


(a) Express the frequency of the f 1 k 


motion in terms of k and m: (OR Moy 
O 


where Mio is the total mass suspended from 


the spring. 

Apply DF y = 09 to the stone when kAy —mg =0 
it is at its equilibrium position: 
Solve for k: p= EY. 

Ay 
Substitut ical values and l l : 

ubstitute numerical values an = (0 03kg)(9 81m/s ) 5 89N/m 

evaluate k: 0.05m 


Substitute and evaluate f: 1 {5.89 N/m 
= — |———— =| 0.997 Hz 
om ence 
(b) The time to travel from its lowest 4 l l 
t=1T = = =| 0.502s 
> 2f  2(0.997s") 


point to its highest point is one-half its 


period: 


(c) When the stone is at a point of 
maximum upward displacement: 
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= mg = (0.03kg)(9.81m/s") 


=| 0.294N 


F 


net 


Picture the Problem We can use the maximum acceleration of the oscillator 


a... = A@ to express Gmax In terms of A, k, and m. k can be determined from the 


max 


equilibrium of the system when the spring is stretched additionally by the addition of the 


stone to the mass. If the stone is to remain in contact with the block, the block’s 


maximum downward acceleration must not exceed g. 


Express the maximum acceleration 
in terms of the angular frequency 
and amplitude of the motion: 


Relate w to the force constant and 
the mass of the stone: 


Substitute to obtain: 

Apply » F, =0 to the stone when 
y 

it is at its equilibrium position: 

Solve for k: 

Substitute numerical values and 

evaluate k: 


Substitute numerical values to 
express Gmax in terms of A: 


Set dmax = g and solve for Ajax: 


Substitute for g and evaluate Ajax: 


A nax a Aw’ 
es 
m 
k 
ad nax = E 
m 
kAy —mg =0 
k = ”9 
Ay 
2 
p _(0.03ke)0-81m/s*) oo 
0.05m 
doa A Goes A 
0.15kg 
= 
Prax = 39 35 
9.81m/s 
= ——— =| 25.0cm 
Aras = 39353 
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Picture the Problem The maximum height above the floor to which the object rises is 


the sum of its initial distance from the floor and the amplitude of its motion. We can find 


the amplitude of its motion by relating it to the object’s maximum speed. Because the 


object initially travels downward, it will be three-fourths of the way through its cycle 


when it first reaches its maximum height. We can find the minimum initial speed the 


object would need to be given in order for the spring to become uncompressed by 


applying conservation of energy. 


(a) Relate h, the maximum height 
above the floor to which the object 
rises, to the amplitude of its motion: 


Relate the maximum speed of the 
object to the angular frequency and 
amplitude of its motion and solve 
for the amplitude: 


Using its definition, express and 
evaluate the force constant of the 
spring: 


Substitute numerical values in 
equation (2) and evaluate A: 


Substitute in equation (1) to obtain: 


(b) Express the time required for the 
object to reach its maximum height 
the first time: 


Express the period of the motion: 


Substitute numerical values and 
evaluate T: 


Substitute to obtain: 


h=A+5.0cm (1) 
V max = A@ 
or 


jm 
A=v — 2 
max k ( ) 


2 
pong (2kg\9.81m/s | eis 
Ay 0.03m 


Asosan 66a 
654 N/m 


h =1.66cm + 5.00 cm =| 6.66 cm 


(c) Because h < 8.0 cm: 


Using conservation of energy and 
letting U, be zero 5 cm above the 
floor, relate the height to which the 
object rises, Ay, to its initial kinetic 
energy: 


Because Ay = L- y, : 


Solve for and evaluate v; for 
Ay = 3 cm: 
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the spring is never uncompressed. 


AK + AU, +AU, =0 


or, because Ks = U; = 0, 
tmv? —mgAy +4k(Ayy 


-3 (L—y,) =0 


smv; -mgAy ++k(Ayy —Fk(Ay) =0 
and 
1 mv; — mgAy =0 


v; = 4294y = J20.81m/s K3 cm) 
= 0.767 m/s 


i.e., the minimum initial velocity that must 


be given to the object for the spring to be 
uncompressed at some time is 


0.767 m/s 


Picture the Problem We can relate the elongation of the cable to the load on it using the 


definition of Young’s modulus and use the expression for the frequency of a spring and 


mass oscillator to find the oscillation frequency of the engine block at the end of the wire. 


(a) Using the definition of 
Young’s modulus, relate the 
elongation of the cable to the 
applied stress: 


Solve for AZ: 


Substitute numerical values and 
evaluate AZ: 


(b) Express the oscillation 
frequency of the wire-engine block 
system: 


y — Stress _ F/A 
strain Aé/¢ 


ae = EE -Mot 
AY AY 
eS (950kg)(9.81m/s? (2.5m) 
(1.5cm? (150GN/m?}) 
=| 1.04mm 
ol [Ka 
=z M 
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Express the effective spring” k= F = Mg 

constant of the cable: AL AE 

Substitute to obtain: f 1 g 
Qn VAL 


Substitute numerical values and 1 |9.81m/s? 
evaluate f: "> \ eden 15.5 Hz 


Energy of an Object on a Vertical Spring 
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Picture the Problem Let the origin of our coordinate system be at yo, where yo is the 
equilibrium position of the object and let U, = 0 at this location. Because Fnet = 0 at 
equilibrium, the extension of the spring is then yo = mg/k, and the potential energy stored 
in the spring is U, = tky . A further extension of the spring by an amount y increases U, 


to 1k(y + Vo y =1ky* + kyy, + ky, =1ky’ +mgy ++ky;. Consequently, if we set 


U = U, + U, = 0, a further extension of the spring by y increases U, by “ky” + mgy while 
decreasing U, by mgy. Therefore, if U = 0 at the equilibrium position, the change in U is 


given by 1k(y'), where y' =y -Yo. 


(a) Express the total energy of the E= tkA? 
system: 
Substitute numerical values and E= 1 (600 N/m)(0.03 my =| 0.270J 
evaluate E: 
(b) Express and evaluate U, when U, =-mgA 
the object is at its maximum _ (2.5 kg)(9.8 1m/s” )(0.03 m) 
downward displacement: [0.7365 | 
=| —0.736J 
(c) When the object is at its U, = 1A’ +mgA 
maximum downward displacement: a (600 N /m) (0 03 m} 
=1 i 


+(2.5kg)(9.81m/s?)(0.03m) 


=| 1.01J 
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(d) The object has its maximum K _ =4+kA’ = 4+(600 N/m)(0.03 my 


=| 0.270J 


kinetic energy when it is passing 
through its equilibrium position: 
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Picture the Problem Let the origin of our coordinate system be at yo, where yo is the 
equilibrium position of the object and let U, = 0 at this location. Because Fy. = 0 at 
equilibrium, the extension of the spring is then yo = mg/k, and the potential energy stored 
in the spring is U, = tky . A further extension of the spring by an amount y increases U, 


to Lk(y+y,) =4ky’ +kyy, +Łky? = 4ky’ +mgy + 4ky;. Consequently, if we set 
U = U, + U,=0, a further extension of the spring by y increases U, by “ky” + mgy while 
decreasing U, by mgy. Therefore, if U = 0 at the equilibrium position, the change in U is 
given by Lk(y'f, where y' =y —yo. 


(a) Express the total energy of the system: E = +kA’ 


Letting Ay represent the amount the kAy —mg =0 
spring is stretched from its natural 

length by the 1.5-kg object, apply 

>» F, = ma, to the object when it is 


in its equilibrium position: 


Solve for k: k = ”9 

Ay 
Substitute for k to obtain: E- mgA’ 

2Ay 
Substitute numerical values and E- (1 5 kg)(9.8 1m/s” )(0.022 my 
evaluate E: 7 2(0.028 m) 
=| 0.127] 

(b) Express U, when the object is at U, =—mgA 
its maximum downward 
displacement: 
Substitute numerical values and U,= -(1 5 kg)(9.8 1m/s? )(0.022 m) 


evaluate U,: = 
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(c) When the object is at its maximum U = 1kA? +mgA 
downward displacement: 


U, = 4(526N/m)(0.022m/y 
+(1.5kg)(9.81m/s?)(0.022 m) 


-pesn 


(d) The object has its maximum O = 1 kA? 
= 1(526N/m)(0.022m)’ 


- [oaar] 


Substitute numerical values and 
evaluate U;: 


kinetic energy when it is passing 
through its equilibrium position: 


*59 oo 
Picture the Problem We can find the amplitude of the motion by relating it to the 
maximum speed of the object. Let the origin of our coordinate system be at yo, where yo is 
the equilibrium position of the object and let U, = 0 at this location. Because Fe = 0 at 
equilibrium, the extension of the spring is then yọ = mg/k, and the potential energy stored 
in the spring is U, = tky, . A further extension of the spring by an amount y increases U, 


to 1k(y + Vo y =1ky* + kyy, ++ky¢ =1ky’ +mgy +1+ky,. Consequently, if we set 
U = U, + U, = 0, a further extension of the spring by y increases U, by ky’ + mgy while 
decreasing U, by mgy. Therefore, if U = 0 at the equilibrium position, the change in U is 


given by 1k(y'), where y' =y —Yo. 
(a) Relate the maximum speed of 
the object to the amplitude of its 


motion: 


Solve for A: 


Substitute numerical values and 
evaluate A: 


(b) Express the energy of the object 
at maximum displacement: 


Substitute numerical values and 
evaluate E: 


max `~ 


A=(03m/)|1288_ = [190cm] 


E=1kA° 


E =4(300N/m)(0.019m) =| 0.0542] 
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(c) At maximum displacement from U, =—mgA 
equilibrium: 
Substitute numerical values and U,= -(1 2 kg)(9.8 1m/s? \(0.0 19 m) 


evaluate U,: 


(d) Express the potential energy in U, =4kA’ +mgA 
the spring when the object is at its 
maximum downward displacement: 


Substitute numerical values and U,=4 (3 00 N/m) (0.0 19 my 
evaluate Uy +(1.2kg)(9.81m/s?)(0.019 m) 


=| 0.278] 


Simple Pendulums 
60 ° 
Picture the Problem We can determine the required length of the pendulum from the 


expression for the period of a simple pendulum. 


Express the period of a simple pendulum: L 
T =22,|— 
g 


Solve for L: T’g 


Substitute numerical values and evaluate L: (5 s) (9.8 1m/s? ) 
L= — Ae =| 6.21m 
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Picture the Problem We can find the period of the pendulum from T = 27,/L/G moon 


where gmon =G9 and L= 6.21 m. 


Express the period of a simple L 
pendulum: g 


Substitute numerical values and 621m 
evaluate T: T=22 1(9.81mis? = 
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Picture the Problem We can find the value of g at the location of the pendulum by 
solving the equation T = 27,/L/g for g and evaluating it for the given length and 


period. 
Express the period of a simple L 

T =227,|— 
pendulum: g 
Solve for g: _ An’ L 

g B T? 
Substitute numerical values and An? (0.7 m) 7 

= ————— =| 9.79 m/s 

evaluate g: á (I .68 s) [ 9.79 m/s? | 
*63 œ 
Picture the Problem We can use T = 277,/L/g_to find the period of this pendulum. 
Express the period of a simple L 

T =27,|— 
pendulum: g 
Substitute numerical values and 34m 
evaluate T: Tian 9.81m/s2 _ 
64 ee 
Picture the Problem The figure shows the 
simple pendulum at maximum angular 
displacement ø. The total energy of the 
simple pendulum is equal to its initial 
gravitational potential energy. We can 
apply the definition of gravitational 
potential energy and use the small-angle 
approximation to show that E = +mgL h : > + 

={ F F u.=0 

Express the total energy of the simple E = U acdan = mgh 
pendulum at maximum displacement: = mg Lil — cos h] 


For ø << 1: cos¢x1—-+¢" 
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Substitute and simplify to obtain: E = mgL i — (1 —t h ) z 


65 eo 

Picture the Problem Because the cart is 
accelerating down the incline, the period of 
the simple pendulum will be given by 


T= 20) L/G ose where geris less than g 


by the acceleration of the cart. We can 
apply Newton’s 2” law to the cart to find 
its acceleration down the incline and then 


subtract this acceleration from g to find ger. 


Express the period of a simple L 
pendulum in terms of its length and Iese 
the effective value of the 

acceleration of gravity: 


Relate ger to the acceleration of the Ger 57974 
cart: 
Apply ` F, = ma, to the cart and mg sin 0 = ma 
solve for its acceleration: and 
a=gsin0@ 
Substitute to obtain: L L 
T=22 =27 - 
g-a g-gsind 
L 
=| 2x 
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Picture the Problem The figure shows the 
simple pendulum at maximum angular 
displacement ø. We can express the 
angular position of the pendulum’s bob in 
terms of its initial angular position and 
time and differentiate this expression to 
find the maximum speed of the bob. We 


can use conservation of energy to find an 
exact value for Vmax and the approximation 
cos¢~1—+ Ø to show that this value 


reduces to the former value for small ¢. 


(a) Relate the speed of the _, do 
; v= L— (1) 

pendulum’s bob to its angular dt 
speed: 
Express the angular position of the ~ = h cos at 
pendulum as a function of time: 

. . . . d : 
Differentiate this expression to dg = -posin at 
express the angular speed of the dt 
pendulum: 


v = -Lø osin ot = -V pax Sin ot 


max 


Substitute in equation (1) to obtain: 


Simplify Vmax to obtain: 


(b) Use conservation of energy to AK +AU =0 
relate the potential energy of the or, because Kı = U2 = 0, 
pendulum at point 1 to its kinetic K,—-U,=0 


energy at point 2: 


Substitute for K, and U;: 


Express h in terms of L and ø: 


Substitute for h and solve for 
V2 = Vmax to obtain: 


tmv; —mgh=0 


h=L(l—cos¢,) 


(c) For @ << 1: 


Substitute in equation (2) to obtain: 


(d) Express the difference in the 
results from (a) and (b): 


Using ø% = 0.20 rad and L = 1 m, 
evaluate the result in (b): 


Using ø% = 0.20 rad and L = 1 m, 
evaluate the result in part (a): 


Substitute in equation (3) to obtain: 


Physical Pendulums 
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1-—cos@, wig? 


Va = V29LE 2) =| AVIL 


in agreement with our result in part (a). 


Av = Voaxa ~ Vinax,b (3) 

Vax» = ¥ 2(9.81m/s? ](1m)(1—cos0.2 ) 
= 0.6254 m/s 

Vaaa = (0.20rad),/(9.81m/s? Yim) 
= 0.6264 m/s 


Av = 0.6264 m/s — 0.6254 m/s 


= 0.001m/s =| 1.00mm/s 


Picture the Problem The period of this physical pendulum is given by 
T =22,/I/MgD where I is the moment of inertia of the thin disk with respect to an 


axis through its pivot point. We can use the parallel-axis theorem to express I in terms of 


the moment of inertia of the disk with respect to its center of mass and the distance from 


its center of mass to its pivot point. 


Express the period of physical 
pendulum: 


Using the parallel-axis theorem, find 
the moment of inertia of the thin 
disk about an axis through the pivot 
point: 

Substitute to obtain: 


Substitute numerical values and 
evaluate T: 


T=22 2 
MgD 


I =I,,, + MR? =} MR° + MR? 
= 3MR’ 
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Picture the Problem The period of this physical pendulum is given by 

T =2z.,/I/MgD where I is the moment of inertia of the circular hoop with respect to an 
axis through its pivot point. We can use the parallel-axis theorem to express I in terms of 
the moment of inertia of the hoop with respect to its center of mass and the distance from 

its center of mass to its pivot point. 


Express the period of the physical T=2 I 
pendulum: aie MgD 
Using the parallel-axis theorem, find I =I „+ MR? = MR’ + MR? = 2MR’ 


the moment of inertia of the circular 
hoop about an axis through the pivot 


point: 
Substitute to obtain: 2 
T=27 ave =27n ah 
\ MgR g 
Substitute numerical values and 2(0. 5 m) 
evaluate T: T= m Daus =| 2.01s 
69 œ 


Picture the Problem The period of a physical pendulum is given by 
T =274]I/MgD where I is its moment of inertia with respect to an axis through its 


pivot point. We can solve this equation for I and evaluate it using the given numerical 
data. 


Express the period of the physical T=2 I 
pendulum: =e MgD 
Solve for I: I= MgDT’ 
An? 
Substitute numerical values and l= (3 kg)(9.8 1m/s? \(0. 1m)(2.6s) 
evaluate I: 7 4r? 


=| 0.504kg -m° 
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Picture the Problem We can use the expression for the period of a simple pendulum to 
find the period of the clock. 


(a) Express the period of a simple le 
T =27 |— 
pendulum: Vg 
Substitute numerical values and 4m 
evaluate T: == 27 9.81m/s? 
b) By effectively raising the center of mass of the pendulum, placing coins 
in the tray shortens the period. 
71 oo 


Picture the Problem Let x be the distance of the pivot from the center of the rod, m the 
mass at each end of the rod, and L the length of the rod. We can express the period of the 
physical pendulum as a function of the distance x and then differentiate this expression 
with respect to x to show that, when x = L/2, the period is a minimum. 


(a) Express the period of a physical I 
T =2z,|——_ (1) 
pendulum: MgD 
Express the moment of inertia of the LY Ly > 
‘ : =m =| +m =| =4mL 
dumbbell with respect to an axis cm 2 
through its center of mass: 
Using the parallel-axis theorem, I= mt 2mx’ = imP +2mx’ 
express the moment of inertia of the 
dumbbell with respect to an axis 
through the pivot point: 
Substitute in equation (1) to obtain: ri 4 mI? + 2mx? 
E 2mgx 


AN © 


where C = 


aS 
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Set dT/dx = 0 to find the condition for dT d 1 P +x? ii 
minimum T: Tx = i ie a= = 0 or extrema 
Evaluate the derivative to obtain: 2x — 17? + x’) _0 
3 ip +x 
X 
Because the denominator of this oy = (2 D+ x)= 0 


expression cannot be zero, it must be 
true that: 


Solve for x to obtain: 


-|2 
z 
i.e., the period is a minimum when the 


pivot point is at one of the masses. 


(b) Substitute x = L/4 in equation (2) 


and simplify to obtain: 


Substitute numerical values and 
evaluate T: 


A 5L 
_ 4 4 = 
rg g 


5(2 


Remarks: In (a), we’ve shown that x = L/2 corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
x corresponds to a minimum, we can either (1) show that d’7/dx* evaluated at x = 
L/2 is positive, or (2) graph 7 as a function of x and note that the graph is a 
minimum at x = L/2. 
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Picture the Problem Let x be the distance of the pivot from the center of the rod. We’ll 
express the period of the physical pendulum as a function of the distance x and then 
differentiate this expression with respect to x to find the location of the pivot point that 
minimizes the period of the physical pendulum. 


Express the period of a physical I 
T =2z,|——_ (1) 
pendulum: MgD 


Express the moment of inertia of the 
dumbbell with respect to an axis 
through its center of mass: 


Using the parallel-axis theorem, 
express the moment of inertia of the 
dumbbell with respect to an axis 
through the pivot point: 


Substitute in equation (1) to obtain: 


Set dT/dx = 0 to find the condition 
for minimum T: 


Evaluate the derivative to obtain: 


Because the denominator of this 
expression cannot be zero, it follows 
that: 


Solve for x to obtain: 


The distance to the pivot point from 
the nearer mass is: 


Oscillations 1093 


2 2 2 
dT x d sree = 0 for extrema 


L- E 
d => -7z = 0.09181 | 


Remarks: We’ve shown that x = L/ J6 corresponds to an extreme value; i.e., to 


either a maximum or a minimum. To complete the demonstration that this value of 


x corresponds to a minimum, we can either (1) show that d’7/dx’ evaluated at 


1094 Chapter 14 


x= L/ V6 is positive, or (2) graph 7 as a function of x and note that the graph is a 
minimum at x = L/ v6. 
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Picture the Problem Let x be the distance of the pivot from the center of the meter stick, 
m the mass of the meter stick, and L its length. We’ll express the period of the meter stick 
as a function of the distance x and then differentiate this expression with respect to x to 
determine where the hole should be drilled to minimize the period. 


Express the period of a physical I 
T =2z_|—— (1) 
pendulum: MgD 
Express the moment of inertia of the Ton = E mL? 
meter stick with respect to its center 
of mass: 
Using the parallel-axis theorem, I=I,,+ mx? 
express the moment of inertia of the 2 i mI? + mx? 
meter stick with respect to the pivot 
point: 
Substitute in equation (1) to obtain: 1 mI? +mx? 
T =2gz 
mgx 
Qn [kD +x? 
ov 
-cC LE +x? 
X 
27 
where C = —= 
V9 
Set dT/dx = 0 to find the condition dT d [LDP +x’ 
fsptnimtine T: ae =Cx alow = 0 for extrema 
Evaluate the derivative to obtain: 2x? — (4 Pax ) = 
(bP +x 
X 
Because the denominator of this 2x? — (4 P+ x)= 0 


expression cannot be zero, it follows 
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that: 


Solve for and evaluate x to obtain: L _ 100cm _ 
x 28.9cm 


The hole should be drilled at a distance: d = 50cm -28.9cm = 


from the center of the meter stick. 


74 » 
Picture the Problem Let m represent the mass and r the radius of the uniform disk. 
We’ll use the expression for the period of a physical pendulum and the parallel-axis 
theorem to obtain a quadratic equation that we can solve for d. We will then treat our 
expression for the period of the pendulum as an extreme-value problem, setting its 
derivative equal to zero in order to determine the value for d that will minimize the 


period. 
(a) Express the period of a physical T=2 I 
pendulum: mEn mgd 
Using the parallel-axis theorem, I=I,,, +md i 
relate the moment of inertia with = 1 mR? + md? 
respect to an axis through the hole 
to the moment of inertia with 
respect to the disk’s center of mass: 
Substitute to obtain: 1 mR? + md? 
T=27 aR imd 
mg 
> (1) 
¿R^ +d 
=2n 
gd 
Square both sides of this equation, d? gT’ di R? 0 
simplify, and substitute numerical 4r? 2 
values to obtain: or 


d? —(1.553m)d +0.320 m? =0 


Solve the quadratic equation to d =| 0.245m 


obtain: 
The second root, d = 1.31 m, is too large to 


be physically meaningful. 


1096 Chapter 14 


(b) Set the derivative of equation (1) dT 2a d |} R? +d’? 
equal to zero to find relative maxima dd = Ja “dd d 
and minima: 

= 0 for extrema 
Evaluate the derivative to obtain: 20° = (1 Red a 7 

od? iR +d’ 
d 

Because the denominator of this 2d? — ( R+ qd?)= 0 


fraction cannot be zero: 


Solve this equation to obtain: R 


Evaluate equation (1) with 
d= R/ V2 to obtain an expression 
for the shortest possible period of 


this physical pendulum: 


Substitute numerical values and aa (0.8 m) 


evaluate T: T =27 ogm = 


Remarks: We’ve shown that d = R/ J2 corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
d corresponds to a minimum, we can either (1) show that d°T/dd evaluated at 

d= R/ J2 is positive, or (2) graph 7 as a function of d and note that the graph is a 


minimum at d = R/ V2. 


75 eco 
Picture the Problem We can use the equation for the period of a physical pendulum and 
the parallel-axis theorem to show that h; + h) = gT 7/427”. 


Express the period of the physical T=2 I 
pendulum: iar mgd 
Using the parallel-axis theorem, I=1 mat mh? 


relate the moment of inertia with 
respect to an axis through P; to the 
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moment of inertia with respect to 
the disk’s center of mass: 


Substitute to obtain: I +mk? 

T = 27 cm 1 
mgh, 

S both sides of thi ti mgT? I 

quare both sides o i is equation g — Jem. mh, (1) 

and rearrange to obtain: 4r’ h, 

è . . . I I 

Because the period of oscillation is “om 4 mh, =- + mh, 

the same for point P): h, h, 

Solve this equation for Iom: I, = mhh, 

Substitute in equation (1) to obtain: mgT* mhh, 
“Aq? = + mh, 
or 

T? 
h, +h, = 
4r 

76 cco 


Picture the Problem We can find the period of the physical pendulum in terms of the 
period of a simple pendulum by starting with T = 27./I/mgL and applying the parallel- 
axis theorem. Performing a binomial expansion for r << L on the radicand of our 
expression for T will lead to T ~ Tọ (1 + r°/SL’). 


(a) Express the period of the I 

: T =2z,|—— 
physical pendulum: mgL 
Using the parallel-axis theorem, T=I,,+ mL” 


relate the moment of inertia of the z 2 mr mE 
pendulum about an axis through its 

center of mass to its moment of 

inertia with respect to an axis 


through its point of support: 
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Substitute and simplify to obtain: 


(b) Using the binomial expansion, 


ay? 1/2 
expand | | + —— : 


Substitute in our result from (a) to 
obtain: 


(c) Express the fractional error when 
the approximation T = Tp is used for 
this pendulum: 


Substitute numerical values and 
evaluate AT/T: 


For an error of 1%: 


Solve for and evaluate r with 
L= 100 cm: 
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ar? \? far?) hary 
Lt | =l+ z|+ 5 
5L 2\5r2) 857 


+ higher - order terms 
2 
r 
zx l+— 
5L 


provided r << L 


r’ 


1 
T T, T, 
2 2 
r r 
=]+— -l= 
5P? sv’ 


AT (2 cm) 
z =| 0.008% 
T 5(1 00 cm) : 


r = LV0.05 = (100cm)V/0.05 
-[24em | 


Picture the Problem The period of this physical pendulum is given by 
T =2z,/I/MgD. We can express its period as a function of the distance d by using the 


definition of the center of mass of the pendulum to find D in terms of d and the parallel- 


axis theorem to express I in terms of d. Solving the resulting quadratic equation yields d. 
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In (b), because the clock is losing 5 minutes per day, one would reposition the disk so 


that the clock runs faster; i.e., so the pendulum has a shorter period. We can determine 


the appropriate correction to make in the position of the disk by relating the fractional 


time loss to the fractional change in its position. 


(a) Express the period of the 
physical pendulum: 


I 
Solve for — : 
X 


cm 


Express the moment of inertia of the 
physical pendulum, relative to an 
axis through the pivot point, as a 
function of d: 


Substitute numerical values and 
evaluate I: 


Locate the center of mass of the 
physical pendulum relative to the 
pivot point: 


Substitute in equation (1) to obtain: 


1.0802kg:m? + (1.2kg)d? _ 7(9.81mv/s*)(2kg) 


ee N E 
Mot JXem 


2 
cs = T u (1) 
X An 


I =I,,,+Md* =4mL’ +4Mr’ + Md’ 


I =1(0.8kg\2m) +4(1.2kg\0.15m) 
+(1.2kg)d? 
=1.0802kg -m° +(1.2kg)d? 


(2kg)x,,, = (0.8kg \1m)+(1.2kg)d 


and 


Xm = 0.4m + 0.6d 


= (0.49698kg-m/s?)I? 2) 


0.4m+0.6d 4r’ 
Setting T = 2.5 s and solving for d 
yields: 


(b) There are 1440 minutes per day. 
If the clock loses 5 minutes per day, 
then the period of the clock is 
related to the perfect period of the 
clock by: 


d =| 1.63572m 


where we have kept more than three 


significant figures for use in part (b). 


1435T =1440T 


perfect 


where Tperfect = 3.5 s. 
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Solve for and evaluate T: 


Substitute T= 3.51220 s in equation 
(2) and solve for d to obtain: 


Substitute T = 3.50 s in equation (2) 
and solve for d ' to obtain: 


Express the distance the disk needs 
to be moved upward to correct the 
period: 


fo ss) 
1435 1435 
=3.51220s 
d =3.40140m 
d' = 3.37825m 


Ad = d—d' =3.40140m—3.37825m 


- [232m] 


*78 ee 
Picture the Problem The period of a simple pendulum depends on its amplitude ø 


L 1.31 Lay al 
according to T = 27 1+—sin + sin’ —@, +... |. We can 
i H psn 5h =(3| zA | 


approximate T to the second-order term and express AT/T = (Tgtow — Taccurate)/T. Equating 


this expression to AT/T calculated from the fractional daily loss of time will allow us to 
solve for and evaluate the amplitude of the pendulum that corresponds to keeping perfect 
time. 


Express the fractional daily loss of AT 48s Iday, th 48 


— x< x = 
time: T day 24h 3600s 86400 
Approximate the period of the clock Taj L 1 D 
to the second-order term: T g i 22 ui 2 h 
Express the difference in the periods AT = Tjow = Trccurate 


of the slow and accurate clocks: 


L l1 .,1 E 
= 2m] fi sin? L064 ) 


Divide both sides of this equation by 
T to obtain: 


AT REIS 
Substitute for T and simplify to 


obtain: 


Solve for go: 
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la 1.51 
— = —sin^ 4.2° sin“ — 

4 4 2 h 
Lw 42° sb 2 = ae 
4 4 2 86400 


and 


sin . Ø = 9.05605 


nE] 


Picture the Problem The period of a simple pendulum depends on its amplitude ø 


1 


according to T = 27 2 1+ : sin? : 
g 2 2 


2? 


2 
4l 
2) siní af + ; . We’ll approximate 


T to the second-order term and express AT/T = (Tsow — Teorrect)/T. Equating this 


expression to AT/T calculated from the fractional daily loss of time will allow us to solve 


for and evaluate the amplitude of the pendulum that corresponds to keeping correct time. 


Express the fractional daily loss of 
time: 


Approximate the period of the clock 
to the second-order term: 


Assuming that the amplitude of the 
slow-running clock’s pendulum is 
small enough to ignore, express the 
difference in the periods of the slow 
and corrected clocks: 


Divide both sides of this expression 
by T to obtain: 


AT 
Substitute for ar and simplify to 


obtain: 


AT _ 5min | Iday | Ih 5 
T day 24h 60min 1440 


r=2n efis 2 sin? 
g 2 2 


AT =T 


slow 


= a Ehifieisin +4 


=2n | sin? 4 | 
Vol ? 2 


-T 


correct 


AT 1 
= sın 
T J po 
l.l -5 
S = 
4 2 h 1440 
and 
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al 
sino =0.1178 


Solve for ¢p: h = 


Damped Oscillations 
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Picture the Problem We can use the definition of the damping constant and its 
dimensions to show that it has units of kg/s. 


Using its definition, relate the decay z= m ba m 
constant T to the damping constant b: b T 


Substitute the units of m and 7T to Dimasa b= [m] = kg 


obtain: T| S 
81 >œ 
2 
Picture the Problem For small damping, Q = z where AE/E is the fractional 
AE|/E cycle 
energy loss per cycle. 
Relate the Q factor to the fractional Q= 27 
energy loss per cycle: AE | / E bead 


Solve for and evaluate the fractional ( AE] / E) a _ a _ = _ 


energy loss per cycle: 


832 œ 
Picture the Problem We can find the period of the oscillator from T =2m,/m/k and its 
total initial energy from E, = + kA’ . The Q factor can be found from its definition 


Q= 27/ (AE | / E = and the damping constant from Q = @m/b. 


(a) The period of the oscillator is m 
; T =27m,|— 
given by: Vk 
Substitute numerical values and 2kg 
evaluate T: rz < 400N/;m ati 


(b) Relate the initial energy of the E, = 1 kA’ 


oscillator to its amplitude: 


Substitute numerical values and 
evaluate Eo: 


(c) Relate the fractional rate at 


which the energy decreases to the Q 
value and evaluate Q: 


Express the Q value in terms of b: 


Solve for the damping constant b: 


Substitute numerical values and 
evaluate b: 
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E, =+(400N/m)(0.03m) = 


O2- =" Ze 
AE|/E 0.01 
cycle 
am 
Q b 
_ ain am 
Q TQ 


27(2kg) 
b = -————— > =| 0.045 1kg/ 
(0.444s)(628) 


Picture the Problem The amplitude of the oscillation at time t is A(t) = Ae! ** where 


t= m/b is the decay constant. We’ll express the amplitudes one period apart and then 


show that their ratio is constant. 


Relate the amplitude of a given 


oscillation peak to the time at which 


the peak occurs: 


Express the amplitude of the 
oscillation peak at ť = t + T: 


Express the ratio of these 
consecutive peaks: 
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Alt) = Ae" 


A(t+T)= Ae 7)" 


A(t) _ Ae" 
At+T) Aye?) 


=| constant 


-T/2r 


=€ 


Picture the Problem We can relate the fractional change in the energy of the oscillator 


each cycle to the fractional change in its amplitude. Both the Q value and the decay 


constant z can be found from their definitions. 


(a) Relate the energy of the 
oscillator to its amplitude: 
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Take the differential of this 
relationship to obtain: 


Divide both sides of this equation by 
E: 


Approximate dE and dA by AE and 
AA and evaluate AE/E: 


(b) For small damping: 


(c) Using its definition, express and 
evaluate Q: 


85 eo 


dE = kAdA 


dE _ kAdA _ „dA 


E łk A 


2E =2(5%) =| 10% 
E 
AE] _T 
E T 
and 


A=Q@,t = =, = =H ije 62.8 


Picture the Problem We can use the physical interpretation of Q for small damping 


2m 


on AE|/E 


cycle 


cycle. 


(a) Express the fractional decrease in 
energy each cycle as a function of the 
Q factor and evaluate |AE| / E: 


(b) Using the definition of the Q 
factor, use Equation 14-35 to express 
æ as a function of Q: 


Use the approximation 


(1 +x)*= 1+ %x for small x to obtain: 


to find the fractional decrease in the energy of the oscillator each 


Express and evaluate œ — a: 
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f 1 1 
O'— @ = @) 1 8Q” 0, = 8Q” 


=| —3.13x10~ percent 


Picture the Problem The amplitude of the spring-and-mass oscillator varies with time 


-t/t 


according to A= Ae” ?? and its energy according to E = he 


(a) Express the amplitude of the 
oscillations as a function of time: 


Evaluate the amplitude when t = 2 s: 


Evaluate the amplitude when t = 4 s: 


(b) Express the energy of the system 
at t= 0: 

Express the energy in the system at 
t=2s: 


The energy dissipated in the first 2 s is: 


The energy dissipated in the second 
2-s interval is: 
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A=(6cm)e“** 


A(2s)=(6cm)e?*/** = (6cm)? 


- [Fete] 


A(4s) = (6cm)e“*/** = (6cm)e! 
=| 2.21cm 


E(0)= E,e°”* = E, = 605 


E(2s)= E,e?*”* = E e” 


AE,» = E(0)- E(2s) 


=E, (1 — e") 
=(607)1- e”) 
=|37.9J 


AE, 4, = E, (1-6) 


= (37.9J)(I-e")= 


Picture the Problem We can find the fractional loss of energy per cycle from the 


physical interpretation of Q for small damping. We will also find a general expression for 


the earth’s vibrational energy as a function of the number of cycles it has completed. We 


can then solve this equation for the earth’s vibrational energy after any number of days. 
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(a) Express the fractional change in 
energy as a function of Q: 


(b) Express the energy of the 
damped oscillator after one cycle: 


Express the energy after two cycles: 


Generalizing to n cycles: 


(c) Express 2 d in terms of the 
number of cycles; i.e., the number 
of vibrations the earth will have 
experienced: 


Evaluate E(2 d): 
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Picture the Problem The diagram shows 
1) the pendulum bob displaced through an 
angle @ and held in equilibrium by the 
force exerted on it by the air from the fan 
and 2) the bob accelerating, under the 
influence of gravity, tension force, and 


drag force, toward its equilibrium position. 


We can apply Newton’s 2™ law to the bob 
to obtain the differential equation of 
motion of the damped pendulum and then 
use its solution to find the decay time 
constant and the time required for the 
amplitude of oscillation to decay to 1°. 


(a) Apply > T = Iq to the pendulum 


to obtain: 


= 2880 minx 
54 


= 53.3T 


E(2d) = E, (0.9843) = 


2 
-mg sin + lF, -12$ 


Express the moment of inertia of the 
pendulum with respect to an axis 
through its point of support: 


Substitute for I and Fa to obtain: 


Because 0<< 1 and v= a= ¢d&dt: 


The solution to this second-order 
homogeneous differential equation 
with constant coefficients is: 


Apply SF = ma to the bob when 


it is at its maximum angular 
displacement to obtain: 


Divide the x equation by the y 
equation to obtain: 


When the bob is in equilibrium, the 
drag force on it equals Fray: 


Solve for m% in the definition of 7 
to obtain: 


Substitute numerical values and 
evaluate 7: 


(b) From equation (1) we have: 


When the amplitude has decreased 
to 1°: 


Take the natural logarithm of both 
sides of the equation to obtain: 
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I=m”’ 


2 


ml’ A 


+ (bv+mg?sin@ = 0 


d’0 
dt’ 


+p mgto =0 


ml? 
or 
2 
ae Crp carr ey 
dt dt £ 


6 = 6,e'* cos(a't + 6) (1) 
where & is the maximum amplitude, 
t= m/b is the time constant, and the 


frequency @' = @1—(b/2ma,) . 


YF, = Fr, —T sin 8, = 0 
and 


$F, =T cos6, —mg = 0 


Emn 2 T sin 6, aT 
mg Tcosé ° 
or 
Fa = mg tan 0, 
bv = mg tan 0, 
R EA 
b gtan0, 


2 7m/s k 
** (0.81m/s?)tan5° [sige 


0 = 6°" 
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Solve for t: t=-2t In(0.2) 


Substitute for r and evaluate t: t= ~2(8. 16s)In(0.2) =| 96 46 


Driven Oscillations and Resonance 


89 
Picture the Problem The resonant frequency of a vibrating system depends on the mass 


. . 1 Jk : 
of the system and on a “stiffness” constant according to f} = pr — or, in the case of a 
mim 


g 


simple pendulum oscillating with small-amplitude vibrations, fọ = = r 


(a) For this spring-and-mass oscillator _ 1 /400N/m _ 
we have: fo = 2x \ 10kg ig es 


(b) For this spring-and-mass oscillator _ 1 /[800N/m _ 
we have: fo = 27 k EA 


5kg 
(c) For this simple pendulum we have: 1 19.81m/s? 
= — |= = | 0.352 Hz 
hea a 
90 = 


Picture the Problem We can use the physical interpretation of Q for small damping to 
find the Q factor for this damped oscillator. The width of the resonance curve depends on 
the Q factor according to Aw = @ / Q. 


(a) Using the physical interpretation Q= 27 

of Q for small damping, relate Q to l AE | / E at 
the fractional loss of energy of the 

damped oscillator per cycle: 


Evaluate this expression for _ 2m 
Q=—— =| 314 
(AE|/E), = 2%: 0.02 
cycle 
(b) Relate the width of the Aw = 20. = 20 
resonance curve to the Q value of Q Q 


the oscillatory system: 


Substitute numerical values and 
evaluate Aw: 
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_ 2n(300s") 
3.14 


Ao =| 6.00rad/s 


Picture the Problem The amplitude of the damped oscillations is related to the damping 


constant, mass of the system, the amplitude of the driving force, and the natural and 


driving frequencies through A = 


Fo 


. Resonance occurs when 


2. 
m (o? =g) +b’ 


@ = @,. At resonance, the amplitude of the oscillations is A = F} / Vb’@ and the 


width of the resonance curve is related to the damping constant and the mass of the 


system according to Aw = b/m. 
(a) Express the amplitude of the 
oscillations as a function of the 


driving frequency: 


Determine æ: 


Evaluate the radicand in the 
expression for A to obtain: 


Substitute numerical values and 
evaluate A: 


(b) Resonance occurs when: 


(c) Express the amplitude of the 
motion at resonance: 


Substitute numerical values and 
evaluate A: 


(d) The width of the resonance 
curve is: 


Fy 


A= 
Jm (o? -0 y +b 


O, -E - Ann =14.14rad/s 
m 2kg 


(2kg)*[(14.14 rad/s) —(10 rad/s) |’ 
+(2kg/s) (10 rad/s ¥ 
= 4.04x10* kg? /s* 


A= 
(4.0410 kg?/s' 


(2kg/s) (14.14 rad/s) 


jp 2kg/s _ 
m 2kg 


1.00 rad/s 
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Picture the Problem We’ll find a general expression for the damped oscillator’s energy 
as a function of the number of cycles it has completed. We can then solve this equation 
for the number of cycles corresponding to the loss of half the oscillator’s energy. The Q 
factor is related to the fractional energy loss per cycle through AE/E =27/Q and the 


width of the resonance curve is Aw = @,/Q where æ is the oscillator’s natural angular 


frequency. 
(a) Express the energy of the damped AE 
; E = E| 1-— 

oscillator after one cycle: E 
Express the energy after two cycles: g 

gai a 

E E 
Generalizing to n cycles: " 
sonos pani) 

Substitute numerical values: 0.5E, = E,(1—0.035)" 

or 

0.5 = (0.965) 
Solve for n to obtain: T= ln0.5 _ 19.5 

ln 0.965 
z | 20 complete cycles. | 
(b) Apply the physical interpretation Q= 27 = 27 -|180 
of Q for small damping to obtain: AE/E 0.035 
(c) The width of the resonance curve wati 2afo _ 27 (100 Hz) 
is given by: Q Q 180 
=| 3.49 rad/s 

Collisions 
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Picture the Problem Let the system include the spring-and-mass oscillator and the 
second object of mass m. Because the net external force acting on this system is zero, 
momentum is conserved during the collision of the second object with the oscillator. 
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Because the collision is elastic, we can also apply conservation of energy. Let the 


subscript | refer to the object attached to the spring and the subscript 2 identify the 


second object. 

(a) Using momentum conservation, 
relate the speeds of the objects 
before and after their collision: 


Using conservation of energy, 
obtain a second relationship 
between the speeds of the objects 
before and after their collision: 


Solve equation (2) for vå : 


Substitute for v2 from equation (1): 


Because v; #0, it follows that: 


(b) Because v2; = 0, we have, from 
equation (1): 


Because the object connected to the 
spring was moving through its 
equilibrium position at the time of 
collision: 
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MV,; + MV; = MV;p 


or 
Vig t Vay = Vaf (1) 


1 2 1 2_1 2 
7 MV), +> MVz = 3 MV3 


or 
2,.2 2 
Vii + Voi = Vor (2) 


Ya F Vie -vi = (va + Vi (Vs -v;) 


V>; = (vi; +V +V (Vi; + Vj —v,;) 
= (2v; + Va (Va ) = 2V Vz; + V5; 


or 
2V,:V>, =0 


v-v -E 


i.e., the second object must be initially at 
rest. 


Vor = Vii 


Vii = Vx = AO = (0.1m)(40s7') 


1 max 


=| 4.00m/s 


Picture the Problem Let the system include the spring-and-mass oscillator and the 


second object of mass m. Because the net external force acting on this system is zero, 


momentum is conserved during the collision of the second object with the oscillator. 


Because the collision is elastic, we can also apply conservation of energy. Let the 


subscript | refer to the object attached to the spring and the subscript 2 identify the 


second object. 


Using momentum conservation, 
relate the speeds of the objects 


mv,, + MV>, = MV; 


or 
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before and after their collision: 


Using conservation of energy, obtain 
a second relationship between the 
speeds of the objects before and 
after their collision: 


Solve equation (2) for vå : 


Substitute for v2¢ from equation (1): 


Because v; #0, it follows that: 


Because the object connected to the 
spring was moving through its 
equilibrium position at the time of 
collision: 


Express the total energy of the 
system just before the collision: 


Solve for m: 


Substitute numerical values and 
evaluate m: 


Relate the spring constant to the 
angular frequency of the oscillator: 


Substitute numerical values and 
evaluate k: 
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Vii HV; = Vp (1) 
tmv; +imva = {mv} 

vi +V5, = Vi (2) 

Va = Vie =YV = (s +V (Va -v;) 


V>; = (vi; +V +V Vi +V -v;) 


= (2v; + va (Va; ) = 2V Vz + V5; 


or 
2V,:V, =0 
v=v,, =0 


i.e., the second object must be initially at 
rest. 


Vii = Vinx = A@ = (0.1m)(40s*) 


1 max 


E=1my,;, 
m- 2E 
Vi 
2(8J) 
A (amisy =[1.00kg | 
k = mæ’ 


k = (1kg)(40s7)? =[1.60kN/m | 


Picture the Problem Let the system include the spring-and-mass oscillator and the 1-kg 


object. Because the net external force acting on this system is zero, momentum is 
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conserved during the collision of the second object with the oscillator. Let the subscript 1 


refer to the 1-kg object and the subscript 2 to the 2-kg object. We can relate the amplitude 


of the motion to the maximum speed of the oscillator (which we can find from 


conservation of momentum) and the angular frequency of the oscillator, which we can 


determine from its definition. Once we have found the amplitudes and angular 


frequencies for both collisions, we express the position of each as a function of time, 


using the initial conditions to find the phase constants. 


(a) Relate the amplitude of the 
motion to the angular frequency and 
maximum speed of the oscillator: 


Because the 2-kg object is initially 
at rest, the maximum speed of the 
oscillator will be its speed 
immediately after the collision. Use 
conservation of momentum to relate 
this maximum speed to the speed of 
the 1-kg object before the collision: 


Solve for Vmax: 


Substitute numerical values and 
evaluate Vmax: 


Express the angular frequency of the 
oscillator: 


Substitute numerical values and 
evaluate a: 


Substitute in equation (1) and 
evaluate A: 


Express and evaluate the period of 
the oscillator’s period: 


(b) For an elastic collision: 


A=—™& (1) 


MV; = (m, +m, Wise 


m; 
Vinge Vii 
m, +m, 
V nax SSI a) E 2m/s 
Ikg+2kg 
k 
@ = 
\m +m, 
g EO AE 
Y 3kg 
2 m/s 
= =| 14.1cm 
14.145” 
27m 27m 
= — =——— =| 0.4445 
@ 14.1435 0.4446 | 
v =V ai v 
max 2f li 
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Substitute numerical values and 
evaluate Vmax: 


Using its definition, evaluate the 
angular frequency of the oscillator: 


Substitute in equation (1) and 
evaluate A: 


Express and evaluate the period of 
the oscillator’s period: 


(c) For the perfectly inelastic 
collision: 


Use the initial conditions to evaluate 6: 


Substitute in equation (2) to obtain: 


For the elastic collision: 


Use the initial conditions to evaluate & 


Substitute in equation (3) to obtain: 


General Problems 
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@= £ = SOUND _ i935 ad 
m, 2kg 


4m/s 
A=—— =| 23.1cm 
17.3257 [23.1cm | 


2m 2m 
a T7328" 


x(t)= (14.1cm)cos|(14.1s" Ne + ô] (2) 


x(t)= (4.1em)oos (4 is”! Je T 4 
= (14.1cm)sin[(14. is” Je] 


x(t)=(23.1em)cos|(17.3s)t+5] 6) 


x)= C3-1em)eos (1735)t-Z 


=| (23.1 om)sin|(17.3 s” Je] 


Picture the Problem The particle’s displacement is of the form x = Acos(at +6 ). Thus, 


we have A= 0.4 m, w=3 rad/s, and ô= 7/4. We can find the frequency of the motion 


from its angular frequency and the period from the frequency. The particle’s position at 


t= 0 and t = 0.5 s can be found directly from its displacement function. 
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(a) Express and evaluate the Oe 3rad/s _ 
oo ane me 0.477 Hz 


frequency of the particle’s motion: T T 
Use the relationship between the = 1 Z l -[209s 
frequency and the period of the f 0.4778" 


particle’s motion to find its period: 


b) Using th ion for th 
( pee ie, Sees x(0) = (0.4m)cos (3rad/s0)+— 
particle’s displacement, find its 4 


= (0.4 m)cos 4 = 


position at t = 0: 


(c) Using ne expression for ihe x(0) a (0.4 m)cos (3 rad/s\(0.5s)+ z 
particle’s displacement, find its L 4 
position at t = 0.5 s: = (0.4m)cos[2.29 rad] 

- 
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Picture the Problem We can express the velocity of the particle by differentiating its 
displacement with respect to time. 


(a) Differentiate the particle’s ? dx 


displacement to obtain: dt 


-2 los m)sinf 6 nasz) 


=| (19 m/s)sin (3 rad/s) + 4 


2 oe the result in part (a) at v(0) = -(1 .2 m/ ssn 6 rad/ s\0) + z| 
= -(1 .2 m/s)sin Z | 
4 
=| — 0.849 m/s 
(c) By inspection of the result in part Vaa =| 1.20 m/s 


(a) (or from v.. = A@): 


max 


(d) Substitute Vmax for v to obtain: (ee (1 2 missin 6 ad /s)t'+ Z l 
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or 


B rad/s )t' 7 = sin! (-1) — 3m 


2 
Solve for ť' to obtain: t= 
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Picture the Problem Let Ay represent the amount by which the spring stretches. We’ll 
apply a condition for equilibrium to the object to relate the amount the spring has 
stretched to the angular frequency of its motion and then solve this equation for Ay. 


Apply >. F, =0 to the object kAy -mg =0 
when it is in its equilibrium position Pi 
and solve for the elongation of the Ay = ut g= n 
spring: k w 
Relate the angular frequency of the p= 2m 
object’s motion to its period: T 
Substitute to obtain: TY 

Ay=|—| 9 

2m 

Substitute numerical values and 45s) z 
evaluate Ax: Ay = (55) (0.81m/s )= 5.03m 
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Picture the Problem Compare the forces 
acting on the particle to the right in Figure 
14-36 with the forces shown acting on the 
bob of the simple pendulum shown in the 
free-body diagram to the right. Because 
there is no friction, the only forces acting 
on the particle are mg and the normal force 
acting radially inward. In (b), we can think 
of the particles as the bobs of simple 


pendulums of equal length. . 
mg 


(a) The normal force is identical to the tension in a string of length r that keeps the 
particle moving in a circular path and a component of mg provides, for small 
displacements 6h or s», the linear restoring force required for oscillatory motion. 
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(b) The particles meet at the bottom. Because sı and sz are both much smaller than r, the 
particles behave like the bobs of simple pendulums of equal length; therefore they have 
the same periods. 
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Picture the Problem The diagram shows the ball when it is a horizontal distance x from 
the bottom of the bowl. Note that we’ve chosen the zero of gravitational potential energy 
to be at the bottom of the bowl. The total energy of the ball is the sum of its potential 
energy and kinetic energies due to translation and rotation. Once we’ve obtained an 
expression for the total energy of the rolling ball, we can require, because the surface is 
frictionless, that the total energy of the sliding object be the same as that of the rolling 
ball. Because the motion of the ball is simple harmonic motion, we can assume a solution 
to its differential equation of motion and express the total energy of the ball in terms of 
this assumed solution. Doing so will lead us to an expression that we can solve for the 
oscillation frequency of the ball. 


r(1—cos 0) 


es = — —U=0 
(a) Express the total energy E of the E=U+K=U+K,..+K, (1) 
ball: 
Referring to the diagram shown U(x) = mgr(1 — cos 8) 
above and assuming that R << r, 
express the potential energy of the 
ball when it is a horizontal distance 
x from the bottom of the bowl: 
Express cos@ as a power series: QO 60’ 
cos 8 =1-— +— 
! 4! 
For 0 << 1: 0? 
cos xl- p 


Substitute to obtain: 0? 
U(x)* ng | ( J ) =1mgr0” 
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For R<<r: 


Substitute to obtain: 


Substitute in equation (1): 


Because the ball is rolling without 
slipping, v = Ra. Substitute for @ 
and I to obtain: 


Simplify to obtain: 


(b) Because energy is conserved if 
the side of the bowl is frictionless: 


Because the motion is simple 
harmonic motion, assume a solution 
of the form: 


Differentiate this assumed solution 
with respect to time to obtain: 


Substitute to obtain: 


Express the condition the 
E = constant: 


Solve for @ to obtain: 


fa £ mv’ = constant 
2r 10 


x = x, cos(@t + 6) 


Vv =—ax, sin(at + 5) 


ponu (x, cos(at + 5)) 
2r 
+ oe m(— ax, sin(at + 5)) 


2 
= Ms: cos’(at + ô) 
2r 


Tja 
5 OMENS Fes) 
10 
mgx, 7m@x, g 7@ 
2r 10 r 5 
5g 
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Picture the Problem Assume that the 
plane is accelerating to the right with an 
acceleration do. The free-body diagram LO, 
shows the forces on the bob as seen in the 
accelerated frame of the airplane. Let g' 
represent the effective value of the 


acceleration due to gravity. The period of m x 
the yo-yo is given by / 
T =22,L/g' ‘ 


where g’ is the effective value of the v _ Img 
acceleration due to gravity. 


Express the period of your yo-yo L 

: T =2z7 |— 
pendulum as a function of the g' 
effective value for the acceleration 


due to gravity: 


g 
cos 


Using the FBD, relate g' and g: 


mg =mg'cos@ => g'= 


Substitute to obtain: L 
T=27 cos 
g 


Substitute numerical values and (0.7 m)cos 229 
evaluate T: T= 2z 98lm/s? 
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Picture the Problem The diagram shows 
the wire described in the problem statement 
with an object of moment of inertia I 
suspended from its end. We can apply 
Newton’s 2" law to the suspended object 


to obtain its differential equation of 
motion. By comparing this equation to the if = Ai 


equation of a simple harmonic oscillator, Cy © 

we can show thatw = ./x«/I. 

Appl T = Ia to the object hi : 
pply >, o the object hung Ey ee eee co 


from the wire to obtain: 
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Divide both sides of this differential 


equation by I to obtain: 


This equation can be written as: 
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Picture the Problem The diagram shows 


the torsion balance described in the 
problem statement. We can apply 


Newton’s 2" law to the suspended object 


to obtain its differential equation of 


motion. By comparing this equation and its 
solution to that of a simple harmonic 
oscillator, we can obtain an equation that 
we can solve for the torsion constant x. 


Apply x: = Ia to the torsion 


pendulum: 


The differential equation of simple 
harmonic motion is: 


The solution to equation (1) is: 


Solve for x to obtain: 


do 


+9 =0 
dt I 
2 
wE where o=| JE 
dt I 
LLELL 
2 
E , 
dt 
or 
dé K 
+—0=0 1 
d? I a) 
2 
GX, ax =0 
dt 
where 


x(t) = x, cos(@t+.6)and w= = 


O(t) = 8, cos(at +6) 


where 
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Express the moment of inertia of the ey me 
torsion pendulum: I= anf £) as 
Substitute to obtain: ome 472ml? 2n2m0? 
k= = — 
2 IT” T’ 
Substitute numerical values and 27? (0 050kg ) (0. 05 m} 
evaluate K: K = ~ Bo 


=| 3.86x107 N -m/rad 
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Picture the Problem Choose a coordinate system in which the direction the cube is 
initially displaced (downward) is the positive y direction. The figure shows the forces 
acting on the cube when it is in equilibrium floating in the water and when it has been 
pushed down a small distance y. We can find the period of its oscillatory motion from its 
angular frequency. By applying Newton’s 2™ law to the cube, we can obtain its equation 
of motion; from this equation we can determine the angular frequency of the cube’s 
small-amplitude oscillations. 


1E 


mg t yng 
y y 

Express the period of oscillation in T= 20 (1) 
terms of the angular frequency of @ 
the oscillations: 
Apply ` F, =0 to the cube when mg — F, =0 
it is floating in the water: 
Apply `T = ma, to the cube mg — F, = ma, 


when it is pushed down a small 
distance y: 
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Eliminate mg between these Fp — Fp =ma, 


equations to obtain: or 


AF, = F, - Fp = ma, 


For y << 1: d°y 

AF, ~% dF; =—pVg = -a° pgy =m T 
Rewrite the equation of motion as: d *y 2 

m—=—4d pgy 

dt 
or 
d *y a’ pg 2 
= = OM 
dt? "H ý 
2 
a 
where œ’ = Pg 
m 

Solve for æ: 

o =a, |22 

m 
Substitute in equation (1) to obtain: m on gaa 
= ie 
a [P9 \ eg 
m 
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Picture the Problem Assume that the density of the earth pis constant and let m 
represent the mass of the clock. We can decide the question of where the clock is more 
accurate by applying the law of gravitation to the clock at a depth h below/above the 
surface of the earth and at the earth’s surface and expressing the ratios of the acceleration 
due to gravity below/above the surface of the earth to its value at the surface of the earth. 


Express the gravitational force ,__GM'm 
f ~~ mg = 2 
acting on the clock when it is at a (R; — h) 
depth h in a mine: where M' is the mass between the location 


of the clock and the center of the earth. 


Express the gravitational force 


GM m 
: mg= 2 
acting on the clock at the surface of Ri 
the earth: 


Divide the first of these equations by 
the second to obtain: 


Express M': 


Express Mg: 


Substitute to obtain: 


Simplify and solve for g’: 


Express the gravitational force 
acting on the clock when it is at an 
elevation h: 


Express the gravitational force 
acting on the clock at the surface of 


the earth: 


Divide the first of these equations by 
the second to obtain: 


Solve for g": 
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GM' 
gi _(Re-h) _M'_ R 
g GM. M, (R,-hy 
R 


M' = pV' = 42p(R, ~h) 


M, = pV = 47pR; 


g 4pR;  (R,—h) 
R, -h h 
' SBE AE [=-= 
or 
h 
g'=of1-) (1) 
E 
mg" GM,,m 
(R, +hy 
GM,.m 
mg = R? 
E 
GM 


1123 
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Comparing equations (1) and (2), we see that g'is closer to g than is g". Thus, 


the error is greater if the clock is elevated. 
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Picture the Problem The figure shows 
this system when it has an angular 
displacement @. The period of the system is 
related to its angular frequency according 
to T = 22/a. We can find the equation of 
motion of the system by applying 
Newton’s 2™ law. By writing this equation 
in terms of @and using a small-angle 
approximation, we’ll find an expression for 
æ that we can use to express T. 


(a) Express the period of the system 
in terms of its angular frequency: 


Apply 5X F = mä to the bob: 


Eliminate T between the two 
equations to obtain: 


t= (1) 
a) 


JF, =—-kx-T sin 6 = Ma, 


and 


XF, =T cos- Mg =0 


— kx — Mg tan 0 = Ma, 


i tx=L , 
Noting that x ea ML Ë = KLO- Mg tan 0 
do dt 
a, =La =L—, 
dt 
eliminate the variable x in favor 
of 8: 
2 
For 0<< 1, tanO~ 0: ui O = KLO -Mg0 
dt 
= -(kL + Mg) 
or 
2 
d (4 Dp oO 
dt M L 
where 
ow [E89 
M L 
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Substitute in equation (1) to obtain: 


(b) When T= 2s and M= 1 kg we 
have: 


When T= 1 s we have: l= 20 


Solve these equations k =| 29.6N/m 


simultaneously to obtain: 
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Picture the Problem Applying Newton’s 2™ law to the first object as it is about to slip 
will allow us to express 44 in terms of the maximum acceleration of the system which, in 


turn, depends on the amplitude and angular frequency of the oscillatory motion. 


(a) Apply È, F, = ma, to the fs max = Ma max 


second object as it is about to slip: 


Apply DF, = 0 to the second F, —m,g =0 
object: 
Use fi max = HF, to eliminate H.M,g = M,a pax 
fs.max and F, between the two and 
z a 
equations: l, =- 
g 
Relate iiy nom pesca Taon of T= Ao =A 
the oscillator to its amplitude and m +m, 
angular frequency: 
Substitute for dmax to obtain: Ak 
MỌ = |b See 


1126 Chapter 14 


b) Ais unchanged. E is unchanged because E = +kA’. wis reduced by 


increasing the total mass of the system and T is increased. 
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Picture the Problem The diagram shows 
the box hanging from the stretched spring 
and the free-body diagram when the box is 
in equilibrium. We can apply DF, =0 to 
the box to derive an expression for x. In (b) 
and (c), we can proceed similarly to obtain 
expressions for the effective spring 
constant, the new equilibrium position of 
the box, and frequency of oscillations when 
the box is released. 


(a) Apply DF, = 0 to the box to k(x—x,)—mg =0 


obtain: 


Solve for x: mg 


Substitute numerical values and (1 00 kg\9.8 1m/s? ) 
evaluate x: 7 = 500Nm 


=| 2.46m 


+0.5m 


(b) Draw the free-body diagram for 
the block with the two springs 


exerting equal upward forces on it: k= xo) 


k(x — Xp) 


mg 


Apply > = 0 to the box to k(x—x,)+k(x—x,)—mg =0 
obtain: or 
kar (X— Xp)— mg =0 (1) 
where 


kest =2k 


When the box is displaced from this 
equilibrium position and released, 
its motion is simple harmonic 
motion and its frequency is given 
by: 


Substitute numerical values and 


evaluate a: 


(c) Solve equation (1) for x: 


Substitute numerical values and 
evaluate x: 
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pa eas 
m m 
[2(500 N/m) 
O= ~ 100ke. 3.16rad/s 


(100kg)(9.81 m/s?) 
2(500 N/m) 


=| 1.48m 


+0.5m 


Picture the Problem We’ll differentiate the expression for the period of simple 


L 
pendulum T = 27 f with respect to g, separate the variables, and use a differential 
g 


AT 
approximation to establish that T z 


(a) Express the period of a simple 
pendulum in terms of its length and 
the local value of the acceleration 
due to gravity: 


Differentiate this expression with 
respect to g to obtain: 


Separate the variables to obtain: 


Approximate dT and dg by AT and 
Ag for Ag << g: 


(b) Solve the result in part (a) for Ag: 


2g. 


r=2z |t 
g 


dg dg 
sa 
2g 
dT __1dg 
T 2g 
AT | 14g 
T 2g 
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Express AT/T: AT __ By ld n lh 
T d 24h 3600s 
=-1.04x10" 
Substitute and evaluate Ag: Ag = -2(9.81m/s?)(-1.04 107) 


= 0.0204 m/s” =| 2.04cm/s” 
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Picture the Problem We can find the frequency of the vibrating system from its angular 
frequency; this depends on the spring constant and the total mass involved in the motion. 
The energy of the system can be found from the amplitude of its motion. 


(a) Relate the frequency of the oO 1 k 


f 


vibrating system to its angular = p = p 2m 
frequency: 
Substitute numerical values and 1 1240 N/m 
=— |———~ =| 2.25Hz 
evaluate f: f 27 \ 2(0.6kg) 
Express the total energy of the E= 1 kA? 
system: 
Substitute numerical values and E= 4(240 N/m)(0.6 m)’ =| 43.2J 
evaluate E: 
(b) (1) The glue dissolves when the 
spring is at maximum compression: 
Relate the frequency to the system’s _@,_ 1 Jk 
new angular frequency: fi= pr - 2r m 
Substitute numerical values and 1 1240 N/m 
avalie fi a a Oe 
Express the system’s new amplitude ae m 
as a function of the oscillator’s oa O, Vmax k 
maximum speed and its new angular 
frequency: 
Find the maximum speed of the Vinax = AO = 27fA = 2n(2.25 s')(0.6 m) 


oscillator: = 8.48 m/s 


Substitute and evaluate A): 


Express and evaluate the energy of 
the system: 


(b) (2) The glue dissolves when the 
spring is at maximum extension and 
fo is the same as fi: 


Because the second object is at rest, 


the amplitude and energy of the 
system are unchanged: 
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E, =4kA? =4(240N/m)(0.424m) 
=| 21.6] 
fa =| 3.18 Hz 


Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right and assume that the object is displaced to the right. In case (a), note that the two 
springs undergo the same displacement whereas in (b) they experience the same force. 


(a) Express the net force acting on 
the object: 


(b) Express the force acting on each 
spring and solve for xz: 


Express the total extension of the 
springs: 


Solve for keg: 


Fig = —k\x—k,x = -(k, +k, )x = -k X 
where kae =| ki +k, 


F = -kx =—k,x, 


or 
x% = k x 
Oa NL 
k, 
x +X, =- 
eff 
_ __F —k,x, 
eff — B 
X +X, X +X, 
kx _ 1 
k, 1 
Key >+ 


1130 Chapter 14 


Take the reciprocal of both sides of bs i 
the equation to obtain: Kost 7 i j 
*112 »e 


Picture the Problem If the displacement of the block is y = A sin æt, its acceleration is 
a = -a Asinat. 


(a) At maximum upward extension, the block is momentarily at rest. Its downward 
acceleration is g. The downward acceleration of the piston is œA. Therefore, if @A >g, 
the block will separate from the piston. 


(b) Express the acceleration of the a=—Aa’ sin ot 
small block: 
For œA =3g and A= 15 cm: a = —3g sin æt = -g 
Solve for t: l (3) A. (3 
t=—sin | —]/=.,/——sin |- 
o 3 3g 3 


Substitute numerical values and 0.15m 


1 
= : att 
evaluate t: Ge 319.81m/s sin 3 0.0243s 
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Picture the Problem The plunger and ball are moving with their maximum speed as they 
pass through their equilibrium position (x = 0). Once it has passed its equilibrium 
position, the acceleration of the plunger becomes negative; therefore it begins to slow 
down and the ball, continuing with speed v,, separates from the plunger. We can find this 
separation speed by equating it to the maximum speed of the plunger. Application of 
conservation of energy to the motion of the plunger will allow us to express the distance 
at which the plunger comes momentarily to rest. 


(a) The ball will leave the plunger x=|0 


when the plunger is moving with its 
maximum speed; i.e., at its 
equilibrium position: 


(b) Express the speed of the ball V, = Vmax = AO = XO 
upon separation in terms of the 
maximum speed of the plunger: 


The angular frequency is given by: 


Substitute to obtain: 


(c) Apply conservation of energy to 
the plunger: 


Solve for xg 


Substitute for v, and simplify to obtain: 
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K, -K; +U, -U;,, =0 


or, because K= U; = 0, 
1 E La 
= 7 M,Vs + kx; =0 


Picture the Problem Applying Newton’s 2™ law to the box as it is about to slip will 


allow us to express 44 in terms of the maximum acceleration of the platform which, in 


turn, depends on the amplitude and angular frequency of the oscillatory motion. 


(a) Apply > F,=ma,, to the box 


as it is about to slip: 
Apply YR =Q to the box: 


Use f 


s,max 


= uF, to eliminate 
femax and F, between the two 


equations: 


Relate the maximum acceleration of 
the oscillator to its amplitude and 
angular frequency: 


Substitute for dmax : 


foma E MAd nax 


and 
A nax 
Hs T. 
g 
aax = AD 
Ao 4r’A 
HA 5—5 
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Substitute numerical values and 4r’ (0.4 m) 
= — 2. 2 
(0.88) (9.81m/s?) Ba 


S 


evaluate su: 


(b) Solve the equation derived A= Hog _ ugT’ 
above for Amax: =O o 4r 
Substitute numerical values and (0.4)(9.8 1m/s? \(0.8 s) 
Anax = 2 
evaluate Amax: 4r 
=| 6.36cm 
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Picture the Problem In (b), we can use the condition Faet = dU/dx = 0 for stable 
equilibrium to find the value of x = Xp at stable equilibrium. In (c) and (d), we can simply 
follow the outline provided in the problem statement. In (e), we can obtain the frequency 


1 Jk 
from f = anVm using the value for k from the potential function. 
mim 


(a) A graph of U(x) follows: 


10 =~—— 
i P| 
å | 
7 | 
Š | 
Ts | 
3 | 
3 
3 | 
i | 
0 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 
x/a 


(b) Express the condition for equilibrium: F= dU -0 


Differentiate U with respect to x: dU d | z a ) 
U, | —+ 
X 


Set this derivative equal to zero and 
solve for x: 


(c) Express U(X + &): 


(d) Expand (1 + B y' to obtain: 


Substitute in U(xo + 8: 


(e) Express the potential energy of a 
simple harmonic oscillator: 


If the particle whose potential energy 
is given in part (d) is to undergo 
simple harmonic motion: 


Xo +E a 
U(x, + €)=U,| 2 
| a X% +E 
X 1 
U,| + o 
a a S04 
L a a 
or, because xo = a, 
E 1 
U(x, +e)=U, 1+—+ E 
Gu eh 
a 


E 
where 2 = — 
a 
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= U+ g++ 
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(14 py! a nE YE) ge y. 


U(x, +é)=U,|l+ B+1- f+ B’| 
=U, [2+ 2°] 


=2U, +U, = 
a 


2x1 


~1-B+ 


2 


2 


E 
constant + U, —> 
a 


U = constant + tke? 
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Express the frequency of the simple 1 Gk 1 720, 
harmonic motion, substitute for k, and = 2nN\m E 27 \ a°m 
simplify to obtain: 
_ 1 /2U, 
2ma\ m 
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Picture the Problem Let m represent the mass of the cylindrical drum, R its radius, and k 
the stiffness constant of the spring. We can find the angular frequency of the oscillations 
by equating the maximum kinetic energy of the drum and the maximum energy stored in 
the spring. We can then express the frequency of the system in terms of its angular 
frequency. The application of Newton’s 2™ law, under on-the-verge-of-sliding conditions, 
together with the introduction of the oscillator’s total energy, will lead us to an expression 
for the minimum value of the coefficient of static friction. 


(a) Express the frequency of f= oO (1) 
oscillation of the system for small 27 
displacements from equilibrium: 
Express the kinetic energy of the K =1Io° +4mv 
drum and simplify to obtain: oy 
` ih m| * +4mv’ 
=imv 
Apply conservation of energy to Kpa = 2 Mvi = KA 
obtain: 
Substitute A@ for Vmax: 3m(Aoy =1kA’ 
Solve for æ: 2k 
o=, — 
3m 
Substitute in equation (1) to obtain: = 1 [2k 
-2m \3m 
Substitute numerical values and 1 2(4000 N/m) 
= =| 3.36 Hz 
evaluate f: f 27 | 3(6 kg) 
(b) Apply SE, =Q to the drum to kA- fi max = 9 


or 


establish the condition that governs 
slipping: 


Using F, = mg, solve for 4i: 
Express the oscillator’s total energy 
in terms of the amplitude of its 


motion: 


Substitute in equation (2) to obtain: 


Substitute numerical values and 
evaluate 44: 
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kA- uF, =0 
kA 
Mm (2) 
mg 
E=1kA’ > kA=2Ek 
2Ek 
a 
mg 
2(5J)(4000N 
ie (5J)(4000 N/m) _ E 


(6kg)(9.81m/s°) 


Picture the Problem The pictorial representation shows the two blocks connected by the 
spring and displaced from their equilibrium positions. We can apply Newton’s 2" law to 
each of these coupled oscillators and solve the resulting equations simultaneously to 
obtain the differential equation of motion of the coupled oscillators. We can then 
compare this differential equation and its solution to the differential equation of motion 
of the simple harmonic oscillator and its solution to show that the oscillation frequency is 


@= (k/ u)! ? where =m m,/(m,+ m») is the reduced mass of the system. 


| 
x; 
Fn 
1 


k(x,- x) 


Apply XF = mä to the block 


whose mass is m; and solve for its 
acceleration: 


Apply YF = ma to the block 


whose mass is m, and solve for its 


m, 
UUO | : 
x 


Xa 
4 Fa, 
—k(x,- x) n?” 
mg 
d°x 
1 
k(x, x,)= m;a, Ms 
dt 
or 
2 
d x; k (x x,) 
1) A 1 2 
dt 
2 
d'x, 
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acceleration: 


Subtract the first equation from the 
second to obtain: 


The reduced mass of the system is: 


Substitute to obtain: 


Compare this differential equation 
with the differential equation of the 
simple harmonic oscillator: 


The solution to this equation is: 


Express the solution to equation (1): 
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where x = X2 — X1 


1 1 1 mm, 
— =—+—or w= 
Hm m m, +m, 
2 
a (1) 
dt u 
d’x k 
a ee 
dt m 


x = x,cos(@t + 6) 


|k 
where @ = ,/— 
m 


x = x, cos(at + 6) 


where @ = f 
u 


Picture the Problem We can use @ = (k/ u ? and = mm/(m; + m2) from Problem 
117 to find the spring constant for the HC1 molecule. 


Use the result of Problem 118 to 
relate the oscillation frequency to 
the spring constant and reduced 
mass of the HCI molecule: 


Solve for k to obtain: 


Express the reduced mass of the 
HCl molecule: 


Substitute to obtain: 


k = uø 
= 
m, +m, 
m, m, o’ 
k= 1 2 
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Express the masses of the hydrogen mı = 1 amu = 1.67x107’ kg 
and Cl atoms: and 


m = 35.45 amu = 5.92x10 kg 


Substitute numerical values and evaluate k: 


(167x107 kg)(5.92x 107° kg (8.969 x10! s77 


k= 
1.67x10” kg +5.92x 10° kg 


=| 13.1N/m 
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Picture the Problem In Problem 117, we derived an expression for the oscillation 
frequency of a spring-and-two-block system as a function of the stiffness constant of the 
spring and the reduced mass of the two blocks. We can solve this problem, assuming that 
the "spring constant" does not change, by using the result of Problem 117 and the reduced 
mass of a deuterium atom and a Cl atom in the equation for the oscillation frequency. 


Use the result of Problem 117 to k 
relate the oscillation frequency to O= = 
the spring constant and reduced 4 


mass of the HCI molecule: 


Express the reduced mass of the _ mm, 

HCI molecule: m, +m, 

Express the masses of the deuterium mı = 2 amu = 3.34x107 kg 
and Cl atoms: and 


m, = 35.45 amu = 5.92x107° kg 


Evaluate the reduced mass of the (3.34 x 102” kg\5.92 x10% kg) 
eae 334x10” kg +5.92x 10 kg 


=3.16x10” ke 


-o numerical values and " 13.1 N/m 
t : = ——— 
evaluate ow 3.16x10” kg 


=| 6.44x10" rad/s 
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Picture the Problem The pictorial representation shows the block moving from right to 
left with an instantaneous displacement x from its equilibrium position. The free-body 
diagram shows the forces acting on the block during the half-cycles that it moves from 
right to left. When the block is moving from left to right, the directions of the kinetic 
friction force and the restoring force exerted by the spring are reversed. We can apply 
Newton’s 2™ law to these motions to obtain the differential equations given in the 
problem statements and then use their solutions to plot the graph called for in (c). 
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(a) Apply DF. = ma, to the block 


while it is moving to the left to 
obtain: 


Using fk = Fn =4mg, eliminate fk 
in the differential equation of 
motion: 


to obtain: 


Let X) = ae 


The solution to the differential 
equation is: 


The initial conditions are: 


Apply these conditions to obtain: 


Solve these equations 
simultaneously to obtain: 


0 x A 
y 
AFn 
kx 
—= > x 
fk 
mg 
d°x 
fı -kx=m—7 
dt 
d 2 
a~ kx + umg 
or 


dt? k 
d°x 
qe =e) 
or 
d°x' Ke TA 
= -OX 
dt m 


provided x’ = x — xo and 


x =| Hed _ Had 
0 k a? 


x' = x,’ cos(at + 5) 
and its derivative is 
v' = -—@x,' sin(at + 6) 


x'(0) = X—xX,and v'(0) =0 


x'(0) = x; cos =x- x, 
and 


v'(0) = —ax,' sind =0 


6 =Oand x, =x-X, 
and 
xX = (x — x, )cos at 


(b) Apply > F = ma to the block 


while it is moving to the right to 
obtain: 


Using fk = Fn =4mg, eliminate fk 
in the differential equation of 
motion: 


to obtain: 


Let x, = re 


The solution to the differential 
equation is: 


The initial conditions are: 


Apply these conditions to obtain: 


Solve these equations 
simultaneously to obtain: 
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or 
x = (x — x, )cos at + x, (1) 
d°x 
— f, — kx = m — 
fı dt? 
X 
ME = —kx — 44,mg 
or 


dt? k 
d°x 
eae = -k(x + xy) 
or 
d°x" k " 2." 
a = =-OMOxXx 
dt m 


provided x” = x + xo and 


yE Mg _ g 
ae keep? |) 


x" = x" cos(at + 5) 
and its derivative is 


me 


v" =—@x," sin(at + 5) 


x"(0)=x+x, and v"(0)=0 


x"(0) = x," cos = x+X, 
and 


v"(0) =—ox,"" sing = 0 


ô = Qand x," =x+x, 
and 
x" = (x +x, )cosat 


or 


| x =(x+x, )cos@t— x, (2) 


(c) A spreadsheet program to calculate the position of the oscillator as a function of time 
(equations (1) and (2)) is shown below. The constants used in the position functions (xo = 
1 mand T= 2 s were used for simplicity) and the formulas used to calculate the positions 
are shown in the table. After each half-period, one must compute a new amplitude for the 
oscillation, using the final value of the position from the last half-period. 
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Cell Content/Formula Algebraic Form 
Bl 1 Xo 

B2 10 A 

C7 C6 + 0.1 t+At 

D7 ($B$2-$B$1)*COS(PI()*C7)+$B$1 (A—x, )cos at + x, 
D17 | (ABS(SD$6+$B$1))*COS(PIQ*C17)-$B$1_ | |x + x,|cos at — xo 
D27 | (ABS(SD$6-SB$1))*COS(PI()*C27)+$BS1 | |x —x,|cos at + x, 
D37 | (ABS($D$36+$B$1))*COS(PI0*C37)-$BS1 | |x + x,|cos at — x, 
D47 ($D$46-$B$1)*COS(PI()*C47)+$B$1 (x— x, )cos at + x, 


A |B] C D 
1 | xO=] 1 m 
2 =| 10 
3 
4 t x 
5 (s) | m) 
6 0.0 | 10.00 
7 0.1 | 9.56 
8 0.2 | 8.28 
9 0.3 | 6.29 
10 0.4 | 3.78 
53 4.7 | 0.41 
54 4.8 | 0.19 
55 4.9 | 0.05 
56 5.0 | 0.00 


The graph shown below was plotted using the data from columns C (t) and 


D (x). | Note that the motion of the block ceases after five half - cycles. 


x (m) 


1 1 1 1 be 
Oo O à N O N FD OO 


fe 
o 


t (9) 
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Picture the Problem The diagram shows the half-cylinder displaced from its equilibrium 
position through an angle @. The frequency of its motion will be found by expressing the 
mechanical energy E in terms of @ and d@/dt. For small @we will obtain an equation of 


2 
the form E = LK +41 (2) . Differentiating both sides of this equation with respect 
t 


d*@ 
dt? 
Because the situation of interest to us requires that dO/dt is not always equal to zero, we 
ado d60 «x , , , ' ! 
have 0=x0+I de or ae Fg = 0), the differential equation of simple harmonic 
t t 
motion with @* = k/ I. The distance from O to the center of mass D, where, from 
Problem 8-39, D = (4/3 mR, and the distance from the contact point C to the center of 
mass is r. Finally, we’ll take the potential energy to be zero where @ is zero and assume 


to time will lead to 0 = xo +I }2 , an equation that must be valid at all times. 
t 


that there is no slipping. 


Apply conservation of energy to obtain: 


0, solid cylinder — 7 


From Table 9-1, the moment of l (2M )R? -= MR? 
inertia of a solid cylinder about an 
axis perpendicular to its face and where M is the mass of the half-cylinder. 
through its center is given by: 
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Express the moment of inertia of the 
half-cylinder about the same axis: 


Use the parallel-axis theorem to 
relate I, to Ip: 


Substitute for I, and solve for Ism: 


Apply the parallel-axis theorem a 
second time to obtain an expression 
for Ic: 


Apply the law of cosines to obtain: 


Substitute for r° in equation (2) to obtain: 


1 1 
Io, nar cylinder = I, = 5 MR’ | p= zM 


I = Tom + MD? 
I,, =1,-D°M 
1 
= zR -D°’M 


I= = MR’ -D’M +Mr’ 


1 (2) 
=M(5R-D? +r?) 


r? = R? + D? —2RDcos@ 


lee mr -D’ +R’ +D’ -2RDoos0 = MR’( 3 -22.cos0 | 


Substitute for h and Icin equation (1): 


2 
E = MgD(1-cos6)+ lip 2 9” exo | 22 
2 2 R dt 


1 
Use the small angle approximation cos @ ~ 1-— 5 @ to obtain: 


E - l Mgpe? +R? 
2 2 


aime 2) 


Because 0° << 2, we can neglect the 0? in the square brackets to obtain: 


2 
E= + Mab" +ime( 3-222) 


2 “R dt 
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Differentiating both sides with respect to time yields: 


2 
o= mapo + me 222) - f 
dt 2 RA dt \\ dt 


2 
(3-22) 2) + 9D0 =0, 


2 Rj dt’ 
and 
2 
0 D 
Pao 
C R 3-22 
2 R 
the differential equation of simple harmonic motion with @° = -7 DY 
2 = Di, 
2 R 
Substitute for D to obtain: 4 
ov- 3z 9 _(_ 8 g 
(3-2)? 97-16) R 
2 3m 
Express the period of the motion in Qn 97r—-16\R 
nae: D T-—=27 2 
terms of wand simplify to obtain: oO 8 g 
=| 7.78 = 
g 
*122 eee 


Picture the Problem The net force acting on the particle as it moves in the tunnel is the 
x-component of the gravitational force acting on it. We can find the period of the particle 
from the angular frequency of its motion. We can apply Newton’s 2"™° law to the particle 
in order to express win terms of the radius of the earth and the acceleration due to gravity 


at the surface of the earth. 


(a) From the figure we see that: F, =F sinĝ =- Sd E nX 
Rg 
_| _GmM; 
Ri 


Because this force is a linear restoring 
force, the motion of the particle is simple 
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(b) Express the period of the particle 
as a function of its angular 
frequency: 


Apply > F, = ma, to the particle: 


Solve for a: 


Use GM, = gR; to simplify æ: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate T: 
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harmonic motion. 


poses (1) 
A] 
_GmM,, _ 
RÈ 
aos X=-@°X 
R; 
where 
GM, 
O= 7 
| Ri 
2 
js gR: -J9 
Ta -| 2r [Re 
| g g 
R; 
6.37x10f m 
9.81 m/s? 


T =27.|————__ =5.06x10°s 


Picture the Problem The amplitude of a damped oscillator decays with time according 


2 
b 
to A= Ae 2m) We can find b/2m from @! = @,|1- =) and then substitute in 
ma, 


the amplitude equation to find the factor by which the amplitude is decreased during each 


oscillation. We’ll use our result from (a), together with the dependence of the energy of 


the oscillator on the square of its amplitude, to find the factor by which its energy is 


reduced during each oscillation. 


(a) Express the variation in 
amplitude with time: 


A = Aet") (1) 


Relate the damped and undamped 
frequencies of the oscillator: 


Solve for b/2m: 


Find the period of the damped 
oscillations: 


Substitute in equation (1) with t = T 
to obtain: 


(b) Express the energy of the 
oscillator at time t = 0: 


Express the energy of the oscillator 
at time t = T: 


Divide the second of these 


equations by the first, simplify, and 
substitute to evaluate E/Eo: 


124 eve 
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(14-46) 
b oO” z 

an jl- 7 = % 1-(0.9) 

= 0.4360, 
T= 20 _ 20 

ao 0.90 

2a 

A _ basa as ) 7 e 
Ay 

=| 0.0478 


E A \A 
=| 0.00228 


a A ) = (0.04777 


Picture the Problem We can differentiate Equation 14-52 twice and substitute x and 


@ď’x/dť in Equation 14-51 to determine the condition that must be satisfied in order for 


Equation 14-52 to be a solution of Equation 14-51. 


The differential equation of motion 
is Equation 14-51: 


Its proposed solution is Equation 
14-52: 


Obtain the first and second 
derivatives of x: 


d’x dx 
m—-+b—+m@x = F, cos ot 
dt dt 


x = Acos(at — 6) 
dx 


P —Aasin(at - ô) 


and 
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2 
=—Aa’ cos(at — ô) 


Substitute in the differential equation to obtain: 
-mAg cos(at — 5)— bAasin(at — 5)+ ma; Acos(at - 5) = F, cos at 
Using trigonometric identities, expand cos(at -ô ) and sin(æt -ó ) to obtain: 


—~mAq@’ (cos at cos 6 + sin wt sind)—bAa(sin at cos 6 — cos at sin 5) 


+ mæ A(cos at cos + sin at sind )= F, cos at 
Factor mA(cos atcosé +sin at sind ) from the first and third terms to obtain: 
mA(@? -0 {cos wt cos + sin at sind) —bAa(sin æt cos 5 -cos at sin d)= F, cos at 


Factor cos æt cos 6 from the first term on the left-hand side of the equation and 
sin@tcos6 from the 2™ term: 


sin at sind 


sin wt cos 


mAl@? — wo” 
lo; o \oosercosa}[ 1+ A 


) -bAo(sin at cos al = cosets 


= F cos øt 


Simplify to obtain: 


! t 
mAlo? -0 \cos ct cos 5)(1+ tan æt tan 5)— bAa(sin at cos afi soe ) 
tan ot 
= F cosat 
Divide both sides of the equation by mlo? -0 ): 

bA tan ô 
A(cos æt cos 61 + tan æt tan 5) a > £ > (sin æt cos ay 2n ) 

M\@) —@ tan ot 


0 


= > 51 cos cat 
mlo? zg) 


The phase constant for a driven oscillator bo 
is given by Equation 14-54: ma, -o 
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Substitute for tan ô: 


b bA . 
A(cos at cos 5) 1+ tan æt si > (sin wt cos) 
OQ, -@ m\a@, -o 

bo 

2 2 

ma, -o 
1 0 = ~~ —» cos wt 
tan ot ma; -0 ) 
Simplify to obtain: 


F 
A(cos æt cos S + tan? ô) = ao at 
ma; -o 


1 


Use the trigonometric identity 1+ tan’? ô = ra. 
cos“ ô 


A(cos at cos 6) — a ae z ) cos at 


F, cos ô 


Acos at = : z5 COs at 
mo? -—@ ) 


Thus x= Acos(at —5)is a A F, cos ô 
solution to Equation 14-51 E mlo? -0 ) 


provided: 


Simplify to obtain: 
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Picture the Problem We can follow the step-by-step instructions provided in the 
problem statement to obtain the desired results. 


(a) Express the average power P = F -¥ = Fvcos0 
delivered by a driving force to a or, because ĝis 0°, 
driven oscillator: P = Fv 

Express F as a function of time: F = F cos øt 
Express the position of the driven x= Acos(at -ô ) 


oscillator as a function of time: 
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Differentiate this expression with 
respect to time to express the 
velocity of the oscillator as a 
function of time: 


Substitute to express the average 
power delivered to the driven 
oscillator: 


(b) Expand sin(at -ô ) to obtain: 


Substitute in your result from (a) 
and simplify to obtain: 


(c) Integrate sin 0 cos 0 over one 


period to determine (sin 0 cos 0) : 


Integrate cos? 8 over one period to 


determine (cos? 0): 


Substitute and simplify to express 
Px: 


v =—Aasin(at — ô) 


P = (F, cos æt |- Aasin(at — 6)| 


=| — AoF, cos at sin(at — 5) 


sin(wt — 5) = sin øt cos ô — cos at sind 


P =—A@F, cos at(sin at cos 5 


—cos at sin ô) 
AOF, sin 6 cos’ at 
— A@F, cos 6 cos æt sin at 


[22 
(sin 8 cos 0) = = [sin 0 cot 


T| 


[ 2a 
=|! sin?o 
| 2 


2m 


zd - fa + cos20 0 


0 


[ 22 2m 
zal, [aes feos20a0 
L0 


27 A 
1 1 
a 


P, = A@F, sin 6(cos’ ot) 
— A@F, cos 5(cos at sin at) 
1 A@F, sind — A@F, cos 6(0) 


=| + AoF, sind 


(d) Construct a triangle that is 
consistent with 


ba 


tan ô = : 
mlo? -0 ) 


Using the triangle, express sind: 


Using equation 14-53, reduce this 
expression to the simpler form: 


for æ: 


. A 
(e) Solve sind = pa 
0 


Substitute in the expression for Pav 
to eliminate @: 


Substitute for sin ó from (d) to 
obtain Equation 14-55: 
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bw 


sin ô = ee > 
Jm lo? -0 ) +b’ 
sin ô = baa 
F; 
o=— sind 
A 


2 
Tiai ô 
2b 


1 bo’ F? 


2 
2 mlo -o°) +b’ 


Picture the Problem We can follow the step-by-step instructions given in the problem 


statement to derive the given results. 


(a) Express the condition on the 
denominator of Equation 14-55 
when the power input is half 

its maximum value: 


Factor the difference of two squares 
to obtain: 


(b) Use the approximation 
@+ @ 7% 2q@ to obtain: 


2 
mlo = a) +b°@ =2b 0 


and, for a sharp resonance, 


2 
mlo = o) zbo, 
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Solve for @— æ: Q,-O= b (1) 


(c) Using its definition, express Q: Q= om 
b 
Solve for b: p -| 2M 
Q 
(d) Substitute for b in equation (1) -4o 
to obtain: i  2Q 
Solve for @: o=o ae ee: 
2Q 
Express the two values of æ: QD 
O, =| @ +—- 
2Q 
and 
peepee 
2Q 


Remarks: Note that the width of the resonance at half-power 
is Aw = w, —w_ =a, /Q, in agreement with Equation 14-49. 


127 coo 

Picture the Problem We can find the equilibrium separation for the Morse potential by 
setting dU/dr = 0 and solving for r. The second derivative of U will give the "spring 
constant" for small displacements from equilibrium. In (c), we can use @ = 4/k/ 4, 


where k is our result from (b) and xis the reduced mass of a homonuclear diatomic 
molecule, to find the oscillation frequency of the molecule. 


(a) A spreadsheet program to calculate the Morse potential as a function of r is shown 
below. The constants and cell formulas used to calculate the potential are shown in the 
table. 


Cell Content/Formula Algebraic Form 
Bl 5 D 

B2 0.2 B 

C9 C8 +0.1 r+ Ar 

D8 | $BS1*(1-EXP(-$B82*(C8-$B$3)))°2 | ply _ e74] 
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A B C D 

1 D= | 5 eV 

2 | Beta=|0.2 | nm! 

3 r0= | 0.75 | nm 

4 

5 

6 r U(r) 
7 (nm) | (eV) 

8 0.0 | 0.13095 
9 0.1 | 0.09637 
10 0.2 | 0.06760 
11 0.3 | 0.04434 
12 0.4 | 0.02629 
235 22.7 | 4.87676 
236 22.8 | 4.87919 
237 22.9 | 4.88156 
238 23.0 | 4.88390 
239 23.1 | 4.88618 


The graph shown below was plotted using the data from columns C (r) and 
D (U(r). 


0.7 
0.6 
0.5 
S 0.4 
> 03 
0.2 
0.1 È 
0.0 = 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 
r (nm) 
(b) Differentiate the Morse potential dU f= d (oh eA) “| 
with respect to r to obtain: dr dr 
= -26D -e7 ] 
Set this derivative equal to zero for -2 poll -e? e | =0 


extrema: 
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Solve for r to obtain: r= 


Evaluate the second derivative of dU d { 2 poi ero) )} 
U(r) to obtain: dr? dr 


= 2B? De hr") 


Evaluate this derivative at r = ro: d’U 
i H =26°D (1) 

dr r=n 
Recall that the potential function for U =1kx* 
a simple harmonic oscillator is: 
Differentiate this expression twice to d’U E 
obtain: dx? = 
By comparison with equation (1) we k=|2f8°D 
have: 
(c) Express the oscillation frequency k 
of the diatomic molecule: ans u 


where sis the reduced mass of the 


molecule. 
Express the reduced mass of the omm _ m? _m 
homonuclear diatomic molecule: 7 m, +m, 2m 2 
Substitute and simplify to obtain: 28°D D 
m m 
2 


Remarks: An alternative approach in (b) is the expand the Morse potential in a 
Taylor series 


U(r)= U(r)+ (r= HW") +S r-nu) higher order terms 


to obtain U(r) ~ B ?D(r =f; y . Comparing this expression to the energy of a spring- 


and-mass oscillator we see that, as was obtained above, k = 2f *D. 


Chapter 15 
Wave Motion 


Conceptual Problems 


*1 e 

Determine the Concept The speed of a transverse wave on a rope is given by 

v =./F'/u where F is the tension in the rope and sz is its linear density. The waves on the 
rope move faster as they move up because the tension increases due to the weight of the 
rope below. 


2 ° 
Determine the Concept The distance between successive crests is one wavelength and 


the time between successive crests is the period of the wave motion. Thus, T = 0.2 s and 
f =\/T = 5 Hz. (b) is correct. | 


3 ° 
Picture the Problem True. The energy per unit volume (the average energy density) is 
given by 7,, = + p@°s where so is the displacement amplitude. 


4 ° 
Determine the Concept At every point along the rope the wavelength, speed, and 
frequency of the wave are related by 4 = v/ f . The speed of the wave, in turn, is given 


by v=4/F/u where F is the tension in the rope and wx is its linear density. Due to the 


weight of the rope below, the tension is greater at the top and the speed of the wave is 
also greater at the top. Because Å œ v, the wavelength is greater at the top. 


*5 ý 
Determine the Concept The speed of the wave v on the bullwhip varies with the tension 
F in the whip and its linear density x according to v = JF/u . As the whip tapers, the 
wave speed in the tapered end increases due to the decrease in the mass density, so the 
wave travels faster. 


6 e 
Picture the Problem The intensity level of a sound wave Ø, measured in decibels, is 
given by B= (10 dB)log(Z/I, ) where J) = 10°'” W/m’ is defined to be the threshold of 


hearing. 


Express the intensity of the 60-dB _ Too 196 
: 60dB = (10dB)log—@ => 1,, =10°/, 
sound: 0 
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Express the intensity of the 30-dB 30dB- (10dB)log 2 = I =1037 
sound: I) = i 
Because Is = 10°Ls0: The statement is false. 

7 e 


Determine the Concept No. Because the source and receiver are at rest relative to each 
other, there is no relative motion of the source and receiver and there will be no Doppler 
shift in frequency. 


8 ° 
Determine the Concept Because there is no relative motion of the source and receiver, 
there will be no Doppler shift and the observer will hear sound of frequency fo. 


| (a) is correct. | 


*9 ee 

Determine the Concept The light from the companion star will be shifted about its mean 
frequency periodically due to the relative approach to and recession from the earth of the 
companion star as it revolves about the black hole. 


10 œ 

Determine the Concept In any medium, the wavelength, frequency, and speed of a wave 
are related through / = v/f. Because the frequency of a wave is determined by its source 
and is independent of the nature of the medium, if v differs in the two media, the 
wavelengths will also differ. In this situation, the frequencies are the same but the speeds 
of propagation are different. 


11 >œ 
(a) True. The particles that make up the string move at right angles to the direction the 
wave is propagating. 


(b) False. Sound waves in air are longitudinal waves of compression and rarefaction. 


(c) False. The speed of sound in air varies with the square root of the absolute 
temperature. The speed of sound at 20°C is 4% greater than that at 5°C. 


12 œ 

Determine the Concept In any medium, the wavelength, frequency, and speed of a 
sound wave are related through 4 = v/f. Because the frequency of a wave is determined 
by its source and is independent of the nature of the medium, if v is greater in water than 
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in air, A will be greater in water than in air.| (a) is correct. 


*13 œ 

Determine the Concept There was only one explosion. Sound travels faster in water 
than air. Abel heard the sound wave in the water first, then, surfacing, heard the sound 
wave traveling through the air, which took longer to reach him. 


14 » 

Determine the Concept The graph shown below shows the pulse at an earlier time (—A?) 
and later time (Af). One can see that at t= 0, the portion of the string between 1 cm and 2 
cm is moving down, the portion between 2 cm and 3 cm is moving up, and the string at 
x = 2 cm is instantaneously at rest. 


15 ee 
Determine the Concept The velocity of the string at t = 0 is shown. Note that the 
velocity is negative for 1 cm <x < 2 cm and is positive for 2 cm < x <3 cm. 


x,cm 
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16 
Determine the Concept As the jar is evacuated, the speed of sound inside the jar 
decreases. Because of the mismatch between the speed of sound inside and outside of the 
jar, a larger fraction of the sound wave is reflected back into the jar, and a smaller 
fraction is transmitted through the glass of the bell jar. 


*17 ee 

Determine the Concept Path C. Because the wave speed is highest in the water, and 
more of path C is underwater than A or B, the sound wave will spend the least time on 
path C. 


Estimation and Approximation 


18 ee 
Picture the Problem The rate at which energy is delivered by sound waves is the 
product of its intensity and the area over which the energy is delivered. We can use the 
definition of the intensity level of the speech at | m to find the intensity of the sound and 
the formula for the area of a sphere to find the area over which the energy is distributed. 


Express the power of human speech P=IA 
as a function of its intensity: 


Express the area of a sphere of A=4mr = Ar(I my =4rm’° 
radius 1 m: 


= I 
Use 2 = (10dB)log(Z/I, ) to solve 65dB =(10dB)log— 
for the intensity of the sound at the L 
65-dB level: and 
I =10657, =10°°(10-? W/m?) 


= 3.16x10° W/m’ 


Substitute and evaluate P: P= B 16x10“ W/m? (4x m?) 
=| 3.97x10 ° W 


19 » 
Picture the Problem Let d represent the distance from the bridge to the water under the 
assumption that the time for the sound to reach the man is negligible; let t be the elapsed 
time between dropping the stone and hearing the splash. We’ll use a constant- 
acceleration equation to find the distance to the water in all three parts of the problem, 
just improving our initial value with corrections taking into account the time required for 
the sound of the splash to reach the man on the bridge. 


(a) Using a constant-acceleration 
equation, relate the distance the 
stone falls to its time-of-fall: 


Substitute numerical values and 
evaluate d: 


(b) Express the actual distance to the 


water d' in terms of a time 
correction Af: 


Express At: 


Substitute to obtain: 


Substitute numerical values and 
evaluate a’: 


(c) Express the total time for the 
rock to fall and the sound to return 
to the man: 


Rewrite the equation in quadratic 
form: 


Substitute numerical values to 
obtain: 


Solve for the positive value of d: 


#20 ee 
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d=vt+igt? 

or, because vo = 0, 

d=tgt" 

d =4(9.81m/s?)(4s) = 
d'=+e(t—Ary 

yst 


d'=40.81m/s*)| 45-22 ™ 
340 m/s 
- 
At Z Af alting rock + Af ound B as a 
8 yx 


S 


d’ ~via +v2(ArY =0 
Zx 


d? —(2.63x10*m)d +1.85x10° m? =0 


d= ... about 1% larger than 


our result in part (b) and 11% smaller than 


our first approximation in (a). 


Picture the Problem You can use a protractor to measure the angle of the shock cone 
and then estimate the speed of the bullet using sin @ = v/u. The speed of sound in 
helium at room temperature (293 K) is 977 m/s. 
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Relate the speed of the bullet u to 
the speed of sound v in helium and 


the angle of the shock cone @: 


Solve for u: 


Measure @ to obtain: 


Substitute numerical values and 
evaluate u: 


21 eo 


Picture the Problem Let d be the distance to the townhouses. We can relate the speed of 
sound to the distance to the townhouses to the frequency of the clapping for which no 


echo is heard. 


Relate the speed of sound to the 


distance it travels to the townhouses 


and back to the elapsed time: 


Express d in terms of the number of 


strides and distance covered per 
stride: 


Relate the elapsed time Aż to the 
frequency fof the clapping: 


Substitute numerical values and 
evaluate v: 


Express the percent difference 
between this result and 340 m/s: 


Speed of Waves 


22 % 


2d 
v=— 
At 


d = (30strides )(1.8m/stride) = 54m 


f  2.5claps/s 
y= 2(54m) =| 270 m/s 
0.4s 


340 m/s — 270 m/s 
=| 20.6% 
a ea 


Picture the Problem The speed of sound in a fluid is given by v = 4 B/p where B is the 


bulk modulus of the fluid and pis its density. 


(a) Express the speed of sound in 
water in terms of its bulk modulus: 


Substitute numerical values and 
evaluate v: 


= 
I 
dlw 


2.0x10° N/m? 
v= =| 1.41 km/s 
| 10° kg/m? 
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(b) Solve v = 4/B/ p for B: B = pv’ 

Substitute numerical values and B= (13.6 x10° kg/m? \(1410 m/s) 
ae = [270x10 N/m? 

*23 


Picture the Problem The speed of sound in a gas is given by v=4/yRT/M where R is 


the gas constant, T is the absolute temperature, M is the molecular mass of the gas, and y 
is a constant that is characteristic of the particular molecular structure of the gas. Because 
hydrogen gas is diatomic, y = 1.4. 


Express the dependence of the speed yRT 
of sound in hydrogen gas on the y M 
absolute temperature: 


Substitute numerical values and E 1.418.314 J/mol - K (300K 
evaluate v: 2x10” kg/mol 
=| 1.32 km/s 


24 œ 
Picture the Problem The speed of a transverse wave pulse on a wire is given by 


v =,/F'/u where F is the tension in the wire, m is its mass, L is its length, and xis its 


mass per unit length. 


Express the dependence of the speed F 
So v= |— 
of the pulse on the tension in the u 
we where xis the mass per unit length of the 
wire. 
Substitute numerical values and F 900N 
evaluate v: ame ys ~ V0.1kg/7m =| 251m/s 


25 œ 
Picture the Problem The speed of transverse waves on a wire is given by 


v =4]F/u where F is the tension in the wire, m is its mass, L is its length, and xis its 


mass per unit length. 
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Express the dependence of the speed F 
ms v= |— 
of the pulse on the tension in the m/L 
wire and the linear density of the 
wire: 
Solve for m: _ FL 
MEE T 
v 
i i 550 N )(0.8 
Substitute numerical values and m= ( )( m) =[19.6g 
evaluate m: (150m/s) 
*26 > 


Picture the Problem The speed of a wave pulse on a wire is given by v = 4/ F/ u where 


F is the tension in the wire, m is its mass, L is its length, and u is its mass per unit length. 


(a) Doubling the length while v=| 20m/s 
keeping the mass per unit length 


constant does not change the linear 


density: 

(b) Because v depends of JF, v= /2(20 m/s) =| 28.3m/s 
doubling the tension increases v by a 

factor of V2 

(c) Because v depends on Vu, j= 20 m/s -141 m/s 
doubling u reduces v by a factor of V2 


yi: 


27 >œ 
Picture the Problem The speed of a transverse wave on the piano wire is given by 


v=; F i 4 where F is the tension in the wire, m is its mass, L is its length, and wu is its 


mass per unit length. 


(a) The speed of transverse waves 7 F _|F 
on the wire is given by: = \ u WV i / L 
Substitute numerical values and 500N 
v= =| 265 m/s 
evaluate v: 1 (0.005 kg)/(0.7 m) 


(b) Letting m' represent the mass of 
the wire when copper has been 
wrapped around the steel wire, 
express Am, the amount of copper 
wire required: 


Express the new wave speed v’: 


Express the ratio of the speed of the 
waves in part (a) to the reduced 
wave speed: 


Solve for and evaluate m’: 


Substitute to obtain: 


28 ee 
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Am =m'-m 


, F 
yV — 
m'/L 
F 
lá =2 = mj/L = m' 
v' F m 
m'/L 
m' = 4m 


Am=m'-m =4m-m =3(5g) 
=| 15.0g 


Picture the Problem We can estimate the accuracy of this procedure by comparing the 


estimated distance to the actual distance. Whether a correction for the time it takes the 


light to reach you is important can be decided by comparing the times required for light 


and sound to travel a given distance. 


(a) Convert 340 m/s to km/s: 


(b) Express the fractional error in 
the procedure: 


(c) Compare the time required for 
light to travel 1 km to the time 
required for sound to travel the same 
distance: 


p=340 2 m 


=| 0.340 km/s 
s 1000m 


AS _ §—Sestimatea _ 0.340¢ — 0.333¢ 


S KY 0.340¢ 
= A =| 2.06% 
0.340 
Ikm 
At 


light __ C zX 340 m/s xi =é 
lkm ce 3x10*m/s 


v 


At 


sound 
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Because this fraction is so small, a correction for the time for light to 


reach you is not important. 


#29 o 
Picture the Problem The speed of a transverse wave on a string is given by 
v =./F/u where F is the tension in the wire and wis its linear density. We can 


differentiate this expression with respect to F and then separate the variables to show that 
the differentials satisfy dv/v = 4dF/F . We’ll approximate the differential quantities to 


determine by how much the tension must be changed to increase the speed of the wave to 
312 m/s. 


(a) Evaluate dv/dF: dv d F 1/1 l v 
dF dF\\ul| 2\Fu 2 F 
Separate the variables to obtain: dv _1dF 
v 2F 
(b) Solve for dF: dF = op ly 
v 
Approximate dF with AF and dv AF =2F oY 
with Av to obtain: v 
Substitute numerical values and AF = 2(500N) 12m/s _ 40.0 N 
evaluate AF: 300 m/s - 
30 s. 


Picture the Problem The speed of sound in a gas is given by v=./yRT/M where R is 


the gas constant, T is the absolute temperature, M is the molecular mass of the gas, and y 
is a constant that is characteristic of the particular molecular structure of the gas. We can 
differentiate this expression with respect to T and then separate the variables to show that 
the differentials satisfy dv/v = 4dT/T. We’ll approximate the differential quantities to 
determine the percentage change in the velocity of sound when the temperature increases 
from 0 to 27°C. Lacking information regarding the nature of the gas, we can express the 
ratio of the speeds of sound at 300 K and 273 K to obtain an expression that involves just 
the temperatures. 


(a) Evaluate dv/dT: 


Separate the variables to obtain: 


(b) Approximate dT with AT and dv 
with Av and substitute numerical 
values to obtain: 


(c) Using a differential 
approximation, approximate the 
speed of sound at 300 K: 


Substitute numerical values and 


evaluate V309 : 


Use v=./yRT/M to express the 


speed of sound at 300 K: 


Use v=./yRT/M to express the 


speed of sound at 273 K: 
Divide the first of these equations 


by the second and solve for and 
evaluate v309 k: 
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dy _ | [RT] _1 n 
dT dT|\ M | 2\RT\M 


LY 

2T 
w la? 
v 2T 


Av 1AT  1f{ 27K 
= = =| 4.95% 
aa cre ed 


V300K © Vo73K + Vo73K 


Av 
= V973K arr 


Vox = (331m/s)(1 + 0.0495) =| 347 m/s 


OA yR(300K ) 
300K TA a7, 
V M 

(273K) 
Yk Vy 


yR(B300K) 
Y300K _ y M _ [300 
Vox yR(273K) 273 


\ M 


and 


van = (831s) JE =[ 347 mi | 


Note that these two results agree to three 
significant figures. 


Picture the Problem The speed of sound in a gas is given by v=4/yRT/M where R is 


the gas constant, T is the absolute temperature, M is the molecular mass of the gas, and y 


1164 Chapter 15 


is a constant that is characteristic of the particular molecular structure of the gas. Because 
T= t+ 273 K, we can differentiate v with respect to ¢ to show that dv/dt = 1(/ T ) 


Evaluate dv/dt: dv dl Rt +273 K 
dt dt|\ M 


Eea 


ae 
2T 
Substitute for ¢ to obtain: dv 1 y 
dt 2|t+273K 
Use the approximation v(t) wy (0° C)+ 1 v j 
2| t+273K (1) 
v(T) = (7, )+ (2) AT = v(0°C)+ Av 
dT J; 
0 where 
l i= 1| 331m/s ; 
RE 2| t+273K 
For t << 273 K: [ 
or Apes 22 s aedem N 
2| 273K 
Substitute in equation (1) to obtain: v(t ) = v(0°C)+ (0.606 m/s: K) 


=| 331m/s+(0.606m/s:K)t 


32 ee 
Picture the Problem Let d be the distance to the munitions plant, vı be the speed of 
sound in air, vz be the speed of sound in rock, and At be the difference in the arrival times 
of the sound at the man’s apartment. We can express Af in terms of tl and #2 and then 
express these travel times in terms of the distance d and the speeds of the sound waves in 
air and in rock to obtain an equation we can solve for the distance from the man’s 


apartment to the munitions plant. 


Express the difference in travel t-t, =At 
times for the sound wave 

transmitted through air and the 

sound wave transmitted through the 

earth: 


Wave Motion 

Express the transmission times in t, =— adt =— 
terms of the distance traveled and v v, 
the speeds in the two media: 
Substitute to obtain: d d -Af 

v v 

or 

Ferm (er | eel 

Ye v Viv? 
Solve for d: d= mn 
Vg Mi 
Substitute numerical values and d= (340 m/s)(3000 m/s) (3s) 
evaluate d: 3000 m/s — 340 m/s 
=|1.15km 

33 coo 
Picture the Problem The locations of the 
lightning strike (L), dorm room (R), and L N 


baseball park (P) are indicated on the 4 P — 
diagram. We can neglect the time required 
for the electromagnetic pulse to reach the 
source of the radio transmission, which is 
the ballpark. The angle @ is related to the 
sides of the triangle through the law of 
cosines. We’re given the distance dpr and 
can find the other sides of the triangle 
using the speed of sound and the elapsed 
times. 


Using the law of cosines, relate the angle @ to the distances that make up the sides 
of the triangle: 


dèe = App + don — 2d, pdpp COS(180°— 9) = d, + dog + 2d, pd pp COSO 


Solve for 6.: p= cor dis -dip -dpr l 
2d pdpr 
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Express the distance from the dip =V, Atp = (340 m/s)(2 s) = 680m 
lightning strike to the ball park: 


Express the distance from the dig =V, Atr = (340 m/s)(6 s) = 2040m 
lightning strike to the dorm room: 


Substitute and evaluate 6: 


J- cos- 000 m? — (680m? - (1600m? 


= +58.4° 
2(680m)(1600m) | 


The lightning struck 680 m from the ballpark, 58.4° W (or E) of north. 


*3A ooo 
Picture the Problem Choose a coordinate 
system in which station Alpha is at the y 
origin and the axes are oriented as shown 
in the pictorial representation. Because a 

0.75 mi = 1.21 km, Alpha’s coordinates are 4 \ 

(0, 0), Beta’s are (1.21 km, 0), and those of a, \4s 
the lightning strike are (x, y). We can relate 7 

the distances from the stations to the speed a \ 
of sound in air and the times required to ez b 
hear the thunder at the two stations. Alpha Beta 


Relate the distance d, to the position x by =d? (1) 
coordinates of Alpha and the 
lightning strike: 


Relate the distance dg to the (x = | .21kmy + y = d? (2) 
position coordinates of Beta and the f 
lightning strike: 


Relate the distance d, to the speed d, =vAt, = (340 m/s\(3.4 s) =1156m 
of sound in air v and the time that 

elapses between seeing the lightning 

at Alpha and hearing the thunder: 


Relate the distance dg to the speed d; =vAt; = (340 m/s {2.5 s) =850m 
of sound in air v and the time that 

elapses between seeing the lightning 

at Beta and hearing the thunder: 


Substitute in equations (1) and (2) to V+y= (1 156m) =1.336km? (3) 


obtain: aad 


Subtract equation (4) from equation 
(3) to obtain: 


Solve for x to obtain: 


Substitute in equation (3) to obtain: 


Solve for y, keeping the positive 
root because the lightning strike is 
to the north of the stations, to 
obtain: 


The coordinates of the lightning 
strike are: 


35 eco 


Wave Motion 1167 


(x —1.21km)’ + y? =(850m)° 
= 0.7225 km? 


x? —(x-1.21km)’ =1.336km? 
— 0.7225 km? 


or 


(2.42km)x —(1.21km)’ = 0.6135km? 


x =0.855km 


(0.855km) + y? =1.336km? 
y =0.778km 


(0.855 km, 0.778 km) 
or 


(0.531 mi, 0.484 mi) 


Picture the Problem The velocity of longitudinal waves on the Slinky is given by 


v = 4| B/ p where B is the bulk modulus of the material from which the slinky is 


constructed and p is its mass per unit volume. The velocity of transverse waves on the 
slinky is given by v = 4 F/ u where F is the tension in the slinky and xis its mass per 


unit length. Substitution for B and p will lead to v = L./k/m in (a) and similar 


substitutions, together with the assumption that Lo << L will yield the same result for (b). 


(a) Express the velocity of 
longitudinal waves on the slinky: 


For the slinky: 


Letting A be the cross-sectional area 


of the slinky: 


pale (1) 
p 

p=" 
y 

and 

or (2) 
AV /V 

p=—and P=-k— 
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Substitute in equation (2) and Rak 
simplify to obtain: 


Substitute in equation (1): k L 
A k 
y= |4- Le 
m m 
(a 
(b) Express the velocity of transverse F 
ae v= [— (3) 
waves on the slinky: Vu 
For the slinky: om 
m 
and 


F =kAL -i(t -L)= {1-2 


x kL if L, << L 


Substitute in equation (3) to obtain: kL k 
v= A = P 
L 


The Wave Equation 
36 œ 
. es ae en 
Picture the Problem The general wave equation is ae = eae To show that each of 
X v“ ot 


the functions satisfies this equation, we’ll need to find their first and second derivatives 
with respect to x and ¢ and then substitute these derivatives in the wave equation. 


(a) Find the first two spatial oy -3 k(x yy t} 
derivatives of y(x,t) = k(x + vt) : Ox 
and 
2 
oY ~ 6k(x+vt) (1) 
ox 
Find the first two temporal oy 2% k(x ay t} 
derivatives of y(x,t) = k(x + vt) : Ot 


Express the ratio of equation (1) to 
equation (2): 


(b) Find the first two spatial 
derivatives of y(x,t)= Ae*0 


Find the first two temporal 
derivatives of y(x, t) = Agik(). 


Express the ratio of equation (3) to 
equation (4): 


(c) Find the first two spatial 


derivatives of y(x, t)= In k(x -vt): 


Wave Motion 


2 
= = 6kv?(x+ vt) (2) 


Oy 

ax? _ 6k(x+vt) | 1 
Cy 6k (x4+vt) |v? 
at 
confirming that y(x, t) = k(x + vty 


satisfies the general wave equation. 


oy = ik4e* 0” 
Ox 


and 
Ory 2 
ax 


or 


? 7242 Ae ik(x- vt) 


2 
= = k? Ack) (3) 


oy _ —~ikvAe ik (x- vt) 
Ot 


and 
oY Ky 2 de ik(x-vt) 
or 


oy L 24,2 Jež 0) (4) 
ôt 


ax? _ -k 2 Ap” (x-vt) 1 
8y —k’v 2 Ael x- vt) v? 
ôt’ 
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confirming that y(x,t)= Ae“) satisfies 


the general wave equation. 


=- © 
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Find the first two temporal 


derivatives of y(x, t)=Ink(x—vt): 


Express the ratio of equation (5) to 
equation (6): 


*37 ° 


Oy ___vk 

Ot x—vt 

and 

Ory _ vk’ (6) 
at? (x-vt) 

Oy _ k? 

Ox? (x- vt) ie 

a’y vk? v? 

a? (x=? 


confirming that y(x, t) =In k(x — vt) 


satisfies the general wave equation. 


2 


Oy 18y 


Picture the Problem The general wave equation is —5 = ——~-. To show that 


Ox? v at’ 


y = Asin kxcos ot satisfies this equation, we’ll need to find the first and second 


derivatives of y with respect to x and ¢ and then substitute these derivatives in the wave 


equation. 


Find the first two spatial derivatives 
of y= Asinkxcosat: 


Find the first two temporal 
derivatives of y = Asinkxcosat: 


Express the ratio of equation (1) to 
equation (2): 


yy = Ák cos kx cos ot 

Ox 

and 

Ory oi 

— = —Ak’ sin kx cos at (1) 
Ox 


o = —@Asin kxsin ot 
Ot 


and 
8? 
CY -a Asin kx cos at (2) 
ôt? 
ay 
ax? _ —Ak* sinkxcosæt _ k’ 
Oy -Aw sinkxcosøæt @’ 
ôt? 

A 

v 


confirming that y = Asin kxcos øt 


satisfies the general wave equation. 
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Harmonic Waves on a String 


38s 
Picture the Problem We can find the velocity of the waves from the definition of 
velocity and their wavelength from A = v/ f . 


Express the wavelength of the Gis v 
waves: f 
. eae . 6 
Using the definition of velocity, find 2 Ax SA. 12 m/s 
the wave velocity: At 5s 
i in: 12m/s 
Substitute to obtain: Fin = =| 20.0cm 
60s 
39 >œ 


Picture the Problem Equation 15-13, y(x,t)= Asin(kx- æt), describes a wave 


1171 


traveling in the positive x direction. For a wave traveling in the negative x direction we 


have y(x,t)= Asin(kx + at). 


(a) Factor k from the argument of (x t) = Asini g- o i 
the sine function to obtain: r 


=| Asin k(x- vt) | 


(b) Substitute k = 27/A and _ (2a 
= a0 9 
œ = 27f to obtain: (æt) aun A a 
. x 
=| Asin2z| —— ft 
a) 
(c) Substitute k = 27/A and TE 2m 27 
x,t)= — —— 
@ = 2z/T to obtain: P 
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(d) Substitute k = 27/A to obtain: oe) = asin ZE 7 or 
= Asin af, — Aa ) 
27 
= Asin (x —vt) 
(e) Substitute k = 27/A and y(x,t) = Asin (kx —27ft) 


Œœ = 27f to obtain: 
= Asin 2af ae -t 
2af 


= Asin daf{=—t] 


For waves traveling in the negative x 


direction, we simply change the — signs to 
+ signs. 


*40 ° 
Picture the Problem We can use f= c/Z to express the frequency of any periodic wave 
in terms of its wavelength and velocity. 


(a) Find the frequency of light of fz c - 2.998% 10° m/s 


7 = = =7.50x 10" Hz 
wavelength 4x107 m: A 4x10 m 


Find the frequency of light of T= c 2.998x 10° m/s 
wavelength 7x107 m: OA  7x107m 


Therefore the range of frequencies 4.28 x10 Hz < f <7.50x10" Hz 


1S: 


= 4.28 x10“ Hz 


(b) Use the same relationship to 


c 2.998x10° m/s 
f= = 


calculate the frequency of these A 3x10” m 
microwaves: -[1.00x10" Hz 
41 œ 


Picture the Problem The average power propagated along the string by a harmonic 


wave is P, =+ u@ A’v, where v is the speed of the wave, and 4, œ, and A are the linear 


density of the string, the angular frequency of the wave, and the amplitude of the wave, 


Wave Motion 
respectively. 


Express and evaluate the power propagated P, => uo °A’y 
along the string: 


The speed of the wave on the string is _ |F 
given by: v= u 
Substitute for v to obtain: F 
Py = ym’ A? |— 
u 


Substitute numerical values and evaluate Pw: 


P, =+ (47° \(0.05 kg/m)(108s7 Y (0.05 my oa =[9.87W | 


42° 
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Picture the Problem The average power propagated along the rope by a harmonic wave 


is P, =4 Læ? A’y,where v is the velocity of the wave, and ys œ, and A are the linear 


density of the string, the angular frequency of the wave, and the amplitude of the wave, 


respectively. 


Rewrite the power equation in terms P, =} yo’ Av = 27’ uf’ A 


av 


of the frequency of the wave: 


Solve for the frequency: fe Pe 2 1 RR 
2m Av 27AN uwv 
The wave velocity is given by: F 
v= a 
Vu 
Substitute for v and simplify to 1 2P 1 2P 


obtain: 27A F ~ 2A | UE 
u ci 
u 


Substitute numerical values and evaluate f: 
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fe 1 2(100 W) -[i7iFe | 


27(0.01m) [SIE Jo N) 


43+ 
Picture the Problem Equation 15-13, y(x,t) = Asin(kx — at), describes a wave 


traveling in the positive x direction. For a wave traveling in the negative x direction, we 
have y(x, t) =A sin(kx + at). We can determine A, k, and œ by examination of the wave 


function. The wavelength, frequency, and period of the wave can, in turn, be determined 
from k and @. 


(a) Because the sign between the kx and æt terms is positive, the wave 
a 
is traveling in the negative x direction. 


Find the speed of the wave: va o Loa _[s00ms 
k 62.8m 
(b) The coefficient of x is k and: pe 20 
A 
Solve for and evaluate A: 20 2a 
A= =— =——— =| 10.0cm 
k 62.8 m” [10.0cm | 


The coefficient of t is œ and: @ 3l4s” 
=—= =| 50.0 Hz 
i= 
The period of the wave motion is the 1 1l 
T =— = — =| 0.0200s 
r 


reciprocal of its frequency: f 

(c) Express and evaluate the Vmax = AO = (0.001m)(3 14 rad/s) 
i d of tri — 

a speed of any string _ | 0.314m/s | 

44 = 


Picture the Problem Let the positive x direction be to the right. Then equation 15-13, 
y(x,t) = Asin(kx- at), describes a wave traveling in the positive x direction. We can 


find wand k from the data included in the problem statement and substitute in the general 
equation. The maximum speed of a point on the string can be found from v „ = A@ and 


max 


: : 2 
the maximum acceleration from apax = AQ’. 
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(a) Express the general form of the y(x,t ) =A sin(kx E ot) 
equation of a harmonic wave 
traveling to the right: 


Evaluate @: o=2nf = 2n(80 s™ ) = 503s ' 
Determine k: = o 503s™ -419m 
v 12m/s 


Substitute to obtain: y(x,t)=| (0.025m)sin|(41.9m™ )x — (503 s7 )z 


(b) Express and evaluate the Vaa = 4@ = (0.025 m)(503 s~!) 
maximum speed of a point on the =) Gas 

on peo 

(c) Express the maximum Amax = AD 


acceleration of a point on the string: 


Substitute numerical values and da= (0.025 m)(503 s7 y 
evaluate dmax: [633kms | 

=| 6.33 km/s” 
45 


Picture the Problem The average total energy of waves on a string is given by 
AE, =F La A’ Ax, where jis the linear density of the string, wis its angular 


frequency, A the amplitude of the wave motion, and, in this problem, Ax is the length of 
the string. The average power propagated along the string is P, = +4 ua A’. 


(a) AE,y is given by: AE,, =} UO A Ax = 20" uf” A’ Ax 


Evaluate AE,, = 4m" A’ Ax with Ax = L = 20 m: 


0.06k _ 
AE, = zme te) (200s")’(0.012m)*(20m) = 


(b) Express the power transmitted P=tya@’ A 
past a given point on the string: 
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The speed of the wave is given by: F 
u 


Substitute for v to obtain: zaa IF 
P, =} uo A |— 
u 

Substitute numerical values and evaluate Pw: 


_,_{ 0.06kg J 50N 
F =27 [COKE boos i (0. 012m Bois [ 44.0 | 


20m 


*46 e 
Picture the Problem The power propagated along the rope by a harmonic wave is 
P=} Ua A’y where v is the velocity of the wave, and 44 œ, and A are the linear density 


of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. We can use the wave function y = (4,e° )sin (lox = at) to determine the 


amplitude of the wave at x = 0 and at point x. 


(a) Express the power associated P=4 a A’y 
with the wave at the origin: 


Evaluate the amplitude at x = 0: A(0) = (4,e° ) = Ay 
Substitute to obtain: P(0) =| 1 ua Av 

(b) Express the amplitude of the A(x) = (4,e°°) 

wave at x: 

Substitute to obtain: P(x) =1 uo (4e% yy 


A7 

Picture the Problem The average power propagated along the rope by a harmonic wave 
is P, =} uo ? A’y where v is the velocity of the wave, and 4, œ, and A are the linear 
density of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. 


(a) Express the average power 
transmitted along the wire: 


Substitute numerical values and 
evaluate Pa: 


(b) Because P, œ f’: 


2 
Because P, œ A’: 


Because P, œ v and v œ JF: 


(c) 
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P, =} uo’ Av =27 uf’ A’v 


P, =2r°(0.01kg/m\{400s7 } 
x (0.5x10° m} (10 m/s) 


=| 79.0mW 


Increasing f by a factor of 10 would | 


increase P, by a factor of 100. 


Increasing A by a factor of 10 would 


increase P, by a factor of 100. 


Increasing F by a factor of 10* would 
increase v by a factor of 100 and P, 
by a factor of 100. 


Depending on the adjustability of the 
power source, increasing f or A 


would be the easiest. 


Picture the Problem We can use the assumption that both the wave function and its first 
spatial derivative are continuous at x = 0 to establish equations relating A, B, C, kı, and ko. 
Then, we can solve these simultaneous equations to obtain expressions for B and C in 


terms of A, vı, and vz. 


(a) Let y(x, £) represent the wave 
function in the region x < 0, and 
y(x, t) represent the wave function 
in the region x > 0. Express the 
continuity of the two wave functions 
atx =0: 


Because the sine function is odd; 
ie., sin- 0)=—sin 0: 


y,(0,t)= y,(0,t) 

and 

A sin|k, (0) at | +B sin|k, (0) + ot | 
=C sin|k, (0) ot | 

or 

A sin(— at) + Bsin ot = C sin(— at) 


— Asin ot + B sin ot = —C sin ot 
and 


A-B=C (1) 
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Differentiate the wave functions 
with respect to x to obtain: 


Express the continuity of the slopes 
of the two wave functions at x = 0: 


Because the cosine function is even; 
i.e., cosl- 8) = cos8: 


Multiply equation (1) by kı and add 
it to equation (2) to obtain: 


Solve for C: 


Solve for C/A and substitute w/v, for 
kı and a/v, for kə to obtain: 


Substitute in equation (1) to obtain: 


Solve for B/A: 


Oi Ak, cos(k,x — ot) 
ox 


+ Bk, cos(k,x + at) 


and 


Diz Ck, cos(k,x — at) 
Ox 


Mi) eis 
Ox bs Ox z 
and 


Ak, cos|k, (0)- ot | + Bk, cos|k, (0)+ at | 
= Ck, cos[k,(0)— at] 

or 

Ak, cosl- wt) + Bk, cos ot 


= Ck, cos(— at) 
Ak, cos at + Bk, cos æt = Ck, cos at 
and 


k, A+kB = k,C (2) 


2k, A = (k, +k, )C 


_ % o 2 
k +k, 1+k,/k, 


Ge Oe. Ne 

A 1+k,/k, | 1+v,/y, 

A-B= 2 A 
1+v,/v, 


_1-v,/y, 
l+v,/v, 


C A 


B 
A 


(b) We wish to show that 

B + vi) = A’ 
Use the results of (a) to obtain the 
expressions B = -[(1 — @)/(1 + æœ)] A 
and C = 2A/(1 + æ), where æ= v/v. 
Substitute these expressions into 


B? + (viv) = A 


and check to see if the resulting 
equation is an identity: 


The equation is an identity: 


Wave Motion 
B+iC=2 
V3 


lrg G 
ise) +a) 
+a = 
l+a l+a 


l-2a+a*+4a_, 
(lta) 

1+2a+a? | 

(lta) 7 

(ita) 

(lta) 

I=] 


Therefore,| B? + “1? = 4’ 
V2 


=] 


Remarks: Our result in (a) can be checked by considering the limit of B/A as 
v/v, — 0. This limit gives B/A = +1, telling us that the transmitted wave has zero 
amplitude and the incident and reflected waves superpose to give a standing wave 


with a node at x = 0. 


Harmonic Sound Waves 


*49 o 


Picture the Problem The pressure variation is of the form phx t) = p COS k(x = vt) 


where k = - and v = 340 m/s . We can find A from k and ffrom ø and k. 


(a) By inspection of the equation: 


2m 


(b) Because k = — = =. 
A 2 


2af 


(c) Solve v = = ra for f to obtain: 


A =| 4.00m 


fo oe 
20 
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(d) By inspection of the equation: v=] 340m/s 


50 œ 
Picture the Problem The frequency, wavelength, and speed of the sound waves are 
related by v= fA. 


(a) Express and evaluate the Jz y 340 a = [130m] 
wavelength of middle C: f 2625 


(b) Double the frequency zya -| 0649m 
corresponding to middle C; solve f 2(262 s“ ) : 


for and evaluate 4: 


51 œ 

Picture the Problem The pressure amplitude depends on the density of the medium p, 
the angular frequency of the sound wave yz, the speed of the wave v, and the displacement 
amplitude sy according to Py = POVSy. 


(a) Solve py = POVvS, for so: es Po 

0 pov 
Substitute numerical values and — (10 atm (1 .01325 x 10° Pa/atm) 
evaluate so: 2a (1.29 kg/m? (100s X840 m/s) 


=| 3.68x10° m 


(b) Use py = P@vs, to find po: 


Py = 2n(1.29kg/m*)(300s~)(340 m/s)(10~7 m)=| 8.27x107 Pa 


D2 >œ 

Picture the Problem The pressure amplitude depends on the density of the medium p, 
the angular frequency of the sound wave yz, the speed of the wave v, and the displacement 
amplitude sy according to Py = POVSy. 


(a) Solve p) = POVS, for so: Po 
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Substitute numerical values and -= 29 Pa 

evaluate so: ° 2a(1.29 kg/m’? (1000587 )(840m/s) 
=| 2.10x10% m | 

(b) Proceed as in (a) with f= 1 kHz: 29 Pa 


0 J x{1.29 kg/m’ ){1000s")(340 m/s) 


=|1.05x10° m 


53 

Picture the Problem The pressure or density wave is 90° out of phase with the 
displacement wave. When the displacement is zero, the pressure and density changes are 
either a maximum or a minimum. When the displacement is a maximum or minimum, the 


pressure and density changes are zero. We can use Py) = POVS, to find the maximum 


value of the displacement at any time and place. 


(a) If the pressure is a maximum at the displacement s is zero. 


xı when t= 0: 


(b) Solve p) = POVS, for so: radi 
0 pov 
Substitute numerical values and (1 (a atm)(I .01325x10° Pa/ atm) 


evaluate so: So = 3 T 
0: 2n(1.29kg/m* }(1000s™)(340m/s) 
=| 3.68 4m 
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Picture the Problem A human can hear sounds between roughly 20 Hz and 20 kHz; a 
factor of 1000. An octave represents a change in frequency by a factor of 2. We can 
evaluate 2" = 1000 to find the number of octaves heard by a person who can hear this 
range of frequencies. 


Relate the number of octaves to the 2" =1000 

difference between 20 kHz and 20 

Hz: 

Take the logarithm of both sides of log2” = log10° 

the equation to obtain: or 
Nlog2=3 

Solve for and evaluate N: 3 
N=——=997% 

log2 
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Waves in Three Dimensions: Intensity 


55 ° 


Picture the Problem The pressure amplitude depends on the density of the medium p, 


the angular frequency of the sound wave yz the speed of the wave v, and the displacement 
amplitude sọ according to p) = P@vs,. The intensity of the waves is given by 


2 
1 Po 


2 


[=t pa's,v =>; and the rate at which energy is delivered (power) is the product of 
pv 


the intensity and the surface area of the piston. 


(a) Using p) = POVS,, evaluate po: 


(b) Use J = += to find the 


B/S 


intensity of the waves: 


(c) Using Pa = JA to find the power 
required to keep the piston 
oscillating: 


56 >œ 


P, = 27(1.29kg/m’° \(500s™') 
x(340m/s)(0.1x10° m) 


- [sra] 


ol (138Pa Y 
~ 2 (1.29kg/m’° (840 m/s) 


- [27w] 


(21.6 W/m?)(107 m?) 
0.217 W 


P 


av 


II 


Picture the Problem The intensity of the sound from the spherical source varies 


inversely with the square of the distance from the source. The power radiated by the 


source is the product of the intensity of the radiation and the surface area over which it is 


distributed. 


(a) Relate the intensity at 10 m to the 
distance from the source: 


Letting 7’ represent the distance at 
which the intensity is 10% W/m’, 
express the intensity as in part (a): 


l 
I = =e 
4ar 
or 
10° W/m? = ——* 


Divide the first of these equations 
by the second to obtain: 


Solve for and evaluate 7’: 


2 


P 
(b) Solve J = —*~ for Puy: 
4rr 


Substitute numerical values and 
evaluate Pa: 
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Ee 
10“ W/m? _ 4x(10m)y 
10°Wim Py 

Amr” 
r'= (10? (tomy =| 100m | 


P, =4rr°I 


P, = 4x(10m)*(10~ W/m? )= 


Picture the Problem Because the power radiated by the loudspeaker is the product of the 


intensity of the sound and the surface area over which it is distributed, we can use this 


relationship to find the average power, the intensity of the radiation, or the distance to the 


speaker for a given intensity or average power. 


(a) Use P, = 47r°I to find the total 


acoustic power output of the 
speaker: 


(b) Relate the intensity of the sound 


at 20 m to the distance from the 
speaker: 


Relate the threshold-of-pain 
intensity to the distance from the 
speaker: 


Divide the first of these equations 
by the second; solve for and 
evaluate r: 


P 
(c) Use J = — to find the 
47r 


2 


intensity at 30 m: 


P, =42(20m) (107 W/m?) 


=| 50.3 W 
10? Wim? =" 
47(20m) 
1W/m? = La 
4r 


r =4/10°(20m} =| 2.00m | 


50.3 W 
47(30m)" 
—| 445x102 Wim? | 


1(30m)= 
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Picture the Problem We can use conservation of energy to find the acoustical energy 
resulting from the dropping of the pin. The power developed can then be found from the 
given time during which the energy was transformed from mechanical to acoustical form. 
We can find the range at which the dropped pin can be heard from I = P/47 7°. 


(a) Assuming that I = P/4zrr’, express 2 eae 
the distance at which one can hear the a= Ar 
dropped pin: 
Use conservation of energy to E = (0.0005)(mgh) 
determine the sound energy generated = (0.0005)(0. 1x10% kg)(9.81m/s?) 
when the pin falls: x (1 m) 
=4.91x107 J 
Express the power of the sound pulse: pe E 491x 107 J 
At 0.1s 
=4.91x10°W 
Substitute numerical values and 491x10° W 
; r= =| 198m 
evaluate r: \ 4x10" W/m? ) 


(b) Repeat the last step in (a) with 4.91x10° W 
T= 10° W/m: BEATE Win?) 7625m | 
Intensity Level 
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Picture the Problem The intensity level of a sound wave 8, measured in decibels, is 
given by 2 =(10dB)log(Z/Z a) where J) = 10°'? W/m? is defined to be the threshold of 


hearing. 


(a) Using its definition, calculate the 


10 W/m’ 
= (10 dB )log —————— 
p =(104B)iog Oe 


whose intensity is 10°'° W/m’: 
i =1010g10? =| 20.0 dB 


intensity level of a sound wave 


(b) Proceed as in (a) with 
T= 107 Win’: 
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10° W/m? 
p 


10dB)log} ——_——— 
(04B )iog 10 Wi 


=101og10" =| 1004B | 


Picture the Problem The intensity level of a sound wave £ measured in decibels, is 
given by B= (10 dB)log(I HI a) where Jy = 10" W/m? is defined to be the threshold of 


hearing. 


(a) Solve 2 =(10dB)log(Z/Z, ) for 7 


to obtain: 


Evaluate J for 6= 10 dB: 


(b) Proceed as in (a) with B= 3 dB: 
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fz 108/0048) 7 


I = 10r DMom) y = 107 


=10(10 W/m?) = 


f= 10648004B) 7 = oF, 
= 2(10-? W/m? )=| 2x10? Wim? 


Picture the Problem The intensity level of a sound wave Ø, measured in decibels, is 
given by 2 =(10dB)log(Z//,,) where J) = 107"? W/m’ is defined to be the threshold of 


hearing. 


Express the sound level of the rock 
concert: 


Express the sound level of the dog’s 
bark: 


Solve for the intensity of the dog’s 
bark: 


Express the intensity of the rock 
concert in terms of the intensity of 
the dog’s bark: 


Pisici = (1 0 ang me (1) 


0 


I 
50 dB = (10 ang“ 
IA 
Loe = 10° Ly = 10°(10"? W/m?) 
=107 W/m’ 


=10*T,,. =10°(107 W/m?) 


dog ` 


=10° W/m? 


I 


concert 
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Substitute in equation (1) and 


10° W/m’ 
= (10dB)log}; ———__—_ 
Peien ( ) og e V jm? ) 


=(10dB)log10° 


-[ 50068 


evaluate Booncert! 
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Picture the Problem The intensity level of a sound wave /, measured in decibels, is 
given by 2 =(10dB)log(Z/Z a) where J) = 10°'? W/m’ is defined to be the threshold of 


hearing. 


Express the intensity level of the L 
louder sound: p, =(10 d)ot 


Express the intensity level of the Í; 
softer sound: f= (0aB)iog| 2 


Express the difference between the Pı — Ps =30dB 


intensity levels of the two sounds: fi E -)- ($ ‘| 
=(10dB log 


=(10dB)I Jiog( Sut 


=(10dB) og 1+ ) 


. ` I 5 
Solve for and evaluate the ratio [,/Is: - -10° and (a) is correct. 
S 
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Picture the Problem We can use the definition of the intensity level to express the 


difference in the intensity levels of two sounds whose intensities differ by a factor of 2. 


Express the intensity level before the I 
intensity is doubled: B, =(10 aJo +) 


Express the intensity level with the 21 
intensity doubled: B, =(10 ang 24 


Wave Motion 1187 
AB = VA = B, 
=(10 an)oe ) - (oaB)iogf < 
0 0 


= (10aB)ioe >) = (10 dB)log 2 


=3.01dB ~| 3.04dB | 


Express and evaluate A8 = A — f: 


ie 
N 
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Picture the Problem We can express the intensity levels at both 90 dB and 70 dB in 
terms of the intensities of the sound at those levels. By subtracting the two expressions, 
we can solve for the ratio of the intensities at the two levels and then find the fractional 
change in the intensity that corresponds to a decrease in intensity level from 90 dB to 70 


dB. 


Express the intensity level at 90 dB: 


Express the intensity level at 70 dB: 


Express AZ = b — fro: 


Solve for Jo: 


Express the fractional change in the 
intensity from 90 dB to 70 dB: 
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90dB = (10 ang e 


0 


70dB = (oaB)ioe| 2 


0 
AB =20dB 


Z (oaB)iog[ e E (oaB)iog[ 2 


0 0 


= (oan) 2e 


70 


Typ =100Lg 


I — Lo 100149 — Lr 
= =| 99% 
ioe 


Picture the Problem The intensity at a distance r from a spherical source varies with 


distance from the source according to 7 = P, / 47r° . We can use this relationship to 


relate the intensities corresponding to an 80-dB intensity level (Zgo) and the intensity 


corresponding to a 60-dB intensity level (Zso) to their distances from the source. We can 
relate the intensities to the intensity levels through 2 = (I 0 dB)log(Z i a) : 
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(a) Express the intensity of the 
sound where the intensity level is 80 


dB: 


Express the intensity of the sound 
where the intensity level is 60 dB: 


Divide the first of these equations 
by the second to obtain: 


Solve for r: 


Find the intensity of the 80-dB 
sound level radiation: 


Find the intensity of the 60-dB 
sound level radiation: 


Substitute and evaluate r: 


(b) Using the intensity 
corresponding to an intensity level 
of 80 dB, express and evaluate the 
power radiated by this source: 
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Picture the Problem Let /, and J be the intensities of the sound at distances rı and r2. 


BE 
O Anr 
P 
I = av 
° Arr’ 
Py 
Ip _ 4r(l0m}_ r 
Io Py 100m’ 
4rr’ 
I 
r =(10m) |- 
Too 


80 dB = (oas)iog 2] 


0 


and 


Ix =10° 7, =10* Wim? 


60dB=(10 aB)og “2 


0 


and 


I) =10°F, =10°° W/m? 


P=IyA 


=] 
= (10-* W/m? )[4n(10 m)?| 


-[ 01260] 


We can relate these intensities to the intensity levels through 
f= (10dB)log(Z/Z, ) and to the distances through J = P, [4r r’. 
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Using 2 = (10dB)log(Z/J,), By _ (10dB)log(Z, /Z,) 
express the ratio 3,/f): B, (10dB)log(/ iff o) 
_ logZ, -log 1 
log /, -log I, 
Express the ratio of the intensities at IL, r? r? 

: —=— and l, == 1, 
distances r, and rz from the source I, r r 
and solve for J: 

Substitute and simplify to obtain: 
r’ 
10log+ J, -10log7 
b a sa _10logZ, + 20log(x, /7,)-10log Z, 
Pi log I, -log 1, 10log/, —10log J, 
_ 10log(7, /7,)+ 201og(7 /r,) _| A +20log( /r,) 
10log(Z,/7,) pı 
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Picture the Problem We can use J = (10dB)log(Z [I a) where Jy = 10? W/m? is 


1189 


defined to be the threshold of hearing, to find the intensity level at 20 m. Because the 
power radiated by the loudspeaker is the product of the intensity of the sound and the 


surface area over which it is distributed, we can use this relationship to find either the 


average power, the intensity of the radiation, or the distance to the speaker for a given 


intensity or average power. 


(a) Relate the intensity level to the 
intensity at 20 m: 


B= oan)tog < 


0 


10? Wim? 
= (10dB)log(10")=| 100dB 


-2 2 
= (104B)oe 1° ules ) 


(b) Use P., = 42r7/ to find the total P= 47(20 my (1 0° Wim’) 
acoustic power output of the E [ 50.3 W | 3W 

speaker: 

(c) Relate the nent of the sound 102 W/m? = i 

at 20 m to the distance from the 47(20 m) 


speaker: 
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Relate the threshold-of-pain 
intensity to the distance from the 4rr 
speaker: 


Divide the first of these equations r=./107 (20 my = 


by the second; solve for and 


evaluate r: 
E 50.3 W 
(d) Use I =—=5 to find the 1(30m) = ———_ 
4r? om 4x(30m) 
intensity at 30 m: =4.45x10 W/m? 


Find the intensity level at 30 m: 4.45 x10” Wim? 
10°? W/m’ 


= (10 dB)log 4.45 x 10° 


=| 96.5dB 


(30m) =(10dB)log 
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Picture the Problem Let /’ and / represent the sound in consecutive years. Then, we can 
use B= (10 dB)log(/ HI a) to express the annual increase in intensity levels. 


(a) Express the annual change in AB = p'- B=1dB 
intensity level: = (10 dB)log> _ (10 dB)log 2 
i, I, 
[' 
= (10dB)log— 
I 
Solve for V/I: Eao” =1.26 


and the annual increase in intensity 


is This is not a plausible annual 


increase because, if it were true, the 
intensity level would increase by a factor 
of 10 in ten years. 


(b) Because doubling of the The intensity level will double 


intensity corresponds to AZ = 3 dB in 3 years. 


and the intensity is increasing | dB 
annually: 
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Picture the Problem We can find the intensities of the three sources from their intensity 
levels and, because their intensities are additive, find the intensity level when all three 


sources are acting. 


(a) Express the sound intensity level 


I 
Pees = (10 dB log == 


when the three sources act at the 5 


time: 
same time foao eta 
0 
Find the intensities of each of the 70dB= (10 dB)log £ > I= A 
three sources: Io 


73dB=(10 dB)log “2 7.21071, 
0 


and 


80dB =(10dB)log—* = I =10°/, 


0 
Substitute and evaluate £ sources: 


1077, +107, +10°7, 
Io 


Basources = (10dB)log =(10dB)log(10’ +107 +108) 


=| 81.1dB 


(b) Find the intensity level with the 
two least intense sources eliminated: 


8 
Bey = (104B)log 22 = (10dB)log(10°) 


0 


=| 80.0 dB 


Eliminating the two least intense sources does not reduce the intensity 


level significantly. 
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Picture the Problem Let P be the power radiated by the source of sound, and r be the 
initial distance from the source to the receiver. We can use the definition of intensity to 
find the ratio of the intensities before and after the distance is doubled and then use the 
definition of the decibel level to find the change in its level. 


Relate the change in decibel level to AB =10log I 
the change in the intensity level: T' 
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Using its definition, express the 
intensity of the sound from the 


source as a function of P andr: 


Express the intensity when the 
distance is doubled: 


Evaluate the ratio of / to /': 


Substitute to obtain: 


71 eco 


[= p 5 
Arr 
, P P 
f= z7 2 
47(2r) 16zr 
P 
As 4rr’ -4 
T P 
l6zr’ 


AB =10log4 = 6.02dB 


and | (c) is correct. 


Picture the Problem The sound level can be found from the intensity of the sound due to 
the talking people. When 38 people are talking, the intensities add. 


Express the sound level when all 38 
people are talking: 


An equivalent but longer solution: 


Express the sound level when all 38 
people are talking: 


Express the sound level when only 
one person is talking: 


Solve for and evaluate J: 


Express the intensity when all 38 people 
are talking: 


Pz = (10 dB)Iog i 


0 


= (10dB)Iog38 +(10dB)log— 
0 


= (10dB)log38+72dB 
=| 87.8dB 


fxs =(10dB)log— 


0 


B, =72dB =(104B)log 


0 


I, =10"/, =10 (10 W/m?) 
=1.58x10" W/m? 


IL; =38I, 
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The decibel level is: 38(1.58x10° W/m? 
Pss = (10dB)log l 10 W/m? ) 
=| 87.8dB 
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Picture the Problem Let y represent the efficiency with which mechanical energy is 
converted to sound energy. Because we’re given information regarding the rate at which 
mechanical energy is delivered to the string and the rate at which sound energy arrives at 
the location of the listener, we’ ll take the efficiency to be the ratio of the sound power 
delivered to the listener divided by the power delivered to the string. We can calculate the 
power input directly from the given data. We’ll calculate the intensity of the sound at 35 
m from its intensity level at that distance and use this result to find the power output. 


Express the efficiency of the Liat 


conversion of mechanical energy to P 
sound energy: 


Find the power delivered by the bow P, =Fv= (0.6 N)(0.5 m/s) =0.3W 
to the string: 


Usin =(10dB)log(//J, ), find I 
the intensity of the sound at 35 m: i; 


and 


I = 101, =107 W/m’ 


Find the power of the sound Py =M= An(10-° W/m? \(35 my 
emitted: = 0.0154 W 

Substitute numerical values and n= 0.0154 W -~15.13% 

evaluate 7: 0.3 W 
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Picture the Problem Because the sound intensities are additive, we’ll find the intensity 
due to one student by subtracting the background intensity from the intensity due to the 
students and dividing by 100. Then, we’ll use this result to calculate the intensity level 
due to 50 students. 


Express the intensity level due to 50 A (1 0 dB)log 50/, 
50 


students: 0 
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Find the sound intensity when 100 60dB = (1 0 dB)log Lio 
students are writing the exam: i 
and 


Lio Hil, =10% W/m? 


Find the sound intensity due to the 


I 
4 B = 1 B l background 
background noise: es ( i ) 2e I 


0 


and 
T actesogea = 10°75 = 10° W/m? 
Express the sound intensity due to Lioo — Lackgrouna = 10° W/m? — 10° W/m? 
the 100 students: ~ 10° W/m? 
Find th d intensity due to 1 Lge = 1 padeceans E 
ind the sound intensity due to 100 — + background =10 W/m? 
student: 100 


50(10-* W/m?) 
10°° W/m? 


Substitute numerical values and 


Bx) = (10dB)log 


evaluate the intensity level due to 50 


students: 


57.0dB 


The Doppler Effect 


74 œ 


+ 
Picture the Problem We can use equation 15-32 (A = =) to find the wavelength of 


S 


v 


+ 
the sound between the source and the listener and 15-35a ( f. = — a fJ.) to find the 
us 


vt 


frequency heard by the listener. 


(a) Because the source is Fm 340 m/s — 80 m/s =/1.30m 


approaching the listener, use the 200s" 
minus sign in the numerator of 

Equation 15-32 to find the 

wavelength of the sound between 

the source and the listener: 
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(b) Because the listener is at rest and f= v 
the source is approaching, ur = 0 and " y=u > 
the denominator of Equation 15-35a 340 m/s a) 
is the difference between the two = 340 m/s -80 m/s 200s 
speeds: 

p =| 262 Hz 
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Picture the Problem In the reference frame described, the speed of sound from the 
source to the listener is reduced by the speed of the wind. We can find the wavelength of 
the sound in the region between the source and the listener from v = fA. Because the 
sound waves in the region between the source and the listener will be compressed by the 
motion of the listener, the frequency of the sound heard by the listener will be higher than 


+ 
the frequency emitted by the source and can be calculated using f, = i i ue fo 
vtu, 
(a) The speed of sound in the v = 340 m/s — 80 m/s =| 260 m/s 
reference frame of the source is: 
(b) Noting that the frequency is java 260 m/s -| 130m 
unchanged, express the wavelength f 200s” 
of the sound: 
(c) Apply Equation 15-35a to v+u, 
Bi |< a 

obtain: v 

_ | 260 m/s + 80 m/s (20087) 

260 m/s 

=| 262 Hz 

76 œ 


Picture the Problem We can use 2 = (v + u)/ f. to find the wavelength of the sound in 


: vtu 
the region between the source and the listener and f. = + f, to find the frequency 
vtu 


= S 


heard by the listener. Because the sound waves in the region between the source and the 
listener will be spread out by the motion of the listener, the frequency of the sound heard 
by the listener will be lower than the frequency emitted by the source. 
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(a) Because the source is moving _ 340 m/s + 80 m/s 
away from the listener, use the 200s" 
positive sign in the numerator of -|210m 


Equation 15-32 to find the 
wavelength of the sound between 
the source and the listener: 


(b) Because the listener is at rest and -Y 
the source is receding, u, = 0 and the "yt ZA : 
denominator of Equation 15-35a is 340 m/s a) 
the sum of the two speeds: = 340 m/s +80 m/s 2008 
=| 162 Hz 
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Picture the Problem We can find the wavelength of the sound in the region between the 
source and the listener from v = fA. Because the sound waves in the region between the 
source and the listener will be compressed by the motion of the listener, the frequency of 
the sound heard by the listener will be higher than the frequency emitted by the source 
vu, 


and can be calculated using f. = Jes 
vtu 
(a) Because the wavelength is J= a 340 m/s m [1.70m | 
unaffected by the motion of the f 200s" 
observer: 
(b) Apply Equation 15-35a to obtain: v+u, 
i to 
_({ 340m/s + 80m/s (200s") 
340 m/s 

=| 247Hz 
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Picture the Problem In this reference frame, the speed of sound will be increased by the 
speed of the listener. We can find the wavelength of the sound in the region between the 
source and the listener from v = f2. Because the sound waves in the region between the 
source and the listener will be compressed by the motion of the listener, the frequency of 
the sound heard by the listener will be higher than the frequency emitted by the source 
and can be calculated using v' = fX. 


Wave Motion 1197 


(a) Moving at 80 m/s in still air: The observer experiences a 
wind velocity of 80m/s. 

(b) Use the standard Galilean v'=v+u, =340m/s+80m/s 

transformation to obtain: -| 420m/s 

(c) Because the distance between A= vi = 340 a = [1.70m | 

the wave crests is unchanged: f 200s 

(d) Using the speed of sound in this fe v _ 420 m/s -y Hz 

reference frame, express and © A 1.70m 

evaluate the frequency heard by the 

listener: 

79 œ 


Picture the Problem Because the listener is moving away from the source, we know that 
the frequency he/she will hear will be less than the frequency emitted by the source. We 


u, 


vt 
can use f. = 
vtu 


Í, , with u, = 0 and the minus sign in the numerator, to determine its 


value. 


Relate the frequency heard by the fa Vu, i 
listener to that of the source: i : 


_ | 340m/s—80m/s (20087) 
340 m/s 


=| 153 Hz 


80 ž > 

Picture the Problem The diagram shows 
the position of the supersonic plane at time 
t after it was directly over a person located 
at point P 5000 m below it. Let u represent 


the speed of the plane and v the speed of 
sound. We can use trigonometry to 
determine the angle of the shock wave as 


well as the location of the jet x when the 


person on the ground hears the shock wave. 
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(a) Referring to the diagram, =a (=)- : { 1 |- : i l ) 
=sin | — |=sin | — |=sin | — 


express ĝin terms of v, u, and t: ut ujv 2.5 
=| 23.6° 
. . h h 
(b) Using the diagram, relate the anri- as 
angle @ to the altitude / of the xX tan 0 
plane and the distance x and solve 
for x: 
Substitute numerical values and 5000m 
x =—— =| 114km 
evaluate x: tan23.6° 
81s 
Picture the Problem If both u, and u, are much smaller than the speed of sound v, then 
A 
the shift in frequency is given approximately w = +E, where u = us + ur is the 
v 


relative speed of the source and receiver. For purposes of this problem, we’ll assume that 
you are an Olympics qualifier and can run at a top speed of approximately 10 m/s. 


Express the frequency, ff, you hear ra v+u f 
in terms of the frequency of the i 5 


source f; and your running speed u: 


Assuming that you can run 10 m/s , _{ 340m/s+10m/s (1 000H ) 
substitute numerical values and De 340 m/s k 
evaluate f: 

=| 1029 Hz 
Using the positive sign (you are Af = 10 m/s -= 2.94% 
approaching the source), express f. 340m/s 


_ Af 
and evaluate the ratio — : 


r 


Because this fractional change in frequency is less than the 3% criterion for 
recognition of a change in frequency, it would be impossible to use your 


sense of pitch to estimate your running speed. 
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Picture the Problem Because the car is moving away from the radar device, the 
frequency f; it receives will be less than the frequency emitted by the device. The 
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microwaves reflected from the car, moving away from a stationary detector, will be of a 
still lower frequency f; '. We can use the Doppler shift equations to derive an expression 
for the speed of the car in terms of difference of these frequencies. 


Express the frequency f; received by c—u 
' . i= Js (1) 
the moving car in terms of fs, u, and 
v: 
Express the frequency f; ' received , (c-u 
i . f= Í 2) 
by the stationary source in terms of c 
fa u, and v: 
Substitute equation (1) in equation , (e-u z Qu 
(2) to eliminate /;: f= P LS e Í 
provided u << c 
Express the frequency difference 
A 1- — 
detected at the source: Fe St Sa c Jf 
2u 
=~ f, 
c 
Solve for u: 
E T Af 
$ à 1 8 
Substitute numerical values and ve 3x10° m/s (293 Hz) 
evaluate u: 2(2 GHz) 
Ikm 
2975 e e 
s 10°m h 
=| 79.1km/h 
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Picture the Problem Because the radial component u of the velocity of the raindrops is 
small compared to the speed v = c of the radar pulse, we can approximate the fractional 
change in the frequency of the reflected radar pulse to find the speed of the winds 
carrying the raindrops in the storm system. 


Express the shift in frequency when Af 
the speed of the source (the storm Í, 
system) u is much smaller than the 

wave speed v = c: 
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Solve for u: ee owt 
J: 
Substitute numerical values and Pe (2 998x108 m/s) 325 Hz 
evaluate u: 625 MHz 
Sisiw 0.6215 mi/h 
0.2778 m/s 
=| 349 mi/h 
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Picture the Problem Let the depth of the submarine be represented by D and its vertical 
speed by u. The submarine acts as both a receiver and source. We can apply the definition 
of average speed to determine the depth of the submarine and use the Doppler shift 
equations to derive an expression for the vertical speed of the submarine in terms of the 
frequency difference. 


(a) Using the definition of average 2D =vAt > D=+4VvAt 
speed, relate the depth of the 

submarine to the time delay between 

the transmitted and reflected pulses: 


Substitute numerical values and D=4(1.54km/s\80ms) =| 61.6m 
evaluate D: 
(b) Express the frequency f; ctu 

i J= Í (1) 
received by the submarine in terms c 
of fo, u, and c: 
Express the frequency f;' received fx ctu $ 2) 
by the destroyer in terms of f;, u, and : c " 
c: 
Substitute equation (1) in equation igy 

eed (1) in eq pe feliy 

(2) to eliminate f;: r A s as? 


Express the frequency difference 
detected by the destroyer: 
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Solve for u: "A Dy 
If 
Substitute numerical values and pe 1.54km/s (0.0 420 MHz) 
evaluate u: 2(40 MHz) 
=| 0.809 m/s 

where the positive speed indicates that the 

velocity of the submarine is downward. 
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Picture the Problem Because the car is moving away from the radar unit, the frequency 
fr it receives will be less than the frequency emitted by the unit. The radar waves 
reflected from the car, moving away from a stationary detector, will be of a still lower 
frequency f,’. Let u represent the relative speed of the police car and the receding car 
(140 km/h) and use the Doppler shift equations to derive an expression for the difference 
between f,, the transmitted signal, and f. 


Express the frequency f; received x c—u f (1) 
by the moving car in terms of f, u, i j 


and c: 


Express the frequency f;' received c—u 
; ; i= Í (2) 
by the stationary source in terms of 


Sr u, and c: 

Substitute equation (1) in equation ‘ 2 
inatet: fi=1-4] fa- 

(2) to eliminate f;: r F s s 


provided u << c 


Express the freguency difference 2u 
: ae w=s-sr =s- 


detected at the source: 


_ 2u 
c S 
Substitute numerical values and | fi km th 
evaluate Af: h 200) 
Af = = |(3x10" Hz) 


3x10° m/s 
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Picture the Problem Because the car is moving away from the radar unit, the frequency 
fr it receives will be less than the frequency emitted by the unit. The radar waves 
reflected from the car, moving away from a stationary detector, will be of a still lower 
frequency f;'. Let u represent the relative speed of the police car and the receding car (80 
km/h) and use the Doppler shift equations to derive an expression for the difference 
between f, the transmitted signal, and fr. 


Express the frequency fı received c—u 
i ) Jf:= Je (1) 
by the moving car in terms of f, u, c 
and c: 
Express the frequency f' received , [c-u 
l : h= Í: (2) 
by the stationary source in terms of c 
fa u, and c: 
Substitute equation (1) in equation ‘ 2 
—, . fiz EEA falli- 
(2) to eliminate fy: r MEC gI 
provided u << c. 
Express the frequency difference ; 2u 
d Gaai N= E] 
detected at the source: c 
_ 2u 

c S 
Substitute numerical values and l km 1h 
evaluate Af: h 3600s 

Af =| ~——_—"—** 6x10" Hz) 


3x108 m/s 
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Picture the Problem The diagram shows 
the position of the supersonic plane flying 
due west at time ¢ after it was directly over 
point P 12 km below it. Let x be measured 
from point P, u represent the speed of the 


plane, and v be the speed of sound. We can 
use trigonometry to determine the angle of 
the shock wave as well as the location of 


the jet x when the person on the ground 
hears the shock wave. 


Using the diagram to relate the 


tan 0 =— and x= 
distance x to the shock-wave angle x tan 0 
0 and the elevation of the plane: 
Referring to the diagram, express 0 . (vt af l 
. : 0 =sin | — |=sin | — 
in terms of v, u, and ¢ and determine ut ujv 
its value: 1 
= sin | — | = 38.7° 
1.6 

i i 12km 
Substitute numerical values and = -|15 0km west of P. 
evaluate x: tan38.7° 
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Picture the Problem The change in frequency of source as it oscillates on the air track is 


A u : oa . 
3 Hz. We can use a8 x +— to find the maximum speed of the vibrating mass-spring 
v 


system in terms of this change in frequency and then use this speed to find the energy of 
the system. Knowing the energy of the system, we can find the amplitude of its motion. 
We can calculate the period of the motion from knowledge of the mass of the radio and 
the stiffness constant of the spring. 


(a) Express the energy of the E= + mu; (1) 
vibrating mass-spring system in 
terms of its maximum speed: 


Relate the change in the frequency Af et 
heard by the listener to the f v 
maximum speed of the oscillator: where u = us + ur is the relative speed of the 


source and receiver and v is the speed of 
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sound. 
= ‘ A 3H 
Solve for and evaluate u = Umax: ie Af PPE Z 6 40 me) 
ds 800 Hz 
= 1.275 m/s 
Substitute numerical values in E= 1(0. 1kg)(I 275 m/s? y =| 81.3mJ 
equation (1) and evaluate £: 
(b) Relate the energy of the E= +kA° 
oscillator to the amplitude of its 
motion: 
Solve for A to obtain: F DE 


Substitute numerical values and 281. 
a= Pam) _ 


evaluate A: \ 200 N/m 
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Picture the Problem The received and transmitted frequencies are related through 

E vtu, 
" v+u 


TS 


fJ., where the variables have the meanings given in the problem statement. 


Because the source and receiver are moving in the same direction, we use the minus signs 


in both the numerator and denominator. 


(a) Relate the received frequency f, f= l-u,/v 7 
n> 0 


to the frequency fo of the source: l-u,/v 


=| -u xl- Y fo 


(b) Apply the binomial expansion to (1 —u,/ vy! w1+u,/v 


(l—u,/v)': 


Substitute to obtain: f= (I —u, / v\(l Ate v) fy 


= [i+ u, /v-u, /v- hu, /v Xuv) 


(1 = 
v 


because both us and u, are small compared 
to v. 
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Because tye] = Us — Ur 
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Picture the Problem Because the students are walking away from each other, the 
frequency f' each receives will be less than the frequency f; = 440 Hz emitted by their 
tuning forks. Let u represent the speed of each student and use the Doppler shift 
equations to derive an expression for the difference between f,, the frequency of the 
tuning fork each carries, and the frequency heard from the other’s tuning fork. Because 
this equation will contain u, we’ll be able to solve for and evaluate each student’s 


walking speed. 

Using equation 15-35a, express the f= l-u/v f 

frequency f. received by either "  I+u/v~° 

student, when they are walking = (1 Zi yi +u /vy' f 

away from each other, in terms of f, > 

u, and v: 

Expand (1 +u/ vy! binomially: (1 +u/ vy! ~1-—u/v provided u << v. 
Substitute and simplify to obtain: i= (1 -uj vy Í. 


(1-2u/v+u?/v?)f, 
(I-2u/v)f, 


for u << v. 


l 


Express the frequency difference 2u 2u 

A = = = 1 = 
heard by each student: Vato t= Ss v Í v f 
Solve for u: u= A, 

2f 

Substitute numerical values and we 2 Hz (3 40 m/s) -|0773 m/s 
evaluate u: 2(440 Hz) 
91 ee 


Picture the Problem The student serves as a source moving toward the wall, and a 


moving receiver for the echo. The received and transmitted frequencies are related 


vt 
through f. = z 
v+ 


a f.. Well express the frequency received by the wall and the 
us 


frequency it transmits back to the moving student in order to express the difference in the 
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frequency the student hears from the wall and frequency she hears directly from her 
tuning fork. Because this expression will contain the student’s walking speed, we’ ll be 


able to solve for and evaluate this speed. 


Relate the frequency f. received by 
the wall to the frequency of the 
student’s tuning fork fy: 


Because the source is moving 
toward a stationary receiver: 


Apply the binomial expansion to 


(I-u,/v)': 
Substitute to obtain: 


Relate the frequency f;' reflected 
from the wall and received by the 
student to the frequency f; reflected 
from the wall: 


Substitute for f; to obtain: 


Expand (1 —u,/ vy" binomially: 


Express the difference between the 
frequency the student receives from 
the wall and the frequency of her 
tuning fork: 


w= f-f'=f-(1- 2) 


(l-u,/v)" el+u,/v 


f, =(1+u,/v)fo 


because the source (the wall) is at rest and 
the receiver is approaching. 


te 


= mara a 
=(l+u,/v\l-u,/v)"f 


(l-u,/v)' e1+u,/v 


because us << v. 


f! =(I+u,/v\(l+u,/v)f, 
z (+2u,/v)f. 


because us << v 


Af =R- 
= (1+2u, /v) f- f. 


2u 
= f 


v 
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Solve for us: _ Af 
u, = — v 
2f, 
Substitute numerical values and 4Hz 
u., = ————. (340 m/s) =] 1.33 m/s 
evaluate us: : 2(5 12 Hz) ( ) 1.33 mis | 
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Picture the Problem The frequency heard by the stationary observer will vary with time 
as the speaker rotates on its support arm. We can use a Doppler equation to express the 
frequency heard by the observer as a function of the velocity of the source and find the 
velocity of the source from the expression for the tangential velocity of an object moving 
in a circular path. 


Express the frequency f. heard by a - 1 EE 
stationary observer: f l-u,/v K= Wis 
Expand (1—u,/v) ‘to obtain: (l-u,/v)' #1+u,/v 


because u,/v << 1 


Substitute in the expression for fy: f,=(1+u,/v)f. (1) 
Express the speed of the source as a u, =roasinot 
function of time: = (0.8m)(4 rad/s)sin|(4 rad/s \] 
= (3.2 m/s) sin|(4 rad/s X] 
Substitute in equation (1) to obtain: e í z 3.2 m/s sin[(4 rads) 
Substitute for v and simplify: Jelu 3.2 m/s sin|(4 rad/s] ( 000s") 
340 m/s 


=| 1000 Hz + (9.41 Hz)sin|(4 rad/s)¢] 


93 ee 
Picture the Problem The simplest way to approach this problem is to transform to a 
reference frame in which the balloon is at rest. In that reference frame, the speed of sound 
is v = 340 m/s, and u, = 36 km/h = 10 m/s. Then, we can use the equations for a moving 
receiver and a moving source to find the frequencies heard at the window and on the 
balloon. 
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(a) Express the observed frequency 
in terms of the frequency of the 
source: 


Substitute numerical values and 
evaluate f;: 


(b) Treating the tall building as a 
moving source, express the 
frequency of the reflected sound 
heard by a person riding in the 
balloon: 


Substitute numerical values and 
evaluate f": 


94 = 


f= í n ms | Hz) = 


S 


, 1 
=| -z 
J= 
v 
f= vE aO (824Hz)=| 849 Hz 
j _ 10m/s 
340 m/s 


Picture the Problem We can relate the frequencies f; and f heard by the stationary 


observer behind the car to the speed of the car u and the frequency of the car’s horn f. 


Dividing these equations will eliminate the frequency of the car’s horn and allow us to 


solve for the speed of the car. We can then substitute to find the frequency of the car’s 


horn. We can find the frequency heard by the driver as a moving receiver by relating this 


frequency to the frequency reflected from the wall. 


(a) Relate the frequency heard by 
the observer directly from the car’s 
horn to the speed of the car: 


Relate the frequency reflected from 
the wall to the speed of the car: 


Divide equation (2) by equation (1) 
to obtain: 


Solve for u: 


1 
ey (1) 
2 Q) 
© d-u/v"? 
f! 1l+ufv 
f. 1-u/v 
Jd 


Substitute numerical values and 
evaluate u: 


(b) Solve equation (1) for fy: 


Substitute numerical values and 
evaluate fj: 


(c) The driver is a moving receiver 
and so we can relate the frequency 
heard by the driver to the frequency 
reflected by the wall (the frequency 
heard by the stationary observer): 


Substitute numerical values and 
evaluate fariver! 
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ie 863 Hz — 745 Hz 
863 Hz + 745 Hz 
lkm 3600s 


=24.95—x—— x 
s 10°m h 


=| 89.8 km/h 


(340 m/s) 


f= (l+u/v)f, 


f= ip is (745 Hz) 
340 m/s 


=| 800 Hz 


l= h + eg 


v 


340 m/s 


=| 926 Hz 


Jira = ( + eS ml ggs Hz) 
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Picture the Problem Let ¢ = 0 when the driver sounds her horn and let the distance to the 


cliff at that instant be d. The received and transmitted frequencies are related 


+ 
through f. = a 


vtu 


S 


f,. Solving this equation for f, will allow us to determine the 


frequency of the car horn. We can use the total distance the sound travels (car-to-cliff 


plus cliff back to car ... now closer to the cliff) to determine the distance to the cliff when 


the horn was briefly sounded. 
Relate the frequency heard by the 
driver to her speed and to the 


frequency of her horn: 


Solve for fy: 


_ lt+u,/v 
f= ile 
fe Iaa y 


~ l+u, fv 


1210 Chapter 15 


Substitute numerical values and evaluate f: 


km 1h 
00— x 
h 3600s 1- 27.78 m/s 
340 m/s 340 m/s 
= 40 Hz) = —~~-.—— (840 Hz)=713H 
fo im Th 840H2)= — 77gm; 840Hz)= 713 Hz 
100 — 1 +———__ 
h 3600s 340 m/s 

340 m/s 
Relate the distance d to the cliff at d+ (d — uAt) = vAt 
t = 0 to the distance she travels in 
time At= 1 s, her speed u, and the 
speed of sound v: 
Solve for d: d=1(u+v)At 
Substitute numerical values and d =+(27.78m/s + 340 m/s\1s) 
evaluate d: =| 184m 
96 eo 
Picture the Problem You'll year the sonic 
boom when the surface of its cone reaches 
your plane. In the diagram the Concorde is p” 
at C and your plane is at P. The distance Ç a 
h=3 km. The distance between the planes ~ o) 
when you hear the sonic boom is d. We can 
use trigonometry to determine the angle of 
the shock wave as well as the separation of 
the planes when you hear the sonic boom. 
Using the Pythagorean theorem, relate d’ =h’ +d’ cos’ 0 


the separation of the planes d, to the 
distance h and the angle 0: 


Solve for d to obtain: 1 
d=h a 
1- cos“ 0 


Express @ in terms of v, u, and t: : (=) : { 1 ) 
0 =sin | — |= sin | — 
ut 


Substitute numerical values and 
evaluate 0: 


Substitute numerical values and 
evaluate h: 
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expression for its orbital speed about the sun-Jupiter center of mass and then use this 
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o =sin'( |= [387] 
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1 
= (3 km), /———————- = | 4.80 km 
d=( ETET 


Picture the Problem The sun and Jupiter orbit about their effective mass located at their 
common center of mass. We can apply Newton’s 2™ law to the sun to obtain an 


speed in the Doppler shift equation to estimate the maximum and minimum wavelengths 
resulting from the Jupiter-induced motion of the sun. 


Letting v be the orbital speed of the 
sun about the center of mass of the 


sun-Jupiter system, express the 


Doppler shift of the light due to this 
motion when the sun is approaching 


the earth: 


Solve for X: 


Because v << c, we can expand 
(1—v/c)”? and (1+ v/ey” 


binomially to obtain: 


Substitute to obtain: 


When the sun is receding from the 
earth: 


Hence the motion of the sun will 
give an observed Doppler shift of: 


c l+y/c e fl4+v/e 
=x Nive Aive 


i [l-v/c 

os l+v/c 
= Ay (1-v/e1+ v/c)" 
= A(l-v/c)” (l4+ v/ey” 


(1-v/c)” «ij 


2c 
and 
(I+ v/ey” Pi ee 
2c 


l-v/e yy v 
=| 1 xl]-— 
Vl4+v/e 2c c 


2 
l+v/c -(+4) in” 
Vi-vie 
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Apply Newton’s 2™ law to the sun: GMM oe _ M v 
2 g S 
Fom Fom 

Solve for v to obtain: GM se 

y= [—— 

Fom 

Measured from the center of the 2 (0)M, +r M, _ rM, 
sun, the distance to the center of = M,+M, M,+M, 


mass of the sun-Jupiter system is: 


The effective mass is related to the 1 _1 n 1 
masses of the sun and Jupiter Me M, M, 
according to: a 
= M.M, 
“M +M, 


Substitute for Meg and rem to obtain: 


Using r; = 7.78x10'' m as the mean orbital radius of Jupiter, substitute numerical 


values and evaluate v: 


“11 2 2 30 
y= [ese Nm /kg JU.99x10 kg) _ 5 306x104 m/s 


7.78x10'' m 


Substitute in equation (1) to obtain: 


~ 2.998x10* m/s 
= (500nm)(1+ 4.36107) 


4 
a= (0mm) 12 FAEK me | 


The maximum and minimum Anax = (500 nm) 1+4.36x10” 
wavelengths are: 


and 


=| (500nm)(-4.36x10%) 
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Picture the Problem Choose a coordinate system in which downward is the positive y 
direction. Let d represent the distance the tuning fork has fallen when the student hears a 
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frequency of 400 Hz, t; the time for the source to fall that distance, and t the time for the 


sound to travel back to the student. We can a constant-acceleration equation to express d 


in terms of the time that elapses between the dropping of the tuning fork and the return of 


the sound to the student. A Doppler-effect equation will allow us to solve for the speed of 


the tuning fork when the student hears a frequency of 400 Hz; we can use constant- 


acceleration equations to find the fall time for the fork and the return time for the sound 


from the tuning fork. 


Using a constant-acceleration 
equation, relate the distance the 
source has fallen to the elapsed 
time: 


Relate the frequency f, heard by the 
student to the speed of the falling 
tuning fork: 


Solve for us: 


Substitute numerical values and 
evaluate us: 


Letting y be the distance the fork 
has fallen when its speed is us, use a 
constant-acceleration equation to 


relate y and us: 


Solve for y: 


Substitute numerical values and 
evaluate y: 


Using a constant-acceleration 
equation, relate the speed of the 
falling tuning fork to its time of fall 
ty: 


Solve for and evaluate t: 


2 
d=vt+ tat 


or, because vo = 0 anda =g, 
d= gt (1) 


where t= t + bh. 


1 
f= aie 
u, = [4-1} 
=| ee Gagne) 34 0 
400 Hz 
u? =v +2gy 
or, because vo = 0, 
u, = 2gy 
2 
24, us 
y 2g 
4 2 
aiao) = = 58.92m 
2(9.81m/s j 
u, =V + gt, 
or, because vo = 0, 
us = gt, 
u,  34.0m/s 


t ==" = 3.466 
g  9.81m/s 
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Using the relationship between JL 58.92 m -0.1735 
distance traveled, time and average ? v 340m/s 
speed, find the time t for the sound 
to travel back to the student: 
Substitute in equation (1) and d= 19.8 1m/s” )(3.466 s+0.173 s) 
evaluate d: 
=| 65.0m 
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Picture the Problem The angle 0 of the Cerenkov shock wave is related to the speed of 
light in water v and the speed of light in a vacuum c according to sin@ = v/c. 


Relate the speed of light in water v ana y 

to the angle of the Cerenkov cone: c 

Solve for v: v=csin@ 

Substitute numerical values and v= (2.998 x 10° m/s)sin 48.75° 
evaluate v: =| 952108 m/s 


General Problems 


100 -œ 
Picture the Problem The equation of a wave traveling in the positive x direction is of the 
form y(x,t) = f(x —vt) and that of a wave traveling in the negative x direction 


is y(x,t) = f(x+vt). 
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(a) The pulse at t = 0 shown below was plotted using a spreadsheet program: 


0.035 


0.030 


0.025 


0.020 


0.015 


y (x0) (m) 


0.010 


0.005 


0.000 


x (m) 


(b) The wave function must be of the y(x,t) = f(x-vt)=f [x — (10 m/s)t| 
form: because v = 10 m/s 


Replace x with x — (10 m/s)t to obtain: 0.12m? 


2.00m? +[x—(10m/s)e]’ 


y(x,t)= ( 


(c) The wave function must be of the y(x,t) = f(x+vt)= flx + (10 m/s)z] 
form: because v = 10 m/s 
Replace x with x + (10 m/s)t to obtain: 0.12m? 
„t)= 
ái (2.00m}? + [x + (10 m/s)¢]” 
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Picture the Problem Let the subscript 1 refer to the initial situation—a tension of 800 N 
and a wavelength of 24 cm. Let the subscript 2 refer to the conditions that the tension is 
600 N and the wavelength unknown. We can express the wavelengths of the waves on the 
wire in terms of the two tensions in the wire and then eliminate the constant frequency by 
expressing the ratio of the two wavelengths. Finally, we can solve this equation for A). 


Express the wavelength in terms of J= v 
the frequency and speed of the 
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wave: 
Express the speed of the wave as a T 
function of the tension in the wire: = u 
Substitute to obtain: qe 1 E 
f\u 
Express the wavelength when the a! T, 
tension in the wire is 600 N: a FN u 
Express the wavelength when the 1 T 
tension in the wire is 800 N: A SfN u 
Divide the first of these equations n T, 
by the second and solve for A): oan Ay 7. 
Substitute numerical values and 600N 
evaluate A): A, = (24 em), 800N 
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Picture the Problem Let m represent the mass of the rubber tubing whose length is L. 
We can express the travel time for the pulse ¢ in terms of the separation of the post and 
the pulley and its speed. The speed of the pulse, in turn, can be found from the tension in 
the rubber tubing and its linear density. 


Express the time required for the ye L 
pulse to travel the length of the v 
tubing in terms of its speed and the 


length of the rubber tubing: 
Relate the speed of the pulses to the 7 [F +P RE 
tension in the tubing: g \ u 7 m/L Nm 


Substitute for v and simplify to Lm 
obtain: VF 


Substitute numerical values and (1 )( Tk ) 
U0m)0.7kg) _ 0.2525 


evaluate t: \ 110N 
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Picture the Problem The diagram shows 
the boat traveling on a still lake with a 
speed v. A bow wave generated a time t 
earlier is shown at an angle of 0 with the 
direction of the boat’s motion. We can use 
trigonometry to relate the speed of the bow 
wave to the speed of the boat. 


Using the diagram, relate u and v to 
the angle @ 


Solve for v: 


Substitute numerical values and 
evaluate v: 


104 >œ 
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‘ vt v 

sin ĝ = — = — 
ut u 

v=usind 


v= (10m/s)sin20° =| 3.42 m/s | 


Picture the Problem The frequencies and wavelengths of the sound waves are related to 


the speed of sound through f= v/A. 


(a) Use f= v/A to find f: 


(b) Proceed as in (a): 


(c) Proceed as in (a) and (b): 


340 m/s 
=—_——, =| 113H 
i 10(0.3m) 


340 m/s 
11.3kH 
f = 0 i03m) £ 
340 m/s 
=—————— =| 567H 
f 10(0.06m) [ 567 
340 m/s 


ao NS GE 
Í = Soom) Z 
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Picture the Problem The diagram depicts 
the whistle traveling in a circular path of 
radius r = | m. The stationary listener will 
hear the maximum frequency when the 
whistle is at point 1 and the minimum 
frequency when it is at point 2. These 
maximum and minimum frequencies are 
determined by fo and the tangential speed 
us = 2ar/T. We can relate the frequencies 
heard at point P to the speed of the 
approaching whistle at point 1 and the 
speed of the receding whistle at point 2. 


Relate the frequency heard at point 
P to the speed of the approaching 
whistle at point 1: 


Use the relationship between 
translational velocity and angular 
velocity to find the speed us of the 
whistle: 


Substitute numerical values and 
evaluate finax! 


Relate the frequency heard at point 
P to the speed of the receding 
whistle at point 2: 


Substitute numerical values and 
evaluate fimin: 
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Picture the Problem The crest-to-crest separation of the waves is their wavelength. We 
can find the frequency of the waves from v = fA. When you lift anchor and head out to sea 


m 


Y 
P 


o 1 
1—u,/v 


Tas I, 


u,=ra= (1 m)( 32x Zen) 
s 


= 18.85 m/s 


rev 


1 
Jus = T8.85m/s 
340 m/s 


- [amz 


o 1 
l+u,/v 


(500Hz) 


Fria ff 


1 

Jain T8835 mals 
ig 

340 m/s 


- [Fa] 


(500 Hz) 
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vtu 
= f, to calculate the 


you’ ll become a moving receiver and we can apply f. = 


frequency you’ll observe. 


(a) Express the frequency of the f v 
ocean waves in terms of their speed ° A 
and wavelength: 


Substitute numerical values and f= 8.9 m/s =] 0.593 Hz 
evaluate fy: 15m 
(b) Express the frequency of the f= (1 +u,/ v\f, 


waves in terms of their speed and 
the speed of a moving receiver: 


Substitute numerical values and 15m/s 
evaluate f: f= í + sams ase Hz) =| 1.59 Hz 
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Picture the Problem Let ¢ be the time of travel of the lefthand pulse and the subscripts L 
and R refer to the pulse coming from the left and right, respectively. Because the pulse 
traveling from the right starts later than the pulse from the left, its travel time is t — Af, 
where At = 25 ms. Both pulses travel at the same speed and the sum of the distances they 
travel is 12 m. 


Express the total distance the two pulses d=d, +d, 
travel: =vt+ v(t aa At) 
Solve for vt to obtain: vt =4(d + vAt) 


The speed of the pulse is given by: F F 
v= /—= |—-— 
u m/L 
Substitute for v to obtain: F 
vt =4| d+_|——At 
m/L 
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Substitute numerical values and evaluate vt: 


180 N)(12m : 
w=) 12m. Ees xis) 7.99m 


*108 =e 
Picture the Problem Let the frequency of the car’s horn be f,, the frequency you hear as 
the car approaches f,, and the frequency you hear as the car recedes f. We can use 


u f 
= PE f, to express the frequencies heard as the car approaches and recedes and 


S 


vt 
vt 
then use these frequencies to express the fractional change in frequency as the car passes 
you. 


Express the fractional change in Af 0.1 
frequency as the car passes you: 


Relate the frequency heard as the car f= 1 f 
approaches to the speed of the car: " l-u jv ` 
Express the frequency heard as the f= l f 
car recedes in terms of the speed of " J+u v? 
the car: 
Divide the second of these de = iS u,/Vv 
frequency equations by the first to fe lr / v 
obtain: and 
Í f_A 1 l=us/Y _ 9 1 
te de ds I+u,/v 
Solve us: _ 0.1 
u, =— v 
1.9 
i i 0.1 
Substitute numerical values and p= (3 40 m/s) 


evaluate us: 


-17.89% x aa 3600s 
s 10 h 


=| 64.4 km/h 
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109 e 

Picture the Problem The pressure amplitude can be calculated directly from 

Po = POVS,, and the intensity from J = + pase v. The power radiated is the intensity 
times the area of the driver. 

(a) Relate the pressure amplitude to Po = POVS 

the displacement amplitude, angular 

frequency, wave velocity, and air 


density: 

Substitute numerical values and Po= (1 .29 kg/m? )[27(800 s~ ) 

evaluate po: x (340 m/s) (0.025107 m) 
=| 55.1N/m? 

(b) Relate the intensity to these I=} pas, v 

same quantities: 

: c = 2 
Substitute numerical values and I= i( .29kg/m* Je x(800s ») 
evaluate /: ‘3 

x (0.025107 m} (340 m/s) 

=| 3.46 W/m? 
(c) Express the power in terms of P=lA=nr'l 
the intensity and the area of the 
driver: 
Substitute numerical values and P=n(0.1my B 46 W/m? ) =| 0.109 W 
evaluate P: 
110 œe 


Picture the Problem The frequency of the sound wave is related to the density of the air, 
displacement amplitude, and velocity by J = +4 pa’ s, v. 


Relate the intensity of the sound I=} pas, v 
wave to the density of the air, 

displacement amplitude, velocity, 

and angular frequency: 


Solve for the angular frequency: 1 2I 
(G0) ——— 
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Solve for f: $e 1 2I 
27s, \ pv 


Substitute numerical values and f 1 2107 W/m?) 

evaluate f: ~ 2n(10~ m) \ (1.29 kg/m’ )(340 m/s) 
=| 1.07 kHz 

111 œ» 


Picture the Problem The force exerted on the plate is due to the change in momentum of 
the water. We can use Newton’s 2™ law in the form F = Ap/At to relate F to the mass of 
water in a length of tube equal to v,At and to the speed of the water. This mass of water, 
in turn, is given by the product of its density and the volume of water in a length of the 
tube equal to v,At. 


Relate the force exerted on the plate to F= Ap B Amv,, 
the change in momentum of the water: At At 
Express Am in terms of the mass of Am = PAV = pv, AAt 


water in a length of tube equal to v,At: 


Substitute to obtain: F = pv. Av, 


Substitute numerical values and evaluate F: 


F = (10° kg/m*)(1.4km/s)|2(0.05m) |(7m/s)=[ 77.0kN 


112 ee 

Picture the Problem Let d be the horizontal distance from the soap bubble to the 
position of the microphone. The angle @ of the shock wave is related to the speed of 
sound in air u and the speed of the bullet c according to sin @ = u/v. We can determine 0 


from the given information and then use this angle to find d. 


Express d in terms of the angle of i 0.35m 
the shock wave and the distance tan 0 
from the soap bubble to the 

laboratory bench: 


Relate the speed of the bullet to the 


; u 
sin 0 = — 
angle of the shock-wave cone: v 
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Solve for @ to obtain: 0 =sin7 u 
v 
Substitute to obtain: Ja 0.35m 


evaluate d: 


Substitute numerical values and d= 0.35m _ 
u 
tan sin ( ) 


113 es 

Picture the Problem The source of the problem is that it takes a finite time for the sound 
to travel from the front of the line of marchers to the back. We can use the given data to 
determine the time required for the beat to reach the marchers in the back of the column 
and then use this time and the speed of sound to find the length of the column. 


Express the length of the column in L=vAt 
terms of the speed of sound and the 

time required for the beat to travel 

the length of the column: 


i 1 . 
Calculate the time for the sound to ee ee 


travel the length of the column: 100 
Substitute and evaluate L: L= (340 m/s)(0.6 s) = 
114 + 


Picture the Problem The interval between the arrival times of the echo pulses heard by 
the bat is the reciprocal of the frequency of the reflected pulses. We can use 


+ 
= = f, to relate the frequency of the reflected pulses to the speed of the bat and 
tu, 


v 
v 
the frequency it emits. 

Relate the interval between the Aes 1 
arrival times of the echo pulses Í. 


heard by the bat to frequency of the 
reflected pulses: 


Relate the frequency of the pulses _l+u, /v 7 
received by the bat to its speed and the " l-uv? 
frequency it emits: 
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Substitute to obtain: l-u, /v 


Substitute numerical values and 12 m/s 


evaluate At: Age 340 m/s =| 11.6ms 


*115 ee 

Picture the Problem Let d be the distance to the moon, A be the height of earth's 
atmosphere, and v be the speed of light in earth’s atmosphere. We can express d ', the 
distance measured when the earth’s atmosphere is ignored, in terms of the time for a 
pulse of light to make a round-trip from the earth to the moon and solve this equation for 
the length of correction d' — d. 


Express the roundtrip time fora t= l earth's atmosphere + lut of earth's atmosphere 
pulse of light to reach the moon and h d-h 
return: =2 m +2 c 

" "A; ' 1 1 2 
Express the "measured" distance d dasetatdr h 2G d—-h 
when we do not account for the 2 v c 
atmosphere: 

=—-h+d-h 
v 

Solve for the length of correction Pods S| 
d'-d: v 
Substitute numerical values and Pads ( km) c i) 
evaluate d ' — d: 0.99997c 


=| 24.0 cm 


Remarks: This is larger than the accuracy of the measurements, which is about 3 to 


4 cm. 


116° 

Picture the Problem The frequency of the waves on the wire is the same as the 
frequency of the tuning fork and their period is the reciprocal of the frequency. We can 
find the speed of the waves from the tension in the wire and its linear density. The 
wavelength can be determined from the frequency and the speed of the waves and the 
wave number from its definition. The general form of the wave function for waves on a 


Wave Motion 1225 


wire is y(x,t) = Asin (kx + at), so, once we know k and œ, because A is given, we can 
write a suitable wave function for the waves on this wire. The maximum speed and 
acceleration of a point on the wire can be found from the angular frequency and 
amplitude of the waves. Finally, we can use P, =4 ua A’y to find the average rate at 
which energy must be supplied to the tuning fork to keep it oscillating with a steady 
amplitude. 


(a) The frequency of the waves on f =| 400 Hz 


the wire is the same as the 
frequency of the tuning fork: 


. . 1 1 
ane pened of the waves on the wire ee ZR [ 2.50ms | 
is the reciprocal of their frequency: f 400s 
b) Relate th: d of th t 
(b) ai ESSER EINES o = F 1kN -[3léms 
the tension in the wire and its linear u 0.01kg/m 
density: 


(c) Use the relationship between the _v _ 316m/s © 
ior ad 400s ~ 


wavelength, speed and frequency of 
a wave to find A: 


Using its definition, express and k 27 27 795m” 

= —— = — Z . m 
evaluate the wave number: A 79x10 m [7.95m" | 
(d) Determine the angular frequency o=27f = 2n(400s" ) =2.51x10° s7 


of the waves: 


Substitute for A, k, and ø in the general form of the wave function to obtain: 


y(x,t) =| (0.50 mm)sin|{7.95 m™ )x -(2.51x10° s7) £ 
(e) Relate the maximum speed of a Vna = AO 
point on the wire to the amplitude of = (0.5 x10° m)(2.5 1x10° s') 


the waves and the angular frequency 


=| 1.26 m/s 


of the tuning fork: 
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Express the maximum acceleration Ann, = AD 
of a point on the wire in terms of the _ (0 5x10% m)(2 51x10? s7 y 
amplitude of the waves and the 


angular frequency of the tuning =| 3.1510? m/s” 


fork: 


(f) Express the average power P.,=4 ba Ay 
required to keep the tuning fork 

oscillating at a steady amplitude in 

terms of the linear density of the 

wire, the amplitude of its vibrations, 

and the speed of the waves on the 

wire: 


Substitute numerical values and evaluate P,y: 


P, = 4(0.1kg/m)(2.51x10° s“) (0.5107 m} (316 m/s) = 


117 ve 
Picture the Problem Because the chain is 
rolling at high speed we can neglect the 
effect of gravity. The diagram shows a 
small portion of the chain. We’ll assume 
that the angle 0 is small even though it 
shown as a large angle in the diagram. Let 
Am be the mass of the segment of the chain 


shown. We’ll apply Newton’s 2" law to 
the segment in order to relate the tension in 
the chain to its linear density and speed. 


2 2 
(a) Apply > ai =m toa Pian Am~2- 

R R 
segment of the chain whose mass is 
Am: 
Express Am in terms of u, @ and R: Am = udl = uRO 
Express Fpet in terms of T and 0: Fa =2F sins0 


Substitute to obtain: 2F sint@ = wv, 
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Solve for F: F- uè 
2sin50 

Apply the small angle approximation B un, B 7 

sinbO~40: = aa 

(b) The wave speed is the same as the F 

speed at which the chain is moving: vo = u 


As seen by an observer at rest, the pulse remains at the same position 
because its speed along the chain is the same as the speed of the chain. 


(c) 


With respect to a fixed point on the chain, the pulse travels through 360°. 


118 eve 
Picture the Problem Let Am represent the mass of the segment of length 

Ax = 1 mm. We can find the wave speed from the given data for the tension in the rope 
and its linear density. The wavelength can be found from v = fA. We’ll use the definition 
of linear momentum to find the maximum transverse linear momentum of the 1-mm 
segment and apply Newton’s 2™ law to the segment to find the maximum net force on it. 


(a) Find the wave speed from the F 10N 
tension and linear density: da u I 0.1kg/m = Aus 
(b) Express the wavelength in terms a La 10m/s -[2.00m 

v = 10m 


of the speed and frequency of the 


wave: 


(c) Relate the maximum transverse Pmax = AMV yx = HAXA@ = 27fuAxA 
linear momentum of the 1-mm 

segment to the maximum transverse 

speed of the wave: 


Substitute numerical values and Prax = 2n(5 s~ \(0. kg/m) 
evaluate pmax: x (1x10 m)(0.04 m) 


=| 1.26x10“*kg-m/s 
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2 2 J 
v v Ao 2 
(d) Apply S Tm = a to the F aax = M = ux y = LAxA@ 
1-mm segment and simplify to obtain: = OD max = ZMP max 
Substitute numerical values and F ax = 2n(5 s` )(1 26x10“ kg: m/ s) 
evaluate Fmax: -[|3.96mN 


*119 ove 

Picture the Problem We can relate the speed of the pulse to the tension in the rope and 
its linear density. Because the rope hangs vertically, the tension in it varies linearly with 
the distance from its bottom. Once we’ve established the result in part (a), we can 
integrate the resulting velocity equation to find the time for the pulse to travel the length 
of the rope and then double this time to get the round-trip time. 


(a) Relate the speed of transverse F 
waves to tension and linear density: K u 
Express the force acting on a F = mg = ug 


segment of the rope of length y: 


Substitute to obtain: 


(b) Because the speed of the pulse dy zd adde ld 
varies with the distance from the dt Je Jy 
bottom of the rope, express v as 

dy/dt and solve for dt: 

Integrate the left side of the equation f el a dy 

from 0 to ¢ and the right side from 0 J oe Je J Jy 


to 3 m: 


l w 23m 
Sgh pam 
=1.106s 


The time for the pulse to make the baire = 2(1.106s)= 


round-trip is: 
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120 eee 
Picture the Problem We can follow the step-by-step instructions outlined above to 
obtain the given expressions for AU. 


(a) Express the potential energy of a AU=F (Ag — Ax) 
segment of the string: 
For Ay/Ax << 1: M = Ax|l+4(Ay/Ax) | 
and 
Al-Ax= Ax{l+4(Ay/Ax) |- Av 
=}(4y/Ax} Ax 
Substitute to obtain: AU =F |; (Ay/ Ax) | 
=[4F (Ay/Ax) Ax 
(b) Differentiate dy = _ 
y(x,t) =A sin(kx — at) to obtain: dx cosl ant) 
Approximate Ay/Ax by dy/dx and AU =tF (kA cos(kx — ot yy Ax 


substitute in our result from part (a): 
p =| 1 FA°k’Axcos’(kx- at) 
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Chapter 16 
Superposition and Standing Waves 


Conceptual Problems 


*1 eo 
Picture the Problem We can use the speeds of the pulses to determine their positions at 
the given times. 


2 eo 
Picture the Problem We can use the speeds of the pulses to determine their positions at 
the given times. 


3 ° 
Determine the Concept Beats are a consequence of the alternating constructive and 
destructive interference of waves due to slightly different frequencies. The amplitudes of 


the waves play no role in producing the beats. | (c) is correct. | 


4 e 
(a) True. The harmonics for a string fixed at both ends are integral multiples of the 


frequency of the fundamental mode (first harmonic). 


(b) True. The harmonics for a string fixed at both ends are integral multiples of the 
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frequency of the fundamental mode (first harmonic). 


(c) True. If £ is the length of the pipe and v the speed of sound, the excited harmonics are 


v 
given by f, T ee 13; Diss 


5 oo 
Determine the Concept Standing waves are the consequence of the constructive 
interference of waves that have the same amplitude and frequency but are traveling in 


opposite directions. | (b) is correct. 


*6 è 
Determine the Concept Our ears and brain find frequencies which are small-integer 


multiples of one another pleasing when played in combination. In particular, the ear 
hears frequencies related by a factor of 2 (one octave) as identical. Thus, a violin sounds 
much more "musical" than the sound of a drum. 


7 e 
Picture the Problem The first harmonic 


displacement-wave pattern in an organ pipe S p- 
open at both ends and vibrating in its bI 
fundamental mode is represented in part (a) P 

of the diagram. Part (b) of the diagram p” S 
shows the wave pattern corresponding to 


the fundamental frequency for a pipe of the ki 


same length L that is closed at one end. a 
Letting unprimed quantities refer to the a 
open pipe and primed quantities refer to the 
closed pipe, we can relate the wavelength ae ae 

and, hence, the frequency of the = 


fundamental modes using v = fA. 


Express the frequency of the first f v 
harmonic in the open pipe in terms ! A, 
of the speed and wavelength of the 

waves: 


Relate the length of the open pipe to A, =2L 
the wavelength of the fundamental 
mode: 


Substitute to obtain: 


Express the frequency of the first 
harmonic in the closed pipe in terms 
of the speed and wavelength of the 
waves: 


Relate the length of the closed pipe 
to the wavelength of the 


fundamental mode: 


Substitute to obtain: 


Substitute numerical values and 
evaluate f,': 


8 eo 
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Vv 
fi OL 
i V 
e 
Ay =4L 


, xv 1Ifv)\_1 

reži Z] n 
1 

f= 5 (400 Hz) = 200 Hz 


and | (a) is correct. 
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Picture the Problem The frequency of the fundamental mode of vibration is directly 


proportional to the speed of waves on the string and inversely proportional to the 


wavelength which, in turn, is directly proportional to the length of the string. By 


expressing the fundamental frequency in terms of the length L of the string and the 


tension F in it we can examine the various changes in lengths and tension to determine 


which would halve it. 


Express the dependence of the 
frequency of the fundamental mode 
of vibration of the string on its 
wavelength: 


Relate the length of the string to the 
wavelength of the fundamental 
mode: 

Substitute to obtain: 


Express the dependence of the speed 
of waves on the string on the tension 


1234 Chapter 16 
in the string: 
Substitute to obtain: 1 JF 


arr a 


(a) Doubling the tension and the length would increase the frequency by a factor 


of /2/2. 


(b) Halving the tension and keeping the length fixed would decrease the frequency by a 


factor of 1/ J2 p 


(c) Keeping the tension fixed and halving the length would double the frequency. 


9 oo 
Determine the Concept We can relate the resonant frequencies of an organ pipe to the 
speed of sound in air and the speed of sound to the absolute temperature. 


Express the dependence of the f= Y 
resonant frequencies on the speed of A 
sound: 

Relate the speed of sound to the RT 
temperature of the air: = M 


where y and R are constants, M is the 
molar mass of the gas (air), and T is the 
absolute temperature. 


Substitute to obtain: f 1 |RT 
A \ M 
Because v « JT, increasing the temperature increases the resonant frequencies. 


*10 ° 
Determine the Concept Because the two waves move independently, neither impedes 


the progress of the other. 
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11 œ 

Determine the Concept No; the wavelength of a wave is related to its frequency and 
speed of propagation (A = v/f). The frequency of the plucked string will be the same as 
the wave it produces in air, but the speeds of the waves depend on the media in which 
they are propagating. Because the velocities of propagation differ, the wavelengths will 
not be the same. 


12 œ 
Determine the Concept No; when averaged over a region in space including one or 
more wavelengths, the energy is unchanged. 


13 œ» 

Determine the Concept When the edges of the glass vibrate, sound waves are produced 
in the air in the glass. The resonance frequency of the air columns depends on the length 
of the air column, which depends on how much water is in the glass. 


14 ~ 

Picture the Problem We can use v = fA to relate the frequency of the sound waves in the 
organ pipes to the speed of sound in air, nitrogen, and helium. We can use 

v =./RT /M to relate the speed of sound, and hence its frequency, to the properties of 


the three gases. 


Express the frequency of a given f v 
note as a function of its wavelength A 
and the speed of sound: 


Relate the speed of sound to the YRT 
absolute temperature and the molar M 


mass of the gas used in the organ: where y depends on the kind of gas, R is a 


constant, T is the absolute temperature, and 
M is the molar mass. 


Substitute to obtain: f= 1 RT 
AVM 
For air in the organ pipes we have: f 1 eRe (1) 
aa A M ir 
When nitrogen is in the organ pipes: 1 Iyn. RT 
fy. =F 42 2) 
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Express the ratio of equation (2) to fy, Yn, Mar 
equation (1) and solve for fy, : f T y,, M 
a air air N> 
and 
M 2 M ir 
fy; = fair 5 M. 
air N, 


Because yy, = 7a and M,, > My, : fy, > far 


i.e., 


f will increase for each organ pipe. 


If helium were used, we’d have: f f Vue Mi 
He ` Hair M,, 


air e 


Because Vye > Yar and M air >> Mie: fae >> far 
, the effect will be even more 
i.e., 
pronounced. 
#15 ee 


Determine the Concept Increasing the tension on a piano wire increases the speed of the 


waves. The wavelength of these waves is determined by the length of the wire. Because 
the speed of the waves is the product of their wavelength and frequency, the wavelength 


remains the same and the frequency increases. | (b) is correct. 


16 eo 
Determine the Concept If connected properly, the speakers will oscillate in phase and 


interfere constructively. If connected incorrectly, they interfere destructively. It would be 
difficult to detect the interference if the wavelength is short, less than the distance 
between the ears of the observer. Thus, one should use bass notes of low frequency and 
long wavelength. 


17 % 
Determine the Concept The pitch is determined mostly by the resonant cavity of the 
mouth; the frequency of sounds he makes is directly proportional to their speed. Because 
Vie > Vair (See Equation 15-5), the resonance frequency is higher if helium is the gas in 
the cavity. 
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*18 ee 
Determine the Concept The light is being projected up from underneath the silk, so you 
will see light where there is a gap and darkness where two threads overlap. Because the 
two weaves have almost the same spatial period but not exactly identical (because the 
two are stretched unequally), there will be places where, for large sections of the cloth, 
the two weaves overlap in phase, leading to brightness, and large sections where the two 
overlap 90° out of phase (i.e., thread on gap and vice versa) leading to darkness. This is 
exactly the same idea as in the interference of two waves. 


Estimation and Approximation 


19 « 
Determine the Concept Pianos are tuned by ringing the tuning fork and the piano note 
simultaneously and tuning the piano string until the beats are far apart; i.e., the time 
between beats is very long. If we assume that 2 s is the maximum detectable period for 
the beats, then one should be able to tune the piano string to at least 0.5 Hz. 


*20 œ 
Picture the Problem We can use v = f,/, to express the resonance frequencies in the 


organ pipes in terms of their wavelengths and L =n A, n =1, 2,3, ...to relate the length 

of the pipes to the resonance wavelengths. 

(a) Relate the fundamental f 
1 


v 
frequency of the pipe to its A, 
wavelength and the speed of sound: 


Express the condition for E=n Ay n=1.2.3 (1) 

constructive interference in a pipe ? — 

that is open at both ends: 

Solve for A): A, =2L 

Substitute and evaluate f: fz V 340 m/s -[227kHz 
1 2L 2(7.5x10°m) < 


(b) Relate the resonance frequencies f v 
of the pipe to their wavelengths and ” A 
the speed of sound: 


Solve equation (2) for A: A 2L 
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Substitute to obtain: ov 340 m/s 
fn =n Ez =) 
2L  2(7.5x10°m) 
= n(2.27 kHz) 
Set fn = 20 kHz and evaluate n: Te 20kHz _ 
2.27kHz ` 


The eighth harmonic is within the range defined as audible. The ninth harmonic 


might be heard by a person with very good hearing. 


21 ee 

Picture the Problem Assume a pipe length of 5 m and apply the standing-wave 
resonance frequencies condition for a pipe that is open at both ends (the same conditions 
hold for a string that is fixed at both ends). 


Relate the resonance frequencies for f= rae TE 
a pipe open at both ends to the length 
of the pipe: 
Evaluate this expression for n = 1: 340 m/s 
= =| 34.0 Hz 
fi 2(5 m) [ 34.0 Hz | 
Express the dependence of the speed YRT 
of sound in a gas on the temperature: = M 


where y and R are constants, M is the 
molar mass, and T is the absolute 
temperature. 


Because v œ 4T, the frequency will be somewhat higher in the summer. 


Superposition and Interference 


22 * 
Picture the Problem We can use A = 2y, cos4 ô to find the amplitude of the resultant 


wave. 


j 1 
(a) Evaluate the amplitude of the A=2y, cos4d = 2(0.02 m)eos5{ Z) 


=| 3.86 cm 


resultant wave when 6 = 7/6: 


Superposition and Standing Waves 1239 


Bt son, 1 
(b) Proceed as in (a) with ô = 7/3: A=2y, costé = 2(0.02 m)cos >{ =) 


- ea] 


23 >œ 
Picture the Problem We can use A = 2y, cos4 ô to find the amplitude of the resultant 


wave. 


i 1 
Evaluate the amplitude of the A=2y, cost = 2(0.05m)cos — a 
resultant wave when 6 = 77/2: 2\2 


=| 7.07 cm 


*24 ¢ 
Picture the Problem The phase shift in the waves generated by these two sources is due 
to their separation of 4/3. We can find the phase difference due to the path difference 


Ax 
from 6 = a and then the amplitude of the resultant wave from A = 2y, cos4 ô. 


Evaluate the phase difference 6: Son Ax yee A/3 = 2 T 
A 


A 3 


. . 1 2 
Find the amplitude of the resultant A,, =2y,cos+d =2 Acoss{ = z) 


7 2Acos— = [A] 


wave: 


25 >œ 
Picture the Problem The phase shift in the waves generated by these two sources is due 
to a path difference Ax = 5.85 m — 5.00 m = 0.85 m. We can find the phase difference due 


AX 
to this path difference from 6 = are and then the amplitude of the resultant wave 


from A = 2y, cos+0. 


(a) Find the phase difference due to Saiz Ax 
the path difference: A 
Calculate the wavelength of the ov _ 340m/s _ 


=3.4m 


sound waves: f ~ 100s 
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Substitute and evaluate 6: S=27 0.85m 


= Z rad =| 90.0° 
3.4m 2 


j 1 
(b) Relate the amplitude ol the A=2y, tosið = 2Acos— m 
resultant wave to the amplitudes of 2\2 
the interfering waves and the phase _| Joa 
difference between them: 
*26 ° 
Picture the Problem The diagram is shown below. Lines of constructive interference are 
shown for path differences of 0, 4, 24, and 34. 


Ad=0 Ad=A Ad=2A 
I 
/ 


I 


Ad =3A 
\ i I € 
I 


Lf POISE 
DLS ONINN 
ERE 


FERK 


Picture the Problem The intensity at the point of interest is dependent on whether the 
speakers are coherent and on the total phase difference in the waves arriving at the given 


Ax 
point. We can use 6 = alee to determine the phase difference ô, A = |2 p) cos 46] to 


find the amplitude of the resultant wave, and the fact that the intensity I is proportional to 
the square of the amplitude to find the intensity at P for the given conditions. 


(a) Find the phase difference 6: 5=2x gh — 
A 
Find the amplitude of the resultant A= |2 Dy COS 4 kd =0 
wave: 
Because the intensity is proportional I= [o] 
to A’: 


(b) The sources are incoherent and I=| 21; 


the intensities add: 


(c) Express the total phase 
difference: 


Find the amplitude of the resultant 
wave: 


Because the intensity is proportional 
to A’: 


28 >» 
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Ô ot = Ô sources pa Ô sath difference 
e gn l 
A 2 
=2n 


A=|2p, cos+(2z) = 2p, 


2 2 
(Sea _ Cpo) I, =| 41 


Po Po 
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Picture the Problem The intensity at the point of interest is dependent on whether the 


speakers are coherent and on the total phase difference in the waves arriving at the given 


Ax 
point. We can use 6 = ae a to determine the phase difference 6, A=|2p, cos4 ô | to 


find the amplitude of the resultant wave, and the fact that the intensity I is proportional to 


the square of the amplitude to find the intensity at P for the given conditions. 


(a) Find the phase difference 6: 


Find the amplitude of the resultant 


wave: 


Because the intensity is proportional 
to A’: 


(b) The sources are incoherent and 
the intensities add: 


(c) Express the total phase 
difference: 


Find the amplitude of the resultant 


p-ar ae 
A 


A=(2p, cos4(2z)| = 2p, 


2 2 
ee ee a, 


a 
I =| 21, 
rot = Ô sources H Ô path difference 
smin eriin 2 
A A 
= 37 


A=(2p, cos4(3x) =0 
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wave: 


Because the intensity is proportional I= [o] 
to A’: 


29 œ 

Picture the Problem Let P be the point located a distance r, from speaker 1 and a 
distance r, from speaker 2. If the sound at point P is to be either a maximum or a 
minimum, the difference in the distances to the speakers will have to be such that this 
difference compensates for the 90° out-of-phase condition of the speakers. 


(a) Express the phase shift due to the Kee Ó soicés Ie 90° issii 
speakers in terms of a path difference: 360° 360° i 
Express the condition that r, — r, must n-nņ=|44 

satisfy in order to compensate for this 

path difference: 

(b) In this case, the smallest difference r-r, = 


in path is again 4/4, but now: 
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Picture the Problem The drawing shows a 
generic point P located a distance rı from 7 
source S; and a distance rz from source S>. ry 4 
The sources are separated by a distance d P 
and we’re given that d < 4/2. Because the 6 / 
condition for destructive interference is NS / 
that 6 = nz where n = 1, 2, 3,..., we’ll 
show that, with d < 4/2, this condition d 
cannot be satisfied. 


Relate the phase shift to the path a Ar 
difference and the wavelength of the 
sound: 


Relate Ar to d and 6@- Ar <dsin0d<d 


Substitute to obtain: dsin@ d 
T m— 
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Because d < 4/2: 4/2 


Ô< 2r —— =m 
A 


Express the condition for destructive O=nz 
interference: where n = 1, 2, 3,... 


Because 6 < 7, there is no complete destructive interference in any direction. 
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Picture the Problem Let the positive x direction be the direction of propagation of the 


wave. We can express the phase difference in terms of the separation of the two points 
and the wavelength of the wave and solve for A. In part (b) we can find the phase 
difference by relating the time between displacements to the period of the wave. I in part 
(c) we can use the relationship between the speed, frequency, and wavelength of a wave 
to find its velocity. 


(a) Relate the phase difference to the = 07 Ax 
wavelength of the wave: 


Solve for and evaluate A: Ax 5cm 
A = 27 — = 22 —— =| 60.0cm 
ee 


(b) Express and evaluate the period T= i 
of the wave: f 


Relate the time between the two 
displacements to the period of the 
wave: 


Express the phase difference 20 


corresponding to one-fifth of a 5 


period: 


(c) Express the wave speed in terms v= f= (40 s)(0.6 m) =| 24.0m/s 
of its frequency and wavelength: 


32 ee 
Picture the Problem Assume a distance of about 20 cm between your ears. When you 
rotate your head through 90°, you introduce a path difference of 20 cm. We can apply the 
equation for the phase difference due to a path difference to determine the change in 
phase between the sounds received by your ears as you rotate your head through 90°. 
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Express the phase difference due to = 20cm 
the rotation of your head through 
90°: 


Find the wavelength of the sound _ 
waves: f 680s" 


Substitute to obtain: 20cm 
O=27n =| 0.87 rad 
>: 
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Picture the Problem Because the sound intensity diminishes as the observer moves, 
parallel to a line through the sources, away from her initial position, we can conclude that 
her initial position is one at which there is constructive interference of the sound coming 
from the two sources. We can apply the condition for constructive interference to relate 
the wavelength of the sound to the path difference at her initial position and the 
relationship between the velocity, frequency, and wavelength of the waves to express this 
path difference in terms of the frequency of the sources. 


Express the condition for Ar =nå, n =1,2,3,... (1) 

constructive interference at 

(40 m, 0): 

Express the path difference Ar: Ar =r, r, 

Using the Pythagorean theorem, find r= (40 m} + (2. 4 m} 

rg: 

Substitute for rg and evaluate Ar: Ar = (40 my + (2.4 my -40m 
= 0.07194m 

Substitute in equation (1) and solve l= 0.07194m 

for A: n 

Using v = fA, express f in terms pen v -_ 340 m/s 

of A and n: g 0.07194m 0.07194m 
= (4726 Hz)n 

Evaluate f for n= 1 and 2: fi =| 4726 Hz | and f, =| 9452 Hz 
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Picture the Problem Because the sound intensity increases as the observer moves, 
parallel to a line through the sources, away from her initial position, we can conclude that 
her initial position is one at which there is destructive interference of the sound coming 
from the two sources. We can apply the condition for destructive interference to relate the 
wavelength of the sound to the path difference at her initial position and the relationship 
between the velocity, frequency, and wavelength of the waves to express this path 
difference in terms of the frequency of the sources. 


Express the condition for ee a n=135 (1) 
destructive interference at (40 m, 0): ? K 
Express the path difference Ar: Ar =r 
Using the Pythagorean theorem, r, = Jao my + (2. 4 my 
find rg: 
Substitute for rg and evaluate Ar: Ar = (40 my a (2.4 my -40m 
= 0.07194m 
Substitute in equation (1) and solve Gx 2(0.07194 m) _ 0.1439m 
for A: n n 
Using v = fA, express f in terms f=n v a 340 m/s 
of A: " 0.1439m 0.1439m 
= (2363Hz)n 
Evaluate f for n= 1 and 3: f, =| 2363Hz 
and 
f =| 7089 Hz 
#35 oe 


Picture the Problem We can use the trigonometric identity 


A+B A-B 
cosA+cosB=2 cos Jeos{ 5 Je derive the expression given in (a) and the 


speed of the envelope can be found from the second factor in this expression; i.e., 
from cos|(Ak / 2)x- (Ao / 2)t]. 
(a) Express the amplitude of the resultant wave function y(x,t): 


y(x, t) = A(cos(k,x - œt} cos(k,x - @,t)) 


1246 Chapter 16 


A+B A-B 
Use the trigonometric identity cos A+ cos B= 2 cod J Jeos{ 5 ) to obtain: 


y(x,t) = 2A cos 


= 2Al cos hist Nis el cos Reg Oey 
2 2 2 2 


Substitute @aye = (@ + @)/2, Kave = (kı + k2)/2, A@= @ - @ and Ak = k; — k to obtain: 


k,x-@tt+k,x- t | k,x-@,t—k,x+ 2t 


y(x) = 2Alcos(k,,.X T otko E x= 2,)| 


(b) A spreadsheet program to calculate y(x,t) between 0 m and 50 m at t = 0, 0.5 s, and 1 s 
follows. The constants and cell formulas used are shown in the table. 


Cell Content/Formula Algebraic Form 
B11 B10+0.25 x + Ax 
C10 | COS($B$3*B10-$B$5*$C$9) y(x,0) 
+ COS($B$4*B10—-$B$6*$C$9) 
D10 | COS($B$3*B10-$B$5*$D$9) y(x,0.5s) 
+ COS($B$4*B 10-$B$6*$D$9) 
E10 | COS($B$3*B10-$B$5*$E$9) y(xis) 
+ COS($B$4*B10-$B$6*$E$9) 
A B C D E 
1 
2 
3 | ki=|1 m“ 
4 | k2=|0.8 |m“ 
5 |wl=]|1 rad/s 
6 |w2= | 0.9 rad/s 
Zz x y(x,0) | y(x,0.5 s) | y(x,1s) 
8 (m) 
9 0.000 2.000 4.000 
10 0.00 | 2.000 | —0.643 | —1.550 
11 0.25 | 1.949 | -—0.207 | —1.787 
12 0.50 | 1.799 0.241 —1.935 


= 
ies) 
2 
N 
ul 
le 
ul 
ul 
N 


0.678 —1.984 
1.081 —1.932 


= 
AK 
is 
j=) 
© 
R 
N 
ee) 
N 


206 49.00 | 0.370 | -—0.037 0.021 
207 49.25 | 0.397 0.003 —0.024 
208 49.50 | 0.397 0.065 —0.075 
209 49.75 | 0.364 0.145 —0.124 


210 50.00 | 0.298 0.237 —0.164 
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The solid line is the graph of y(x,0), the dashed line that of y(x,0.5 s), and the dotted line is 


the graph of y(x,1 s). 


f(x,0) 
ix] )— — — f(,0.5 s) 


y (x,t) 


(c) Express the speed of the 
envelope: 


Substitute numerical values and 


evaluate Venvelope: 


36 


x (m) 
7 _A@_ @-0, 
envelope ~ p n n 
H Ak k-k, 
1rad/s — 0.9 rad/s 
envelope =ni 08m 0.500 m/s 
Picture the Problem The diagram shows 
the two sources separated by a distance d S; 0 


and the path difference As. Because the 
lines from the sources to the distant point 
are approximately parallel, the triangle 
shown in the diagram is approximately a 
right triangle and we can use trigonometry 
to express As in terms of d and @ In the 
second part of the problem, we can apply a 
small-angle approximation to the larger 
triangle shown in Figure 16-29 to relate Ym 
to D and @ and then use the condition for 
constructive interference to relate ym to D, 
A, and d. 


(a) Using the diagram, relate As to 
the separation of the sources and the 


angle & 


(b) For 0 << 1, we can approximate 


WN 
N 


sind = S and As ~| dsing | 


As ~ d tan 
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sin with tan@ to obtain: 


Referring to Figure 16-29, express tang zx Ym 
tanĝin terms of y and D: 


Substitute to obtain: Asz dY m 
D 

Express the condition on the phase 8=2x As =27m. n= 1.9.3 
difference for constructive f ao 
interference: 
Substitute for As: 27 dY m =27m.m=123 
Simplify and solve for ym: DA 

aura 
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Picture the Problem Because a maximum is heard at 0° and the sources are in phase, we 
can conclude that the path difference is 0. Because the next maximum is heard at 23°, the 
path difference to that position must be one wavelength. We can use the result of part (a) 
of Problem 36 to relate the separation of the sources to the path difference and the angle 
0. We’ll apply the condition for constructive interference to determine the angular 
locations of other points of maximum intensity in the interference pattern. 


Using the result of part (a) of Problem d As 


36, express the separation of the sind 
sources in terms of As and @: 


Evaluate d with As = 2 and @= 23°: A v 


~ sin23° f sin 23° 


340 m/s 
= =|1.81m 
(480s binds 


Express the condition for additional dsin@,, =mA 


intensity maxima: where m = 1, 2, 3, ..., or 


0, =sin~ z] 
d 
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Evaluate this expression for m = 2: x 2(340 m/s) 
0, = =| 51.5° 
os ae 


Remarks: It is easy to show that, for m > 2, the inverse sine function is undefined 
and that, therefore, there are no additional relative maxima at angles larger than 
51.5°. 


*38 coe 
Picture the Problem Because the speakers are driven in phase and the path difference is 
0 at her initial position, the listener will hear a maximum at (D, 0). As she walks along a 
line parallel to the y axis she will hear a minimum wherever it is true that the path 
difference is an odd multiple of a half wavelength. She will hear an intensity maximum 
wherever the path difference is an integral multiple of a wavelength. We’ll apply the 
condition for destructive interference in part (a) to determine the angular location of the 
first minimum and, in part (b), the condition for constructive interference find the angle at 
which she’ll hear the first maximum after the one at 0°. In part (c), we can apply the 
condition for constructive interference to determine the number of maxima she can hear 
as keeps walking parallel to the y axis. 


“ye f A 
(a) Fairen dig condition for dsin0, = mŹ 
destructive interference: 2 


where m = 1, 3, 5,..., OT 


0, =sin (z) 
2d 


Evaluate this expression for m = 1: al V Dae 340 m/s 
0 =sin | —— |=sin z 
2 fi 2(600s7 (2m) 
=| 8.14° 
(b) Express the condition for dsin6@,, = mA 
additional intensity maxima: where m = 0, 1, 2, 3,..., OF 
A 
6, =sin” = 
d 
Evaluate this expression for m = 1: ital Vo) 340 m/s 
: 600s * )(2m) 


- [5] 
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(c) Express the limiting condition sind, = m4 <1 


on sind: 

Solve for m to obtain: F d _ fd _ (600s*)(2 m) -3.53 
A v 340 m/s 

Because m must be an integer: m= [3] 
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Picture the Problem Let d be the separation of the two sound sources. We can express 
the wavelength of the sound in terms of the d and either of the angles at which intensity 
maxima are heard. We can find the frequency of the sources from its relationship to the 
speed of the waves and their wavelengths. Using the condition for constructive 
interference, we can find the angles at which intensity maxima are heard. Finally, in part 
(d), we’ll use the condition for destructive interference to find the smallest angle for 
which the sound waves cancel. 


(a) Express the condition for dsin@,, =mA (1) 
constructive interference: where m = 0, 1, 2, 3,... 
Solve for A: Pies dsin@,, 
m 
Evaluate 2 for m = 1: A =(2m)sin(0.140 rad) 
=| 0.279m 
(b) Express the frequency of the pe v _ 340m/s _ 1.22 kHz 
sound in terms of its wavelength A 0.279m 
and speed: 
(c) Solve equation (1) for 6r: . i ma . [2027 =) 
0, =sin | — |= sin E 
m 


= sin '[(0.1395)m| 


The table shows the values for 8 as m On 
a function of m: (rad) 
3 0.432 
0.592 
5 0.772 
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0.992 
1.354 
undefined 


(d) Express the condition for dsin0, =m 
destructive interference: 2 


where m = 1, 3, 5,... 


Solve for Gn: 6 =sin7 me 
2d 


Evaluate this expression for m = 1: 0.279m 
0, =sin "| ———— =| 0.0698 rad | 
2(2m) | 


40 eee 
Picture the Problem The total phase shift in the waves arriving at the points of interest is 
the sum of the phase shift due to the difference in path lengths from the two sources to a 
given point and the phase shift due to the sources being out of phase by 90°. From 
Problem 39 we know that 4 = 0.279 m. Using the conditions on the path difference Ax for 
constructive and destructive interference, we can find the angles at which intensity 
maxima are heard. 


* snt n" AX mT 
Letting the subscript "pd ” denote Be buy cm any ea 
"path difference” and the subscript A 4 
"s" the sources”, express the total where Ax is the path difference between the 
phase shift 6: two sources and the points at which 


constructive or destructive interference is 
heard. 


Express the condition for Ax m 
P Ô = 207 —+—=27,47,62,... 
constructive interference: A 4 


Solve for Ax to obtain: is Ty [sy 234... _ (8m -1) fi 
8 8 8 8 


where m = 1, 2, 3,... 


(8m-—1) 


Relate Ax to d to obtain: Me ; aay 0. 


where the "c” denotes constructive 
interference. 
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Solve for @.: 


The table shows the values for 8, for 
m=1to5: 


Express the condition for destructive 
interference: 


Solve for Ax to obtain: 


Letting "d ” denotes destructive 
interference, relate Ax to d to obtain: 


Solve for @;: 


The table shows the values for @ for 
m=1to5: 
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Picture the Problem We can calculate the required phase shift from the path difference 


8d 

m Oz 
1 | | 7.01° 
2 | | 15.2° 
4 | | 35.1° 


where m = 1, 2, 3,... 


ax= 85) <a sing, 


6, = sin] E], m=1,2,3,... 


8d 

m (A 
1 | | 3.00° 
2 | | 11.1° 
3 | | 19.3° 
5 | | 37.6° 


AS 


and the wavelength of the radio waves using 6 = 27— . 


Express the phase delay as a 
function of the path difference and 


A 


ô = 2m — (1) 
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the wavelength of the radio waves: 


Find the wavelength of the radio ov _ 3x10°m/s _ ign 
waves: E f ~ 90x10°s? 
Express the path difference for the As =d sin 


signals coming from an angle 0 
with the vertical: 


Substitute numerical values and AS = (200 m)sin10° = 34.73m = 2.3154 
evaluate As: = 2A + 0.3154 

Substitute in equation (1) and Fax 0.315/ ~1.98rad =| 113° 
evaluate 6: 

Beats 

42 


Picture the Problem The beat frequency is the difference between the frequency of the 
tuning fork and the frequency of the violin string. Let fz = 500 Hz. 


(a) Express the relationship between f= fitAf 
the beat frequency of the = 500 Hz + 4 Hz 
frequencies of the two tuning forks: 


Solve for fz: f, =| 504Hz or 496 Hz 


b) If the beat frequency is increased, then f, = 504 Hz; if it is diminished, 


f, = 496 Hz. 


43, 

Picture the Problem The Doppler shift of the siren as heard by one of the drivers is 
given by the formula for source and receiver both moving and approaching each 

other f, = f,[(1+u/v)/(1—u/v)], where u is the speed of the ambulance and v is the 


speed of sound. 


(a) Express the beat frequency: foea = f- f 


where f, is the frequency heard by either 
driver due to the other’s siren, 
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Express f: u 
Le 
[= 
(ore 
v 
Substitute to obtain: u 
1+— 1+— 
foen = fs R TE. 
1-— 1-— 
v v 
2 
=f,- 
—-1 
u 
Substitute numerical values and 2 
evaluate eae Feat = (500 Se a = : =| 70.5 Hz 


22.4m/s _ 


The person on the street hears no beat frequency as the sirens of both 


ambulancesare Doppler shifted up by the same amount (approx. 35 Hz). 


Standing Waves 


*44 >œ 
Picture the Problem We can use v = få to relate the second-harmonic frequency to the 
wavelength of the standing wave for the second harmonic. 


Relate the speed of transverse waves v= f,A, 
on the string to their frequency and 

wavelength: 

Express /, in terms of the length L A,=L 


of the string: 


Substitute for 22 and evaluate v: v= ae = (60 s'\3m) =| 180m/s 
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Picture the Problem We can find the wavelength of this standing wave from the 
standing-wave condition for a string fixed at both ends and its frequency from v = fz43. 
We can use the wave function for a standing wave on a string fixed at both ends 

(Ya (x,t) = A, sin k„x cos @,¢ )) to write the wave function for the wave described in this 


problem. 
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(a) Using the standing-wave 
condition for a string fixed at both 
ends, relate the length of the string 
to the wavelength of the harmonic 
mode in which it is vibrating: 


Solve for As: 

Express the frequency of the third 
harmonic in terms of the speed of 
transverse waves on the string and 
their wavelength: 

(b) Write the equation for a standing 
wave, fixed at both ends, in its third 


harmonic: 


Evaluate k3: 


Evaluate a»: 


L agit. n=1,2,3,... 
2 


y(x, t) = A, sink,x cos at 


ge LL y 
A, 2m 


0, = Inf, = 2n(25s')= 507s" 


Substitute to obtain: 


y,(x,t) = (4mm)sin kx cos at | where k= am‘ and 


@=507s-. 


46 ° 

Picture the Problem The first harmonic 
displacement-wave pattern in an organ pipe 
open at both ends and vibrating in its 
fundamental mode is represented in part (a) 
of the diagram. Part (b) of the diagram 
shows the wave pattern corresponding to 
the fundamental frequency for a pipe of the 
same length L that is closed at one end. We 
can relate the wavelength to the frequency 
of the fundamental modes using v = fA. 


(a) Express the dependence of the 
frequency of the fundamental mode 
of vibration in the open pipe on its 
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wavelength: 


Relate the length of the open pipe to 
the wavelength of the fundamental 
mode: 


Substitute and evaluate fi open: 


(b) Express the dependence of the 
frequency of the fundamental mode 
of vibration in the closed pipe on its 
wavelength: 


Relate the length of the closed pipe 
to the wavelength of the 


fundamental mode: 


Substitute to obtain: 
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Ai open =2L 


v  340m/s 
Fropen IL 2(10 m) [17.0Hz | 


vV 
liisa > pr 


„closed 


Ay ase = AL 


v — 340m/s [8.507 
EEE TAL 4(10m) E 8.50 Hz 


Picture the Problem We can find the speed of transverse waves on the wire using 


A 
v= F/u and the wavelengths of any harmonic from L = ae n=1, 2,3,.... We can 


use v = få to find the frequency of the fundamental. For a wire fixed at both ends, the 


higher harmonics are integer multiples of the first harmonic (fundamental). 


(a) Relate the speed of transverse 
waves on the wire to the tension in 
the wire and its linear density: 


Substitute numerical values and 
evaluate v: 


(b) Using the standing-wave 
condition for a wire fixed at both 
ends, relate the length of the wire to 
the wavelength of the harmonic 
mode in which it is vibrating: 

Solve for A: 


-E-i 
u m/L 


968 N 
i | (0.005kg)/(1.4m) [521s] 


L e n=1, 2,3,... 
2 


2, = 2L = 2(1.4m)= 


Express the frequency of the first 
harmonic in terms of the speed and 
wavelength of the waves: 


(c) Because, for a wire fixed at both 


ends, the higher harmonics are integer 
multiples of the first harmonic: 


48 > 
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521m/s 
fı A 2.80m 


f, = 2f, = 2(186Hz)= 


and 


fs =3f, = 3(186 Hz) = 


v 
Picture the Problem We can use Equation 16-13, f, = a = nf n =1,3,5,..., to find 


the resonance frequencies for a rope that is fixed at one end. 


(a) Using the resonance-frequency 
condition for a rope fixed at one 
end, relate the resonance 
frequencies to the speed of the 
waves and the length of the rope: 


Solve for fi: 


fa = n= nf n =1,3,5,... 


=|1.25Hz 


b) Because this rope is fixed at just one end, the system does not support a 
second harmonic. 


(c) For the third harmonic, n = 3: 
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f, =3f, =3(1.25Hz) = 


Picture the Problem We can find the fundamental frequency of the piano wire using the 


general expression for the resonance frequencies of a wire fixed at both ends, 


f,= n=- = nf,, n=1, 2, 3,..., with n = 1. We can use v = ,/F/, to express the 


frequencies of the fundamentals of the two wires in terms of their linear densities. 


Relate the fundamental frequency of 
the piano wire to the speed of 
transverse waves on it and its linear 


density: 


ET 
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Express the dependence of the F 

speed of transverse waves on the ie u 

tension and linear density: 

Substitute to obtain: f 1 JF 
‘2b V u 


Doubling the linear density results , 1 |F 1{1 IF 1 
in a new fundamental frequency f' L= 2L\2 = J2 (2L u = sD fı 
given by: 


Substitute for f, to obtain: f, 1 (200 Hz) =| 141Hz 


*50 ° 

Picture the Problem Because the frequency and wavelength of sounds waves are 
inversely proportional, the greatest length of the organ pipe corresponds to the lowest 
frequency in the normal hearing range. We can relate wavelengths to the length of the 
pipes using the expressions for the resonance frequencies for pipes that are open at both 
ends and open at one end. 


Find the wavelength of a 20-Hz note: fe Vn 340 m/s _ 17m 


7 fiowest 2 0 S = 


(a) Relate the length L of a closed- 


A 
L=n—,n=1,3,5.,... 
at-one-end organ pipe to the 4 


wavelengths of its standing waves: 


Solve for and evaluate 1: A 17m 
p= =Z =[ 425m 
== [425m | 


(b) Relate the length L of an open 
organ pipe to the wavelengths of its 


standing waves: 


Solve for and evaluate 2: _ Ana 17M _ 
L= Ea 8.50m 
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Picture the Problem We can find A and f by comparing the given wave function to the 
general wave function for a string fixed at both ends. The speed of the waves can then be 
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found from v = fA. We can find the length of the string from its fourth harmonic 


wavelength. 
(a) Using the wave function, relate k= 2m = 0.20cm” 
k and A: 

: 2 
POVEO A A=— — =107cm =| 31.4cm 

0.20cm 
Using the wave function, relate f @ = 2nf =300s7 
and æ: 
Solve for f: Š 
olve for f: pa -[477Hz 
27 

(b) Express the speed of transverse v= fa= (47.7 Hz\(0.314m) 
waves in terms of their frequency —|15.0m/s 


and wavelength: 


(c) Relate the length of the string to 


L= om n=1,2,3,... 
the wavelengths of its standing- 2 


wave patterns: 


Solve for L when n = 4: L= 2A, = 2(31.4cm) =| 62.8cm 
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Picture the Problem We can find 4 and f by comparing the given wave function to the 
general wave function for a string fixed at both ends. The speed of the waves can then be 
found from v = fA. In a standing wave pattern, the nodes are separated by one-half 
wavelength. 


(a) Express the speed of the traveling v= fa 
waves in terms of their frequency and 
wavelength: 


Using the wave function, relate k k= 2m 29 Fim” 
and A: 


Solve for A: A 20 


zen T7 087m = 251m 
om 


Using the wave function, relate @ @ = 2nf =500s* 
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and f: 


Solve for f: 


Substitute to find v: 


Express the amplitude of the 
standing wave in terms of the 
amplitude of the two traveling 
waves that result in the standing 


wave: 
Solve for and evaluate A: 

(b) The distance between nodes is 
half the wavelength: 

(c) Because there is a standing wave 


on the string, the shortest possible 
length is: 


f 


_ 500s7 


mT 


= 79.6 Hz 


v =(79.6s)(2.51m)=| 200m/s 


An SIA 
A= oe = — =| 2.50cm 
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Picture the Problem We can evaluate the wave function of Problem 52 at the given 
times to obtain graphs of position as a function of x. We can find the period of the motion 
from its frequency fand find ffrom its angular frequency ø. 


(a) The function y(x,0) is shown below: 


y (x ,0) (cm) 
GHEwONKROKRNWA YH 


0.0 0.5 1.0 1.5 2.0 2.5 


x (m) 


The functions y(x, T/4) and y(x,3T/4) are shown below. Because these functions are 
identical, only one graph is shown. 


y (x,T/4) (cm) 
GOKRoOnN FOR NWA 


0.0 0.5 1.0 1.5 2.0 2.5 


x (m) 
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The function y(x,T/2) follows: 


y (x ,T/2) (cm) 
HAR wONHRPOrRN WKY 


0.0 0.5 1.0 1.5 2.0 2.5 
x (m) 

(b) Express the period in terms of pa 

the frequency: 

Using the wave function, relate @ @ = 2nf =500s* 

and f: 

Solve for f: 500s* 

olve for f. fs 00s -79.6Hz 
mT 
. A 1 

Substitute for f and evaluate T: T= — =/12.6ms 

79.6s 


Because the string is moving either upward or downward when 


(c) 


y(x) =0 for all x,the energy of the wave is entirely kinetic energy. 
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Picture the Problem Whether these frequencies are for a string fixed at one end only 
rather than for a string fixed at both ends can be decided by determining whether they are 
integral multiples or odd-integral multiples of a fundamental frequency. The length of the 
string can be found from the wave speed and the wavelength of the fundamental 
frequency using the standing-wave condition for a string with one end free. 


(a) Letting the three frequencies be f _ 75Hz _ 
represented by f', f', and f", find fi —125Hz |5 
the ratio of the first two frequencies: 
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Find the ratio of the second and f' 125Hz | 5 


third frequencies: f" = 175Hz |7 


(b) | There are no even harmonics, so the string must be fixed at one end only. 


(c) Express the resonance f, =nf,,n=1, 3, 5,... 
frequencies in terms of the 
fundamental frequency: 


Noting that the frequencies are _ f _ 75Hz _ 
{== =| 25Hz 

multiples of 25 Hz, we can conclude 3 3 

that: 


Because the frequencies are 3, 5, and 7 times the fundamental frequency, 


they are the third, fifth, and seventh harmonics. 


(e) Express the length of the string 


A 
L=n—,n=1,3,5,... 
in terms of the standing-wave 4 


condition for a string fixed at one 


end: 

Using v = fA, find 44: ie yY 400 a dein 
fi 258° 

Evaluate L for 2; = 16 mandn=1: pen lem _ 400m 
4 4 
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Picture the Problem The lowest resonant frequency in this closed-at-one-end tube is its 
fundamental frequency. This frequency is related to its wavelength through v = fininAmax- 
We can use the relationship between the nth harmonic and the fundamental 

frequency, f, = (2n +1) f,,n=1, 2, 3,..., to find the highest frequency less than or equal 


to 5000 Hz that will produce resonance. 


A 
(a) Express the length of the space Pps R13 Bs: 
above the water in terms of the 
standing-wave condition for a 
closed pipe: 


f 4L 
Solve for A: A, =—,n=1,3,5,... 
n 
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Amax Corresponds to n= 1: Ac =A = A(1.2 m) =48m 


Using v= fondness find foin: Pg es 90 ore 
mn Ame 48m — 


(b) Express the nth harmonic in fi = (2n +1) fo n=1,2; em 
terms of the fundamental frequency 
(first harmonic): 


To find the highest harmonic below 5000 Hz = (2n +1)(70.8Hz) 
5000 Hz, let fn = 5000 Hz: 


Solve for n (an integer) to obtain: n= 34 
Evaluate fsa: fz4 = 69 f, = 69(70.8Hz) =| 4.89 kHz 
(c) There are 34 harmonics higher 35 


than the fundamental frequency so 
the total number is: 
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Picture the Problem Sound waves of frequency 460 Hz are excited in the tube, whose 
length L can be adjusted. Resonance occurs when the effective length of the tube 

Let = L + AL equals A, 2A, 2A, and so on, where 4 is the wavelength of the sound. 
Even though the pressure node is not exactly at the end of the tube, the wavelength can be 
found from the fact that the distance between water levels for successive resonances is 
half the wavelength. We can find the speed from v = fA and the end correction from the 


fact that, for the fundamental, Lg = 44 = L, + AL, where L; is the distance from the top 


of the tube to the location of the first resonance. 


(a) Relate the speed of sound in air v= fa 
to its wavelength and the frequency 
of the tuning fork: 


Using the fact that nodes are A= 2(55.8 cm -18.3 cm) 
separated by one-half wavelength, = 75cm 

find the wavelength of the sound 

waves: 


Substitute and evaluate v: v= (460 s*\(0.75 m) =| 345m/s 


(b) Relate the end correction AL to 
the wavelength of the sound and 
effective length of the tube: 


Solve for and evaluate AL: 


+57 e 
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A- L, =4(75cm)-18.3cm 
=| 0.450 cm 


Picture the Problem We can use v = fA to express the fundamental frequency of the 


| YRT 
organ pipe in terms of the speed of sound and v= T to relate the speed of sound and 


the fundamental frequency to the absolute temperature. 


Express the fundamental frequency 
of the organ pipe in terms of the 
speed of sound: 


Relate the speed of sound to the 
temperature: 


Substitute to obtain: 


Using primed quantities to represent 
the higher temperature, express the 
new frequency as a function of T: 


As we have seen, / is proportional 
to the length of the pipe. For the 
first question, we assume the length 
of the pipe does not change, so 

A= A. Then the ratio of f' to fis: 


V 
m 
y- [PT 

M 


where y and R are constants, M is the 
molar mass, and T is the absolute 


temperature. 
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Solve for and evaluate f ' with n- _ 305K 
T' = 305 K and T = 289 K: P= fsx = fasor 289K 


= (440.0 Hz) ee 
\ 289K 


- [2] 


It would be better to have the pipe expand so that v/L, where L is the 


length of the pipe, is independent of temperature. 
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Picture the Problem We can express the wavelength of the fundamental in a pipe open 


at both ends in terms of the effective length of the pipe using 2 = 2L,,, = 2(L + AL), 


where L is the physical length of the pipe and 4 = v/f. Solving these equations 
simultaneously will lead us to an expression for L as a function of D. 


Express the wavelength of the A =2Lig = 2(L + AL) 
fundamental in a pipe open at both where L is its physical length. 
ends in terms of the pipe’s effective 
length Lee: 

in: A A 
Solve for L to obtain: L = Ab ~*_9.3186D 
Express the wavelength of middle C J= v 
in terms of its frequency f and the f 


speed of sound v: 


Substitute to obtain: To 0.3186D 

j j 340 m/ 
Substitute numerical values to L= m : _0.3186D 
express L as a function of D: 2(256 s` ) 


= 0.664m — 0.3186 D 


Evaluate L for D = 1 cm: L =0.664m — 0.3186(0.01m) 
=| 66.1cm 
Evaluate L for D = 10 cm: L =0.664m — 0.3186(0.1m) 


- [62am] 


Evaluate L for D = 30 cm: 
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L =0.664m — 0.3186(0.3m) 


=| 56.8cm 


Picture the Problem We know that, when a string is vibrating in its fundamental mode, 


its ends are one-half wavelength apart. We can use v = f/ to express the fundamental 


frequency of the organ pipe in terms of the speed of sound and v = ,/F'/y to relate the 


speed of sound and the fundamental frequency to the tension in the string. We can use 


this relationship between f and L, the length of the string, to find the length of string 


when it vibrates with a frequency of 650 Hz. 


(a) Express the wavelength of the 
standing wave, vibrating in its 
fundamental mode, to the length L 
of the string: 


(b) Relate the speed of the waves 
combining to form the standing 
wave to its frequency and 
wavelength: 


Express the speed of transverse 
waves as a function of the tension in 
the string: 


Substitute and solve for F to obtain: 


Substitute numerical values and 
evaluate F: 


(c) Using v = fA and assuming that 
the string is still vibrating in its 
fundamental mode, express its 
frequency in terms of its length: 


A =2L = 2(40cm)=| 80cm | 


v=fa 

F 
v= [— 

u 
paf p 


L 
where m is the mass of the string and L is 
its length. 


-3 
F =(500s*)?(0.8m)? 17x10 18 
0.4m 
=| 480N 
Vv Vv 
feelers, 
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Solve for L: 


Letting primed quantities refer to a 
second length and frequency, 
express L’ in terms of f’: 


Express the ratio of L’ to L and 
solve for L’: 


Evaluate Leso pz: 
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Le” 
2f 
fas 
2f 
L 
Tal > pats 
L f f 
500 Hz 
650Hz ~ 650 Hz 500 Hz 
_ 500 Hz 


= (40 cm) = 30.77 cm 
650 Hz 


You should place your finger 
9.23 cm from the scroll bridge. 


Picture the Problem Let f represent the frequencies corresponding to the A, B, C, and D 


notes and x(f ') represent the distances from the end of the string that a finger must be 


placed to play each of these notes. Then, the distances at which the finger must be placed 


are given by x(f')= L(f,)-L(f ‘). 


Express the distances at which the 
finger must be placed in terms of the 
lengths of the G string and the 
frequencies f' of the A, B, C, and D 
notes: 


Assuming that it vibrates in its 
fundamental mode, express the 
frequency of the G string in terms of 
its length: 


Solve for Lc: 


Letting primed quantities refer to 
the string lengths and frequencies of 


x(f')=L(fe)-L(f') (1) 


Vv Vv 
f= 
G 2L, 
_ Vv 
" 
L= 
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the A, B, C, and D notes, express L’ 
in terms of f ': 


° ' L ' 
Express the ratio of L’ to L and APs fe sL'= fo Le 
solve for L’: Le f f' 
Evaluate L’ = L(f) for the notes A, Note | Frequency | L(f') 
B, C and D to complete the table: (Hz) (cm) 
A 220 26.73 
B 247 23.81 
C 262 22.44 
D 294 20.00 
Use equation (1) to evaluate x(f ") Note | Frequency | L(f') x(f') 
and complete the table to the right: (Hz) (cm) (cm) 
A 220 26.73 | | 3.27 
B 247 23.81 | | 6.19 
C 262 22.44 | | 7.56 
D 294 20.00 | | 10.0 
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Picture the Problem We can use the fact that the resonance frequencies are multiples of 
the fundamental frequency to find both the fundamental frequency and the harmonic 
numbers corresponding to 375 Hz and 450 Hz. We can find the length of the string by 
relating it to the wavelength of the waves on it and the wavelength to the speed and 
frequency of the waves. The speed of the waves is, in turn, a function of the tension in the 
string and its linear density, both of which we are given. 


(a) Express 375 Hz as an integer nf, =375 Hz (1) 
multiple of the fundamental 
frequency of the string: 


Express 450 Hz as an integer (n +1) f, = 450 Hz (2) 
multiple of the fundamental 
frequency of the string: 


Solve equations (1) and (2) f, 75.0 Hz 


simultaneously for fi: 
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(b) Substitute in equation (1) to obtain: 


(c) Express the length of the string 
as a function of the speed of 
transverse waves on it and its 
fundamental frequency: 


Express the speed of transverse 
waves on the string in terms of the 
tension in the string and its linear 


density: 


Substitute to obtain: 


Substitute numerical values and 
evaluate L: 
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n=5 


The harmonics are the fifth and sixth. 
A y 
2. FF, 


1 ÍF 
1-3 E 
2f, Vu 


1 360 N 
2(75s")\ 4x10" kgm — 


Picture the Problem We can use the fact that the resonance frequencies are multiples of 


the fundamental frequency and are expressible in terms of the speed of the waves and 


their wavelengths to find the harmonic numbers corresponding to wavelengths of 0.54 m 


and 0.48 m. We can find the length of the string by using the standing-wave condition for 


a string fixed at both ends. 


(a) Express the frequency of the 
nth harmonic in terms of its 
wavelength: 


Express the frequency of the 
(n + 1)th harmonic in terms of its 
wavelength: 


Solve these equations 
simultaneously for n: 


if == y 
* A, 0.54m 

vV vV 
n+1)f, =— = 
GEL Anı 0.48m 
n=8 


The harmonics are the eighth and ninth. 


(b) Using the standing-wave 
condition, both ends fixed, relate 
the length of the string to the 
wavelength of its nth harmonic: 


Evaluate L for the eighth harmonic: 
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0.54m 
t= j J- 2.16m 
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L i et 3,... 
2 


Picture the Problem The linear densities of the strings are related to the transverse wave 
speed and tension throughv = 4/F/ 4. We can use v = fA = 2fL to relate the frequencies 


of the violin strings to their lengths and linear densities. 


(a) Relate the speed of transverse 
waves on a String to the tension in 
the string and solve for the string’s 
linear density: 


Express the dependence of the 
speed of the transverse waves on 
their frequency and wavelength: 


Substitute to obtain: 


Substitute numerical values and 
evaluate 4: 


(b) Evaluate sua: 


F 
y= = 
u 
and 
aF 
lad es 
v= få 
=2f,L 
F; 
MARL 


E 90N 
 ~is(440s")] (0.3m) 
=5.74x10~ kg/m 


- [057gm] 


90N 
aļ440s7) (0.3m) 
=1.29x10° kg/m 


- [aam] 
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Evaluate 4p: _ 90N 
4(293s")’ (0.3m) 

2.91x10° kg/m 

=| 2.91¢/m 


Evaluate 4g: T 90N 
~ 4419557} (0.3m? 
= 6.57 x10” kg/m 

=| 6.57 g/m 
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Picture the Problem The spatial period is one-half the wavelength of the standing wave 
produced by the sound and its reflection. Hence we can solve c = f'A'for 2’ and use 


f'= f[1/Q—v/c)] to derive an expression for 4/2 in terms of c, v, and f. 


(a) Express the wavelength of the y= Cc 
reflected sound as a function of its ' 
frequency and the speed of sound in 


air: 


Use the expression for the Doppler- =f 1 
shift in frequency when to source is 1-¥ 
in motion to obtain: c 


where c is the speed of sound. 


Substitute to obtain: A — C = c 
' 1 
2 2f of 
1Y 
C 
O E LA A 
2f c 2f 

Substitute numerical values and A' 7 340 m/s — 22.4m/s -[0318m 
evaluate the spatial period of the 2 2(500 s*) 


standing wave: 
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As the ambulance moves closer to the wall, the sound waves from its siren 
(b) will periodically move in and out of resonance (i.e., the reflected waves 


will sometimes interfere constructively and sometimes partially 


destructively) so the intensity will periodically get louder and softer. 
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Picture the Problem Beat frequencies are heard when the strings are vibrating with 
slightly different frequencies. To understand the beat frequency heard when the A and E 
strings are bowed simultaneously, we need to consider the harmonics of both strings. In 
part (c) we’ll relate the tension in the string to the frequency of its vibration and set up a 
proportion involving the frequencies corresponding to the two tensions that we can solve 
for the tension when the E string is perfectly tuned. 


The two sounds produce a beat because the third harmonic of the A 


string equals the second harmonic of the E string, and the original frequency 


(a) 


of the E string is slightly greater than 660 Hz. If f, =(660+ Af)Hz,a 
beat of 2Af will be heard. 


(b) Because foeat increases with fe =660Hz+ 13 Hz) 

increasing tension, the frequency of -=| 661.5 Hz 

the E string is greater than 660 Hz. 

Thus the frequency of the E string 

is: 

(c) Express the frequency of a string v 1 JF 

as a function of its tension: I= ra | u 

When the frequency of the E string 1 IF, 

; 660 Hz = — |—"™ 

is 660 Hz we have: A u 

When the frequency of the E strin 

nee i 661.5Hz =} SCN 

is 661.5 Hz we have: AV u 

Divide the first of these equations H 
=|- | Gon)= [ 79.6N | 

by the second and solve for Feso nz to 660 Hz 661 Sue 5 Hz 

obtain: 
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Picture the Problem We can use the condition for constructive interference of the waves 
reflected from the walls in front of and behind you to relate the path difference to the 
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wavelength of the sound. We can find the wavelength of the sound from its frequency 


and the speed of sound in air. 


Express the total path difference as 
you walk toward the far wall of the 
hall: 


Express the condition on the path 
difference for constructive 
interference: 

The reduction in the distance to the 
nearer wall as you walk a distance d 
is: 

The increase in the distance to the 
farther wall as you walk a distance d 
is: 

Substitute in equation (1) to find the 
total path difference as you walk a 


distance d: 


Relate 2 to f and v: 


Substitute in equation (2) to obtain: 


Solve for and evaluate d for n = 1: 
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AX = AX rear watt + AX far wall (1) 
nA = Ax where n= 1, 2, 3, ... (2) 
AXnear wall = 2d 

AX¢ar wall = 2d 


Ax = 2d +2d =4d 


Vv 340 m/s 
aR ago 5) 225m 


Picture the Problem Let the wave function for the wave traveling to the right be 
Yg (x,t) = Asin(kx —@t—6) and the wave function for the wave traveling to the left 


be y, (x, t) = Asin(kx +ot+o ) and use the identity 


sina +sin f =2 sin 222) cos Z 


Je show that the sum of the wave functions 


can be written in the form y(x, t) = A'sin kx cos(at +ô ) ‘ 
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Express the sum of the traveling waves of equal amplitude moving in opposite directions: 
y(x,t) = yp (x,t)+ y, (x,t) = Asin(kx—ot—5) + Asin(kx+ at +6) 


Use the trigonometric identity to obtain: 


. ( kx-at-d+kx+at+6d kx-—aot —-6 —kx-—at-—6 
y(x,t) = 2Asin > cos -o 


= 2Asin kx cos(— at — 8) 


Because the cosine function is even; y (x, t) = 2Asin kx cos(at +ô ) 

i.e., cos(—8) = cos 6: = A'sin kx cos(at + ô) 
where A' = 2A. 

Thus we have: y(x,t)=| A'sin kx cos(at +8) 


provided A' = 2A. 
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Picture the Problem We can find @; and k3 from the given information and substitute to 
find the wave function for the 3“ harmonic. We can use the time-derivative of this 
expression (the transverse speed) to express the kinetic energy of a segment of mass dm 
and length dx of the string. Integrating this expression will give us the maximum kinetic 
energy of the string in terms of its mass. 


(a) Write the general form of the y,(x,t) = A, sin k,x cos at 
wave function for the 3 harmonic: 


Evaluate «oy: @, = 2af, = 2x (100s) = 200787 
Using the standing-wave condition L=3 As 
for a string fixed at one end, relate 
the length of the string to its 3" and 
j : 4 4 
harmonic wavelength: Ie t= Onl 8 ii 
Evaluate ks: _ 27 27 ST 4 
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Substitute numerical values and Kast m(200 rs: ) (0.03 m) 


max 


evaluate Kmax: 


=| (88.8J/kg)m 


Substitute to obtain: 


y,(x,t)=| (0.03 msi (27 m | cos(2007 s> )t 


‘ . 2 
(b) Express the kinetic energy of a dK == dmv, 
segment of string of mass dm: 


Express the mass of the segment in dm = pdx 
terms of its length dx and the linear 
density of the string: 


Using our result in (a), evaluate vy: 
Vv, = Zioa msi (32 m | cos(200z s+) J 
ot 4 
= -(2007 s7 )(0.03 msi (27 m)l sin(2007 s*) t 


=-(67 msi (27 m) sin(2007 s*) t 


Substitute to obtain: 


2 
dK = jlez min (27 m)l sin(2007 s7) J dx 
Express the condition on the time sin(200z s“ Ne =1 
that dK is a maximum: or 
(2007s) = 2,2... 
2 -2 
Solve for and evaluate t: 1 z 1 32 


t= : eee 
2007s 2 2007s" 2 
=| 2.50ms,7.50 ms,... 
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Because the string’s maximum 


kinetic energy occurs when The string is a straight line. 
y(x,t) = 0: 
(c) Integrate dK from (b) over the A , , 3 
length of the string to obtain: K max = | zløAsin ein a] MAX 
L 
=1 uo A f sin’ kxdx 
0 


= 4u’ A* Fada —4sin 2kx]* 


=imo A’ 


where m is the mass of the string. 
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Picture the Problem We can equate the expression for the velocity of a wave on a string 
and the expression for the velocity of a wave in terms of its frequency and wavelength to 
obtain an expression for the weight that must be suspended from the end of the string in 
order to produce a given standing wave pattern. By using the condition on the 
wavelength that must be satisfied at resonance, we can express the weight on the end of 
the string in terms of z, f, L, and an integer n and then evaluate this expression for n = 1, 
2, and 3 for the first three standing wave patterns. 


Express the velocity of a wave on T mg 
the string in terms of the tension T v= |- — =,|— 
H H 


in the string and its linear density zu: 
where mg is the weight of the object 


suspended from the end of the string. 


Express the wave speed in terms of v= fa 
its wavelength 4 and frequency f: 


Eliminate v to obtain: 
ü= (ee 
u 


Solve for mg: mg = u f°” 
e a=% ,n=1,2,3, 
Substitute to obtain: oLy 

mg a=) ,n=1,2,3, 

or 

mg = i ES T 
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Evaluate mg for n = 1: 4(0.415g/m)(80s") (0.2 m} 
me (1) 


which corresponds, at sea level, to a mass 
of 43.3 g. 


Evaluate mg for n = 2: 4(0.415g/m)(80s") (0.2 m) 
mg = i ) ne 


- [08] 


which corresponds, at sea level, to a mass 
of 10.8 g. 


Wave Packets 
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Picture the Problem We can find the maximum duration of each pulse under the 
conditions given in the problem from the reciprocal of frequency of the pulses and the 
range of frequencies from the wave packet condition on Aø and At. 


(a) The maximum duration of each 1 =10”7 s =| 0.100 Us 


1 
pulse is its period: f 10s“ 


(b) Express the wave packet A@At x1 or 27AfAt ~1 
condition on Aw and At: 


Solve for Af: Af x 1 z T 
2At 2m 
Substitute numerical values and 10” s” 
Af = =| 1.59MH 
evaluate Af: f 27 
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Picture the Problem We can approximate the duration of the pulse from the product of 
the number of cycles in the interval and the period of each cycle and the wavelength from 
the number of complete wavelengths in Ax. We can use its definition to find the wave 
number k from the wavelength A. 


(a) Relate the duration of the pulse to At» NT = N 
the number of cycles in the interval and ` 7 fo 


the period of each cycle: 
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(b) There are about N complete as Ax 
“LN 


wavelengths in Ax; hence: 


(c) Use its definition to express the 2a 27N 
wave number k: A Ax 


N is uncertain because the waveform dies out gradually rather than stopping 
(d) | abruptly at some time; hence, where the pulse starts and stops is not well 
defined. 


(e) Using our result in part (c), hee 27AN |27 
express the uncertainty in k: © Ax | Ax 


because AN = +1. 


General Problems 
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Picture the Problem We can use v = fA and v = ./F'/ to relate the tension in the piano 


wire to its fundamental frequency. 


Relate the tension in the wire to the F FL 
speed of transverse waves on it: dg u Nm 
Express the speed of the transverse v= fa 

in terms of their wavelength and 

frequency: 

Equate these expressions and solve F- mf’ a? 

for F to obtain: L 

Relate 2 for the fundamental mode AS 2h 

of vibration to the length of the 

piano wire: 

Substitute to obtain: F = 4mf*L 


Substitute numerical values and evaluate F: F = 4(7 x10 kg)(261.63 s7) (0.8m) 


=| 1.53kN 
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73 >œ 
Picture the Problem We can use v = fA to express the resonance frequencies of the ear 


canal in terms of their wavelengths and L = nn, n=1,3,5,...to relate the length of the 


ear canal to its resonance wavelengths. 


(a) Relate the resonance frequencies fx v 

to the speed of sound and the "o A 

wavelength of the compressional 

vibrations: 

Express the condition for Lan wes 5... 


constructive interference in a pipe 
that is open at one end: 


Solve for A,: A= 4L 
Substitute to obtain: i pe zt 340 m/s 
i 4L 4(2.5x10° m) 
= n(3.40 kHz) 
Evaluate f, fo, and fz: f, =| 3.40kHz |, 
f, =3x3.40kHz =| 10.2kHz |, 
and 


f; = 5x3.40 kHz =| 17.0 kHz 


(b) Frequencies near 3400 Hz will be 
most readily perceived. 
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A 
Picture the Problem We can use L = t n =1, 3, 5, ... to express the wavelengths of 
the fundamental and next two harmonics in terms of the length of the rope and v = fnn 


|F 
and v = _/— to relate the resonance frequencies to their wavelengths. 
u 


(a) Express the condition for ben nba 
constructive interference on a rope 


that is fixed at one end: 


Solve for A: 


Evaluate 4, for n = 1, 3, and 5: 


(b) Relate the resonance frequencies 
to the speed and wavelength of the 
transverse waves: 

Express the speed of the transverse 


waves as a function of the tension in 
the rope: 


Substitute to obtain: 


Evaluate f, for n = 1, 3, and 5: 
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Picture the Problem The path difference at the point where the resultant wave an 
amplitude A is related to the phase shift between the interfering waves according to 
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_4L 44m) _ 16m 
on n T n 


sa Ton 
3 

and 

EELEE 
5 
V 

fn A 


F |FL 
y= — = — 
u m 
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where m and L are the mass and length of 


the rope. 


pel [FL 1 |(400N)(4m 
" AVm A, 0.16kg 


_ 100m/s 
A, 
pe 100m/s _ G25 H7 
' 16m - 
= 100m/s _ 18.8 Hz 
5.33m 
and 
100 
pa e uaa 
3.20m 


Ax/A = 8/27 . We can use this relationship to find the phase shift and the expression for 


the amplitude resulting from the superposition of two waves of the same amplitude and 


frequency to find the phase shift. 
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Express the relation between the 
path difference and the phase shift at 
the point where the resultant wave 
has an amplitude A: 


Express the amplitude resulting 
from the superposition of two waves 
of the same amplitude and 


frequency: 


Solve for and evaluate 6: 


Substitute and simplify to obtain: 
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Ax=4 2 


A= 2y, cos ó 


_ 22/3 
Bd gy eal 


Picture the Problem We can use v = fnAn to express the resonance frequencies of the 


A 
string in terms of their wavelengths and L = ee n=1, 2,3,...to relate the length of the 


string to the resonance wavelengths for a string fixed at both ends. Our strategy for part 


(b) will be the same ... except that we’ll use the standing-wave condition 


L= nn, n=1,3,5,... for strings with one end free. 


(a) Relate the frequencies of the 
harmonics to their wavelengths and 
the speed of transverse waves on the 
string: 


Express the standing-wave condition 
for a string with both ends fixed: 


Solve for An: 


Substitute to obtain: 


Express the speed of the transverse 
waves as a function of the tension in 
the string: 


4, <28 
n 

Vv 

= N — 
han 
F 

v= |-— 
u 


Substitute to obtain: 


Calculate the 1* four harmonics: 


(b) Express the standing-wave 
condition for a string fixed at one 
end: 


Solve for An: 


The resonance frequencies equation 
becomes: 


Calculate the 1* four harmonics: 
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1 ÍF 
fa = k i 
1 18N 
=n 
2(35m) | 0.0085kg/m 
= n(0.657 Hz) 


he 
f, = 2(0.657 Hz) = [1.31Hz | 
f; = 3(0.657 Hz) = [1.97 Hz | 


and 


f, = 4(0.657 Hz) = 


L= An ne Dy Dye 
4 


p -4 
1 [F 
res z 
1 | 18N 
=n 
4(35m) \ 0.0085kg/m 
= n(0.329 Hz) 


h= 
f; = 3(0.329Hz) =| 0.987 Hz 
f; = 5(0.329Hz) =| 1.65 Hz 


and 
f, = 7(0.329Hz)=| 2.30 Hz 
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Picture the Problem We’ll model the shaft as a pipe of length L with one end open. We 


can relate the frequencies of the harmonics to their wavelengths and the speed of sound 


using v = fnAn and the depth of the mine shaft to the resonance wavelengths using the 
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standing-wave condition for a pipe with one end open; L = nn, n=1,3,5,.... 


Relate the frequencies of the 
harmonics to their wavelengths and 
the speed of sound: 

Express the standing-wave 
condition for a pipe with one end 


open: 


Solve for An: 


Substitute to obtain: 


For fn = 63.58 Hz: 


For fn+2 = 89.25 Hz: 


Divide either of these equations by 


the other and solve for n to obtain: 


Substitute in the equation for 
fn = fs = 63.58 Hz: 


Solve for and evaluate L: 
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L= A iei 3, Dys 
4 


p4 
V 

= n— 

fn 4L 


63.58 Hz =n—— 
4L 


89.25Hz = (n #2) 


n=4.95+5 
5v 
b= 


_ 5v _ 5(340m/s) _ 
= 4p. (63.5857) ~ oz 


Picture the Problem We can use the standing-wave condition for a string with one end 


free to find the wavelength of the 5" harmonic and the definitions of the wave number 


and angular frequency to calculate these quantitities. We can then substitute in the wave 


function for a wave in the nth harmonic to find the wave function for this standing wave. 


(a) Express the standing-wave 
condition for a string with one end 
free: 


L= M de Ds Diese 
4 


Solve for and evaluate A;: 


(b) Use its definition to calculate the 


wave number: 


(c) Using its definition, calculate the 
angular frequency: 


(d) Write the wave function for a 
standing wave in the nth harmonic: 


Substitute to obtain: 


y;(x,t) = Asin(k,x)cos(@.t) = 
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fee) 4.00m 
5 5 

a 27 z mni 
A, 4m |2 


@, = 2af, = 2x(400s*)=| 800757 


Ya (x, t) = Asink,xcos@,t 


(0.03 msi (Z m) cos(8007s") t 


Picture the Problem The coefficient of the factor containing the time dependence in the 


wave function is the maximum displacement of any point on the string. The time 


derivative of the wave function is the instantaneous speed of any point on the string and 


the coefficient of the factor containing the time dependence is the maximum speed of any 


point on the string. 


Differentiate the wave function with 
respect to t to find the speed of any 
point on the string: 


(a) Referring to the wave function, 
express the maximum displacement 
of the standing wave: 


Evaluate equation (1) at x = 0.10 m: 


Referring to the derivative of the 
wave function with respect to t, 
express the maximum speed of the 


v, =L [0.02sin4æ xcos60z:] 


= -(0.02)(607 )sin 47 xsin 607 t 


=—1.27sin4z xsin60zt 


Vmax (x) = (0.02 m)sin|(4z m)x| (1) 


Ymax (0.10m) = (0.02m) 
x sin|(42m~*)(0.10m)| 


- [0em] 


V, max (X) = (1.2 m/s)sin (4r m“)x] (2) 
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standing wave: 


Evaluate equation (2) at x = 0.10 m: 


(b) Evaluate equation (1) at 
x =0.25 m: 


Evaluate equation (2) at x = 0.25 m: 


(c) Evaluate equation (1) at 
x = 0.30 m: 


Evaluate equation (2) at x = 0.30 m: 


(d) Evaluate equation (1) at 
x = 0.50 m: 


Evaluate equation (2) at x = 0.50 m: 
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(0.10m) = (1.27 m/s) 
x sin|(47 m~)(0.10 m)| 


3.59 m/s 


Yna (0.25m) = (0.02m) 
xsin (4z m*)(0.25 m)| 


2 


V, max (0.25m) = (1.27 m/s) 
x sin (4z m*)(0.25 m) 
0 


Vy max 


Yna (0.30m) = (0.02m) 
xsin|(47m*)(0.30m)| 


1.18cm 


V, max (0.30m) = (1.27 m/s) 
xsin|(47m)(0.30m)| 
=| 2.22m/s 


Yna (0.50m) = (0.02m) 
xsin (4z m*)(0.50 m)| 
=[0 


V, max (0-50m) = (1.27 m/s) 
x sin|(47 m” \(0.50 m)| 
0 


Picture the Problem In part (a) we can use the standing-wave condition for a wire fixed 
at both ends and the fact that nodes are separated by one-half wavelength to find the 
harmonic number. In part (b) we can relate the resonance frequencies to their 


wavelengths and the speed of transverse waves and express the speed of the transverse 
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waves in terms of the tension in the wire and its linear density. 


(a) Express the standing-wave 
condition for a wire fixed at both 
ends: 


Solve for n: 


Solve for and evaluate A: 
Relate the distance between nodes to 


the distance of the node closest to 
one end and solve for A,: 


Substitute and evaluate n: 


(b) Express the resonance 
frequencies in terms of the their 
wavelengths and the speed of 
transverse waves on the wire: 


Relate the speed of transverse waves 
on the wire to the tension in the 


wire: 


Substitute and simplify to obtain: 


Evaluate f, for n = 1, 2, and 3: 


*B1 oe 


L= R n=1,2,3,... 
2 


A, = 2L = 2(2.5m)=5m 


54, =0.5m 
and 
A, =1m 
2(2.5m) 
= = 5 
n 
v v 
= — = N — 
fn a 
F 
v= pau 
u 
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f -pnt FL 1 IBON)R2.Sm 
"  ANV\m 5m 0.1kg 


=n 
= n(5.48 Hz) 


f, =| 5.48 Hz 


f, = 2(5.48Hz) =| 11.0Hz 


and 


fs = 3(5.48Hz) = 


Picture the Problem We can use v = fA to relate the speed of sound in the gas to the 


distance between the piles of powder in the glass tube. 
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At resonance, standing waves are set up in the tube. At a displacement 


(a)| antinode, the powder is moved about; at a node the powder is stationary, 


and so it collects at the nodes. 


(b) Relate the speed of sound to its v= fA 
frequency and wavelength: 


Letting D = distance between nodes, A=2D 
relate the distance between the nodes 
to the wavelength of the sound: 


Substitute to obtain: v=|2fD 
(c) If we let the length L of the tube f,, = Var __944m/s _ 680 Hz 
be 1.2 m and assume that Vair = 344 2D 2(0.253m) 


m/s (the speed of sound in air at 
20°C), then the 10" harmonic 
corresponds to D = 25.3 cm anda 
driving frequency of: 


If f =2 kHz and v,,, =1008 m/s (the speed of sound in helium at 20°C), 
then D for the 10" harmonic in helium would 25.3 cm and D for the 10" 
a harmonic in air would be 8.60 cm. Hence, neglecting end effects at the 

driven end, a tube whose length is the least common multiple of 8.60 cm 


and 25.3 cm (218 cm) would work well for the measurement of the 


speed of sound in either air or helium. 
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Picture the Problem We can use v = ,/F'/ to express F as a function of v and 

v = fA to relate v to the frequency and wavelength of the string’s fundamental mode. 
Because, for a string fixed at both ends, f, = nf,, we can extend our result in part (a) to 
part (b). 


(a) Relate the speed of the 
transverse waves on the string to the 


tension in it: 


Solve for F: F = ww (1) 


Relate the speed of the transverse 
waves on the string to their 
frequency and wavelength: 


Express the wavelength of the 
fundamental mode to the length of 


the string: 


Substitute to obtain: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate F: 


(b) For the nth harmonic, equation 
(2) becomes: 


Evaluate this expression for n = 2, 3, 


and 4: 
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v= fir, 


v=2fL 
F=4f° Lu (2) 


F =4(60s*) (2.5m)*(8x10° kg/m) 


- [78] 


F, = fL u =n f?r u =n’ (720N) 


F, =4(720N) =| 2.88kN 


F, =9(720N)=| 6.48kN 


F, =16(720N) = 


Picture the Problem We can use the conditions Af = f, and f, = nf, , where n is an 


integer, which must be satisfied if the pipe is open at both ends to decide whether the pipe 


is closed at one end or open at both ends. Once we have decided this question, we can use 


the condition relating Af and the fundamental frequency to determine the latter. In part 


(c) we can use the standing-wave condition for the appropriate pipe to relate its length to 


its resonance wavelengths. 


(a) Express the conditions on the 


frequencies for a pipe that is open at 


both ends: 


Evaluate Af = fi: 


Using the 2™ condition, find n: 


Af = fi 
and 
fn = nf; 


Af =1834 Hz -1310 Hz =524Hz 


f, _1310Hz _ 


fi 524Hz 
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The pipe is closed at one end. 


(b) Express the condition on the Af =2f, 

frequencies for a pipe that is open at 

both ends: 

Solve for and evaluate f: f, =4Af =4(624Hz)=) 262Hz 
(c) Using the standing-wave Ten Ay n=1.3.5 


condition for a pipe open at one end, 
relate the length of the pipe to its 
resonance wavelengths: 


For n = 1 we have: je mata 
1 4f, 
Substitute numerical values and _ 340m/s _ 304 
= -5 =| 32.4cm 
evaluate L: A(262s 
84 


Picture the Problem We can relate the speed of sound in air to the frequency of the 
violin string and the wavelength of the sound in the open tube that is closed at one end by 
water. The wavelength of the sound, in turn, is a function of the length of the air column 
and so we can derive an expression for the speed of sound as a function of the frequency 
of the transverse waves on the violin string and the length of the air column above the 
water. Knowing that the violin string is vibrating in its fundamental mode, we can 
express this frequency in terms of the tension in the string and its linear density. 


Express the speed of sound in the v= fih 
tube in terms of its fundamental 
frequency and wavelength: 


Using the standing-wave condition -y À, n=1.3.5 

ir coli TPE FE y Oy U5 ore 
for a tube open at one end, relate the GE pew 
speed of sound to the length of the 


air column in the tube: 


Solve for A: A, = AL... column 


Substitute to obtain: V= 4 f. ein column (1) 


Express the frequency of the 
transverse waves on the violin 
string in terms of their wavelength 
and the speed with which they 
propagate on the string: 


Relate the speed of the transverse 
waves on the string to the tension in 


it: 


Substitute to obtain: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate v,: 
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Vv v 
f 7 A, 7 2D sing 


E PF Liig 
y= |[— =.,/—_— 
u \ m 
f, = 1 F Loring _ F 
i 2L ring m AML iring 


V; = AL air column a 
\ 4mL 


=2L 


air column 
\ mL 


(440N) 
\ (10° kg)(0.5m) 


- [8] 


v, = 2(0.18m) 


(see Problem 56). 


The method is not very accurate because it neglects end effects 
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Picture the Problem We know that the superimposed traveling waves have the same 


wave number and angular frequency as the standing-wave function, have equal 
amplitudes that are half that of the standing-wave function, and travel in opposite 


directions. From inspection of the standing-wave function we note that 
k= ani and @ = 407 s™ . We can express the velocity of a segment of the rope by 


differentiating the standing-wave function with respect to time and the acceleration by 


differentiating the velocity function with respect to time. 


(a) Write the wave function for the wave traveling in the positive x direction: 


y,(x,t)= (0.01m)si (Zm je -(4025")e 


1292 Chapter 16 


Write the wave function for the wave traveling in the negative x direction: 


y,(x,t) = (0.01m)si (Zm +4025") 


(b) Express the distance d between d=tA 
nodes in terms of the wavelength of 
the standing wave: 


Use the wave number to find the kai a_ 24 
= 77M =—— 
wavelength: A 
and 
A=4m 


Substitute and evaluate d: d= 1(4 m) = 


(c) Differentiate the given wave function with respect to t to express the velocity of any 
segment of the rope: 


v (x,t) = 21 (002 m)sin Zm“ x cos(407s7 | 


= -(0.87 missin Zm“ }xsin( 40.75") 
Evaluate v, (Lm, t): 


v, (1m, t)= (0. 87 m/s jin Z m` im) sin (407 s~ ‘\t 


= -(0. 87 m/s) )sin(40zs Yt 
=| —(2.51m/s)sin(407s" )t 


(d) Differentiate v, (x, t) with respect to time to obtain a, (x, t): 


a,(x,t)= 2j- (0.87 ms)sin Z m) sin(407 s“ j 


-B27 m/s? bin Zm} cos(40z s7 )t 
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Evaluate a,(1m,t): 
a,(1m,t) = (322° mis*)sin{ Zm \m)cos(40x s*)t 


= (322° m/s? \cos(40z se 
=| —(316m/s’ Jcos(40z s7 )t 
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Picture the Problem We can use the definition of intensity to find the intensity of each 
speaker, the dependence of intensity on the square of the amplitude of the wave 
disturbance to express the amplitudes of the waves, and the dependence of the intensity 
on whether the speakers are coherent and their phase difference to find the intensity at the 
given point. 


(a) Express the intensity as a ve P 
function of the distance of a point 4ar 
from the source: 


Evaluate J: T= aw. =| 19.9 W/m? 
|! 4a(2m/y 

Evaluate D: I, = AMW 8.84 W/m* 
* 4n(3m)’ 


(b) Using v = fA, find the ue 340 m/s _ 

wavelength of the sound: f 680s" 

Express the path difference in terms Ax = 2A 

of A: and so there is constructive interference at 
point P. 

Express the intensity at point P due I, = constant x A 


to the sound from source 1: 


or 
A =CyJI, 


where C is a constant. 


Express the intensity at point P due I, = constant x A; 


or 
A, =CyI, 


the sound from source 2: 
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Express the square of the resultant A= c( Ji + Ji j = C?I 
amplitude at point P: 
Solve for and evaluate I: f= (J+ JY 
2 
= (Jiss W/m? +8.84 uW/m? ) 
=| 55.3 uW/m? 
(c) If they are driven coherently but I= ( JL = 5 j 
are 180° out of phase we will have 3 
destructive interference at point P a (J 19.9 W/m* — y 8.84 W/m* 
and the intensity is given by: =|991 W/m? 
(d) Because the sources are r=f,+1, 
incoherent, the intensities add =19.9 W/m? +8.84 W/m? 
arithmetically: 28.7 W/m? 
= .7 UW/m 
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Picture the Problem In Chapter 14, 
Section 14.1, it was shown that a harmonic 
function could be represented by a vector 
rotating at the angular frequency æ. The 
simplest way to do this problem is to use 


that representation. The vectors, of equal 
magnitude, are shown in the diagram. 

We can find the resultant wave function by 
finding the magnitude and direction of the 


resultant vector. 


From the diagram it is evident that: by =0 

Find the sum of the x components of I = Acos 60° + Acos60° + A = 2A 
the vectors: 

Relate the magnitude of the Je JE ` j F (5 v, j 


resultant vector to the sum of its x 
and y components: = (2A) +(0) =2A 


Find the direction of the resultant 
vector: 


Express the resultant wave: 


88 
Picture the Problem The diagram shows a 


two dimensional plane wave propagating at 
an angle @ with respect to the x axis. Ata 
given point in time, the surface of constant 
phase for the wave is the line defined by 
kx+ky =, or y=—(k,/k, )x+¢. 
The wave itself moves in a direction 
perpendicular to the wavefront, i.e., ina 
direction specified by a line with slope 
k,/k,. Choose two points (x, y) and 

(x + Ax, y + Ay) that have a separation of 1 
wavelength along such a line. 

Express the phase difference ø 

between the two points that have a 
separation of 1 wavelength along 

the line y = -(k, /k, )x +ø in terms 

of the spatial separation Ar of the 

points: 


Substitute ø = 27 to obtain: 


Express ¢ in terms of kx, ky, Ax and Ay: 


k 
Because Ay = oo 


x 
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ta 


0 = tan” id 
dv 


Veeg(X,¢) = 2Asin(kx — at) 
0.1sin(kx— ot) 


x 


Surfaces of constant phase 


v 


(x + Ax,y + Ay) 


= 


Ar A 


or 


A= (Ax) + (Ay) (1) 


ġ =kAr = k,Ax+k,Ay 


or, because ¢= 27, 
k Ax+ k Ay =27 


k? 
kAx+ 7? Ax = 27 


or 
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Similarly: ie = i 
ki +k; 
ee eas -_ 3 ; 
Substitute in equation (1) to obtain: nk 2 rk, 
* Wake) "ee 
x y x y 
_ 2 
2 2 
ky +k, 
Relate the wave velocity v to its ga A 
angular frequency ø and wave k 27 
number k: 
Substitute for A to obtain: @ 27 @ 


© eI ke or 


Express the angle between the wave 27k, 
velocity and the x axis: 
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Picture the Problem We can express the fundamental frequency of the organ pipe as a 
function of the air temperature and differentiate this expression with respect to the 
temperature to express the rate at which the frequency changes with respect to 
temperature. For changes in temperature that are small compared to the temperature, we 
can approximate the differential changes in frequency and temperature with finite 
changes to complete the derivation of Af/f = ⁄2AT/T. In part (b) we’ll use this relationship 
and the data for the frequency at 20°C to find the frequency of the fundamental at 30°C. 


(a) Express the fundamental f= v 
frequency of an organ pipe in terms A 
of its wavelength and the speed of 
sound: 
Relate the speed of sound in air to T 
: y= SGNT 


the absolute temperature: M 
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where 
R 
C= J = constant 
M 
ee ' C 
Defining a new constant C’, for JT =ONT 
substitute to obtain: A 


because / is constant for the fundamental 
frequency we ignore any change in the 


length of the pipe. 
Differentiate this expression with df _ 1 or? f 
respect to T: dT 2 2T 
Separate the variables to obtain: df 1dT 


For AT << T, we can approximate df Af _ 1AT 
by Af and dT by AT to obtain: f 2T 
(b) Express the fundamental fzo = foo + Af 
frequency at 30°C in terms of its 
frequency at 20°C: 
Solve our result in (a) for Af: AT 
ator Af =4 f 
T 
. . 1 K 
Substitute numerical values and fay = 200Hz + 4(200 Hz) 0 
evaluate Af: 
=| 203Hz 
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Picture the Problem We’ll use a spreadsheet program to graph the wave functions 
individually and their sum as functions of x at t = 0 and at t = 1 s. In (c) and (d) we can 
add the wave functions algebraically to find the result wave function at t = 0 and at 
t=1s. 


(a) and (d) A spreadsheet program to calculate values for y,(x,t) and y.(x,t) between and 
plot their graphs is shown below. The constants and cell formulas used are shown in the 
table. 


Cell Content/Formula Algebraic Form 
AS —5.0 x 
A6 A5+0.1 x + Ax 
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BS | 0.05/(2+(A5—2*$B$1)2) y,(x,0) 
C5 | -0.05/(2+(A5+2*$B$1)\2) y,(x,0) 
D5 | 0.05/(2+(A5-2*$B$1)^2) | y,(x,0)+ y,(x,0) 
—0.05/(2+(A5+2*$B$1)^2) 
ES | 0.05/(2+(A5-2*$B$2)^2) | y,(x,1)+y,(x,1) 
—0.05/(2+(A5+2*$B$2)^2) 
A B € D E 
1 t= | 0 
2 t=] 1 S 
3 
4 x | y1(x,0) | y2(x,0) | y1(x,0)+y2(x,0) | y1(x,1)+y2(x,1) 
5 |-5.0 | 0.001 | -0.001 0.000 ~0.001 
6 |-4.9| 0.001 | -0.001 0.000 -0.002 
7 |-4.8| 0.001 | -0.001 0.000 ~0.002 
8 | -4.7| 0.001 | -0.001 0.000 ~0.002 
9 |-4.6| 0.001 | -0.001 0.000 -0.002 
10 | -4.5 | 0.001 | -0.001 0.000 ~0.002 
110 | 5.5 | 0.001 | -0.001 0.000 0.001 
111| 5.6 | 0.001 | -0.001 0.000 0.001 
112 | 5.7 | 0.001 | -0.001 0.000 0.001 
113 | 5.8 | 0.001 | -0.001 0.000 0.001 


The four curves on the graph are identified in the legend. y; is traveling from left to right 
and y> from right to left. As time increases, y; is farther to the right and y is farther to the 
left. 


4 elas y1(x,0) 
y2(x,0) 

= y 1 (X,0)+¥2(X,0) 
y1(x,1)+y2(x,1) 
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(b) Express the resultant wave function at t = 0: 


0.02m° i —0.02m° _ [o] 


y,(x,0)+ y,(x,0)= Ima Ime 


(c) Express the resultant wave function at t = 1 s: 


0.02m’? —0.02m° 


y,(x,1s)+ Yə (x,1s) = 


2m°+(x-2s} 2m?+(x+2s) 
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Picture the Problem We can relate the frequency of the standing waves in the open- 
ended tube to its length and the speed of sound in air. 


(a) What you hear is the fundamental mode of the tube and its overtones. A more 
physical explanation is that the echo of the finger snap moves back and forth along the 
tube with a characteristic time of 2L/c, leading to a series of clicks from each echo. 
Because the clicks happen with a frequency of c/2L, the ear interprets this as a musical 
note of that frequency. 


(b) Express the frequency of the f= v 
sound in terms of the length of the 2L 
tube: 
Solve for L: r= 
2f 

. . 4 
Substitute numerical values and T= 3 ae - [386cm 
evaluate L: 2(440s ) 
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Picture the Problem To find the total kinetic energy of the nth mode of vibration, we’ll 
need to differentiate y, (x, t) = A,sink,xcos@,t with respect to time, substitute in the 


expression for AK, and then integrate over the length of the string. 


(a) Write the wave function for a Yn (x, t ) =A sink,xcos@,t 
standing wave on a string fixed at 20 
where k, = —. 
both ends: A 
. . 2 ua A 
Using the standing-wave condition ker pee, 


for a string with both ends fixed, 
relate the length of the string to the 
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wavelength of the nth harmonic: 


Solve for An: Hei 2L 
"on 
Substitute in the expression for kn to ee a 
obtain: i L 
Differentiate this expression with oy _ o [ A sink,xcos@ t] 
respect to t: ot ot F Å 


= —@,4, sink, xsina,t 


Substitute in the given expression AK = (- o,A, sin k„xsin @,t) Ax 


and simplify to obtain: o? A ain? kx gai? 0, tAx 


nje NR 
© S 


Integrate this expression over the K =1 uo? A? sin? k fe 
ih = 4 uæ; A; sin’ a f sin*| n—x |dx 
length of the string to find its total 2HO,A, fe L 


kinetic energy: 
1 2202.2 
=| 4mo; A; sin’ a,t 
4 n n 


(b) Express the condition that sin? o,t =1 (1) 
K = Kma: 

: ne 2 a2 
Substitute to obtain: Knox =| +m, A; 


i = : : T 
(c) From equation (1), for K = Kmax: ene o,t =1or o,t = z 


Evaluate the wave function in (a) 1 : T 
7 y,| %—— |=A,sink,xcos— =| 0 
when @,t =—: 20, 2 
2 
(d) Using the result from part (b), Koax = Ma; A; 
express the maximum kinetic 
energy: 
Relate @, to @: o, =na, 
Substitute to obtain: Kax =n (moa ) 


or, because m and q, are constants, 
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Remarks: Our result in part (b) is exactly the same result obtained in Problem 68 
with œn and A, replacing wand A. 
93 oo 


. v 
Picture the Problem We can use f, = Lore n=1,2,3,... to relate the resonant 


frequencies to the length of the string and the speed of transverse waves on the string and 


v =./F/ to express the speed of the transverse waves on the string in terms of the 


tension in the string. Differentiating of the resulting expression with respect to F will lead 


1 dF 
to - = 1E. For changes in f that are small compared to f, we can use a differential 
ee _ Af, 1AF 
approximation to obtain =-—. 
n 2 £ 
(a) Using the standing-wave i= n, nki 3a 


condition for a string fixed at both 
ends, relate the resonant frequencies 
to the length of the string and the 
speed of transverse waves on the 
string: 


Express the speed of transverse F 
ae v= _ |-— 
waves on the string in terms of the u 
tension in the string: 
Substitute to obtain: n JF 
[=>] =CVF 
2L \ u 


because n, L, and ware constants. 


Differentiate fn with respect to F to df, _C 1 _1 fn 
obtain: dF 2 JF 2F 
Separate the variables to obtain: df, _1dF 

h AF 


Because no conditions were placed on its derivation, this expression is valid for 


all harmonics. 
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(b) Because Af << f, one can Af, E 1AF 
approximate the differential fi 2 F 
quantitities in our result for part (a) 
to obtain: 
Solve for AF/F: AF Afa 

F fa 
Substitute numerical values and AF 2 Hz 

= = O, 

evaluate AF/F: Eo al 260 3 i ea 
94. 


Picture the Problem Let the sources be denoted by the numerals 1 and 2. The phase 
difference between the two waves at point P is the sum of the phase difference due to the 
sources ó and the phase difference due to the path difference 6. 


(a) Write the wave function due to fi (x, t) =| Ą cos(kx, = at) 


source 1: 
Write the wave function due to f,(x,t) =| A, cos(k(x, + Ax)— at + 6,) 
source 2: 


(b) Express the sum of the two wave functions: 


f(x,t)= f,(x,t)+ f(x,¢) = 4 cos(kx, — at) + A, cos(k(x, + Ax)- @t +6, ) 
=A, [cos(kx, —ct)cos(k(x, + Ax)- at +6, )]| 


+ — 
Use cosg +cos J =2 co ZEE) cos 3 p ) to obtain: 


f(x, t) = 2A co + eos a + =) -—ot+ 4) 


Express the phase difference 6 in ô 
terms of the path difference Ax and Ax 
the wave number k: 


Substitute to obtain: 
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f(x,t)= 


2A; co oro 


The amplitude of the resultant wave 
function is the coefficient of the 
time-dependent factor: 


(c) Express the intensity at an 
arbitrary point P: 


Evaluate I for d= 0 and 6, = Ct: 


Because the average value of 
cos’ @ over a complete period is 44: 


(d) Evaluate I for Ax = 44 and 
Os = Ct: 


A=| 2A, cos+(5+6,) 


RSCA 
=C’'[2A, cos4(6 + 6, )} 
= c'l4a? cos” 1(5+6,)| 
I =C'|4A? cos? 4(Ct)| 
Die x 2A; E 21, 


and 


I «| 41, cos” 4(Ct) 


Ax=4A>060=2 
~ T =C'|4A} cos’ +(x +Ct)| 


and att=0, J = 0. i.e., the waves interfere 


destructively. 


A spreadsheet program to calculate the intensity at point P as a function of time for a zero 
path difference and a path difference of å is shown below. The constants and cell 


formulas used are shown in the table. 


Cell Content/Formula Algebraic Form 
B1 1 C 
B7 B6+0.1 t+At 
C6 COS($B$6*B6/2)A2 cos? 1(Gt) 
D6 | COS($B$6*B6/2-PI()/2)^2 cos? L(x $ Ct) 
A B C D 
1 C=|1 s! 
2 
3 
4 t I I 
5 (s) (W/m^2) (W/m^2) 
6 0.00 1.000 0.000 
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7 0.10 0.998 0.002 
8 0.20 0.990 0.010 
9 0.30 0.978 0.022 
103 9.70 0.019 0.981 
104 9.80 0.035 0.965 
105 9.90 0.055 0.945 
106 10.00 0.080 0.920 


The solid curve is the graph of cos” 1(Ct) and the dashed curve is the graph of 
cos’ +(7+Ct). 


1.0 


0.8 A t 


‘ fi 
path diff = 0 


o 
D 


= = = path diff = 
lambda/2 


I (Wim)2) 


o 
P 


0.2 


t (s) 
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Picture the Problem We can differentiate the sum of the two wave functions to find the 
velocity of a segment dx of the string. We can find the kinetic energy of this segment 
from dK = 4v°dm = 4 uv?dx and integrate this expression from 0 to L to find the total 


kinetic energy of the resultant wave. 
(a) Express the resultant wave function: 
y, (x, t) =y (x, t)+ Yo (x, t) = A,cosa,tsink,x+ A, cos œt sin k,x 


Differentiate this expression with respect to t to find vy: 


v, (x,t) = Za cos @tsin k,x + A, cos@,t sink,x| 


= | —@,A, sin @tsin k,x —@,A, sin @,t sink,x 
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(b) Express the kinetic energy of a segment of the string of length dx and mass dm: 


dK =4v-dm = 4 wedx = 4 u(@ A, sin œtsin k,x + @,A, sin @,t sin k,x) dx 


4 ulo A? sin’ @tsin® k,x+2@,0,A,A, sin ætsin k,xsin w,tsin k,x 


+ œ, A; sin? @,tsin® k,x {ix 


(c) Integrate dK from 0 to L to obtain: 
L 
K=ż} foa sin’ wt sin* k,xdx 
zH] fl 1 
0 
L 
+4 u f 20,0,AA, sin @tsin k xsin @,t sin k,xdx 
0 
L 
1 2n2—2 2 . 2 
+ zuf w; A, sinf @,t sin“ k,xdx 
0 
h m 
=4 ua; A, sin’ at Í sin’ n, — xdx 
A L 
L 
; ; Bi ar Ms tens E 
+ 0,0,A,A, sin a,t sin a,t Í sin n, L xsinn, L xdx 
0 


L 
1 Dip Dae . 2 T 
+4 uo; A; sin ont] sin ee ee 
0 


(4 uo; A; sin? ot (4L) + (ua,0,A,A, sin ot sin œt (0), n, 
+ (i uo A? sin? @,t K4 L) 


=| 3 2 42 cin? 1 2 A2 eina? 
=| mo, A; sin“ at +4ma@;A, sin“ @,t 


; 2 A2 ohn 2A? wren 2 _ 
Note that, from Problem 92: -mq@, A; sin^ wt +4møo; A; sin’ o,t = K,+ K, 
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Picture the Problem We can use the relationship K „ax =1mq@*A* from Problem 92 to 


express the maximum kinetic energy of the wire and v = fA and v = 4/F/ u to find an 


24 


2 
) from Problem 15-120 to 
X 


AU 
expression for œ. In part (d) we’ll use Ae wiF 


determine where the potential energy per unit length has its maximum value. 


(a) From Problem 92 we have: Kax =rMo’ A” (1) 
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Express @, in terms of fi: 


Relate f; to the speed of transverse 
waves on the wire and the 
wavelength of the fundamental 
mode: 

Express the speed of the transverse 
waves on the wire in terms of the 
tension in the wire: 


Substitute and simplify to obtain: 


Substitute for œ and fı in equation 
(1) to obtain: 


Substitute numerical values and 
evaluate Kinax: 


(b) Express the wave function for a 
standing wave in its first harmonic: 


At the instant the transverse 
displacement is given by 
(0.02 m) sin (2x/2): 


(c) dK is a maximum where the 
displacement of the wire is greatest; 
i.e., at its midpoint: 


(d) From Problem 15-120: 


Express the condition on dy/Ox that 


maximizes AU/Ax: 


Vv V 


ha "or 


where L is the length of the wire. 


F | FL 
y= — = — 
u m 


4mL 4L 
Ko ON) (2x10 m) 
"x  4(2m) 
=|19.7mJ 
y,(x,t)= A, sink,xcos a, (2) 


cosat=1> at=0 


x=iL=1(2m)=|1.00m 
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Differentiate Oy o , 
y,(x,t) = A, sin k,x cos at with ox = (A sin k,xcos at) 
respect to x and set the derivative = k A cos k,x cos æt 
equal to zero for extrema: =0 
or 
coskx=0 
Solve for kıx and then x: k,x Z 
2 
and 
OT TA eee 
=k (r) 4 =4(21) 


=1(2m)=/1.00m 


i.e., the potential energy per unit length is a 
maximum at the midpoint of the wire. 


Remarks: In part (d) we’ve shown that AU/Ax has an extreme value at x = 1 m. To 
show that AU/Ax is a maximum at this location, you need to examine the sign of the 
2" derivative of y,(x,t) at this point. 
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(a) A spreadsheet program to evaluate f(x) is shown below. Typical cell formulas used are 
shown in the table. 


Cell Content/Formula Algebraic Form 
A6 A5+0.1 x+ Ax 
B4 2*B3+1 2n+1 
BS (-1)\B$3*COS(B$4*$A5) 4 & (-1)" cos((2n+1)x) 
/B$4*4/PI() by 
Te 0 2n+1 
C5 | B5+(-1)\C$3*COS(C$4*$A5) | 4 & (-1)" cos((2n +1)x) 
IC$4*4/P 10) ee 
ar 2n+1 
A B C D K L 
1 
2 
3 0 1 2 9 10 
4 1 3 5 19 21 
5 0.0 | 1.2732 | 0.8488 | 1.1035 0.9682 | 1.0289 
6 0.1 | 1.2669 | 0.8614 | 1.0849 1.0134 | 0.9828 
7 0.2 | 1.2479 | 0.8976 | 1.0352 1.0209 | 0.9912 
8 0.3 | 1.2164 | 0.9526 | 0.9706 0.9680 | 1.0286 
9 0.4 | 1.1727 | 1.0189 | 0.9130 1.0057 | 0.9742 
10 0.5 | 1.1174 | 1.0874 | 0.8833 1.0298 | 1.0010 
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130 | 12.5 | 1.2704 | 0.8544 | 1.0952 0.9924 | 1.0031 
131 | 12.6 | 1.2725 | 0.8503 | 1.1013 0.9752 | 1.0213 
132 | 12.7 | 1.2619 | 0.8711 | 1.0710 1.0287 | 0.9714 
133 | 12.8 | 1.2386 | 0.9143 | 1.0141 1.0009 | 1.0126 
134 | 12.9 | 1.2030 | 0.9740 | 0.9493 0.9691 | 1.0146 
135 | 13.0 | 1.1554 | 1.0422 | 0.8990 1.0261 | 0.9685 


The solid curve is plotted from the data in columns A and B and is the graph of f(x) for 1 
term. The dashed curve is plotted from the data in columns A and F and is the graph of 
f(x) for 5 terms. The dotted curve is plotted from the data in columns A and K and is the 
graph of f(x) for 10 terms. 


(b) Evaluate f(2 7) to obtain: cos2z cos 3(27) 


4 
f (22) = tf i 7 
„es 2.) 


5 


4 1 1 1 
= —| ]-—+ +... 
f 3 5 7 ) 


=1 
which is equivalent to the Liebnitz 
formula. 
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(a) A spreadsheet program to evaluate f(x) is shown below. Typical cell formulas used are 
shown in the table. 


Cell Content/Formula Algebraic Form 
A6 A5+0.1 X+ Ax 
B4 2*B3+1 2n+1 
B5 (-1)4$B$3*sin($B$4*A5)/ 4 3 (- 1)" sin(2n +1)x 
B$4)\2*4/PI 
a 0 nT (2n+1/ 
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C5 | BS+((-1)$C$3*sin($C$4*A5)/ 4 5 (-1)' sin(2n +1)x 
C$4)A2*4/PI ey E a s E 
(Sug 0 a= (2n+1) 
A B € D K L 
1 
2 
3 0 1 2 9 10 
4 1 3 5 19 21 
5 0.0 0.0000 | 0.0000 | 0.0000 0.0000 | 0.0000 
6 0.1 0.1271 | 0.0853 | 0.1097 0.0986 | 0.1011 
7 0.2 0.2530 | 0.1731 | 0.2159 0.2012 | 0.1987 
8 0.3 0.3763 | 0.2654 | 0.3163 0.3004 | 0.3005 
9 0.4 0.4958 | 0.3640 | 0.4103 0.3983 | 0.4008 
10 0.5 0.6104 | 0.4693 | 0.4998 0.5011 | 0.4985 
72 6.7 0.5155 | 0.3812 | 0.4256 0.4153 | 0.4171 
73 6.8 0.6291 | 0.4877 | 0.5146 0.5183 | 0.5154 
74 6.9 0.7365 | 0.6005 | 0.6034 0.6171 | 0.6182 
75 7.0 0.8365 | 0.7181 | 0.6963 0.7148 | 0.7166 
76 7.1 0.9282 | 0.8380 | 0.7968 0.8183 | 0.8155 
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Graphs of f(x) for 1, 5, and 10 terms are shown below. Note that there is little difference 
between the graphs for 5 terms and 10 terms of this triangular wave function. 
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Picture the Problem From the diagram above, the nth echo will reflect n — 1 times going 
out, and the same number of times going back. If we "unfold" the ray into a straight line, 
we get the representation shown below. Using this figure we can express the distance d, 
traveled by the nth echo and then use this result to express the time delay between the nin 
and n + 1, echoes. The reciprocal of this time delay is the frequency corresponding to the 


nth echo. 
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< L m 


(a) Apply the Pythagorean theorem = 4)2,2 , 72 
to the right triangle whose base is L, d, = 2f4(n PE 
whose height is 2(n — 1), and whose 

hypotenuse is d, to obtain: 


Express the time delay between the d 
Ny and n + 1,, echoes: 


Substitute to obtain: 2 
At, = “( (nfr +E 
v 


-Ja-I r +r) 


A spreadsheet program to calculate At, as a function of n is shown below. The constants 
and cell formulas used are shown in the table. 


Cell Content/Formula Algebraic Form 
B1 90 L 
B2 1 r 
B3 340 c 
B8 B7+1 n+1 
C7 2/$B$3*((2*(B7-1) At, 
*$B$2)^2+$B$1^2)^0.5 
A B C D 
1 L= | 90 m 
2 r=|1 m 
3 c= | 340 m/s 
4 
5 
6 n t(n) delta t(n) 
7 1 0.5294 0.0001 
8 2 0.5295 0.0004 
9 3 0.5299 0.0007 
10 4 0.5306 0.0009 
11 5 0.5315 0.0012 


Superposition and Standing Waves 1311 


202 196 2.3544 0.0115 
203 197 2.3659 0.0115 
204 198 2.3773 0.0115 
205 199 2.3888 0.0115 
206 200 2.4003 0.0115 


The graph of At, as a function of n shown below was plotted using the data from 
columns B and D. 


0.012 


0.010 


0.008 


0.006 


Delta+(n) 


0.004 


0.002 


0.000 


The frequency heard at any time is 1/At,,, so because At, increases over 


c 
(o) time, the frequency of the culvert whistler decreases. 
The highest frequency corresponds 1 
to n= 1 and is given by: f highest — At. 
1 

Substitute for At, to obtain: f 1. v 

highest ~~ ~ 

At, (JEFE) 

Substitute numerical values and 340 m/s 
evaluate fhighest: f highest — 


a( Jalm) + +(90m)’-90m) 


=| 7.65kHz 


The lowest frequency end can be found by examining the limit of At, as n — œ: 


lim,,,.. At, = lim,,,., ey ) fr? t 2(n- 1) ) fr? acai) 
2(n- 1) 


ae aE n= ye) ee 
Vv 
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Express flowest in terms of At: f Pome eaeeen 3 
lowest At, 4r 
Substitute numerical values and 340 m/s 


85.0 Hz 


evaluate fiowest: fiowes = 4(1m) 


Chapter 17 
Temperature and the Kinetic Theory of Gases 


Conceptual Problems 


*1 è 
(a) False. If two objects are in thermal equilibrium with a third, then they are in thermal 


equilibrium with each other. 


(b) False. The Fahrenheit and Celsius temperature scales differ in the number of intervals 
between the ice-point temperature and the steam-point temperature. 


(c) True. 


(d) False. The result one obtains for the temperature of a given system is thermometer- 


dependent. 


2 ° 
Determine the Concept Put each in thermal equilibrium with a third body; e.g., a 
thermometer. If each body is in thermal equilibrium with the third, then they are in 


thermal equilibrium with each other. 
3 ° 
Picture the Problem We can decide which room was colder by converting 20°F to the 


equivalent Celsius temperature. 


Using the Fahrenheit-Celsius conversion, to = $ (t, —32°) = $(20°—32°) 


convert 20°F to the equivalent Celsius = —6.67°C 
temperature: so| Mert's room was colder. 
4 eo 


Picture the Problem We can apply the ideal-gas law to the two vessels to decide which 
of these statements is correct. 


Apply the ideal-gas law to the PV, = N ÁT, 
particles in vessel 1: 


Apply the ideal-gas law to the PV, = N,kT, 
particles in vessel 2: 


Divide the equation for vessel 1 by W ties NKT, 
the equation for vessel 2: PV, NT, 
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. . N. 
Because the vessels are identical and 1= and N,=N, 
are at the same temperature and N, 


pressure: (a)is correct. 


5 eo 
Determine the Concept From the ideal-gas law, we have P = nRT/V. In the process 


depicted, both the temperature and the volume increase, but the temperature increases 
faster than does the volume. Hence, the pressure increases. 


*6 ee 
Determine the Concept From the ideal-gas law, we have V =nRT/P. In the 


process depicted, both the temperature and the pressure increase, but the pressure 
increases faster than does the temperature. Hence, the volume decreases. 


7 ° 
True. The kinetic energy of translation K for n moles of gas is directly proportional to the 
absolute temperature T of the gas (K = 3nkT ). 


8 e 
Determine the Concept We can use V,m, = 4/3RT/M to relate the temperature of a gas 


to the rms speed of its molecules. 


Express the dependence of the rms 3RT 
A 

speed of the molecules of a gas on me M 

their absolute temperature: 


where R is the gas constant, M is the molar 
mass, and T is the absolute temperature. 


Because v,,,, © vT , the temperature must be quadrupled in order 


to double the rms speed of the molecules. 


9 e 
Picture the Problem The average kinetic energy of a molecule, as a function of the 
temperature, is given by K,, = 4kT and the pressure, volume, and temperature of an ideal 


gas are related according to PV = NAT. 


Express the average kinetic energy Ky = 2kT 
of a molecule in terms of its 
temperature: 
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From the ideal-gas law we have: PV = NAT 
Eliminate kT between these K = 3PV 
equations to obtain: ~O 2N 


If P is doubled at constant V, K increases by a factor of 2. 
If V is doubled at constant P, K,, increases by a factor of 2. 


10 oo 
Picture the Problem We can express the rms speeds of the helium atoms and the 


methane molecules using V =/3RT/M. 


Express the rms speed of the 3RT 
| (He) Sf 
helium atoms: ve M ue 
Express the rms speed of the 3RT 
j : . Vims (CH,) = 
methane molecules: M cu 
Divide the first of these equations V (He) M cu, 
by the second to obtain: v (CH,) F \ My 
Use Appendix C to find the molar Vims (He) _ /16g/mol _ 
masses of helium and methane: Vins (CH,) - \ 4g/mol 7 


and | (b) is correct. 


11 >œ 

False. Whether the pressure changes also depends on whether and how the volume 
changes. In an isothermal process, the pressure can increase while the volume decreases 
and the temperature is constant. 


12 œ 

Determine the Concept For the Celsius scale, the ice point (0°C) and the boiling point of 
water at 1 atm (100°C) are more convenient than 273 K and 373 K; temperatures in 
roughly this range are normally encountered. On the Fahrenheit scale, the temperature of 
warm-blooded animals is roughly 100°F; this may be a more convenient reference than 
approximately 300 K. Throughout most of the world, the Celsius scale is the standard for 
nonscientific purposes. 
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*13 >œ 
Determine the Concept Because 10’ >> 273, it does not matter. 


14 = 
Determine the Concept The average speed of the molecules in an ideal gas depends on 


the square root of the kelvin temperature. Because v,, oC JT , doubling the temperature 


while maintaining constant pressure increases the average speed by a factor of J2. 


(d)is correct. 


15 e 
Determine the Concept From the ideal-gas law, we have PV = nRT. Halving both the 


temperature and volume of the gas leaves the pressure unchanged. | (b) is correct. | 


16s 
Determine the Concept The average translational kinetic energy of the molecules of an 
ideal gas is given by K = å NkT =2nRT. The temperature of the ideal gas is related to 


the pressure of the gas. | (d) is correct. | 


17 œ 
Determine the Concept The only conclusion we can draw from the information that the 
vessel contains equal amounts, by weight, of helium and argon is that the temperatures of 


the helium and argon molecules are the same. | (d) is correct. 


18 oo 

Determine the Concept The two rooms are in thermal equilibrium and, because they are 
connected, the air in each is at the same pressure. Because P = Nk7/V, and the volume of 
each room is identical, N47, = NgTp, so the cooler room (A) has more air in it. 


19 « 
Determine the Concept The rms speed of an ideal gas is given by v,,,, =./3RT/M and 


its average kinetic energy by K,, = kT. Because the gases are at the same temperature, 


their average kinetic energies are the same. Because v, = ./3RT/M, the rms speeds 


are inversely proportional to the square root of the molecular masses. 


20 eo 

Determine the Concept The pressure is a measure of the change in momentum per 
second of a gas molecule on collision with the wall of the container. When the gas is 
heated, the average velocity, the average momentum, and pressure of the molecules 


increase. 
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*21 ee 

Determine the Concept Because the temperature remains constant, the average speed of 
the molecules remains constant. When the volume decreases, the molecules travel less 
distance between collisions, so the pressure increases because the frequency of collisions 


increases. 


22 oo 
Picture the Problem The average kinetic energies of the molecules are given by 
K.= (2 my’ J, = 3kT. Assuming that the room’s temperature distribution is uniform, 


av 2 
we can conclude that the oxygen and nitrogen molecules have equal average kinetic 
energies. Because the oxygen molecules are more massive, they must be moving slower 


than the nitrogen molecules. | (b) is correct. 


23 ee 
Determine the Concept The average molecular speed of He gas at 300 K is about 1.4 
km/s, so a significant fraction of He molecules have speeds in excess of earth’s escape 
velocity (11.2 km/s). Thus, they "leak" away into space. Over time, the He content of the 
atmosphere decreases to almost nothing. 


Estimation and Approximation 


*24 oe 

Picture the Problem Assuming the steam to be an ideal gas at a temperature of 373 K, 
we can use the ideal-gas law to estimate the pressure inside the test tube when the water is 
completely boiled away. 


Using the ideal-gas law, relate the P NkT 
pressure inside the test tube to its V 
volume and the temperature: 


Relate the number of particles N to mM M 
the mass of water, its molar mass M, N N, 
and Avogadro’s number Na: 
Solve for N: a Na 
M 
Relate the mass of 1 mL of water to m= pV = (10° kg/m’ fro m’)= 1g 


its density: 


Substitute for m, Na, and M (18 v=( pee x 10” particles/mol 
g/mol) and evaluate N: 7 18 g/mol 


= 3.35 x10” particles 


1318 Chapter 17 


Substitute numerical values and evaluate P: 


p — (3:35%10” particles (1.381% 10” J/K (373K) 
10x10°° m’ 
latm 
1.01x10° N/m? 


=172x10° N/m? x 


=| 171latm 


25 eee 

Picture the Problem We can find the escape temperatures for the earth and the moon by 
equating, in turn, 0.15ve and vms of O2 and H3. We can compare these temperatures to 
explain the absence from the earth’s upper atmosphere and from the surface of the moon. 


(a) Express Vrms for Oo: 3RT 
Vins =| 
rms M 


where R is the gas constant, T is the 
absolute temperature, and M is the molar 
mass of oxygen. 


Equate 0.15v, and Vms: 3RT 
0.15 222R oanh — Ea 
T 045¢eR, M 
Solve for T to obtain: T= 0 Sa (1) 


Evaluate T for Oz: _ 0.045(9.81m/s? )(6.37 x10°m) 


3(8.314J/mol - K) 
x (32x10 kg/mol) 
=| 3.61x10°K 


(6) Substitute numerical values and T= 0.045(9.81m/s? )(6.37 x10° m) 
evaluate T for H>: 3(8.314J/mol . K) 


x (2 x107% kg/mol) 


- [EK] 


H, molecules escape. Therefore, the more 


T 


If Vims > EV, Or T > 257m 
(c) ; 
energetic H, molecules escape from the upper atmosphere. 
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(d) Express equation (1) at the Z 0.0452 noon Emon M 


moon 


T 


surface of the moon: 3R 
7 0.045(1 E earth IRon M 
7 3R 
_ 0.00252 varn Rmoon M 
R 


Substitute numerical values and evaluate T for O»: 


_ 0.0025(9.81m/s? )(1.738x10° m)(32x10° kg/mol) 


=| 164K 
8.314J/mol-K 164K | 


T 


Substitute numerical values and evaluate T for H,: 


ie 0.0025(9.81m/s*)(1.738 x 10° m)(2 x10° kg/mol) _ 


8.314J/mol-K 
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If we assume that the temperature on the moon with an atmosphere would 


have been approximately 1000 K, then allO, and H, would have 
escaped during the time since the formation of the moon to the present. 


26 eo 


Picture the Problem We can use v,,,, = 4/3RT/M to calculate the rms speeds of H2, O», 
and CO; at 273 K and then compare these speeds to 20% of the escape velocity on Mars 


to decide the likelihood of finding these gases in the atmosphere of Mars. 


Express the rms speed of an atom as 3RT 
a function of the temperature: Vims = M 
(a) Substitute numerical values and E 3(8.314 J/mol- K)(273 K) 
evaluate vms for H»: Vms, T 2x10” kg/mol 
=| 1.85 km/s 
(b) Evaluate vims for O»: ye 3(8.314 J/mol - K)(273K) 
ee 32 x10” kg/mol 


- [6mm] 


1320 Chapter 17 


(c) Evaluate vms for CO»: F _ [3(8.314J/mol - K )(273K) 
ae 44x10” kg/mol 


=| 393m/s 


(d) Calculate 20% of vesc for Mars: v=tv.. = 1(5 km/s) =1km/s 


Because v is greater than v,,,, for CO, and O, but less than vn, for H, 
O, and CO,, but not H,, should be present. 


#27 ee 
Picture the Problem We can use v,,,, = 43RT/M to calculate the rms speeds of H», On, 


and CO, at 123 K and then compare these speeds to 20% of the escape velocity on Jupiter 
to decide the likelihood of finding these gases in the atmosphere of Jupiter. 


Express the rms speed of an atom as 3RT 
a function of the temperature: rms M 


(a) Substitute numerical values and 3(8.314 J/mol- K )(123K 
evaluate Vims for Ho: Yims, ita T 2x10’ kg/mol 
=| 1.24km/s 


(b) Evaluate vims for Oo: _ /3(8.314J/mol - K )(123K) 
icici 32 x10* kg/mol 


- [310m] 


(c) Evaluate Vims for CO»: _ [3(8.314J/mol - K)\(123K) 
ü 44x 10° kg/mol 


- [264i] 


(d) Calculate 20% of vesc for Jupiter: V = V ese = (60 km/s) =12km/s 


Because v is greater than v,,,, for O,, CO,, and H,, O,, CO,, and H, should 


be found on Jupiter. 


Temperature and the Kinetic Theory of Gases 1321 


Temperature Scales 


28 œ 
Picture the Problem We can convert both of these temperatures to the Fahrenheit scale 
and then express their difference to find the range of temperatures. 


Solve the Fahrenheit-Celsius tp = 2, +32° 
conversion equation for the 
Fahrenheit temperature: 


Find the Fahrenheit equivalent of tp = a(- 12°) + 32° =10.4° 
—12°C: 

Find the Fahrenheit equivalent of tp = 2(— 7°) +32° =19.4°F 
-7°C: 

The difference between these two Range = 19.4°F —10.4°F 


temperatures is the range on the =| 9.00F° 


Fahrenheit scale: 


Remarks: We could take advantage of the fact that 9 F° = 5 C° to arrive at the 
aforementioned result in which the range of Celsius temperatures happens to be 5C°. 
If the temperature difference were other than 5C°, we could set up a proportion to 
quickly find the range on the Fahrenheit scale. 


29 œ 
Picture the Problem We can use the Fahrenheit-Celsius conversion equation to find this 
temperature on the Celsius scale. 


Convert 1945.4°F to the equivalent to = 2 (t, —32°)= £(1945.4° — 32°) 
Celsius temperature: =[1063°C 
*30 ° 


Picture the Problem We can use the Fahrenheit-Celsius conversion equation to express 
the temperature of the human body on the Celsius scale. 


Convert 98.6°F to the equivalent to = $ (t, —32°)= $(98.6° — 32°) 


Celsius temperature: =[ 37.0°C 
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31 >œ 

Picture the Problem While we could use 
Equation 17-1 to relate the Celsius 
temperature to the length of the column of 
mercury in the thermometer, an alternative 
solution is to use the diagram to the right to 
set up a proportion that will relate the 
Celsius temperature to the calibration 
temperatures and to the lengths of the 
mercury column. 


Using the diagram, set up a 
proportion relating the temperatures 
to the lengths of the column of 


mercury: 


Solve for and evaluate Ly 


(a) Substitute 22.0°C for t. and 
evaluate Lu 


(b) Substitute 25.4 cm for L, and 
evaluate t.: 


32 >œ 


LT OS SS SS SS T Lioo 
h + I i 
0cC— + Éa 
t-0C _ L-L 


100°C —0°C Low- Ly 


— t (Lo ilag 
: 100° j 

_ £ (24.0cm — 4.0cm) 
7 100° 


= #{20.0em) | 4 Jom 


100° 


+4.0cm 


Ia (22.0°C)(20.0cm) 
100° 


-[Bavem | 


TA 25.4cm — 4.0cm 
i 20cm 


=| 107°C 


+4.0cm 


x 100° 


Picture the Problem We can use the temperature conversion equations 
t; = 2t,+32° and te = T —273.15K to convert 10’ K to the Fahrenheit and Celsius 


temperatures. 


Express the kelvin temperature in terms 
of the Celsius temperature: 


T =t,+273.15K 
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(a) Solve for and evaluate fc: 


(b) Use the Celsius to Fahrenheit 
conversion equation to evaluate fp: 


33 >œ 

Picture the Problem While we could 
convert 77.35 K to a Celsius temperature 
and then convert the Celsius temperature 
to a Fahrenheit temperature, an alternative 
solution is to use the diagram to the right 
to set up a proportion for the direct 
conversion of the kelvin temperature to its 
Fahrenheit equivalent. 


Use the diagram to set up the 
proportion: 


Solve for and evaluate tp: 


34 >œ 
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te = T —273.15K =10’ K - 273.15K 


10’K 
t, = 2(10’°C)+32° = 


Q 


F K 
212 373.15 
32 273.15 
oe eee 77.35 
32°F-t, _ 273.15K—77.35K 
212°F -32°F 373.15K — 273.15K 
or 
32°F-t, 195 
180F° 100 


on 195 s z 
t, =32 Sep =| —319°F 


Picture the Problem We can use the fact that, for a constant-volume gas thermometer, 


the pressure and absolute temperature are directly proportional to calibrate the given 
thermometer; i.e., to find the constant of proportionality relating P and 7. We can then 


use this equation to find the temperature corresponding to a given pressure or the pressure 


corresponding to a given temperature. 
Express the direct proportionality 
between the pressure and the 


temperature: 


Use numerical values to evaluate C: 


P=CT 
where C is a constant. 


_ P _ 0.400 atm 


T 273.15K 
= 1,464x10° atm/K 
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Substitute to obtain: P=(1.464x10°atm/K)T Œ 
or 
T = (682.9K/atm)P (2) 
(a) Use equation (2) to find the T= (682.9 K/ atm )(0.1atm) 
temperature: =| 68.3K 
(b) Use equation (1) to find the P= (1.464x10° atm/K) 
boiling point of sulfur: x (444.6 +273.1 5)K 


- [Loam] 


*35 ° 

Picture the Problem We can use the information that the thermometer reads 50 torr at 
the triple point of water to calibrate it. We can then use the direct proportionality between 
the absolute temperature and the pressure to either the pressure at a given temperature or 
the temperature for a given pressure. 


Using the ideal-gas temperature scale, T= 273.16K p= 273.16K p 
relate the temperature to the pressure: P, 50 torr 

= (5.463K/torr )P 
(a) Solve for and evaluate P when P = (0.1830 torr/K)T 


=( 
T = 300K: = (0.1830 torr/K )(300K) 


- [ason] 


(b) Find T when the pressure is 678 torr: T= (5.463 K/ torr)(678 torr) 


=| 3704K 


36° 

Picture the Problem We can use the equation for the ideal-gas temperature scale to 
express the temperature measured by this thermometer in terms of its pressure and the 
given data to calibrate the thermometer. 


Write the equation for the ideal-gas T= 273.16K p 
temperature scale: P, 
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(a) Solve for and evaluate the P= 273.16K ps 273.16K (30 torr) 
thermometer’s triple-point pressure: T 373K 

=| 22.0 torr 
(b) Substitute for P3 in Equation 17-4: T= 273.16K P= 273.16K (0.175torr) 


7 22.0 torr 7 22.0 torr 
=|2.17K 


37 >œ 
Picture the Problem We can find the temperature at which the Fahrenheit and Celsius 


scales give the same reading by setting ¢; = tc in the temperature-conversion equation. 


Set ty = tc in te = (t; —32°): t; = $ (t, -32°) 


Solve for and evaluate ty: te = tp =| —40.0°C |=| —40.0°F 


Remarks: If you’ve not already thought of doing so, you might use your graphing 


calculator to plot tc versus tg and tp = tc (a straight line at 45°) on the same graph. 
Their intersection is at (—40, —40). 


38 >œ 

Picture the Problem We can use the Celsius-to-absolute conversion equation to find 371 
K on the Celsius scale and the Celsius-to-Fahrenheit conversion equation to find the 
Fahrenheit temperature corresponding to 371 K. 


Express the absolute temperature as T =t +273.15K 
a function of the Celsius 
temperature: 
Solve for and evaluate tc: te =T -—273.15K 
= 371K — 273.15K =| 97.9°C 
Use the Celsius-to-Fahrenheit tp = $f, +32° = 3(97.9°) +32° 
conversion equation to find tp: =| 208°F 
39 ° 


Picture the Problem We can use the Celsius-to-absolute conversion equation to find 90.2 
K on the Celsius scale and the Celsius-to-Fahrenheit conversion equation to find the 
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Fahrenheit temperature corresponding to 90.2 K. 


Express the absolute temperature as a 
function of the Celsius temperature: 


Solve for and evaluate tc: 


Use the Celsius-to-Fahrenheit 
conversion equation to find fp: 


40 °* 

Picture the Problem We can use the 
diagram to the right to set up proportions 
that will allow us to convert temperatures 
on the Réaumur scale to Celsius and 
Fahrenheit temperatures. 


Referring to the diagram, set up a 
proportion to convert temperatures on 
the Réaumur scale to Celsius 
temperatures: 


Simplify to obtain: 

Referring to the diagram, set up a 
proportion to convert temperatures on 
the Réaumur scale to Fahrenheit 


temperatures: 


Simplify to obtain: 


*41 eco 


T = tę +273.15K 


te = T-273.15K 
= 90.2K —273.15K =| -183°C 


tp = lte +32° = 2 (—183°)+ 32° 


=| —297°F 


100° -212° 80° 


t—0°C — -0R 
100°C—0°C  80°R -0°R 


to Ír 
— =— ort. =| 1.25t 
100 80 c 


t,-32°F _ t,-0°R 
212°F-32°F 80°R-0°R 


Picture the Problem We can use the temperature dependence of the resistance of the 


thermistor and the given data to determine Rọ and B. Once we know these quantities, we 
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can use the temperature-dependence equation to find the resistance at any temperature in 


the calibration range. Differentiation of R with respect to T will allow us to express the 


rate of change of resistance with temperature at both the ice point and the steam point 


temperatures. 

(a) Express the resistance at the ice 
point as a function of temperature of 
the ice point: 

Express the resistance at the steam 
point as a function of temperature of 


the steam point: 


Divide equation (1) by equation (2) 
to obtain: 


Solve for B by taking the logarithm 
of both sides of the equation: 


Solve equation (1) for Rp and 
substitute for B: 


(b) From (a) we have: 


Convert 98.6°F to kelvins to obtain: 


Substitute to obtain: 


(c) Differentiate R with respect to T 
to obtain: 


7360Q = Re” (1) 


153Q = R,e®?"* (2) 
7360Q = 48 10 = g?l 273 K-B/373K 
153Q l 
piispat 
273 373 
and 
pao BBI. leone R 
a ail KŽ 
273 373 
_ 73602 


= (7360 Q)e 77“ 


0 ` B/273K 
e 


= (7360 Qe ey K/273K 


=| 3.97 x10” Q 


R = (3.97 x10” Q)? x/r 


T =310K 


R= (3.97 x 10° ojan K/310K 


- [iaa] 
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Evaluate dR/dT at the ice point: í dR ) n (7360 Q)(3.94 x 10° K) 
AT Jp (273.16K) 
=| —3890/K 
Evaluate dR/dT at the steam point: dR _ 530)(3.94 x 10° K) 
dT steam point (373. 16 Ky 


EE 


The thermistor is more sensitive; i.e., it has greater sensitivity at lower 


(d) 


temperatures. 


The Ideal-Gas Law 


42 » 

Picture the Problem Let the subscript 1 refer to the gas at 50°C and the subscript 2 to 
the gas at 100°C. We can apply the ideal-gas law for a fixed amount of gas to find the 
ratio of the final and initial volumes. 


Apply the ideal-gas law for a fixed PV, _ PV, 
amount of gas: Ta i ca 
or, because P, = P}, 
V, T, 
y 4% 
Substitute numerical values and Vy _ (273.15+100)K BEET 
evaluate V/V; V, (273.15+50)K = 


43° 
Picture the Problem We can use the ideal-gas law to find the number of moles of gas in 
the vessel and the definition of Avogadro’s number to find the number of molecules. 


Apply the ideal-gas law to the gas: PV =nRT 


Solve for the number of moles of gas n= PV 
in the vessel: RT 


Substitute numerical values and 
evaluate n: 
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me (4atm)(10L) 
(8.206 x 10° L - atm/mol - K (273K) 
=| 1.79mol 
N=nN, 


Relate the number of molecules N in 
the gas in terms of the number of 
moles n: 


Substitute numerical values and evaluate N: 


N =(1.79mol) (6.022 x 10° molecules/mol) = 


44 oe 


1.08 x 10** molecules 


Picture the Problem We can use the ideal-gas law to relate the number of molecules in 


the gas to its pressure, volume, and temperature. 


Solve the ideal-gas law for the number 
of molecules in a gas as a function of 
its pressure, volume, and temperature: 


Substitute numerical values and 
evaluate N: 


45 % 
Picture the Problem The pictorial 
representation to the right, in which To 
represents absolute zero, summarizes the 
information concerning the temperatures 
and pressures we are given. We know, 
from the ideal-gas law, that the pressure of 
a fixed volume of gas is proportional to its 
absolute temperature. We can use the 
diagram to set up a proportion relating the 
temperatures and pressures that we can 
solve for To. 


Apply the ideal-gas law to obtain: 


Solve for To to obtain: 


or 10° torr )(133.32 Pa/torr (L0 m° 
1.381x 10-* J/K )(300K) 
[2x10] 


T, glips T, klads 


22 -12.5 


-10 —8.7 


22 glips—T, _ —10glips —T, 
12.5klads 8.7 klads 


T, =| —83.2 glips 
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Remarks: Because the gas is ideal, its pressure is directly proportional to its 
temperature. Hence, a graph of P versus T will be linear and the linear equation 
relating P and T can be solved for the temperature corresponding to zero pressure. 


46 œ 

Picture the Problem Let the subscript 1 refer to the tires when their pressure is 180 kPa 
and the subscript 2 to conditions when their pressure is 245 kPa. Assume that the air in 
the tires behaves as an ideal gas. Then, we can apply the ideal-gas law for a fixed amount 
of gas to relate the temperatures to the pressures and volumes of the tires. 


(a) Apply the ideal-gas law for a PV, 7 PV, (1) 
fixed amount of gas to the air in the T, L 
tires: 


; P 
Solve for T»: T, =7 T because V; = P». 


1 


Substitute numerical values to 245kPa 7 


T, = (265K) 360.7K 
obtain: 180kPa 
=| 87.7°C 
(b) Use equation (1) with PY, P, 
V2 = 1.07 V;. Solve for T»: T,= Py” =1.07 ~ 


Substitute numerical values and T, =1.07(360.7K) = 385.9K =| 113°C 


evaluate 7>: 


47 » 
Picture the Problem We can apply the ideal-gas law to find the number of moles of air 
in the room as a function of the temperature. 


(a) Use the ideal-gas law to relate the n- PV (1) 


number of moles of air in the room to RT 
the pressure, volume, and temperature 


of the air: 
Substitute numerical values and Te (101.3kPa)(90 mê) 
evaluate n: ~ (8.314J/mol - K)(300K) 


=| 3.66 x10° mol 
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(b) Letting n' represent the number 
of moles in the room when the 
temperature rises by 5 K, express 
the number of moles of air that 
leave the room: 


Apply the ideal-gas law to obtain: 


Divide equation (2) by equation (1) 


to obtain: 


Substitute for n’ to obtain: 


Substitute numerical values and 
evaluate An: 


+48 oe 


An=n-n' 
PV 
cae 2 
RT (2) 
—=— and n'=n— 
n 
an=n— nF = rf 1-2 | 
1 T' 
An = (3.6610? mol)| 1- 222% 
305K 


=| 60.0mol 


Picture the Problem Let the subscript 1 refer to helium gas at 4.2 K and the subscript 2 


to the gas at 293 K. We can apply the ideal-gas law to find the volume of the gas at 4.2 K 


and a fixed amount of gas to find its volume at 293 K. 


(a) Apply the ideal-gas law to the 
helium gas and solve for its volume: 


Substitute numerical values to 
obtain: 
Find the number of moles in 10 g of 


helium: 


Substitute for n to obtain: 


(b) Apply the ideal-gas law for a 
fixed amount of gas and solve for 


ae nRT, 
R 
; (0.08206 L - atm/mol- K)(4.2K) 
! latm 
= (0.3447 L /mol)n 
n= Wg = 2.5mol 
4g/mol 


V, = (0.3447 L/ mol)(2.5mol) 


-[ 08824 
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the volume of the helium gas at 
293 K: 


Substitute numerical values and 
evaluate V»: 


49 


and, because P4 = Po, 
T. 


aah 
V, 229° ppi = 60.1L 
4.2K 


Picture the Problem Because the helium is initially in the liquid state, its temperature 
must be 4.2 K. Let the subscript 1 refer to helium gas at 4.2 K and the subscript 2 to the 
gas at 293 K. We can apply the ideal-gas law for a fixed volume of gas to relate the 


pressure at 293 K to the pressure at 4.2 K and use the ideal-gas law to find the pressure at 


4.2 K. 


Apply the ideal-gas law for a fixed 
amount of gas: 


Solve for its pressure at 293 K: 


Apply the ideal-gas law to the 
helium gas at 4.2 K and solve for its 
pressure: 


Substitute numerical values to 
obtain: 


Find the number of moles in 10 g of 


helium: 


Substitute for n to obtain: 


Substitute in equation (1) and 
evaluate P»: 


+50 oe 


PV, _ PV, 

T, T 

P, = Er, =p (1) 
VT, T 


because V; = V» 


_ nRT, 
V, 


P 


1 


ay (0.08206 L - atm/mol - K)(4.2K) 
' 6L 
= (0.05744atm/mol)n 


10g 


n= = 2.5mol 
4g/mol 


P =(0.05744atm/mol)(2.5mol) 
= 0.1436 atm 


P, = (0.1436atm) =E =| 10.0atm 


Picture the Problem Let the subscript 1 refer to the tire when its temperature is 20°C 


and the subscript 2 to conditions when its temperature is 50°C. We can apply the ideal- 
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gas law for a fixed amount of gas to relate the temperatures to the pressures of the air in 


the tire. 
(a) Apply the ideal-gas law for a PV, = PV, (1) 
fixed amount of gas and solve for T, T 
pressure at the higher temperature: and 
T. 
P,==R 
h 
because V; = Vp 
. . 2 K 
Substitute numerical values to P = 323 (200kPa +101kPa) 
obtain: 293K 
=332 kPa 
and 
P, sauge = 332 kPa —101kPa 
=| 231kPa 
(b) Solve equation (1) for P, with P= VT, P 
Və = 1.1 V, and evaluate P»: i VT } 
23K 
= _ Bee 2000 kPa +101kPa) 
1.1(293K) 
= 302 kPa 
and 


Py gauge = 302 kPa -101kPa =| 201kPa 


51 oo 

Picture the Problem Let Py, and /,, be the number densities (i.e., the number of 
particles per unit volume) of N and On», respectively. We can express the density of air in 
terms of the densities of nitrogen and oxygen and their number densities 

aS Par = My, Px, + Mo, Po,- By applying the ideal-gas law, we can find the number 
density of air and, using the given composition of air, calculate the number densities of 
nitrogen and oxygen. Finally, we can find the masses of nitrogen and oxygen molecules 
from their atomic masses. Knowing Py,, Po,» My,» and Mo, , we can calculate pair- 
Express the density of air in terms of Pair = My, Px, + Mo, Po, (1) 

the densities of nitrogen and oxygen: 


Using the ideal-gas law, relate the 
number density of air N/V to its PV = NkT and 
temperature and pressure: 


3/2 
S| 
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Substitute numerical values and 


evaluate the number density of air: 


Because air is approximately 74% 
N, and 26% O,;: 


Calculate the masses of N, and O; 
molecules: 


Substitute in equation (1) and 
evaluate Pair: 


52 oo 


N 1.01x10° N/m? 


V (1.381x10-? J/K)(297K) 
= 2.46x10% m° 


Px, = 0.74 = 0.74(2.46 x10 m”) 


=1.82 x10” m” 
and 


Po, = 0.262 = 0.26(2.46 x10” m>) 


= 6.40 x10 m®? 


my, = (28u)(1.660 x 107” kg/u) 


= 4.65x 10" kg 
and 
mo, = (32u)(1.660x10~” kg/u) 


=5.31x10- kg 


Puy = (4.65x 10 kg)(1.82x 10? m°) 
+ (5.3110 kg)(6.40x10" m°) 
=| 1.19kg/m° 


Picture the Problem Let the subscript 1 refer to the conditions at the bottom of the lake 


and the subscript 2 to the surface of the lake and apply the ideal-gas law for a fixed 


amount of gas. 


Apply the ideal-gas law for a fixed 


amount of gas: 


Solve for the volume of the bubble 


just before it breaks the surface: 


Find the pressure at the bottom of 
the lake: 


P = Pom + Pgh 
=101.3kPa 

+ (10° kg/m? )(9.81m/s? )(40m) 
= 493.7 kPa 
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Substitute numerical values and 
evaluate V3: 


53 oo 


(298K )(493.7 kPa) 
(278K)(101.3kPa) 


- [Fase] 


V, = (15cm’) 


Picture the Problem Assume that the volume of the balloon is not changing. Then the 
air inside and outside the balloon must be at the same pressure of about 1 atm. The 
contents of the balloon are the air molecules inside it. We can use Archimedes principle 
to express the buoyant force on the balloon and we can find the weight of the air 


molecules inside the balloon 


Express the net force on the balloon 
and its contents: 


Using Archimedes principle, 
express the buoyant force on the 
balloon: 


Express the weight of the air inside 
the balloon: 


Substitute in equation (1) for B and 
Wair inside the balloon to obtain: 


Express the densities of the air 
molecules in terms of their number 
densities, molecular mass, and 
Avogadro’s number: 


Using the ideal-gas law, relate the 
number density of air N/V to its 


temperature and pressure: 


Substitute to obtain: 


Substitute in equation (2) and 
simplify to obtain: 


net — B ~ Wair inside the balloon (1) 


B= Waisplaced fluid = Maisplaced fluidS 
or 
B = PoV oaioong 


where p, is the density of the air outside 
the balloon. 


Wair inside the balloon = P. Wie 
where pis the density of the air inside the 
balloon. 


Tia = PoV valoong = PV sattoon 


(2) 
z (p, -Pi Warg 


7 x(x) 
N, (V 
PV = NKT and == 
V kT 
Z xZ) 
N, (kT 


MP|/ 1 1 
Fia = mji g haa 
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Assuming that the average molecular weight of air is 29 g/mol, substitute numerical 


values and evaluate F ye! 


(29 g/mol)(1.01x10° N/m?) 


1 1 
™* (6.022 x 10” particles/mol (1.38110 al 297K ad 


x (1.5m*)(9.81m/s?) 


=| 2.56N 


Picture the Problem We can find the number of moles of helium gas in the balloon by 


applying the ideal-gas law to relate n to the pressure, volume, and temperature of the 


helium and Archimedes principle to find the volume of the helium. In part (b), we can 


apply the result of Problem 13-95 to relate atmospheric pressure to altitude and use the 


ideal-gas law to determine the pressure of the gas when the balloon is fully inflated. In 
part (c), we’ll find the net force acting on the balloon at the altitude at which it is fully 
inflated in order to decide whether it can rise to that altitude. 


(a) Apply the ideal-gas law to the 
helium in the balloon and solve 
for n: 


Relate the net force on the balloon 
to its weight: 


Use Archimedes principle to 
express the buoyant force on the 
balloon in terms of the volume of 
the balloon: 

Substitute to obtain: 


Solve for the volume of the helium: 


Substitute numerical values and 
evaluate V: 


PV 
430 1 
RT (1) 
Fy = Wein — Woad — Wie = 30N 


F, B7 Waisplacedair 


= Pal Z 


Parl Z ~ Wexin ~~ Woad ~ Pulg = 30 N 


_ 30N+w. 


skin 


(Par H Pue )g 


F Wioad 


y 


___ 30N+50N+110N 
(1.298kg/m? - 0.179kg/m*) 
1 


Ü (9.81m/s°) 


=17.39m° 
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Substitute numerical values in a (7 39 3) 1L 
equation (1) and evaluate n: a A ae 10° m? 


n = 
(8.206 x107°L - atm/mol- K )(273K) 


- [77am] 


(b) Using the result of Problem 13- P(h)= Pel” 
95, express the variation in where ho = 7.93 km 
atmospheric pressure with altitude: 


Solve for h: es hr m| L l D 


Neglecting changes in temperature with elevation, apply the ideal-gas law to find the 
pressure at which the balloon’s volume will be 32 m’: 


_nRT _ (776 mol)(8.206 x 107 L - atm/mol K)(273K) 


pe 1L 


= 0.543atm 


32m? x 


Substitute in equation (2) and dain 
evaluate h: h= (o3) 2 =| 4.84km 


(c) Express the condition that must be F a =F a Wo 29 (3) 
satisfied if the balloon is to reach its 
fully inflated altitude: 


Express Wot: Wot = Woad + Wekin + Wue 
=110N+50N+w,, 
=160N+w,, 

Express the weight of the helium: We = Pue Z 

Substitute for wye and evaluate wot: Wo =160N + Pueg 


=160N + (0.179kg/m’)(17.38m’) 
x (9.81m/s’) 
=190.5N 
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Determine the buoyant force on the 
balloon at A = 4.84 km: 


Express the dependence of the 


density of the air on atmospheric 
pressure: 


Substitute and evaluate Fg: 


Substitute in equation (3) and 
evaluate Fy: 


Fy = Pair nV g (4) 
P 2 Pana (5) 
P Pair 
or 

a 
Pair,h P Pair 

P 
Fy = p Pals 


0 


= 0.543(1.293kg/m?)(32m?) 
x (9.81m/s) 
=219.9N 


F « = 219.9N —190.5N = 29.4N 20 


net 


Because F 


net 


fullyinflated. 


> 0, the balloon will rise higher than the altitude at which it is 


(d) The balloon will rise until the net force acting on it is zero. Because the buoyant 


force depends on the density of the air, the balloon will rise until the density of the air 


has decreased sufficiently for the buoyant force to just equal the total weight of the 


balloon. 


Substitute equation (5) in equation 
(2) to obtain: 


Using equation (4), find the density 
of the air such that Fg = 190.5 N: 


Substitute numerical values and 
evaluate h: 


h= hy n2 
Paix, h 
F, 190.5N 
Pair,h en a 3 2 
Ve (32m°)(9.81m/s) 
= 0.6068kg/m° 


h= (793m) 


- [E00 


1.293kg/m? 
0.6068kg/m? 
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Kinetic Theory of Gases 


*55 œ 

Picture the Problem We can express the rms speeds of argon and helium atoms by 
combining PV = nRT and v, = .3RT/M to obtain an expression for vms in terms of 
P, V, and M. 


Express the rms speed of an atom as a 3RT 
function of the temperature: Vims = M 
From the ideal-gas law we have: RT= PV 
n 
Substitute to obtain: 3PV 
rms ` nM 


(a) Substitute numerical values and evaluate v,,,, for an argon atom: 


-3 3 
eee | eeadoth sere m ) [276m] 


(1mol)(40 x10” kg/mol) 


(b) Substitute numerical values and evaluate v,ms for a helium atom: 


3(L0atm)(101.3kPa/atm) aT m’ 
H | 872m/s | 
Vins e)= ( 101)(4 x107 Taal =[ 872mss | 
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Picture the Problem We can express the total translational kinetic energy of the oxygen 
gas by combining K = nRT and the ideal-gas law to obtain an expression for K in terms 


of the pressure and volume of the gas. 


Relate the total translational kinetic K =3nRT 
energy of translation to the 
temperature of the gas: 


Using the ideal-gas law, substitute K=3PV 
for nRT to obtain: 


Substitute numerical values and K= 3(101.3 kPa)(10“ m°) = 


evaluate K: 
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57 œ 
Picture the Problem Because we’re given the temperature of the hydrogen atom and 
know its molar mass, we can find its rms speed using v,,., = ./3R7/M and its average 


rms 


kinetic energy from K,, = 37. 


Relate the rms speed of a hydrogen 3RT 
atom to its temperature and molar Vims = M 
mass: 
Substitute numerical values and 3(8. 314J/mol - K)(10” K) 
evaluate Vins! Yms = 10 *kg/mol 
=| 499 km/s 
Express the average kinetic energy K,, =2kT 
of the hydrogen atom as a function 
of its temperature: 
Substitute numerical values and i= 2(1.381x 10” yK) K) 
evaluate Ka: -| 207x10 "J 


*58 >œ 

Picture the Problem Because there are 6 squared terms in the expression for the total 
energy of an atom in this model, we can conclude that there are 6 degrees of freedom. 
Because the system is in equilibrium, we can conclude that there is energy of 4+kT per 


molecule or +.RT per mole associated with each degree of freedom. 


E 
Express the average energy per atom av NG kT) _ 6( a kT) -[34T 
in the solid in terms of its atom 


temperature and the number of 


degrees of freedom: 


Relate the total energy of one mole Ea N (2 RT ) a 6(4 RT ) =| 3RT 
to its temperature and the number of mole 


degrees of freedom: 


59 œ 


Picture the Problem We can combine å = and PV = nRT to express the 


1 
V2n,7 d’ 


mean free path for a molecule in an ideal gas in terms of the pressure and temperature. 
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Express the mean free path of a 
molecule in an ideal gas: 


Solve the ideal-gas law for the 
volume of the gas: 


Substitute in our expression for n, to 
obtain: 


Substitute in the expression for the 
mean free path to obtain: 
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1 
A= 
V2n,x d? 


where 


n,=N/V =nN,/V 


y = RT 
P 
= MNa pu P 
nRT kT 
B kT 
V2P7 d’ 


Picture the Problem We can find the collision time from the mean free path and the 


average (rms) speed of the helium molecules. We can use the result of Problem 43 to find 
the mean free path of the molecules and v „s = 43RT/M to find the average speed of the 


molecules. 


Express the collision time in terms of 
the mean free path for and the average 
speed of a helium molecule: 


Use the result of Problem 43 to 
express the mean free path of the 
gas: 


Substitute numerical values and 
evaluate A: 


Express the average speed of the 


molecules: 


Substitute numerical values and 
evaluate Vims! 


T S (1) 
Viy 

a2 T 
J2Prd? 


__(.381x10** /K)(300K) 
2(7 x10" Pa) (10 m} 


=1.332x10°m 

y=. [BRT 

rms y M 

mae 3(8.314 J/mol - K )(300K) 
mY 4x10 kg/mol 


= 1,368 x10? m/s 
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Substitute in equation (1) and 
evaluate r: 


#61 oe 


1.332x10° m z 
tT == _ =| 9.74x10's 
1.368 x10° m/s |[9:74x10°s | 


Picture the Problem We can use K = 3kT and AU = mgh = Mgh/N, to express the 


ratio of the average kinetic energy of a molecule of the gas to the change in its 
gravitational potential energy if it falls from the top of the container to the bottom. 


Express the average kinetic energy 
of a molecule of the gas as a 
function of its temperature: 


Letting h represent the height of the 
container, express the change in the 
potential energy of a molecule as it 

falls from the top of the container to 
the bottom: 


Express the ratio of K to AU and 
simplify to obtain: 


K _ 3kT _3N,kT 
AU Mgh 2Mgh 
Na 


Substitute numerical values and evaluate K/AU: 


K — 3(6.022x10* )(1.381x10” J/K )(300K) 7 
= ee aes =| 7.95x10 
AU 2(32 x 10-*kg}(9.81m/s? )(0.15m) 


The Distribution of Molecular Speeds 
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Picture the Problem Equation 17-37 gives the Maxwell-Boltzmann speed distribution. 


Setting its derivative with respect to v equal to zero will tell us where the function’s 


extreme values lie. 
Differentiate Equation 17-37 with 
respect to v: 


fd Ap) veto 
dv dv| Ja \ 2kT 


_ 4 (mN (3, me!) 
Va \ 2kT kT | 
TW 
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Set df/dv = 0 for extrema and solve rr kT 
for v: 2v-——=0> v=| | — 
` kT m 


Examination of the graph of f(v) makes it 
clear that this extreme value is, in fact, a 
maximum. See Figure 17-16 and note that 


it is concave downward at v = 4/2kT/m. 


Remarks: An alternative to the examination of f(v) in order to conclude that 
v=4,]2kT/m maximizes the Maxwell-Boltzmann speed distribution function is to 


show that d’f/dv’ < 0 atv = ./2kT/m. 


*63 ee 
Picture the Problem We can show that fv) is normalized by using the given integral to 
integrate it over all possible speeds. 


Express the integral of Equation 17-37: F Uae 


a m ye ™” IKT Jy 
[row] [ve a 


0 0 


(o) 


t 4 3/2 f 2 -av? 
=-= d 
J flv dv a f ve v 


0 


Let a= m/2kT to obtain: 


Use the given integral to obtain: 


í _ 4 lza 
Le alee )-E 
i.e., Av) is normalized. 


64 ~ 
Picture the Problem In Problem 63 we showed that f{v) is normalized. Hence we can 


evaluate vay using f vf (v)dv : 
0 


Express the average speed of the B h ( W 
molecules in the gas: Yav = J A as 
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Substitute a = m/2kT : 


Use the given integral to obtain: 


#65 ee 


Voy =a fre ” dy 
m 0 
i ae | 
V,y = =a = 
calla eee 


Picture the Problem Choose a coordinate system in which downward is the positive 


direction. We can use a constant-acceleration equation to relate the fall distance to the 


initial velocity of the molecule, the acceleration due to gravity, the fall time, and 
Vins = 4/3kT/m to find the initial velocity of the molecules. 


(a) Using a constant-acceleration 
equation, relate the fall distance to 
the initial velocity of a molecule, the 
acceleration due to gravity, and the 
fall time: 


Express the rms speed of the atom to 
its temperature and mass: 


Substitute numerical values and 
evaluate Vrms: 


Letting Vrms = Vo, substitute in 
equation (1) to obtain: 


Solve this equation to obtain: 


(b) If the atom is initially moving 
upward: 


Substitute in equation (1) to obtain: 


y =v,t+tgt? (1) 
A 3kT 
rms y m 


3(1.381x 10° J/K )(120nK) 
mV (85.470) (1.660 x10” kg/u) 


=5.92x10° m/s 


0.1m = (5.92 x10° m/s) +4 (9.81m/s?)?? 


t =| 0.142s 


=< 
II 


v =—5.92x10° m/s 


0.1m =(-5.92x10° m/s) 
+4(9.81m/s? }?? 


Temperature and the Kinetic Theory of Gases 1345 


Solve this equation to obtain: 


General Problems 


66 >œ 


Picture the Problem We can use v,,,, = 4/3RT/M to relate the temperature of the H2 


molecule to its rms speed. 


Relate the rms speed of the molecule 
to its temperature: 


Solve for the temperature: 


Substitute numerical values and 
evaluate T: 
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3RT 
Vins = EFE 
M 
T = My... 
3R 


(2x10? kg/mol}(331m/s) 
3(8.314J/mol - K) 


-[B7K | 


Picture the Problem We can use the ideal-gas law to find the initial temperature of the 


gas and the ideal-gas law for a fixed amount of gas to relate the volumes, pressures, and 


temperatures resulting from the given processes. 


(a) Apply the ideal-gas law to 
express the temperature of the gas: 


Substitute numerical values and 
evaluate T: 


(b) Use the ideal-gas law for a fixed 
amount of gas to relate the 
temperatures and volumes: 


Solve for and evaluate 7): 


(c) Use the ideal-gas law for a fixed 
amount of gas to relate the 


pall 
nR 


y _ (101.3kPa)(10 x10? m*) _ [zk] 


~ (1mol)(8.314J/mol- K) 


GURE 

T T, 
or, because P4 = P», 
Se 

T T, 

= y, = = 

L= ag = 2(122K)=] 244K 
o ah 

T T 
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temperatures and pressures: or, because VY; = V2, 
cane 
L T, 
; T. 
Solve for 7>: P, = “2 p 
1 
j j 350K 
Substitute numerical values and P = (1 atm) —|1.43atm 
evaluate P»: 244K 
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Picture the Problem We can use the definition of pressure to express the net force on 

each wall of the box in terms of its area and the pressure differential between the inside 
and the outside of the box. We can apply the ideal-gas law for a fixed amount of gas to 
find the pressure inside the box. 


Using the definition of pressure, F = AAP 
express the net force on each wall of = A(P ce a ee 
the box: 
Use the ideal-gas law for a fixed PY, _ BV, 
amount of gas to relate the initial T T, 
and final pressures of the gas: or, because V; = V», 
RP, 
T 
aac T, 400K 
Solve for and evaluate Pinsiae: D2? pe 0 (1 0 1.3kPa) 
T 300K 
=135.1kPa 
Substitute and evaluate F: F= (0.2 my (135.1kPa -101.3 kPa) 


=| 1.35kN 
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Picture the Problem We can use the molar mass of water to find the number of moles in 
2 L of water. Because there are two hydrogen atoms in each molecule of water, there 
must be as many hydrogen molecules in the gas formed by electrolysis as there were 
molecules of water and, because there is one oxygen atom in each molecule of water, 
there must be half as many oxygen molecules in the gas formed by electrolysis as there 
were molecules of water. 
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Express the electrolysis of water 
into H; and O;: 


Express the number of moles in 2 L 
of water: 


Because there is one hydrogen atom 
for each water molecule: 


Because there are two oxygen atoms 
for each water molecule: 
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Picture the Problem The diagram shows 


the cylinder before removal of the 


membrane. We’ll assume that the gases are 
at the same temperature. The approximate 
location of the center of mass (CM) is 
indicated. We can find the distance the 
cylinder moves by finding the location of 
the CM after the membrane is removed. 


Express the distance the cylinder 
will move in terms of the movement 
of the center of mass when the 
membrane is removed: 


Apply the ideal-gas law to both 
collections of molecules to obtain: 


Divide the first of these equations 
by the second to obtain: 


Express the mass of O; in terms of 
its molar mass and the number of 
moles of oxygen: 


n(H,0) =? n(H,)+ n(O,) 


nO) 2S atime 


~ 18g/mol 


nH) = [ma 


No 0, 
0 CM 10 

Ax = Xem,after > Xcm,before 
Po Vu, = nN, kT 
and 
Py Vo, = n(O, kT 

In, = n(N,) 

Py, n(O,) 
or, because Py, = 2P, ; 

2h n(N, ) 

SS N>) = 2n(O 
P, n(O,) => n(N2) n(O2) 


m(QOz) = n(O2)M(O2) 


1347 


1348 Chapter 17 


Express the mass of N, in terms of m(N2) = 2n(O2)M(N2). 
its molar mass and the number of 
moles of nitrogen: 


Using its definition, express the center of mass before the membrane is removed: 


Sam NMN, OMO), 


RR 2 ~-a(N,)M(N,)+2(0,)M(0,) 
2n(0, )M(N, XXen, + n(O, )M(O, )x 
2n(O, )M(N, )+ n(O, )M(O,) 
_ 2M(N, em, +M (O, )x 
2M(N,)+M(O,) 


cm,O5 


cm,O, 


Substitute numerical values and evaluate Xem,before: 


2(10cm)(28g)+ (30cm) (32g) 


x = =17.27 cm 
cm, before 2(28g)+ 32g 
Locate the center of mass after the : = 2(20cm)(28 g) + (20cm)(32g) 
membrane is removed: ae 2(28 g) +322 
= 20.0cm 
Substitute to obtain: Ax = 20.00cm —17.27cm 


=| 2.73cm 


Because momentum must be conserved during this process and the center of 
mass moved to the right, the cylinder moved 2.73 cm to the left. 
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Picture the Problem We can apply the ideal-gas law to the two processes to find the 
number of moles of hydrogen in terms of the number of moles of nitrogen in the gas. 


Using the definition of molar mass, we can relate the mass of each gas to the number of 
moles of each gas and their molar masses. 


Apply the ideal-gas law to the first PV = [2n(N „)+ n(H, JRT 
case: 


Apply the ideal-gas law to the 3PV =[2n(N,)+2n(H, ZRT, 
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second case: 
Divide the second of these equations n(H,)= 2n(N A (1) 


by the first and simplify to express 
n(H,) in terms of n(N2): 


Relate the my to n(N2): My = n(N,)M(N,) 
= n(N, )(28g/mol) 
and 
m 
N = N 
Ne g/mol 
Relate the my to n(H2): My = n(H, )M(H,) 
= n(H, )(2 g/mol) 
and 
ao Wi 
n( ) 2 g/mol 
Substitute in equation (1) and solve Mı 2My, Ee gp all 7m 
for my: 2g/mol 28g/mol ~“ H 
+72 0 


Picture the Problem Initially, we have 3P)V = noRTp. Later, the pressures in the three 
vessels, each of volume V, are still equal, but the number of moles is not. The total 
number of moles, however, is constant and equal to the number of moles in the three 
vessels initially. Applying the ideal-gas law to each of the vessels will allow us to relate 
the number of moles in each to the final pressure and temperature. Equating this sum no 
will leave us with an equation in P’ and Py that we can solve for P”. 


Relate the number of moles of gas in ny =n +N, +N, 
the system in the three vessels 

initially to the number in each vessel 

when the pressure is P’: 


Relate the final pressure in the first p= n,R(27, 1) ENE PV 
vessel to its temperature and solve V ! 2RT, 
for nı: 

Relate the final pressure in the P'= n RET ) — PV 
second vessel to its temperature and V ? BRT, í 


solve for nz: 
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Relate the final pressure in the third P= nRT TEN P'V 

vessel to its temperature and solve 4 ° RT, a 

for nz: 

Substitute to obtain: _ PVY P PV i P'V 


n, = 
° ORT. BRT. RT, 
1 1 ,\PV 1(PY 
=|—+—41 = 
2 3 JRT, 6\ Rf, 


Express the number of moles in the - BBV) 


three vessels initially in terms of the RT, 
initial pressure and total volume: 


Equate the two expressions for no ple 18 P 
and solve for P’ to obtain: |11 ° 
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Picture the Problem We can use the ideal-gas temperature scale to relate the temperature 
of the boiling substance to its pressure and the pressure at the triple point. If we assume a 
linear relationship between P/P, and P3, we can calibrate this equation using the data from 
any two (or all) of the temperature measurements and then extrapolate this equation to zero 
gas pressure to find the ideal-gas temperature of the boiling substance. 


Using the ideal-gas temperature P 
T = 273.16 K| — (1) 
scale, relate the temperature of the P, 
boiling substance to its pressure and 
the pressure at the triple point: 
Find the temperature of the first 734t 
i peratur ir T -27316x = 
measurement: 500 torr 
= 273.16 K(1.4680) 
= 401.00K 
Find the temperature of the third 146.65t 
i peratur ir T, -27316x = 
measurement: 100 torr 


= 273.16 K(1.4655) 
= 400.59K 
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Assume a linear relationship 
between P/P, and P3: 


Substitute using the data from the 
first measurement: 


Substitute using the data from the 
third measurement: 


Solve these equations 
simultaneously for a: 


Substitute in equation (1) to obtain: 
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P 
—=a+bP, 
B 


where a is the pressure ratio for P3 = 0. 


734 
ae a +b(500torr) 
500 torr 


or 


1.4680 = a + b(500 torr) 


146.65t0T _ 4 + p(LO0 torr) 
100 torr 


or 


1.4665 = a + b(100 torr) 


a = 1.46613 


T = 273.16K(1.46613) = 


Picture the Problem Because the O; molecule resembles 2 spheres stuck together, which 
in cross section look something like two circles, we can estimate the radius of the 
molecule from the formula for the area of a circle. We can express the area, and hence the 
radius, of the circle in terms of the mean free path and the number density of the 
molecules and use the ideal-gas law to express the number density. 


Express the area of two circles of 
diameter d that touch each other: 


Solve for d to obtain: 


Relate the mean free path of the 
molecules to their number density 
and cross-sectional area: 


Solve for A to obtain: 


Substitute in equation (1) to obtain: 


2 2 
4-1 Jz 
4 


2 
d= 2A (1) 
mT 
p 
n,A 
jal 
nA 
| ER 
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Use the ideal-gas law to relate the 
number density of the O molecules 


to their temperature and pressure: 


Substitute to obtain: 


Substitute numerical values and 
evaluate d: 


75 eo 


PV = NkT aT eee 
V kT 
pa 2kT 
\ aPA 


2(1.381x10* J/K \(300K) 
z(1.01x10° Pa (7.1x10®m)} 


=6.06x10™" m = 


—_ 


Picture the Problem We can use its definition to express the mean free path of the 
molecules and the ideal-gas law to obtain an expression for the number density of the 


hydrogen gas molecules. 


(a) Relate the mean free path of the 
molecules to their number density 
and cross-sectional area: 

Use the ideal-gas law to relate the 
number density of the H} molecules 
to their temperature and pressure: 


Express the effective cross-sectional 
area of a H; molecule: 


Substitute for n, and A to obtain: 


Substitute numerical values and 
evaluate A: 


(b) Relate the available volume per 
molecule to the number density n,: 


Substitute numerical values and 
evaluate V/N: 


Express the volume of a spherical 
molecule: 


Yi 

n,A 
PV = NKT or n, soe 

V kT 

A=1nd’ 
y= 4T 

Prd 

4(1.381x 107? J/K )(300K) 
x(1.01x10° N/m?) (1.6x10 m} 
=| 2.04x10°m 

ro 
N n P 
V _(1.381x10” J/K )(300K) 
N 1.01x10ë N/m? 


=| 4.10x10°*° m? 
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Solve for d: 


Substitute numerical values and 
evaluate d: 


76 ecco 


gO 
oT F 
d =; 6ļ4.10x10™ DETA 
T 


The mean free path is larger by 
approximately a factor of 1000. 


Picture the Problem Let A be the cross-sectional area of the cylinder. We can use the 


ideal-gas law to find the height of the piston under equilibrium conditions. In (b), we can 


apply Newton’s 2" law and the ideal-gas law for a fixed amount of gas to the show that, 


for small displacements from its equilibrium position, the piston executes simple 


harmonic motion. 


(a) Express the pressure inside the 
cylinder: 

Apply the ideal-gas law to obtain a 
second expression for the pressure 
of the gas in the cylinder: 


Equate these two expressions: 


Solve for A to obtain: 


At STP, 0.1 mol of gas occupies 
2.24 L. Therefore: 


Substitute numerical values and 
evaluate h: 


P, = Pa +E 
A 
nRT nRT 
in = = (1) 
V hA 
Pay +E = BO 
A hA 


nRT _ (2.4m)AP 


atm 
+Mg APm + Mg 


AR 
2.4m 
Mg 


AP. 


atm 


1+ 


(2.4m)A = 2.24x10° m’ 
and 
A= 9.3310“ m? 


2.4m 
(1.4kg)(9.81m/s") 
(9.333 10°‘ m?}(101.3kPa) 


- [2096 
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1 
E 2 


of the piston to its mass and a In \M 


(b) Relate the frequency of vibration 


" * " . 
stiffness” constant: where M is the mass of the piston and k is a 


constant of proportionality. 


Letting y be the displacement from P_.A-mg —P.,,4A =9 
equilibrium, apply TE =ma, to 


the piston in its equilibrium 


position: 
For a small displacement y above P,,'A-—mg -P m4 = ma, 
equilibrium: or 

P/A~P,A=ma, 3 
Using the ideal-gas law for a fixed PV =PV 
amount of gas and constant or 
temperature, relate P 'to P, : P'(V + Ay)=PV 
Solve for P": r_ 4 

in in V a Ay 
and 
ie Ah | 1 
Ah + Ay 142” 


Substitute in equation (3) to obtain: y i 
P A a —F,A=ma, 


or, for y << h, 


rA -2)-p Awxma, (4) 
in h in y 
Simplify equation (4): -PA Bae ma 
in h 
Substitute in equation (1) to obtain: _( nRT A a ni 
Ah h i 
or 
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nRT 
yo mi 


or 


Solve for ay: 


k 
a, =——y, the condition for SHM 
m 


k nRT 
where — = 5 
m mh 
Substitute in equation (2) to obtain: 1 InRT 
f TTN 2 
2a \ mh 


Substitute numerical values and evaluate f: 


1 {(0.1mol)(8.314J/mol - K)(300K) 
f z] (1.4kg )(2.096m Y 


*77 ecco 


y 
Picture the Problem We can show that f f (v)dv =I (x), where f(v) is the Maxwell- 
0 


Boltzmann distribution function, x = mV’ / 2kT , and I(x) is the integral whose values are 
tabulated in the problem statement. Then, we can use this table to find the value of x 
corresponding to the fraction of the gas molecules with speeds less than v by evaluating 
I(x). 


(a) The Maxwell-Boltzmann speed 4 m 3/2 7 
distribution f(x) is given by: v)=—=| —— a 
K g y f ( ) IP G A 


which means that the fraction of particles 
with speeds between v and 


v+dvisf (v)dv. 
Express the fraction F(V) of j 
particles with speeds less than FV)= f f(v)dv 
V = 400 m/s: 0 
3/2 
= 4 mMm [vem tay 
Vr 2kT) 3 
Change integration variables by _ [2kT PA 2 a 
letting z = v4/m/2kT so we can use Cg ae 


the table of values to evaluate the 
integral. Then: 
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Substitute in the integrand of F(V) eee S 2kT _2f Qk 1/2 
to obtain: ve dv =z ——e~ | — | dz 
m m 
OEE \ a 
= (=) ze” dz 
m 

Transform the integration limits to When v = 0, z = 0, 
correspond to the new integration and 
variable z = v./m/2kT : when v = V,z =V./m/2kT 


The new lower integration limit is 0. Evaluate z = V./m/2kT to find the upper limit: 


eh (32u)f.661x10- 7kg) _, 9¢ 
2(1.381x10-"J/K)(273K) 


Evaluate /(400 m/s) to obtain: 


400 m/s 3/2 400 m/s 7 1.06 
F(400m/s)= ver PE dy == |z e 
J Foye -H J 7 J 
= 1 06) 
where I(x tee 
=p re 
Letting r represent the fraction of the r—0.438 0.788—0.438 
molecules with speeds less than 400 1.06—1 = 15-1 
m/s, interpolate from the table to nd i 
obtain: 
r =| 48.0% 

(b) Express the fraction r of the r = F(V,)-F(,) = 1(x, )-1(x,) 
molecules with speeds between where 


Vı = 190 m/s and V, = 565 m/s: 
= ane x, =V,/m]2KT and x, =V,./m]2kT 


Evaluate x, and xz to obtain: 


Perr (32u)(1.661x10~” kg) pea 
2(1.381x 10" J/K)(273K) 


and 


x, = (665m) (32u)(1.661x10” kg) aes 
2(1.381x10-°J/K)(273K) 


Substitute to obtain: r= 1(1.50)— 1(0.504) (1) 
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Using the table, evaluate /(1.50): 


Letting r represent the fraction of 
the molecules with speeds less than 
190 m/s, interpolate from the table 
to obtain: 


Substitute in equation (1) to obtain: 


1(1.50) = 0.788 


r—0.081 — 0.132-0.081 


0.504-0.5 0.6-0.5 
and 
r = 0.083 


r = 0.788 — 0.083 =| 70.5% 
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Chapter 18 
Heat and the First Law of Thermodynamics 


Conceptual Problems 
1 e 


Picture the Problem We can use the relationship Q = mcAT to relate the temperature 


changes of bodies A and B to their masses, specific heats, and the amount of heat 
supplied to each. 


Express the change in temperature Q 
AT, 


of body A in terms of its mass, MCa 
specific heat, and the amount of heat 
supplied to it: 


Express the change in temperature AT. = Q 


of body B in terms of its mass, M,C 
specific heat, and the amount of heat 
supplied to it: 


Divide the second of these equations AT, _ M,C, 

by the first to obtain: AT, Mtge, 

Substitute and simplify to obtain: AT _ (2m, )(2cs ) _4 
AT, M,C, 
or 


+92 è 
Picture the Problem We can use the relationship Q = mcAT to relate the temperature 
changes of bodies A and B to their masses, specific heats, and the amount of heat 
supplied to each. 


Relate the temperature change of AT, = Q 
block A to its specific heat and M Cy 
mass: 

Relate the temperature change of AT, = Q 
block B to its specific heat and M,C, 
mass: 
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Equate the temperature changes to 1 _ 1 
obtain: Mgcge Macy 
: M 
Solve for Ca: C, = Ee 
M; 


and| (b)is correct. 


3 ° 

Picture the Problem We can use the relationship Q = mcAT to relate the amount of 
energy absorbed by the aluminum and copper bodies to their masses, specific heats, and 
temperature changes. 


Express the energy absorbed by the Qa) = MgC AT 
aluminum object: 


Express the energy absorbed by the Qeu = Meulan AT 
copper object: 


Divide the second of these equations Qeu _ MeyCquAT 
by the first to obtain: Qa MCa AT 
Because the object’s masses are the Qeu — Coy 21 
same and they experience the same Qi Cy 
change in temperature: or 


Qa, < Qa, and} (c) is correct. 


4 ° 

Determine the Concept Some examples of systems in which internal energy is 
converted into mechanical energy are: a steam turbine, an internal combustion engine, 
and a person performing mechanical work, e.g., climbing a hill. 


*5 ” 
Determine the Concept Yes, if the heat absorbed by the system is equal to the work 
done by the system. 


6 ° 
Determine the Concept According to the first law of thermodynamics, the change in the 
internal energy of the system is equal to the heat that enters the system plus the work 


done on the system. | (b) is correct. 
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7 ° 

Determine the Concept AE,,, = Q, + W,,,- For an ideal gas, AEim is a function of T 
only. Because Wan = 0 and Qi = 0 in a free expansion, AFj,, = 0 and T is constant. For a 
real gas, Eim depends on the density of the gas because the molecules exert weak 
attractive forces on each other. In a free expansion, these forces reduce the average 
kinetic energy of the molecules and, consequently, the temperature. 


8 ° 
Determine the Concept Because the container is insulated, no energy is exchanged with 
the surroundings during the expansion of the gas. Neither is any work done on or by the 
gas during this process. Hence, the internal energy of the gas does not change and we can 
conclude that the equilibrium temperature will be the same as the initial temperature. 
Applying the ideal-gas law for a fixed amount of gas we see that the pressure at 


equilibrium must be half an atmosphere. | (c) is correct. 


9 . 
Determine the Concept The temperature of the gas increases. The average kinetic 
energy increases with increasing volume due to the repulsive interaction between the 


ions. 


*10 ee 
Determine the Concept The balloon that expands isothermally is larger when it reaches 
the surface. The balloon that expands adiabatically will be at a lower temperature than the 
one that expands isothermally. Because each balloon has the same number of gas 
molecules and are at the same pressure, the one with the higher temperature will be 
bigger. An analytical argument that leads to the same conclusion is shown below. 


Letting the subscript ”a” denote the 


Vy 
R 
adiabatic process and the subscript RVi = BV > Via =Vo (2) 


f 
"i" denote the isothermal process, 


express the equation of state for the 
adiabatic balloon: 


For the isothermal balloon: 


Divide the second of these equations v P, 
by the first and simplify to obtain: V,, 2 P. í P i 
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Because P,/P;> 1 and y> 1: V; >V, 


11 >œ 
Determine the Concept The work done along each of these paths equals the area under 
its curve. The area is greatest for the path A—>B—>C and least for the path A>D->C. 


(a) is correct. 


12 œ 
Determine the Concept An adiabatic process is, by definition, one for which no heat 


enters or leaves the system. | (b) is correct. 


13 ° 
(a) False. The heat capacity of a body is the heat needed to raise the temperature of the 
body by one degree. 


(b) False. The amount of heat added to a system when it goes from one state to another is 
path dependent. 


(c) False. The work done on a system when it goes from one state to another is path 
dependent. 


(d) True. 

(e) True. 

(f) True. 

(g) True. 

*14 œ 

Determine the Concept For a constant-volume process, no work is done on or by the 


gas. Applying the first law of thermodynamics, we obtain Qin = AFin. Because the 
temperature must change during such a process, we can conclude that 


AEint = 0 and hence Qin # 0. | (b) and (d) are correct. 


15 œ 
Determine the Concept Because the temperature does not change during an isothermal 
process, the change in the internal energy of the gas is zero. Applying the first law of 


thermodynamics, we obtain Qin = —Won = Woy the system: Hence | (d) is correct. 
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16 oo 
Determine the Concept The melting point of propane at 1 atm pressure is 
83 K. Hence, at this low temperature and high pressure, C3H, is a solid. 


17 oo 
Picture the Problem We can use the given dependence of the pressure on the volume 
and the ideal-gas law to show that if the volume decreases, so does the temperature. 


We’re given that: PV = constant 
Because the gas is an ideal gas: PV = (PWV WW = constant/V = nRT 
Solve for T: T= (constant) V 
nR 
Because T varies with the square root of V, if the volume decreases, 
the temperature decreases. 
#18 oe 


Determine the Concept At room temperature, most solids have a roughly constant heat 
capacity per mole of 6 cal/mol-K (Dulong-Petit law). Because 1 mole of lead is more 
massive than 1 mole of copper, the heat capacity of lead should be lower than the heat 
capacity of copper. This is, in fact, the case. 


19 « 
Determine the Concept The heat capacity of a substance is proportional to the number 
of degrees of freedom per molecule associated with the molecule. Because there are 6 
degrees of freedom per molecule in a solid and only 3 per molecule (translational) for a 
monatomic liquid, you would expect the solid to have the higher heat capacity. 


Estimation and Approximation 


*20Q ee 
Picture the Problem The heat capacity of lead is c = 128 J/kg-K. We’ll assume that all 
of the work done in lifting the bag through a vertical distance of 1 m goes into raising the 
temperature of the lead shot and use conservation of energy to relate the number of drops 
of the bag and the distance through which it is dropped to the heat capacity and change in 
temperature of the lead shot. 


(a) Use conservation of energy to Nmgh = mcAT 
relate the change in the potential where N is the number of times the bag of 
energy of the lead shot to the shot is dropped. 


change in its temperature: 
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Solve for AT to obtain: AT = Nmgh _ Ngh 
mc Cc 
Substitute numerical values and 50(9.81°m/s” )(m) 


. AT =| 3.83K 
evaluate AT: 128J/kg -K 


Itis better to use a larger mass because the rate at which heat is lost by the 


lead shot is proportional to its surface area while the rate at which it gains 
(b) | heat is proportional to its mass. The amount of heat lost varies as the 


surface area of the shot divided by its mass (L’/L’ = L“); which decreases 


as the mass increases. 


21 œ 
Picture the Problem Assume that the water is initially at 30°C and that the cup contains 
200 g of water. We can use the definition of power to express the required time to bring 
the water to a boil in terms of its mass, heat capacity, change in temperature, and the rate 
at which energy is supplied to the water by the microwave oven. 


Use the definition of power to relate AW mcAT 
the energy needed to warm the = At = At 
water to the elapsed time: 
Solve for At to obtain: is mcAT 

P 


Substitute numerical values and evaluate At: 


(0.2kg)(4.18kJ/kg -K)(373K — 303K) 
600 W 


that seems to be consistent with experience. 


At = = 97.5s =| 1.63min |, an elapsed time 


22° 

Picture the Problem The adiabatic 

compression from an initial volume V; p \ 
to a final volume V, between the 
isotherms at temperatures T; and T> is 
shown to the right. We’ll assume a room \ 
temperature of 300 K and apply the \ 
equation for a quasi-static adiabatic $ 
process with %ir = 1.4 to solve for the \ 
ratio of the initial to the final volume of T, = 300K 

the air. | ~~ 7 


` ST,=506K 
~ 


Ey 
~ 
ES 


Express TV’ * = constant in terms TV)? =T,V7” 
of the initial and final values of T 
and V: 
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Solve for V;/V> to obtain: 


Substitute numerical values and 
evaluate V;/V3: 


23 eo 


1441 
Vi _| 206K |] _T369 
V, (300K 


Picture the Problem We can use Q = mc,AT to express the specific heat of water 


during heating at constant pressure in terms of the required heat and the resulting change 
in temperature. Further, we can use the definition of the bulk modulus to express the 
work done by the water as it expands. Equating the work done by the water during its 
expansion and the heat gained during this process will allow us to solve for cp. 


Express the heat needed to raise the 
temperature of a mass m of a 
substance whose specific heat at 
constant pressure is Cp by AT: 


Solve for c, to obtain: 


Use the definition of the bulk 
modulus to express the work done 
by the water as it expands: 


Assuming that the work done by the 
water in expanding equals the heat 
gained during the process, substitute 
to obtain: 


Using the definition of the 
coefficient of volume expansion, 
express AV (see Chapter 20, 
Section 1): 


Substitute to obtain: 


Q= mc, AT 
Gp 
P mAT 
_ AP _ VAP 
AV/V AV 
or 
W =VAP = BAV 
_ BAV 
P mAT 
AV = BVAT 
o - BEVAT _ BBV 


P? mAT m 
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Use the data given in the problem m 
statement to find the average = 
volume of 1 kg of water as it warms P 
from 4°C to 100°C: = 1kg 
1.0000 g/cm? + 0.9584 g/cm? 
2 
=1.02x10” m? 
Substitute numerical values and evaluate c,: 
8 2 3 -1 -3 3 
ne (2x10° N/m?)(0.207 x10 K+)(1.02x10° m°) _ POMER 
1kg 
Express the ratio of Cp tO Cwater! c ; 
p t p 42.2 J/kg: K -1.01x10% 
Cyater 4184J/kg K 


or 


c, =| (1.01%)c 


water 


*24 oe 

Picture the Problem We can apply the condition for the validity of the equipartition 
theorem, i.e., that the spacing of the energy levels be large compared to kT, to find the 
critical temperature T,: 


Express the failure condition for the kT, 0.15eV 
equipartition theorem: 


Solve for Tu: T= 0.15eV 
k 
z è -19 
Substitute vee values and 0.15eV x 1.602x10 7J 
evaluate T;: T= Bs - [1740K 
1.381x10 7 J/K 


Heat Capacity; Specific Heat; Latent Heat 


*25 œ 

Picture the Problem We can use the conversion factor 1 cal = 4.184 J to convert 2500 
kcal into joules and the definition of power to find the average output if the consumed 
energy is dissipated over 24 h. 


a) Convert 2500 kcal to joules: 
(9) 2500 keal = 2500 kcal x 2844 


- [10580] 


Ca 
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(b) Use the definition of average AE 1.05x107 J 
power to obtain: P, = n = 36006 = 121W 
f 24hx 


Remarks: Note that this average power output is essentially that of a widely used 
light bulb. 


26 >œ 
Picture the Problem We can use the relationship Q = mcAT to calculate the amount of 


heat given off by the concrete as it cools from 25 to 20°C. 


Relate the heat given off by the Q = mcAT 
concrete to its mass, specific heat, 
and change in temperature: 


Substitute numerical values and Q = (10° kg )(1kJ/kg - K)(298K - 293K) 
evaluate Q: =| 500 MJ 
27 > 


Picture the Problem We can find the amount of heat that must be supplied by adding the 
heat required to warm the ice from —10°C to 0°C, the heat required to melt the ice, and 
the heat required to warm the water formed from the ice to 40°C. 


Express the total heat required: Q =Q amie T Quai Oe ee 
Substitute for each term to obtain: Q = MC ATi oe + ML; + MC paer AT water 
= M(CyeAT ce + L, + Caer AT yae) 


Substitute numerical values and evaluate Q: 


Q = (0.06 kg )|(0.49 kcal/kg -K)(273K — 263K )+ 79.7 kcal/kg 
+ (Lkcal/kg- K )(313K - 273K) 


- [7a] 


28 o 
Picture the Problem We can find the amount of heat that must be removed by adding the 
heat that must be removed to cool the steam from 150°C to 100°C, the heat that must be 
removed to condense the steam to water, the heat that must be removed to cool the water 
from 100°C to 0°C, and the heat that must be removed to freeze the water. 
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Express the total heat that must be Q = Qoolsteam + Qrondensesteam 
removed: + Qoo! water + Qireeze water 
Substitute for each term to obtain: Q = MCoeamAT team + ML, 
aD MC yaterAT water T mL; 
= M(E ieam T team T L, T C rer A eee + L; ) 


Substitute numerical values and evaluate Q: 


Q = (0.1kg )|(2.01kJ/kg -K)(423K -373K )+ 2.26 MJ/kg 
+(4.18kJ/kg - K )(373K - 273K )+333.5kJ/kg] 


=g xe 
4.184kJ 


=| 74.4kcal 


29 eo 
Picture the Problem We can find the amount of nitrogen vaporized by equating the heat 
gained by the liquid nitrogen and the heat lost by the piece of aluminum. 


Express the heat gained by the Qy = MyLoy 
liquid nitrogen as it cools the piece 
of aluminum: 


Express the heat lost by the piece of Qa = My CyATy 
aluminum as it cools: 


Equate these two expressions and MyLyy = MgC AT, 
solve for my: and 
= My Cy AT, 
NUL 


Substitute numerical values and evaluate my: 


n (0.05kg)(0.90 J/kg :K)(293K -77K) _ 4.88x10° kg = 


199kJ/kg 
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30 oo 

Picture the Problem Because the heat lost by the lead as it cools is gained by the block 
of ice (we’re assuming no heat is lost to the surroundings), we can apply the conservation 
of energy to determine how much ice melts. 


Apply the conservation of energy to AQ=0 


this process: or 
— Mpp (Liss, + Cp AT )+ m,,L;,, =0 


Solve for m,: 
E " Mop (x, Pb +¢py4Tpp | 


Substitute numerical values and evaluate m,,: 


_ (0.5kg)(24.7 kJ/kg + (0.128kJ/kg -K)(600K -273K)) _ TT 
" 333.5kJ/kg gy ae 


*31 ee 
Picture the Problem The temperature of the bullet immediately after coming to rest in 
the block is the sum of its pre-collision temperature and the change in its temperature as a 
result of being brought to a stop in the block. We can equate the heat gained by the bullet 
and half its pre-collision kinetic energy to find the change in its temperature. 


Express the temperature of the T =T,+AT 
bullet immediately after coming to =293K+AT 
rest in terms of its initial 

temperature and the change in its 

temperature as a result of being 

stopped in the block: 


Relate the heat absorbed by the Q=sK 
bullet as it comes to rest to its 


kinetic energy before the collision: 


Substitute for Q and K to obtain: Mp,CppAT = me mpv?) 


Solve for AT: v? 
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Substi btain: 
ubstitute to obtain T =293K + Vv 
Cop 
Substitut ical val d i 
ubstitute numerical values an T =293K + (420m/s) 
evaluate T: 4(0.128 kJ/kg - K) 


= 638K =| 365°C | 


32 ee 
Picture the Problem We can find the heat available to warm the brake drums from the 
initial kinetic energy of the car and the mass of steel contained in the brake drums from Q 


= MsteelCste AT. 
EXPpress Meee) in terms of Q: _ Q 

steel 

j ste AT 
Find the heat available to warm the Q=K=1im,,v’ 
brake drums from the initial kinetic 
energy of the car: 
Substitute for Q to obtain: as imav 

steel C eel AT 
Substitute numerical values and km 1h . 
evaluate Meteci! (1400 ks h i 3600s 

M teel = 
kcal 4.186k. 
aa ye | Goon) 
kg-K kcal 


=| 6.26kg 


Calorimetry 
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Picture the Problem Let the system consist of the piece of lead, calorimeter, and water. 
During this process the water will gain energy at the expense of the piece of lead. We can 
set the heat out of the lead equal to the heat into the water and solve for the final 
temperature of the lead and water. 


Apply conservation of energy to the AQ =0 or Qn = Qout 
system to obtain: 


Heat and the First Law of Thermodynamics 
Express the heat lost by the lead in Qout = Moy Cp,ATp, 
terms of its specific heat and 
temperature change: 
Express the heat absorbed by the Qn = MCAT, 
water in terms of its specific heat 
and temperature change: 


Substitute to obtain: mc, AT, = MyCC AT 


Substitute numerical values: 


1371 


(0.5kg)(4.18 kJ/kg -K )(t, - 293K ) = (0.2kg)(0.128kJ/kg -K)(363K —t; ) 


Solve for t; to obtain: t; = 293.8K =| 20.8°C 


#34 o 


Picture the Problem During this process the water and the container will gain energy at 


the expense of the piece of metal. We can set the heat out of the metal equal to the heat 


into the water and the container and solve for the specific heat of the metal. 


Apply conservation of energy to the AQ = Dor Qyainea = Qrost 
system to obtain: 


Express the heat lost by the metal in Qiost = Mai all metal 
terms of its specific heat and 
temperature change: 


Express the heat gained by the water Qaainea = MyCC ATY + MeontainerCmea A Tw 


and the container in terms of their 
specific heats and temperature 
change: 


Substitute to obtain: 


AT 


metal 


m,c,AT, +m Cnet AT, 


container ~ metal w = M hetal metal 
Substitute numerical values: 


(0.5kg )(4.18 kJ/kg -K)(294.4 K — 293K )+ (0.2 kg)(294.4 K — 293K )c 
= (0.1kg)(373K - 294.4K)c 


metal 


metal 
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Solve for Cmetal: 


35 eo 


seta =| 0-386 kJ/kg -K 


Picture the Problem We can use Q = mcAT to express the mass m of water that can be 


heated through a temperature interval AT by an amount of heat energy Q. We can then 
find the amount of heat energy expended by Armstrong from the definition of power. 


Express the amount of heat energy 
Q required to raise the temperature 
of a mass m of water by AT: 


Solve for m to obtain: 


Use the definition of power to relate 
the heat energy expended by 
Armstrong to the rate at which he 
expended the energy: 


Substitute to obtain: 


Substitute numerical values and 
evaluate m: 


36 eo 


Q=mcAT 


PAt 
m = — 
cAT 


(400J/s)(3600s/h)(Sh/d)(20d) 


(4.184kJ/kg -K)(373K - 297K) 


453kg 


Picture the Problem During this process the ice and the water formed from the melted 


ice will gain energy at the expense of the glass tumbler and the water in it. We can set the 


heat out of the tumbler and the water that is initially at 24°C equal to the heat into the ice 


and ice water and solve for the final temperature of the drink. 


Apply conservation of energy to the 
system to obtain: 


Express the heat lost by the tumbler 
and the water in it in terms of their 
specific heats and common 
temperature change: 


Express the heat gained by the ice 
and the melted ice in terms of their 
specific heats and temperature 


AQ = 0 or Q gained = Qiost 


Qhost = Maing AT +m c AT 


water ~ water 


Qaained = MiceliceA Tice +m, L 


ice 


+m. c AT. 


ice water ~ water ice water 
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changes: 
Substitute to obtain: 


= Ma Ca AT +M C AT 


glass ~ glass water ~ water 


MiceCiceATice + Micele + mM; c 


ice “ice ice ice ice water water AT Pe water 


Substitute numerical values: 


(0.03kg)(0.49 kcal/kg - K )(273K -270K )+ (0.03kg)(79.7 kcal/kg) 
+ (0.03kg)(Lkcal/kg - K )t, = (0.025 kg)(0.2 kcal/kg : K )(297 K -t, ) 
+(0.2kg)(lkcal/kg: K)(297K -t, ) 


Solve for tg t; = 283.6K =| 10.6°C 
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Picture the Problem Because we can not tell, without performing a couple of 
calculations, whether there is enough heat available in the 500 g of water to melt all of 
the ice, we’ll need to resolve this question first. 


(a) Determine the heat required to Qhettice = Mice Ls 
melt 200 g of ice: = (0.2kg )(79.7 kcal/kg) 
=15.94kcal 
Determine the heat available from Qaa = MaaC eaa Alaa 
500 g of water: = (0.5kg)(1kcal/kg -K) 
x (293K —273K) 

=10kcal 

Because Qwater < Qmelt ice: The final temperature is 0°C. 

(b) Equate the energy available i Qwater 

from the water Qwater tO Micel¢ and al Li 


solve for Mice: 


Substitute numerical values and a 10kcal _ 
evaluate Mice: “79.7 kcal/kg 


125g 
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38 ee 
Picture the Problem Because the bucket contains a mixture of ice and water initially, we 
know that its temperature must be 0°C. We can equate the heat gained by the mixture of 
ice and water and the heat lost by the block of copper and solve for the amount of ice 
initially in the bucket. 


Apply conservation of energy to the AQ =0 or Qyained = Most 
system to obtain: 


Express the heat lost by the block of Qiost = MeuCcuATeu 
copper: 
Express the heat gained by the ice Q pained = Mico Ls + Mice Pe coe era ie water 


and the melted ice: 


Substitute to obtain: MiceLs + Mice Foren carrey A Lie water 


~ MeuCquAT oy z 0 


Solve for Mice: _ MeuCquAT ou J Micewarer Cwatr A Liewer 


Mice L; 


Substitute numerical values and evaluate Mice: 


_ (3.5kg)(0.0923kcal/kg - K )(353K — 281K) 
E 79.7 kcal/kg 
(1.2kg)(1kcal/kg : K)(281K - 273K) 
79.7 kcal/kg 


- [r7] 


39 o 
Picture the Problem During this process the ice and the water formed from the melted 
ice will gain energy at the expense of the condensing steam and the water from the 
condensed steam. We can equate these quantities and solve for the final temperature of 
the system. 


(a) Apply conservation of energy to AQ =0 or Qurined = Qiost 
the system to obtain: 


Express the heat required to melt the Q painea = Mice Li + Mice waterC water AT water 
ice and raise the temperature of the 
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ice water: 
Express the heat available from 20 8 Qos: = Maen by + MyreamC water A T water 
of steam and the cooling water 
formed from the condensed steam: 


Substitute to obtain: 


M;ceLe + mM, Coat AT, Miele + MgeamCwatr AT, 


ice ice water ~ water water ~ steam` ~ Vv steam ~ water water 


Substitute numerical values: 


(0.15kg)(79.7 kcal/kg) + (0.15kg )(1kcal/kg -K)(t, - 273K) 
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= (0.02kg)(540 kcal/kg)+ (0.02kg)(1kcal/kg - K )(373K —t, ) 


Solve for te: t; = 277.94K =| 4.94°C 


(b) | Because the final temperture is greater than 0°C, no ice is left. 
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Picture the Problem During this process the ice will gain heat and the water will lose 


heat. We can do a preliminary calculation to determine whether there is enough heat 


available to melt all of the ice and, if there is, equate the heat the heat lost by the water to 


the heat gained by the ice and resulting ice water as the system achieves thermal 
equilibrium. 


Apply conservation of energy to the AQ=0 or Qi seed = Qiost 
system to obtain: 


Find the heat available to melt the ice: Qaval |) waterC water AT water 
= (1kg)(1kcal/kg - K) 
x (303K - 273K) 


= 30 kcal 
Find the heat required to melt all of Qmettice = MiceLe 
the ice: = (0.05kg)(79.7 kcal/kg) 
= 3.985 kcal 


Because Qavail > Qnel ice, WE know Qiost z M vaterCwaterA T water 
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that the final temperature will be 
greater than 273 K and we can 


express Qios in terms of the change 
in temperature of the water: 


Express Qegained! OD sited = MiceLt T Mice vieil wier Alice water 


Equate the heat gained and the heat MeL + Mice waterCwaterA Tice water T M gaterCwater AT water 
lost to obtain: 


Substitute numerical values to obtain: 


(0.05kg)(79.7 kcal/kg)+ (0.05kg)(1kcal/kg -K)(T, - 273K) 
= (1kg)(1kcal/kg - K)(303K —T, ) 


Solving for T; yields: T; = 297.8 K =| 24.8°C 


Find the heat required to melt 500 g of ice:  Qmetice = MiceLs 
= (0.5kg )(79.7 kcal/kg) 
= 39.85kcal 


Because the heat required to melt 500 g of ice is greater than the heat available, 
the final temperature will be 0°C. 
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Picture the Problem Assume that the calorimeter is in thermal equilibrium with the 


water it contains. During this process the ice will gain heat in warming to 0°C and 
melting, as will the water formed from the melted ice. The water in the calorimeter and 
the calorimeter will lose heat. We can do a preliminary calculation to determine whether 
there is enough heat available to melt all of the ice and, if there is, equate the heat the 
heat lost by the water to the heat gained by the ice and resulting ice water as the system 
achieves thermal equilibrium. 


Find the heat available to melt the ice: 


Qyvail = 1) Pere Seer 3 T water + MaC 


= |(0.5kg)(4.18kJ/kg - K} (0.2kg )(0.9 kJ/kg -K)|(293K - 273K) 
= 45.40kJ 


AT. 


cal water 
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Find the heat required to melt all of the ice: 


Qmeltice = Mici AT; + MeL 


= (0.1kg )(2 kJ/kg - K )(273K — 253K )+ (0.1kg)(333.5kJ/kg) 
= 37.35kJ 
(a) Because Qavail > Qrmett ice WE AQ =0 or Q gainea = Qhost 


know that the final temperature will 
be greater than 0°C. Apply the 
conservation of energy to the system 
to obtain: 


Express Qhost in terms of the final Qiost T (m M Water C water T MeaiC cal AT tani 
temperature of the system: 


Express Qgained in terms of the final Q pained = MiceCiceATice + ML; 
temperature of the system: 


Substitute to obtain: 


i MeaiCcal JT 


ice ~1ce ice ice water ~ water ice water ~ (Mater C water water+calorimeter 


MC AL +M Let mM, CwaterA T; 


Substitute numerical values: 


37.35kJ +(0.1kg)(4.18kJ/kg -K)(t, - 273K) 
= [(0.5kg)(4.18kJ/kg -K) + (0.2kg)(0.9kJ/kg - K)|(293K —t, ) 


Solving for t; yields: t; = 276K =| 2.99°C 


(b) Find the heat required to raise 200 g of ice to 0°C: 


Qami = McoCice AT. = (0.2kg)(2 kJ/kg -K)(273K — 253K) = 8.00kJ 


ice ~1ce ice 


Noting that there are now 600 g of water in the calorimeter, find the heat available from 
cooling the calorimeter and water from 3°C to 0°C: 


Qyvail = M water a A TaT aCe AT water 
=[(0.6kg)(4.18kJ/kg - ie (0.2kg)(0.9kJ/kg -K)|(293K — 273K) 
= 8.064kJ 
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Express the amount of ice that will 
melt in terms of the difference 
between the heat available and the 
heat required to warm the ice: 


Substitute numerical values and 


evaluate Mmelted ice: 


Find the ice remaining in the system: 


= Quvail Quram ice 


m 


meltedice — L 
f 
m _ 8:064kJ -8kJ 
meltedice 333.5kJ/kg 
=0.1919g 
M emainingice = 200 g- 0.1919 g 


=| 199.8g 


) Because the initial and final conditions are the same, the answer would be 
C 
the same. 
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Picture the Problem Let the subscript B denote the block, w; the water initially in the 
calorimeter, and w; the 120 mL of water that is added to the calorimeter vessel. We can 
equate the heat gained by the calorimeter and its initial contents to the heat lost by the 
warm water and solve this equation for the specific heat of the block. 


Apply conservation of energy to the 
system to obtain: 


Express the heat gained by the 


block, the calorimeter, and the water 
initially in the calorimeter: 


Express the heat lost by the water 
that is added to the calorimeter: 


Substitute to obtain: 


AQ =0 or Q pained z Qhost 


Quained = MgCRAT, + MouCcuATou 
+i, CAT... 
= (macy + MeyCoy +My Cy, JAT 


because the temperature changes are the 
same for the block, calorimeter, and the 
water that is initially at 20°C. 


Qiost = mM, Cy, AT, 


(mac, + Mey Ccqy tM, Cy, JAT = My, Cw, ATu, 
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Substitute numerical values to obtain: 


[(0.1kg)c,, +(0.025kg)(0.386 kJ/kg -K } (0.06kg)(4.18kJ/kg - K)|(327 K — 293K) 
= (12010 kg)(4.18kJ/kg-K)(353K - 327K) 


s =| 1.23kJ/kg -K 


0.294cal/g-K 


Solve for cg to obtain: c 


43 á œ 
Picture the Problem We can find the temperature t by equating the heat gained by the 
warming water and calorimeter, and vaporization of some of the water. 


Apply conservation of energy to the AQ =0 or Qgained = Qiost 
system to obtain: 


Express the heat gained by the Q aned = Mq, vaporized Lf, w +m,c,AT,, 
warming and vaporizing water: + Mea Cop AT. 
Express the heat lost by the 100-g Qiost = MeuCcuATou 


piece of copper as it cools: 


Substitute to obtain: 


My, ere ae ae m,CyAT,, a MeaCcaT,, = Mey CouATon 


Substitute numerical values: 


(1.2g)(540cal/g )+(200g)(1cal/g-K)(311K — 289K) 
+ (150g)(0.0923cal/g- K )(311K — 289K) = (100g)(0.0923cal/g -K)(t—311K) 


Solve for t to obtain: t = 891K =| 618°C 


44 œ 

Picture the Problem We can find the final temperature of the system by equating the 
heat gained by the calorimeter and the water in it to the heat lost by the cooling aluminum 
shot. In (b) we’ll proceed as in (a) but with the initial and final temperatures adjusted to 
minimize heat transfer between the system and its surroundings. 
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Apply conservation of energy to the AQ =0 or Qaained = Qiost 
system to obtain: 


(a) Express the heat gained by the Qyained = M,CyAT, + MaC AT, 
warming water and the calorimeter: 


Express the heat lost by the Quest = Menor AT a) 
aluminum shot as it cools: 


Substitute to obtain: (mc, +MaCa JT, = Mhala AT a) 


Substitute numerical values to obtain: 


[(500g)(Lcal/g - K } (200 g)(0.0923cal/g - K )|(t;, 293K) 
= (300 g)(0.215cal/g-K)(373K —t, ) 


Solve for tẹ to obtain: t; = 301.9K =| 28.9°C 


(b) Let the initial and final ti = 20°C — to (1) 
temperatures of the calorimeter and and 
its contents be: te = 20°C + to 


where t; and t; are the temperatures above 
and below room temperature and ty is the 

amount t; and tp must be below and above 

room temperature respectively. 


Express and the heat gained by the Qn =m,c, AT, +M.jC, AT, 
water and calorimeter: = (m,,c, FMaCa MT, 
Express the heat lost by the aluminum Qot = Mhala AT a 


shot as it cools: 


Equate Qin and Qou: to obtain: (M, Cy + MaCa AT, = Mgaa AT 


shot 
Substitute numerical values: 


[(500 g)(1cal/g- K} (200g)(0.215cal/g- K )|(293K +t, -293K +t, ) 
= (300g )(0.215cal/g - K )(373K — 293K —t, ) 


Solve for and evaluate to: tọ = 277.49K = 4.49°C 
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Substitute in equation (1) to obtain: t, = 20°C — 4.49°C =| 15.5°C 


First Law of Thermodynamics 
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Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 


Apply the first law of AE in = Qin + Won 
thermodynamics to express the 

change in internal energy of the gas 

in terms of the heat added to the 

system and the work done on the 


gas: 

4.184] 
The work done by the gas equals the AE, = 600 cal x 300] 
negative of the work done on the ca 


gas. Substitute numerical values and —|2.21kJ 


evaluate AF int 


*46 ° 
Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 


Apply the first law of AE int = Qin + Won 
thermodynamics to express the 

change in internal energy of the gas 

in terms of the heat added to the 

system and the work done on the 


gas: 
j 4.184 
The work done by the gas is the AE,,, = 400kcal x J 800kJ 
negative of the work done on the ca 
gas. Substitute numerical values and =| 874kJ 


evaluate AEint: 


47 œ 
Picture the Problem We can use the first law of thermodynamics to relate the change in 
the bullet’s internal energy to its pre-collision kinetic energy. 
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Using the first law of thermodynamics, 
relate the change in the internal energy 
of the bullet to the work done on it by 
the block of wood: 


Substitute for AE in, Kt, and K; to obtain: 


Solve for tg 


Substitute numerical values and 
evaluate ty: 
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AE int = Qin a Won 


or, because Qi = 0, 
AE int = Won = AK = -(K, -K,) 


Vv 
t =t +— 
Cop 
2 
t, = 293K + (200m/s) 


2(0.128kJ/kg -K) 


= 449K =| 176°C | 


Picture the Problem What is described above is clearly a limiting case because, as the 


water falls, it will, for example, collide with rocks and experience air drag; resulting in 


some of its initial potential energy being converted into internal energy. In this limiting 


case we can use the first law of thermodynamics to relate the change in the gravitational 
potential energy (take U, = 0 at the bottom of the waterfalls) to the change in internal 
energy of the water and solve for the increase in temperature. 


(a) Using the first law of 
thermodynamics and noting that, 
because the gravitational force is 
conservative, Won = —AU, relate the 
change in the internal energy of the 
water to the work done on it by 
gravity: 


Substitute for AEin, Us, and U; to 
obtain: 


Solve for AT: 


Substitute numerical values and 
evaluate AT: 


AE int = Qn F Won 


or, because Qin = 0, 
AE int = Waa = -AU = -(U, -U,) 


mc,,AT =—(0—mgAh) = mgAh 


_ gAh 
C 


w 


(9.81m/s?)(50m) 
AT = =[0.117K 
ugk CR) 


AT 
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(b) Proceed as in (a) with AT = (9.81m/s?)(740m) -174K 
Ah = 740 m: 4.18kJ/kg-K 
49 >œ 


Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 


Apply the first law of AE int = Qin + Won 
thermodynamics to express the 

change in internal energy of the gas 

in terms of the heat added to the 

system and the work done on the 


gas: 
The work done by the gas is the AE, = 20calx 4.184] 30) =) 53.7) 
negative of the work done on the cal 


gas. Substitute numerical values and 
evaluate AF int 


50 ee 
Picture the Problem We can use the definition of kinetic energy to express the speed of 
the bullet upon impact in terms of its kinetic energy. The heat absorbed by the bullet is 
the sum of the heat required to warm to bullet from 202 K to its melting temperature of 
600 K and the heat required to melt it. We can use the first law of thermodynamics to 
relate the impact speed of the bullet to the change in its internal energy. 


Using the first law of AE nn = Qin + Won 

thermodynamics, relate the change or, because Qin = 0, 

in the internal energy of the bullet to AE,,, =W,, = AK = -(K p= K,) 

the work done on it by the target: 

Substitute for AEin, Ks, and K; to mcp,AT», + mL,» = (0 1 mv? )= 1 mv’ 
obtain: ör 


—1 2 
MCh (Tue =l; )+ ML; p, = 3 MV 


Solve for v to obtain: v= y Ac», (Fis =k ) + A| 


Substitute numerical values and evaluate v: 


v = /2{(0.128 kJ/kg -K)(600 K -303K ) + 24.7 kJ/kg} = | 354m/s 
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Picture the Problem We can find the rate at which heat is generated when you rub your 
hands together using the definition of power and the rubbing time to produce a 5°C 
increase in temperature from AQ = (dQ/dt)At and 


Q = mAT. 
(a) Express the rate at which heat is dQ =P= fiv = uF v 
generated as a function of the friction dt 
force and the average speed of your 
hands: 
Substitute numerical values and dQ _ 0.5(35 N) (0. 35 m/s) -~|6.13W 
evaluate dQ/dt: dt 
(b) Relate the heat required to raise AQ= dQ At = mcAT 
the temperature of your hands 5 K to dt 
the rate at which it is being 
generated: 
Solve for At: 2 mcAT 
dQ/dt 
Substitute numerical values and ee (0.35kg)(4kJ/kg -K)(5K) 
evaluate At: 6.13 W 


1min 
=1143s x —— =| 19.0min 
aa 


Work and the PV Diagram for a Gas 
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Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isobaric expansion. We can then 
use the first law of thermodynamics to find the heat added to the system during this 
process. 
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(a) The path from the initial state (1) P, atm 
to the final state (2) is shown on the 
PV diagram. 


The work done by the gas equals the area under the shaded curve: 


W, 


101.3kPa 10° m’ 
wy gas = PAV = (3atm)(2L) = (Baum eLa far 1 | = 


(b) The work done by the gas is the Qin = AE in —Won 

negative of the work done on the = (E,,.5 = E1) (- W,, a) 

gas. Apply the first law of E (En -En ) + Woy ens 
thermodynamics to the system to i f 

obtain: 

Substitute numerical values and Q, = (912 J-456J )+ 608J =| 1.06kJ 


evaluate Qin: 
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Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isobaric expansion. We can then 
use the first law of thermodynamics to find the heat added to the system during this 
process 


(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 
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The work done by the gas equals the area under the curve: 


101.3kPa 10° m’ 

Woy gas = PAV =(2atm)(2L) = [2 atm x ee oe) =| 405) 
(b) The work done by the gas is the Qin = Ab Wes 
negative of the work done on the E (E,,, aE ae z W,, 2 

. Apply the first 1 f 
gas PPIY nares = (Em2 = Exnai)+ Wy gas 
thermodynamics to the system to 
obtain: 
Substitute numerical values and Q,, =(912J—456J)+405J =| 861J 


evaluate Qin: 
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Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isothermal expansion. We can 
then use the first law of thermodynamics to find the heat added to the system during this 
process. 


(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 


The work done by the gas equals the 


a” 
V 


V 3L 
area under the curve: Woy gas = ye dV = ng; | 


= PV, | = PY [Inv] 


Substitute numerical values and evaluate Why gas: 
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[e 


101.3kPa 


Wyy gas = [3 atm x a 


(b) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 


Substitute numerical values and 
evaluate Qin: 
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1387 


334J 


-3 3 
10m jes 
L 


Q., = AE. —Won 
- (Ena — 2 Ein Em1- (- Wy gas ) 
= (E, int,2 En, 1 Ei )+W, 


Wy gas 


Q, = (912 -456J)+334J =| 7903 | 


Picture the Problem We can find the work done by the gas during this process from the 


area under the curve. We can then use the first law of thermodynamics to find the heat 


added to the system during this process. 


(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram: 


The work done by the gas equals the 
area under the curve: 


(b) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 


Substitute numerical values and 
evaluate Qn: 


VL 


W,, gas = Asses = + (3 atm + 2 atm)(2 L) 
101.35 _ 
=5 Lx = 7 
Q, = AE —W., 
= (Ex 2 -E ,)- (- Wy gas ) 
= (E int,2 -E, int,1 +W,, gas 


Q, = (912) - 456J)+507J =| 9635 
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Remarks: You could use the linearity of the path connecting the initial and final 
states and the coordinates of the endpoints to express P as a function of V. You 
could then integrate this function between 1 and 3 L to find the work done by the 
gas as it goes from its initial to its final state. 


56 ee 
Picture the Problem We can find the work done by the gas during this process from the 


area under the curve. 


The path from the initial state i to 


the final state f is shown on the PV 
diagram: 
The work done by the gas equals the Way gas = Aapezoid = }(latm + 3atm)(50 L) 
area under the curve: 101.3J 
=100atm- Lx =| 10.1kJ 
1 


Remarks: You could use the linearity of the path connecting the initial and final 
states and the coordinates of the endpoints to express P as a function of V. You 
could then integrate this function between 1 and 3 L to find the work done by the 
gas as it goes from its initial to its final state. 
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Picture the Problem We can find the work done by the gas from the area under the PV 
curve provided we can find the pressure and volume coordinates of the initial and final 


states. We can find these coordinates by using the ideal gas law and the condition 
T = AP’. 


Apply the ideal-gas law with PV = RAP? > V = RAP (1) 
n= 1moland T = AP’ to obtain: This result tells us that the volume varies 


linearly with the pressure. 


Solve the condition on the p Ty 
temperature for the pressure of the OVA 


gas: 


Find the pressure when the 
temperature is 4Tp: 


Using equation (1), express the 
coordinates of the final state: 


The PV diagram for the process is 
shown to the right: 


The work done by the gas equals the 


area under the curve: 
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P= [oe apt = 2P, 
A A 
(2V,,2P,) 
\ 
\ 
\ 
P SK Š 
2P, SJ 
\ | S 
ha | 4To 
\ | 
N | 
Po i-_-.--- X< | 
I | 
| es eel 
| ~~ 
| | To 
| | 
7, TAN 
Wy gas = A rapeaa = L(P, + 3R; \(2V, -V,) 


a 


Picture the Problem From the ideal gas law, PV = NKT, or V = NkT/P. Hence, on a VT 
diagram, isobars will be straight lines with slope 1/P. 


A spreadsheet program was used to plot the following graph. The graph was plotted for 1 


mol of gas. 


= = =P=1atm 


= =P- (0.5 atm 


P = 0.1 atm 


100 150 200 


T (K) 


250 300 350 
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59 ee 
Picture the Problem The PV diagram 
shows the isothermal expansion of the ideal 
gas from its initial state 1 to its final state 2. 
We can use the ideal-gas law for a fixed 
amount of gas to find Vz and then evaluate 
f PdV for an isothermal process to find the 


work done by the gas. In part (b) of the 
problem we can apply the first law of 
thermodynamics to find the heat added to 
the gas during the expansion. 


(a) Express the work done by a gas 
during an isothermal process: 


Apply the ideal-gas law for a fixed 
amount of gas undergoing an 
isothermal process: 


Solve for and evaluate V;: 


Substitute numerical values and 
evaluate W: 


(b) Apply the first law of 
thermodynamics to the system to 
obtain: 


Because the work done by the gas is 
the negative of the work done on the 
gas: 


Wy gas 
vi Vi 


PV, = P,V, or Tai 
1 1 
P 200 kPa 
V, = =V, =“ (4L) =8L 
P, 100kPa 
8L 
W,y gas = (200 kPa)(4L) ad 
4L 
= (800 kPa -L)[Inv]i, 
= (800 kPa - uyn( SE) 
4L 
-3 3 
-Biais Tas 
Q, = AE,,, -Wn 
or, because AE;,; = 0 for an isothermal 
process, 
Qn = Wi 


- { pav = = nary = - py, ( 
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Substitute numerical values and Q, =| 555) 


evaluate Qin: 


Heat Capacities of Gases and the Equipartition Theorem 
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Picture the Problem We can find the number of moles of the gas from its heat capacity 


at constant volume using C, = ł4nR . We can find the internal energy of the gas from 


E „ = CyT and the heat capacity at constant pressure using C, = Cy +nR. 


(a) Express Cy in terms of the C, =2nR 
number of moles in the monatomic 
gas: 
Solve for n: i= 2Cy 
3R 
Substitute numerical values and me 2(49.8J/ K) -|399 
evaluate n: 3(8.314J/mol-K) = 
(b) Relate the internal energy of the E x = GT 
gas to its temperature: 
Substitute numerical values and Em = (49.8 J/K)(300 K) =|14.9kJ 
evaluate Eine 
(c) Relate the heat capacity at Cp =Cy +nR=5nR+nR=FnR 
constant pressure to the heat 
capacity at constant volume: 
Substitute numerical values and C, = §(3.99)(8.314 J/mol- K) 
evaluate Cp: =| 82.9J/K 
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Picture the Problem The Dulong-Petit law gives the molar specific heat of a solid, c’. 
The specific heat is defined as c = c'/M where M is the molar mass. Hence we can use 
this definition to find M and a periodic table to identify the element. 


-Petit law: R 
(a) Apply the Dulong-Petit law: en ene 7 
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Solve for M: M= 3R 
c 
Substitute numerical values and 24.9 J/mol-K 
M =————_ =| 55.7 g/mol 
evaluate M: 0.447 kJ/kg -K 55.7 g/mol | 


Consulting the periodic table of the 


elements we see that the elementis 


most likely iron. 
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Picture the Problem The specific heats of air at constant volume and constant pressure 
are given by cy = Cy/m and cp = Cp/m and the heat capacities at constant volume and 
constant pressure are given by Cy = 3nR andC, =4nR, respectively. 


(a) Express the specific heats per fk Cy (1) 
unit mass of air at constant volume Y m 
and constant pressure: and 
C 
Cp = — (2) 
m 
Express the heat capacities of a Cy =3nR 
diatomic gas in terms of the gas and 
constant R, the number of moles n, C= ZnR 
and the number of degrees of 
freedom: 
Express the mass of 1 mol of air: m=0.74M,, +0.26M9, 
Substitute in equation (1) to obtain: onR 


Cv "3(0.74M,, +0.26M,, ) 
Substitute numerical values and evaluate cy: 
5(1mol)(8.314 J/mol - K) [76kg K] 
= =| 716 J/kg -K 
“v = 9]0.74{28 x10 kg) + 0.26(82x10™ kg)| 


Substitute in equation (2) to obtain: 7nR 


“  9(0.74M,, +0.26M, ] 
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Substitute numerical values and evaluate cp: 


7(1mol)(8.314J/mol-K) 
Cp = =3 = E 
2[0.74(28x10” kg)+0.26(32x10” kg ]] 


1002J/kg -K 


(b) Express the percent difference between the value from the Handbook of Chemistry 
and Physics and the calculated value: 


1.032J/g - K —1.002J/g-K _ 
1.032J/g -K 


% difference = 2.91% 
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Picture the Problem We know that, during a constant-volume process, no work is done 
and that we can calculate the heat added during this expansion from the heat capacity at 
constant volume and the change in the absolute temperature. We can then use the first 
law of thermodynamics to find the change in the internal energy of the gas. In part (b), 
we can proceed similarly; using the heat capacity at constant pressure rather than 
constant volume. 


(a) The increase in the internal AE,,, = 3 nRAT 

energy of the ideal diatomic gas is 

given by: 

Substitute numerical values and AE w = (1mol)(8.315 J/mol- K)(300 K) 
evaluate AE int! =| 6.24kJ 

For a constant-volume process: W„ = [o] 

From the 1“ law of thermodynamics Qn = AE Won 

we have: 


Substitute numerical values and Q, = 6.24kJ -0 =| 6.24kJ 


evaluate Qin: 


(b) Because AEim depends only on AE,,, =| 6.24kJ 


the temperature difference: 


Relate the heat added to the gas to Qa =C,AT =(2nR+nR)AT = 2nRAT 
its heat capacity at constant pressure 
and the change in its temperature: 
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Substitute numerical values and 
evaluate Qin: 


Apply the first law of 
thermodynamics to find W: 


(c) Integrate dW,, = P dV to obtain: 


Substitute numerical values and 
evaluate Wo: 
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Q,, = (1mol)(8.314J/mol- K)(300K) 
=| 8.73kJ 


W,, = AE — Q, =8.73kJ —6.24kJ 
=| 2.49kJ 


Vi 
Wo = | Pav = P(V, -V,)= nR(T, -T,) 
V, 
W,, = (1mol)(8.314J/mol- K )(300K) 
=| 2.49kJ 


Picture the Problem Because this is a constant-volume process, we can use 
Q=C,AT to express Q in terms of the temperature change and the ideal-gas law for a 


fixed amount of gas to find AT. 
Express the amount of heat Q that 
must be transferred to the gas if its 
pressure is to triple: 

Using the ideal-gas law for a fixed 
amount of gas, relate the initial and 
final temperatures, pressures and 
volumes: 


Solve for Tg 


Substitute and simplify to obtain: 
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Q=C,AT 
= 5 nR(T, -T,) 


PV _ 3PV 
DO O Ñ 
Tesi 


Q =$ nR(2T,)=5(nRT,)=| 5P,V 


Picture the Problem Let the subscripts i and f refer to the initial and final states of the 
gas, respectively. We can use the ideal-gas law for a fixed amount of gas to express V' in 


terms of V and the change in temperature of the gas when 13,200 J of heat are transferred 
to it. We can find this change in temperature using Q = CG AT . 


Using the ideal-gas law for a fixed 
amount of gas, relate the initial and 


PV _ BM" 
TO T, 


1 
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final temperatures, volumes, and 
pressures: 


Because the process is isobaric, we 
can solve for V’ to obtain: 


Relate the heat transferred to the gas 
to the change in its temperature: 


Solve AT: 


Substitute to obtain: 


Q=C,AT = SnRAT 


_ 2Q 
7nR 


v =v|1+ l 
7nRT, 


AT 


One mol of gas at STP occupies 22.4 L. Substitute numerical values and evaluate V’: 


V' = (22.4x10° m°) fu 
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7(1mol)(8.314J/mol-K)(273K) 


=| 59.6L 


2(13.2kJ) l 


Picture the Problem We can use the relationship between Cp and Cy (C, = Cy +nR) 


to find the number of moles of this particular gas. In parts (b) and (c) we can use the 


number of degrees of freedom associated with monatomic and diatomic gases, 


respectively, to find Cp and Cy. 

(a) Express the heat capacity of the 
gas at constant pressure to its heat 
capacity at constant volume: 

Solve for n: 

Substitute numerical values and 


evaluate n: 


(b) Cy for a monatomic gas is given 
by: 


C, =C, +nR 


29.1J/K 
n =—————-_ =| 3.50 mol 
8.314J/mol-K | 3.50mol | 


Cy =3nR 
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Substitute numerical values and C, =3(3.5mol)(8.314J/mol-K) 
evaluate Cy: -| 43.6)/K 

Express Cp for a monatomic gas: C, =3nR 

Substitute numerical values and C, = §(3.5mol)(8.314J/mol-K) 
evaluate Cp: -~|72.73K 

(c) If the diatomic molecules rotate C, = nR = 3(3.5mol)(8.314J/mol-K) 


but do not vibrate they have 5 
degrees of freedom: 


II 


72.7 J/K 


and 
C, = 4nR = 4(3.5mol)(8.314J/mol-K) 


- [1027] 
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Picture the Problem We can find the change in the heat capacity at constant pressure as 
CO, undergoes sublimation from the energy per molecule of CO; in the solid and gaseous 
states. 


Express the change in the heat AG 
capacity (at constant pressure) per 

mole as the CO, undergoes 

sublimation: 


P = Css ~ Cp solid 


Express Cp,gas in terms of the number C 
of degrees of freedom per molecule: 


= f(ENk)=3Nk 


because each molecule has three 
translational and two rotational degrees of 
freedom in the gaseous state. 


P,gas 


We know, from the Dulong-Petit k 

Law, that the molar specific heat of P,solid T veo x 3atoms = 9Nk 
most solids is 3R = 3Nk. This result 

is essentially a per-atom result as it 

was obtained for a monatomic solid 

with six degrees of freedom. Use 

this result and the fact CO; is 

triatomic to express Cp solia? 


Substitute to obtain: AG. = Nk —18 Nk =| —13 Nk 
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Picture the Problem We can find the initial internal energy of the gas from 
U, = ¿nRT and the final internal energy from the change in internal energy resulting 


from the addition of 500 J of heat. The work done during a constant-volume process is 


zero and the work done during the constant-pressure process can be found from the first 


law of thermodynamics. 


(a) Express the initial internal 
energy of the gas in terms of its 
temperature: 


Substitute numerical values and 
evaluate Fini: 


(b) Relate the final internal energy 
of the gas to its initial internal 
energy: 


Express the change in temperature 
of the gas resulting from the 
addition of heat: 


Substitute to obtain: 


Substitute numerical values and 
evaluate Fine: 


(c) Relate the final internal energy 
of the gas to its initial internal 
energy: 


Apply the first law of 
thermodynamics to the constant- 
volume process: 


Substitute numerical values and 
evaluate Eint: 


Eu = 2(1mol)(8.314J/mol-K)(273K) 


- [0] 


int,i 


Binet = Enti +AE m = Enti +C,AT 
AT = Qin 
C 


Cy 
Emst = Emi a TC Qn 
P 


3nR 
Ee = 3-40kJ + 2—(500J)=| 3.70kJ 
3 3 R 
Eme = Eini + AE in 
AE... = Qin + Won 


or, because W,, = 0, 
AE, = Q, = 500 


Ex; =3.40kJ +500J = 
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Picture the Problem We can use Cy waer = f (4 Nk ) to express Cy water and then count 


the number of degrees of freedom associated with a water molecule to determine f. 


Express Cy.water in terms of the Cre =f (4 Nk) 
SHEET Or cee tees ou Meedom per where f is the number of degrees of 
molecule: 


freedom associated with a water molecule. 


There are three translational degrees of freedom and three rotational 
degrees of freedom. In addition, each of the hydrogen atoms can vibrate 


against the oxygen atom, resulting in an additional 4 degrees of freedom 


(2 per atom). 


Substitute for f to obtain: C = 10( 1 Nk) =| 5Nk 
2 


V,water 


Quasi-Static Adiabatic Expansion of a Gas 
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Picture the Problem The adiabatic 
expansion is shown in the PV diagram. We 
can use the ideal-gas law to find the initial 
volume of the gas and the equation for a 
quasi-static adiabatic process to find the 
final volume of the gas. A second 
application of the ideal-gas law, this time 
at the final state, will yield the final 
temperature of the gas. In part (c) we can 
use the first law of thermodynamics to find 


the work done by the gas during this 


process. 

(a) Apply the ideal-gas law to ve nRT, 

express the initial volume of the ! P 

gas: 

Substitute numerical values and yó (1mol)(8.314 J/mol- K )(273K) 
evaluate V;: j 101.3kPa 


10atm x 
atm 


=2.24x10° m? = 
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Use the relationship between the 
pressures and volumes for a quasi- 
static adiabatic process to express 
Vg 


Substitute numerical values and 
evaluate V;: 


(b) Apply the ideal-gas law to 
express the final temperature of the 
gas: 


Substitute numerical values and 
evaluate Tg 


(c) Apply the first law of 
thermodynamics to express the 
work done on the gas: 


Substitute numerical values and 
evaluate Won: 


Because Why the gas = —Won: 
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p\” 
ew =w =v, =v 2 
P, 


(2atm)(5.88L) 
~ 8.206x10° L- atm/mol - K 


=| 143K 


f 


Won = AE int ~ Qin 
or, because the process is adiabatic, 


W,, = AE =CyAT = 3nRAT 


W,, = 2(1mol)(8.314J/mol-K)(—130K) 
=-1.62kJ 


1.62 kJ 


by gas = 


Picture the Problem We can use the temperature-volume equation for a quasi-static 


adiabatic process to express the final temperature of the gas in terms of its initial 
temperature and the ratio of its heat capacitiesy. Because Cp = Cy +nR, we can 


determine y for each of the given heat capacities at constant volume. 


Express the temperature-volume 


relationship for a quasi-static adiabatic 


process: 


Solve for the final temperature: 


igen 
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(a) Evaluate yforC,, =3nR: C, _ 3nR 


Evaluate Ty: T, = (293K )(2)}* =| 465K 


(b) Evaluate y for Cy =3nR: j= CG ZnR = 

C, nR ° 
Evaluate Ty: T, = (293K )(2}* =| 387K 
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Picture the Problem We can use the temperature-volume and pressure-volume equations 
for a quasi-static adiabatic process to express the final temperature and pressure of the 
gas in terms of its initial temperature and pressure and the ratio of its heat capacities. 


Express the temperature-volume TV?“ Arye 
relationship for a quasi-static 
adiabatic process: 


Solve for the final temperature: aa ae 


Using y = 5/3 for neon, evaluate Ty: T; = (293 K)(4)" = 


Express the relationship between the PV,” = BV,” 
pressures and volumes for a quasi- 
static adiabatic process: 


Solve for Pg: 4 
4V; 
Substitute numerical values and P= (1atm)(4)” 3 -| 10.1atm 


evaluate Py: 
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Picture the Problem We can use the ideal-gas law to find the initial volume of the gas. 
In part (a) we can apply the ideal-gas law for a fixed amount of gas to find the final 
volume and the expression (Equation 19-16) for the work done in an isothermal process. 
Application of the first law of thermodynamics will allow us to find the heat absorbed by 
the gas during this process. In part (b) we can use the relationship between the pressures 
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and volumes for a quasi-static adiabatic process to find the final volume of the gas. We 
can apply the ideal-gas law to find the final temperature and, as in (a), apply the first law 


of thermodynamics, this time to find the work done by the gas. 


Use the ideal-gas law to express the 
initial volume of the gas: 


Substitute numerical values and 
evaluate V;: 


(a) Because the process is 
isothermal: 


Use the ideal-gas law for a fixed 
amount of gas to express V;: 


Substitute numerical values and 
evaluate Vg: 


Express the work done by the gas 
during the isothermal expansion: 


Substitute numerical values and 
evaluate Why gas: 


Noting that the work done by the 
gas during the process equals the 
negative of the work done on the 
gas, apply the first law of 
thermodynamics to find the heat 
absorbed by the gas: 


ve nRT, 
P 

TIE (0.5mol)(8.314J/mol: K)(300K) 

: 400kPa 

= 3.12x10° m? =3.12L 

T; =T, =| 300K 
BY, _ PM, 

T T, 
or, because T = constant, 
vV, =v 

P; 


V,= eane) i 


7 
Woy eas = NRT ny 
W, gas = (0.5mol)(8.314J/mol- K) 
«(300% oE) 
3.12L 
=| 1.14kJ 
Q, = AE, -W = 0-(-1.14kJ) 
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(b) Using v= 5/3 and the 
relationship between the pressures 
and volumes for a quasi-static 
adiabatic process, express Vg: 


Substitute numerical values and Ya 

. V, =(3.12L) ae | 2 eae 
evaluate V;: f 160kPa 
Apply the ideal-gas law to find the T = BY, 
final temperature of the gas: f nR 
Substitute numerical values and T- (160 kPa)(5.41x 10° m?) 
evaluate Ty: f (0.5mol)(8.314J/mol-K) 

=| 208K 

For an adiabatic process: Q, = 
Apply the first law of Wa = AEn —Q,, = CyAT —0 = 2nRAT 
thermodynamics to express the work 
done on the gas during the adiabatic 
process: 
Substitute numerical values and W,, = 2(0.5mol)(8.314J/mol -K) 
evaluate Won: x (208 K -300K) 


= —574J 


Because the work done by the gas Way gos = -(- 574 J) —|574J 


equals the negative of the work done 
on the gas: 
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Picture the Problem We can use the ideal-gas law to find the initial volume of the gas. 
In part (a) we can apply the ideal-gas law for a fixed amount of gas to find the final 
volume and the expression (Equation 19-16) for the work done in an isothermal process. 
Application of the first law of thermodynamics will allow us to find the heat absorbed by 
the gas during this process. In part (b) we can use the relationship between the pressures 
and volumes for a quasi-static adiabatic process to find the final volume of the gas. We 
can apply the ideal-gas law to find the final temperature and, as in (a), apply the first law 
of thermodynamics, this time to find the work done by the gas. 
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Use the ideal-gas law to express the 
initial volume of the gas: 


Substitute numerical values and 
evaluate V;: 


(a) Because the process is isothermal: 


Use the ideal-gas law for a fixed 
amount of gas to express Vg: 


Substitute numerical values and 
evaluate Ty: 


Express the work done by the gas 
during the isothermal expansion: 


Substitute numerical values and 
evaluate Why gas: 


Noting that the work done by the gas 
during the isothermal expansion 
equals the negative of the work done 
on the gas, apply the first law of 
thermodynamics to find the heat 
absorbed by the gas: 


(b) Using y= 1.4 and the relationship 
between the pressures and volumes 
for a quasi-static adiabatic process, 
express Vg 


1403 


V2 nRT, 
P 
Ta (0.5mol)(8.314J/mol- K)(300K) 


i 400kPa 
=3.12x10° m’? =3.12L 


ToT 


or, because T = constant, 
P 

V =V 2 
P, 


V; -e2 fe) =| 7.80L 


160kPa 
V, 
Woy gas = ear 
W, gas = (0.5mol)(8.314J/mol- K) 
x (300K) (ZAE) 
3.12L 


- [1a] 
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Substitute numerical values and evaluate 400kPa ae 
Ve V; =(3.12L) =| 6.00L 
i 160 kPa 
Apply the ideal-gas law to express T = BY, 
the final temperature of the gas: f WR 
Substitute numerical values and T- (160 kPa)(6 x10” m?) 
evaluate Ty: f (0.5mol)(8.314J/mol- K) 
=| 231K 
For an adiabatic process: Q, = /0 
Apply the first law of Wa = AE. — Qa = CAT —0 =2nRAT 
thermodynamics to express the work 
done on the gas during the adiabatic 
expansion: 
Substitute numerical values and Won = 5(0.5mol)(8.314 J/mol- K) 
evaluate Won: x (231K — 300 K) 
= -—717J 


Noting that the work done by the Woy gas =—-(-7175)=| 7175 


gas during the adiabatic expansion is 
the negative of the work done on the 
gas, we have: 
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Picture the Problem We can eliminate the volumes from the equations relating the 
temperatures and volumes and the pressures and volumes for a quasi-static adiabatic 
process to obtain a relationship between the temperatures and pressures. We can find the 
initial volume of the gas using the ideal-gas law and the final volume using the pressure- 
volume relationship. In parts (d) and (c) we can find the change in the internal energy of 
the gas from the change in its temperature and use the first law of thermodynamics to 
find the work done by the gas during its expansion. 


(a) Express the relationship between Ty ery 
temperatures and volumes for a 
quasi-static adiabatic process: 
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Express the relationship between PV, =BV," (1) 
pressures and volumes for a quasi- 
static adiabatic process: 


Eliminate the volume between these P Ez 
E f 
two equations to obtain: T, =T, 


Substitute numerical values and 


j ea 
latm | ” 
evaluate Tg: T, = (500 | A mm) =| 263K 


(b) Solve equation (1) for Vg pV 
v, =v = 
f 
Apply the ideal-gas law to express V=- nRT, 
Vi: ' P 
Substitute numerical values and V=- (0.5mol)(8.314 J/mol- K)(500 K) 
evaluate V;: Sanix 101.3kPa 
atm 
=4.10L 


Substitute for V; and evaluate Vg 


(d) Relate the change in the internal AE œ = GAT = $nRAT 
energy of the helium gas to the 
change in its temperature: 


Substitute numerical values and AE „ = 2(0.5mol)(8.314 J/mol- K) 
evaluate AEint: x (263 K -500 K) 

=| —1.48kJ 
(c) Use the first law of Won = AE in — Qin = AE m — 0 = ABin 


thermodynamics to express the work 
done on the gas: 


Substitute numerical values and W,» = —1.48kJ 
evaluate Won: 
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Because the work done by the gas Way gas = -Wn = —(-1.48 kJ ) 
equals the negative of Won: 
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Picture the Problem Consider the process to be accomplished in a single compression. 
The initial pressure is 1 atm = 101 kPa. The final pressure is (101 + 482) kPa = 583 kPa, 
and the final volume is 1 L. Because air is a mixture of diatomic gases, %;, = 1.4. We can 
find the initial volume of the air using PV,” = P,V and use Equation 19-39 to find the 


work done by the air. 


Express the work done in an W= PV, -P,V; 
adiabatic process: y-1 


Use the relationship between 
pressure and volume for a quasi- 
static adiabatic process to express 
the initial volume of the air: 


Substitute numerical values and 583kPa ia 
evaluate V; V = ( ES =3.50L 
Substitute numerical values in equation (1) and evaluate W: 

w - (01kPa)(3.5x10°m°)-(583kPa)(0° m°) _ z 


1.4-1 
where the minus sign tells us that work is done on the gas. 
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Picture the Problem We can integrate PdV using the equation of state for an adiabatic 
process to obtain Equation 18-39. 


Express the work done by the gas “ 
cnn ae i Woy gas = | PAV 
during this adiabatic expansion: y gas 


v 
For an adiabatic process: PV” = constant = C (1) 
and 
P=CV” 
Substitute and evaluate the integral “2 C 
i Wye =C| Vav = —_(v37 -v7) 
to obtain: yer 2 1-7 
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From equation (1) we have: CV. SPV, and CV, =Py, 
Substitute to obtain: 7 PV — PV’ _ PV,’ -PV 
by gas 1 E y y E 1 , 


which is Equation 18-39. 
Cyclic Processes 
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Picture the Problem To construct the PV diagram we’ll need to determine the volume 
occupied by the gas at the beginning and ending points for each process. Let these points 
be A, B, C, and D. We can apply the ideal-gas law to the starting point (A) to find Va. To 
find the volume at point B, we can use the relationship between pressure and volume for 
a quasi-static adiabatic process. We can use the ideal-gas law to find the volume at point 
C and, because they are equal, the volume at point D. We can apply the first law of 
thermodynamics to find the amount of heat added to or subtracted from the gas during 
the complete cycle. 


(a) Using the ideal-gas law, express V = nRT, 
the volume of the gas at the starting . Py 
point A of the cycle: 


Substitute numerical values and V = (1mol)(8.314J/mol- K)(293K) 
evaluate Va: = s 101.3kPa 
atm 

=4.81L 

Use the relationship between P 7 
= A 

pressure and volume for a quasi- Ve = Vx P 

static adiabatic process to express P 

the volume of the gas at point B; the 

end point of the adiabatic expansion: 

Substitute numerical values and bath ia 

evaluate Vg: V = (sen 22 =15.2L 

Using the ideal-gas law for a fixed Ve nRT, 

amount of gas, express the volume ° > P: 


occupied by the gas at points C and 
D: 
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Substitute numerical values and V = (1mol)(8.314J/mol- K)(293K) 
evaluate Vc: $ TET 101.3kPa 
atm 
=24.0L 
The complete cycle is shown in the : amn 0 
diagram. i 
4 
3 
2 { 
1 > 
Cc 
V,L 
0 20. 25 


(b) Note that for the paths A+B and B->C, Why gas, the work done by the gas, is 
positive. For the path DA, Why gas is negative, and greater in magnitude than 
Wac. Therefore the total work done by the gas is negative. Find the area enclosed 
by the cycle by noting that each rectangle of dotted lines equals 5 atm-L and 
counting the rectangles: 


101. 
Wyy gas © —(13rectangles)(5 atm - L/rectangle) = (- 65atm - uf 0 31) 
atm- L 
=| —6.58kJ 
(c) The work done on the gas equals Qn = AE n -Wa =9- (- 6.58kJ ) 


the negative of the work done by the =| 658k] 


gas. Apply the first law of 
thermodynamics to find the amount because AE in. = 0 for the complete cycle. 
of heat added to or subtracted from 


the gas during the complete cycle: 


(d) Express the work done during WeW FW Wea Wk 
the complete cycle: 


Because A—>B is an adiabatic process: PVE PVE. 


y-1 


W 


A>B 
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Substitute numerical values and 
evaluate Wa_,p: 


B->C is an isobaric process: 


C-D is a constant-volume process: 


D— A is an isobaric process: 


Substitute to obtain: 
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_ (Satm)(4.82L)—(Latm)(15.2L) 


W = 
aed 1.4-1 
=(22.3atm-L) => 
atm: L 
= 2.25kJ 
W, yc = PAV 
= (latm)(24.0L -15.2L 
(latm)( ) 
= (8.80atm- Le ) 
atm: L 
= 0.891kJ 
Wop =0 


Wyo, = PAV = (5atm)(5L - 24L) 
Ei 


= (-95.0atm- uf 
atm-L 


= —9.62kJ 


W = 2.25kJ + 0.891kJ + 0—9.62kJ 
=| —6.48kJ 


Note that our result in part (b) agrees with 
this more accurate value to within 2%. 


Picture the Problem The total work done as the gas is taken through this cycle is the 


area bounded by the two processes. Because the process from 1—2 is linear, we can use 


the formula for the area of a trapezoid to find the work done during this expansion. We 


can use W. 


isothermal process 


= nRT In(V, / V.) to find the work done on the gas during the 


process 2—1. The total work is then the sum of these two terms. 


Express the net work done per cycle: 


Work is done by the gas during its 
expansion from 1 to 2 and hence is 
equal to the negative of the area of 
the trapezoid defined by this path 
and the vertical lines at V; = 11.5 L 
and V> = 23 L. Use the formula for 
the area of a trapezoid to express 


Wotal z Wio +Wy 1 (1) 
Wi» = Arap 
= —1(23L-11.5L)(2atm +1atm) 
= —17.3L -atm 
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Wiz: 


Work is done on the gas during the 
isothermal compression from V; to 
V, and hence is equal to the area 
under the curve representing this 
process. Use the expression for the 
work done during an isothermal 
process to express W31: 


Apply the ideal-gas law at point 1 to find the temperature along the isotherm 21: 


PV | (2atm)(11.5L) 


= = 280K 
nR — (imol)(8.206x10~ L-atm/mol-K) 


T= 


Substitute numerical values and evaluate W>_,;: 


=15.9L-atm 


2>1 


W, „ = |(1mol)(8.206 x10% L - atm/mol- K)(280 Ko 42) 


Substitute in equation (1) and Wie, = —17.3L -atm +15.9 L -atm 


evaluate Wnet: E A 101.325J 


=| -142J 


Remarks: The work done by the gas during each cycle is 142 J. 


atm 


80 » 
Picture the Problem We can apply the ideal-gas law to find the temperatures T, Tz, and 
T. We can use the appropriate work and heat equations to calculate the heat added and 
the work done by the gas for the isothermal process (1—2), the constant-volume process 
(2—3), and the isobaric process (3—1). 
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(a) The cycle is shown in the diagram: Haim 
l 3 
2 -a 4 
| 
| | A 
| 
| 
1 t 2 
| 
| 
ji | 
| 
t | + V, L 
0 1 2 3 4 
(c) Use the ideal-gas law to find T;: T= PV, 
1 
nR 


(2atm)(2L) 
(2mol)(8.206x10~ L -atm/mol-K) 


Because the process 1—2 is isothermal: T, =| 24.4K 


Use the ideal-gas law to find T3: T = PV; 
°> nR 
_ (2atm)(4L) 
(2mol)(8.206 x10 L -atm/mol-K 
=| 48.7K 
(b) Because the process 1—2 is V, 
isothermal, Qin,1>2 R Woy gas,1>2: Qh, eater Wy ee a Vv, 


Substitute numerical values and evaluate Qin1-52: 


4L 
Qin 1,2 = (2 mol)(8.314J/mol - K)24a rm SE) = 


Because process 2—3 takes place at Wass [o] 
constant volume: 
Because process 2—3 takes place at Qinoo3 = AE into 53 =CyAT = 3nR(T, -T,) 


constant volume, Won2-53 = 0, and: 


Substitute numerical values and evaluate Qin>_,3: 
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Q,,2 53 = 4(2mol)(8.314J/mol -K)(48.7 K —24.4K)=| 606] 
Because process 3—1 is isobaric: Q; =C AT =2nR(T, -T,) 


Substitute numerical values and evaluate Q351: 


Q, „ = Ż(2mol)(8.314J/mol - K)(24.4K — 48.7 K)= 


The work done by the gas from 3 to Woy gas31 = -PAV = P3 (v, -V;) 
1 equals the negative of the work 
done on the gas: 


Substitute numerical values and Weg = -(2 atm)(2 L-4 L) 
evaluate Why gas,3-92: 
yg _ -(-4atm-1) 22232) 
atm- L 
=| 405J 
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Picture the Problem We can find the temperatures, pressures, and volumes at all points 
for this ideal monatomic gas (3 degrees of freedom) using the ideal-gas law and the work 
for each process by finding the areas under each curve. We can find the heat exchanged 
for each process from the heat capacities and the initial and final temperatures for each 
process. 


Express the total work done by the Wy castor = Woa + Wae + Wooo + Wop 
gas per cycle: 


1. Use the ideal-gas law to find the _ nRT, 

volume of the gas at point D: 7 Po 
_ (2mol)(8.314J/mol-K)(360K) 
~~ (2atm)(101.3kPa/atm) 


= 29.5L 
2. We’re given that the volume of V3 = Ve =3V, 
the gas at point B is three times that = 88.6L 


at point D: 


Use the ideal-gas law to find the pressure of the gas at point C: 
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nRT. _ (2mol)(8.206x107 L -atm/mol -K )(360K) 


P = = 
C V, 


We’re given that the pressure at 
point B is twice that at point C: 


3. Because path DC represents an 
isothermal process: 


Use the ideal-gas law to find the 
temperatures at points B and A: 


Because the temperature at point A 
is twice that at D and the volumes 
are the same, we can conclude that: 


The pressure, volume, and 
temperature at points A, B, C, and D 
are summarized in the table to the 
right. 


4. For the path D>A, W,,_,, =0 


and: 


= 0.667 atm 


88.6L 


P, = 2P, = 2(0.667 atm) =1.33atm 


T, = T, =360K 
PV, 

T, =T, = 

A B nR 


(1.333atm)(88.6 L) 
~ (2mol)(8.206x107 L -atm/mol-K) 
=720K 


P, = 2P, = 4atm 


Point P V T 


(atm) | @) | 6 


4 29.5 | 720 


88.6 | 720 


0.667 | 88.6 | 360 


DIO |W |p 
pä 
w 
W 


2 29.5 | 360 


Qosa = AE int, D>A 7 4nRATp a 
= 3nR(T, -Tp ) 


Substitute numerical values and evaluate Qp_,a: 


Qpa = 3(2mol)(8.314J/mol-K)(720K — 360K) =8.98k] 


For the path A>B: 


Waos =Qa 43 = nRT, g if 


A 


Substitute numerical values and evaluate Wa_,p: 


W, „s =(2mol)(8.314 J/mol - K )(720 E = 


88.6 L 


=13.2kJ 
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and, because process A—>B is isothermal, AEn, aog = 9 
For the path BC, Wp „c =0, and: Qs 4c = AU pc =CyAT =2nR(T, -T,) 


Substitute numerical values and evaluate Qp_,c: 


Qsc = 2(2mol)(8.314J/mol - K)(360K - 720K) = -8.98kJ 


For the path C>D: 
i Wop = nRT p In Vo 
y: Ve 


Substitute numerical values and evaluate Wc_,p: 


W,» = (2mol)(8.314J/mol- K)(960%) 29.5L 
88.6L 


l = —6.58 kJ 


C+D 


Also, because process A—>B is isothermal, AE easg = 0, and 


Qep = We p = —6.58kJ 


Qin, Won, and AF int are Summarized 


for each of the processes in the table Process Qin Won | AE int 
to the right. (kJ) (kJ) (kJ) 
D>A 0 8.98 
AB 13.2 -13. 0 
2 
B>C —8.98 0 -8.9 
8 
C+D —6.58 6.58 0 
Referring to the table, find the total Woo = Woa t+Wa >g tWesc t Woop 
work done by the gas per cycle: =0+4+13.2kJ+0-6.58kJ 


-[ee] 


Remarks: Note that, as it should be, AE;in is zero for the complete cycle. 
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Picture the Problem We can find the temperatures, pressures, and volumes at all points 
for this ideal diatomic gas (5 degrees of freedom) using the ideal-gas law and the work for 
each process by finding the areas under each curve. We can find the heat exchanged for 


Heat and the First Law of Thermodynamics 1415 


each process from the heat capacities and the initial and final temperatures for each 
process. 


Express the total work done by the gas W,y castor = Wasa + Wap + Woo + Wop 


per cycle: 


1. Use the ideal-gas law to find the 
volume of the gas at point D: P: 
_ (2mol)(8.314J/mol -K)(360K) 
~~ (2atm)(101.3kPa/atm) 


= 29.5L 
2. We’re given that the volume of the Ve =V. = 3Vp 
gas at point B is three times that at point =88.6L 


D: 
Use the ideal-gas law to find the pressure of the gas at point C: 


p — MRT. _ (2mol)8.206x10? L -atm/mol: K{360K) 
a 


Ve 88.6L 


= 0.667 atm 


We’re given that the pressure at point B is P, =2P.= 2(0.667 atm) =1.33atm 
twice that at point C: 


3. Because path DC represents an To = Tę =360K 
isothermal process: 


Use the ideal-gas law to find the T -T = P-V 
temperatures at points B and A: ^A B AR 
7 (1.333atm)(88.6 L) 
~ (2mol)(8.206 x10 L-atm/mol- K) 


= 720K 
Because the temperature at point A is P, = 2P, = 4atm 
twice that at D and the volumes are the 
same, we can conclude that: 
The pressure, volume, and temperature Point P V T 
at points A, B, C, and D are summarized (atm) | (L) | (K) 
in the table to the right. A 4 29.5 | 720 
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B 1.33 | 88.6 | 720 
88.6 | 360 
D 2 29.5 | 360 


(@) 
= 
D 
D 
N 


4. For the path D>A, W,_,, =0 and: 


Qn = AGS sx = 3nRAT,, , 9 = SnR(Ty -T,) 
= §(2mol)(8.314J/mol- K)(720K —360K) 
=15.0kJ 


For the path A>B: 


Wasp = Ors = mR ys nf 2 = (2mol)(8.314 J/mol - K (720 K| 


A 


88.6L 
29.5L 


=13.2kJ 


and, because process A—>B is isothermal, AE... ._,. 


=0 
For the path B>C, W,, ,. =0 and: 


Qsc = AU p,e = CAT = SnR(T, -T, )= $(2mol)(8.314J/mol-K)(360K —720K) 
= —15.0KJ 


For the path C>D: 


V, 29.5L 
Wosp =NnRTep nf = (2mol)(8.314J/mol - K)(360 Kyo eee = —6.58kJ 


C 


Also, because process A—>B is isothermal, AE; 
Qenan = Wesp = —6.58kJ 


nag = Oand 


Qin, Won, and AEjn are summarized for 


each of the processes in the table to Process Qin Won | AE int 


the right. (kJ) (kJ) | (kJ) 


D>A 15.0 0 | 15.0 


A>B 13.2 -13.2 0 


B>C ||-150 0 | -15.0 


C>D |]-6.58]| | 658 | 0 
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Referring to the table and noting that the work done by the gas equals the negative of 
the work done on the gas, find the total work done by the gas per cycle: 


Woy gastor =Wo sa +Wa sp +W oc +Wo yp =0+13.2kJ +0-6.58kI =| 6.62kJ 


Remarks: Note that AF; for the complete cycle is zero and that the total work done 
is the same for the diatomic gas of this problem and the monatomic gas of problem 
81. 
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Picture the Problem We can use the equations of state for adiabatic and isothermal 
processes to express the work done on or by the system, the heat entering or leaving the 
system, and the change in internal energy for each of the four processes making up the 
Carnot cycle. We can use the first law of thermodynamics and the definition of the 
efficiency of a Carnot cycle to show that the efficiency is 1 — Q: / Qh. 


(a) The cycle is shown on the PV ; 
diagram to the right: p,- 
P, 
Pj —— — 
P, 
(b) Because the process 1—2 is AE mi2 = 9 
isothermal: 
Apply the first law of i V, 
thermodynamics to obtain: Q, =Q = Wi nRT, In y 
1 
(c) Because the process 3—4 is AU, ,, =9 


isothermal: 
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Apply the first law of 
thermodynamics to obtain: 


(d) Apply the equation for a quasi- 
static adiabatic process at points 4 
and 1 to obtain: 


Solve for the ratio V/V: 


Apply the equation for a quasi-static 
adiabatic process at points 2 and 3 to 
obtain: 


Solve for the ratio V>/V3: 


Equate equations (1) and (2) and 
rearrange to obtain: 


(e) Express the efficiency of the 
Carnot cycle: 


Apply the first law of 
thermodynamics to obtain: 


Substitute to obtain: 


Q. = Q3..4 =W3,4 =nRT, of 2) 


3 
=| —- nRT, ln Va 
Vv, 


where the minus sign tells us that heat is 
given off by the gas during this process. 


nya 


V (vT.\" 
es ee ee 1 
%-(%) o 


ATI 
2 = (=) (2) 
3 h 


Won = AE int cycle = Q; 


1 


=0-(Q, -Q.)=-(Q, -Q.) 
because Eint is a state function and 
AE =0. 


int, cycle 


e= W y hegas = —W. 
Q, Q, 


(f) In part (b) we established that: 


In part (c) we established that the 
heat leaving the system along the 
path 3-4 is given by: 


Divide the second of these equations 
by the first to obtain: 


Remarks: This last result establishes that the efficiency of a Carnot cycle is also 


T 
iven bygn =1-—. 
g y éc T, 
General Problems 
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Picture the Problem The isobaric process 
is shown on the PV diagram. We can 
express the heat that must be supplied to 
gas in terms of its heat capacity at constant 
pressure and the change in its temperature 
and then use the ideal-gas law for a fixed 
amount of gas to relate the final 
temperature to the initial temperature. 


Relate Qin to Cp and AT: 


Use the ideal-gas law for a fixed 
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V. 
Q, =nRT, In| + 
h h V, 
Q. =nRT, ln A 
V, 
nRT ln | 
oo V, 
Qh nRT, ln h A 
V 
etue = = Ya, 
V v 
Pry \ 
\ 
\ \ 
\ % 
ee, 
N Mee 
[ Ss | 
= 
| ee | T; = 300K 
50 10 150 20  “! 
Qna = C,AT = Ca i= 5 nR(T, T,) 
Mai 
i g 


amount of gas to relate the initial 
and final volumes, pressures, and 
temperatures: 


Solve for Tg 


or, because the process is isobaric, 


T T 
T, =“L7 20L T 4T 
V, © 50L 
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Substitute to obtain: Qn = 3 nR(4T, = 32) = nRT, 
Substitute numerical values and Q,, =+£(3mol)(8.314J/mol-K)(300K) 
evaluate Qn: -Ù 561k 
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Picture the Problem We can use the first law of thermodynamics to relate the heat 
removed from the gas to the work done on the gas. 


Apply the first law of Qin = AE m Won = -Won 
thermodynamics to this process: because AE, = 0 for an isothermal process. 
Substitute numerical values to obtain: Q, = —180kJ 

Because Qremoved = —Qin: Qi emoved = 

*86 ° 


Picture the Problem We can find the number of moles of the gas from the expression for 
the work done on or by a gas during an isothermal process. 


Express the work done on the gas V; 
. . W =nRTln| — 
during the isothermal process: : 
Solve for n: ae W 
RT In a 
V; 
Substitute numerical values and te —180kJ 
eae (8.314J/mol-K)(293 Km) 
=| 45.9mol 
87 >œ 


Picture the Problem We can use the ideal-gas law to find the temperatures T4 and Te. 
Because the process EDC is isobaric, we can find the area under this line geometrically 
and the first law of thermodynamics to find Qazc. 
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(a) Using the ideal-gas law, find the 
temperature at point A: 


Using the ideal-gas law, find the 
temperature at point C: 


(b) Express the work done by the gas 
along the path AEC: 


(c) Apply the first law of 
thermodynamics to express Qagc: 


PV, 
T = A A 
^ô nR 
_ (4atm)(4.01L) 
(3mol)(8.206x10? L -atm/mol-K) 
=| 65.2K 
PY, 
T = O'G 
© nR 
(1atm)(20L) 


(3mol)(8.206x10~ L -atm/mol- K) 


-[2K | 


Ware = War t+ Wee = 0 + PecAVec 
= (1atm)(20L — 4.01L) 


=16.0L-atmx eu 


=| 1.62kJ 


Qaro = Ware + AE in = Waec + CyAT 
=W kc + 3nRAT 
=Warct 3nR(T, E T,) 


-atm 


Substitute numerical values and evaluate Qagc: 


Q,ec = 1.62kJ + 3(3mol)(8.314 J/mol-K)(81.2K —65.2K) = 


Remarks The difference between Wagc and Qagc is the change in the internal energy 


AE in arc during this process. 
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Picture the Problem We can use the ideal-gas law to find the temperatures T, and Tc. 


Because the process AB is isobaric, we can find the area under this line geometrically. 


We can use the expression for the work done during an isothermal expansion to find the 


work done between B and C and the first law of thermodynamics to find Qagc. 
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(a) Using the ideal-gas law, find the T = P, Va 
temperature at point A: j nR 
E (4atm)(4.01L) 
(3mol)(8.206x10~ L -atm/mol-K) 
=| 65.2K 
Use the ideal-gas law to find the T= BMG 
temperature at point C: © nR 
(1atm)(20L) 


(3mol)(8.206x10~ L -atm/mol- K) 


- [2K | 


(b) Express the work done by the Wasc = Wap +Wac 
as along the path ABC: 
Brae = P,,AV,, + nRT, In ae 


B 
Use the ideal-gas law to find the volume of the gas at point B: 


fn (3mol)(8.206 x10? L - atm/mol- K)(81.2K) 
es eee 


P; 4atm 


=5.00L 


Substitute to obtain: 


Wane = (4atm)(5L - 4.01L)+ (3mol)(8.206 x10% L - atm/mol - K \(81.2 K| = ) 


101.3] 
= 31.7L-atm~x =| 3.21kJ 
a 


(c) Apply the first law of Qasc = Wage + AF in = Wage + CVAT 
thermodynamics to obtain: = Ware + $nRAT 


= Wage + nR(T, = T,) 


Substitute numerical values and evaluate Qapc: 


Qsc = 3.21kJ + 3(3mol)(8.314 J/mol- K)(81.2 K —65.2K) = 


Remarks: The difference between Wagc and Qagc is the change in the internal 
energy AEF intanc during this process. 
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*BQ ee 
Picture the Problem We can use the ideal-gas law to find the temperatures T4 and Tc. 
Because the process DC is isobaric, we can find the area under this line geometrically. 
We can use the expression for the work done during an isothermal expansion to find the 
work done between A and D and the first law of thermodynamics to find Qapc. 


(a) Using the ideal-gas law, find the T BY. 
A 


temperature at point A: nR 
(4atm)(4.01L) 
(3mol)(8.206x10™ L - atm/mol- K 


-[ 2K | 


Use the ideal-gas law to find the T PV. 
temperature at point C: nR 


(1atm)(20L) 
(3mol)(8.206x 10 L - atm/mol- K 


- [12x] 


(b) Express the work done by the W ape =Wap + Wope 
gas along the path ADC: 


7 
=nRT, nf 7 + Py AVoc 


A 


Use the ideal-gas law to find the volume of the gas at point D: 


-2 
v = nRT, _ (3mol)(8.206x10? L -atm/mol: K )(65.2K) gai: 
P» latm 
Substitute numerical values and evaluate Wapc: 
Wane = (3mol)(8.206x 107 L -atm/mol-K)(65.2K)In} 18-44 
4.01L 
+ (latm)(20L -16.1L) 
= 26.2L-atmx 9? 9 65k 
L-atm 
(c) Apply the first law of Qane = Wane + AF in, = Wane + CyAT 
thermodynamics to obtain: = Wane +4nRAT 


= Wapc + 3 nR(T, = T,) 
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Substitute numerical values and evaluate Qapc: 


Qane = 2.65kJ + 3(3mol)(8.314J/mol-K )(81.2K -65.2 K) = 
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Picture the Problem We can use the ideal-gas law to find the temperatures T4 and Tc. 


Because the process AB is isobaric, we can find the area under this line geometrically. 


We can find the work done during the adiabatic expansion between B and C using 
Wac = —C\ AT, and the first law of thermodynamics to find Qazc. 


The work done by the gas along 
path ABC is given by: 


Use the ideal-gas law to find Ta: 


Use the ideal-gas law to find Tg: 


Use the ideal-gas law to find Tc: 


Apply the pressure-volume 
relationship for a quasi-static 
adiabatic process to the gas at 
points B and C to find the 
volume of the gas at point B: 


Wasc = Wap + Wace 
= PypAVag — CyAT gc 
= P,pAVa, — 5 NRAT,¢ 
because, with Qin = 0, Wgc = —AEintBc. 


P, Va 
Th = nR 
7 (4atm)(4.01L) 
~ (3mol)(8.206x10~ L - atm/mol-K 
= 65.2K 
P.V; 
g nR 
E (4atm)(8.71L) 
~ (3mol)(8.206x107 L-atm/mol-K) 
=142K 
= P Vo 
Te nR 
E (1atm)(20L) 
~ (3mol)(8.206x10~ L- atm/mol- K) 
=81.2K 


PV = Pe 


and 
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=| 25] ye | SL or) 
P, 4atm 


=8.71L 
Substitute numerical values and evaluate Wapc: 


Wane = (4atm)(8.71L — 4.01L)—3(3mol)(8.206x107 L -atm/mol- K) 
x (81.2K —142K) 


101.325J 
= 41.3L - atm x — == = | 418K | 
atm 


Apply the 1* law of Qasc = Warce + AF in = Wage + CyAT 
thermodynamics to obtain: = Wage + 2nRAT 


= Waec + = nR(T, = T,) 
Substitute numerical values and evaluate Qagc: 


Qsc = 4.18kJ + 2 (3mol)(8.314J/mol - K )(81.2K -65.2 K) = 
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Picture the Problem We can find c at T = 4 K by direct substitution. Because c is a 
function of T, we’ll integrate dQ over the given temperature interval in order to find the 
heat required to heat copper from 1 to 3 K. 


(a) Substitute for a and b to obtain: c= (0.0108 J/kg- K?)r 
+(7.62x10* Jhkg-K*)T° 


Evaluate c at T= 4 K: c(4K)=(0.0108J/kg-K?)(4K) 
+(7.62x10" J/kg -K*)(4K) 


=| 9.20x107 J/kg -K 


(b) Express and evaluate the integral of Q: 


= jean = (0.0108/kg x°) frat +(7.62x10" J/kg- K*) [rear 
' 1K 


T, K 


3K 3K 
= (porose K") T +z se) TE = | 0.0584J/kg | 


1K 1K 
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Picture the Problem We can use the first law of thermodynamics to relate the heat 
escaping from the system to the amount of work done by the gas and the change in its 
internal energy. We can use the expression for the work done during an isothermal 
process to find the temperature along the isotherm. 


Apply the first law of Qin = AE nt — Won 
thermodynamics to this isothermal 
process: 
For an isothermal process: AB = 
Substitute to obtain: woso al idea 4.184J 
on in cal 
=711J 
Because Wpy gas = —Won: Wyy eas =| — 7115 
Express the work done during an V. 
o , i Woy gas = NRT In| — 
isothermal process: s 
Solve for T = T; = Tr: T= Wy gas 
nR In us 
V 
Substitute numerical values and T= -711J 
luate T: L 
Diii (2mol)(8.314J/mol-K)In| 8+- 
18L 
=| 52.7K 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final values of 
temperature, pressure, and volume. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 
PY, -P AL 
y-1 
diatomic gas, y= 1.4. Once we’ve determined P, we can use the ideal-gas law to find T; 


using W = and find P; by eliminating P, using PV,’ = P,V;, where, for a 


and the first law of thermodynamics to find T>. Finally, we can apply the ideal-gas law a 
second time to determine P3». 


Heat and the First Law of Thermodynamics 


Relate the work done on a gas 
during an adiabatic process to the 
pressures and volumes of the initial 
and final points on the path: 


Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 


Substitute to obtain: 


Solve for P4: 


Substitute numerical values and 
evaluate P;: 


Use the ideal-gas law to find T;: 


Apply the first law of 
thermodynamics to obtain: 


Solve for and evaluate T: 


pen BY, — BW, 
y-1 


W, 


on 


1427 


p- (=8203)(1.4—1) - [476kPa | 


je (47.6kPa)(18L) 

! nR (2mol)(8.314J/mol-K) 
=| 51.5K 

AE nt = Qn Was 


or, because Q;, = 0 for an adiabatic process, 


AE int = Won = C,AT = SnR(T, -T,) 


Wan 
T, =f, TES. 
3nR 
=51.5K aucun 


=| 71.2K 


5(2mol)(8.314J/mol-K) 
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Use the ideal-gas law to find P»: _ nRT, 


(2 mol)(8.314 J/mol-K)(71.2K) 
8L 


- [148k | 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final state 
respectively. Because the gas is initially at STP, we know that V; = 22.4 L, P; = 1 atm, 
and T; = 273 K. We can use W = -nRT In(V, /V,) to find the work done on the gas 
during an isothermal compression. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 
PV, -P, AL 
y-1 


using W = and find P; by eliminating P, using PV,’ = P,V,’, where, for a 


diatomic gas, y = 1.4. 


(a) Express the work done on the V, 
; pela W,,, =—nRT In| — 
gas in compressing it isothermally: on 


Find the number of moles in 30 g of j= 30g 
CO (M = 28 g/mol): 28g/mol 


Substitute numerical values and evaluate W,,: 


W, = -(L07mol)(8.3143/mol-K)(273K)in[ =) =| 3.91kJ 


(b) Express the work done on the E PV,- P.V, 
gas in compressing it adiabatically: = y-1 
P. 
el - 2 
E P 
y-1 
Using the equation for a quasi-static P yY 
adiabatic process, relate the initial 1*1 202 V. 
1 2 


and final pressures and volumes: 
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Substitute for P,/P,and simplify to obtain: 


y-1 y—1 y-1 


Substitute numerical values and evaluate W,,: 


1.4 
We ao ul) 22 an) 29) ) 549k 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final state 
respectively. Because the gas is initially at STP, we know that V; = 22.4 L, P; = 1 atm, 
and T; = 273 K. We can use W = -nRT In(V, /V,) to find the work done on the gas 
during an isothermal compression. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 


PV, — BV, 
—1 


using W = and find P, by eliminating P» using PV,” = P,V; . We can find y 


using the data in Table 19-3. 


(a) Express the work done on the V. 
, ed W =—nRT In| + 
gas in compressing it isothermally: me f 
Find the number of moles in 30 g of = 30g ~ 0.682 mol 
CO, (M = 44 g/mol): 44g/mol ` 


Substitute numerical values and evaluate W»: 


W., =—(0.682 mol)(8.3143/mol- K)(273K)In = =| 2.49kJ 


(b) Express the work done on the W =- PV, - P.V, 
gas in compressing it adiabatically: 
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Using the equation for a quasi-static P V, . 
adiabatic process, relate the initial 
and final pressures and volumes: 
Substitute for P/P, and simplify to obtain: 
y 7 ia 

V, V,) Y, V, 
Piv -|2| v] BlYy-|2] 2| Byj1-0.2) > 

V, V,) 5 V, 

= z-i 


y-1 


From Table 18-3 we have: Cy =3.39R 


and 
C, = (3.39 +1.02)R = 4.41R 


Evaluate 7 ye Cp _ 441R -1.30 


cy 3.39R 


Substitute numerical values and evaluate W,,: 


(101.3kPa)(0.682 mol)(22.4L/mol)(1-0.2(5)"*) 
W = =| 3.20kJ 
on 1.3-1 [3.20% | 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final states 
respectively. Because the gas is initially at STP, we know that V; = 22.4 L, P; = 1 atm, 
and T; = 273 K. We can use W = -nRT In(V, /V,) to find the work done on the gas 
during an isothermal compression. We can relate the work done on a gas during an 


adiabatic process to the pressures and volumes of the initial and final points on the path 
PV, -P, AL 


using W = and find P; by eliminating P, using PV,’ = P,Vž, where, for a 


monatomic gas, v= 1.67. 


(a) Express the work done on the V. 
i D W,,, =-nRTln| — 
gas in compressing it isothermally: on r 
Find the number of moles in 30 g of i= 30g -0.750 mol 
Ar (M = 40 g/mol): 40 g/mol 


Substitute numerical values and evaluate W,,: 
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1 
W = —(0.75mol)(8.314J/mol - K )(273K )In) — |=| 2.74kJ 
= (0.75moI)(8.314./mol-K)(273K inf =) 


(b) Express the work done on the gas W =- PV, BY; 
in compressing it adiabatically: i y-1 
P. 
el E v, 
E p, 
y-1 
. . i . y 
Using me equation for a ASSE rapia P, V, 
adiabatic process, relate the initial 11 2'2 V. 
1 2 


and final pressures and volumes: 


Substitute for P/P, and simplify to obtain: 


y-1 7 y-1 j y-1 


Substitute numerical values and evaluate Wn: 


1.67 
W= orae a al 02) iz rare: 
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Picture the Problem We can use conservation of energy to relate the final temperature to 
the heat capacities of the gas and the solid. We can apply the Dulong-Petit law to find the 
heat capacity of the solid at constant volume and use the fact that the gas is diatomic to 
find its heat capacity at constant volume. 


Apply conservation of energy to this AQ=0 
process: or 
Cy gas (T; 100K) —Cy, soia(200K —T, ) = 0 
Solve for Tg T = (100 K)(C\ pas )+ (200 K\(Cy sora) 
Cy gas + Cy sata 


1432 Chapter 18 


Using the Dulong-Petit law, Cy solid = 3NR 

determine the heat capacity of the = 3(2 mol)(8.3 14J/mol- K) 

solid at constant volume: = 49.9 J/K 

Determine the heat capacity of the Cy gas = FR 

gas at constant volume: =3 1mol)(8.3 14J/mol- K) 
= 20.8J/K 


Substitute numerical values and evaluate T;: 


T= (100 K )(20.8 J/K)+ (200 K)(49.9 JK) _ 


20.8J/K + 49.9 J/K 
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Picture the Problem We can express the work done during an isobaric process as the 
product of the temperature and the change in volume and relate Q to AT through the 
definition of Cp. Finally, we can use the first law of thermodynamics to show that AE int = 
GAT. 


For an ideal gas, the internal energy is the sum of the kinetic energies of the 
(a) | gas molecules, which is proportional to kT. Consequently, U is a function 
of T only and AE,,, = GAT. 


(b) Use the first law of AF int = Qin + Won 
thermodynamics to relate the work 

done on the gas, the heat entering the 

gas, and the change in the internal 

energy of the gas: 


At constant pressure: Wives = P(V, -V,) = nR(T, — ") = nRAT 
and 
Won = Way gas = —NRAT 

Relate Qin to Cp and AT: Qa = C,AT 

Substitute to obtain: AE, = CAT —nRAT 


=(C, -nR)AT = 
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Picture the Problem We can use Q,, = CAT = 3nRAT to find Qn for the constant- 


volume process and Q, = C, AT = 3nRAT to find Qi for the isobaric process. The 


Vi 
work done by the gas is given by W = Í PdV. Finally, we can apply the first law of 

V, 
thermodynamics to find the change in the internal energy of the gas from the work done 
on the gas and the heat that enters the gas. 


(a) The heat added to the gas Q, =3nRAT 
during this process is given by: 


Substitute numerical values and evaluate Q,, = 3(1mol)(8.314 J/mol- K)(300 K) 


Qi: = 3.74 kJ 
For a constant-volume process: Wy megas =| 0 
Apply the 1* law of AE n = Qa + Won (1) 


thermodynamics to obtain: 


Substitute for Qin and Won in AE,,, = 3-74kJ +0 =| 3.74kJ 

equation (1) and evaluate AE in: 

(b) Relate the heat absorbed by the Qn =C,AT = }nRAT 

gas to the change in its = 5(1mol)(8.314J/mol-K)(300K) 


temperature: 6.24kJ 


For a constant-pressure process 4 
that begins at temperature T; and Woy hegas = l os ae PUY, -V,) 
ds at t ture T th k ' 
ends at tempera ae p the wor = nR(T, -T,) 
done by the gas is given by: f 
Substitute numerical values and Woy thegas = (1mol)(8.3 14J/mol- K)(300 K) 
evaluate Woy the gas: =| 2.49kJ 
Apply the 1* law of AE in = Won + Qu 


thermodynamics to express the 
change in the internal energy of 
the gas during this isobaric 
expansion: 
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Because the Why gas = —Won: AEy = Wy thegas F Q; 


Substitute numerical values and AE „ =—2.49 kJ +6.24kJ =| 3.75kJ 


evaluate AEFint: 


Remarks: Because AE;,, depends only on the initial and final temperatures of the 
gas, the values for AE;,, for Part (a) and Part (b) should be they same. They differ 
slightly due to rounding. 
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Picture the Problem We can use Qin = CpAT to find the change in temperature during 
this isobaric process and the first law of thermodynamics to relate W, Q, and AE in. We 
can use AE,,, = 3nRAT to find the change in the internal energy of the gas during the 


isobaric process and the ideal-gas law for a fixed amount of gas to express the ratio of the 
final and initial volumes. 


(a) Relate the change in temperature AT = Qin _ Qin 
to Qin and Cp and evaluate AT: Cp, ZnR 
B 500J 
7(2mol)(8.314J/mol-K) 
=| 8.59K 
(b) Apply the first law of Won = AE, ~ Qn = CVAT -Qn 
thermodynamics to relate the work = nRAT -Q,, 
done on the gas to the heat supplied 
and the change in its internal 
energy: 
Substitute numerical values and W,, = £(2mol)(8.314 J/mol -K )(8.59K) 
evaluate Won: —500J 
=-143J 
Because Why gas = —Won: Woy gas = 143] 
(c) Using the ideal-gas law for a PY, _ BV: 
fixed amount of gas, relate the T, T 
initial and final pressures, volumes or, because the process is isobaric, 
and temperatures: V V 


ne 


Solve for and evaluate V;/V;: 
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Picture the Problem Knowing th 


data we need to plot this graph by 
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Vv, _T, _T,+AT 
V T, 
_ 293.15K +8.59K _ 103 
293.15K 


e rate at which energy is supplied, we can obtain the 
finding the time required to warm the ice to 0°C, melt 


the ice, warm the water formed from the ice to 100°C, vaporize the water, and warm the 


water to 110°C. 


Find the time required to warm the 


ice to 0°C: 


Find the time required to melt the 


Find the time required to heat the 
water to 100°C: 


Find the time required to vaporize 
the water: 


Find the time required to heat the 
vapor to 110°C: 


_ MCAT 
© P 
(0.1kg)(2kJ/kg -K)(10K) 
100J/s 


At, 


= 20.0s 


(0.1kg)(333.5kJ/kg ) 
100J/s 


ice: _ mL, 
P 


= 333.58 


At 


2 


_ me, AT 
© P 
(0.1kg)(4.18kJ/kg -K)(100K) 
100J/s 


At 


3 


= 418s 


(0.1kg)(2257 kJ/kg) 


= mLy = 
100J/s 


P 
= 2257s 


MC oiean AT 
P 
(0.1kg )(2 kJ/kg: K)(10K) 


100 J/s 


At. = 


5 


= 20s 
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The temperature T as a function of 
time t is shown to the right: 
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TC 


110f 
100F L 


0 
zoki i 


——s 
3028.5 


3048.5 


Picture the Problem We know that, for an adiabatic process, Qin = 0. Hence the work 


done by the expanding gas equals the change in its internal energy. Because we’re given 


the work done by the gas during the expansion, we can express the change in the 


temperature of the gas in terms of this work and Cy. 


Express the final temperature of the 
gas as a result of its expansion: 


Apply the equation for adiabatic 
work and solve for AT: 


Substitute and evaluate T;: 
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Picture the Problem Because PV; = 4P,V; 
and V; = V;/2, the path for which the work 
done by the gas is a minimum while the 
pressure never falls below P; is shown on 
the adjacent PV diagram. We can apply the 
first law of thermodynamics to relate the 
heat transferred to the gas to its change in 
internal energy and the work done on the 
gas. 


T, =T, + AT 
W adiabatic = -CAT 
and 
AT = W adiabatic = W adiabatic 
Cy 3nR 
T=T- adiabatic 
f i SnR 
-300K - 3.5kJ 
5 (2mol)(8.314J/mol- K) 
=| 216K 
\ 
\ 
P \ f 
8P, — = —} 
\ S 
\ N41 
% i X x = 
\ ~ 
N 
N Sg 
P, = a 
. | 
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Using the first law of AE n = Qin + Won 
thermodynamics, relate the heat 

transferred to the gas to its change in 

internal energy and the work done 


on the gas: 
Solve for Qin: Qn = AE ~ Won 
Express the work done during this Won = W isobaric process A Wonsa volume 
process: = PAV +0 = P(4V,-V,) 
=$PV, = 3nRT =4RT 
because n = 1 mol. 
Express AEn for the process: AE, = GAT = 3nRAT = 3nR(GT) 
=3RT 
because n = 1 mol. 
Substitute to obtain: Q, =2RT-14RT = 
104 œ» 


Picture the Problem We can solve the ideal-gas law for the dilute solution for the 
increase in pressure and find the number of solute molecules dissolved in the water from 
their mass and molecular weight. 


Solve the ideal gas law for P to P= NkT 

obtain: V 

Express the number of solute _ _ mN, 
N=nN, = 

molecules N in terms of the number M 


of moles n and Avogadro’s number 
and then express the number of 
moles in terms of the mass of the 
salt and its molecular mass: 


Substitute to obtain: _ mN ,kT 


Substitute numerical values and evaluate P: 


(30g)(6.022 x10” particles/mol)(1.381x10~° J/K)(297K 


) 6 2 
=|1.27x10°N 
(58.4g/mol)(10? m’) | “ss 


Pe 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final states in this 
adiabatic expansion. We can use an equation describing a quasi-static adiabatic process to 
express the final temperature as a function of the initial temperature and the initial and 
final volumes. 


Using the equation for a quasi-static Ly Sst" 
adiabatic process, relate the initial 


and final volumes and temperatures: 


Solve for and evaluate T: 
T, = T 
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Picture the Problem We can simplify our calculations by relating Avogadro’s number 
Na, Boltzmann’s constant k, the number of moles n, and the number of molecules N in the 
gas and solving for Nak. We can then calculate U3o9 x and Usoox and their difference. 


Express the increase in internal AU =U ae -U 0K 
energy per mole resulting from the 
heating of diamond: 


Express the relationship between nR=Nk > R= N k=N,k 
Avogadro’s number N4, n 
Boltzmann’s constant k, the number 

of moles n, and the number of 

molecules N in the gas: 

Substitute in the given equation to U 3RT, 


obtain: 


Determine U309 x: 3(8.314J/mol-K)(1060 K) 


Usox = e 060K/30K _] 
=| 795J 
Determine Usok: 3(8.314J/mol - K )(1060 K ) 
Usok = 1060K/600K _ 4 


e 


=| 5.45kJ 
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Substitute to obtain: 
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Picture the Problem The isothermal 
expansion followed by an adiabatic 
compression is shown on the PV diagram. 
The path 1—2 is isothermal and the path 
2—3 is adiabatic. We can apply the ideal- 
gas law for a fixed amount of gas and an 
isothermal process to find the pressure at 
point 2 and the pressure-volume 
relationship for a quasi-static adiabatic 
process to determiney. 


(a) Relate the initial and final 
pressures and volumes for the 
isothermal expansion and solve for 
and evaluate the final pressure: 


(b) Relate the initial and final 
pressures and volumes for the 
adiabatic compression: 


Take the natural logarithm of both 
sides of this equation and solve for 
and evaluate y: 


1439 


AU =U swx -Ux = 5-45kI - 7955 


=| 4.66kJ 


P. AA =P. Vy 
or 
1P (2V, =1.32PV} 


which simplifies to 


2” = 2.64 
yIn2=1n2.64 
and 
7 ln 2.64 -1.40 
In2 


<. the gas is diatomic. 


In the isothermal process, T is constant, and the translational kinetic energy 
C 
is unchanged. 


In the adiabatic process, T, =1.32T,, and the translational kinetic energy 


increases by a factor of 1.32. 
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Picture the Problem In this problem the specific heat of the combustion products 
depends on the temperature. Although Cp increases gradually from (9/2)R per mol to 
(15/2)R per mol at high temperatures, we’ll assume that Cp = 4.5R below T = 2000 K and 
Cp = 7.5R above T = 2000 K. We’ll also use R = 2.0 cal/mol-K. We can find the final 
temperature following combustion from the heat made available during the combustion 
and the final pressure by applying the ideal-gas law to the initial and final states of the 


gases. 


(a) Relate the heat available in this 
combustion process to the change in 
temperature of the triatomic gases: 


Solve for T; to obtain: 


Express Q available to heat the gases 
above 2000 K: 


Express the energy released in the 
combustion of 1 mol of benzene: 


Noting that there are 3 mol of HO 
and 6 mol of COs, find the heat 
required to form the products at 
100°C: 


Find Q required to heat 9 mol of gas 
to 2000 K: 


Q,vailable = nC,AT 
=n(7.5R)(T, -T,) 


= Qa vailable iT (1) 


f 75nR ` 


Q available = Q dieas ~ Osetia 2000K 


(2) 
g Qheat CO, Oem 


Qarasa = + (1516 kcal) = 758kcal 


Queam =NM „CAT +nM „Ly 
= (3mol)(18 g/mol) 
x (1cal/g- K )(373K -300K) 
+ (3mol)(18g/mol)(540cal/g) 
=33.10kcal 


and 
Qheat Co, T nC, AT = 4.5nRAT 


= 4.5(6 mol) (2 cal/mol- K) 
x (373K — 300K) 
= 3.942 kcal 


Qo molto 200K = NCPAT = 4.5nRAT 
= 4.5(9 mol)(2cal/mol: K) 
x (2000 K - 373K) 
= 43.93 kcal 
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Substitute in equation (2) to obtain: 


Substitute in equation (1) and 
evaluate Tg 


Apply the ideal-gas law to express 
the final volume in terms of the final 
temperature and pressure: 


(b) Apply the ideal-gas law to relate 
the final temperature, pressure, and 
volume to the number of moles in 
the final state: 


Apply the ideal-gas law to relate the 
initial temperature, pressure, and 
volume to the number of moles in 
the initial state: 


Divide the first of these equations by 
the second and solve for Py: 


Find the initial volume V; occupied 
by 8.5 mol of gas at 300 K and 1 
atm: 


Q.vailable = 798 kcal —131.79 kcal 
—3.94 kcal- 33.10 kcal 


= 589.2 kcal 
= 589.2 kcal + 2000K 
7.5(9mol)(2 cal/mol- K) 
=| 6364K 
V, = nRT, 
P; 
_ (9mol)(8.314J/mol- K )(6364K) 
101.3kPa 
- 
PY, =n, RT; 
PY, =n,RT, 
PY, nRT 
PY, nRT, 
or, because T; = T; 
ni A Vi 
V, = (22.4L/mol)(8.5 mol) as 
273K 


= 209.2L 
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Substitute numerical values in p = ( 10 Lakea) 9mol 2 ‘| 


equation (3) and evaluate V;: 8.5mol J| 4700L 
=4.774kPax— T 
101.325kPa 
=| 0.0471atm 
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Picture the Problem In this problem the specific heat of the combustion products 
depends on the temperature. Although Cp increases gradually from (9/2)R per mol to 
(15/2)R per mol at high temperatures, we’ll assume that Cp = 4.5R below T = 2000 K and 
Cp = 7.5R above T = 2000 K. We can find the final temperature following combustion 
from the heat made available during the combustion and the final pressure by applying 
the ideal-gas law to the initial and final states of the gases. 


(a) Apply the ideal-gas law to find p= nRT, 

the pressure due to 3 mol at 300 K o V, 

in the container prior to the reaction: (3mol)(8. 314J/mol- K)(300 K) 
7 80L 
=| 93.5kPa 

(b) Relate the heat available in this AE im = Quvailable 

adiabatic process to Cy and the =C, (T, = T,) 

change in temperature of the gases: 

Because T > 2000 K: Cy = C, -NR =n(7.5R)—nR = 6.5nR 

Substitute to obtain: Oana = 6.5nR(T; = T,) 

Solve for T; to obtain: Pa Oana I (1) 

6.5nR 
Find Q required to raise 2 mol of One = CAT 


CO, to 2000 K: 


For T < 2000 K: Cy = Cp -NR = n(4.5R)—nR =3.5nR 
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Substitute for Cy and find the heat Os, co, = 3.5nRAT 


required to warm to CO, to 2000 K: 7 3.5(2 mol)(8.314J/mol K) 
x (2000K —300K) 


= 98.94kJ 
Find Q available to heat 2 mol of Q vailable = D60 kJ — 98.94 kJ 
CO, above 2000 K: = 461.1kJ 
Substitute in equation (1) and 461.1kJ 


+ 2000K 


f 


~ 6.5(2mol)(8.314J/mol-K) 


-[ 256K | 


Apply the ideal-gas law to relate the P.V; =n, RT, 
final temperature, pressure, and 


evaluate Ty: 


volume to the number of moles in 
the final state: 


Apply the ideal-gas law to relate the PV, =n,RT, 
initial temperature, pressure, and 

volume to the number of moles in 

the initial state: 


Divide the first of these equations by PV; _ Mh RT, 
the second and solve for Py: PV, nRT, 


or, because V; = Vj, 


n, |T, 
P. = P| = | = 2 
O o e 


Substitute numerical values in 
p- (oa saura 22) SEX) 


equation (2) and evaluate Py: 3mol }\ 300K 
=| 1.30 MPa 

c) Substitute numerical values in 2mol \| 273K 

Sik pe osa SSA 

equation (2) and evaluate P; for 3mol }\ 300K 

T; = 273 K: 


=| 56.7 kPa 
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Picture the Problem The molar heat capacity at constant volume is related to the internal 
/ 1dU 
energy per mole according toc, = aar . We can differentiate U with respect to 
n 
temperature and use nR = Nk or R = Nak to establish the result given in the problem 


statement. 

From Problem 106 we have, for the _ 3N kT; 
internal energy per mol: e=" _4 
Relate the molar heat capacity at . _1dU 
constant volume to the internal Y ndT 


energy per mol: 


Use c, = wae to express c, : 
VO p v’ 
n dT 


. 1 d [3N,kT, d 1 -1 d iar 
c, ==—| —A—= | = 3RT, —| ———_| =3RT,| —— | le” -1 
K LEBA T lar A ) 
= 2 T/T 
=R er{-3)|- ar Z) —_ 
(eX =i) T T eleiT —1 
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Picture the Problem We can rewrite our expression for Cy by dividing its numerator and 


denominator by e™/" and then using the power series for e* to show that, for T > Tg, 
C, = 3R . In part (b), we can use the result of Problem 103 to obtain values for c, every 


100 K between 300 K and 600 K and use this data to find AU numerically. 


(a) From Problem 110 we have: i T\  ek/t 
E 
Cy =3R z 
r) er) 
Divide the numerator and ge T; i 1 
denominator by e™/" to obtain: Cv = T e2k/T —2e™T 41 
ol /T 


2 
‘ae 1 
p ar T ) e™T-2+e™" 
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Apply the power series expansion to 
obtain: 


Substitute to obtain: 


(b) Use the result of Problem 110 to 
verify the table to the right: 


e™/T 


-2+ ™" 


+..-24+1- 


1 = 
[R] 


ajeg 
T 2 


Te 


T 


2 
a y 
T 2\T 
2 
(2) for T >T; 
T 


T Cy 
(K) | (J/mol-K) 
300 9.65 
400 14.33 
500 17.38 
600 19.35 


j 
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The following graph of specific heat as a function of temperature shown to the right was 


plotted using a spreadsheet program: 


Cy (J/mol-K) 


350 


400 


450 
T (K) 


500 


550 


600 
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Integrate numerically, using the formula for the area of a trapezoid, to obtain: 


AU =4(100K)(9.65+14.33)J/mol- K +4(100K)(14.33+17.38)J/mol-K 
+4(100K)(17.38+19.35)J/mol-K 


a result in good agreement (< 1% difference) with the result of Problem 106. 
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Picture the Problem In (a) we’ll assume that 7 = f (A/V, T, k, m) with the factors 
dependent on constants a, b, c, and d that we’ ll find using dimensional analysis. In (b) 
we'll use our result from (a) and assume that the diameter of the puncture is about 2 mm, 
that the tire volume is 0.1 m, and that the air temperature is 20°C. 


(a) Express r= f (A/V, T, k, m): AY ? 

r =| =| T)’ k) m)" (1) 
V 
Rewrite this equation in terms of the MIL Y 
ae aul T= (0E) ME] (ny 

dimensions of the physical quantities TK 

to obtain: 
where K represents the dimension of 
temperature. 

Simplify this dimensional equation T = L°K?’M‘°L*K “TM? 

to obtain: or 


T! — LK mM ct Te 


Equate exponents to obtain: T: -2c =1, 
L: 2c-a=0, 
K:b-c=0, 
and 
M:c+d=0 

Solve these equations (== 

simultaneously to obtain: a=-1, 
b=-4 
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Substitute in equation (1): (4 
T em 


(b) Substitute numerical values and evaluate z: 


O om? (1.293kg/m°)(0.1m?) aaa - 
2 7 (ox 10°m}? | (8.314J/mol-K)(293K) eal 
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Chapter 19 
The Second Law of Thermodynamics 


Conceptual Problems 


1 ° 
Determine the Concept Friction reduces the efficiency of the engine. 


*? e 

Determine the Concept As described by the second law of thermodynamics, more heat 
must be transmitted to the outside world than is removed by a refrigerator or air 
conditioner. The heating coils on a refrigerator are inside the room—the refrigerator 
actually heats the room it is in. The heating coils on an air conditioner are outside, so the 
waste heat is vented to the outside. 


3 ° 
Determine the Concept Increasing the temperature of the steam increases the Carnot 
efficiency, and generally increases the efficiency of any heat engine. 


4 eo 
Determine the Concept To condense, water must lose heat. Because its entropy change 
is given by dS = dQte/T and dQrey is negative, the entropy of the water decreases. 


(c) is correct. 


*5 ü 
Determine the Concept 


(a) Because the temperature changes during an adiabatic process, the internal energy of the 
system changes continuously during the process. 


(b) Both the pressure and volume change during an adiabatic process and hence work is 
done by the system. 


(c) AQ = 0 during an adiabatic process. Therefore AS = 0. | (c) is correct. | 


(d) Because the pressure and volume change during an adiabatic process, so does the 


temperature. 

6 eco 

(a) False. The complete conversion of mechanical energy into heat is not prohibited by 
either the 1“ or 2" laws of thermodynamics and is common place in energy 


transformations. 


b) True. This is the heat-engine statement of the 2™ law of thermodynamics. 
8 y 
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(c) False. The efficiency of a heat engine is a function of the thermodynamic processes of 
its cycle. 


(d) False. With the input of sufficient energy, a heat pump can transfer a given quantity of 
heat from a cold reservoir to a hot reservoir. 


(e) False. The only restriction that the refrigerator statement of the 2" law places on the 
COP is that it can not be infinite. 


(f) True. The Carnot engine, as a consequence of its thermodynamic processes, is 
reversible. 


(g) False. The entropy of one system can decrease at the expense of one or more other 
systems. 


h) True. This is one statement of the 2™ law of thermodynamics. 
y 


7 ee 

Determine the Concept The two 
paths are shown on the PV diagram 
to the right. We can use the concept 


of a state function to choose from \ 
among the alternatives given as P, K he 


possible answers to the problem. I ANA 


(a) Because E;n is a state function and the initial and final states are the same for the two 
paths and AEF... a = AE in. e- 
(b) and (c) S, like Ein, is a state function and its change when the system moves from one 
state to another depends only on the system’s initial and final states. It is not dependent 
on the process by which the change occurs and AS, = AS}. 


(d) | (d) is correct. 
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Determine the Concept The processes 
A—B and C—>?D are adiabatic; the 
processes BC and D—A are isothermal. 
The cycle is therefore the Carnot cycle 
shown in the adjacent PV diagram. 


9 oo 


Determine the Concept Note that AB is an adiabatic expansion. BC is a constant 


volume process in which the entropy decreases; therefore heat is released. CD is an 


adiabatic compression. D—A is a constant volume process that returns the gas to its 
original state. The cycle is that of the Otto engine (see Figure 19-3). 


10 »% 
Determine the Concept Refer to Figure 
19-3. Here ab is an adiabatic 
compression, so S is constant and T 
increases. Between b and c, heat is added 
to the system and both S and T increase. 
c—>d is again isentropic, i.e., without 
change in entropy. d—a releases heat and 
both S and T decrease. The cycle on an ST 
diagram is sketched in the adjacent figure. 


11 
Determine the Concept Referring to Figure 
19-8, process 1—2 is an isothermal 
expansion. In this process heat is added to 
the system and the entropy and volume 
increase. Process 2—3 is adiabatic, so S is 
constant as V increases. Process 3—>4 is an 
isothermal compression in which S 
decreases and V also decreases. Finally, 
process 4—1 is adiabatic, i.e., isentropic, 
and S is constant while V decreases. The 
cycle is shown in the adjacent SV diagram. 


Ww 
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Picture the Problem The SV diagram of the Otto cycle is shown in Figure 19-13. (see 
Problem 9) 


13 ee 
Determine the Concept Process AB is 
at constant entropy, i.e., an adiabatic 
process in which the pressure increases. 
Process B->C is one in which P is 
constant and S decreases; heat is exhausted 
from the system and the volume decreases. 
Process CD is an adiabatic compression. 
Process D—A returns the system to its 


original state at constant pressure. The 
cycle is shown in the adjacent PV diagram. 
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Picture the Problem Let AT be the change in temperature and 

€= (Th — T/T, be the initial efficiency. We can express the efficiencies of the Carnot 
engine resulting from the given changes in temperature and examine their ratio to decide 
which has the greater effect on increasing the efficiency. 


If T, is increased by AT, £, the new Jz T, +AT -T, 
efficiency is: T, +AT 
If T. is reduced by AT, the efficiency fis T-T. +AT 
is: T, 
Divide the second of these equations T, -T, +AT 
by the first to obtain: eo T, +AT si 
e T +AT-T. T, 
T, +AT 


Therefore, a reduction in the temperature of the cold reservoir by AT 
increases the efficiency more than an equal increase in the temperature 


of the hot reservoir. 
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Estimation and Approximation 
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Picture the Problem The maximum efficiency of an automobile engine is given by the 
efficiency of a Carnot engine operating between the same two temperatures. We can use 
the expression for the Carnot efficiency and the equation relating V and T for a quasi- 
static adiabatic expansion to express the Carnot efficiency of the engine in terms of its 
compression ratio. 


Express the Carnot efficiency of an T, 
engine operating between the Ec =1- T 
temperatures T, and Ty: i 
Relate the temperatures T, and T, to T. Ve = TV 


the volumes V, and V, for a quasi- 
static adiabatic compression from Ve 
to Vy: 


Solve for the ratio of T, to Ty: 


Substitute to obtain: y-1 
Vi 
Ec =1-|— 
iF 
Express the compression ratio r: V 
r=— 
Va 
Substitute once more to obtain: 1 
€ =l--a 
r 
Substitute numerical values for r and 1 m 
y (1.4 for diatomic gases) and Ec =l- ag = 0.565 =| 56.5% 


evaluate <c: 
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Picture the Problem If we assume that the temperature on the inside of the refrigerator 
is 0°C (273 K) and the room temperature to be about 30°C (303 K), then the refrigerator 
must be able to maintain a temperature difference of about 30 K. We can use the 
definition of the COP of a refrigerator and the relationship between the temperatures of 


the hot and cold reservoir and Q, and Q, to find an upper limit on the COP of a 
household refrigerator. In (b) we can solve the definition of COP for Q, and differentiate 


the resulting equation with respect to time to estimate the rate at which heat is being 
drawn from the refrigerator compartment. 


(a) Using its definition, express the : 
COP of a household refrigerator: COP = (1) 
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Apply the 1° law of W+Q = Q, 
thermodynamics to the refrigerator i 
to obtain: 
Substitute for W and simplify to 1 
obtain: COP = Q. = 
Ql- 2. Ql 
Q. 
Assume, for the sake of finding the Q, T 
upper limit on the COP, that the -e 
refrigerator is a Carnot refrigerator c c 
and relate the temperatures of the 
hot and cold reservoirs to Q, and 
Qe: 
Substitute to obtain: 1 
COP aax = 

thy 

T, 
Substitute numerical values and 1 
evaluate COP nax’ COP a= 303K E =|9.10 

273K 
(b) Solve equation (1) for Q,: Q, =W(COP) (2) 
Differentiate equation (2) with dQ, 7 dW 
respect to time to obtain: dt (CoP) 
Substitute numerical values and dQ. 
evaluate dQ,/dt: dt = (9.10)(600 J/s) =| 5.46kW 
17 ee 


Picture the Problem We can use the definition of intensity to find the total power of 
sunlight hitting the earth and the definition of the change in entropy to find the changes in 
the entropy of the earth and the sun resulting from the radiation from the sun. 


(a) Using its definition, express the P 
intensity of the sun’s radiation on iS A 
the earth in terms of the power 

delivered to the earth P and the 

earth’s cross sectional area A: 


Solve for P and substitute for A to P = JA= IZR? 
obtain: where R is the radius of the earth. 
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Substitute numerical values and p= n(1.3kW in? \(6.37 x10° m) 
evaluate P: 
=| 1.6610" W 
(b) Express dSearin/dt for the earth dS oanh P 
due to the flow of solar radiation: dt = 
earth 

Substitute numerical values and 1.66 x10" W 
evaluate AS carth/ dt: earth T 290K 

=| 5.72x10"“J/K-s 
(c) Express dS,,,/dt for the sun due dSn P 
to the outflow of solar radiation dt ae 
hitting the earth: = 
Substitute numerical values and dS 1.66x10'7 W 
evaluate dS,,,/dt: dt DE 400K 

=| 3.07 x10” J/K -s 
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Picture the Problem We can use the definition of intensity to find the total power 
radiated by the sun and the definition of the change in entropy to find the change in the 
entropy of the universe resulting from the radiation of 10" stars in 10" galaxies. 


(a) Using its definition, express the P 
intensity of the sun’s radiation on I= A 
the location of earth in terms of the 
total power it delivers to space P 
and the area of a sphere A whose 
radius is the distance from the sun to 
the earth: 
Solve for P and substitute for A to P = IA = 47 IR? 
obtain: where R is the distance from the sun to the 
earth. 
Substitute numerical values and p= 47(1.3kW. Im? )u.s x10" m}? 
evaluate P: 
=| 3.68x10° W 
b E AS universe: P 
(b) Express AS = 


universe 
Tiga 
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Substitute numerical values and 102 (3.68 x10% w) 
evaluate AS universe: A universe = 2 73 K 


=| 1.35x10“® J/K -s 
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Picture the Problem We can use the definition of entropy change to estimate the 
increase in entropy of the universe as a result of the heat produced by a typical human 
body. The entropy change is equivalent to the entropy change if the heat from the body 
were added to the universe reversibly. 


Express the increase in entropy of AQiay  AQuight 
the universe as a result of the heat AS, = T T 
produced by a human body: day night 
Using the definition of power, AQ = PAt 
express the total heat produced by a 
human body: 
Assume that half of the heat is AQ aay = AQ ight = +PAt 
produced during the day and half at 
night: 
Substitute to obtain: 1PAt +PAt 
AS, =*-— +2 
Tagg Tright 
1 1 
=+PAt + 
Tiay Tign 

Use T = Ž (tp —32)+ 273 to obtain: Taay = 294 K and Thign = 286 K 


Substitute numerical values and evaluate AS,;: 


AS, = 4(100J/s)(24h/d)(3600 Den + a =| 29.8kJ/K 
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Picture the Problem If you had one molecule in a box, it would have a 50% chance of 
being on one side or the other. We don’t care which side the molecules are on as long as 
they all are on one side, so with one molecule you have a 100% chance of it being on one 
side or the other. With two molecules, there are four possible combinations (both on one 
side, both on the other, one on one side and one on the other, and the reverse), so there is 
a 25% (1 in 4) chance of them both being on a particular side, or a 50% chance of them 
both being on either side. Extending this logic, the probability of N molecules all being 
on one side of the box is P = 2/2”, which means that, if the molecules shuffle 100 times a 


second, the time it would take them to cover all the combinations and all get on one side 
N 


or the other is t = 5 T . In (e) we can apply the ideal gas law to find the number of 


The Second Law of Thermodynamics 1457 


molecules in 1 L of air at a pressure of 10~'” torr and an assumed temperature of 300 K. 


(a) Evaluate t for N = 10 molecules: 910 
t= =| 5.12s 
2(100) 
(b) Evaluate t for N = 100 molecules: 2100 
t == =6.34x10”s 
2(100) 
=| 2.01x10” y 
(c) Evaluate t for N = 1000 771000 
molecules: t= 2(100) 
To evaluate 2° Jet 10* = 2! and (1000)In2 = xIn10 


take the logarithm of both sides of 
the equation to obtain: 


Solve for x to obtain: x=301 
Substitute to obtain: 103° 
t= =0.5x10°s 
2(100) 


(d) Evaluate t for 76.0210 
N = 6.02x10” molecules: t= (100) 
To evaluate 2°” Jet (6.02 10” )In2 = xIn10 


10* = 2°10" and take the 
logarithm of both sides of the 
equation to obtain: 


Solve for x to obtain: x 2107 
Substitute to obtain: 10” 

005) “| 

ta z| 10 

2(100) 
(e) Solve the ideal gas law for the PV 
number of molecules N in the gas: N= KT 
Assuming the gas to be at room y — (0 torr)(133.32 Pa/torr)(L0*m’) 


temperature (300 K), substitute 
numerical values and evaluate N: 


(1.381x10” J/K )(300K) 


= 3.2210’ molecules 
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Evaluate T for N = 3.22x10’ 932x10 
lecules: t= 
molecules 2(100) 
To evaluate 2°” Jet (3.22 x10” )in2 = xIn10 


10* = 2°71" and take the 
logarithm of both sides of the 
equation to obtain: 


Solve for x to obtain: x 210’ 
Substitute to obtain: 10” - 
T= ~/ 10" y 
2(100) 
Express the ratio of this waiting T 10% y ; 
time to the lifetime of the universe =—, * 10” 
T universe: L niere 10 y 
or 


T =| 10T, 
i universe 


Heat Engines and Refrigerators 
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Picture the Problem We can use the definition of the efficiency of a heat engine to relate 
the work done W, the heat absorbed Qin, and the heat rejected each cycle Qout. 


(a) Express Qin in terms of W and ¢: Q, = WwW = 100J =| 500J 


E 0.2 


Quu| = Qa- €) = (500I)(1-0.2) 
=| 400J 


(b) Solve the definition of efficiency 
Qout 


for and evaluate 


22° 
Picture the Problem We can use its definition to find the efficiency of a heat engine 
from the work done, the heat absorbed, and the heat rejected each cycle. 


(a) Use the definition of the P W _120J_ 30% 
efficiency of a heat engine: Q,  400J 


(b) Solve the definition of efficiency 


Qout 


Quue| = Qa- &) = (400 J)(1- 0.3) 
=| 280J 


for and evaluate 
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Picture the Problem We can use its definition to find the efficiency of the engine and 
the definition of power to find its power output. 


(a) Apply the definition of the | Qout = 60J =| 40.0% 


efficiency of a heat engine: Qn 100J 

(b) Use the definition of power to p= AW ®, _ 0.4(L00J) =| 80.0W 
find the power output of this engine: At At 0.5s 

#24 œ 


Picture the Problem We can apply their definitions to find the COP of the refrigerator 
and the efficiency of the heat engine. 


(a) Using the definition of the COP, 
relate the heat absorbed from the 


COP = = 


cold reservoir to the work done each 
cycle: 


Relate the work done per cycle to Qh W= lQ,l = 
and Qe 


Substitute to obtain: 


Substitute numerical values and COP = 5kJ 
evaluate COP: 8 kJ | —5kJ 


(b) Use the definition of efficiency W 
to relate the work done per cycle to Q, 
the heat absorbed from the high- 

temperature reservoir: 


Substitute numerical values and _ 3kJ_ 


€ = — =| 37.5% 
evaluate ¢: 8kJ 
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Picture the Problem To find the heat added during each step we need to find the 
temperatures in states 1, 2, 3, and 4. We can then find the work done on or by the gas 
along each pass from the area under each straight-line segment and the heat that enters or 
leaves the system from Q = C,AT and Q = CAT. We can find the efficiency of the 


cycle from the work done each cycle and the heat that enters the system each cycle. 


(a) The cycle is shown to the right: 


0 10 20 30 40 50 


V (L) 
Apply the ideal-gas law to state 1 to T= PY, 
find Ty: "mR 
E (1atm)(24.6L) 
(1mol)(8.206 x10” L - atm/mol- K) 
= 300K 
The pressure doubles while the T, = 2T, = 600K 


volume remains constant between 
states 1 and 2. Hence: 


The volume doubles while the T} = 2T, =1200K 
pressure remains constant between 
states 2 and 3. Hence: 


The pressure is halved while the T, =5T, =600K 
volume remains constant between 
states 3 and 4. Hence: 


For path 1—2: 


Wi = PAV,_,» = [o] 
and 
Q, = AE a2 = CyAT, > = $ RAT, „» = 4 (8.314J/mol - K )(600 K — 300K) 


152 
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For path 23: 


W, = PAV, „ = (2atm)(49.2 L —24.6L) = 49.20L -atm x 


- [23505] 


-atm 


and 
Q, „ = CAT, „ = $ RAT, „ = $(8.314J/mol - K)(1200 K- 600K) 
=| 12.5kJ 
For path 34: 
W, 4 = PAV} 4 = [o] 
and 


3—4 


Qz, = AE at 34 = CG,AT; 


=| —7.48kJ 
For path 4—>1: 
W, „ = PAV, „ = (latm)(24.6L -49.2 L)= -24.6L -atm x SEA 
-atm 
=| 2.49kJ 
and 
Q, , = C,AT, „ = RAT, „ = £(8.314J/mol- K )(300K - 600K) 
=| —6.24kJ 
(b) Use its definition to find the S WwW = W> + Wa 
efficiency of this cycle: Q, Q2 + Q3 


— 4.99kJ—2.49KJ _ 


= =| 15.4% 
3.74kJ +12.5kJ 


101.3254 


1461 


= 3RAT, ,, = 3(8.314J/mol- K)(600 K-1200K) 


Remarks: Note that the work done per cycle is the area bounded by the rectangular 


path. 
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Picture the Problem The three steps in the 

process are shown on the PV diagram. We 2.64 7 
can find the efficiency of the cycle by r 


finding the work done by the gas and the 


P (atm) 


heat that enters the system per cycle. 


0 10 20 


Express the efficiency of the cycle: pa WwW 
Qn 
Find the heat entering or leaving the Q, =0 
system during the adiabatic 
expansion: 
Find the heat entering or leaving the Q, = C,AT, = 4 RAT, = 5 PAV, 
system during the isobaric = za atm)(10 L-20 L) = -35atm -L 
compression: 
Find the heat entering or leaving the Q; = GAT, = 3 RAT, = $ APV, 
system during the constant-volume = 5(2.64 atm - 1atm)(10 L) 
process: = 4latm-L 
Apply the 1“ law of thermodynamics Wo, = AEn ~ Qa = Qn 
to the cycle (AE... cyce = 0) to =Q, +Q, +Q, 
obtain: =0-35atm: L +4latm:L 
=6atm-L 
Substitute and evaluate €: 6atm:L 
E€ =——— =| 14.6% 
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Picture the Problem We can find the efficiency of the cycle by finding the work done 
by the gas and the heat that enters the system per cycle. 
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Apply the ideal-gas law to states 1, 2, 3, and 4 to find the pressures at these points: 


_ nRT, _ (1mol)(8.206x10~ L -atm/mol- K }(400K) 
a 24.6K 


P =1.33atm 


Proceed as above to obtain the 
values shown in the table: Point P V T 


A Jw |N |e 
am 
UI 
(=p) 
© 
A 
so 
N 
UI 
© 
(a) 


The PV diagram is shown to the 
right: 


P (atm) 


0 
0 10 20 30 40 50 60 
V (L) 


Express the efficiency of the cycle: 


(1) 


Find the work done by the gas and the heat that enters the system during the 
isothermal expansion from 1 to 2: 


49.2L 
24.6L 


1 


W, = Qis = NRT, nf 2) = (1mol)(8.314J/mol-K)(400 Ki 
= 2.305kJ 


Find the work done by the gas and the heat that enters the system during the 
constant-volume compression from 2 to 3: 


W,,, =9 
and 
Q, = C,AT,_,, = (21J/K)(300K — 400K) = -2.10kJ 


233 7 
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Find the work done by the gas and the heat that enters the system during the isothermal 
expansion from 3 to 4: 


W, 54 = Q; 44 = NRT, of = (1mol)(8.314J/mol-K)(300 Ki 


3 


24.6L 
49.2L 


=—1,729kJ 


Find the work done by the gas and the heat that enters the system during the 
constant-volume process from 4 to 1: 


Win =9 
and 
Q, = C,AT,,,, = (21J/K)(400 K - 300K) = 2.10kJ 
Evaluate the work done each cycle: W =W,,,+W,,, +Wz 4 + Wi 
= 2.305kJ + 0-1.729kJ +0 
= 0.5760 kJ 
Find the heat that enters the system Qa = Q + Qi 
each cycle: = 2.305kJ + 2.100kJ 
=4.405kJ 
Substitute numerical values in we 0.5760kJ -113.1% 
equation (1) and evaluate £ : 4.405kJ 
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Picture the Problem We can use the ideal-gas law to find the temperatures of each state 
of the gas and the heat capacities at constant volume and constant pressure to find the heat 
flow for the constant-volume and isobaric processes. Because the change in internal 
energy is zero for the isothermal process, we can use the expression for the work done on 
or by a gas during an isothermal process to find the heat flow during such a process. 
Finally, we can find the efficiency of the cycle from its definition. 


(a) Use the ideal-gas law to find the T= PY, _ (100 kPa)(25L) 
temperature at point 1: ! nR (1mol)(8.314 J/mol - K) 


=| 301K 
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Use the ideal-gas law to find the PV) _ (200 kPa)(25 L) 
temperatures at points 2 and 3: nR (1mol)(8.314 J/mol- K) 


=| 601K 


(b) Find the heat entering or leaving the system for the constant-volume process from 1 to 
2: 


jo = RAT, „ = 3(8.314J/mol-K)(601K — 301K) 


=| 3.74kJ 


Find the heat entering or leaving the system for the isothermal process from 2 to 3: 


Q, = GAT, 


V. 50L 
Q, „ =nRT, tka = (40) @:314,m0- (601% Ja l =| 3.46kJ 


; 25L 


Find the heat entering or leaving the system during the isobaric compression from 
3to1: 


Qa = CAT} „ = Ż RAT, „ = 2(8.314J/mol-K)(301K — 601K) 
=| —6.24kJ 
(c) Express the efficiency of the cycle: Pa W W (1) 
Qn Qi T Q23 
Apply the 1* law of W=F Q=Q +Q +Q 
thermodynamics to the cycle: =3.74kJ +3.46kJ —6.24kJ 
= 0.960kJ 
because, for the cycle, AU = 0. 

Substitute numerical values in equation (1) p= 0.960kJ -[13.3% 
and evaluate £: 3.74kJ +3.46kJ 


29 we 
Picture the Problem We can use the ideal-gas law to find the temperatures of each state 
of the gas. We can find the efficiency of the cycle from its definition; using the area 
enclosed by the cycle to find the work done per cycle and the heat entering the system 
between states 1 and 2 and 2 and 3 to determine Qin. 
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(a) Use the ideal-gas law for a fixed 
amount of gas to find the 
temperature in state 2 to the 
temperature in state 1: 


Solve for and evaluate T: 


Apply the ideal-gas law for a fixed 
amount of gas to states 2 and 3 to 
obtain: 


Apply the ideal-gas law for a fixed 
amount of gas to states 3 and 4 to 
obtain: 


(b) Express the efficiency of the 
cycle: 


Use the area of the rectangle to find 


the work done each cycle: 


Apply the ideal-gas law to state 1 to 
find the product of n and R: 


Noting that heat enters the system 
between states 1 and 2 and states 2 
and 3, express Qin: 


Substitute numerical values and evaluate Qir: 


PY, _ BY, 
TT 
pa eeg o 
PV, P, (1atm) 
=| 600K 
ee ee -= (600K) 800L) 
PV, ; (100L) 
=| 1800K 
T, =T, PM 7% = 1800K) 
PV, P, (3atm) 
=| 600K 
W 
E =— (1) 
Qin 
W =APAV 
= (300L —100L)(3atm — latm) 
=400atm: L 
„p = PM: (tatm)(100L) 
T, 200K 
=0.5L -atm/K 
Qn = Q2 + Q3 
= GAl p + GAT, 
= 5nRAT, „ +ŻnRAT, ,, 
T EAT, +44,3 JnR 


Q, = [E (600K - 200 K )+4(1800 K - 600 K )|(0.5L -atm/K) = 2600atm - L 


2 
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Substitute numerical values in 400atm- L 
E€ = —— =] 15.4% 
2600 atm - L 


equation (1) and evaluate € : 
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Picture the Problem To find the efficiency of the diesel cycle we can find the heat that 
enters the system and the heat that leaves the system and use the expression that gives the 
efficiency in terms of these quantities. Note that no heat enters or leaves the system 
during the adiabatic processes a—b and cd. 


Express the efficiency of the cycle Q. 
in terms of Q. and Qy: e=1--—> 

Q, 
Express Q for the isobaric warming Q, = lQ, =C; (T. = T,) 
process b->c: 
Express Q for the constant-volume Qina =|Q.)= Cy (T, T,) 
cooling process da: 
Substitute to obtain: | Cy (T, = T,) 

C,(T.-T,) 

(T, = I; ) 

=1- 

(T, T,) 
Using the equation of state for an Ty =i" (1) 
adiabatic process, relate the 
temperatures T, and T: 
Proceeding similarly, relate the TV *=1 i> (2) 
temperatures T, and Ta: 
Use equations (1) and (2) to T ee ae Ve = 
eliminate T, and Ty: i c ye b vo 

E= 
y(T, T,) 
y-1 y-1 
V, T,| V, 
V; Ii Vi 
=1 


because V, = V4. 


1468 Chapter 19 


Apply the ideal-gas law for a fixed T, = V, 


amount of gas to relate T, and Te: T V 


because P, = P,. 


Substitute and simplify to obtain: 


SISAS 
ALP 
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Picture the Problem We can use the efficiency of a Carnot engine operating between 
reservoirs at body temperature and typical outdoor temperatures to find an upper limit on 
the efficiency of an engine operating between these temperatures. 


(a) Express the maximum efficiency _ T, 
of an engine operating between T, 
body temperature and 70°F: 


Use T = È (t, —32)+ 273 to obtain: Tpody = 310 K and Tyoom = 294 K 
Substitute numerical values and ese 294K -15.16% 
evaluate £; : - 310K - 


| The fact that this efficiency is considerably less than the actual efficiency | 
of a human body does not contradict the second law of thermodynamics. 
The application of the second law to chemical reactions such as the ones 
that supply the body with energy have not been discussed in the text but 
we can note that don't get our energy from heat swapping between our 
body and the environment. Rather, we eat food to get the energy that we 


need. 
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Most warm — blooded animals survive under roughly the same conditions 


as humans. To make a heat engine work with appreciable efficiency, 


(b) 


internal body temperatures would have to be maintained at an 


unreasonably high level. 


32 
Picture the Problem The Carnot 
cycle’s four segments (shown to the 


right) are: (A) an isothermal expansion 
at T = T, from V; to V2, (B) an adiabatic 
expansion from V; to V3, (C) an 
isothermal compression from V3 to V4 at 
T = T,, and (D) an adiabatic 
compression from V, to V;. We can find 
the Carnot efficiency for a gas described 
by the Clausius equation by expressing 
the ratio of the work done per cycle to 
the heat entering the system per cycle. 


Express the efficiency of the Carnot 
cycle in terms of the work done and 
the heat that enters the system per 
cycle: 


Apply the first law of 
thermodynamics to segment A: 


Follow the same procedure for 
segment C to obtain: 


W 
E€ = — 
Q, 
V 
Q, =W, +AEy,, =W, = | PdV 
Vi 
% dV V, -bn 
= nRT, { ——— = nRT, In| 2 
4V -bn V, —bn 
=Q, 
Va 
Qe =We + AB inc = We = [Pav 
V3 
Vi = 
= nT, | =e Pale" 
y,¥ —bn V,—bn 
and 


V, —bn 
= nRT, In| 3— 


,—bn 
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Apply the first law of 


thermodynamics to the complete 
cycle (AE. = 0) to express W: 


int, cycle 


Substitute and simplify to obtain: 


Apply the first law of 
thermodynamics to the adiabatic 
processes B and D: 


Separate variables and integrate 
to obtain: 


Simplify to obtain: 


Using this result, relate V} and V3 to 
T, and Te: 


Relate V; and V; to T, and Te: 


Divide equation (1) by equation (2) 
and simplify to obtain: 


nRT, ln Vie EY nRT, ln a 
bn b 


nRT, In C ai 
V, —bn 


= V,—bn 
V,—bn 
dQ, = 0 = dW; + dE; s = PAV + C,dT 


AL iT 
V —bn 


dT nT av 
fr = eae 


~ ty f Dj om 


or 
InT = -(y —1)In(V — bn)+ constant 


= In(V —bn)’* + constant 


InT + In(V — bn)’ * = constant 
or 

InT(V — bn)’ * = constant 

and 

T(V — bn)’ * = constant 


T,(V, —bn)"" z TV; —bn)"" (1) 
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or 
V,—bn _ V,—bn 
V,—bn_ V,-—bn 
Substitute in our expression for ¢ Tl V, —bn 
n es 
and simplify: “ {V -bn 
| 1 -|4-% 
T 


T, In V, —bn 
V, —bn 
the same as for an ideal gas. 


Second Law of Thermodynamics 


33 o 
Determine the Concept The relationship of the perfect engine and the refrigerator to 
each other and to the hot and cold reservoirs is shown below. To remove 500 J from the 
cold reservoir and reject 800 J to the hot reservoir, 300 J of work must be done on the 
system. Assuming that the heat-engine statement is false, one could use the 800 J rejected 
to the hot reservoir to do 300 J of work. Thus, running the refrigerator connected to the 
"perfect” heat engine would have the effect of transferring 500 J of heat from the cold to 
the hot reservoir without any work being done, in violation of the refrigerator statement 
of the second law. 


Hot Reservoir Th 


800 J 
Hæ » 300] 


Refrigerator Perfect 
500 J Engine 


Cold Reservoir T 


*34 oo 
Determine the Concept The work done by the system is the area enclosed by the cycle, 
where we assume that we start with the isothermal expansion. It is only in this expansion 
that heat is extracted from a reservoir. There is no heat transfer in the adiabatic expansion 
or compression. Thus, we would completely convert heat to mechanical energy, without 
exhausting any heat to a cold reservoir, in violation of the second law. 
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Carnot Engines 


35 ° 


Picture the Problem We can find the efficiency of the Carnot engine using 
€ =1—T,/T,, and the work done per cycle from £ = W/Q,. We can apply conservation 


of energy to find the heat rejected each cycle from the heat absorbed and the work done 


each cycle. We can find the COP of the engine working as a refrigerator from its 


definition. 


(a) Express the efficiency of the 
Carnot engine in terms of the 
temperatures of the hot and cold 
reservoirs: 


(b) Using the definition of 
efficiency, relate the work done each 
cycle to the heat absorbed from the 
hot reservoir: 


(c) Apply conservation of energy to 
relate the heat given off each cycle 
to the heat absorbed and the work 
done: 


(d) Using its definition, express and 
evaluate the refrigerator’s coefficient 


of performance: 
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W = £Q, = (0.333)(100 J) = 


Q.|= Q, -W =100J -33.3J =| 66.7J 


Picture the Problem We can find the efficiency of the engine from its definition and the 
additional work done if the engine were reversible from W = €.Q,, where é is the 


Carnot efficiency. 


(a) Express the efficiency of the 
engine in terms of the heat absorbed 
from the high-temperature reservoir 
and the heat exhausted to the low- 
temperature reservoir: 


(b) Express the additional work done 
if the engine is reversible: 


ea W aU Q. 
Q, Q, Q, 
200J 
=1-—— =| 20.0% 
5507 eA 
AW = Woamot ~~ Warta 
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Relate the work done by a reversible 


T 
W = £&Q, = i a Ta, 


engine to its Carnot efficiency: 


a (250J)= 83.33 
300K 
Substitute and evaluate AW: AW =83.3J —50J =| 33.33 
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Determine the Concept Let the first engine be run as a refrigerator. Then it will remove 
140 J from the cold reservoir, deliver 200 J to the hot reservoir, and require 60 J of energy 
to operate. Now take the second engine and run it between the same reservoirs, and let it 
eject 140 J into the cold reservoir, thus replacing the heat removed by the refrigerator. If 
&, the efficiency of this engine, is greater than 30%, then Qm, the heat removed from the 
hot reservoir by this engine, is 140 J/(1 — &) > 200 J, and the work done by this engine is 
W = &Qn > 60 J. The end result of all this is that the second engine can run the 
refrigerator, replacing the heat taken from the cold reservoir, and do additional 
mechanical work. The two systems working together then convert heat into mechanical 
energy without rejecting any heat to a cold reservoir, in violation of the second law. 


38 ee 
Determine the Concept If the reversible engine is run as a refrigerator, it will require 
100 J of mechanical energy to take 400 J of heat from the cold reservoir and deliver 500 J 
to the hot reservoir. Now let the second engine, with & > 0.2, operate between the same 
two heat reservoirs and use it to drive the refrigerator. Because & > 0.2, this engine will 
remove less than 500 J from the hot reservoir in the process of doing 100 J of work. The 
net result is then that no net work is done by the two systems working together, but a 
finite amount of heat is transferred from the cold to the hot reservoir, in violation of the 
refrigerator statement of the second law. 


*39 ee 
Picture the Problem We can use the definition of efficiency to find the efficiency of the 
Carnot engine operating between the two reservoirs. 


(a) Use its definition to find the Ec Woa Oe 33.3% 


efficiency of the Carnot engine: E Q, 150) — 


(b) If COP > 2, then 50 J of work will remove more than 100 J of heat from the cold 
reservoir and put more than 150 J of heat into the hot reservoir. So running engine (a) to 
operate the refrigerator with a COP > 2 will result in the transfer of heat from the cold to 
the hot reservoir without doing any net mechanical work in violation of the second law. 
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40 


Picture the Problem We can use the definitions of the efficiency of a Carnot engine and 


the coefficient of performance of a refrigerator to find these quantities. The work done 


each cycle by the Carnot engine is given by W = £Q, and we can use the conservation 


of energy to find the heat rejected to the low-temperature reservoir. 


(a) Use the definition of the 
efficiency of a Carnot engine to 
obtain: 


(b) Express the work done each 
cycle in terms of the efficiency of 
the engine and the heat absorbed 


from the high-temperature reservoir: 


(c) Apply conservation of energy to 
obtain: 


(d) Using its definition, express and 
evaluate the refrigerator’s 
coefficient of performance: 


Alo 


T, 77K 
E€ =1-— =1-—— =| 74.3% 
G T 300K [ 74.3% | 


W = £Q, =(0.743)(100J) = 


Q. 


=Q, -W =100J -74.3J =| 25.7J 


Picture the Problem We can use the ideal-gas law for a fixed amount of gas and the 


equations of state for an adiabatic process to find the temperatures, volumes, and 


pressures at the end points of each process in the given cycle. We can use 
Q = C,AT and Q =C,AT to find the heat entering and leaving during the constant- 


volume and isobaric processes and the first law of thermodynamics to find the work done 


each cycle. Once we’ve calculated these quantities, we can use its definition to find the 


efficiency of the cycle and the definition of the Carnot efficiency to find the efficiency of 


a Carnot engine operating between the extreme temperatures. 


(a) Apply the ideal-gas law for a 
fixed amount of gas to relate the 
temperature at point 3 to the 
temperature at point 1: 


Apply the ideal-gas law for a fixed 
amount of gas to relate the pressure 
at point 2 to the temperatures at 


points 1 and 2 and the pressure at 1: 


PY, _ PVs; 

To og 

or, because P4 = P3, 

T, =T, Va (1) 
V 

PY, _ PWV, 

a 


1 2 


or, because V; = Vo, 


Apply the state equation for an 
adiabatic process to relate the 
pressures and volumes at points 2 
and 3: 


Noting that V; = 22.4 L, solve for 
and evaluate V3: 


Substitute in equation (1) and 
evaluate T3: 


(b) Process 1—2 takes place at 
constant volume (note that y= 1.4 
corresponds to a diatomic gas and 
that Cp — Cy = R): 


Process 2—3 takes place 
adiabatically: 


Process 3—1 is isobaric (note that 
Cp = Cy + R): 


(c) Use its definition to express the 
efficiency of this cycle: 


Apply the first law of 
thermodynamics to the cycle: 
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P,=P L- (latm) 42K =1.55atm 
T, 273K 


1 


PV =P. AA 


1 


v= (2) B ezan am) 


A latm 
= 30.6L 


T, = Cn = 373K 
22 Al, 


and 


t, =T, -273 =| 100°C | 


Q = CyAT_,. = RAT, > 
= 5(8.314J/mol- K )(423K — 273K) 
=| 3.12kJ 


Q,43 =| 0 


Q; = CAT „q = RAT, 
= 2(8.314J/mol- K)(273K - 373K) 


- [2500 


AK... = Qn F Won 


or, because AE. 


int, cycle 


= 0 (the system begins 


and ends in the same state) and 
Won a Woy the gas 7 W, W = Qin : 
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Evaluate W: W= ¥O = Q2 + Q23 + Q31 
=3.12kJ +0-2.91kJ 
= 0.210kJ 
Substitute and evaluate €: a 0.210kJ =| 6.73% 
3.12kJ 


(d) Express and evaluate the g-=i T, -1 273K =| 35.5% 
c T, 423K 


efficiency of a Carnot cycle 
operating between 423 K and 
273K: 


42 œ 

Picture the Problem We can find the maximun efficiency of the steam engine by 
calculating the Carnot efficiency of an engine operating between the given temperatures. 
We can apply the definition of efficiency to find the heat discharged to the engine’s 
surroundings in 1 h. 


(a) Find the efficiency of a Carnot E een 323K _ 40.5% 
engine operating between these T, 543K 
temperatures: 

j ici 0.30 
Find the efficiency of the steam Eseamengine = e =| 0.741e... 
engine as a percentage of the 0.405 
maximum possible efficiency: 
(b) Relate the heat discharged to the Q.|= (1 = é)Q, 
engine’s surroundings to Qp and the 
efficiency of the engine: 
Using its definition, relate the _W__ Pat 

eer . Q, =o 
efficiency of the engine to the heat é E 
intake of the engine and the work it 
does each cycle: 
Substitute and evaluate |Q.|in 1 h: Q.|= a- £) PAt 
E 
200kJ/s )(3600s 
=l 0.3)! cabs] 


0.3 


- [rs857] 
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Heat Pumps 
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Picture the Problem We can use the definition of the COPyp and the Carnot efficiency 
of an engine to express the maximum efficiency of the refrigerator in terms of the 
reservoir temperatures. We can apply equation 19-10 and the definition of power to find 
the minimum power needed to run the heat pump. 


(a) Express the COPyp in terms of COP. = lQ, 7 lQ, 
Th and Te: ew 12,|--@, 

o 1. 1 

7 = T 

1- Q. T= 
Q i 
__f, 
Ty ~~ T, 
Substitute numerical values and COP,, = 313K -T626 
evaluate the COPpp: 313K — 263K 
(b) Using its definition, express the p= WwW 
power output of the engine: At 
Use equation 19-10 to express the _ Q, 
work done by the heat pump: 1+ COP, p 
Substitute and evaluate P: Q,| / At 20kW 
Pon oe e 
(c) Find the minimum power if the p= Q. / At _ 20kW 
COP is 60% of the efficiency of an min q 0.6(COP,,, ae ) 1+ 0.6(6.26) 
ideal pump: l 
=| 4.21kW 

44 œ 


Picture the Problem We can use the definition of the COP to relate the heat removed 
from the refrigerator to its power rating and operating time. By expressing the COP in 
terms of T, and T, we can write the amount of heat removed from the refrigerator as a 
function of T, T,, P, and At. 
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(a) Express the amount of heat the Q. = (COP)W 
refrigerator can remove in a given = (COP)PAt 
period of time as a function of its 
COP: 
Express the COP in terms of T, and COP = Q| Q| Q -W 
Te: W Q, EQ, 
_1-e_ 1 1 D 1 
E E j- 
Ty 
aoa, 
RoR 
Substitute to obtain: T 
Q. = <— |PAt 
Ty ~ T 
Substitute numerical values and 273K 
Q, =| ———= = |(370 w)(60s) 
evaluate Q«: 293K — 273K 
=| 303kJ 


(b) Find the heat removed if the 
COP is 70% of the efficiency of an 
ideal pump: 
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273K 
Q. = o | (370 W)(60s) 


=| 212kJ 


Picture the Problem We can use the definition of the COP to relate the heat removed 
from the refrigerator to its power rating and operating time. By expressing the COP in 
terms of T. and T, we can write the amount of heat removed from the refrigerator as a 
function of T, Tp, P, and At. 


Q, =(COP)w 


refrigerator can remove in a given = (COP )PAt 


(a) Express the amount of heat the 


period of time as a function of its 
COP: 


The Second Law of Thermodynamics 1479 


Express the COP in terms of Ta and Cop = Q| R| Q -W 
i W Q Q 
_ivé_l, 
E E 
= -= f= T, 
TE T, =k 
h 
Substitute to obtain: T 
Q, = <_ |PAt 
T, B T, 
Substitute numerical values and E 273K (370W) (60 ) 
evaluate Q,: Qe = 308K — 273K i 
=| 173kJ 
(b) Find the heat removed if the i 273K 
COP is 70% of the efficiency of an Q. = (0. ) E a S67 W)(60s) 
ideal pump: 
PES =[121KJ 
Entropy Changes 
46 œ 


Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the water as it freezes. 


Apply the definition of entropy AS = AQ _ -mL 

change to obtain: T T 

Substitute numerical values and ce (18g )(333.5 J/ g) =| —22.0J/K 
evaluate AS: 273K 

*47 oe 


Picture the Problem The change in the entropy of the world resulting from the freezing 
of this water and the cooling of the ice formed is the sum of the entropy changes of the 
water-ice and the freezer. Note that, while the entropy of the water decreases, the entropy 
of the freezer increases. 


Express the change in entropy of the AS, = AS waer + AS freezer (1) 
universe resulting from this freezing and 
cooling process: 
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Express AS water: 


Express ASfreezing: 


Relate Qyreezing to the latent heat of 
fusion and the mass of the water: 


Substitute in equation (3) to obtain: 


Express AS cooling: 


Substitute in equation (2) to obtain: 


Noting that the freezer gains heat (at 
263 K) from the freezing water and 
cooling ice, express AS freezer: 


AS Water E AS freezing + AS cooling (2) 
~ Qireezin 
— g 
A freezing ~~ T (3) 
freezing 


where the minus sign is a consequence of 
the fact that heat is leaving the water as it 
freezes. 


Qireezing = mL; 


—mL, 
freezing 
Tiken 


AS 


AS cooting = mC, of © 


1 


BS gg ee on of © 


freezing 


i 


AS freezer z AQ + AQ cootingice 
T T, 


freezer 

mL, | mC,AT 
+ 

T, T, 


freezer freezer 


Substitute for ASwater and ASfreezer in equation (1): 


mL 


AS, =——++mC, In 


u 
freezing 


= L; 
=m 
T ecane 


T, 


freezer T eeri 


z) mL, mC,AT 
+ + 


i 


T, 


i freezer freezer 


C AT 
ro) i jpe | 
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Substitute numerical values and evaluate AS,;: 


3 


AS, = (0.05kg ak 


3 
2100 kg-K)o| 265K) , 333.5x10" J/kg 


273K 263K 
F (2100 J/kg -K)(273K — sg] 


263K 
- [200K] 


and, because AS, > 0, the entropy of the universe increases. 


48 >» 
Picture the Problem We can use the definition of entropy change and the first law of 
thermodynamics to express AS for the ideal gas as a function of its initial and final 


volumes. 

(a) Use its definition to express the AS = AQ 

entropy change of the gas: T 

Apply the first law of V, 
thermodynamics to the isothermal AQ = AEn Won =- -NRT In v 


process: , 
because AEin = 0 for an isothermal process. 


AS =nR nf 
V 


= (2 mol)(8.314J/mol - Ki 2 =) 


40L 
=|11.5J/K 


(b) Because the process is reversible: AS, = [o] 


Substitute to obtain: 


Remarks: The entropy change of the environment of the gas is —11.5 J/K. 
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Picture the Problem We can use the definition of entropy change and the 1* law of 
thermodynamics to express AS for the ideal gas as a function of its initial and final 
volumes. 
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(a) Use its definition to express the AS = AQ 

entropy change of the gas: T 

Apply the first law of V, 
thermodynamics to the isothermal AD = AE Wa 57 ARTo Vy 
process: 


because AEin = 0 for an isothermal process. 


Substitute to obtain: 
Bowes Ags nrin +] 


i 


= (2 mol )(8.314 J/mol- Ki OE 
40L 
11.5J/K 


(b) Because the process is not AS >|0 
quasi-static, it is non-reversible: 


50 >œ 
Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the water as it changes to steam. 


Apply the definition of entropy AS = AQ = mL, 

change to obtain: T T 

Substitute numerical values and AS = (1kg)(2.26 MJ/kg) _|6.06kI/K 
evaluate AS: 373K 
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Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the ice as it melts. 


Apply the definition of entropy AS = AQ = mL, 


change to obtain: T T 


Substitute numerical values and (1kg)(333.5kJ/kg) 
AS = =| 1.22kJ/K 
evaluate AS: 273K 


52 eo 
Picture the Problem We can use the first law of thermodynamics to find the change in 
the internal energy of the system and the change in the entropy of the system from the 
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change in entropy of the hot- and cold-reservoirs. 


(a) Apply the 1“ law of 
thermodynamics to find the change 
in the internal energy of the system: 


(b) Express the change in entropy of 
the system as the sum of the entropy 
changes of the high- and low- 
temperature reservoirs: 


(c) Because the process is reversible: 


(d) Because Ssystem is a State function: 
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AE nt = Qn +Won 
= (200 J -100J)—50J 
=| 50J 
AS = AS, — AS, = QQ 
OR 
= 2003 _ 100J =| 0.167 J/K 
300K 200K 


AS, =[0| 


and 


Picture the Problem We can use the fact that the system returns to its original state to 


find the entropy change for the complete cycle. Because the entropy change for the 


complete cycle is the sum of the entropy changes for each process, we can find the 


temperature T from the entropy changes during the 1st two processes and the heat 


rejected during the third. 


(a) Because S is a state function of 
the system: 


(b) Relate the entropy change for the 
complete cycle to the entropy 


change for each process: 


Substitute numerical values to 
obtain: 


Solve for T: 
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AS completecycle = 0 
a + Q + Q; =0 
T T, T 


300J 200J —400J 
+ + =0 
300K 400K T 


T =| 267K 


Picture the Problem We can use the definition of entropy change and the 1“ law of 
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thermodynamics to express AS for the ideal gas as a function of its initial and final 


volumes. 

(a) Use its definition to express the Age AQ 

entropy change of the gas: T 

Apply the first law of V, 
thermodynamics to the isothermal AQ, = AB ig: -Won =- -nRT In Vv 
process: 


because AE;,; = 0 for free expansion. 


AS =nR nf | 
V 


= (2mol)(8.314J/mol- Ko SL 
40L 
=| 11.5J/K 


11.5J/K 


Substitute to obtain: 


(b) Because the process is AS, 


irreversible, Są > 0 and, because no 
heat is exchanged: 


55 »e 
Picture the Problem Because the ice gains heat as it melts, its entropy change is positive 
and can be calculated from its definition. Because the temperature of the lake is just 
slightly greater than 0°C and the mass of water is so much greater than that of the block 
of ice, the absolute value of the entropy change of the lake will be approximately equal to 
the entropy change of the ice as it melts. 


(a) Use the definition of entropy AS. = mL, _ (200 kg)(333.5 kJ/kg) 
change to find the entropy change of a 273K 

ne =| 244kJ/K 

(b) Relate the entropy change of the AS ake * —ASice =| — 244 kJ/K 


lake to the entropy change of the 
ice: 


(c) Because the temperature of the lake is slightly greater than that of the ice, the 
magnitude of the entropy change of the lake is less than 244 kJ/K and the entropy change 
of the universe is greater than zero. The melting of the ice is an irreversible process 
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Picture the Problem We can use conservation of energy to find the equilibrium 
temperature of the water and apply the equations for the entropy change during a melting 
process and for constant-pressure processes to find the entropy change of the universe, 
i.e., the piece of ice and the water in the insulated container. 


(a) Apply conservation of energy to Qos = Q gained 
obtain: or 
Otc water T melting ice + Oise water 


Substitute to relate the masses of the ice and water to their temperatures, specific 
heats, and the final temperature of the water: 


(100g )(1cal/g -C°)(100°C — t) = (100g)(79.7 cal/g)+ (100g )(1cal/g -C°)(t) 


Solve for t to obtain: t =| 10.2°C 


(b) Express the entropy change of AS = ASe + AS water 


the universe: 


Using the expression for the entropy DS ig = AS metingice + AS warming water 
change for a constant-pressure mE 
f f 
process, express the entropy change =—— ECs mZ 
f i 


of the melting ice and warming ice- 
water: 


Substitute numerical values to obtain: 


283.2K 


As,, = @118%833.5kI/kg) | (0. 1kgX(4.184kJ/kg - Kn a 


= 273K 


=138J/K 


Find the entropy change of the cooling water: 


283.2K 
= (0.1kg )(4.18kJ/kg - K )I 
(014.104) 28 


AS 


water 


J=-us1K 


Substitute for ASice and ASwater and AS, =138J/K —115J/K 
evaluate the entropy change of the -=| 23.0J/K 


universe: 
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Remarks: The result that AS, > 0 tells us that this process is irreversible. 
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Picture the Problem We can use conservation of energy to find the equilibrium 
temperature of the water and apply the equations for the entropy change during a constant 
pressure process to find the entropy changes of the copper block, the water, and the 
universe. 


a) Using the equation for the T. 
a aed. Seg = MeuCcu (Z (1) 


i 


entropy change during a constant- 
pressure process, express the 
entropy change of the copper block: 


Apply conservation of energy to Qiost = Qgainea 


obtain: or 


One block — Q rimine water 


Substitute to relate the masses of the block and water to their temperatures, 
specific heats, and the final temperature T; of the water: 


(1kg)(0.386 kJ/kg -K)(373.15K —T, )= (4L)(1kg/L)(4.184 kJ/kg -K)(T, —273.15K) 
Solve for Tg T; = 275.40K 


Substitute numerical values in equation (1) and evaluate AScu: 


275.40K 
AS,, = (1kg)(0.386 kJ/kg - Kn ee = 


water ~ water 


(b) Express the entropy change of 2 | T; 
the water: water = [water ý T 


Substitute numerical values and evaluate ASwater: 


275.40K 
AS wer = (4k8)(4.184 kJ/kg - K of 2754K) = 
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(c) Substitute for AScu and AS water AS, = AS cu + AS water 
and evaluate the entropy change = —117 J/K +137 J/K 


of the universe: =| 20.3J/K 


Remarks: The result that AS, > 0 tells us that this process is irreversible. 
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Picture the Problem Because the mass of the water in the lake is so much greater than 

the mass of the piece of lead, the temperature of the lake will increase only slightly and 

we can reasonably assume that its final temperature is 10°C. We can apply the equation 
for the entropy change during a constant pressure process to find the entropy changes of 
the piece of lead, the water in the lake, and the universe. 


Express the entropy change of the AS, = AS,, + AS, 
universe in terms of the entropy 

changes of the lead and the water in 

the lake: 


Using the equation for the entropy change during a constant-pressure process, 
express and evaluate the entropy change of the lead: 


283.15K 


T, 
AS, = m, cC, In} — | = (2 kg )(0.128kJ/ke - K )In 
kmi 6 (2kg)( g-K) k 


1 


l = —70.66 J/K 


Find the entropy change of the water _ Qu _ Qr _ Mpp Cph ATpp 


AS 


in the lake: YL 6. T, 
_ (2kg)(0.128kJ/kg -K)(90K) 
283.15K 
= 81.37J/K 
Substitute and evaluate AS,: AS, = —70.66J/K + 81.37 J/K 
=| 10.7J/K 
59 ae 


Picture the Problem Because the air temperature will not change appreciably as a result 
of this crash; we can assume that the kinetic energy of the car is transformed into heat at 
a temperature of 20°C. We can use the definition of entropy change to find the entropy 
change of the universe. 


1488 Chapter 19 


Express the entropy change of the Ke Q_ mv’ 
universe as a consequence of the an T 
kinetic energy of the car being 
transformed into heat: 
Substitute numerical values and km 1h i 
evaluate AS,: 7 (1500 kg) 100 ~~ x 
u h 3600s 
AS, = 
293.15K 


- [197K] 


*60 °° 
Picture the Problem The total change in entropy resulting from the mixing of these 
gases is the sum of the changes in their entropies. 


(a) Express the total change in AS =AS, + AS, 
entropy resulting from the mixing 
of the gases: 


Express the change in entropy of V. 
each of the gases: AS, =nRIn fA 
iA 
and 


AS, =nR no Ze 


iB 


Because the initial and final V. 
volumes of the gases are the same AS = 2nRIn “) = 2nRIn(2) 
and both volumes double: i 
Substitute numerical values and AS = 2(1mol)(8.314 J/mol- K)In(2) 
evaluate AS: 
=| 11.5J/K 


Because the gas molecules are indistinguishable, the entropy doesn't change. 
(b)| A complete description of this phonomenon has been derived using 


quantum mechanics. 


Entropy and Work Lost 
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Picture the Problem We can find the entropy change of the universe from the entropy 
changes of the high- and low-temperature reservoirs. The maximum amount of the 500 J 
of heat that could be converted into work can be found from the maximum efficiency of 
an engine operating between the two reservoirs. 
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(a) Express the entropy change of AS, = AS, +AS, = Q + Q 
the universe: i. ihe 


1 1 
det 


Substitute numerical values and 1 1 
AS, =(-500J)| — - — 
evaluate AS,: 7 400K 300K 
=| 0.417 J/K 
(b) Express the heat that could have W = En Qh 


been converted into work in terms of 
the maximum efficiency of an 
engine operating between the two 
reservoirs: 


Express the maximum efficiency of 
an engine operating between the two 
reservoir temperatures: 


Substitute and evaluate W: 
ubstitute and evaluate w=(1-E la, =[1- 28% ) soos) 
h 
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Picture the Problem Although in the adiabatic free expansion no heat is lost by the gas, 
the process is irreversible and the entropy of the gas increases. In the isothermal 
reversible process that returns the gas to its original state, the gas releases heat to the 
surroundings. However, because the process is reversible, the entropy change of the 
universe is zero. Consequently, the net entropy change is the negative of that of the gas in 
the isothermal compression. 


(a) Relate the entropy change of the 
universe to the entropy change of 
the gas during the isothermal 
compression: 
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Substitute numerical values and evaluate AS,: 


12.3L 
AS, = —(1mol)(8.314J/mol - K )h =| 5.76 J/K 


To the extent that the initial expansion was isothermal and 


(b) | reversible, no work was done and none was wasted in the 

cycle. 
(c) Express the wasted work in Whos = LAS, = (300 K)(5.76 J/K) 
terms of T and the entropy change of =[1.73kJ 


the universe: 


General Problems 
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Picture the Problem We can use the definition of power to find the work done each 
cycle and the definition of efficiency to find the heat that is absorbed each cycle. 
Application of the first law of thermodynamics will yield the heat given off each cycle. 


(a) Use the definition of power to Wyde = PAt = (200 W)(0.1s) 
relate the work done in each cycle to =| 90.0) 

the period of each cycle: 

(b) Express the heat absorbed in Q _ Wya 205 _ 66.7] 
each cycle in terms of the work done ee E 0.3 - 


and the efficiency of the engine: 


Apply the 1“ law of 


Qe cyce = Qh cycle a W = 66.7 J = 20J 


thermodynamics to find the heat 
given off in each cycle: =| see) 
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Picture the Problem We can use their definitions to find the efficiency of the engine and 
that of a Carnot engine operating between the same reservoirs. 


(a) Apply the definition of W Q. 


4 125J _ ; 
efficiency: = Q, = Q, =1 150J 16.7% 
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j ici T, 293.15 
(b) Find the efficiency of a Carnot TEE 93 -21.4% 
engine operating between the same T, 373.15 
reservoirs: 

: (0) 

Express the ratio of the two S 16.7% =| 0.780 
efficiencies: Ec 21.4% 
65 ° 


Picture the Problem We can use the definition of efficiency to find the work done by the 
engine during each cycle and the first law of thermodynamics to find the heat exhausted 
in each cycle. 


(a) Express the efficiency of the 
engine in terms of the efficiency of a 


E =0.852£, = oei- z) 


h 


Carnot engine working between the 200K 

same reservoirs: = 0.85) 1- —— |=| 51.0% 
500K 

(b) Use the definition of efficiency W = Q, =0.51(200kJ) =| 102kJ 


to find the work done in each cycle: 


(c) Apply the first law of Qa cycle| = Qh cyae ~ W = 200kJ —102kJ 
thermodynamics to the cycle to 
E =| 98.0kJ 
obtain: 
r66 -e 


Picture the Problem We can use the expression for the Carnot efficiency of the plant to 
find the highest efficiency this plant can have. We can then use this efficiency to find the 
power that must be supplied to the plant to generate 1 GW of power and, from this value, 


the power that is wasted. The rate at which heat is being delivered to the river is related to 
the requisite flow rate of the river by dQ/dt = cATp dV /dt. 


(a) Express the Carnot efficiency of po nen i 
a plant operating between Mae T, 
temperatures T, and Ty: 

j j 298K 
Substitute numerical values and 6 ie | 0.404 
evaluate &: 500K 
(c) Find the power that must be Popu  1GW 

Pe = —— =| 2.48 GW 

supplied, at 40.4% efficiency, to ee 0.404 


max 


produce an output of 1 GW: 
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(b) Relate the wasted power to the 
power generated and the power 
supplied: 


Substitute numerical values and 


evaluate Pwastea: 


(d) Express the rate at which heat is 
being dumped into the river: 


Solve for the flow rate dV/dt of the 


river: 
Substitute numerical values (see 


Table 19-1 for the specific heat of 
water) and evaluate dV/dt: 
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P 


wasted — P. applied z P, generated 


P asea = 2-48 GW —1GW =| 1.48 GW 
dQ = car am = cAT £ (pv) 
dt dt dt 
dV 
= cATp — 
á dt 
dV = dQ/dt 
dt cATp 
dV 1.48x10° J/s 


‘dt (4180J/kg)(0.5K)(10° kg/m? 


= 708m°*/s =| 7.08x10° L/s 


Picture the Problem We can find the rate at which the house contributes to the increase 


in the entropy of the universe from the ratio of AS to At. 


Using the definition of entropy 
change, express the rate of increase 
in the entropy of the universe: 


Substitute numerical values and 
evaluate AS/At: 
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AS _ AQ/T _ AQ/At 
At At T 


AS 30kW 
— =— =| 113 W/K 
a ae us 


Picture the Problem Because the cycle represented in Figure 19-12 is a Carnot cycle, its 


efficiency is that of a Carnot engine operating between the temperatures of its isotherms. 


Express the Carnot efficiency of the 


cycle: 


Substitute numerical values and 


evaluate <c: 


c ae 
T, 

Poe Pease 60.0% 
750K 
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Picture the Problem All 500 J of mechanical energy are lost, i.e., transformed into heat 
in process (1). For process (2), we can find the heat that would be converted to work by a 
Carnot engine operating between the given temperatures and subtract amount of work 
from 1 kJ to find the energy that is lost. In part (b) we can use its definition to find the 
change in entropy for each process. 


(a) For process (2): W, max = Wsevaed E EQ, 
. . T K 
Find the efficiency of a Carnot mel ai 300 -0.25 
engine operating between 400 K and T, 400K 
300 K: 
Substitute to obtain: W ecovered = 0.25(1kJ ) = 250J 
or 


750 J are lost. 


Process (1) is more wasteful of mechanical energy. Process (2) is 


more wasteful of total energy. 


(b) Find the change in entropy of the AS = AQ _ 500J _ L67J/K 
E; i 300K 


universe for process (1): 


j A A 
ER pIe the change in entropy of the AS, = AS, +AS, = AQ i AQ 
universe for process (2): T, T 


c 


Substitute numerical values and 1 1 
; AS, = (1kJ) SS 
evaluate AS): 300K 400K 


- [3357] 
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Picture the Problem Denote the three states of the gas as 1, 2, and 3 with 1 being the 
initial state. We can use the ideal-gas law and the equation of state for an adiabatic 
process to find the temperatures, volumes, and pressures at points 1, 2, and 3. To find the 
work done during each cycle, we can use the equations for the work done during 
isothermal, isobaric, and adiabatic processes. Finally, we find the efficiency of the cycle 
from the work done each cycle and the heat that enters the system during the isothermal 
expansion. 
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(a) Apply the ideal-gas law to the 


isothermal expansion 1—2 to find P»: 


Apply the equation of state for an 
adiabatic process to relate the 
pressures and volumes at 1 and 3: 


The PV diagram is shown to the right: 


(b) From (a) we have: 
Apply the equation of state for an 
adiabatic process (y=1.67) to relate 


the temperatures and volumes at 1 
and 3: 


(c) Express the work done each 
cycle: 


For the process 1—2: 


For the process 23: 


P (atm) 


V, =| 2.291 


EVs = TV" 


- aK] 


W = Wis +W,_,3 + W3 s (1) 


W, = nRT, m+ = PV, m% 


1 
4L 
= (16 1L )In| — 
(a6atm)( yn 
= 22.2atm-L 


W. 


233 


= P,AV,_,, 
= (4atm)(2.29L — 4L) 
= —6.84atm - L 


For the process 3—1: 


Substitute numerical values in 


equation (1) and evaluate W: 


(d) Using its definition, express 
and evaluate the efficiency of the 


cycle: 


#7] oe 
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W,_,, = -CYAT, —3nR(T, ~ T,) 
=—3(BV, - BY,) 
= —3[(16 atm)(1L)—(4atm)(2.29L)] 


=-10.3atm-L 


317 


W =22.2atm-L—6.84atm-L 


—10.3atm-L 
- [56am] 
W W W 
Qa On We 
an = 22.8% 


Picture the Problem We can express the temperature of the cold reservoir as a function 


of the Carnot efficiency of an ideal engine and, given that the efficiency of the heat 


engine is half that of a Carnot engine, relate T, to the work done by and the heat input to 


the real heat engine. 


Using its definition, relate the 


efficiency of a Carnot engine 
working between the same 


reservoirs to the temperature of the 


cold reservoir: 


Solve for T«: 


Relate the efficiency of the heat 
engine to that of a Carnot engine 


working between the same 
temperatures: 


Substitute to obtain: 


The work done by the gas in 
expanding the balloon is: 


T 
a. =1l=— 
T, 
T, =T, (l-€c) 
We, 2W 
i A a “Q 


W = PAV = (latm \4L) = 4atm-L 
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Substitute numerical values and evaluate Te: 


damia 101.325J 


| 
tm-L 
T, = (393.15K)| 1 a= =| 313K 
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Picture the Problem We can use the definitions of the COP and <&c to show that their 
relationship is COP = Te/ (écT}). 


Using the definition of the COP, COP = Qe 
relate the heat removed from the 
cold reservoir to the work done each 
cycle: 
Apply energy conservation to relate Q. =Q, -W 
Qao Qh, and W: 
Substitute to obtain: COP = Q, -W 
Divide numerator and denominator 1- WwW 
by Qh and simplify to obtain: COP = Q, -W __ & 
Ww 
Q, 
Because €c =W/Q, : 1 i 4 T, 
cop = a nd = Ah 
Ec Ec Ec 
= T, 
ET, 
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Picture the Problem We can use the definition of the COP to express the work the motor 
must do to maintain the temperature of the freezer in terms of the rate at which heat flows 
into the freezer. Differentiation of this expression with respect to time will yield an 
expression for the power of the motor that is needed to maintain the temperature in the 
freezer. 


Using the definition of the COP, 
relate the heat that must be removed 
from the freezer to the work done by 
the motor: 


Solve for W: 
Differentiate this expression with 
respect to time to express the power 


of the motor: 


Express the maximum COP of the 
motor: 


Substitute to obtain: 


Substitute numerical values and 
evaluate P: 
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The Second Law of Thermodynamics 


cop = 2 

W 
w= 

COP 


p IW _ dQ./dt 


~ dt COP 


COP ax = 2 
AT 


p- IQ AT 
dt T 


c 


P= ow | 2 | =| 10.0W 
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Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 


pressures, and volumes at points A, B, and C and then find the work done by the gas and 


the efficiency of the cycle by using the expressions for the work done on or by the gas 


and the heat that enters the system for the isobaric, adiabatic, and isothermal processes of 


the cycle. 


(a) Apply the ideal-gas law to find 
the volume of the gas at A: 


(b) We’re given that: 


Apply the ideal-gas law to this 
isobaric process to obtain: 


(2mol)(8.314J/mol- K)(600K) 


p 101.325kPa 
atm 


5atm 


=/19.7L 
2V, = 2(19.7L)= 


5 
II 


2V; 


T, =T, = = (600K) 


1200K 


A A 
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(c) Because the process C—>A is 
isothermal: 


(d) Apply the equation of state for 
an adiabatic process (y= 1.4) to find 
the volume of the gas at C: 


(e) Express and evaluate the work 
done by the gas during the isobaric 
process AB: 


Apply the first law of 
thermodynamics to express the 
work done by the gas during the 
adiabatic expansion BC: 


T3V5 a= Teva 


and 


600K 


V, v2] = Goan 2K | o 


C 


=| 223L 


W,-s = P, (V; -V,)= P, (2V, -V,) 
= P.V, =(5atm)(19.7L) 
101.325J 
atm: L 


= 98.50 atm- L x 


=| 9.98kJ 


Won, B-C 7 AE nt B-c i Qn, B-C 
=AE 


: = AE 
int, B-C 7 =ncyATp-c 


=-—5nRAT; c 


Substitute numerical values and evaluate Wg-c: 


W, < =—5(2mol)(8.314J/mol- K)(600 K —1200K) = 


The work done by the gas during the isothermal compression CA is: 


C 


V 19.7L 
Wo, =nRT;, na) = (2mol)(8.314 J/mol - K )(600 Kp 27) = 


(f) The heat absorbed during the isobaric expansion AB is: 


Qag = NCAT, p = 4nRAT 
=| 34.9kJ 


The heat absorbed during the 
adiabatic expansion BC is: 


3 = 2(2mol)(8.314J/mol- K)(1200 K - 600K) 


Qsc =| 0 


int, B-C 


0 
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Use the first law of thermodynamics Qen = Wen t+ Abn cea = Ween 


to find the heat absorbed during the ~| 24 2kJ 


isothermal compression CA: 
because AFint,c_-a = 0 for an isothermal 


process. 
(g) The thermodynamic efficiency ¢ pee W E Wim + Wee Wea 
is: Qin Qa-s 
Substitute numerical values and Be 9.98kJ +24.9kJ —24.2kJ 
evaluate €: 34.9kJ 


- [HS] 
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Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points B, C, and D and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the various thermodynamic processes of the cycle. 


(a) Apply the ideal-gas law for a fixed P, =P, Va _ (5 atm) Va 
amount of gas to the isothermal B Va 
process AB: . 
oe pans 101.325kPa 
atm 
=| 253kPa 
(b) Apply the ideal-gas law for a fixed T -T P-V: 
amount of gas to the adiabatic process ©? AA 
BC: 
Using the ideal-gas law, find the Vx nRT, 
volume at B: P P, 
_ (2mol)(8.314J/mol - K)(600K) 
253kPa 
= 39.43L 
Use the equation of state for an aB Yy E 2 5atm \ 
adiabatic process and y= 1.4 to find Ve= Va P. T (39. 3 ) latm 


the volume occupied by the gas at C: 
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Substitute and evaluate Tc: T= (600K) (1atm)(75.87L) 
(2.5atm)(39.43L) 


=| 462K 


(c) Express the work done by the gas W=W, p +Wpc +We-p +Wp-a 
in one cycle: 


The work done during the isothermal expansion AB is: 


W, -s = nRT, nf = (2 mol)(8.314 J/mol -K)(600 Kl L 


A 


) = 6.915kJ 


A 


The work done during the adiabatic expansion BC is: 


Wc = -C,AT, c = -ŻnRAT, c = —2(2mol)(8.314J/mol-K )(462 K — 600K) 
=5.737kJ 


The work done during the isobaric compression CD is: 


101.325J 
Wep = P.(V, -V,)= (Latm)(19.7 L -75.87 L) = -56.17 atm - L x ~~ 
atm: L 
= —5.690 kJ 

Express and evaluate the work done Wb-a =0 
during the constant-volume process 
DA: 
Substitute numerical values and W =6.915kJ +5.737kJ —5.690kJ +0 
evaluate W: =| 6.96kJ 
Using its definition, express the pa W = W (1) 
thermodynamic efficiency of the Qa Qae ta 
cycle: 
Express and evaluate the heat Qa- = Wa- + AE,,. a- = Wa- = 6.915kJ 
entering the system during the Because AE;,; = 0 for an isothermal process. 


isothermal process AB: 


Express the heat entering the system Qoa = CAT- =2nRAT, A 


during the constant-volume process 
DA: 


Apply the ideal-gas law to the 
constant-volume process DA to 
obtain: 
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latm 


P 
T =T, = (600K) =120K 
A atm 


The heat entering the system during the process DA is: 


Q-a = 4(2mol)(8.314J/mol - K )(600K -120K) = 20.0kJ 


Substitute numerical values in 
equation (1) and evaluate the 
efficiency of the cycle: 
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6.975kJ 
= ———— =| 25.9% 
6.915kJ + 20.0kJ [25.996 | 


Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 


pressures, and volumes at points A, B, and C and then find the work done by the gas and 


the efficiency of the cycle by using the expressions for the work done on or by the gas 


and the heat that enters the system for the isobaric, adiabatic, and isothermal processes of 


the cycle. 


(a) Apply the ideal-gas law to find 
the volume of the gas at A: 


(b) We’re given that: 


Apply the ideal-gas law to this 
isobaric process to obtain: 


(c) Because the process CA is 
isothermal: 


(d) Apply the equation of state for 
an adiabatic process (y= 5/3) to find 
the volume of the gas at C: 


(2mol)(8.314J/mol- K)(600K) 
101.325kPa 


atm 


5 atm x 


=|19.7L 
V, = 2V, = 2(19.7L)= 
V 2V, 
T = ek) [1200K | 


To Vg b TV 


and 
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(e) Express and evaluate the work 
done by the gas during the isobaric 
process AB: 


Apply the first law of 
thermodynamics to express the work 
done by the gas during the adiabatic 
expansion BC: 


-m 


W,-s = P, (V; -V,) F P, 2V; -V,) 
= P.V, =(5atm)(19.7L) 
i 101.325J 
atm: L 


= 98.50atm-L 


=| 9.98kJ 


Won, BC = AE int, B-C Qn, B-C 


i= AE int, pc —9 
= AE in, paS -(nc,AT, c) 
=— 3 nRAT, c 


Substitute numerical values and evaluate Wp-c: 


W,,, s-c = ~2(2mol)(8.314J/mol-K)(600 K —1200K) = 


The work done by the gas during the isothermal compression CA is: 


W._, = nRT, of = (2 mol)(8.314 J/mol - K )(600 Ki 


C 


- [E720] 


19.7L 
111L 


(f) The heat absorbed during the isobaric expansion AB is: 


Qin, A-B 7 nc AT, -pg > 3nRAT, 
=| 24.9kJ 


Express and evaluate the heat 
absorbed during the adiabatic 
expansion BC: 


s = 4(2mol)(8.314J/mol- K)(1200 K - 600K) 


Qr- = [o] 


Use the first law of thermodynamics 
to express and evaluate the heat 
absorbed during the isothermal 
compression CA: 


(g) The definition of thermodynamic 
efficiency e is: 


Substitute numerical values and 
evaluate £: 
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Qc-a =Wea + AE in c-a =Wea 


=] 


because AEin = 0 for an isothermal process. 


Ze W Wag +WectWoa 
Q, Qas 


pom 9.98kJ +14.9kJ —17.2kJ 


24.9kJ 
=| 30.8% 


Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points B, C, and D and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the various thermodynamic processes of the cycle. 


(a) Apply the ideal-gas law for a 
fixed amount of gas to the 
isothermal process AB: 


(b) Apply the ideal-gas law for a 
fixed amount of gas to the adiabatic 
process BC: 


Using the ideal-gas law, find the 
volume at B: 


Use the equation of state for an 
adiabatic process and y= 5/3 to find 
the volume occupied by the gas at 
Ci 


P, =P Ya = (Satm) > 
2V 


B A 
B A 
101.3kPa 
= 2.50atmx ——-—— =] 253kPa 
Teno 
PVs 
V, = nRT, 
Ps 
_ (2mol)(8.314J/mol - K )\(600K) 
253kPa 
=39.43L 
Vy 3/5 
Vo v2) = Goas 252) 
A atm 
= 68.33L 
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Substitute and evaluate Tc: 


(c) Express the work done by the 
gas in one cycle: 


(1atm)(68.33L) 
(2.5atm)(39.43L) 


=| 416K 


W =W,- +Wg-c +tWo-n tWpoa O) 


T, = (600K) 


The work done during the isothermal expansion AB is: 


2V, 


W, = nRT, m= = (2mol)(8.314J/mol-K)(600 Ki 2. =6.915kJ 


A 


A 


The work done during the adiabatic expansion BC is: 


Wa c = -C,AT, c = -nRAT, < = —2(2mol)(8.314J/mol-K)(416 K — 600K) 


= 4.589 kJ 


The work done during the isobaric compression CD is: 


Wep = P.(V> -V,) = (latm)(19.7 L — 68.33L) = —48.63atm - L x 


= —4,926kJ 


The work done during the constant- 
volume process DA is: 


Substitute numerical values in 
equation (1) to obtain: 


The thermodynamic efficiency of 
the cycle is given by: 


The heat entering the system during 


the isothermal process AB is: 


The heat entering the system during 
the constant-volume process DA is: 


101.3J 
atm: L 


Wp, =0 


W =6.915kJ + 4.589kJ — 4.926kJ + 0 


- [E581] 


WoW 
Qin Qa a Qp-a 


E= 


(2) 


Qa- =Wa et AE int, ap Was 
= 6.915kJ 


because AFint = 0 for an isothermal process. 


Qp-a = CyATh_« = 3nRAT, A 
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ideal- P lat 
Apply the ideal-gas law to the Pep ts (600K) atm _ 120K 
constant-volume process DA to A 
obtain: 


The heat entering the system during the process DA is: 


Qp-a = 4(2mol)(8.314J/mol-K )(600K -120K )=12.0kJ 


Substitute numerical values in = 6.58kJ _ 
equation (2) and evaluate the 6.915kJ +12.0kJ 
efficiency of the cycle: 


34.8% 
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Picture the Problem We can express the efficiency of the Otto cycle using the result 
from Example 19-2. We can apply the relation TV” * = constant to the adiabatic 
processes of the Otto cycle to relate the end-point temperatures to the volumes occupied 
by the gas at these points and eliminate the temperatures at c and d. We can use the ideal- 
gas law to find the highest temperature of the gas during its cycle and use this 
temperature to express the efficiency of a Carnot engine. Finally, we can compare the 
efficiencies by examining their ratio. 


The efficiency of the Otto engine is a Tı -T, (1) 
given in Example 19-2: : T=, 


where the subscripts refer to the various 
points of the cycle as shown in Figure 19- 


3. 
Apply the relation net v, r 
TV”™ = constant to the adiabatic be al Se 
b 
process a—>b to obtain: 
Apply the relation —_ v, yi 
TV’ = constant to the adiabatic ce T tal 7 


process c—>d to obtain: 


Subtract the first of these equations 
from the second to obtain: c 
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In the Otto cycle, Va = Vaand y y- v y- 
Ve = Vp. Substitute to obtain: T, -T, =T; a =; vy 
b b 
y-1 
= (T, T, B 
b 
Substitute in equation (1) and er a T, -T, 
simplify to obtain: i vY =1 
(T; -I = 
b 


AE © 
=1— Lb =1-— 
V T, 


a 
Note that, while T, is the lowest 
temperature of the cycle, T, is not the 
highest temperature. 


Apply the ideal-gas law to c and b to R B STT Pa ST, 
obtain an expression for the cycle’s j > ° P, 
highest temperature T,: 

Express the efficiency of a Carnot goja 

engine operating between the c T, 

maximum and minimum 

temperatures of the Otto cycle: 

Express the ratio of the efficiency of 1- Ta 

a Carnot engine to the efficiency of Ec S STT becir s t 
an Otto engine operating between Eo qta 

the same temperatures: T, 


*79 oeo 
Picture the Problem We can use nR = C, -Gy , y = C, /Cy , and TV’ = a constant 


to show that the entropy change for a quasi-static adiabatic expansion that proceeds from 
state (V1, Tı) to state (V2, T2) is zero. 


Express the entropy change for a T. 

r a AS = C, In| 22 |4+nRIn| 2 
general process that proceeds from V 
state 1 to state 2: 
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For an adiabatic process: i V, ya 
T V 


Substitute and simplify to obtain: 


Use the relationship between Cp and Cy nR = C, -Cy 
to obtain: 
Substitute for nR and yand simplify: G 
AS = In Ve Cp Gy --1]C, 
Vi Cy 
=|0 
80 cco 


Picture the Problem 

(a) Suppose the refrigerator statement of the second law is violated in the sense that heat 
Q, is taken from the cold reservoir and an equal mount of heat is transferred to the hot 
reservoir and W = 0. The entropy change of the universe is then AS, = Q,/Ty — Qd Te. 
Because T, > Te, Sa <0, i.e., the entropy of the universe would decrease. 


(b) In this case, is heat Q; is taken from the hot reservoir and no heat is rejected to the 
cold reservoir, i.e., Q. = 0, then the entropy change of the universe is AS, = —Q;/T) + 0, 
which is negative. Again, the entropy of the universe would decrease. 


(c) The heat-engine and refrigerator statements of the second law only state that some 
heat must be rejected to a cold reservoir and some work must be done to transfer heat 
from the cold to the hot reservoir, but these statements do not specify the minimum 
amount of heat rejected or work that must be done. The statement 

AS, = 0 is more restrictive. The heat-engine and refrigerator statements in conjunction 
with the Carnot efficiency are equivalent to AS, = 0. 
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Picture the Problem We can express the net efficiency of the two engines in terms of 
W,, W>, and Q, and then use £, = W,/Q) and & = W2/Q, to eliminate W;, W2, Qh, and Qn. 


Express the net efficiency of the two n= W +W, 
engines connected in series: i Q, 
Express the efficiencies of engines 1 _W, 
&=-— 
and 2: Q, 
and 
W. 
La. 
Qn 
Solve for W; and W; and substitute ae EQ, +6.Q, ae Qu g 
to obtain: = Q, ! Q, ? 
Express the efficiency of engine 1 in aci- On 
terms of Qnm and Qy: i Q, 
Solve for Qy/ Qy: Qa 48 
Q, 
Substitute to obtain: Ea = E+ (1 = £) & 
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Picture the Problem We can express the net efficiency of the two engines in terms of 
W,, Wz, and Q, and then use £, = W,/Q) and & = W2/Q, to eliminate W;, W2, Qh, and Qn. 
Finally, we can substitute the expressions for the efficiencies of the ideal reversible 
engines to obtain ¢,,, =1-T./T,. 


Express the efficiencies of ideal aaj- Ta (1) 
reversible engines 1 and 2: ! T, 
and 
T, 
pei (2) 
Express the net efficiency of the two a W,+W, (3) 


. . n net 
engines connected in series: Q, 


Express the efficiencies of engines 1 
and 2: 


Solve for W; and W, and substitute 
in equation (3) to obtain: 


Express the efficiency of engine 1 in 
terms of Qn and Qy: 


Solve for Qy/ Qh: 


Substitute to obtain: 


Substitute for £, and & and 
simplify to obtain: 
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The Second Law of Thermodynamics 


a e 
Q, Qn 
EQ, +250), Qua 
net = Sh =e, t—— E, 
Q, Q, 
peli 
Qn 
Dis eqns 
Q, 


=1 Ta +4 Ta T, =| 1 T, 
Ty T, T, T, 
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Picture the Problem There are 26 letters and four punctuation marks (space, comma, 
period, and exclamation point) used in the English language, disregarding capitalization, 
so we have a grand total of 30 characters to choose from. This fragment is 330 characters 


(including spaces) long; there are then 30% different possible arrangements of the 


character set to form a fragment this long. We can use this number of possible 
arrangements to express the probability that one monkey will write out this passage and 
then an estimate of a monkey’s typing speed to approximate the time required for one 

million monkeys to type the passage from Shakespeare. 


Assuming the monkeys type at 
random, express the probability P 
that one monkey will write out this 
passage: 


Use the approximation 


30 ~ 41000 =10'” to obtain: 


Assuming the monkeys can type at a 
rate of 1 character per second, it 
would take about 330 s to write a 
passage of length equal to the 
quotation from Shakespeare. Find 
the time T required for a million 
monkeys to type this particular 
passage by accident: 


1 
P = 302 
1 1 = 
p= 1065830) = 104% =10™ 
_ (330s)(10*) 
10° 
491 ly 
= (3.30 x10 s) ——¥ _ 
3.16x10's 
x 10% y 
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Express the ratio of T to Russell’s T 104 

estimate: = 6 Y- 104” 
T Russell 10 y 
or 


T x| 10°°T. 


Russell 


Chapter 20 
Thermal Properties and Processes 


Conceptual Problems 


*1 š 
Determine the Concept The glass bulb warms and expands first, before the mercury 
warms and expands. 


2 ° 
Determine the Concept The heating of the sheet causes the average separation of its 
molecules to increase. The consequence of this increased separation is that the area of the 


hole always increases. | (b) is correct. 


3 e 
Determine the Concept Actually, it can be hard boiled, but it does take quite a bit longer 


than at sea level. | (c) is the best response. 


4 ° 
Determine the Concept Gases that cannot be liquefied by applying pressure at 20°C are 
those for which T, < 293 K. These are He, Ar, Ne, H, Oo, NO. 


*5 oo 

(a) With increasing altitude, P decreases; from curve OF, T of the liquid-gas interface 
diminishes, so the boiling temperature decreases. Likewise, from curve OH, the melting 
temperature increases with increasing altitude. 


(b) Boiling at a lower temperature means that the cooking time will have to be increased. 
6 ° 


Picture the Problem We can apply the Stefan-Boltzmann law to relate the rate at which 
an object radiates thermal energy to its environment. 


Using the Stefan-Boltzmann law, P =eoAT* 

relate the power radiated by a body where A is the surface area of the body, ois 

to its temperature: Stefan’s constant, and e is the emissivity of 
the object. 


Because P varies with the fourth power of 7, tripling the temperature increases the rate at 


which it radiates by a factor of 34 and | (d) is correct. 
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Determine the Concept The thermal conductivity of metal and marble is much greater 
than that of wood; consequently, heat transfer from the hand is more rapid. 


8 e 
(a) True 


(b) True 


(c) False. The rate at which an object radiates energy is proportional to the fourth power of 
its absolute temperature. 


(d) False. Water contracts on heating between 0°C and 4°C. 
(e) True 
9 ° 


Determine the Concept Because atoms are few and far between in space, the earth can 
not lose heat by conduction or convection. Thermal energy is radiated through space in the 


form of electromagnetic waves that move at the speed of light. | (c) is correct. 


10 œ 

Determine the Concept Because there is little, if any, molecule-to-molecule 
transportation of energy into a fireplace-heated room, the mechanisms are radiation and 
convection. 


11 >œ 
Determine the Concept In the absence of matter to support conduction and convection, 
radiation is the only mechanism. 


12 
Determine the Concept Because the amount of heat lost by the house is proportional to 
the difference between the house temperature and that of the outside air, the rate at which 
the house loses heat (that must be replaced by the furnace) is greater at night when the 
temperature of the house is kept high than when it is allowed to cool down. 


13 eo 


Picture the Problem The rate at which heat is conducted through a cylinder is given by 
I =dQ/dt = kAAT / Ax where A is the cross-sectional area of the cylinder. 


Express the rate at which heat is _ 2 AT 
I, =k,a2d, — 
conducted through cylinder A: 
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Express the rate at which heat is L =krd? AT 
l B Kp ag- 
conducted through cylinder B: 
Equate these expressions to obtain: AT AT 
q P kın d? — = kya dè =— 
or 


kad; = kedi 


Because da = 2dp: k, (2d; = ked? 


and 


4k, =k,=>| (a) is correct. | 


14 >œ 

Determine the Concept Most objects of everyday experience are at temperatures near 
the mean temperature of the earth, about 300 K. Their blackbody spectrum therefore has 
a peak near Amax = 2.898 mm K/ 300 K ~ 0.01 mm = 10 pm = 10,000 nm. These 
wavelengths are in the infrared region of the spectrum, so the heat which most objects 
radiate away can be detected most easily in the infrared, which is the spectral region 
where most night-vision goggles and other types of optical "heat detectors" operate. 
However, if the temperature of the object increases, the wavelength decreases; so the 
peak radiation can be found in any spectral region, not just the infrared. 


*15 >œ 

Determine the Concept The temperature of an object is inversely proportional to the 
maximum wavelength at which the object radiates (Wein’s displacement law). Because 
blue light has a shorter wavelength than red light, an object for which the wavelength of 
the peak of thermal emission is blue is hotter than one that is red. 


Estimation and Approximation 


16 eee 
Picture the Problem We can express the heat current through the insulation 

in terms of the rate of evaporation of the liquid helium and in terms of the temperature 
gradient across the superinsulation. Equating these equations will 

allow us to solve for the thermal conductivity & of the superinsulation. 


Express the heat current in terms of I=L dm 
the rate of evaporation of the liquid “ dt 
helium: 

j AT 
Express the heat current in terms of I=k42 


the temperature gradient across the 
superinsulation and the conductivity 
of the superinsulation: 
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Equate these expressions and solve 
for k: 


Using the definition of density, 
express the rate of loss of liquid 
helium: 


Substitute to obtain: 


Express the ratio of the area of the 
spherical container to its volume: 


Solve for A: 


Substitute to obtain: 


Substitute numerical values and evaluate k: 


k= 


(21kI/kg)(7x10~ m)(125 beim 


LAZ 
— dt 
AAT 
CA 
dt dt 
ia 
p= dt 
AAT 
A_ 4r’ 
V An’ 


0.7x10° m? 


V367V° AT 


17 ee 


- a J. 3.13x10° Wim-K 
3/367(200x10® m°} (288K) 


Picture the Problem We can use the thermal current equation for the thermal 


conductivity of the skin. 
Use the thermal current equation to 
express the rate of conduction of 


thermal energy: 


Solve for k to obtain: 


Substitute numerical values and 
evaluate k: 


a~ 
Ax 
I 
k = — 
pu 
Ax 
k- 130 
(1.8m?) 


=| 18.1mW/m-K 
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Picture the Problem The amount of heat radiated by the earth must equal the solar flux 
from the sun, or else the temperature on earth would continually increase. The emissivity 
of the earth is related to the rate at which it radiates energy into space by the Stefan- 


Boltzmann law P. = eoAT*. 


Using the Stefan-Boltzmann law, P =ecA'T’* 
express the rate at which the earth : 
radiates energy as a function of its 
emissivity e and temperature 7: 


where 4’ is the surface area of the earth. 


Solve for the emissivity of the earth: P. 
AT’ 

Use its definition to express the VARRE 

intensity of the radiation received I= A 

by the earth: where 4 is the cross-sectional area of the 

earth. 

For 70% absorption of the sun’s 0.7P. 

radiation incident on the earth: I= A 

Substitute for P, and A and simplify 0.741 0.77 R71 0.77 

to obtain: a= = = 

TARE AT? 4nRoT’ 4oT’ 

Substitute numerical values and 0.7(1 370 W/m?) 

luate e: = 

ea 4(5.670x10* W/m? -K+ )(288K)* 
=| 0.615 

19 eo 


Picture the Problem The wavelength at which maximum power is radiated by the gas 
falling into a black hole is related to its temperature by Wien’s displacement law. 


Express Wien’s displacement law: A = 2.898mm-K 
‘max T 
Substitute for T and evaluate Amax: : : 
ubstitute for 7 and evaluate a= 2 Sea K 290mm 


Thermal Expansion 


20 >œ 

Picture the Problem We can find the length of the ruler at 100°C by adding its 
elongation due to the increase in temperature to its length at 20°C. We can find its 
elongation using the definition of the coefficient of linear expansion œ = (AL/ L) AT. 
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Express the length of the ruler at 
100°C in terms of its length at 20°C, 
its coefficient of linear expansion, 
and the change in its temperature: 


Substitute numerical values and 
evaluate Lyo9°c: 


21 eo 


L 


= Lyc t AL 
= Lyc + OLygec AT 
= Lch + QAT) 


100°C 


Loc = (30cm) |1+ (11x10°° /K )(80K)| 


- [30126 


Picture the Problem We can let the definition of the coefficient of linear expansion 
a= (AL/ L)/ AT , with AA replacing AL and A replacing L suggest a definition of the 


coefficient of area expansion. 
(a) Letting yrepresent the 
coefficient of area expansion we 


have: 


(b) For a square: 


Divide both sides of the equation by 
A to obtain: 


Substitute in equation (1) to obtain: 


Let AT->0 to obtain: 


For a circle: 


Divide both sides of the equation by 
A to obtain: 


Substitute in equation (1) to obtain: 


_| A4/A 


AA =|L(1+aAT)P -P 


= P(1+2aAT +a@°AT?)- 2 
= A(QaAT + a?AT?) 


= = 20AT +Q AT? 


j= 2aAT +a AT? 


=2a+a’°AT 


AT 


AA = a[R(1+@AT)]° -7 R? 


= m Rè (l+ 20AT +0? AT?)~ r R? 
= A(2aAT +a? AT?) 


“ = 2aAT +a AT? 


p= 2aAT + a°AT° 


=2a+a°AT 


AT 
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Let AT-0 to obtain: yx 


22 o 
Picture the Problem While the mass of a sample of aluminum will remain constant with 
increasing temperature, its volume will increase due to thermal expansion. Consequently, 
its density will decrease with increasing temperature. We can use the definition of density 
(mass/unit volume) to express the density when its volume has increased by AV and the 
definition of the coefficient of volume expansion to relate AV to the increase in 
temperature AT. The relationship 6= 3a will allow us to relate the coefficient of volume 
expansion to the coefficient of linear expansion. 


Express the density of aluminum ’ p= a m/V 

when its volume has changed V+AV 1+AV/V 

by AV: 

Using the definition of the pe Po P 

coefficient of volume expansion, 1+ BAT 1+3aAT 

substitute for AV/V to obtain: because £= 3a. 

Substitute numerical values and s 2.70x10° kg/m’ 

evaluate (7: P ~ 143(24%10° /K)(200K) 
=| 2.66x10° kg/m’ 

23 oo 


Picture the Problem Because the temperature of the steel shaft does not change, we need 
consider just the expansion of the copper collar. We can express the required temperature 
in terms of the initial temperature and the change in temperature that will produce the 
necessary increase in the diameter D of the copper collar. This increase in the diameter is 
related to the diameter at 20°C and the increase in temperature through the definition of the 
coefficient of linear expansion. 


Express the temperature to which T=T,+AT 
the copper collar must be raised in 

terms of its initial temperature and 

the increase in its temperature: 


Apply the definition of the AD 
coefficient of linear expansion to AT = D 
express the change in temperature a 


required for the collar to fit on the 
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shaft: 
Substitute to obtain: THT+¢ AD 
aD 
Substitute numerical values and T =293K + = cm 
evaluate T: 07 x10 /K)(5.98cm) 
= 490K =| 217°C 
#24 0 


Picture the Problem Because the temperatures of both the steel shaft and the copper 
collar change together, we can find the temperature change required for the collar to fit the 
shaft by equating their diameters for a temperature increase AT. These diameters are 
related to their diameters at 20°C and the increase in temperature through the definition of 
the coefficient of linear expansion. 


Express the temperature to which the T=1 +AT (1) 
collar and the shaft must be raised in 

terms of their initial temperature and 

the increase in their temperature: 


Express the diameter of the steel Deer = Detect 20c (1+ Qe AT ) 
shaft when its temperature has been 
increased by AT: 
Express the diameter of the copper Dea = Deu20c (1+ Ae, AT ) 
collar when its temperature has been 
increased by AT: 
If the collar is to fit over the shaft Deuze (1 + Qo, AT ) 
when the temperature of both has = D teel,20°C (1 + Qie AT ) 
been increased by AT: 
Solve for AT to obtain: AT = Dyeeiz0e ~ Dcu,20°c 
D cu,20°C&%cu T D steel, 20°C Č steel 
Substitute in equation (1) to obtain: T=T4 D saaie — Dou20°c 
aac | 
D Cu,20°C cu 7 D steel,20°C steel 


Substitute numerical values and evaluate T: 


6.0000 cm — 5.9800 cm 


T=293K+ 
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(5.98cm)(17x10~° /K)—(6.00cm)(11x10°°/K) ~ aoa = [pate 


Picture the Problem The linear expansion coefficient of the container is one-third its 


coefficient of volume expansion. We can relate the changes in volume of the mercury and 


the container to their initial volumes, temperature change, and coefficients of volume 


expansion, and, because we know the amount of spillage, obtain an equation that we can 


solve for J.. 


Relate the linear expansion 
coefficient of the container to its 
coefficient of volume expansion: 


Express the difference in the change 
in the volume of the mercury and 
the container in terms of the 
spillage: 


Express AV,,, using the definition 


of the coefficient of volume 
expansion: 


Express AV. using the definition of 


the coefficient of volume expansion: 


Substitute to obtain: 


Solve for 2: 


a, = 38, (1) 


AVy, —AV, = 7.5mL 


May = Bag agAT 


AV, = BV AT 


Baas AT -— BVAT =7.5mL 


BuVighT -7.5mL 
VAT 


or, because V = Vu, = Vo 


p= 
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Substitute in equation (1) to obtain: =4 7.9mL 
de = 3 Pia apap 
a 7.5mL 
"8 3VAT 
Substitute numerical values and 3 7.5mL 
a, = 4(0.18x107/K) 
evaluate a: 3(1.4L (40K) 
=|15.4x10°K* 


26 ee 

Picture the Problem We can use dre,168°c = dre,20°c(1+ @reAT) to find the diameter of the 
hole in the aluminum sheet at 168°C and then daj.0°c = daticsec(1-@aiA7) to find the 
diameter of the hole when the sheet has cooled to room temperature. 


Relate the diameter of the hole/steel dee,168°C = Ake,20°c(1+ QpeAT) 
drill bit at 168°C to its diameter at 
20°C: 


Substitute numerical values and evaluate dpe,168°c: 


dysc = (6.245cm)|l +1110 K “(148K )]= 6.255cm 


Fe,168°C 


Express the diameter of the hole in done =U peel GAT) 
the plate at 20° C: 


Substitute numerical values and evaluate daj.0°c: 


d se =(6.255em)[—(24x10° K*\148k)]= 


Remarks: Note that the diameter of the hole in the plate at 20°C is less than the 
diameter of the drill bit at 20°C. 


*27 ee 
Picture the Problem Let Z be the length 
of the rail at 20°C and L’ its length at 
25°C. The diagram shows these 
distances and the height / of the buckle. 
We can use Pythagorean theorem to 
relate the height of the buckle to the 
distances Z and L’ and the definition of 
the coefficient of linear expansion to 
relate Z and L’. 


Apply the Pythagorean theorem to 
obtain: 


Use the definition of the coefficient 
of linear expansion to relate L and 
L': 


Substitute to obtain: 


Substitute numerical values and 
evaluate h: 
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Le = La + Aster AT 7 
or, because (stea AT y << 2ste AT, 
L? = L’(1 + 2QtecAT) 


h= P (1+ 20a AT )— 2 
= = 2A te AT 

j= = 2(11x10* K7)(5K) 
=| 5.24m 


Picture the Problem The amount of gas that spills is the difference between the change in 


the volume of the gasoline and the change in volume of the tank. We can find this 


difference by expressing the changes in volume of the gasoline and the tank in terms of 


their common volume at 10°C, their coefficients of volume expansion, and the change in 


the temperature. 


Express the spill in terms of the 
change in volume of the gasoline 
and the change in volume of the 
tank: 


Relate A Vas to the coefficient of 
volume expansion for gasoline: 


Vspitt = AV gas = AViank 


AV gas = Bgas VAT 
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Relate AV an, to the coefficient of AV ank = Bank VAT 
linear expansion for steel: or, because steel = 3 steels 
AV ank= 3 Asteel VAT 


Substitute to obtain: Vepin = gas VAT — 3 Aste VAT 
= VAT (Beas = 3 Atel) 


Substitute numerical values and evaluate V,,i1;: 


Von, = (60L)(15K)|0.9x10° K*-3(11x10 K*)]= 


29 o 

Picture the Problem We can relate the diameter of the capillary tube to the height the 
mercury rises for a 1°C increase in temperature and to the difference in the volume changes 
of the mercury in the bulb and the glass bulb. These volume changes can, in turn, be 
expressed in terms of the coefficients of volume expansion of mercury and glass. 


Express the net change in volume of AV = AV ug — AV gass = AAL 

the mercury in the thermometer and where A = zd’/4 is the cross-sectional area 
the bulb and tube of the glass of the capillary tube and d is its diameter. 
thermometer: 

Relate AV, to the coefficient of AVug = BugVAT 


linear expansion for mercury: 


Relate AV gass to the coefficient of AV gass = BelassVAT 
linear expansion for glass: or, because [glass = 3 glass» 
AV glass = 3 Agiass VAT 


Substitute to obtain: zd’ 


Eg = Pu AT -34 VAT 


glass 


=VAT (Buy -3a gass) 


Solve for d: 4VAT 
d = TAL (Bas Bat pac) 


Substitute numerical values and evaluate d: 


-6 3 
a- [EE oao a0) = [OA 
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Picture the Problem We can relate the volume of the thermometer bulb to the height the 
mercury rises for the 8 C° increase in temperature and to the difference in the volume 
changes of the mercury in the bulb and the glass bulb. These volume changes can, in turn, 
be expressed in terms of the coefficients of volume expansion of mercury and glass. 


Express the net change in volume of AV = AV ug — AV glass = AAL 

the mercury in the thermometer and where A = zd’/4 is the cross-sectional area 
the bulb and tube of the glass of the capillary tube and d is its diameter. 
thermometer: 

Relate AV, to the coefficient of AVug = BugVAT 

linear expansion for mercury: or, because Jug = 3Qug, 


A Vug= 3 Og VAT 


Relate AV gass to the coefficient of AV glass = BelassVAT 
linear expansion for glass: or, because Agiass = 3Qlasss 
AV siass = 3 Aglass VAT 


Substitute to obtain: BagVAT -38 gass VAT = AAL 
Solve for V and substitute for A: y=- AAL 
(Bus ~ 3A glass Jar 
md? AL 


Mbas -3a ga AT 


Substitute numerical values and evaluate V: 


— z(0.4x10° m) (7.5x107 a E 
v= 40.1810" Kt 3(9 x10 we K) = 


31 ewe 
Picture the Problem We can determine whether the clock runs fast or slow from the 
expression for the period of a simple pendulum and the dependence of its length on the 
temperature. Letting 7p represent the period of the pendulum and 7 the temperature, we 
can evaluate dTp/dT and use a differential approximation to find the time gained or lost in 
a 24-h period. 


(a) Express the period of the L 
; T, =27m_ |— 
pendulum in terms of its length: j g 


1524 Chapter 20 


Because T, oc VL and Lis temperature dependent, the clock runs slow. 


(b) Because the clock runs slow at 
the higher temperature, we know 
that it will lose time. Express the 
loss in terms of the loss each period 
and the elapsed time At: 


dT, 
Write — as the product of 
dT 


A and ae 
dL dT 


Evaluate E 


and simplify to obtain: 


Express the dependence of the 
length of the pendulum on its 
calibration length Lo and the 
coefficient of linear expansion of 
brass a: 


dL 
Evaluate —: 
dT 


Substitute to obtain: 
Use the differential approximation 
to obtain: 


Substitute numerical values and 
evaluate ATp/Tp: 


Loss = ap At (1) 
Tp 

adi db 

dT dL dT 


dL d 

— = — |L + a@AT )| = aL 
dT ail A +a )] Athy 
dT, Tp a 
—_ =] —— =—T. 
dT E o) D 
Ala T, or ae AT 
AT 

AT, 


= 1(19x10* /K)(10K) 


P 


=9,50x10° 


Thermal Properties and Processes 1525 


Substitute numerical values in 


Loss = (9.50x10° [2an x aeos) 


equation (1) to obtain: 


=| 8.21s 


32 ewe 
Picture the Problem The steel tube will fit inside the brass tube when its outside diameter 
equals the inside diameter of the brass tube. We can use the definition of the coefficient of 
linear expansion to express the diameters of the tubes when they fit in terms of the 
required temperature change and equate these expressions to find AT. 


Express the temperature at which T=T7,+AT=293K+AT (1) 
the steel tube will fit inside the brass 

tube in terms of their initial 

temperature and the change in 

temperature: 


Express the condition that the steel dieel = diras 
tube will fit inside the brass tube: 


Relate the diameter of the steel tube dieel = Ao steel (1+ ght ) 
to its initial diameter, coefficient of 

linear expansion, and the change in 

temperature: 


Relate the diameter of the brass tube dyrass = 4 0, brass (1+ Brass AT ) 
to its initial diameter, coefficient of 
linear expansion, and the change in 


temperature: 
Substitute to obtain: do steel (1 + Asea AT) = dobras (1 E Ayas AT) 
Solve for AT: dostee) = Ca 


AT = 


d o brass Žbrass = do nai aes 


Substitute numerical values and evaluate AT: 


3.000cm — 2.997 cm 
(3.000cm)(19x10° K“)- (2.997 cm)(11x10° K7 


=125K 
) 


Substitute in equation (1) to evaluate AT: T = 293K +125K = 418K =| 145°C 
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Picture the Problem We can use the definition of Young’s modulus to express the 
tensile stress in the copper in terms of the strain it undergoes as its temperature returns to 
20°C. We can show that AL/L for the circumference of the collar is the same as Ad/d for 
its diameter. 


š x . AL 
Using Young’s modulus, relate the Stress =Y xStrain=F 


stress in the collar to its strain: are 


where Loc is the circumference of the 


collar at 20°C. 
Express the circumference of the L; = zd; 
collar at the temperature at which it 
fits over the shaft: 
Express the circumference of the Loye = Monee 
collar at 20°C: 
j in: — md n 
Substitute to obtain: Stress = yT 20°C 
20°C 
=Y d; T dac 
dac 
j j 0.02 cm 
Substitute numerical values and Sirëss= (11x10 N/m 2) 
evaluate the stress: 5.98cm 


=| 3.68 x10°2 N/m? 


The van der Waals Equation, Liquid-Vapor Isotherms, and Phase 
Diagrams 
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Picture the Problem We can apply the ideal-gas law to find the volume of 1 mol of steam 
at 100°C and a pressure of 1 atm and then use the van der Waals equation to find the 
temperature at which the steam will this volume. 


Thermal Properties and Processes 1527 


(a) Use the ideal-gas law to find the y= nRT 
volume: P 

(1mol)(8.314 J/mol- K)(373K) 
3 101.325kPa 


latm 
atom 
= 3.06x10° m? x = z 
107m 
=| 30.6L 
(b) go van der Waals equation for G an? ) v E bn) 
T to obtain: 2 
T= 
nR 
Substitute numerical values and evaluate T: 
[ps v-o) (0.55 Pa-m°/mol’) (1mol)’ 
T= Slo ar 2 oe (Lmol) 
nR (3.06x107 m’) 


3.06x10 m? — (30x10 m*/mol) (1mol) 


(1mol) (8.314J/mol -K) 
=| 375K 
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Picture the Problem We can find these temperatures and pressure by consulting Figure 
20-3. 


(a) At 70 kPa, water boils at: te 
(b) At 0.5 atm (about 51 kPa): boot © 


(c) For boil = 115°C: P 


170kPa 


l 
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Picture the Problem Assume that a helium atom is spherical. Then we can find its radius 
from V = 47 r° and its volume from the van der Waals equation. 
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Express the radius of a spherical F 3y 
, : r= 3/— 
atom in terms of its volume: Ar 


In the van der Waals equation, b is = (0.0237 L/mol)(10° cm?/L) 
the volume of 1 mol of molecules. 6.022 x10” atoms/mol 
For He, 1 molecule = 1 atom. Use ~3.94x10°22 cm3/atom 
Avogadro’s number to express b in 
cm°/atom: 
Substitute numerical values and 3b _, 3(3.94 x10 cm?) 
evaluate r: r= Ar = Ar 

= 2.11x10° cm =] 0.211nm 
37 coo 


Picture the Problem Because, at the critical point, dP/dV = 0 and d°P/dV* = 0, we can 
solve the van der Waals equation for P and set its first and second derivatives equal to zero 
to find V.. We can then eliminate V, between these equations to find T, and then substitute 
in the van der Waals equation to express P.. Finally, we can use their definitions to rewrite 
the van der Waals equation in terms of the reduced variables. 


(a) Solve the van der Waals P= nRT | an’ i 
equation for P: = V-bn Vy? a 
Evaluate dP/dV: dP_ d | nRT an’ 
dV dV|V-bn V* 
2 
_ nRT -4 zi (2) 
(V—nb) V 
= 0 for extrema 
a d°*P aP oa nRT 2an 
Va. uate —— : 3 = 7 + 5 
dV dV? dV| (V-nb) V 
2nRT 6an’ 
= oA (3) 
(V—nb) V 
= 0 for critical points 
2 2 
Solve equation (2) for zoel : a = L (4) 


y v= (nb) 
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2 


2nRT 
Solve equation (3) for ———: balk = ee 3 (5) 
V V (v — nb) 
Divide equation (4) by equation (5) 1V =4(V -nb) 
and simplify to obtain: 
Solve for V = V.: V, =3nb 
Substitute in equation (4): 2an? nRT, 


27n°b? (3nb-nb} 


Simplify and solve for Te: T- 8a 
í 27Rb 
Substitute for V, and T, in equation nR 8a 
2 
(1) and simplify to obtain: pZ 2R a M. |e 
© 3bn-bn (3bný | 27b? 


(b) Using the result for V, from (a), V= Wako and = nb 
express the reduced volume /;: j V. 3nb i 
Using the result for T, from (a), T= T = 27RbT 
express the reduced temperature 7;,: "T 8a 
and 
_ 8a 
27Rb ' 
Using the result for P. from (a), p- P 27b°P 
express the reduced pressure P;: a P = a 
and 
p.—£ 
27b° ' 
Substitute in the van der Waals 7 
; aao . pe (3nbV, —bn) 
equation to obtain: 275°" (8nb y ‘ 
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Simplify to obtain: 


Heat Conduction 


38 >œ 

Picture the Problem We can use their definitions to find the thermal resistance of the bar, 
the thermal current in the bar, and the temperature gradient in the bar. Because the 
temperature varies linearly with distance along the bar, we can express the temperature in 
terms of the thermal gradient and evaluate this expression 25 cm from the hot end. 


(a) Using its definition, find the R Ax Ax 
thermal resistance of the bar: kA krr’ 


~ (401W/m-K)|z(10~ m? 


- [155K | 


(b) Using its definition, find the I= AT _ 100K -1629W 
thermal current in the bar: R 15.9K/W 

(c) Substitute numerical values and AT m 100K -50K/m = [50K/m | 
evaluate the temperature gradient: Ax 2m 

(d) Express the linear dependence of arş dT Ax 

the temperature in the bar on the 

distance from the cold end: 

Substitute numerical values and T(1.75m)= 273K +(50K/m)(1.75m) 
evaluate 7(1.75 m): = 360.5K =| 87.5°C 


39 œ 

Picture the Problem We can use its definition to express the thermal current in the slab 
in terms of the temperature differential across it and its thermal resistance and use the 
definition of the R factor to express / as a function of AT, the cross-sectional area of the 
slab, and Ry. 


Express the thermal current through I= AT 
the slab in terms of the temperature R 
difference across it and its thermal 


resistance: 


Substitute to express R in terms of 
the insulation’s R factor: 


Substitute numerical values and 
evaluate /: 


40 
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(20 ft)(30 ft )(68°F — 30°F) 
11h-ft*-F°/Btu 
2.07 kBtw/h 


II 


1531 


Picture the Problem We can use R = Ax/KA to find the thermal resistance of each cube 


and the fact that they are in series to find the thermal resistance of the two-cube system. 
We can use J = AT/R to find the thermal current through the cubes and the temperature 


at their interface. 


(a) Using its definition, express the 
thermal resistance of each cube: 


Substitute numerical values and 
evaluate the thermal resistance of 
the copper cube: 


Substitute numerical values and 
evaluate the thermal resistance of 
the aluminum cube: 


(b) Because the cubes are in series, 
their thermal resistances are 
additive: 


(c) Using its definition, find the 
thermal current: 


(d) Express the temperature at the 
interface between the two cubes: 


Express the temperature differential 
across the copper cube: 


3cm 
(401W/m-K)(3cm) 


=| 0.0831 K/W 


3cm 
(237 W/m-K)(3cm)° 


=| 0.141K/W 


R=K,, tRy 
= 0.0831 K/W +0.141K/W 


- [OAK] 


Rou 


Al 


AT  373K-293K 
I= = =| 357W 
R 0.224K/W [357w | 


T, 


interface 


=373K - AT, 
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Substitute numerical values and Lindi = 373K — Re, 
evaluate Tinterface! = 373K - (357 W)(0.0831K/W) 


= 343.3K = 


41 
Picture the Problem We can use J = AT/R and R = Ax/KA to find the thermal current in 


each cube. Because the currents are additive, we can find the equivalent resistance of the 
two-cube system from R,, = AT/J. 


(a) Using its definition, express the I= AT 
thermal current through each cube: R 
Using its definition, express the R= Ax 
thermal resistance of each cube: kA 
j in: kAAT 
Substitute to obtain: T= (1) 


Substitute numerical values in equation (1) and evaluate the thermal current in the 
copper cube: 


2 
fie (401W/m- een) (373K - 293K) _ PET 
cm 


Substitute numerical values in equation (1) and evaluate the thermal current in the 
aluminum cube: 


(237 W/m: K)(3cm) (373K — 293K) 


a= =| 569W 
3cm 

(b) Because the cubes are in parallel, I= Io +L) = 962 W +569 W 
their total thermal currents are =|1.53kW 
additive: 
(c) Use the relationship between the R = AT 7 373K — 293K 
thermal current, temperature “o I 1.53kW 
differential and thermal resistance to - [0.0523 K/W 


find Req: 


42 Žž» 
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Picture the Problem The cost of operating the air conditioner is proportional to the 
energy used in its operation. We can use the definition of the COP to relate the rate at 
which the air conditioner removes heat from the house to rate at which it must do work 
to maintain a constant temperature differential between the interior and the exterior of the 
house. To obtain an expression for the minimum rate at which the air conditioner must do 
work, we’ll assume that it is operating with the maximum efficiency possible. Doing so 
will allow us to derive an expression for the rate at which energy is used by the air 
conditioner that we can integrate to obtain the energy (and hence the cost of operation) 


required. 


Relate the cost C of air conditioning 
the energy W required to operate the 
air conditioner: 


Express the rate dO/dt at which heat 
flows into a house provided the 
house is maintained at a constant 
temperature: 


Use the definition of the COP to 
relate the rate at which the air 
conditioner must remove heat dW/dt 
to maintain a constant temperature: 


Solve for dW/dt: 


Express the maximum value of the 
COP: 


Letting COP = COP max, substitute to 
obtain an expression for the 
minimum rate at which the air 
conditioner must do work in order to 
maintain a constant temperature: 


Substitute for dQ/dt to obtain: 


Separate variables and integrate this 
equation to obtain: 


C=uW (1) 


where u is the unit cost of the energy. 


P=- -KAT 
dt 


where AT is the temperature difference 
between the interior and exterior of the 
house. 


COP = dQ/dt 
dW /dt 


aw ja e 
COP 


COP... = È 
AT 


where T, is the temperature of the cold 
reservoir. 


AW _ dOd yr 

d T. 

dW _ KAT ar _ k (ary 
a g 
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Substitute in equation (1) to obtain: 
E C=u “(aryar œ| (ATY 


c 


43 cco 

Picture the Problem We can follow the step-by-step instructions given in the problem 
statement to obtain the differential equation describing the variation of T with r. 
Integrating this equation will yield an equation that we can solve for the current J. 


Conservation of energy requires that thermal current through each 
a 

shell be the same. 
(b) Express the thermal pameni I Tepi aT | _ iry aT 
through such a shell element in dr dr 


terms of the area A = 477°, the 


where the minus sign is a consequence of 


thickness dr, and the temperature the heat current being opposite the 


difference dT across the element: temperature gradient. 


(c) Separate the variables: dT =~ I dr 
4r k r’ 
Integrate from r = rto r = rz: B f 
g r=rı r=fr2 {ar a I A 
A Ark ar 
and 
LVN 7.40 1 
T-L, = -| =) =- 
Anktr|, 4Aak\y n 
Solve for Z to obtain: fx An krr, (r, 7 T) 
Hah 
(d) When r = rı << rı: nxn =r 
Let r — r4 = Ar and substitute to obtain: i= sek (r, 2 T) M ar 
r r 


which is Equation 20-7. 
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Picture the Problem We can use the expression for the thermal current to express the 
thickness of the walls in terms of the thermal conductivity of copper, the area of the walls, 
and the temperature difference between the inner and outer surfaces. Letting A4/Ax' 
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represent the area per unit length of the pipe and Z its length, we can eliminate the surface 
area and solve for and evaluate L. 


Write the expression for the thermal I=kA AT 
current: 
Solve for A: j= IAx 
kKAT 
Express the total surface area of the hm AA 
pipe: Ax' 
Substitute for Æ and solve for L to IAx 
obtain: | eee 
AA/Ax' 
Substitute numerical values and (3 Gw)(4 x10° m) 
evaluate L: (401W/m-K)(873K — 498K) 


0.12m 


=| 665m 


45 ewe 

Picture the Problem Consider an element with a cylindrical area of length L, radius r, 
and thickness dr. We can relate the heat current through this element to the conductivity 
of the walls of the pipe, its length and radius, and the temperature gradient across the 
wall. We can separate the variables in the resulting differential equation and integrate to 
find the rate of heat transfer. 


(a) Express the heat current through T= £ -2r kLr = 
r r 


where the minus sign is a consequence of 


the cylindrical element: 


the heat current being opposite the 
temperature gradient. 


Separate the variables: 7 I dr 
2mkL r 

Integrate from r = rto r = r and n I bdr 

T=T, to T= T J EAP 
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Solve for J to obtain: v= ee) 
ln(z /r,) 


Remarks: If we use the above result in Problem 44 (take 0.12 m° to be the outside 
area per unit length of the pipe), then r; = 1.91 cm and r, = 1.51 cm. Solving for L one 


obtains 746 m. 


Radiation 


46 ° 
Picture the Problem We can apply Wein’s displacement law to find the wavelength at 
which the power is a maximum. 


Use Wein’s displacement law to Go 2.898 mm: K 
relate the wavelength at which the max T 
power is a maximum to the surface 

temperature of the skin: 


i i 2. -K 
Substitute numerical values and ii 38 898mm Joa mm 
evaluate Amax! 273K +33K 
47 œ 


Picture the Problem We can apply the Stefan-Boltzmann law to find the net power 
radiated by the wires of its heater to the room. 


Relate the net power radiated to the Pa = eoA(T 4T, i 
surface area of the heating wires, their 
temperature, and the room 


temperature: 


Solve for A: A Fa 
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Substitute numerical values and evaluate A: 


1kw 
A= =| 9.35x10° m? 
(1)(6.6703x10-* Wim? -K*)|(1173K)* —(293K)'] = 


48 œ 
Picture the Problem The rate at which the sphere absorbs radiant energy is given by 
dQ/dt = mcdT / dt and, from the Stephan-Boltzmann law, P = eoA(T tT, 2), where 


net 
A is the surface area of the sphere, 7 is its temperature, and T is the temperature of the 
walls. We can solve the first equation for d7/dt and substitute Phet for dO/dt in order to 
find the rate at which the temperature of the sphere changes. 


Relate the rate at which the sphere _ dQ ie aT 
absorbs radiant energy to the rate at dt dt 
which its temperature changes: 


Solve for dT/dt: dT _ Pea _ Bea __ ba 


dt me pVc 4rr’pe 


Apply the Stefan-Boltzmann law to Pa = eoA(T tT, 4) 
relate the net power radiated to the sees o(T* B r) 
sphere to the difference in 

temperature of the walls and the 


blackened copper sphere: 


Substitute to obtain: dT _ Anreo(T tT “) 
dt 4arpe 
_ 3e0(T* -T*) 
7 rpc 


Substitute numerical values and evaluate dT/dt: 


=| 2.24x107° K/s 


dT _ 3(1)(5.6703x10° W/m? - K*) (293K) - (273K) 
di (4x10 m)[8.93x10° kg/m? )(0.386 kI/kg - K) 


49 œ 
Picture the Problem We can apply the Stephan-Boltzmann law to express the net power 
radiated by the incandescent lamp to its surroundings. 
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Express the rate at which energy is 
radiated to the surroundings: 


Evaluate (T, [T y : 


Substitute to obtain: 


Solve for 7: 


Express the temperature T ‘when the 
electric power input is doubled: 


Divide the second of these equations 
by the first: 


Solve for 7'’: 


Substitute numerical values and 
evaluate T’ 
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= eoA(T* -T;') 
4 
= catr1-(5) | 
T 


4 4 
BI EL rer 
T 1573K 


and, because this ratio is so small, we can 


P 


net 


neglect the temperature of the surroundings. 


P ~eoAT* 


net 


1/4 
r-(2) 
eoA 


1/4 
T' = 2 ) 
eoA 


T' =(2)“T 


T' = (2)*(1573K) =1871K 
=| 1598°C 


Picture the Problem We can differentiate Q = mL, where L is the latent heat of boiling 


for helium, with respect to time to obtain an expression for the rate at which the helium 


boils away. 


Express the rate at which the helium 
boils away in terms of the rate at 
which its container absorbs radiant 
energy: 


dm _ Pa _ eoAT*-T,') 
dt L L 
_eond?(r*-T;) 
L 
_eond® rly T) : 
L T 
_ cond” T! 


L 
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Substitute numerical values and evaluate dm/dt: 


dm _ (1)(5.6703x10® Wim?-K*)z(0.3m)’ (77)! = 2.68107 “8 x 3600s 


wx 
~ 


dt 21kJ/kg s 
=9.66x10° kg/h =| 96.6 g/h 


General Problems 


*51 œ 

Picture the Problem The distance by which the tape clears the ground equals 
the change in the radius of the circle formed by the tape placed around the 
earth at the equator. 


Express the change in the radius of AR = Ra&AT 

the circle defined by the steel tape: where R is the radius of the earth, œ is the 
coefficient of linear expansion of steel, and 
AT is the increase in temperature. 


Substitute numerical values and AR= (6.37 x10° m)(11x 10° K*)(30 K) 
evaluate AR. =2.10x 10° m 


- [20%] 


52 ee 
Picture the Problem We can differentiate the definition of the density of an isotropic 
material with respect to 7 and use the definition of the coefficient of volume expansion to 
express the rate at which the density of the material changes with respect to temperature. 
Once we have an expression for dp in terms of dT, we can apply a differential 
approximation to obtain Ag in terms of AT. 


Using its definition, relate the _m 
i , . a 
density of the material to its mass y 
and volume: 
Using its definition, relate the AV = BVAT 


volume of the material to its 
coefficient of volume expansion: 
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Differentiate p with respect to T and dp _ dp dV __ m B 
simplify to obtain: dT dV dT y’ 
V 
=- 7, BV =-p8 

or 

dp = -ppdT 
Use a differential approximation to Ap =—pBAT 
obtain: 
53 oo 


Picture the Problem We can apply the Stefan-Boltzmann law to express the effective 
temperature of the sun in terms of the total power it radiates. We can, in turn, use the 
intensity of the sun’s radiation in the upper atmosphere 

of the earth to approximate the total power it radiates. 


Apply the Stefan-Boltzmann law to P.=eoAT i 
relate the energy radiated by the sun 
to its temperature: 


Solve for T: P 

T =4 r 

eoA 

Express the area of the sun: A=4aR; 
Relate the intensity of the sun’s ja P. 
radiation in the upper atmosphere to 4r R 
the total power radiated by the sun: where R is the earth-sun distance. 
Solve for P;: P.=47 R°I 


Substitute for P, and A and simplify 7 Ar R°I RI 
i =4 = 4 
to obtain: eo4r R; eoR, 


Substitute numerical values and evaluate 7: 


2 
T- = (1.5x10''m)’(1.35kW/m?) - [5767K] 


67x10 W/m? -K )(6.96x10° m}? 


Thermal Properties and Processes 


548s 
Picture the Problem We can solve the thermal-current equation for the R factor 
of the material. 


Use the equation for the thermal jak AT 
current to express / in terms of the Ax 
temperature gradient across the 


insulation: 


Rewrite this expression in terms of _AT AT _ AAT 


{=== = 
the R factor of the material: Ax R R, 
kA A 
Solve for the R factor: R= AAT — 6Avnesite AT 
f — i. 
I I 


Substitute numerical values and evaluate R: 


wf 2 
e (121m2 520 =) - 
n : 
R= : (363K —293K)=| 0.390 
100 W W 
2 o 2 o, 2 
-030K 9E 10.76 10543 ih _] 5) Eh 
J 5K m Btu 3600s Btu 
S 
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Picture the Problem Because the temperature of the copper-aluminum interface is 


1541 


(Tı + T2)/2, we can conclude that the temperature differences across the two sheets must 


be the same. We also know, because the sheets are in series, that the heat currents 
through them are equal. 


Express the thermal current through Leka AT, 

the aluminum sheet: a ae Ai 

Express the thermal current through Lend AT 

the copper sheet: D AXcu 

Equate these currents and solve for AT AT ou 
1 Ky Ay A~ = koaha — 

Axa: Axy AXcu 
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Ax, = Ax. —4b 
Al Cu Kea 
Substitute numerical values and Ag = ( et W/m.K -uie 
evaluate Axa): 401W/m-K 


56 »% 
Picture the Problem We can relate the stress in the bar to the strain due to its elongation 
using the definition of Young’s modulus and express the strain 

in terms of the coefficient of linear expansion and the change in temperature 

of the bar. 


Using the definition of Young’s F 

modulus, relate the force exerted by Y= A: 

the bar on each wall to the strain in AL 

the bar due to the change in its L 

length: 

. . ._ AL 

Using the definition of the AL LAT 

coefficient of linear expansion, 

express the strain in the bar: 

Substitute to obtain: Y= F 
Q&AAT 

Solve for F: F = &AYAT 


Substitute numerical values and evaluate F: 


F = (11x10 K) (0.022 m} (200GN/m? (40K) =| 1.3410°N 


57 oo 
Picture the Problem We can use the definition of the coefficient of volume expansion 
with the ideal-gas law to show that £ = 1/T. 


(a) Use the definition of the B 1 dV 
coefficient of volume expansion to V aT 
express / in terms of the rate of 

change of the volume with 

temperature: 
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For an ideal gas: y=- nRT and dV _nR 
P dT P 

Substitute to obtain: ge 1nR_ |1 

V P T 
(b) Express the ratio of the 7 0.003673K7 1 ka 
experimental value to the theoretical B exp Ba _ 
value: Bu A. K 

273 
< | 0.3% 


58 ee 
Picture the Problem We can express L as the difference between Lz and La 
and express these lengths in terms of the coefficients of linear expansion brass 
and steel. Requiring that L be constant will lead us to the condition that 
Ly/Lp= apl a. 


(a) Express the condition that L does L=L,-L, 
not change when the temperature of = constant 
the materials changes: 


Using the definition of the L=(L,+a@,L,AT)—(L, +a,L,AT) 
coefficient of linear expansion, = ( Le- La ) + (a, Le- aLa JAT 
substitute for Lp and La: =] 4 (a, | re veo JAT 

or 


(asle -aLa AT =0 


The condition that L remain anLl, -aLa =0 
constant when the temperature 
changes by AT is: 
Solve for the ratio of La to Lp: La he 
Tg. hx 
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(b) From (a) we have: n E ae A ay _ Lopes Arras 
B steel 
Gyi 
= (250 om)? a a 
11x10°K 


- [en] 


and 
L= L — L, =432cm—250cm 


- [iezen] 
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Picture the Problem We can apply the thermal-current equation to calculate 
the heat loss of the earth per second due to conduction from its core. We can 
also use the thermal-current equation to find the power per unit area radiated 
from the earth and compare this quantity to the solar constant. 


Express the heat loss of the earth per I= dQ -kA AT (1) 
unit time as a function of the thermal dt Ax 
conductivity of the earth and its or 
temperature gradient: dQ = AnR?k AT 
dt 


Substitute numerical values and evaluate dO/dt: 


42 L 4n(6.37x10° m)’(0.74J/m-s-K) AC) =[1.26x10 kW 
dt 30m 


Rewrite equation (1) to express the I AT 
thermal current per unit area: 


Substitute numerical values and I 7 0.74)/m-s- K) 1C° 
evaluate //A: A 30m 

= 0.0247 W/m? 
Express the ratio of //A to the solar I/A _ 0.0247 W/m? 
constant: solarconstant 1.35kW/m? 


<[ 0.00236 
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Picture the Problem We can find the temperature of the outside of the copper bottom by 
finding the temperature difference between the outside of the saucepan and the boiling 
water. This temperature difference is related to the rate at which the water is evaporating 
through the thermal-current equation. 


Express the temperature outside the T a = In +AT 
pan in terms of the temperature =373K +AT 
inside the pan: 


the bottom of the saucepan to its At Ax 
thermal conductivity, area, and the 


Relate the thermal current through AQ -kA AT 


temperature gradient between its 


surfaces: 
: 1A 
Solve for AT: AT = 140 ,, 
kA At 
Because the water is boiling: AQ = mL, 
Substitute to obtain: AT = mL Ax 
kAAt 


Substitute numerical values and evaluate AT: 


(0.8kg)(2.26MJ/kg)(3x10~ m) 


AT = =1.28K 
(401 W/m. K)} $(0.15m (600s) 
Substitute numerical values and T a = 373K 4+1.28K = 374.3K 
evaluate Tout: =| 101.3°C 
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Picture the Problem We’ll do this problem twice. First, we’ll approximate the answer 
by disregarding the fact that the surrounding insulation is cylindrical. In the second 
solution, we’ll obtain the exact answer by taking into account the cylindrical insulation 
surrounding the side of the tank. In both cases, the power required to maintain the 
temperature of the water in the tank is equal to the rate at which thermal energy is 
conducted through the insulation. 
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1* solution: 


Using the thermal current equation, 
relate the rate at which energy is 
transmitted through the insulation to 
the temperature gradient, thermal 
conductivity of the insulation, and 
the area of the insulation/tank: 


Letting d represent the inside 
diameter of the tank and L its inside 
height, express and evaluate its 
surface area: 


Substitute numerical values and 


evaluate Z: 


2" solution: 


Express the total heat loss as the 
sum of the losses through the top 
and bottom and the side of the hot- 
water tank: 


Express / through the top and 
bottom surfaces: 


Substitute numerical values and 


evaluate /, top and bottom: 


Letting r represent the inside radius 
of the tank, express the heat current 


ro 
Ax 
A = Áiide + Ake 
2 
zars 22) 
4 
=x (dL +4’) 


= z (0.55m)(1.2m)++(0.55m} | 
= 2.55m" 


I = (0.035W/m- K)(2s5m} 


- [aw] 


74K 
0.05m 


I=I +1 


top and bottom side 


AT 
Li and bottom = ra AT) 


zadr 


=17(0.55m) 
,_ (0.035 W/m-K)(74K) 
0.05m 


I 


top and bottom 


=24.6W 


Iide = eP =-27 ie 
dr dr 


through the cylindrical side: 


Separate the variables: 


Integrate from r = rto r = r and 
T=T,to T= Th»: 


Solve for Kide to obtain: 


Substitute numerical values and 
evaluate Lide: 


Substitute for Žide and evaluate Z: 
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where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 


_ 2(0.035 W/m: K)(1.2m) 
me [osm 
| 
0.275m 


=117W 


I =24.6W +117W =| 142W 


(74K) 


Picture the Problem We can use R = A7/I and J = —kAdT/dt to express dT in terms of the 
linearly increasing diameter of the rod. Integrating this expression will allow us to find AT 


and, hence, R. 


Express the thermal resistance of the 
rod in terms of the thermal current in 
it: 


Relate the thermal current in the rod 
to its thermal conductivity k, cross- 
sectional area A, and temperature 
gradient: 


ee 

dx 
where the minus sign is a consequence of 
the heat current being opposite the 


temperature gradient. 
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Using the dependence of the md’ 


diameter of the rod on x, express the 4 
area of the rod: 


i in: T 
Substitute to obtain Pa l #4 as) | dT 
4 dx 
Separate variables to obtain: dT = Idx 
| di (1+ as) | 
4I dx 


mkd? (1+ ax}? 


Integrate T from T; to T, and x from far 4I f dx 
0to L: akd> 4 (1t+.ax) 

and 

T, -T,=AT = a 

a kd; (1+aL) 
Substitute for AT and Z in equation AIL 
(1) and simplify to obtain: R= mkd? (1+ aL) B 4L 
I akd,(1+aL) 
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Picture the Problem Let AT = T, — T;. We can apply Newton’s 2™ law to establish the 
relationship between Z2 and L1 and angular momentum conservation to relate @ and @. 
We can express both £, and £; in terms of their angular momenta and rotational inertias 
and take their ratio to establish their relationship. 


AL _ _ 
Apply 5 T= re to the spinning Because p3 T=0,AL=0 


and 
disk: 
L, =L 
Apply conservation of angular I,@, = 1,0, 
momentum to relate the angular and 
velocity of the disk at 7> to the L 
@, =— 0, 


angular velocity at T: I 


Express J: 


Substitute and apply the binomial 
expansion formula to obtain: 


Express E> in terms of L, and J): 


Express Æ; in terms of L, and A: 


Express the ratio of E, to E1: 


Solve for E> and substitute for the 
ratio of J, to h: 
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I, =n, = mr, (1+ a@ATY 
= AT 2aAT + (ary) 
~ I,(1+ 2aAT) 


because (AT)? is small compared to @AT. 


Lh, 
1,(1+2aAT) ` 


and, because 2@AT << 1, 


@, =| (1-2aAT a, 


Q, 


because L, = L4. 


21, 


Picture the Problem The amount of heat radiated by the earth must equal the solar flux 
from the sun, or else the temperature on earth would continually increase. The emissivity 
of the earth is related to the rate at which it radiates energy into space by the Stefan- 


Boltzmann law P. = eoAT". 


Using the Stefan-Boltzmann law, 
express the rate at which the earth 
radiates energy as a function of its 
emissivity e and temperature T: 


Use its definition to express the 
intensity of the radiation P, 
absorbed by the earth: 


For 70% absorption of the sun’s 
radiation incident on the earth: 


P = edA'T* 
where 4’ is the surface area of the earth. 


(=P a7 
A 


where A is the cross-sectional area of the 
earth. 


P =0.7AI 
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Equate P, and P, and simplify: 


Solve for T to obtain: 


Substitute numerical values for / and o 


and simplify to obtain: 


A spreadsheet program to evaluate 7 as a function of e is shown below. The formulas 


0.7 AI = e0A'T* 


or 
0.77 R?I = (42 R°oT*) 


0.71 | 


4 Ce” 
\ 4oe 


0.7(1370 W/m?) 


used to calculate the quantities in the columns are as follows: 


Cell | Formula/Content | Algebraic Form 
B1 255 
B4 0.4 e 
B5 B4+0.01 e+0.1 
C4 | $B$1/(B4^0.25) (255 K)e™ 
A B C 

1 = | 255 K 

2 

3 e T 

4 0.40 321 

5 0.41 319 

6 0.42 317 

7 0.43 315 

23 0.59 291 

24 0.60 290 

25 0.61 289 

26 0.62 287 


\4l6.670x10" Wim? - K*Je 
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A graph of T as a function of e is shown below. 


325 
320 
315 
310 
€ 205 
KN 
300 
295 
290 
285 
0.40 0.45 0.50 0.55 0.60 
e 
Treating e as a variable, differentiate dT 1 , 
2 _ awl /4 
equation (1) to obtain: ma =a de (2) 
Divide equation (2) by equation (1) 1, -sja 
to obtain: aT ries de 1 de 
T° sce" 4e 
Use a differential approximation to AT 1 Ae 
obtain: T = Ae 
Solve for Ae: AT 
e Ae =—4e—— 


Substitute numerical values 
(e x 0.615 for Jean = 288 K) and 
evaluate Ae: 
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1K 
Ae = ~4(0.615) 5K = 


or about a 1.39% change in e. 


Picture the Problem We can differentiate the expression for the heat that must be 
removed from water in order to form ice to relate dQ/dt to the rate of ice build-up dm/dt. 


We can apply the thermal-current equation to express the rate at which heat is removed 


from the water to the temperature gradient and solve this equation for dm/dt. In part (b) we 
can separate the variables in the differential equation relating dm/dt and AT and integrate 
to find out how long it takes for a 20-cm layer of ice to be built up. 


(a) Relate the heat that must be 
removed from the water to freeze it 
to its mass and heat of fusion: 


Q=mL; 
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Differentiate this expression with 
respect to time: 


Using the definition of density, 
relate the mass of the ice added to 
the bottom of the layer to its density 
and volume: 

Differentiate with respect to time to 
express the rate of build-up of the 


ice: 


Substitute to obtain: 


Apply the thermal-current equation: 


Equate these expressions and solve 
for dx/dt: 


Substitute numerical values and 
evaluate dx/dt: 


(b) Separate the variables in equation 


(1): 


Integrate x from x; to x; and ¢’ from 
O tot: 


Solve for ¢ to obtain: 


ae j 

dt dt 

m= pV = pAx 

dm _ yE 

dt dt 

dQ dx 

“x -L poA 

a are 

dQ aE 

dt x 

A a eae 

X 

and 

d. k AT 

Za (1) 
dt Lp x 

dx (0.592 W/m- K)(10K) 
di (333.5kJ/kg)(917kg/m*)(0.01m) 

= 1.94 m/s 
=| 0.698cm/h 
xdx = a dt 
Lip 

fxax = a dt 

X Lp 0 
and 

ihe = 2) _ KAT 

pL, 
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Substitute numerical values and evaluate t: 


_ (917kg/m’)(333.5kJ/kg) 
~ 2(0.592 W/m-K)(10K) 


- [msa] 
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Picture the Problem We can use the thermal current equation and the definition of heat 
capacity to obtain the differential equation describing the rate at which the temperature of 
the water in the 200-g container is changing. Integrating this equation will 


yield T = Te“. Substituting for dT/dt in dO/dt = —CdT/dt and integrating will lead 
t00 = CR- eS), 


1h i 1d 
3600s 24h 


[0.2 my -(0.01m} |= 1.03x10°s x 


(a) Use the thermal current equation 
to express the rate at which heat is > 
conducted from the water at 60°C by 


because the temperature of the second 


the rod: container is maintained at 0°C. 
Using the definition of heat capacity, dO dT 
relate the thermal current to the rate z de = EF (1) 
at which the temperature of the water 
initially at 60°C is changing: 
Equate these two expressions to dT 1 
u ; : C— = ——7T , the differential equation 
obtain: dt R 


describing the rate at which the 
temperature of the water in the 200-g 
container is changing. 


Separate variables to obtain: dT 1 dt 
T RC 
Integrate dT from To to T and dt Z aT’ 


1 | T 1 
from 0 to £ [S =- fe In} — | = -—t 
T' RC} T,) RC 
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Transform from logarithmic to 
exponential form and solve for T to 
obtain: 


(b) Use its definition to express the 
thermal resistance R: 


Substitute numerical values (see 
Table 20-8 for the thermal 
conductivity of copper) and evaluate 
R: 


Use its definition to express the heat 
capacity of the water and the copper 
container: 


Substitute numerical values (see 
Table 18-1 for the specific heats of 
water and copper) and evaluate C: 


Evaluate the product of R and C to 
find the "time constant” 7: 


(c) Solve equation (1) for dQ to obtain: 


Integrate dO’ from Q = 0 to Q 
and dT from Ty to T: 


Substitute (equation (2) for 7(¢) to obtain: 


o 


0.1m 


R = 
(401W/m-K)(1.5x10~“m’) 


1.66 K/W 


C=mec,+m,c, = MC, + PVC, 


C = (0.2kg )(386kJ/kg -K) 


+ (10° kg/m*)(0.7L)(4.18kJ/kg-K) 


3.00 kJ/K 


t = RC =(1.66K/W)(3.00kJ/K) 


= 4985s =| 1.38h 


dO = 


Q 


jao 


0 


[Sat =-car 
dt 


be -fcar > Q =C, -T(t)) 


0=Cc(r,-ne")=[Chh-e*)| 


A spreadsheet program to evaluate Q as a function of t is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell Formula/Content Algebraic Form 
D1 1.35 T 

D2 60 To 

D3 3000 C 

A6 0 t 

A7 A6+0.1 t+At 

B6 $B$2*EXP(—A6/$B$1) Denn 

C7 | $B$3*$B$2*(1-EXP(-A6/$B$1)) | C7,(1-e7*°) 
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A C D 
1 
2 deg-C 
3 J/K 
4 
5 t (hr) Q Q/1000 
6 0.0 0.00E+00 0 
7 0.1 1.29E+04 13 
8 0.2 2.48E+04 24 
13 0.7 7.28E+04 71 
14 0.8 8.05E+04 79 
15 0.9 8.76E+04 86 
16 1.0 9.42F+04 92 
33 2.7 1.56E+05 152 
34 2.8 1.57E+05 154 
35 2.9 1.59E+05 155 


From the table we can see that the temperature of the container drops to 30°C in a little 


more than | 0.9h. 


If we wanted to know this time to the nearest hundredth of an hour, 


we could change the step size in the spreadsheet program to 0.01 h. A graph of Tas a 
function of ¢ is shown in the following graph. 


T (deg C) 


t (h) 
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A graph of Q as a function of t follows. 


160 


Q (kJ) 
S 


0.0 


is 2.0 2.5 3.0 
t (h) 
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Picture the Problem We can use the Stefan-Boltzmann equation and the definition of 


heat capacity to obtain the differential equation expressing the rate at which the 


temperature of the copper block decreases. We can then approximate the differential 
equation with a difference equation for the purpose of solving for the temperature of the 
block as a function of time using Euler’s method. 


(a) Express the rate at which heat is 


radiated away from the cube: 


Using the definition of heat 


capacity, relate the thermal current 
to the rate at which the temperature 


of the cube is changing: 


Equate these expressions to obtain: 


Approximate the differential 


equation by the difference equation: 


Solve for AT: 


2- eoA(T* sm) 


dt 
G2 ge 
dt dt 


AT eoA 
eH 

AT a ae 

or 

Pann- Ami] 


(1) 


Use the definition of heat capacity 
to obtain: 


Substitute numerical values (see 
Figure 13-1 for pc, and Table 19-1 
for ccu) and evaluate C: 
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C=mc= pvc 


C =(8.93x10° kg/m’ )(10 m?) 
x (0.386 kJ/kg K) 
=3.45J/K 
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(b) A spreadsheet program to calculate T as a function of t using equation (1) is shown 


below. The formulas used to calculate the quantities in the columns are as follows: 


Cell Formula/Content Algebraic Form 
B1 5.67x10° o 
B2 6.00x10* A 
B3 3.45 C 
B4 273 To 
B5 10 At 
A9 A8+$B$5 t+At 
B9 | B8-($B$1*$B$2/$B$3) eod ( j ‘) 
*(B8M4-$B$44)*$B$5 | T -7p D Zo JAM 
A B C 
1 sigma= | 5.67E—08 W/m^2-K^4 
2 A= | 6.00E—04 m2 
3 C= | 3.45 J/K 
4 TO= | 273 K 
5 dt= | 10 S 
6 
7 t(s) T(K) 
8 0 573.00 
9 10 562.92 
10 20 553.56 
11 30 544.85 
248 2400 288.22 
249 2410 288.08 
250 2420 287.95 
251 2430 287.82 
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From the spreadsheet solution, the time to cool to 15°C (288 K) is about 2420 s or 
40.5min. | A graph of 7 as a function of t follows. 


0 500 1000 1500 2000 2500 
t(s) 


Chapter 21 
The Electric Field 1: Discrete Charge Distributions 


Conceptual Problems 


*1 ee 

Similarities: Differences: 

The force between charges and There are positive and negative charges but 
masses varies as 1/r’. only positive masses. 

The force is directly proportional to Like charges repel; like masses attract. 


the product of the charges or 


masses. 
The gravitational constant G is many orders 
of magnitude smaller than the Coulomb 
constant k. 

2 ° 


Determine the Concept No. In order to charge a body by induction, it must have charges 
that are free to move about on the body. An insulator does not have such charges. 


3 eo 

Determine the Concept During this sequence of events, negative charges are attracted 
from ground to the rectangular metal plate B. When S is opened, these charges are trapped 
on B and remain there when the charged body is removed. Hence B is negatively charged 


and | (c) is correct. 


4 eo 
(a) Connect the metal sphere to ground; bring the insulating rod near the metal sphere 


and disconnect the sphere from ground; then remove the insulating rod. The sphere will 
be negatively charged. 


(b) Bring the insulating rod in contact with the metal sphere; some of the positive charge 
on the rod will be transferred to the metal sphere. 


(c) Yes. First charge one metal sphere negatively by induction as in (a). Then use that 
negatively charged sphere to charge the second metal sphere positively by induction. 
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*5 ee 
Determine the Concept Because the spheres are conductors, there are free electrons on 
them that will reposition themselves when the positively charged rod is brought nearby. 


(a) On the sphere near the positively 

charged rod, the induced charge is negative 

and near the rod. On the other sphere, the +++++) 
net charge is positive and on the side far 

from the rod. This is shown in the diagram. 


(b) When the spheres are separated and far 
apart and the rod has been removed, the 
induced charges are distributed uniformly 
over each sphere. The charge distributions 
are shown in the diagram. 


6 ° 
Determine the Concept The forces acting 
on +q are shown in the diagram. The force 
acting on +q due to —Q is along the line 
joining them and directed toward —Q. The 
force acting on +q due to +Q is along the Ea 
line joining them and directed away from 

@ Q 
+Q. +Q Q 


Because charges +Q and —Q are equal in magnitude, the forces due to these charges are 


equal and their sum (the net force on +q) will be to the right and so| (e) is correct. | Note 


that the vertical components of these forces add up to zero. 


*7 e 

Determine the Concept The acceleration of the positive charge is given by 

_ F ~ 

a =— = Go F . Because qo and m are both positive, the acceleration is in the same 
m m 


direction as the electric field. | (d) is correct. 


*8 e 

Determine the Concept E is zero wherever the net force acting on a test charge is 
zero. At the center of the square the two positive charges alone would produce a net 
electric field of zero, and the two negative charges alone would also produce a net 
electric field of zero. Thus, the net force acting on a test charge at the midpoint of the 
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square will be zero. 


9 ee 
(a) The zero net force acting on Q could be the consequence of equal collinear charges 
being equidistant from and on opposite sides of Q. 


(b) The charges described in (a) could be either positive or negative and the net force on 
Q would still be zero. 


(c) Suppose Q is positive. Imagine a negative charge situated to its right and a larger 
positive charge on the same line and the right of the negative charge. Such an arrangement 
of charges, with the distances properly chosen, would result in a net force of zero acting 


on Q. 


(d) Because none of the above are correct, | (d) is correct. 


10 >œ 
Determine the Concept We can use the 


rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the sketch to the right we’ve assigned 2 
field lines to each charge q. 


*11 ° 

Determine the Concept We can use the 
rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the field-line sketch to the right we’ve 
assigned 2 field lines to each charge q. 
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Determine the Concept We can use the 
rules for drawing electric field lines to 
draw the electric field lines for this system. T 
In the field-line sketch to the right we’ve tq +g 


assigned 7 field lines to each charge q. 


13 œ 

Determine the Concept A positive charge will induce a charge of the opposite sign on 
the near surface of the nearby neutral conductor. The positive charge and the induced 
charge on the neutral conductor, being of opposite sign, will always attract one another. 


(a)is correct. 


*14 >» 
Determine the Concept Electric field lines around an electric dipole originate at the 
positive charge and terminate at the negative charge. Only the lines shown in (d) satisfy 


this requirement. | (d) is correct. 


*15 ee 
Determine the Concept Because 0+ 0, a dipole in a uniform electric field will 
experience a restoring torque whose magnitude is pE, sin @ . Hence it will oscillate 


about its equilibrium orientation, 6 = 0. If 0 << 1, sin@~ @ and the motion will be simple 
harmonic motion. Because the field is nonuniform and is larger in the x direction, the 
force acting on the positive charge of the dipole (in the direction of increasing x) will be 
greater than the force acting on the negative charge of the dipole (in the direction of 
decreasing x) and thus there will be a net electric force on the dipole in the direction of 
increasing x. Hence, the dipole will accelerate in the x direction as it oscillates about 

6 =0. 


16 ee 
(a) False. The direction of the field is toward a negative charge. 


(b) True. 


(c) False. Electric field lines diverge from any point in space occupied by a positive 
charge. 


(d) True 
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(e) True 


17 ee 


Determine the Concept The diagram 
+q —q 


shows the metal balls before they are 
placed in the water. In this situation, the net © © 
electric field at the location of the sphere 


on the left is due only to the charge —q on 

the sphere on the right. If the metal balls 

are placed in water, the water molecules S 
around each ball tend to align themselves = ) 
with the electric field. This is shown for A 

the ball on the right with charge —q. 


(a) The net electric field E, that produces a force on the ball on the left is the 
field E due to the charge —q on the ball on the right plus the field due to the layer 
of positive charge that surrounds the ball on the right. This layer of positive 
charge is due to the aligning of the water molecules in the electric field, and the 
amount of positive charge in the layer surrounding the ball on the left will be less 
than +q. Thus, Ene < E. Because Ene < E, the force on the ball on the left is less 
than it would be if the balls had not been placed in water. Hence, the force will 


when the balls are placed in the water. 


(b) When a third uncharged metal ball is 
placed between the first two, the net 


electric field at the location of the sphere +4 -4 
on the right is the field due to the charge +q TR R 

on the sphere on the left, plus the field due © 

to the charge —Q and +Q on the sphere in 

the middle. This electric field is directed to 

the right. 


The field due to the charge —Q and +Q on the sphere in the middle at the location of the 
sphere on the right is to the right. It follows that the net electric field due to the charge 
+q on the sphere on the left, plus the field due to the charge —Q and +Q on the sphere in 
the middle is to the right and has a greater magnitude than the field due only to the charge 


+q on the sphere on the left. Hence, the force on either sphere will | increase |if a third 


uncharged metal ball is placed between them. 


Remarks: The reduction of an electric field by the alignment of dipole moments 
with the field is discussed in further detail in Chapter 24. 
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*18 ee 
Determine the Concept Yes. A positively charged ball will induce a dipole on the metal 
ball, and if the two are in close proximity, the net force can be attractive. 


*19 oe 
Determine the Concept Assume that the wand has a negative charge. When the charged 
wand is brought near the tinfoil, the side nearer the wand becomes positively charged by 
induction, and so it swings toward the wand. When it touches the wand, some of the 
negative charge is transferred to the foil, which, as a result, acquires a net negative charge 
and is now repelled by the wand. 


Estimation and Approximation 


2 ee 
Picture the Problem Because it is both very small and repulsive, we can ignore the 
gravitational force between the spheres. It is also true that we are given no information 
about the masses of these spheres. We can find the largest possible value of Q by 
equating the electrostatic force between the charged spheres and the maximum force the 
cable can withstand. 


Using Coulomb’s law, express the kQ? 
electrostatic force between the two F= 7 
charged spheres: 
Express the tensile strength Stensiie of Fax 
steel in terms of the maximum force esti = A => Fras = AS ensite 
Fmax in the cable and the cross- 
sectional area of the cable and solve 
for F: 
Equate these forces to obtain: kQ? 
g i AD aie 

Solve for Q: AS 

Q = l ~ 


Substitute numerical values and evaluate Q: 


1.5x10% m’ }(5.2x10° N/m?’ 
=m) f aom eao a l [255m 


21 œ 
Picture the Problem We can use Coulomb’s law to express the net force acting on the 
copper cube in terms of the unbalanced charge resulting from the assumed migration of 
half the charges to opposite sides of the cube. We can, in turn, find the unbalanced charge 
Qunbalancea from the number of copper atoms N and the number of electrons per atom. 
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(a) Using Coulomb’s law, express kQ? 

the net force acting on the copper F = —sumbalanced (1) 
rod due to the imbalance in the 
positive and negative charges: 


Relate the number of copper atoms N 
N to the mass m of the rod, the N 
molar mass M of copper, and 

Avogadro’s number Na: 


Solve for N to obtain: N= Pea Vod N 
= Ta R 


Substitute numerical values and evaluate N: 


y — 893x10” kg/m? )(0.5x10? m} (4x10 m)(6.02x10” atoms/mol) 
7 63.54 10° kg/mol 


= 8.46110” atoms 
Because each atom has 29 electrons Q = 1(29) (07 Je N 


unbalanced ~~ 
and protons, we can express 
Qunbalanced as: 


Substitute numerical values and evaluate Qunbalanced: 
Qunotancea = (29) (107 )(1.6 107? C)(8.461x10” )=1.963x107 C 


Substitute for Qunbalancea in equation (1) to obtain: 


(0.01m)° 
(b) Using Coulomb’s law, express kQ? 
the maximum force of repulsion Pa 
Fmax in terms of the maximum 2 
possible charge Qmax: 
Solve for Qmax: r?F 

Q nax zz s 

Express Fmax in terms of the tensile Fo = S.A 


strength Stensile Of Copper: where A is the cross sectional area of the 


cube. 
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Substitute to obtain: 2 


= r Stensile“t 
oa = k 
Substitute numerical values and evaluate Qmax: 
2 8 2 —4 2 
— (0.01m) (2.310 Nim (o EAE 
8.99x10° N-m*/C 
Because Q nbalanced = 2Q imax : (O ens 2(1.60 x10” c) 
=| 32.0 uC 


Remarks: A net charge of —32 uC means an excess of 2.00x10"* electrons, so the net 
imbalance as a percentage of the total number of charges is 4.06x10™ = 4x10 %. 


22 eee 
Picture the Problem We can use the definition of electric field to express E in terms of 
the work done on the ionizing electrons and the distance they travel 2 between collisions. 
We can use the ideal-gas law to relate the number density of molecules in the gas p and 
the scattering cross-section oto the mean free path and, hence, to the electric field. 


(a) Apply conservation of energy to W = AK = FAs 
relate the work done on the 

electrons by the electric field to the 

change in their kinetic energy: 


From the definition of electric field F=qE 
we have: 
Substitute for F and As to obtain: W =qEA, where the mean free path 4 is 


the distance traveled by the electrons 
between ionizing collisions with nitrogen 
atoms. 


Referring to pages 545-546 for a 1 
discussion on the mean-free path, A= on 
use its definition to relate / to the 

scattering cross-section o and the 

number density for air molecules n: 


Substitute for 2 and solve for E to onWw 
obtain: 


Use the ideal-gas law to obtain: N 
V 


Substitute for n to obtain: 
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E= oPW (1) 
qkT 


Substitute numerical values and evaluate E: 


gal 


107° m? )(10° Nm?)(tev)(1.6x10™" vev) _ m we 


1.6x10™ C)(1.38 x10” J/K )(300K) 


(b) From equation (1) we see that: 


+23 oo 


E«P and | ET 7 


i.e., E increases linearly with pressure and 
varies inversely with temperature. 


Picture the Problem We can use Coulomb’s law to express the charge on the rod in 
terms of the force exerted on it by the soda can and its distance from the can. We can 
apply Newton’s 2° law in rotational form to the can to relate its acceleration to the 
electric force exerted on it by the rod. Combining these equations will yield an expression 
for Q as a function of the mass of the can, its distance from the rod, and its acceleration. 


Use Coulomb’s law to relate the 
force on the rod to its charge Q and 
distance r from the soda can: 


Solve for Q to obtain: 


Apply > T center of mass — Ia to the 
can: 


Because the can rolls without 
slipping, we know that its linear 
acceleration a and angular 
acceleration @ are related according 
to: 


Because the empty can is a hollow 
cylinder: 


Substitute for I and æ and solve for 
F to obtain: 


Substitute for F in equation (1): 


2 
pat 
r 
rer 
= ,|— 1 
Q k (1) 
FR=Ia 
a 
a=— 
R 


where R is the radius of the soda can. 


I = MR* 
where M is the mass of the can. 


2 
P=" = Ma 


r°’Ma 
k 


Q= 
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(0.1m)*(0.018kg)(1m/s?) 
8.99 x10° N-m*/C* 


- [Tain] 


Substitute numerical values and 
evaluate Q: Q= 


24 ee 
Picture the Problem Because the nucleus is in equilibrium, the binding force must be 
equal to the electrostatic force of repulsion between the protons. 


Apply DF =Otoa proton: Finding = P iiscrrostanie =0 


Solve for Foinding: 


binding ~~ F electrostatic 


Using Coulomb’s law, substitute for k q? 
Finding = r? 


F electrostatic: 


Substitute numerical values and evaluate Faectrostatic? 


(8.99 x10° N-m?/C?)(1.6x107? C) 
(107° m)’ 


2 


F, 230N 


inding = 


Electric Charge 


25 > 
Picture the Problem The charge acquired by the plastic rod is an integral number of 
electronic charges, i.e., q = n.(—e). 


Relate the charge acquired by the q=n, (- e) 
plastic rod to the number of 
electrons transferred from the wool 


shirt: 
: —0.8 
Solve for and evaluate ne: n, = q _ 0 al -[ 500x10? 
-e —1.6x10 "C 
26 >œ 


Picture the Problem One faraday = Nae. We can use this definition to find the number of 
coulombs in a faraday. 


Use the definition of a faraday to calculate the number of coulombs in a faraday: 


1faraday = Ne = (6.02 x10” electrons)(1.6x10™ C/electron) =| 9.63x10* C 
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Picture the Problem We can find the number of coulombs of positive charge there are in 
1 kg of carbon from Q = 6n;e, where nc is the number of atoms in 1 kg of carbon and 
the factor of 6 is present to account for the presence of 6 protons in each atom. We can 
find the number of atoms in 1kg of carbon by setting up a proportion relating Avogadro’s 
number, the mass of carbon, and the molecular mass of carbon to nc. 


Express the positive charge in terms Q = 6n-e 
of the electronic charge, the number 

of protons per atom, and the number 

of atoms in 1 kg of carbon: 


Using a proportion, relate the No Mme Nme 


number of atoms in 1 kg of carbon N, M M 
nc, to Avogadro’s number and the 
molecular mass M of carbon: 


Substitute to obtain: 


Substitute numerical values and evaluate Q: 


_ 6(6.02x10” atoms/mol)(1kg)(1.6x107 C) _ 
Qe kgm. 


Coulomb’s Law 


28 >» 
Picture the Problem We can find the forces the two charges exert on each by applying 
Coulomb’s law and Newton’s 3" law. Note that F = İ because the vector pointing from 


qı to q2 is in the positive x direction. 


(a) Use Coulomb’s law to express Fc kq,q z 
the force that qı exerts on qz: i i 


Substitute numerical values and evaluate F}, : 


= _ (8.99x10°N-m?/C?)(4C)(6pC) 
fia = (3m) 


i =| (24.0mN)i 
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(b) Because these are action-and- F, = F, =|- (24.0 mN) i 


reaction forces, we can apply 
Newton’s 3" law to obtain: 


(c) If qo is -6.0 uC: 


9 2472 . — 
B= (8.99x10°N - m?/C Manc)-6x¢); Jo 
(3m) 


and 


F,, =—F,, =| (24.0mN)i 
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Picture the Problem q) exerts an attractive force F,, on qı and q3 a repulsive force F}. 


We can find the net force on q; by adding these forces. 


-> 3 2 É, -1 0 l 2 3 
F; ——_|- . + - + x,m 
q,= —6 uC q,= 4 uC q, = —6 uC 
Express the net force acting on qi: F = F, it F : 
Express the force that q, exerts on P klą, la>] A 
=—>— 1 
. eA 
ar r. a 
Express the force that q exerts on È k|a, lla] ( i) 
=—>—|-1 
qr . ee 
Substitute and simplify to obtain: - k\q,|q. rN kla,|las| a 
i= ye xe 
Da ESI 


-ga f [el _ lp 
-xaf r2 r d 


Substitute numerical values and evaluate E : 


F= hs0x10 N-mèrc’)e pc) 6 aaa (1.50x10° N)i 
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Picture the Problem The configuration of 
the charges and the forces on the fourth 
charge are shown in the figure ... as is a 
coordinate system. From the figure it is 
evident that the net force on q, is along the 
diagonal of the square and directed away 
from q3. We can apply Coulomb’s law to 
express F, a F, „and F, 4 and then add 


them to find the net force on q4. 
Express the net force acting on q4: fF, =f, + 


Express the force that q, exerts on F kaa j 
2 


qa: Na 


Substitute numerical values and evaluate F, ,: 


F , =(8.99x10°N- micen gaci =(3.24x10° N)j 
Express the force that qz exerts on qa: F = kq24a ; 
2,4 7 2 
D4 


Substitute numerical values and evaluate F, ,: 


F, , = (8.99x10° N-m7/C?)(3 no ga | i =(8.24x10°N)i 
.05m 
Express the force that q3 exerts on q4: Ë, e kaza j A ‘jena A anova 
; a ; 


pointing from qs to qu. 


Express r} ¿in terms of 7}, and F 4: hy = th, 


= (0.05m)i+(0.05m)j 
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~ _%4 _ (0.05m)i+(0.05m)/ 
3,4 F 


a| /(0.05m} + (0.05m) 
=(.707i +0.707j 


Convert r ,to 4: 


Substitute numerical values and evaluate F, , : 


3nC 
(0.05/2m 


a 
. 


= (1.1410 N)i-(1.14x10° N)j 


F, , =(8.99x10° N- wice}-on] j (0.7077 +0.707)) 


Substitute and simplify to find F ee 


F, =(3.24x10° N)j+(3.24x10° N)i-(1.14x10° N)-(1.14x10° N)j 


a 
. 


=| (2.10x10° N)i +(2.10x10° N)j 
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Picture the Problem The configuration of the charges and the forces on q3 are shown in 
the figure ... as is a coordinate system. From the geometry of the charge distribution it is 
evident that the net force on the 2 wC charge is in the negative y direction. We can apply 


Coulomb’s law to express F „and F; and then add them to find the net force on qs. 


y, 


The net force acting on qs is given by: F,= F,,+ 
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Express the force that qı exerts on 
qs: 


Express the force that q2 exerts on 
qs: 


Substitute for F., and F. » 3 and 


simplify to obtain: 


Substitute numerical values and 
evaluate F; : 


*32 oo 
Picture the Problem The positions of the 
charges are shown in the diagram. It is 
apparent that the electron must be located 
along the line joining the two charges. 
Moreover, because it is negatively charged, 
it must be closer to the —2.5 wC than to the 
6.0 uC charge, as is indicated in the figure. 
We can find the x and y coordinates of the 
electron’s position by equating the two 
electrostatic forces acting on it and solving 
for its distance from the origin. 


Express the condition that must be 


15 


E, = Fcosĝi -F sin j 
where 
P= kat, 
r 
(8.99 x10? N-m?/C?)(5 wC)(2 4C) 
(0.03m)° + (0.08 m)’ 
=12.3N 


and 


0= wn (3 = 20.6° 
8cm 
F,, =-F cos0i —F sin j 


F, =F cos0i -F sinf j -F cos0i 
—Fsin0j 
=-2F sind j 


a 
. 


F, = —2(12.3 N)sin 20.6° j 


“A 
. 


=| — (8.66 N)j 


We can use similar triangles to express this 
radial distance in terms of the x and y 
coordinates of the electron. 
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satisfied if the electron is to be in 


equilibrium: 


Express the magnitude of the force 
that qı exerts on the electron: 


Express the magnitude of the force 
that qz exerts on the electron: 


Substitute and simplify to obtain: 


Substitute for qı and q2 and 
simplify: 


Solve for r to obtain: 


Use the similar triangles in the 
diagram to establish the proportion 
involving the y coordinate of the 
electron: 


Solve for ye: 


Use the similar triangles in the 
diagram to establish the proportion 
involving the x coordinate of the 
electron: 


Solve for xe: 


The coordinates of the electron’s 
position are: 


E = kq,e 
le 2 
(r + J125m] 
k 
P = ek 
qı la- 


(r + J25m}) r’ 


(-1.4m>) r? +(2.2361m7) r 


+1.25m=0 
r=2.036m 
and 
r = —0.4386 m 


Because r < 0 is unphysical, we’ll consider 
only the positive root. 


Ye _ 2.036m 
0.5m 1.12m 


y, =0.909m 


x, _ 2.036m 


e 


Im 1.12m 


x, =1.82m 


(x,,y.) =| (—1.82m,—0.909m) 
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Picture the Problem Let q; represent the 
charge at the origin, q2 the charge at (0, 0.1 
m), and q; the charge at 

(0.2 m, 0). The diagram shows the forces 
acting on each of the charges. Note the 
action-and-reaction pairs. We can apply 
Coulomb’s law and the principle of 
superposition of forces to find the net 


force acting on each of the charges. 


Express the net force acting on q: F =F, +F, 
Express the force that q2 exerts on q;: = kqog, ~ — kqsQ, hı — kqoq, - 
F, 1 = r. = = F 
> 2 2 3 2,1 
Di Da Di Da 


Substitute numerical values and evaluate F, : 


F, , =(8.99x10° N -m?/C? )(2 moe 0.1m)j =(1.80N)j 


(0.1m) 


_ kas 
3 


3,1 


Express the force that q3 exerts on qi: F 


3,1 Ba 


Substitute numerical values and evaluate F, : 


F,, =(8.99x10° N-m7/C?)(4 cL) 0.2m)i =(0.899N)i 


(0.2m) 
Substitute to find F : F =| (0.899 N)i + (1.80 N)ĵ 
Express the net force acting on qo: F, = Fa + E, 
=F- Fp 


because F, , and F, , are action-and-reaction 


forces. 
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Express the force that qs exerts on qp: os kq;q» 7 
3 
= “4:42 (_ 0.2m)? +(0.1m)j] 


Substitute numerical values and evaluate F, , : 


F,, =(8.99x10° N-m?/C?)(4 coe (0.2m)? +(0.1m)j| 


a 
. 


= (-1.28N)i + (0.640 N)j 


Find the net force acting on qn: 


a a a 
. . . 


F, = F, , —(1.80N)j =(-1.28N)i +(0.640N)j—(1.80N)j 


A 
. 


=| (-1.28N)i-(1.16N)j 


Noting that F, and F}, are an action-and-reaction pair, as are F, , and F}, 


express the net force acting on q3: 


F,=F.,+F,,=—F,, -F,, = (0.899 N)î - |(-1.28 N)î + (0.640N)j| 


A 
. 


=| (0.381N)i — (0.640 N) j 
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Picture the Problem Let q; represent the 
charge at the origin and q; the charge 
initially at (8 cm, 0) and later at (17.75 
cm, 0). The diagram shows the forces 
acting on q; at (8 cm, 0). We can apply 
Coulomb’s law and the principle of 0.04 0.08 


superposition of forces to find the net 
force acting on each of the charges. 


Express the net force on qz when it F,(8cm,0)= F; + F,, 
is at (8 cm, 0): kq,q; = kQ,q, - 
3 1,3 a 3 2,3 
n 3 D3 
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Substitute numerical values to obtain: 


(-19.7N)i = 
Q, 
*(.04my 


Solve for and evaluate Q>: Q, =| —3.00 uC 


Remarks: An alternative solution is to equate the electrostatic forces acting on q when it is 
at (17.75 cm, 0). 


(8.99 10° N-m2/C?)(2,uc)| —“< _(0.08m)F + (0.04m)i 


(0.08m? 
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Picture the Problem By considering the symmetry of the array of charges we can see that 
the y component of the force on q is zero. We can apply Coulomb’s law and the principle 
of superposition of forces to find the net force acting on q. 


Express the net force acting on q: F =F 


q Qon xaxis,q 


+2F 


Qat 45°,q 


Express the force on q due to the = _ kqQ> 
Qon xaxis,q — R? L 


charge Q on the x axis: 


a force on q due to the Paent “g c0s45° 
_ 2 kqQ;> 
op í 

Substitute to obtain: È= 2 aD kaQ ; 2 


"PR 
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Picture the Problem Let the H* ions be in the x-y plane with H; at (0, 0, 0), H at (a, 0, 
0), and H; at la/ 2, aV3 / 2,0). The N” ion, q4 in our notation, is then at 

(a/ 2; a/ 243, a,/2/3 ) where a =1.64x10 '° m. To simplify our calculations we’ll set 
ke? / a’ = C =8.56x10° N. We can apply Coulomb’s law and the principle of 


superposition of forces to find the net force acting on each ion. 
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Express the net force acting on q1: 


Find F,,: F,,= me 
2,1 
Find F}: F,, 7 “ta Ê, 
3,1 
(o-¢}i+{o-3} 
2 
=C 


Noting that the magnitude of q4 is three times that of the other charges and that it is 


negative, express F}; : 
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Substitute to find F : = g : ‘ 
ubstitute to find F, E =-ci (23-83) 


AE 


From symmetry considerations: F, =F, =F =| C V6. 
Express the condition that molecule is F, + F, + F, +F =O 


in equilibrium: 


Solve for and evaluate F, : F, = -(F, + F, + F,) = -3F, 
=| -3C V6k 

The Electric Field 
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Picture the Problem Let q represent the charge at the origin and use Coulomb’s law for 
E due toa point charge to find the electric field at x = 6 m and —10 m. 


(a) Express the electric field at a point a kqi 
: E (x) =z o 
P located a distance x from a charge X 
q: 
Evaluate this expression for Ele m) 2 (8.99 x10° N. oe \(4 uC); 
x=6m: (6 m) 
=| (999N/C)i 


(b) Evaluate E atx= -10 m: 


2-10) = E980 N CNO) i) [E aeon] 
m 


(c) The following graph was plotted using a spreadsheet program: 
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500 
250 
S 
Z 0 
af 
-250 
-500 
2 1 0 1 2 
x (m) 
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Picture the Problem Let q represent the charges of +4 uC and use Coulomb’s law for 
E due toa point charge and the principle of superposition for fields to find the electric 
field at the locations specified. 


Noting that qı = q2, use Coulomb’s law and the principle of superposition to express the 
electric field due to the given charges at a point P a distance x from the origin: 


1. 1 A 
= formic 4 Kap t (8m-x? A 


(a) Apply this equation to the point at x = —2 m: 


E(— 2m) =(36kN- mic) EL ie fom? he ) =| (-9.36kN/C)î 


(b) Evaluate Eatx=2m: 


E(2m) =(36kN- nic} 


Lb ol )| [eon 
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(c) Evaluate Eatx=6m: 


E(6m)=(36kN- mic 


(d) Evaluate E at x = 10 m: 


(7). 1 -Ci)]- (—8.00kN/C)i 


00m) =G64w- 1c) omy () + : ©- (9.35kN/C)i 


(e) From symmetry considerations: 


E(4m)=[0] 


(f) The following graph was plotted using a spreadsheet program: 


100 


50 


E, (KN m?/C) 
©: 


-50 


-100 


x (m) 
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Picture the Problem We can find the electric field at the origin from its definition and 


the force on a charge placed there from F = qË . We can apply Coulomb’s law to find 


the value of the charge placed at y = 3 cm. 
(a) Apply the definition of electric 
field to obtain: 


(b) Express and evaluate the force 
on a charged body in an electric 
field: 


a 
. 


F _(8x10*N)} 


eof 


do 2nC 


F = gE =(-4nC)(400kN/C)j 


A 
. 


=| (-1.60mN)j 


A 
. 


(400kN/C)j 


a 
. 


23 


24 Chapter 21 


, in: kq\—4nC)/( + e 
(c) Apply Coulomb’s law to obtain: al n )( j) L ( 1.60 mN)j 
(0.03m) 
Solve for and evaluate q: —— (1.60 mN) (0.03 m} 
1= 18.99x10° N-m2/C2)(4nC) 
=| — 40.0 nC 
40 >œ 


Picture the Problem We can compare the electric and gravitational forces acting on an 
electron by expressing their ratio. We can equate these forces to find the charge that 
would have to be placed on a penny in order to balance the earth’s gravitational force on 
it. 


(a) Express the magnitude of the F, =eE 
electric force acting on the electron: 


Express the magnitude of the F, =m,g9 
gravitational force acting on the 
electron: 
Express the ratio of these forces to Fe = eE 
obtain: F, mg 
Substitute numerical values and P (1.6 x107” c)(150 N/C) 
evaluate F,/F,: F; (9.11x 10™ kg \(9.81m/s? ) 
=2.69x10” 
or 
F, = (2.69 x10” JF, , i.e., the electric 
force is greater by a factor of 2.69x10". 
(b) Equate the electric and q= mg 
gravitational forces acting on the E 
penny and solve for q to obtain: 
Substitute numerical values and B (3 x10° kg)(9.81m/ s?) 
evaluate q: 7 150 N/C 


=|1.96x10“7C 
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41 
Picture the Problem The diagram shows 


the locations of the charges qı and qz and 
y, m 


the point on the x axis at which we are to 2 6n 

B ; ; 0.03 i 
find E. From symmetry considerations we S 

aa N 
can conclude that the y component of E at i 
int on th eee WwW @ ~~ 0.04 

any point on the x axis is zero. We can use 0 - LT 
Coulomb’s law for the electric field due to 
point charges to find the field at any point È, 
on the x axis and F = qE to find the force -0.03% 9, = 6 nC 
on a charge qo placed on the x axis at 
x=4cm. 

a) Letting q = qi = qp, express the x- = k $ 
(a) Letting q = qi = qə, as the x E, =~ cos6i 
component of the electric field due r 
to one charge as a function of the 
distance r from either charge to the 
point of interest: 

= l 7 k . 
Express E, for both charges: Ē = 2“ cos Oi 
r 


Substitute for cos@ and r, substitute numerical values, and evaluate to obtain: 


-~ _„kq0.04m; 2kq(0.04m)+>__ 2(8.99x 10° N-m7/C? |(6nC)(0.04m) + 
£2251 =— i= : MEE i 
ror r (0.03m? + (0.04m) 
=| (34.5kN/C)i 
(b) Apply F= gE to find the force F= (2 nC)(34.5kN/C)i 
on a charge qo placed on the x axis at 2 (69.0 uN} 
x=4cm: 
*42 oo 


Picture the Problem If the electric field at x = 0 is zero, both its x and y components 
must be zero. The only way this condition can be satisfied with the point charges of +5.0 
uC and —8.0 „C are on the x axis is if the point charge of +6.0 wC is also on the x axis. 
Let the subscripts 5, —8, and 6 identify the point charges and their fields. We can use 
Coulomb’s law for E due to a point charge and the principle of superposition for fields 
to determine where the +6.0 uC charge should be located so that the electric field at x = 0 


is zero. 
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Express the electric field at x = 0 in E (0) =Ë 
terms of the fields due to the charges 0 
of +5.0 „uC, —8.0 4C, and +6.0 uC: 


i i kq; ~ kde kq} 
Substitute for each of the fields to as Ê + ds i+ f, =0 
obtain: T: rs ioe 

or 
kq- k > > 
tili) eli) 
rs 6 r 
Divide out the unit vector i to Ws 6 _ G8 _ 0 
obtain: r. 4 f 1 r a 
Substitute numerical values to 5 6 -8 -0 
obtain: (38cm) rè (4cm) 
Solve for rg: r, = 
43 á > 


Picture the Problem The diagram shows the electric field vectors at the point of interest 
P due to the two charges. We can use Coulomb’s law for E due to point charges and the 
superposition principle for electric fields to find E p- We can apply F= qË to find the 


force on an electron at (—1 m, 0). 


Yy, m 


tm 


(a) Express the electric field at E,=E,+E 
(—1 m, 0) due to the charges qı and qz: 
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Evaluate E Vs 


gkh; _ (899x10 N-m7/c*)(-54C)| (-5m)i +(2m)j 
Pilg (Sm) +(2m/’ (Sm) +(2m/y 
= (-1.55x10° N/C)(- 0.9287 + 0.3713) 


= (1.44kN/C)i + (-0.575kN/C)j 


Evaluate E - 


es (2m) + (2m) (2m) +(2my 


im; Beogr nee | Cialiet ant 


= (13.5x10? N/C)(-0.7077 — 0.7073) 


= (—9.54kN/C)i + (—9.54kN/C)j 


Substitute for E, and E » and simplify to find E pi 


E, = (1.44kN/C)i + (—0.575kN/C)j +(—9.54kN/C)i + (-9.54kN/C)j 


a 
. 


= (—8.10kN/C)i + (—10.1kN/C)j 


The magnitude of E, is: E, =\(—8.10kN/C)’ + (—10.1kN/C 
=| 12.9kN/C 
The direction of E, is: a| —10.1kN/C 
0; = tan” | ———__ 
~8.10kN/C 


=| 231° 

Note that the angle returned by your 
—10.1kN/C |. 
———— listh 
—8.10kN/C 


calculator for anf 


reference angle and must be increased by 
180° to yield Op. 


(b) Express and evaluate the force on an electron at point P: 
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F = qË, =(-1.602x10"C}|(—8.10kN/C)é + (-10.1kN/C)ĵ| 


= (1.30x10°° N)i + (1.6210 N)j 


Find the magnitude of F : F = y(1.30x107 NJ + (1.62 x105 N}? 


=| 2.0810 N | 


Find the direction of F : 


— af 1.62x10 N ) _ : 
amm en E 
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Picture the Problem The diagram shows the locations of the charges q, and q and the 
point on the x axis at which we are to find E . From symmetry considerations we can 
conclude that the y component of E at any point on the x axis is zero. We can use 
Coulomb’s law for the electric field due to point charges to find the field at any point on 
the x axis. We can establish the results called for in parts (b) and (c) by factoring the 
radicand and using the approximation 1+ œ ~1 whenever q << 1. 


kq 


(a) Express the x-component of the pe a: A 
ines E,=2—cos0i 
electric field due to the charges at y r 
=a and y = -a as a function of the 
distance r from either charge to 
point P: 
Substitute for cos@ and r to obtain: = _,kqXx>_ 2kqx> 2kąx > 
£,=2-,-1= i = J 
ror r (x? + a’) 
2kqx > 
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(b) For |x|<< a,x? + a’ x a°, so: 


For |x| >> a,x’ + a? & x’, so: 


For x >> a, the charges separated by a would appear to be a single charge 


2k 
of magnitude 2q. Its field would be given by E, = ans 
x 
Factor the radicand to obtain: ie rae 
E, = 2kqx efi» 3 
x 
For a << x: 142 21 
x 
and 
-3/2 2k 
E = 2kqx|x? | = = 
#45 ce 
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Picture the Problem The diagram shows the electric field vectors at the point of interest 


P due to the two charges. We can use Coulomb’s law for E due to point charges and the 


superposition principle for electric fields to find E, . We can apply F= qË to find the 


force on a proton at (—3 m, 1 m). 
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m 
m \ 


xXx, m 


(a) Express the electric field at E. =E 
(—3 m, 1 m) due to the charges qı and 
qz: 


Evaluate E ‘2 


1,P 


gka; _ (8.99x10°N-m/C?)(- 4 xC)] (-5m)i +(Bm)j 
=e (6m? + (3m)? 


T (6m? +(3m} 


a 
. 


= (-1.06 KN/C)(- 0.857 + 0.514j)= (0.908kN/C)i + (— 0.544 kN/C)j 


Evaluate E a 


ae (8.99x10° voi erof Comat al 
2 2 “2,P \(4my ma (2 m} 


Typ g (4 my + (2 mý 
= (2.25 KN/C)(- 0.8947 — 0.447 ĵ)= (— 2.01kN/C)i + (-1.01kN/C)j 


Substitute and simplify to find E pa 
Ë, = (0.908kN/C)i + (—0.544kN/C)j + (— 2.01kN/C)i + (—1.01kN/C)j 


a 
. 


=(-1.10kN/C)i + (-1.55kN/C)j 


The magnitude of E, is: E, = (1.-10kN/C)’ + (1.55kN/CY 
- [190k] 
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The direction of E, is: Pa -1.55KN/C | _ 735° 
—1.10kN/C 
Note that the angle returned by your 
—1.55kN/C |. 
————— |is the 
—1.10kN/C 


reference angle and must be increased by 
180° to yield @. 


calculator for an 


(b) Express and evaluate the force on a proton at point P: 


F = qË, = (1.6x10™ C)|(-1.10kN/C)i +(-1.55kN/C)j| 


= (-1.76x107° N)i +(—2.48x10"° N)j 


The magnitude of Fis: 


F=,C1.76 x10°N)’ + (—2.48x107°N)* =| 3.04x10° N 
The direction of F is: _(—2.48x107° N 
0, = tan” =| 235° 
F Sea x) 


where, as noted above, the angle returned 


by your calculator for 
{= 2.48x10 ° N 
tan 


ET is the reference 
—1.76x10 ° N 


angle and must be increased by 180° to 
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Picture the Problem In Problem 44 it is shown that the electric field on the x axis, due 


to equal positive charges located at (0, a) and (0,—a), is given by 
E, = 2kgx(x? + ree We can identify the locations at which E, has it greatest values 


by setting dE,/dx equal to zero. 


x. 


(a) Evaluate 
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£ = = bkax(x? + ay |- 2hq 4 fav = a’) | 


= 2ka| xe 4 a)” 4 (x? ” a“) 


- 2kq »{- aa +a?) (2x) (x2 + a) 


EE eGieay | 


Set this derivative equal to zero: z 3x?(x? “f a’) + (x + cy =0 


Solve for x to obtain: a 


(b) The following graph was plotted using a spreadsheet program: 


2kq = 1 anda =1 


E, 0.0 


-0.2 


-0.4 
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Picture the Problem We can determine the stability of the equilibrium in Part (a) and 
Part (b) by considering the forces the equal charges q at y = +a and y = —a exert on the 


test charge when it is given a small displacement along either the x or y axis. The 


application of Coulomb’s law in Part (c) will lead to the magnitude and sign of the charge 
that must be placed at the origin in order that a net force of zero is experienced by each of 


the three charges. 


(a) Because E, is in the x direction, a positive test charge that is displaced from 
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(0, 0) in either the +x direction or the —x direction will experience a force pointing away 
from the origin and accelerate in the direction of the force. 


Consequently, the equilibrium at (0,0) is unstable for a small displacement along 


the x axis. 


If the positive test charge is displaced in the direction of increasing y (the positive y 
direction), the charge at y = +a will exert a greater force than the charge at 

y = —a, and the net force is then in the —y direction; i.e., it is a restoring force. Similarly, 
if the positive test charge is displaced in the direction of decreasing y (the negative y 
direction), the charge at y = —a will exert a greater force than the charge at y = —a, and the 
net force is then in the —y direction; i.e., it is a restoring force. 


Consequently, the equilibrium at (0,0) is stable for a small displacement along 


the y axis. 


(b) 


Following the same arguments as in Part (a), one finds that, for a negative test 


charge, the equilibrium is stable at (0,0) for displacements along the x axis 


and unstable for displacements along the y axis. 


(c) Express the net force acting on the kqq, kg? 
53 qat y=+a = 2 + 2 0 
a (2a) 


charge at y = +a: 


Solve for qo to obtain: Gy =| — 29 


Remarks: In Part (c), we could just as well have expressed the net force acting on 
the charge at y = —a. Due to the symmetric distribution of the charges at y = —a and y 
= +a, summing the forces acting on q at the origin does not lead to a relationship 
between qo and q. 
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Picture the Problem In Problem 44 it is shown that the electric field on the x axis, due to 
equal positive charges located at (0, a) and (0,—a), is given by 

2 2\3/2 T . dand 
E, = 2kqx(x +a ) . We can use T = 27,4/m/k' to express the period of the motion in 


terms of the restoring constant k’. 


2kq°x 
~ (x? + a’) 


(a) Express the force acting on the on 


the bead when its displacement from 
the origin is x: 
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Factor a° from the denominator to F=- 2kq°x 
obtain: En oe 
2 
a| — +1 
a 
For x << a: ka? 
Rala 
a 


i.e., the bead experiences a linear restoring 


force. 
(b) Express the period of a simple m 
; T=22,/— 
harmonic oscillator: k' 
Obtain k’ from our result in part (a): k= 2kq? 


a 
Substitute to obtain: 3 
T =20 | =| 22 | 
2kq 2kq 
a 


Motion of Point Charges in Electric Fields 
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Picture the Problem We can use Newton’s 2™ law of motion to find the acceleration of 
the electron in the uniform electric field and constant-acceleration equations to find the 
time required for it to reach a speed of 0.01c and the distance it travels while acquiring 


this speed. 

(a) Use data found at the back of e 16x 10°C 
your text to compute e/m for an m, ~ 911x107! kg 
electron: 


=| 1.76 x 10!! C/kg 


(b) Apply Newton’s 2” law to relate qe Fea _ eE 

the acceleration of the electron to m m, 

the electric field: 

Substitute numerical values and _ (1.6 x10” c)(100 N/C) 
evaluate a: © 911x10% kg 


=| 1.76x10” m/s? 
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The direction of the acceleration 


of an electron is opposite the 


electric field. 
(c) Using the definition of Kea 0.01c 
acceleration, relate the time required a a 
for an electron to reach 0.01c to its 
acceleration: 
Substitute numerical values and 0.0 13 x 10° m/ s) 
A = = s17 
evaluate At: : 1.7610" m/s” 
(d) Find the distance the electron Ax =v,,At 
travels from its average speed and = zho + 0.0168 x108 m/s)|(0.170 Ls) 
the elapsed time: 
=| 25.5cm 
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Picture the Problem We can use Newton’s 2™ law of motion to find the acceleration of 
the proton in the uniform electric field and constant-acceleration equations to find the 
time required for it to reach a speed of 0.01c and the distance it travels while acquiring 


this speed. 
(a) Use data found at the back of e _ 16x 10™® C 
your text to compute e/m for an m, ~ 1.67x 10 kg 
electron: : 

=| 9.58 x10” C/kg 
Apply Newton’s 2™ law to relate the ae: Fro _ eE 
acceleration of the electron to the m, m, 
electric field: 
Substitute numerical values and a2 (1.6x 10° c)(100 N/C) 
evaluate a: 7 1.67 x10” kg 


-=| 9.58x10° m/s? | 


The direction of the acceleration 


of a proton is in the direction of 
the electric field. 
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(b) Using the definition of hae 0.01c 
acceleration, relate the time required a a 
for an electron to reach 0.01c to its 
acceleration: 
Substitute numerical values and 0.0 13 x 10° m/ s) 
At = =| 313s 
evaluate At: 9.58 x10° m/s? 
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Picture the Problem The electric force acting on the electron is opposite the direction of 
the electric field. We can apply Newton’s 2™ law to find the electron’s acceleration and 
use constant acceleration equations to find how long it takes the electron to travel a given 
distance and its deflection during this interval of time. 


(a) Use Newton’s 2™ law to relate the E Ea -eE 
acceleration of the electron first to the di m, = m, 
net force acting on it and then the 
electric field in which it finds itself: 
. z -19 
Substitute numerical values and J2 D G, ( 400 N /C) J 
evaluate a: 9.11x10™ kg 


A 
. 


(-7.03x10° m/s? )j 


(b) Relate the time to travel a given hee Ax__ 01m _ 


distance in the x direction to the v, 2x10°m/s 
electron’s speed in the x direction: 


(c) Using a constant-acceleration Ay = 5a j (Aty 


ti late the displ tof 3 
equation, relate the displacement o xa ~7.03x10" m/s?)(50ns} 


the electron to its acceleration and 
the elapsed time: = (- 8.79 cm) J 


i.e., the electron is deflected 8.79 cm 
downward. 
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Picture the Problem Because the electric field is uniform, the acceleration of the 
electron will be constant and we can apply Newton’s 2 law to find its acceleration and 
use a constant-acceleration equation to find its speed as it leaves the region in which 
there is a uniform electric field. 


Using a constant-acceleration v? =v; + 2aAx 
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equation, relate the speed of the or, because vo = 0, 
electron as it leaves the region of the V =~ 2aAx 


electric field to its acceleration and 
distance of travel: 


Apply Newton’s 2" law to express "a Fe _ eE 
the acceleration of the electron in m m, 
terms of the electric field: 
Substitute to obtain: ?2eEAx 
y= 
m 


Substitute numerical values and evaluate v: 


-19 4 
9.11x10~ kg 


Remarks: Because this result is approximately 13% of the speed of light, it is only 
an approximation. 
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Picture the Problem We can apply the work-kinetic energy theorem to relate the change 
in the object’s kinetic energy to the net force acting on it. We can express the net force 
acting on the charged body in terms of its charge and the electric field. 


Using the work-kinetic energy W =AK = F «AX 
theorem, express the kinetic energy 

of the object in terms of the net force 

acting on it and its displacement: 


Relate the net force acting on the F a = QE 
charged object to the electric field: 


Substitute to obtain: AK = K, — K, = QEAx 
or, because K; = 0, 
K, = QEAx 

Solve for Q: Q= K, 
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Substitute numerical values and 
evaluate Q: 
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0.12 J 
Q= =| 800 uC 
(300 N/C ")(0.50m) = 


Picture the Problem We can use constant-acceleration equations to express the x and y 


coordinates of the particle in terms of the parameter t and Newton’s 2" law to express 


the constant acceleration in terms of the electric field. Eliminating the parameter will 


yield an equation for y as a function of x, q, and m that we can solve for Ey. 


Express the x and y coordinates of 
the particle as functions of time: 


Apply Newton’s 2™ law to relate the 
acceleration of the particle to the net 
force acting on it: 


Substitute in the y-coordinate 
equation to obtain: 


Eliminate the parameter t between 
the two equations to obtain: 


Set y = 0 and solve for Ey: 


Substitute the non-particle specific 
data to obtain: 


(a) Substitute for the mass and 
charge of an electron and evaluate 
Ey: 


(b) Substitute for the mass and 
charge of a proton and evaluate Ey: 


x=(vcos6)t 


qE 2 
= (tan 0 )x — ——_*__ 
y= ) 2mv° cos? @ 
7 mv’ sin 20 
qx 


E 


y 


_ m(3x10° m/s)’ sin 70° 
Á q(0.015m) 


=(5.64x10" mis!) 


9.11x10™ kg 


E 
1.6x10 "C 


(5.64x10“ m/s?) 


- [pame] 


1.67x10” kg 


E. =(5.64x10" m/s? 
y l o 


- [EMNE] 
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Picture the Problem We can use constant-acceleration equations to express the x and y 
coordinates of the electron in terms of the parameter t and Newton’s 2™ law to express 
the constant acceleration in terms of the electric field. Eliminating the parameter will 
yield an equation for y as a function of x, q, and m. We can decide whether the electron 
will strike the upper plate by finding the maximum value of its y coordinate. Should we 
find that it does not strike the upper plate, we can determine where it strikes the lower 
plate by setting y(x) = 0. 


x = (v, cos 6)t 
electron as functions of time: and 


Express the x and y coordinates of the 


y=(v,sin6)t—4a,t? 


Apply Newton’s 2™ law to relate the a= Prey _ eE, 
acceleration of the electron to the net 7 m m 


e e 


force acting on it: 


Substitute in the y-coordinate equation 


eE 
y =(v,sin8)t — oan t 


to obtain: e 
Eliminate the meter t between the eE 
Ba kcal aaiiats y(x) = (tan @)x -—.—-X’_ 0 
two equations to obtain: 2m,V, cos’ 0 
To find Ymax set dy/dx = 0 for d eE 
Te á Y = tang - aoe 
extrema: dx m,V, cos” 0 
= Oforextrema 
Solve for x’ to obtain: , _ mv sin20 


Substitute x’ in y(x) and simplify to 
obtain Ymax: 


Substitute numerical values and evaluate Ymax: 


_ (9.11107! kg)(5x10° m/s)’ sin?45° 


(See remark below.) 
2eE 


y 


y R 
_ M,Vo sin” 0 


Y max 2eE 


=1.02cm 


Y max z 


2(1.6x10® C)(3.5x10° N/C) 


and, because the plates are separated by 2 cm, the electron does not strike the upper 


plate. 
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To determine where the electron will a m,Vv, sin 20 
strike the lower plate, set = eE, 
y = 0 in equation (1) and solve for x to 


obtain: 


Substitute numerical values and evaluate x: 
(9.11x10™ kg)(5x10° m/s}? sin 90° 
X= =| 4.07 cm 
(1.6x10” C)(3.5x10° N/C) 


Remarks: x' is an extremum, i.e., either a maximum or a minimum. To show that it 
is a maximum we need to show that d’y/dx’, evaluated at x’, is negative. A simple 
alternative is to use your graphing calculator to show that the graph of y(x) isa 
maximum at x’. Yet another alternative is to recognize that, because equation (1) is 
quadratic and the coefficient of x° is negative, its graph is a parabola that opens 
downward. 
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Picture the Problem The trajectory of the electron while it is in the electric field is 
parabolic (its acceleration is downward and constant) and its trajectory, once it is out of 
the electric field is, if we ignore the small gravitational force acting on it, linear. We can 
use constant-acceleration equations and Newton’s 2" law to express the electron’s x and 
y coordinates parametrically and then eliminate the parameter t to express y(x). We can 
find the angle with the horizontal at which the electron leaves the electric field from the x 
and y components of its velocity and its total vertical deflection by summing its 
deflections over the first 4 cm and the final 12 cm of its flight. 


(a) Using a constant-acceleration x(t) = Vt 
equation, express the x and y and 

i 2 
coordinates of the electron as y(t) = Vot +tayt 


functions of time: 


Because voy = 0: x(t) = Vt (1) 
and 
2 
y(t)=4a,t 
Using Newton’s 2™ law, relate the Fa eE, 
d. SmS 
acceleration of the electron to the ” m m, 


electric field: 
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Substitute to obtain: 


Eliminate the parameter t between 
equations (1) and (2) to obtain: 


eE 
R (2) 
eE eE 
= J 2 z y .,2 
x)= 2m,Vv; 4K" 


Substitute numerical values and evaluate y(4 cm): 


(1.6107? C)(2x10* N/C)(0.04m)’ 


y(0.04m) = 


(b) Express the horizontal and vertical 
components of the electron’s speed as 
it leaves the electric field: 


Divide the second of these equations 
by the first to obtain: 


Using a constant-acceleration 
equation, express vy as a function of 
the electron’s acceleration and its 
time in the electric field: 


Substitute to obtain: 


a(2 x10" J) 


vV, =V cos 

and 

v, = vsin ð 
v 

0 = tan“ — = tan 
v 


Vy = Voy a ayt 


or, because voy = 0 


F 


Vv, =a,t= 
y y m 


e 


Substitute numerical values and evaluate @: 


net, y 
—- t= 


- [eat 


eE, x 


m, Vo 


g= tap _ 1-6%10-" C)(2x10* N/C)(0.04m)] _ 
2(2x10™ J) 
(c) Express the total vertical Yrotal = Yaem F Yizem 


displacement of the electron: 


Relate the horizontal and vertical 
distances traveled to the screen to 
the horizontal and vertical 
components of its velocity: 


x=v At 
and 
y =v At 


17.7° 
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Eliminate At from these equations to 
obtain: 


Substitute numerical values and 
evaluate y: 


Substitute for y4 em and y12 cm and 
evaluate Yiotal: 
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y=—x=(tand)x 
v 


X 


y =[tan(-17.7°)|(0.12m) = -3.83cm 


Yrotal = -0.640 cm — 3.83cm 


=| — 4.47 cm 


i.e., the electron will strike the fluorescent 


screen 4.47 cm below the horizontal axis. 


Picture the Problem We can use its definition to find the dipole moment of this pair of 


charges. 


(a) Apply the definition of electric 
dipole moment to obtain: 


(b) If we assume that the dipole is 
oriented as shown to the right, then 
P is to the right; pointing from the 
negative charge toward the positive 
charge. 


*58 ° 


p =(2pC)(44m)=| 8.00x10 "C -m 


—q +q 


Picture the Problem The torque on an electric dipole in an electric field is given by 


T = px E and the potential energy of the dipole by U =—p- E. 


Using its definition, express the 
torque on a dipole moment in a 
uniform electric field: 


(a) Evaluate z for 6 = 0°: 


T= pxE 
and 
T= pEsin@ 


where ĝis the angle between the electric 
dipole moment and the electric field. 


r= pEsin0° =| 0 | 
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(b) Evaluate r for 0 = 90°: 


(c) Evaluate z for 0 = 30°: 


(d) Using its definition, express the 
potential energy of a dipole in an 
electric field: 


Evaluate U for 0 = 0°: 


Evaluate U for 0 = 90°: 


Evaluate U for 0 = 30°: 
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r = (0.5e-nm)(4.0x10* N/C)sin90° 


=| 3.20x10“N-m 


t = (0.5e-nm)(4.0x10* N/C)sin 30° 


=|1.60x10~*N-m 


U =-p-E =—pEcos0 


U = -(0.5e - nm)(4.0 x10* N/C)cos0° 
=| —3.20x10 J 
U = -(0.5e - nm)(4.0 x104 N/C)cos90° 


-o 


U = -(0.5e - nm)(4.0 x10* N/C)cos30° 
=| — 2.77 x10” J 


Picture the Problem We can combine the dimension of an electric field with the 


dimension of an electric dipole moment to prove that, in any direction, the dimension of 


the far field is proportional to 1/ [L]? and, hence, the electric field far from the dipole falls 


off as 1/r°. 


Express the dimension of an electric 
field: 


Express the dimension an electric 
dipole moment: 


Write the dimension of charge in 
terms of the dimension of an electric 


dipole moment: 


Substitute to obtain: 


_ kll] _TIk]p 
Erie ET 


This shows that the field E due to a dipole 
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p falls off as 1/r°. 
60 ee 
Picture the Problem We can use its definition to find the molecule’s dipole moment. 
From the symmetry of the system, it is evident that the x component of the dipole 
moment is zero. 
Using its definition, express the p=pit Py j 
molecule’s dipole moment: 


From symmetry considerations we p, =9 

have: 

The y component of the molecule’s p, =qL=2eL 

dipole moment is: _ (1.6 x10 c)(0.058 nm) 


=1.86x10” C.m 


A 
. 


Substitute to obtain: p= (1.86 x10” C. m) J 
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Picture the Problem We can express the net force on the dipole as the sum of the 
forces acting on the two charges that constitute the dipole and simplify this expression 
to show that Fa = Cpi. We can show that, under the given conditions, Fo is also 


given by (dE d dx) pi by differentiating the dipole’s potential energy function with 


respect to x. 


(a) Express the net force acting on F = F +4 
the dipole: 


Apply Coulomb’s law to express the F_.=-qE = qC(x, a)i 


forces on the two charges: 


F, =+qE =qC(x,+a)i 


Substitute to obtain: Fa = -qC(x, = a)i + qC(x, + a)i 


= 2aqCi =| Cp? | 


where p = 2aq. 
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(b) Express the net force acting on Ë, N dU E d 2 p. E,] ; 
the dipole as the spatial derivative of dx d 
U: zig dE, 3 
* dx 
62 ecco 


Picture the Problem We can express the force exerted on the dipole by the electric field 
as —dU/dr and the potential energy of the dipole as —pE. Because the field is due to a 
point charge, we can use Coulomb’s law to express E. In the second part of the problem, 
we can use Newton’s 3" law to show that the magnitude of the electric field of the dipole 
along the line of the dipole a distance r away is approximately 2kp/r’. 


(a) Express the force exerted by the P= dU 2 
electric field of the point charge on dr 
the dipole: where F is a unit radial vector pointing 


from Q toward the dipole. 


Express the potential energy of the U kQ 
dipole in the electric field: 


Substitute to obtain: - kQ |. 2kQp » 

ubstitute to obtain F--4)- 2p- T QP; 

dr r r 
(b) Using Newton’s 3™ law, express E, o =- F or Fa of =—Ff 
the force that the dipole exerts on nd 
the charge Q at the origin: = 
8 Q 8 Parë =F 
Express Fongin terms of the field in Fang = QE 
which Q finds itself: 
Substitute to obtain: 2kQ 2k 
ES la IE 


General Problems 
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Picture the Problem We can equate the gravitational force and the electric force acting 
on a proton to find the mass of the proton under the given condition. 


(a) Express the condition that must FR =F 
be satisfied if the net force on the 
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proton is zero: 


Use Newton’s law of gravity and Gm? _ ke 

Coulomb’s law to substitute for Fy r r 

and Fe: 

Solve for m to obtain: |k 
m=e G 


Substitute numerical values and evaluate m: 


9 2 2 
meeen oC) eS eee 
6.67x10" N-m?/kg 


(b) Express the ratio of F. and Fg: ke? 
2 ke? 
Gm? Gm 

r° 


Substitute numerical values to obtain: 


ke (8.99x10° N-m?/C?)(1.6x107 CY -[iaax10* | 


Gm, (6.67x10™ N-m?/kg’)(1.67x10~” kg) 
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Picture the Problem The locations of the charges qi, q2 and qz and the points at which 
we are calculate the field are shown in the diagram. From the diagram it is evident that 
E along the axis has no y component. We can use Coulomb’s law for E due toa point 
charge and the superposition principle to find E at points P, and P}. Examining the 
distribution of the charges we can see that there are two points where E = 0. One is 


between qz and q3and the other is to the left of q1. 


Q 

YOG 

7? X 
VE EA p p 
WW & 1 2 
oo V^ į x, cm 
-1 0 1 3 15 
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Using Coulomb’s law, express the E p = E ae E aoe E A 
electric field at P, due to the three 
i kq, >, kd, > | kds ș 
charges: = 2 2 
Np op T p 
=k dı + h + ds i 
he bp Beg 


Substitute numerical values and evaluate E p | 


E, = (oss0'w-n'ic) 


=| (1.14x 108 N/C} î 


Express the electric field at P»: E, =E +E +E 


—SuC 3 uC 54C |> 
(4cm? . (3cm)° K (2 E ' 


Substitute numerical values and evaluate E, : 


E, = leson mic") SA E ae li 


(16 cm) (15 cm) (14 cm) 


=| (1.74x10° N/C) î 


Letting x represent the x coordinate q q q 
. . E, =k| = ++- |=0 
of a point where the magnitude of P r rêp T 
the electric field is zero, express the ' ' ' 
or 
condition that E = 0 for the point 
-5 3 uC 5 
between x = 0 and x = 1 cm: om a = z=0 
(x + 1cm) X (Lcm - x) 


Solve this equation to obtain: x =! 0.417cm 


For x <—1 cm, let y = —x to obtain: 5 uC 3 uC 5 uC 
(y—1cm)’ y’ (y+1cm)° 


Solve this equation to obtain: x =6.95cm and y =| —6.95cm 
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Picture the Problem The locations of the charges q1, q2 and qz and the point P, at which 
we are calculate the field are shown in the diagram. The electric field on the x axis due to 


the dipole is given by E dipole = 2Kp /x° where p= 2aq,i . We can use Coulomb’s law 


for E due toa point charge and the superposition principle to find E at point P}. 


aN OTO 
7 or a 
44 4 
WS AY & p i 
} VA —— x, cm 
SNO 3 15 
Express the electric field at P3 as the E p = E dipole + E i 
sum of the field due to the dipole and 2kp > kq, > 
the point charge qz: ee bs a! 


— 2k(2qa); kq, ; 
x 


where a = 1 cm. 


Substitute numerical values and evaluate E, : 


9 2 2 
g, -899x10 Nm /C 46t), ye] LIO NCE 
cm 


(15x10 m) 


While the separation of the two charges of the dipole is more than 
10% of the distance to the point of interest, i.e., x is not much greater 


than a, this result is in excellent agreement with that of Problem 64. 
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Picture the Problem We can find the percentage of the free charge that would have to 
be removed by finding the ratio of the number of free electrons ne to be removed to give 
the penny a charge of 15 wC to the number of free electrons in the penny. Because we’re 
assuming the pennies to be point charges, we can use Coulomb’s law to find the force of 
repulsion between them. 


(a) Express the fraction f of the free f ne 
charge to be removed as the quotient N 
of the number of electrons to be 
removed and the number of free 
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electrons: 


Relate N to Avogadro’s number, the 


m 
mass of the copper penny, and the N, M 
molecular mass of copper: 


Relate ne to the free charge Q to be 
removed from the penny: 


Substitute numerical values and evaluate f: 


2 (215 EA Sgm) =e 3.29x10° = 
(3g)(1.6x10-® C)(6.02 x10” mol) 


(b) Use Coulomb’s law to express the kq’ k(n ey’ 

. F = —— = e 
force of repulsion between the two r° r° 
pennies: 


Substitute numerical values and evaluate F: 


(8.99x10° N-m?/C?)(9.38x10") (16x10 C)? _ 


F = 
(0.25m) 


32.4N 
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Picture the Problem Knowing the total charge of the two charges, we can use 
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Coulomb’s law to find the two combinations of charge that will satisfy the condition that 


both are positive and hence repel each other. If just one charge is positive, then there is 
just one distribution of charge that will satisfy the conditions that the force is attractive 
and the sum of the two charges is 6 uC. 


(a) Use Coulomb’s law to express F= kq,q> 
the repulsive force each charge ro 
exerts on the other: 


Express qz in terms of the total q, =Q-4q, 
charge and qı: 
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Substitute to obtain: F= kq, (Q = q) 
= 2 


n, 2 


Substitute numerical values to obtain: 


rae (8.99x10° N- m'/C?)(6 uC)q, - 42 
(3m) 

: : n 2 2 
Simplify to obtain: q, + (= 6uC)q, + 8.01( uC) =0 
Solve to obtain: q, =| 3.99 uC |andq, =| 2.01uC 

or 
q, =| 2.01 uC |andq, =| 3.99 uC 
(b) Use Coulomb’s law to express F=- kq,q> 
the attractive force each charge i 
exerts on the other: 
Proceed as in (a) to obtain: q; + (- 6 uC)q, oa 8.01(4C Y =0 


Solve to obtain: q, =| 7.12 uC jandq, =| —1.12 uC 
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Picture the Problem The electrostatic forces between the charges are responsible for the 
tensions in the strings. We’ll assume that these are point charges and apply Coulomb’s 
law and the principle of the superposition of forces to find the tension in each string. 


Use Coulomb’s law to express the T, = Foa + Faq 
net force on the charge +q: 


Substitute and simplify to obtain: kq(2q) kq(4q) _| 3kq? 


Use Coulomb’s law to express the T, =F tF 
net force on the charge +4q: 


Substitute and simplify to obtain: - k(2q\4q) _ kq(4q) 
ae aye Le? 
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Picture the Problem We can use Coulomb’s law to express the force exerted on one 
charge by the other and then set the derivative of this expression equal to zero to find the 
distribution of the charge that maximizes this force. 


Using Coulomb’s law, express the F= kq,q, 
force that either charge exerts on the D’ 
other: 
Express qz in terms of Q and q:: q, =Q-q, 
Substitute to obtain: F= kq, (Q E a) 
~~ Dp 
Differentiate F with respect to qı dF = k d f q (Q q `] 
and set this derivative equal to zero dq, D? dq," ! 
for extreme values: k 
E D? [a,( 1)+Q a] 
= 0 for extrema 
Solve for qı to obtain: q =}4Q 
and 
q =Q-q4,=7Q 
To determine whether a maximum dF k d i ] 
or a minimum exists at q, = +Q, da? D? dq, a= adi 
differentiate F a second time and k 
À = a =—(-2) 
evaluate this derivative at q, =4Q: D? 


< Oindependently of q,. 


-qı =q, =4Q maximizes F. 
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Picture the Problem We can apply Coulomb’s law and the superposition of forces to 
relate the net force acting on the charge q = —2 wC to x. Because Q divides out of our 
equation when F(x) = 0, we’ll substitute the data given for 

x = 8.0 cm. 


: ; k kq\4 
Using Coulomb’s law, express the net F (x)= qQ p q( Q) 


force on q as a function of x: x? (12 cm — x) 
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Simplify to obtain: F (x) 


Solve for Q: 


Evaluate Q for x = 8 cm: 


ü= 126.4 N | - [3.00 uC 


(8.9910? N-m*/C?)(24 | (8 cn i Gen} 
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Picture the Problem Knowing the total charge of the two charges, we can use 
Coulomb’s law to find the two combinations of charge that will satisfy the condition that 
both are positive and hence repel each other. If the spheres attract each other, then there 
is just one distribution of charge that will satisfy the conditions that the force is attractive 
and the sum of the two charges is 200 uC. 


(a) Use Coulomb’s law to express F= kq,q, 


‘ 2 
the repulsive force each charge No 


exerts on the other: 


Express qz in terms of the total q, =Q-q, 
charge and qı: 
Substitute to obtain: F= kq, (Q = qı) 
= 2 
r 


12 
Substitute numerical values to obtain: 


99x10° N -m?/C? )|(200 uC) q, - qè] 
(0.6m? 


80 N= b 


Simplify to obtain the quadratic equation: q + (- 0.2 mC)q, +3.20x10° (mc) =0 


Solve to obtain: qı =| 17.5 uC jandq, =| 183 uC 


or 
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(b) Use Coulomb’s law to express 
the attractive force each charge 
exerts on the other: 


Proceed as in (a) to obtain: 


Solve to obtain: 
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Picture the Problem Choose the 


coordinate system shown in the diagram 
and let U, = 0 where y = 0. We’ll let our 
system include the ball and the earth. Then 


the work done on the ball by the electric 


field will change the energy of the system. 
The diagram summarizes what we know 
about the motion of the ball. We can use 
the work-energy theorem to our system to 
relate the work done by the electric field to 


the change in its energy. 
Using the work-energy theorem, 
relate the work done by the electric 


field to the change in the energy of 
the system: 


Substitute for Welectic fields K2, and 
Ug and simplify: 


Solve for m: 
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q, =| 183 uC jandq, =| 17.5 uC 


F = kq,q> 


2 
n, 2 


q? +(-0.2mC)q, -3.20 x10” (mc) = 


W, 


electricfield 


= AK +AU, 
=K,-K; +U,) =U; 
or, because K; = U42 = 0, 

W. =K, -U1 


electricfield 


qEh =4mv, — mgh 


2 1m2 Jgh) -mgh = mgh 


nj 


g 


Picture the Problem We can use Coulomb’s law, the definition of torque, and the 
condition for rotational equilibrium to find the electrostatic force between the two 
charged bodies, the torque this force produces about an axis through the center of the 
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meter stick, and the mass required to maintain equilibrium when it is located either 25 cm 
to the right or to the left of the mid-point of the rigid stick. 


(a) Using Coulomb’s law, express the kq,q> 
electric force between the two charges: = d? 


Substitute numerical values and evaluate F: 


a 2 
pLa e foo" el Tea] 


(b) Apply the definition of torque to T= F2 

obtain: 

Substitute numerical values and T= (0.225N)(0.5m) 
evaluate 7. 


=| 0.113N-m, counterclockwise 


(c) Apply > T center of the meter stick — 0 BE mgt" a 0 
to the meterstick: 
Solve for m: T 
m= 
ge 
Substitute numerical values and 0.113N 
i m= =| 0.0461k 
evens (9.81m/s’ )(0.25m) 8 
(d) Apply > T center of the meter stick — 0 STA mgt’ = 0 


to the meterstick: 
Substitute for z: —Fé+mgél'=0 


Substitute for F: f 
u u AL +mgt'=0 


where q’ is the required charge. 


Solve for qz’ to obtain: d*mgé' 
qz = kq, 


Substitute numerical values and evaluate q)’: 


2 2 
ae (0.1m)’ (0.0461kg)(9.81m/s Cosm) [505x007 


(8.99 x10° N-m?/C?)(5x107 C)(0.5m 
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Picture the Problem Let the numeral 1 refer to the charge in the 1* quadrant and the 
numeral 2 to the charge in the 4" quadrant. We can use Coulomb’s law for the electric 
field due to a point charge and the superposition of forces to express the field at the 
origin and use this equation to solve for Q. 


Express the electric field at the origin due to the point charges Q: 


kQ., kQ., 


E(0,0) = E, + E, = zo + = ho 
No 2,0 
k E ~] k A A 8m)kQ > 
-Q| 4m)i +(-2m)j}- 2f- 4m)i + 2m)j]- -ETX 
=E í 
where r is the distance from each charge to the origin and E, = — (8 mkg 
r 
Express r in terms of the coordinates r= x +y? 
(x, y) of the point charges: 
Substitute to obtain: E =— (8 m)kQ 
x (x? + y?) / 
Solve for Q to obtain: g= E (x? a yy 
k(8m) 
Substitute numerical values and (4 KN/C)|(4 my + (2 mÈ] 3/2 
evaluate Q: n= (8.99x10? N-m?/C?)(8m) 


=| — 4.97 uC 
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Picture the Problem Let the numeral 1 denote one of the spheres and the numeral 2 the 
other. Knowing the total charge Q on the two spheres, we can use Coulomb’s law to find 
the charge on each of them. A second application of Coulomb’s law when the spheres 
carry the same charge and are 0.60 m apart will yield the force each exerts on the other. 


(a) Use Coulomb’s law to express F= kq,q, 


2 


the repulsive force each charge No 


exerts on the other: 
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Express qz in terms of the total charge qo =Q-q, 
and qi: 
Substitute to obtain: F= kq, (Q -4) 
— 2 
No 


Substitute numerical values to obtain: 


pone (8.9910 N. m/c? [200 iC)q, - 42 | 
(0.6m) 
Simplify to obtain the quadratic equation: q? + (- 200 uC)q, + 4810(ucy =0 
Solve to obtain: q, =| 28.0 uC jandq, =| 172 uC 
or 


q, =| 172 uC Jandq, =| 28.0 uC 


(b) Use Coulomb’s law to express F= kq,q> 
the repulsive force each charge Po 


exerts on the other when 
qı = q2 = 100 uC: 


Substitute numerical values and evaluate F: 


100 4C Y 
F = fes9x10"N mi O = 250N 


76 
Picture the Problem Let the numeral 1 denote one of the spheres and the numeral 2 the 
other. Knowing the total charge Q on the two spheres, we can use Coulomb’s law to find 
the charge on each of them. A second application of Coulomb’s law when the spheres 
carry the same charge and are 0.60 m apart will yield the force each exerts on the other. 


(a) Use Coulomb’s law to express F= kq,q, 
the attractive force each charge ri 


exerts on the other: 


Express qz in terms of the total q =Q-q, 
charge and qı: 
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Substitute to obtain: F=- kq, (Q = a) 


2 
No 
Substitute numerical values to obtain: 


- (8.99x10° N - m?/C? )|(200 uC)q, - a2 | 


) 
ý 
aF 


120N = 


Simplify to obtain the quadratic equation: 


200 4C)q, - 4810(4CF =0 


Solve to obtain: q, =| — 21.7 uC |andq, =| 222 uC 


or 


q, =| 222 uC jandq, =| — 21.7 uC 


(b) Use Coulomb’s law to express F= kq,q> 
the repulsive force each charge ae 
exerts on the other when 


qi = z= 100 uC: 


Substitute numerical values and evaluate F: 


F =(8.99x10° N -m?/C? ea =[250N | 


‘my 
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Picture the Problem The charge configuration is shown in the diagram as are the 
approximate locations, labeled x, and x2, where the electric field is zero. We can 
determine the charge Q by using Coulomb’s law and the superposition of forces to 
express the net force acting on q2. In part (b), by inspection, the points where 

E = 0 must be between the —3 wC and +4 uC charges. We can use Coulomb’s law for the 
field due to point charges and the superposition of electric fields to determine the 


coordinates x; and x>. 


= 20C q, = 4.0 uC Q 


0 4x a 02 0.32 
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(a) Use Coulomb’s law to express the F 2 = É, + Fo 
force on the 4.0-yC charge: _ kad, N kQq, ( ; 
= 2 2 
No To 
= t-i =F 
1,2 9,2 
Solve for Q: F 
No qz 


Substitute numerical values and evaluate Q: 


7 | —3uC 240N E 
Ga reay (0.2m) aes oro pe 


(b) Use Coulomb’s law for electric fields and the superposition of fields to determine the 
coordinate x at which E = 0: 


E= 


kQ A kq, f kq, ` 
=0 
032m- @2m-xy x 
or 
Q qz +4 qı = 0 
(0.32m—x) (0.2m — x)’ X 


Substitute numerical values to obtain: 


-97.2 uC 4C -3C o 
(0.32m—x) (0.2m-x) x 


and 
97.2 4 3 0 
(0.32m— x)’ (0.2m -—x)° x? 
Solve (preferably using a graphing x, =| 0.0508m | and x, =| 0.169m 


calculator!) this equation to obtain: 
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Picture the Problem Each sphere is in 
static equilibrium under the influence of 


the tension T , the gravitational force F a 


and the electric force F, . We can use 


Coulomb’s law to relate the electric force 
to the charge on each sphere and their 
separation and the conditions for static 
equilibrium to relate these forces to the 


charge on each sphere. 


Apply the conditions for stati 
(a) Apply the conditions for static kq -Tsing =0 


YF HF, ~Tsind=— 


equilibrium to the charged sphere: 


and 
XF, =T cos@—mg =0 


Eliminate T between these equations imme kq? 
to obtain: mgr’ 
Solve for q: mg tan 0 
q=r Ia 
k 
Referring to the figure, relate the r=2Lsin0@ 


separation of the spheres r to the 
length of the pendulum L: 


Substitute to obtain: 
q =| 2Lsin 0, “ene 


(b) Evaluate q for m = 10 g, L = 50 cm, and @= 10°: 


a4 |(0.01kg)(9.81m/s? }tan10° 
E | ful bie Fe = Oza 
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Picture the Problem Each sphere is in 
static equilibrium under the influence of 


the tension T , the gravitational force F a 


and the electric force F, . We can use 


Coulomb’s law to relate the electric force 
to the charge on each sphere and their 
separation and the conditions for static 
equilibrium to relate these forces to the 


charge on each sphere. 


Apply th ditions for stati kq? 
(ADpy e conditions for static SF -F, -Tsing -C -Tsino =0 
equilibrium to the charged sphere: x r? 


and 
XF =T cos -mg =0 


Eliminate T between these equations ungs kq? 
to obtain: 7 mgr’ 
Referring to the figure for Problem r=2Lsin0 
80, relate the separation of the spheres 
r to the length of the pendulum L: 
Substitute to obtain: kq’? 
ubstitute to obtain mi- T . 
A4mgL’ sin’ 0 
or 
; kq’ 
sin? 6 tan 0 = — - (1) 
4mgL 
Substitute numerical values and evaluate sin’ @ tan @: 
.99x10° N-m7/C’ )(0.75 wCyY 
sin’ Otan 0 = G a Jo 54C) =5.73%10" 
4(0.01kg)(9.81m/s? \(1.5m) 
Because sin’ tan @ <<1: sind ~ tan 0 x 0 


and 
0? ~5.73x10° 


Solve for @ to obtain: 8 =0.179rad =| 10.3° 
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(b) Evaluate equation (1) with replacing q° with quqo: 


sin?’ @tan@ = 


Solve for @ to obtain: 


80 ee 
Picture the Problem Let the origin be at 
the lower left-hand corner and designate 
the charges as shown in the diagram. We 
can apply Coulomb’s law for point charges 
to find the forces exerted on qı by qo, q3, 
and q, and superimpose these forces to find 
the net force exerted on qj. In part (b), 
we’ll use Coulomb’s law for the electric 
field due to a point charge and the 
superposition of fields to find the electric 
field at point P(0, L/2). 

(a) Using the superposition of forces, 
express the net force exerted on q:: 


Apply Coulomb’s law to express Fai: 


Apply Coulomb’s law to express F 4,1: 


Apply Coulomb’s law to express F,, : 


4(0.01kg)(9.81m/s’ (1.5m) 


0 = 0.172 rad = 


(8.99x10° N : m?/C?)(0.5 4C)(14C) _ TT ae 


kao > _ kao ~ 
2 2,1 3 2,1 
Da Di 
Gey mee 
if i 
Hlg e Ma 
WSI r41 
E E 
P P 
kgs» _ Kast 5 
2 3,1 3 1 
ENI ERI 
kq’ A A 
as Lî-LÌ] 
2 
= kg (i + j) 


232 1? 
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kq’ 


Substitute and simplify to obtain: re k a kg ( a. js m 3 


I? J 23212 


= j)li) 


(b) Using superposition of fields, E,= E+ E, + E, + E, (1) 
express the resultant field at point P: 


Use Coulomb’s law to express E: Ë, = Ka, a 7 = j) 
n P ' Np 2 
_ kq (L3)\_ 4kq3 
= L 3 = F I? J 
() 
Use Coulomb’s law to express E, : E, z Ke 5 = d q) = j) 
P p ' P p 2 


Use Coulomb’s law to express E,: E _ kq, a -Hf 1-53) 
i ae al S 
_ 8kq > 1; 
sery 2 
Use Coulomb’s law to express E,: Ē = kq; ; 2 k(- q) E 
: me a ae 2 


Substitute in equation (1) and simplify to obtain: 


-~ 4kq; 4kq>;  8kq ( > 13) 8kq (> 13)_| 8kq(. v5) 
Brn j+ T jae i L) z| 2 J\= = 1+ J 
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Picture the Problem We can apply Newton’s 2™ law in rotational form to obtain the 
differential equation of motion of the dipole and then use the small angle approximation 
sin@~ 0 to show that the dipole experiences a linear restoring torque and, hence, will 
experience simple harmonic motion. 


Appl = Tato the dipole: á 
poly Dit Bete ene - pe sing = 1S 
t 


where tis negative because acts in such a 


direction as to decrease 6. 


F ll values of 0, sind~ 0 d* 
or small values of 8, sin -pbo 
and: dt 
Express the moment of inertia of the I= 4ma’ 
dipole: 
Relate the dipole moment of the p=qa 
dipole to its charge and the charge 
separation: 
Substitute to obtain: d°0 
one 7 tma? —~ =—qaE0 
t 
or 
d*@ 2qE 
ee 
dt ma 
the differential equation for a simple 
harmonic oscillator with angular frequency 
@=./2qE/ma . 
Express the period of a simple T= 2m 
harmonic oscillator: o 
Substitute to obtain: 
reo e 
2qE 
82 e 


Picture the Problem We can apply conservation of energy and the definition of the 
potential energy of a dipole in an electric field to relate q to the kinetic energy of the 
dumbbell when it is aligned with the field. 
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Using conservation of energy, relate 
the initial potential energy of the 
dumbbell to its kinetic energy when 
it is momentarily aligned with the 
electric field: 


Express the change in the potential 
energy of the dumbbell as it aligns 
with the electric field in terms of its 
dipole moment, the electric field, 
and the angle through which it 
rotates: 


Substitute to obtain: 


Solve for q: 


Substitute numerical values and evaluate q: 


*B3 oe 


AK +AU =0 

or, because K; = 0, 

K+AU =0 

where K is the kinetic energy when it is 
aligned with the field. 


AU =U, -U, 
=- pE cos @, + pE cos 6, 
= qaE (cos 60° 1) 


K + qaE(cos60° -1)=0 


7 K 
aE(1—cos60°) 
5x10°J 
(0.3m)(600 N/C)(1—cos60°) 


=| 55.6 4C 


Picture the Problem The forces the electron and the proton exert on each other 
constitute an action-and-reaction pair. Because the magnitudes of their charges are equal 
and their masses are the same, we find the speed of each particle by finding the speed of 
either one. We’ll apply Coulomb’s force law for point charges and Newton’s 2" law to 
relate v to e, m, k, and r. 


Apply Newton’s 2™ law to the positron: ke? ve ke” 2 
7 =m— > = 2mv 
r ir r 
Solve for v to obtain: _| [k g 
2mr 


84 œ 
Picture the Problem In Problem 81 it was established that the period of an electric 
dipole in an electric field is given by T = 27,/ma/2qE. We can use this result to find 


the frequency of oscillation of a KBr molecule in a uniform electric field of 1000 N/C. 
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Express the frequency of the KBr 
oscillator: 


Substitute numerical values and 
evaluate f: 


85 ecco 


f= 


1 
2a \ ma 


__ 1 [2(1.6x10™ C)(1000 N/C) 
27 \ (1.4x10™ kg )(0.282 nm) 


=| 4.53x10° Hz 


f 


Picture the Problem We can use Coulomb’s force law for point masses and the 


condition for translational equilibrium to express the equilibrium position as a function 


of k, q, Q, m, and g. In part (b) we’ll need to show that the displaced point charge 


experiences a linear restoring force and, hence, will exhibit simple harmonic motion. 


(a) Apply the condition for 
translational equilibrium to the point 
mass: 


Solve for yo to obtain: 


(b) Express the restoring force that 
acts on the point mass when it is 
displaced a distance Ay from its 
equilibrium position: 


Simplify this expression further by 
writing it with a common 
denominator: 


From the 1“ step of our solution: 


ale —mg =0 

Yo 
k 

Yo= ae 
mg 

p- KIQ _KqQ 

fa oA a 
(y,t+Ay) yo 

kqQ kqQ 


Yo+2yAy Yo 
because Ay << yo. 


_ 2y,AykqQ 
Yo + 2yoAy 
___2y,AykqQ 


yfi) 
Yo 


_ _2AykqQ 
Yo 
again, because Ay << yp. 


F= 


kqQ 
is =mg 
Yo 
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Substitute to obtain: Pee 2mg Ay 
Yo 
Apply Newton’s 2™ law to the a d’Ay _ 2mg A 
displaced point charge to obtain: d? Yo y 
or 
d’Ay 2 
= ee Ay =0 
dt Yo 


the differential equation of simple 


harmonic motion with | @=./2g/y, |. 


86 eco 
Picture the Problem The free-body y 
diagram shows the Coulomb force the 


positive charge Q exerts on the bead that is 0 


| 
| 
6 
constrained to move along the x axis. The x | 
component of this force is a restoring | 
force, i.e., it is directed toward the bead’ s | F 
equilibrium position. We can show that, ! A 
for x << L, this restoring force is linear L| / 
and, hence, that the bead will exhibit | / 
simple harmonic motion about its | / 
equilibrium position. Once we’ve obtained | i 
the differential equation of SHM we can | 
relate the period of the motion to its C) +Q 
angular frequency. 
Using Coulomb’s law for point F= k(- q)Q __ kqQ 
charges, express the force F that +Q DT +x? LP +x? 
exerts on —q: 
Express the component of this force = kqQ sð 
along the x axis: i a a 
= kqQ x 
© Px JP ax? 
kqQ 
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Factor L° from the denominator of this Fie kqQ _ kqQ 


~ 


equation to obtain: ° 3 x? “8 I 
Liltz 


because x << L. 


Appl F = to the bead t : k 
pply >) F, ma, to the bead to es aQ y 
obtain: dt L 
or 
d’ k 
aa IQ v =0 
dt mL 


the differential equation of simple 


harmonic motion with @ = 4/kqQ / mL? . 


Express the period of the motion of 27 mL? mL 


the bead in terms of the angular P kqQ kqQ 
frequency of the motion: 


87 ecco 
Picture the Problem Each sphere is in 
static equilibrium under the influence of 


the tension T , the gravitational force F, ; 


F Coulomb &Nd the force F, exerted by the 


electric field. We can use Coulomb’s law 
to relate the electric force to the charges 
on the spheres and their separation and the 
conditions for static equilibrium to relate 


these forces to the charge on each sphere. 


(a)Apply the conditions for static DF, = Foouomb — T Sin 
equilibrium to the charged sphere: kq? 
=—;-Tsinĝ=0 
r 
and 


XF, =T cos0—mg —qE =0 


Eliminate T between these equations mös kq? 
to obtain: E (mg + qE)r? 
Referring to the figure for Problem r=2Lsin0 


78, relate the separation of the 
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spheres r to the length of the 


pendulum L: 
Substitute to obtain: kq? 

tan 0 = -5 

4(mg + qE)L’ sin? @ 
or 
k 2 
sin? Otan@ =——t__ (1) 
4(mg +qE \L 

Substitute numerical values and sin? 6 tan 0 = 3.25x10° 
evaluate sin? @ tan @ to obtain: 
Because sin’ @ tan 0 <<1: sind z tan 0 ~ 0 

and 

0? =x3.25x10” 
Solve for @ to obtain: 6=0.148 rad = 


(b) The downward electrical forces 
acting on the two spheres are no 
longer equal. Let the mass of the 
sphere carrying the charge of 0.5 wC 
be m,, and that of the sphere 
carrying the charge of 1.0 wC be mp. 
The free-body diagrams show the 
tension, gravitational, and electrical 
forces acting on each sphere. 
Because we already know from part 
(a) that the angles are small, we can 


use the small-angle approximation 
sind x tand x6. 


Apply the conditions for static 5 F =- Tsing 
equilibrium to the charged sphere ai ' i 
whose mass is m;: = _ KG, T, sind 
(L sin 0, + Lsin 6, y : : 
k 
w Sa +TO, 
L (0,+0,) 
=0 


and 
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Dae = Ts = mg z q,E = 0 

Apply the conditions for static ` F.= kq,q, -T sing 
equilibrium to the charged sphere E $ s 
whose mass is mz: = kq,q, ST sing 

(Lsin0, + Lsin@,)° : Í 

k 
x ; 1192 5 a! T, 0, 
L (0, +0,) 


=0 
and 


DE; =T,, -Mmg -qE =0 


Express 0, and @ in terms of the ga Tey (1) 
components of T, and T. Ji a Tiz 
and 
T, X 
ga (2) 
T, , 
Divide equation (1) by equation (2) Tx 
to obtain: 0 Ty Dy 
0, ‘ie Ty 
T, 


because the horizontal components of T,and 

T. > are equal. 
Substitute for T> and Ty to obtain: 0, _m,g+q,E 
0, mg+qE 


Add equations (1) and (2) to obtain: 


T, T. 
0+0, == += kąd, | es | 


Ty Ty p (0, H 0) mg+qE mg+q EF 


Solve for 0, + Q: 


0+0, -jse 1 + : | 
LY |mg+qE mg+q,E 
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Substitute numerical values and evaluate 
O + 6 and 0/6-: 


Solve for 6, and 6. to obtain: 


88 
Picture the Problem Each sphere is in 


static equilibrium under the influence of a 
tension, gravitational and Coulomb force. 
Let the mass of the sphere carrying the 
charge of 2.0 wC be m; = 0.01 kg, and that 
of the sphere carrying the charge of 1.0 wC 
be m; = 0.02 kg. We can use Coulomb’s 
law to relate the Coulomb force to the 
charge on each sphere and their separation 
and the conditions for static equilibrium to 
relate these forces to the charges on the 
spheres. 


Apply the conditions for static equilibrium 
to the charged sphere whose mass is mı: 


Apply the conditions for static equilibrium 
to the charged sphere whose mass is m»: 


0, + 8, = 0.287 rad = 16.4° 


and 

Oe 1.34 

0, 

0, =| 9.42° | and 0, =| 6.98° 


k 
Dee sing, 


k 
L- Ml Tsing 


(Lsin 0, + Lsin0,) 


kq,q 
g= Un 5 +T,0, 


L (0,+0,) 


= kada _ 47 sind, 
(Lsin 0, + Lsin@, ) 
kq,q, 
x ——+— + T, 0. 
L+S ** 


=0 
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Using the small-angle approximation 


sinĝ x tanO~@, express 6, and @in 


terms of the components of T, and 


T,: 


Divide equation (1) by equation (2) 
to obtain: 


Substitute for T, and T,, to obtain: 


Add equations (1) and (2) to obtain: 


Solve for 6 + Q: 


Substitute numerical values and 
evaluate 6, + & and 0/6: 


Solve for 6, and & to obtain: 


Remarks: While the small angle approximation is not as good here as it was in the 


and 
YF,» =h, —m,g =0 


9, = (1) 
1 Ts 
and 
T, x 
0, = T i (2) 
2,y 
Thx 
0 = Ty = Thy 
b Dx Tes 
Ly 


because the horizontal components of 
T,and T, are equal. 


0, _m, 
0, m; 
T. 
1,x 2,X 
6,+6,= T 
1,y 2,y 


es igo | 
L |mg mg 


0, + 0, = 0.496rad = 28.4° 


and 


“i 
0, 


1 
2 


preceding problems, the error introduced is less than 3%. 
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89 oee 
Picture the Problem We can find the effective value of the gravitational field by finding 
the force on the bob due to g and E and equating this sum to the product of the mass of 
the bob and g'. We can then solve this equation for E in terms of g, g', q, and M and 
use the equation for the period of a simple pendulum to find the magnitude of g' 


Express the force on the bob due to F- Më + qË _ mz + 16) = Mg" 


gand E: 
where 
ara, 4l F 
g'=8+ mA E 
Solve for E to obtain: E- Mie 7) 
q 
Using the expression for the period L 
l l T'=2m_ |— 
of a simple pendulum, find the g' 
magnitude of g': nå 


_4n°L_4r°(1m) 


T > (sy = 27.4m/s" 


Substitute numerical values and evaluate EF: 


a 


5x10" k8 [o7 4mis?)j -(0.81mis*)j]=| C1.10%10° NIC) | 


-8.0 uC 


E= 


*9( eoo 

Picture the Problem We can relate the force of attraction that each molecule exerts on 
the other to the potential energy function of either molecule using F = —dU/dx. We can 
relate U to the electric field at either molecule due to the presence of the other through U 
= —pE. Finally, the electric field at either molecule is given by E = 2kp / x. 


Express the force of attraction F= dU, (1) 
between the dipoles in terms of the dx 

spatial derivative of the potential 

energy function of pi: 

Express the potential energy of the U, =—p,E, 


dipole p;: where E; is the field at p, due to p». 
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Express the electric field at p, due to E = 2kp, 
I age 


P2: X 
where x is the separation of the dipoles. 


Substitute to obtain: U. =- 2kp, p» 

17 x3 
Substitute in equation (1) and F- d| 2kp,p, _ 6kp, P, 
differentiate with respect to x: dx x? xí 
Evaluate F for pı = po = p and 6kp* 
x = d to obtain: es d’ 
91 eco 


Picture the Problem We can use Coulomb’s law for the electric field due to a point 
charge and superposition of fields to find the electric field at any point on the y axis. By 
applying Newton’s 2" law, with the charge on the ring negative, we can show that the 
ring experiences a linear restoring force and, therefore, will execute simple harmonic 
motion. We can find @ from the differential equation of motion and use f = @/27 to find 
the frequency of the motion. 


(a) Use Coulomb’s law for the electric field due to a point charge and 
superposition of fields, express the field at point P on the y axis: 


E af ap = "7 + Kt 3 My ge 


P 2 °1,P 2P 3 "LP 3 2,P 
1,P 2,P 1,P 2,P 
kQ La 3 kQ La 4 
=-~ ~i+ yj |+ i+ 
Ga) E 5) cyr í 2 J 
a 2kQy F 
(a? + Py 
where a = L/2. 
(b) Relate the force on the charged -= = 2kqQy 3 
ring to its charge and the electric sal 2 2/2 
a +y 
field: 


where q must be negative if F „is to bea 


restoring force. 
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(c) Apply Newton’s 2" law to the d’y a 2kqQ 
ring to obtain: d? (a? 7 y 
or 
d’y _ 2kqQ 


3/2 


dt? mla? +y’) 


Factor the radicand to obtain: d*y — 2kqQ 
dt? 2 
ma’ ç + a 
a 


2kqQ _— 16kqQ 


ma’? mI? 
provided y << a = L/2. 


32 Y 


Thus we have: d*y — 16kqQ 
dt? mL? 
or 
d*y 16kqQ 
+ =0 
dt? mÈ” 


the differential equation of simple 
harmonic motion. 


Express the frequency of the simple f w 
harmonic motion in terms of its 2m 
angular frequency: 


From the differential equation ions 16kqQ 
describing the motion we have: mL? 
and 
_ 1 [16kqQ 
= 2r \ mE 


Substitute numerical values and evaluate f: 


_ 1. [16(8.99x10°N-m7/C?)(5uC)(2 uC) _ 
oy | (0.03kg)(0.24m)’ s 
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92 coo 

Picture the Problem The free body 
diagram shows the forces acting on the 
microsphere of mass m and having an 


excess charge of q = Ne when the electric 
field is downward. Under terminal-speed 


conditions the sphere is in equilibrium 


under the influence of the electric force F, ; 


its weight mg, and the drag force F,. We 


can apply Newton’s 2" law, under 
terminal-speed conditions, to relate the 


number of excess charges N on the sphere 
to its mass and, using Stokes’ law, find its 


terminal speed. 


(a) Apply pa = ma, to the 
microsphere: 


Substitute for Fe, m, and Faterminai to 
obtain: 


Solve for N to obtain: 


Substitute numerical values and 
4,3 è 
evaluate $ 7r" p9 : 


Substitute numerical values and 
evaluate 6777rV, : 


Substitute numerical values in 
equation (1) and evaluate N: 


(b) With the field pointing upward, 
the electric force is downward and 
the application of > F, = ma, to 


F, -mg — Fa = ma, 
or, because a, = 0, 
F,—mg - F; 


0 


„terminal — 


qE — pVg — 6znrv, =0 
or, because q = Ne, 
NeE — 4ar° pg - 6znrv, =0 


: 4 ar’ pg + 6rnrv, 
eE 


N 


4rr’pg =4n(5.5x107 m} 
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x (1.05x10° kg/m?)(9.81m/s?) 


=7.18x10°° N 


Grnrv, = 6z(1.8 x10% Pa-s)(5.5x107 m) 


x (1.16 x10~ m/s) 
= 2.16x10™ N 


_7.18x10™ N +2.16x10™ N 


(1.6x10™ C)(6x104 V/m) 
=[3] 


F -F, -mg =0 


d,terminal 


or 
6znrv, — NeE -4 7ar* pg- =0 
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the bead yields: 


ig r 
Solve for v, to obtain: 7 NeE + 4 7r° pg 


Substitute numerical values and evaluate v 


_ 3(1.6x10™ C)(6x104 V/m}+ 4z(5.5x107 m) (1.05x10° kg/m? )(9.81m/5?) 
A 6z(1.8x10™ Pa -s)(5.5x107 m) 


=| 1.93x107* m/s 


*93 ooo 
Picture the Problem The free body 
diagram shows the forces acting on the 
microsphere of mass m and having an 
excess charge of q = Ne when the electric 
field is downward. Under terminal-speed 
conditions the sphere is in equilibrium 


under the influence of the electric force F, ; 


its weight mg, and the drag force F.. We 


can apply Newton’s 2™ law, under 
terminal-speed conditions, to relate the 
number of excess charges N on the sphere 
to its mass and, using Stokes’ law, to its 
terminal speed. 


(a) Apply >) F, = ma, to the F, -mg — F, = ma, 
microsphere when the electric field is or, because a, = 0, 
downward: F, = mg m Fy terminal — 0 
Substitute for Fe and Fa terminal tO qE -mg — 677NrVv,, =0 
obtain: 


or, because q = Ne, 
NeE -mg —6znrv,, =0 


Solve for v, to obtain: NeE — 
=e ay 
67nr 
With the field pointing upward, the Fi emina -F — mg =0 
electric force is downward and the ör i 
application of > F, = ma, to the 6znrv, — NeE -mg =0 
microsphere yields: i 
Solve for va to obtain: NeE+m 
i yo A (2) 


67-nr 
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Add equations (1) and (2) to obtain: NeE -mg 
v=v, +v; =———> 
67nr 
n NeE + mg 
67nr 
_ NeE | qE 
3anr | 3aNr 


This has the advantage that you don't need to know the mass of the 


microsphere. 


(b) Letting Av represent the change AV =Vy41 — Vy 
in the terminal speed of the 

microsphere due to a gain (or loss) 

of one electron we have: 


Noting that Av will be the same _ NeE -mg 
whether the microsphere is moving WWS 6anr 
upward or downward, express its 
terminal speed when it is moving 
upward with N electronic charges on 
it: 
Express its terminal speed upward ( N+ 1)eE —mg 
when it has N + 1 electronic Wye = = nat 
charges: ? 
Substitute and simplify to obtain: X (N + 1)eE -mg NeE-—mg 
vV = 
ne 6anr 6anr 
_ eE 

67c-nr 

Substitute numerical values and (1.6 x10 al x104 Vim) 


evaluate Av: 


” Gzr(1.8x10° Pa-m)(5.5x10” m) 
=| 5.15x10° m/s 
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Chapter 22 
The Electric Field 2: Continuous Charge 
Distributions 


Conceptual Problems 


*1 oo 
(a) False. Gauss’s law states that the net flux through any surface is given 
by tra: = PEndA = 47kQ 


inside 


. While it is true that Gauss’s law is easiest to apply to 


symmetric charge distributions, it holds for any surface. 
(b) True 


2 eo 
Determine the Concept Gauss’s law states that the net flux through any surface is given 
by Prot = pE,dA = AnkQ 


. To use Gauss’s law the system must display some 


inside 


symmetry. 


3 coo 
Determine the Concept The electric field is that due to all the charges, inside and 

outside the surface. Gauss’s law states that the net flux through any surface is given 
bY tre: = $E,dA = 47kQ 


The lines of flux through a Gaussian surface begin on 


inside * 
charges on one side of the surface and terminate on charges on the other side of the 
surface. 


4 oo 

Picture the Problem We can show that the charge inside a sphere of radius r is 
proportional to r° and that the area of a sphere is proportional to r°. Using Gauss’s law, 
we can show that the field must be proportional to r°/r* = r. 


AnkQ 


Use Gauss’s law to express the 


E = inside 
electric field inside a spherical A 
charge distribution of constant where A =4mr°. 
volume charge density: 
Express Qinside as a function of p and Qinside = PV = 4 mpr? 


r: 
Substitute to obtain: E- Ank 4 npr? 
47r? 3 
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*5 a 

(a) False. Consider a spherical shell, in which there is no charge, in the vicinity of an 
infinite sheet of charge. The electric field due to the infinite sheet would be non-zero 
everywhere on the spherical surface. 


(b) True (assuming there are no charges inside the shell). 
(c) True. 


(d) False. Consider a spherical conducting shell. Such a surface will have equal charges 
on its inner and outer surfaces but, because their areas differ, so will their charge 
densities. 


6 e 
Determine the Concept Yes. The electric field on a closed surface is related to the net 
flux through it by Gauss’s law: ¢ = $ EdA = Qinside /€o « If the net flux through the closed 


surface is zero, the net charge inside the surface must be zero by Gauss’s law. 


7 ° 
Determine the Concept The negative point charge at the center of the conducting shell 


induces a charge +Q on the inner surface of the shell. | (a) is correct. | 


8 ° 
Determine the Concept The negative point charge at the center of the conducting shell 
induces a charge +Q on the inner surface of the shell. Because a conductor does not have 


to be neutral, | (d) is correct. 


*Q ee 
Determine the Concept We can apply Gauss’s law to determine the electric field for 
r < R, andr > R». We also know that the direction of an electric field at any point is 
determined by the direction of the electric force acting on a positively charged object 
located at that point. 


From the application of Gauss’s law E kQ 
we know that the electric field in r 
both of these regions is not zero and 

is given by: 


A positively charged object placed in either of these regions would experience an 


attractive force from the charge —Q located at the center of the shell. | (b) is correct. 
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*10 ee 

Determine the Concept We can decide what will happen when the conducting shell is 
grounded by thinking about the distribution of charge on the shell before it is grounded 
and the effect on this distribution of grounding the shell. 


The negative point charge at the center of the conducting shell induces a positive charge 
on the inner surface of the shell and a negative charge on the outer surface. 
Grounding the shell attracts positive charge from ground; resulting in the outer surface 


becoming electrically neutral. | (b) is correct. 


11 ee 
Determine the Concept We can apply Gauss’s law to determine the electric field for r < 


R, andr > R. We also know that the direction of an electric field at any point is 
determined by the direction of the electric force acting on a positively charged object 
located at that point. 


From the application of Gauss’s law we know that the electric field in the region r < R; 
k 

is given by E, = a A positively charged object placed in the region r < R, will 
r 

experience an attractive force from the charge —Q located at the center of the shell. With 


the conducting shell grounded, the net charge enclosed by a spherical Gaussian surface 
of radius r > R is zero and hence the electric field in this region is zero. 


(c) is correct. 


12 oo 
Determine the Concept No. The electric field on a closed surface is related to the net 
flux through it by Gauss’s law: ¢ = $ EdA = Q side /€o - # can be zero without E being 


zero everywhere. If the net flux through the closed surface is zero, the net charge inside 
the surface must be zero by Gauss’s law. 


13 » 
False. A physical quantity is discontinuous if its value on one side of a boundary differs 
from that on the other. We can show that this statement is false by citing a 
counterexample. Consider the field of a uniformly charged sphere. pis discontinuous at 
the surface, E is not. 


Estimation and Approximation 


*14 oe 
Picture the Problem We’ll assume that the total charge is spread out uniformly (charge 
density = o) ina thin layer at the bottom and top of the cloud and that the area of each 
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surface of the cloud is 1 km*. We can then use the definition of surface charge density 
and the expression for the electric field at the surface of a charged plane surface to 
estimate the total charge of the cloud. 


Express the total charge Q of a Q=0A 
thundercloud in terms of the surface 
area A of the cloud and the charge 


density o: 

Express the electric field just outside E-272 
the cloud: Ep 
Solve for ø: o= E 
Substitute for oto obtain: Q=eE, EA 


Substitute numerical values and evaluate Q: 


Q = (8.85x10- C?/N-m?)(3x10° Vim)(1km?)=| 26.6C 


Remarks: This charge is in reasonably good agreement with the total charge 
transferred in a lightning strike of approximately 30 C. 


15 eo 

Picture the Problem We’ll assume that the field is strong enough to produce a spark. 
Then we know that field must be equal to the dielectric strength of air. We can then use 
the relationship between the field and the charge density to estimate the latter. 


Suppose the field is large enough to E x| 3x10° V/m 


produce a spark. Then: 


Because rubbing the balloon leaves it E= OO 
with a surface charge density of +o 2 € 
and the hair with a surface charge 

density of —o, the electric field 

between the balloon and the hair is: 


Solve for o: o=26,E 


Substitute numerical values and evaluate o: 


o = 2(8.85x10-? C? / N-m?)(3x10° V/m) =| 5.3110 C/m? 
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16 
Picture the Problem For x << r, we can model the disk as an infinite plane. For 
x >> r, we can approximate the ring charge by a point charge. 


For x << r, express the electric field E, = 27ko 
near an infinite plane of charge: 


(a) and (b) Because Ey is E, = 27(8.99x10° N-m7/C?)(3.6 uC/m?) 
independent of x for x << r: -| 2.03x10° N/C 


For x >> r, use Coulomb’s law for E ( j= kQ _ kar’?o 
the electric field due to a point BS Ge ae 
charge to obtain: 


(c) Evaluate E, at x = 5 m: 


E, (5m) = 782910 N-m/C?)(2.5em)'B.6 uC/m*) 


=| 2.54 N/C 
(5my 


(d) Evaluate E, at x = 5 cm: 


(8.99 x 10° N-m?/C? \(2.5 cm} (3.6 uC/m? 
a (0.05m)’ 


Note that this is a very poor approximation because x = 2r is not much greater than r. 


le 2.54x10* N/C 


Calculating E From Coulomb’s Law 


*17 œ 

Picture the Problem We can use the definition of å to find the total charge of the line of 
charge and the expression for the electric field on the axis of a finite line of charge to 
evaluate E, at the given locations along the x axis. In part (d) we can apply Coulomb’s law 
for the electric field due to a point charge to approximate the electric field at x = 250 m. 


(a) Use the definition of linear Q=AL 
charge density to express Q in terms = (3.5nC /m)(5 m) =| 17.5nC 
of A: 
Express the electric field on the axis = kQ 
E,( 0) 


X z= —— 
of a finite line charge: Xo (x = L) 
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(b) Substitute numerical values and E G j= (8.99 x10°N-m7/C? \(a7.5 nC) 
evaluate E, at x = 6 m: omy (6 m)(6m — 5m) 


- [2EZNIC] 


(c) Substitute numerical values and (8.99 x10°N-m?/C? \(v7.5 nC) 
(9m)(9m-5m) 


4.37 N/C 


E,(9m)= 


evaluate E, atx = 9 m: 


II 


(d) Substitute numerical values and evaluate E, at x = 250 m: 


ee (8.99<10°N-m/C?)017.5nC) _>as ae 
i (250m)(250m -5m) : 


(e) Use Coulomb’s law for the 
electric field due to a point charge to X 
obtain: 


Substitute numerical values and evaluate E,(250 m): 


9 2 2 
a (8.99 x10 E £ )(17.5nc) - [2am] 
m 


Note that this result agrees to within 2% with the exact value obtained in (d). 


18 œ 

Picture the Problem Let the charge 
densities on the two plates be o; and © 
and denote the three regions of interest as 
1, 2, and 3. Choose a coordinate system in 
which the positive x direction is to the 
right. We can apply the equation for 


E near an infinite plane of charge and the 1 2 3 
superposition of fields to find the field in 
each of the three regions. 
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(a) Use the equation for E near E 1= E Bea E = 

an infinite plane of charge to -2 nko î - 27ko, ; 
express the field in region 1 n 
when c = œ = +3 wC/m’: = —47ko i 


Substitute numerical values and evaluate E, : 


E, = —47(8.99 x10° N-m2/C?)(3 C/m?)i = 


Proceed as above for region 2: E, = E, + E, = 27ko,i — 27ko,i 


= Inkoi —2nkoi =| 0 


Proceed as above for region 3: E,= E, + E, = 2nko,i + 27ko,i 
= 47koi 
= 47(8.99 x10? N-m?/C?)(3 4C/m? )i 


=| (3.39x10° N/C}F 


The electric field lines are shown —_— 


to the right: 


—_> 

— 

— eo 
E 

—_> 

a 


(b) Use the equation for E near E, = E, + E,, = 2ako,i - 2ako,i 
an infinite plane of charge to 


= 2Inkoi —2akoi =| 0 


express and evaluate the field in 
region 1 when o; = +3 wC/m’ and 
o = -3 uC/m?: 


Proceed as above for region 2: E, = E, + E, = 27ko,i F 27ko,í 
= 47ko 
= 47(8.99 x10° N -m?/C? )(8 4C) î 


=| @.39x10° N/c)î 
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Proceed as above for region 3: E, = E, + E, = 27ko,i — 27ko,i 


= Inkoi —2akoi =| 0 


The electric field lines are shown to the t— 7 
right: — 
a 
E> 
me 
E 
19 ° 


Picture the Problem The magnitude of the electric field on the axis of a ring of charge 
is given by E, (x) = kQx / (x? + aye where Q is the charge on the ring and a is the 
radius of the ring. We can use this relationship to find the electric field on the x axis at 
the given distances from the ring. 


Express E on the axis of a ring charge: E (x) _ kQx 
x 2 2 \p/2 
an) 


(a) Substitute numerical values and evaluate E, for x = 1.2 cm: 


9 2 2 
ere (8.99 x10? N-m?/C?)(2.75 wC)(1.2cm) _ CA 


(1.2cm} +(8.5cm} |?” 


(b) Proceed as in (a) with x = 3.6 cm: 


E (38.6cm) = (8.99 x10° N - m?/C? )(2.75 uC) (3.6 cm 
E (3.6m) + (8.5cm} |” 


E 1.13x10ê N/C 


(c) Proceed as in (a) with x = 4.0 m: 


(8.99 x10? N - m?/C? )(2.75 4C)(4m) 


E,(4m)= [amy cay | 2B =| 1.54x10° N/C 
(d) Using Coulomb’s law for the E (x) = kQ 
electric field due to a point charge, . x 


express Ex: 
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Substitute numerical values and evaluate E, at x = 4.0 m: 


9 2 2 
E,(4m)= (8.9910 “amy? )(2.75 uC) =| 1.55x10° N/C 


This result agrees to within 1% with the result obtained in Part (c). It is 


slightly larger because the point charge is nearer x = 4 m than is the ring. 


20 ° 
=. 
ax? + R? 


electric field on the axis of a disk charge, to find E, at x = 0.04 cm and 5 m. 


Picture the Problem We can use E, (x) = Pho l , the expression for the 


Express the electric field on the axis X 
' E (x) = 2nko| 1- ———— 
of a disk charge: as [x2 + R? 


(a) Evaluate this expression for x = 0.04 cm: 


0.04cm 
(0.04 cm) +(2.5cm)’ 


E, = 27(8.99x10° N-m?/C?)(3.6 uC/m?)} 1 


=| 2.00x10° N/C 


This value is about 1.5% smaller than the approximate value obtained in Problem 9. 


(b) Proceed as in (a) for x = 5 m: 


E, = 27(8.99x10° N-m7/C?)(3.6 wC/m?)) 1 al = 
(5m) +(2.5cm)" 


Note that the exact and approximate (from Problem 16) agree to within 1%. 


21 >œ 

Picture the Problem We can use the definition of å to find the total charge of the line of 
charge and the expression for the electric field on the perpendicular bisector of a finite 
line of charge to evaluate E, at the given locations along the y axis. In part (e) we can 
apply Coulomb’s law for the electric field due to a point charge to approximate the 
electric field at y = 4.5 m. 


(a) Use the definition of linear QO=AL= (6 nC/m)(5 cm) = 
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charge density to express Q in terms 


of A: 

Express the electric field on the E (y)= 2kA iL 
nee ae ,0)= 

perpendicular bisector of a finite line y (4 LÝ +y’ 

charge: 


(b) Evaluate E, at y = 4 cm: 


INT. m22 1 
B, (acm) = 28.99*10°N m?/C?) 3(6nC/m)(0.05m) - [TENT] 


J(0.025m} + (0.04m} 


(c) Evaluate Ey at y = 12 cm: 


9 2 2 
pa 2(8.99 x L ai ic?) 4(6nC/m)(0.05m) - [T85 NC] 
T m 


J(0.025m} + (0.12m} 


(d) Evaluate Ey at y = 4.5 m: 


2(8.99x10? N-m?/C?) 4(6nC/m)(0.05m) 


=[0.133N/C 
4.5m J(0.025m} + (4.5m} 


E,(4.5m)= 


(e) Using Coulomb’s law for the electric E (y) kQ 
field due to a point charge, express Ey: y 


Substitute numerical values and evaluate E; at y = 4.5 m: 


8.99 x 10° N -m°/C? )(0.3nC 
E,(4.5m)= l l ) 0.133 N/C 


(4.5m) 


This result agrees to three decimal places with the value calculated in Part (d). 


22 >œ 
Picture the Problem The electric field on the axis of a disk charge is given by 


2 


E, = 2 - 
x +a? 


. We can equate this expression and E, = 40/2 € and 
solve for x. 


Express the electric field on the axis of a X 
E = 2akq| 1- 


disk charge: Fe ya? 
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We’re given that: E, =40/2€, 
Equate these expressions: 
q p o zo 1- 

46, yx’ +a? 

Simplify to obtain: 

pity T koi- —Ž- 

4, vx? +a? 
or, because k = 1/47é, 
1 1 X 


2 yx’ +a’ 


Solve for x to obtain: a 


23 >œ 


aa zz to find the electric field at the given 


Picture the Problem We can use E, = 
(x? + a’) 


distances from the center of the charged ring. 


(a) Evaluate FE, at x = 0.2a: E (0 2a) _ kQ(0.2a) 
10.24? +2)” 
=| 0.189% 
a 
(b) Evaluate E, at x = 0.5a: E, (0.5a) a kQ(0.5a) 


(c) Evaluate E, at x = 0.7a: E (0.7a)= kQ(0.7a) 


Eval Ex =a: 
(d) Evaluate E, at x =a E, (a)= = 0.354°2 
la? +a?| a 
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(e) Evaluate E, at x = 2a: 2kQa kQ 


E (2a)= =| 0.179 — 
A a) [ear +a?) ae 


The field along the x axis is plotted below. The x coordinates are in units of x/a and E is in 
units of kQ/a?. 


0.4 m 
0.2 i 
= 0.0 
-0.2 
-0.4 
3 2 1 0 1 2 3 
x/a 
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Picture the Problem We can use E, = 27ko , where R is the radius of 


A] 


the disk, to find the electric field on the axis of a disk charge. 


Express E, in terms of &: E Into X 
* An &, vx? +R? 
_ Oo 1 X 
2€ x +R? 
(a) Evaluate E, at x = 0.2a: 2 
E,(0.2a)=—7—|1 ae 
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(b) Evaluate E, at x = 0.5a: 0.5 
ro O A 
2 €o (0.5a} +a° 
=| 0.553—— 
E0 
(c) Evaluate E, at x = 0.7a: 7 
E,(0.7a)=—"—| 1 ava 
2€, (0.7a) +a? 
=| 0.4272 
2€ 
d) Evaluate E, at x = a: 
(d) E(a)=—2 € a l 
2€ a° +a’ 
=| 0.293- 
2€ 
(e) Evaluate E, at x = 2a: 2 
E Gaja a 
2€ (2a +a? 
=| 0.106—7— 
2€ 


The field along the x axis is plotted below. The x coordinates are in units of x/a and E is 
in units of 0/2 €. 


2.0 


1.6 


0.4 


0.0 


w 
N 
= 
O 
e. 
N 
w 


x/R 
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x25 ee 
Picture the Problem 


(a) The electric field on the x axis of x 
. . : E,, = 2ako| 1- —= 
a disk of radius r carrying a surface x / ye 


charge density ois given by: 


(b) The electric field due to an E hate = 27ko 
infinite sheet of charge density ois 

independent of the distance from the 

plane and is given by: 


A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell Content/Formula Algebraic Form 
B3 9.00E+09 k 

B4 5.00E-10 o 

B5 0.3 r 

A8 0 Xo 

A9 0.01 Xo + 0.01 


B8 2*PI()*$B$3*$B$4*(1-A8/ J í x 
A8A2+$B$542)A2)A0.5 27ko| 1- —— 
e Pr 


C8 2*PI()*$B$3*$B$4 2mko 
A B € 

1 
2 
3 k= | 9.00E+09 | NmA2/CA2 
4 sigma= | 5.00E-10 | C/m^2 
5 r= 0.3 | m 
6 
7 x E(x) E plate 
8 0.00 28.27 28.3 
9 0.01 27.33 28.3 
10 0.02 26.39 28.3 
11 0.03 25.46 28.3 
12 0.04 24.54 28.3 
13 0.05 23.63 28.3 
14 0.06 22.73 28.3 
15 0.07 21.85 28.3 
73 0.65 2.60 28.3 
74 0.66 2.53 28.3 
75 0.67 2.47 28.3 
76 0.68 2.41 28.3 
77 0.69 2.34 28.3 
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78 0.70 2.29 28.3 


The following graph shows E as a function of x. The electric field from an infinite sheet 
with the same charge density is shown for comparison — the magnitude of the electric 
fields differ by more than 10 percent for x = 0.03 m. 


E (NIC 


26 «ee 
Picture the Problem Equation 22-10 expresses the electric field on the axis of a ring 
charge as a function of distance along the axis from the center of the ring. We can show 
that it has its maximum and minimum values at x = +a/ J2 and x= —a/ J2 by setting 
its first derivative equal to zero and solving the resulting equation for x. The graph of Ex 
will confirm that the maximum and minimum occur at these coordinates. 


Express the variation of E, with x on E kQx 


the axis of a ring charge: = (x? + a’) 


Differentiate this expression with respect to x to obtain: 


dx = dx ia) (x? +a?) 
pq hi ta) e +02)" (2x) _ gl? +a?) ake +07)" 
(x2 4a? (x? +a?) 
Set this expression equal to zero for (x? 4 ay ~3x?(x? + a’)” 
extrema and simplify: (x? 7 a’) =0, 


(x? m) —3x?(x? Tig =0, 
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and 
x? +a’ -3x =0 


Solve for x to obtain: 
X= lt Vo 
2 


as our candidates for maxima or minima. 


A plot of E, in units of kQ/a’, versus x/a is shown to the right. This graph shows that E is 
a minimum at Xx = zaja and a maximum at x = a/J/2. 


0.4 


0.2 


-0.2 


-0.4 


x/a 


27 oo 
Picture the Problem The line charge and 
point (0, y) are shown in the diagram. Also 


shown is a line element of length dx and the No 


field dE its charge produces at (0, y). We NY ae 
can find dE, from dE and then integrate DA N Si are 
from x = x, tox =x LA W S 
! 7 Ye >, ; 
Xi dx x 
Express the x component of dE : dE == kA sin @dx 
* x? ty? 
kA x 
E 2 2 2 2 dx 
X +Y ax +y 
k 
ES AX i 
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Integrate from x = x; to Xz to obtain: 


From the diagram we see that: 


Substitute to obtain: 


28 ee 

Picture the Problem The diagram shows a 
segment of the ring of length ds that has a 
charge dq = Ads. We can express the 
electric field dE at the center of the ring 
due to the charge dq and then integrate this 
expression from @= 0 to 2zto find the 
magnitude of the field in the center of the 
ring. 


(a) and (b) The field dE at the 
center of the ring due to the charge 
dq is: 


The magnitude dE of the field at the 
center of the ring is: 


(1) 


x 
E, =-kå dx 
re wy 
1 2 
=-kA 
| very | 
=—kA l + l 
JX +ty? yx ty? 
KMJ 3 y 
y Jery (ety? 
cos 0, = Yor 0, = tn(2) 
Vx, +y? y 
and 
cos 0, = —2— or 6 = an2) 
Vx +y’ y 
E, = Mi cos 6, + cos 6, | 
y 
= AOSD, -cos 6, ] 
y 
dE =dE, +dE, 
= -dE cos i —dEsin0 j 
ie 
r 
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Because dq = Ads: 


The linear charge density varies with 
0 according to 

A(O) = Ao sin 8: 

Substitute rd@ for ds: 


Substitute for dE in equation (1) to 
obtain: 


Integrate dE from 0= 0 to 2% 


dE = a 
r 

dE = kA, ated 

r 
dE = kA, sin@rd@ _ kA, sind dé 

r’ r 
JË = kA, sin @cos 0 dO = 

r 
kA, sin'ad + 
r 


27 
E =~ 0 {sin 20407 
2r A 


27 
= [sin? oao ĵ 
r 0 


25; 


PERIE , Caer . : . aka 
The field at the origin is in the negative y direction and its magnitude is —. 
r 


29 we 
Picture the Problem The line charge and 
the point whose coordinates are 

(0, y) are shown in the diagram. Also 
shown is a segment of the line of length dx. 
The field that it produces at (0, y) is dE. 
We can find dE, from dE and then 
integrate from x = 0 to x = a to find the y 
component of the electric field at a point on 
the y axis. 


(a) Express the magnitude of the 
field dE due to charge dq of the 


dE 
(0,y) 


dx 
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element of length dx: where r° =x? +y’ 
B dq = Adx: kAd 
ecause dq dE = 2 A 
xX +y 
: kA 
Express the y component of dE: dE, =— ~cos 0 dx 
x+y 
Refer to the diagram to express cos@ font = y 
in terms of x and y: x+y? 


Substitute for cos@ in the expression 
for dE, to obtain: 


Integrate from x = 0 to x = a and 
simplify to obtain: 


¥3Q cee 
Picture the Problem Consider the ring 
with its axis along the z direction shown in 
the diagram. Its radius is z = rcos@ and its 
width is rd@. We can use the equation for 
the field on the axis of a ring charge and 


then integrate to express the field at the 
center of the hemispherical shell. 


Express the field on the axis of the dE = kzdq 

ring charge: (r? sin? 0 +r’ cos? 0)” 
_ kedq 
ar: 


where z = rcos 0 
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Express the charge dq on the ring: dq = odA = o(2arsin 6)rdO 
= 2zor* sin 6d0 
Substitute to obtain: dE = k(r cos )2zor’ sin Ad0 
r? 
= 2nko sin 0 cos dO 
7/2 


Integrate dE from = 0 to 7/2 to obtain: 
E = 2nko | sin 8 cos 6d0 
0 


= 2nko|tsin? 6]*” =| 7ko 


Gauss’s Law 


31 œ 
Picture the Problem The definition of electric flux is ø = $ E -ndA. We can apply this 


definition to find the electric flux through the square in its two orientations. 


(a) Apply the definition of ¢ to find p= 3 (2 kN/C)i -idA= (2 kN/C) dA 
the flux of the field when the square 


2 2 
is parallel to the yz plane: = (2 kN/C)(0.1m} =| 20.0 N -m?/C 


(b) Proceed as in (a) with i - À = cos 30°: p= $(2 kN/C)cos 30°dA 
S 


=(2kN/C)cos 30°$dA 
=(2kN/C)(0.1m)’ cos30° 


=|17.3N -m?/C 


*32 œ 

Determine the Concept While the number of field lines that we choose to draw radially 
outward from q is arbitrary, we must show them originating at q and, in the absence of 
other charges, radially symmetric. The number of lines that we draw is, by agreement, in 
proportion to the magnitude of q. 
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(a) The sketch of the field lines and of the 
sphere is shown in the diagram to the 
right. 


- = 
pe 


Given the number of field lines drawn from q, 3 lines enter the sphere. 
Had we chosen to draw 24 field lines, 6 would have entered the spherical surface. 
(b) | The net number of lines crossing the surface is zero. | 


(c) | The net flux is zero. 


33. 
Picture the Problem The field at both circular faces of the cylinder is parallel to the 
outward vector normal to the surface, so the flux is just EA. There is no flux through the 


curved surface because the normal to that surface is perpendicular to E. The net flux 


through the closed surface is related to the net charge inside by Gauss’s law. 
y,cm 


x, cm 


(a) Use Gauss’s law to calculate the Pagni = E on, “Neon A 


flux through the right circular 


right right 


= (300 N/C)i -i()(0.04m) 


=/1.51N-m7/C 


Apply Gauss’s law to left circular Per = E en Nhe A 


= (—300 N/C)i- 2 i \(z)(0.04 m) 
=| 1.51N-m*/C 


surface: 


surface: 


100 Chapter 22 


(b) Because the field lines are Paue =| 0 
parallel to the curved surface of the 
cylinder: 
(c) Express and evaluate the net flux Prec = Prign + Pret + Peurved 
through the entire cylindrical =1.51N-m2/C+1.51N-m2/C +0 
surface: 3 
=| 3.02 N -m^/C 
(d) Apply Gauss’s law to obtain: Prop = ATKQ inside 
Solve for Qinsiae: _ Pret 
Qinside = 
47k 
Substitute numerical values and Q M 3.02 N -m?/C 
inside ` 


evaluate Qinside: 


478.99 x10° N-m°/C?) 


=| 2.67x10"'C 


34 œ 
Picture the Problem We can use Gauss’s law in terms of & to find the net charge inside 
the box. 


(a) Apply Gauss’s law in terms of T a. Q 
& to find the net charge inside the e eee 
box: fe 


Qinside =€0 Pret 


Substitute numerical values and Que” (8.85 x10” C?/N -m° \(6 kN- m? C) 


evaluate Qinsiae: =| 5.31x10°C 


You can only conclude that the net charge is zero. There may be an equal 


(b) 


number of positive and negative charges present inside the box. 


35 œ 
Picture the Problem We can apply Gauss’s law to find the flux of the electric field 
through the surface of the sphere. 


(a) Use the formula for the surface A=4ar’ =42(0.5m/ = 


area of a sphere to obtain: 
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(b) Apply Coulomb’s law to express E= 1 q 
and evaluate E: Ane, r? 


_ 1 2 uC 
47(8.85x10” C?/N -m° ) (0.5m? 


=| 7.19x10* N/C 


(c) Apply Gauss’s law to obtain: $= f E -ñdA= f Eda 


= (7.19 x10* N/C)(3.14m’) 


=| 2.26x10° N-m’/C 


No. The flux through the surface is independent of where the 


(d) 


charge is located inside the sphere. 


(e) Because the cube encloses the sphere, Pare =| 2.26% 10° N -m?/C 


the flux through the surface of the sphere 
will also be the flux through the cube: 


*36 ° 

Picture the Problem We’ll define the flux of the gravitational field in a manner that is 
analogous to the definition of the flux of the electric field and then substitute for the 
gravitational field and evaluate the integral over the closed spherical surface. 


Define the gravitational flux as: h, = f ġ : ñdA 
S 
Substitute for g and evaluate the Gm.) a Gm 
sist g: tf (98) san a 
integral to obtain: S r 8 


37 oo 

Picture the Problem We’ll let the square be one face of a cube whose side is 40 cm. 
Then the charge is at the center of the cube and we can apply Gauss’s law in terms of & 
to find the flux through the square. 


Apply Gauss’s law to the cube to fas 1 Q 
express the net flux: net é; inside 


102 Chapter 22 


Express the flux through one face of ó = 1 Q 

the cube: se g 5 inside 

Substitute numerical values and r 2 uC 
square 


evaluate Poquare ~ 6(8.85x 10-2 C2/N- m2) 
=| 3.77x10* N-m?/C 


38 ee 
Picture the Problem We can treat this portion of the earth’s atmosphere as though it is a 
cylinder with cross-sectional area A and height h. Because the electric flux increases with 
altitude, we can conclude that there is charge inside the cylindrical region and use 
Gauss’s law to find the charge and hence the charge density of the atmosphere in this 


region. 
The definition of volume charge _Q 
a RPE 
density is: V 
Express the charge inside a cylinder Q = pAh 
of base area A and height h for a 
charge density p: 
Taking upward to be the positive Q=-(E,A-E,A)e,=(E,A-E,A)€, 
direction, apply Gauss’s law to the where we’ve taken our zero at 250 m above 
charge in the cylinder: the surface of a flat earth. 
Substitute to obtain: p= (E,A- E,A) Fo _ (E, -E, ) Eo 


Ah h 


Substitute numerical values and evaluate p: 


-12 2 2 
2- E C?/N -m I. miei Cae 
m 


where we’ve been able to neglect the curvature of the earth because the maximum height 
of 400 m is approximately 0.006% of the radius of the earth. 


Spherical Symmetry 


39 œ 
Picture the Problem To find E, in these three regions we can choose Gaussian surfaces 
of appropriate radii and apply Gauss’s law. On each of these surfaces, E, is constant and 
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Gauss’s law relates E, to the total charge inside the surface. 


a) Use Gauss’s law to find the 1 
( ) eS ope : . f E dA = — Qusiae 
electric field in the region r < R;: S E 

and 

o = Qinside = 0 
* € A 

because Qinside = 0. 
Apply Gauss’s law in the region E E qı _| kq, 
Ri <r< Rs: RiereRi “= (42?) r? 
Using Gauss’s law, find the electric gp -th _ k(q, +q) 
field in the region r > R3: R E, Aor?) r? 
(b) Set E,.2, = Oto obtain: q,+q, =90 

or 

qı 

=li 

RE 


(c) The electric field lines for the 
situation in (b) with q; positive is shown 
to the right. 


40 >œ 

Picture the Problem We can use the definition of surface charge density and the formula 
for the area of a sphere to find the total charge on the shell. Because the charge is 
distributed uniformly over a spherical shell, we can choose a spherical Gaussian surface 
and apply Gauss’s law to find the electric field as a function of the distance from the 
center of the spherical shell. 


(a) Using the definition of surface Q=ocA=4z0r° 
charge density, relate the charge on -4 x(9 nC/m? \(0 06m} 


the sphere to its area: 
=| 0.407 nC 
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Apply Gauss’s law to a spherical 1 
ae au 7 a a E i š f E, dA = — Qysiae 

surface of radius r that is concentric 3 Ep 
the spherical shell to obtain: or 

4m E = Qinside 

€p 
Solve for E: E = Qinside 1 = KQinside 
" Age, r° r’ 

(b) Qinside a sphere whose radius is 2 E, (2 cm) = [o] 


cm is zero and hence: 


(c) Qinside a Sphere whose radius is E, (5.9 cm) = [o] 
5.9 cm is zero and hence: 


(d) Qinsiae a sphere whose radius is 6.1 cm is 0.407 nC and hence: 


9 2 2 
mene (8.99x10° N -m?/C (0.407 nC) _FegaNic] 


(0.061m)° 


(e) Qinside a Sphere whose radius is 10 cm is 0.407 nC and hence: 


fen (8.99 x 10° N- m?/C? )(0.407 nC) 


É (0.1m)° 


n 


=| 366 N/C 
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Picture the Problem We can use the definition of volume charge density and the 
formula for the volume of a sphere to find the total charge of the sphere. Because the 
charge is distributed uniformly throughout the sphere, we can choose a spherical 
Gaussian surface and apply Gauss’s law to find the electric field as a function of the 
distance from the center of the sphere. 


(a) Using the definition of volume Q=pV= 4 pr? 
charge density, relate the charge on =4 z( 450nC /m®)(0.06m)° 


the sphere to its volume: 
=| 0.407 nC 


Apply Gauss’s law to a spherical f E dA= 1 A 
surface of radius r < R that is so” E 
concentric with the spherical shell to or 

obtain: 


The Electric Field 


Solve for Ep: 


Because the charge distribution is 
uniform, we can find the charge 
inside the Gaussian surface by using 
the definition of volume charge 
density to establish the proportion: 


Solve for Qinside to obtain: 


Substitute to obtain: 


(b) Evaluate En at r = 2 cm: 


8.99 x10’ N-m*/C” 
Bea) ! (0.06m)’ 


(c) Evaluate E, at r = 5.9 cm: 


9 2 2 
TOR (8.99x10° N-m?/C 


2: Continuous Charge Distributions 


Qinside 


= 


Amr E = 


0 


= Qinside 1 = KQuaside 


E 
"Ame, r? r’ 

Q = Qinside 
V y' 
where V’ is the volume of the Gaussian 
surface. 

V' r? 
Q inside = Q V = Q R? 

1 k 

E, (r < R)= Qiaside 2 Q r 


4rer? R? 


)(0.407 nC) ee 


)(0.407 nc) 


(0.059 m) =| 999 N/C 


7 (0.06m)’ 


Apply Gauss’s law to the Gaussian 
surface with r > R: 


Solve for E, to obtain: 


(d) Evaluate En at r = 6.1 cm: 


(8.99 x10° N-m?/C?)(0.407 nC) 


Aor’ E. = Qinside 
Eo 


= KQnside = kQ 
2 


E 
r r’ 


n 


E, (6.1em) = 


(e) Evaluate E, at r = 10 cm: 


(0.061m)" 


- [BENE] 
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9 2 2 
ives) (8.99 x10 me £ (0407 n¢) _ F356 NC 
mMm 


Note that, for r > R, these results are the same as those obtained for in Problem 40 for a 


uniform charge distribution on a spherical shell. This agreement is a consequence of the 
choices of o and p so that the total charges on the two spheres is the same. 


*42 o 

Determine the Concept The charges on a conducting sphere, in response to the repulsive 
Coulomb forces each experiences, will separate until electrostatic equilibrium conditions 
exit. The use of a wire to connect the two spheres or to ground the outer sphere will cause 
additional redistribution of charge. 


(a) Because the outer sphere is conducting, the field in the thin shell must vanish. 
Therefore, —2Q, uniformly distributed, resides on the inner surface, and —5Q, uniformly 
distributed, resides on the outer surface. 


(b) Now there is no charge on the inner surface and —5Q on the outer surface of the 
spherical shell. The electric field just outside the surface of the inner sphere changes from 


a finite value to zero. 


(c) In this case, the —5Q is drained off, leaving no charge on the outer surface and —-2Q 
on the inner surface. The total charge on the outer sphere is then —2Q. 


43 œ 

Picture the Problem By symmetry; the electric field must be radial. To find E, inside 
the sphere we choose a spherical Gaussian surface of radius r < R. On this surface, E, is 
constant. Gauss’s law then relates E, to the total charge inside the surface. 


Apply Gauss’s law to a spherical f EdA= 1 
: . r TE Qinside 
surface of radius r < R that is 3 €o 
concentric with the nonconducting or 
sphere to obtain: in _ (O 
Eo 


Solve for Ey E = Qinside A. = KQinside 
" Ame, r? r’ 
Use the definition of charge density Qie = PV osme S prr’ 


to relate Qinside to p and the volume 
defined by the Gaussian surface: 
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Substitute to obtain: 


4 pnkr° 


r’ 


E,(r < R)= = 4 onkr 


Substitute numerical values and evaluate E, at r = 0.5R = 0.05 m: 


E,(0.05m) = 47(2nC/m*)(8.99 x 10° N -m?/C? }(0.05m)=| 3.77 N/C 
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Picture the Problem We can find the total charge on the sphere by expressing the charge 


dq in a spherical shell and integrating this expression between r = 0 and 


r = R. By symmetry, the electric fields must be radial. To find E, inside the charged 


sphere we choose a spherical Gaussian surface of radius r < R. To find E, outside the 


charged sphere we choose a spherical Gaussian surface of radius r > R. On each of these 


surfaces, FE, is constant. Gauss’s law then relates E, to the total charge inside the surface. 


(a) Express the charge dq in a shell 
of thickness dr and volume 427° dr: 


Integrate this expression from 
r = 0 to R to find the total charge on 
the sphere: 


(b) Apply Gauss’s law to a spherical 
surface of radius r > R that is 
concentric with the nonconducting 
sphere to obtain: 


Solve for E;: 


Apply Gauss’s law to a spherical 
surface of radius r < R that is 
concentric with the nonconducting 
sphere to obtain: 


dq = 4ar’ pdr = 4ar?(Ar) dr 
= 47Ar°dr 


Q= araf dr = [zart] =| zAR* 
0 


f E,dA= = Qinside 


0 


or 
Anr’E. = Qinside 
€p 
E, (r > R) = Qinside = = KQuite 
4T Er r 
_ kAmRt | AR* 
r° 4er? 


1 

f E,dA T Qinside 
Ep 

or 

Aor °F = Qinside 


&o 
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Solve for E;: ie $ E 
E,(r< R)= Qinside = ZAT = Ar 


2 E 2 
4m” E 4m" € 4€ 


The graph of E, versus r/R, with E, in units of A/4 €o, was plotted using a spreadsheet 
program. 


1.0 


0.8 


0.6 


0.4 


0.2 


0.0 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 


r/R 


Remarks: Note that the results for (a) and (b) agree at r = R. 


45 
Picture the Problem We can find the total charge on the sphere by expressing the charge 
dq in a spherical shell and integrating this expression between r = 0 and r = R. By 
symmetry, the electric fields must be radial. To find E, inside the charged sphere we 
choose a spherical Gaussian surface of radius r < R. To find E, outside the charged sphere 
we choose a spherical Gaussian surface of radius r > R. On each of these surfaces, E, is 
constant. Gauss’s law then relates E, to the total charge inside the surface. 


j B 
(a) Express the charge dq in a ae dq = 4ar? pdr = Ane ap 
of thickness dr and volume 47r‘ dr: r 

= 47Brdr 


Integrate this expression from 
r = 0 to R to find the total charge on 


the sphere: _ 


R 
Q = AnB| rdr = l2Br?|* 
0 
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(b) Apply Gauss’s law to a spherical 
surface of radius r > R that is 
concentric with the nonconducting 
sphere to obtain: 


Solve for E: 


Apply Gauss’s law to a spherical 
surface of radius r < R that is 
concentric with the nonconducting 
sphere to obtain: 


Solve for E: 


1 
f E,dA = Qinside 
€ 0 
or 
Anr°E = Qinside 
r E, 


E, (r > R)= Qinside 1 = KQ inside 


Ame, r’ r’ 
_ k27BR?_ | BR? 
r’ 2er? 


1 
f E,dA = P Qinside 


or 
4mr*E, = Qinside 
€o 
2 
5 (r< R)=Qasie_ 226 
4m’, 4m € 


|B 
2€ 


The graph of E, versus r/R, with E, in units of B/2 €o, was plotted using a spreadsheet 


program. 


1.2 
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r/R 


Remarks: Note that our results for (a) and (b) agree at r = R. 
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#46 oe 


Picture the Problem We can find the total charge on the sphere by expressing the charge 


dq in a spherical shell and integrating this expression between r = 0 andr = R. By 


symmetry, the electric fields must be radial. To find E, inside the charged sphere we 


choose a spherical Gaussian surface of radius r < R. To find E, outside the charged sphere 


we choose a spherical Gaussian surface of radius r > R. On each of these surfaces, E, is 


constant. Gauss’s law then relates E, to the total charge inside the surface. 


(a) Express the charge dq in a shell 
of thickness dr and volume 42° dr: 


Integrate this expression from 
r = 0 to R to find the total charge on 
the sphere: 


(b) Apply Gauss’s law to a spherical 
surface of radius r > R that is 
concentric with the nonconducting 
sphere to obtain: 


Solve for Ex: 


Apply Gauss’s law to a spherical 


surface of radius r < R that is 


concentric with the nonconducting 
sphere to obtain: 


Solve for Ex 


dq = 4ar’ pdr = 4ar° Sar 


= 4nzCdr 


Q = 47C | dr =[42Cr] > 


=| 47CR 


1 
f E,dA = & Qinside 


or 
4mr°E, = Qinside 
Ep 
E, (r > R)= Qinside a = KQinsiae 
4T Er r 
_k4aCR_[ CR 
r’ aT 


f E,dA= + Qinside 


0 


or 
Anr’E.. — Qinside 
Eo 
4mr°e, 4m E 
TE 
E€ F 


The graph of E, versus r/R, with E, in units of C / €, R , was plotted using a spreadsheet 
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program. 


10 


= 


0.0 0.5 


1.0 


1.5 2.0 2.5 3.0 
r/R 


47 coo 


Picture the Problem By symmetry, the electric fields resulting from this charge 


distribution must be radial. To find E, for r < a we choose a spherical Gaussian surface of 


radius r < a. To find E, for a < r < b we choose a spherical Gaussian surface of radius a < 


r <b. To find E, for r > b we choose a spherical Gaussian surface of radius r > b. On 


each of these surfaces, E, is constant. Gauss’s law then relates E, to the total charge 


inside the surface. 
(a), (b) Apply Gauss’s law to a 
spherical surface of radius r that is 


concentric with the nonconducting 
spherical shell to obtain: 


Solve for E;: 


Evaluate E,(r < a): 


1 
f E,dA = =. Qinside 


or 
47mr"E, = Qnside 
So 
E, (r)= Qinside 1 = KQrsit 
4T E r r 


E,(r < a)= Qisiae 1 = KQinside = [o] 


Ane, r’ r“ 
because p(r < a) = 0 and, therefore, Qinside = 
0. 
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Integrate dq from r = a to r to find 
the total charge in the spherical shell 


‘>, | 4aCr® |" 
Qiaside aaa -| 3 | 


in the intervala <r < b: 


_ ATP (13 a) 
Evaluate E,(a <r < b): E, ( gare b) — KQisite 
r 
z = (r-a?) 
7 ar e ~a) 
For r > b: Ous AP (p3 T a’) 
and 
B,(r>b)=“2P (b* ~<a") 
~ 3 Lp b a 


Remarks: Note that E is continuous at r = b. 


Cylindrical Symmetry 


48 es 
Picture the Problem From symmetry, the field in the tangential direction must vanish. 
We can construct a Gaussian surface in the shape of a cylinder of radius r and length L 
and apply Gauss’s law to find the electric field as a function of the distance from the 
centerline of the infinitely long, uniformly charged cylindrical shell. 


Apply Gauss’s law to the cylindrical f E dA= 1 Q 
surface of radius r and length L that so" oer 
is concentric with the infinitely long, or 
uniformly charged cylindrical shell: o@LE = Oa 

n E, 


where we’ve neglected the end areas 
because no flux crosses them. 


Solve for E,: E = Qinside = ZkQinside 
"Darl é€, Lr 
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For r < R, Qinsice = 0 and: E,(r<R)= [o] 
For r > R, Qinsiae = AL and: E.(r>R)= 2kAL _ 2kA _ 2k(2aRo) 
. Lr r r 
_| Ro 
Ee, r 
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Picture the Problem We can use the definition of surface charge density to find the total 
charge on the shell. From symmetry, the electric field in the tangential direction must 
vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r and 
length L and apply Gauss’s law to find the electric field as a function of the distance from 
the centerline of the uniformly charged cylindrical shell. 


(a) Using its definition, relate the Q=A 

surface charge density to the total = 27RLoO 

charge on the shell: 

Substitute numerical values and Q= 27(0.06 m)(200 m)(9 nC/m?) 
evaluate Q: =| 679nC 

(b) From Problem 48 we have, for E(2 cm) = lo] 

r= 2 cm: 

(c) From Problem 48 we have, for E(5.9 cm) =| 0 

r=5.9 cm: 


(d) From Problem 48 we have, for r = 6.1 cm: 


and 


7 (9nC/m?)(0.06m) E 
HGe) (6.8510? C?/N-m?)(0.061m) — 


(e) From Problem 48 we have, for r = 10 cm: 


E(10cm)= ncm )(0.06m) TmT ENE 


8.85x10® C?/N-m?)(0 
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Picture the Problem From symmetry, the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss’s law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylinder. 


Apply Gauss’s law to a cylindrical f E dA= 1 Q 
surface of radius r and length L that so” Ta 
is concentric with the infinitely long or 

nonconducting cylinder: omLE = Q inside 


Ep 
where we’ve neglected the end areas 
because no flux crosses them. 


Solve for Eğ E = Qinside = 2KQ inside 
" QarLeé, Lr 
Express Qinside for r< R: Qinside = plrV = Po (ar°L) 
Substitute to obtain: AE 2k(zp,Lr?) _| Pop 
Lr 2€ 
or, because 2 = p7R* 
A 
BSR at 
20 6, R 
Express Qinside for r> R: Qiaside = plrV = Po (<R’L) 


Substitute to obtain: 2 2 
Eter- 2k(mp,LR?) _| oR 
Lr 26r 


or, because 2 = paR? 
A 


2T €r 


E,(r>R)= 


51 we 

Picture the Problem We can use the definition of volume charge density to find the total 
charge on the cylinder. From symmetry, the electric field tangent to the surface of the 
cylinder must vanish. We can construct a Gaussian surface in the shape of a cylinder of 
radius r and length L and apply Gauss’s law to find the electric field as a function of the 
distance from the centerline of the uniformly charged cylinder. 
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(a) Use the definition of volume Qa = PV = p(aR’L) 
charge density to express the total 
charge of the cylinder: 


Substitute numerical values to Qa = x(300 nC/m*)(0.06 m) (200m) 
obtain: -È 6791C 

From Problem 50, for r < R, we E = P 

have: " 2S 


(b) For r = 2 cm: 


— (B00nC/m?)(0.02m) _ 
ees 2(8.85x10 C?/N-m?) 


(c) For r = 5.9 cm: 


E,(5.9cm)= (300nC/m*)(0.059m) A Sokn 
i 2(8.85x10® C?/N-m?) 
From Problem 50, for r > R, we have: E= pR? 
2er 
(d) For r = 6.1 cm: 
3 2 
E,(6.1cm)= (300nC/m* )(0.06m) =|1.00kN/C 


2(8.85 x10? C?/N-m?)(0.061m) 
(e) For r= 10 cm: 


© (300nC/m?)(0.06my~ | 
ce 2(8.85x 10" C?/N-m?)(0.1m) 


Note that, given the choice of charge densities in Problems 49 and 51, the electric fields 


for r > R are the same. 
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Picture the Problem From symmetry; the field tangent to the surfaces of the shells must 
vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r and 
length L and apply Gauss’s law to find the electric field as a function of the distance from 


116 Chapter 22 


the centerline of the infinitely long, uniformly charged cylindrical shells. 


(a) Apply Gauss’s law to the 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long, uniformly charged 
cylindrical shell: 


Solve for E,: 


For r < R4, Qinside = 0 and: 


Express Qinsiae for Ri < r < Ro: 


Substitute in equation (1) to obtain: 


Express Qinsiae for r > Ro: 


Substitute in equation (1) to obtain: 


(b) Set E = 0 for r > R, to obtain: 


Solve for the ratio of oj to o>: 


1 
f E,dA ae Qinside 
S Ey 


or 


2arLE, = Qinside 


€p 
where we’ve neglected the end areas 
because no flux crosses them. 


E, = 2KQ,nside (1) 
Lr 


E,(r < R,)=[0] 
Qinside = OA, = 270, RL 


E (R <r <R,)= 2k(270,R,L) 


Qinside = OA, + OA, 
= 270,R,L + 270,R,L 


_ 2k(270,R,L + 220,R,L) 


E,(r > R,)= Lr 


0,R,+0,R, 


E r 


oR +oR, _ 0 
Er 

or 

oR +0o,R,=0 


o%_|_®& 


Oo» R 
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Because the electric field is o. 
a E,(R,<r<R,)= an 

determined by the charge inside the Er 

Gaussian surface, the field under 

these conditions would be as given 


above: 


(c) Assuming that o; is positive, the 
field lines would be directed as > 


shown to the right. 
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Picture the Problem The electric field is directed radially outward. We can construct a 
Gaussian surface in the shape of a cylinder of radius r and length L and apply Gauss’s 
law to find the electric field as a function of the distance from the centerline of the 
infinitely long, uniformly charged cylindrical shell. 


(a) Apply Gauss’s law to a f E dA= EF l 
cylindrical surface of radius r and s5 E 
length L that is concentric with the or 
inner conductor: fae 
2arLE,, = Qinside 
Eq 
where we’ ve neglected the end areas 
because no flux crosses them. 
Solve for Fy: E = 2KQ aside (1) 
r Lr 
For r < 1.5 cm, Qinside = 0 and: E,(r <1.5cm)=| 0 | 
Letting R = 1.5 cm, express Qinside Qinsiae = AL 
for 1.5 cm < r < 4.5 cm: = 270RL 
Substitute in equation (1) to obtain: E (1 bcmereas cm) = 2k(AL) 
ad. : z 
_2kå 
r 


Substitute numerical values and evaluate E,(1.5 cm < r < 4.5 cm): 
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E, (1.5cm <r<45 cm)= 2(8.99 x10°N- mc?) 6 nC/m) _ [EEN wO) 
r r 


Express Qinside for Qinside = 9 
4.5 cm <r < 6.5 cm: and 


E,(4.5cm <r< 6.5cm) = [o] 


Letting œ represent the charge Q. aa = 02A, =220,R,L 
density on the outer surface, express where R = 6.5 cm. 
Qinside for r > 6.5 cm: 


Substitute in equation (1) to obtain: = 2k(220,R,L) _ oR, 
E, (r > R, ) a L = 
r Ep r 


In (b) we show that œ = 21.2 nC/m?. Substitute numerical values to obtain: 


21.2 nC/m? }(6.5cm 156N-m/C 
E,(r > 6.5em)= anc wi N. a E 


(b) The surface charge densities on 


0 = 


l and o, = -0 
the inside and the outside surfaces of 1 


the outer conductor are given by: 


Substitute numerical values and evaluate o ae - a -| —91.2nCim? 
z(0.045m 


and o: 


and 


o, =| 21.2 nC/m’ 
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Picture the Problem From symmetry considerations, we can conclude that the field 
tangent to the surface of the cylinder must vanish. We can construct a Gaussian surface in 
the shape of a cylinder of radius r and length L and apply Gauss’s law to find the electric 
field as a function of the distance from the centerline of the infinitely long nonconducting 


cylinder. 

(a) Apply Gauss’s law to a f E dA= ig 
cylindrical surface of radius r and so” E, ver 
length L that is concentric with the or 

infinitely long nonconducting Qinside 
cylinder: 2mrLE, = Ee 


0 


where we’ve neglected the end areas 
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because no flux crosses them. 


Solve for E,: E = Qinside (1) 
2arL € 
Express dQinsiae for p(r) = ar: dQ side = plr )dV = ar(2arL )dr 
= 2mar’Ldr 


Integrate dQinsiae from r = 0 to R to R r? : 
Qrnsiae = 27L | r°dr = 27aL ri 
0 


obtain: 
0 
2 27aL R? 
Divide both sides of this equation Qnside 27aR? 
by L to obtain an expression for the A= Io 3 
charge per unit length / of the 
cylinder: 
(b) Substitute for Qinside in equation 27aL 3 
(1) to obtain: E (r < R) = _|_¢@ p2 
: 2re, Lr | 36, 
For r > R: 27L 
Qinside = a R? 
Substitute for Qinside in equation (1) 270L R? - 
to obtain: E,(r > R)= _|_aR 
5 2arL €, or € 
55 ee 


Picture the Problem From symmetry; the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss’s law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylinder. 


a) Apply Gauss’s law to a 1 

S ) = cones bg ‘ f E,dA= — Qenside 
cylindrical surface of radius r and S Ep 
length L that is concentric with the or 


infinitely long nonconducting 
cylinder: 
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Solve for E,: 


Express dQinside for g(r) = br”: 


Integrate dQinside from r = 0 to R to 
obtain: 


Divide both sides of this equation 
by L to obtain an expression for the 
charge per unit length 4 of the 
cylinder: 


(b) Substitute for Qinsiae in equation 
(1) to obtain: 


Forr > R: 


Substitute for Qinsige in equation (1) 
to obtain: 


56 see 


Qinside 


Eo 


2arLE, = 


where we’ve neglected the end areas 
because no flux crosses them. 


= Qinside 


~ Darl €, 


i (1) 
AQ ncice = P(T)AV = br?(2arL )dr 
= 2nbr*Ldr 


R ri R 
Qinside T 2nbL. | rĉdr = Toia 
0 4 |, 


æL 


Rt 
A = Qinside = abR* 
L 2 
abl 
E,(r< R)= = r’ 
2aLr e | 46, 
bL 
Qinside za 
ADL p4 DR? 
E,(r > R)=—2—— = 
2arL € 4r €p 


Picture the Problem From symmetry; the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss’s law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylindrical shell. 


Apply Gauss’s law to a cylindrical 


surface of radius r and length L that 


f E,dA= + Qinside 


0 
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is concentric with the infinitely or 
long nonconducting cylindrical SLE. = Qinside 
shell: oie 


where we’ ve neglected the end areas 
because no flux crosses them. 


Solve for E,: E = Qinside 
"Darl €, 
For r <a, Qinside = 9: E,(r<a)=| 0] 
Express Qinsiae for a < r < b: Qisice = PV = pm’ L — pra’ L 
= pri.r? -a’) 
: kag 2 2 
Substitute for Qinside to obtain: E, (a 22 b) = par -a ) 
27 € Lr 
_| or? -a° 
2er 
Express Qinside for r > b: Qinside = PV = prb’L — pm’ L 
= prit.(b? z a’) 
Substitute for Qinside to obtain: E, (r 3 b) _ pri(b? = a’) 
27 €, rL 


_| ob? -a 
26r 
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Picture the Problem We can integrate the density function over the radius of the inner 
cylinder to find the charge on it and then calculate the linear charge density from its 
definition. To find the electric field for all values of r we can construct a Gaussian surface 
in the shape of a cylinder of radius r and length L and apply Gauss’s law to each region of 
the cable to find the electric field as a function of the distance from its centerline. 


(a) Find the charge Qinner on the R Ro 
inner cylinder: Qinner = fot )dV = [ene 


R 
= 2nCL | dr = 2aCLR 
0 
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j j ; 2aCLR 

Relate this charge to the linear tg Qinner = mC. ~I”CR 
charge density: L 

Substitute numerical values and ee 27(200 nC/m)(0.015 m) 
evaluate Anwer =| 18.8nC/m 

b) Apply Gauss’s law to 1 

) Pp ees eal ie f E,dA = — Qinside 

cylindrical surface of radius r and S E€ 

length L that is concentric with the or 

infinitely long nonconductin fa 

. 5. 8 8 27arLE = Qinside 
cylinder: 5 E, 


where we’ ve neglected the end areas 
because no flux crosses them. 


Solve for Ee E = Qinside 

" 2arL e 
Substitute to obtain, for E. (r <15 cm) = 2aCLr = C 
r < 1.5 cm: 2m E Lr € 


200 nC/m? 
8.85x107" C?/N -m° 


=| 22.6kN/C 


Express Qinside for Qinside = 27CLR 
1.5 cm <r < 4.5 cm: 


Substitute numerical values and 
E, (r < 1.5cm) = 
evaluate E,(r < 1.5 cm): 


j j 2CaRL 
Substitute to obtain, for E, (15cm PA 4.5cm) z 77 
1.5 cm < r < 4.5 cm: 27 & rL 

_ CR 
€r 


where R = 1.5 cm. 


Substitute numerical values and evaluate E,(1.5 cm < r < 4.5 cm): 
(200nC/m?)(0.015m) _[339N-m/C 


E,(.5em<r<4.5cm)= (8.85x10 C/N-m’)r r 


Because the outer cylindrical shell E, (4.5cm <r<65 cm) = [o] 
is a conductor: 
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For r > 6.5 cm, Qiside = 2#CLR ; 
j Qinsia E.(r>6.5cm)= 339 N -m/C 
and: r 


Charge and Field at Conductor Surfaces 


*58 ° 

Picture the Problem Because the penny is in an external electric field, it will have 
charges of opposite signs induced on its faces. The induced charge cis related to the 
electric field by E = o/s. Once we know o, we can use the definition of surface charge 
density to find the total charge on one face of the penny. 


(a) Relate the electric field to the E= Ko 

charge density on each face of the €o 

penny: 

Solve for and evaluate o: o =6; E 
= (8.85 x10 C?/N- m? )(1.6kN/C) 
=| 14.2nC/m?’ 

(b) Use the definition of surface p Q_ Q 

charge density to obtain: m’ 

Solve for and evaluate Q: Oso" = n(14.2 nC/m? \(0.01m} 


=| 4.45pC 
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Picture the Problem Because the metal slab is in an external electric field, it will have 


charges of opposite signs induced on its faces. The induced charge cis related to the 
electric field by E=o/e,. 


Relate the magnitude of the electric ee 

field to the charge density on the Eo 

metal slab: 

Use its definition to express o: ae ames 
A L 

Substitute to obtain: E= Q 
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Substitute numerical values and 1.2nC 


E 2 
evaluate E: (0.12m)’(8.85x10-” C?/N-m?) 
=| 9.42kN/C 
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Picture the Problem We can apply its definition to find the surface charge density of the 
nonconducting material and calculate the electric field at either of its surfaces from 

ol2 €. When the same charge is placed on a conducting sheet, the charge will distribute 
itself until half the charge is on each surface. 


(a) Use its definition to find o: we Q _ 6nC -| 150nC/m? 


(b) Relate the electric field on either o 150 nC/m? 


E —— 
side of the sheet to the density of 2 € 2(8.85 x10 C’/N-m* 


charge on its surfaces: 


=| 8.47kN/C 
(c) Because the slab is a conductor z= Q = 6nC -=| 75.0 nC/m? 
the charge will distribute uniformly 2A 2(0.2 m) 
on its two surfaces so that: 
(d) The electric field just outside the Oo. 75nC/m? 
surface of a conductor is given by: z E, ~ 885x102 C2/N- m? 
=| 8.47 KN/C 
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Picture the Problem We can construct a Gaussian surface in the shape of a sphere of 
radius r with the same center as the shell and apply Gauss’s law to find the electric field 
as a function of the distance from this point. The inner and outer surfaces of the shell will 
have charges induced on them by the charge q at the center of the shell. 


a) Apply Gauss’s law to a spherical 1 
(a) Apply Hee Suet f E dA=—Q vive 
surface of radius r that is concentric =a 
with the point charge: or 
An’ E E Qinside 
E0 
Solve for Ex: E, — Qinside (1) 


Amr € 
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For r < a, Qinside = q. Substitute in E (r 2 a) > 4q _| kq 
equation (1) and simplify to obtain: n Agr? Ey Lr 
Because the spherical shell is a Qinside = 9 

conductor, a charge —q will be and 

induced on its inner surface. Hence, E (a Erz b) 2 [o] 


fora <r <b: 


For r > b, Qinside = q. Substitute in 
equation (1) and simplify to obtain: 


(b) The electric field lines are shown 
in the diagram to the right: 


(c) A charge —q is induced on the ens q _ q 
inner surface. Use the definition of imer deo” 47a’ 
surface charge density to obtain: 
A charge q is induced on the outer q 

(oy = 
surface. Use the definition of surface OPSE 47b? 


charge density to obtain: 
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Picture the Problem We can construct a spherical Gaussian surface at the surface of the 
earth (we’ll assume the Earth is a sphere) and apply Gauss’s law to relate the electric 
field to its total charge. 


Apply Gauss’s law to a spherical f E dA= 1 Q 
surface of radius Rẹ that is a €p ii 
concentric with the earth: or 
4 RÈ E, = Qhaside 
€p 


Solve for Qinside = Qearth to obtain: 
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Substitute numerical values and (6.37 x10 m) (150 N/C) 
evaluate Qearh: Qan = 8.99x10° N-m?*/C? 


=| 6.77x10°C 


*63 ee 
Picture the Problem Let the inner and outer radii of the uncharged spherical conducting 
shell be a and b and q represent the positive point charge at the center of the shell. The 
positive point charge at the center will induce a negative charge on the inner surface of 
the shell and, because the shell is uncharged, an equal positive charge will be induced on 
its outer surface. To solve part (b), we can construct a Gaussian surface in the shape of a 
sphere of radius r with the same center as the shell and apply Gauss’s law to find the 
electric field as a function of the distance from this point. In part (c) we can use a similar 
strategy with the additional charge placed on the shell. 


(a) Express the charge density on — inner 
, O inner *~ 

the inner surface: A 

Express the relationship between the q + dinner =O 

positive point charge q and the 

charge induced on the inner surface 

inner: 

Substitute for dinner to obtain: _ 74d 
O inner P 

47a 


j j -2.5 
Substitute numerical values and Üs HC -=| —0.553 pC/ ai 
47(0.6m) 


evaluate Oinner: 


Express the charge density on the — outer 
O outer a 
outer surface: A 
Because the spherical shell is Gite + Giner = O 
uncharged: 
Substitute for qouter to obtain: — Z Winner 
O outer = Anb? 


i i 2.5 
Substitute numerical values and Cone = uC -= 0.246 pC/ m 
47(0.9m) 


evaluate Oputer: 
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b) Apply Gauss’s law to a spherical 1 
) ee . A A i f E,dA = — Qenside 
surface of radius r that is concentric S &j 
with the point charge: or 
Anr °E Z Qinside 
n E, 
Solve for E}: E= Qiside (1) 
T 4m? E 


For r <a = 0.6 m, Qinside = q. Substitute in equation (1) and evaluate 
E,(r < 0.6 m) to obtain: 


q _ kq _ (8.99x10° N -m?/C? )(2.5 uC) 


E (r<a)= =— = 
alr <a) 4m’ e r? r’ 
4 2 1 
=| (2.25x10* N -m?/C) = 
r 

Because the spherical shell is a Q inside = 9 
conductor, a charge —q will be and 
induced on its inner surface. Hence, E, (0.6m ápa 0.9m) 2 [o] 


for 0.6m <r < 0.9m: 


For r > 0.9 m, the net charge inside the Gaussian surface is q and: 


E, (r > 0.9m)=~4 =| (2.25x10* N- m/c) 
r r 


(c) Because E = 0 in the conductor: dinner = 2-9 LC 
and 
Cima =| -0.553 uC/m* 
as before. 
Express the relationship between the outer + Vinner = 3-5 MC 
charges on the inner and outer and 
surfaces of the spherical shell: douer = 3-5 HC - dinne = 6-0 uC 


Outer İS now given by: Tue Loe —| 0.589 pC/m? 
47(0.9m) 
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For r < a = 0.6 m, Qinside = q and E,(r<a)= (2.25x10* N. m?/c) + 


E,(r < 0.6 m) is as it was in (a): r 
Because the spherical shell is a Qinside = 0 

conductor, a charge —q will be and 

induced on its inner surface. Hence, E (0 6m<r<0 9m) E [o] 


for 0.6m <r < 0.9m: 


For r > 0.9 m, the net charge inside the Gaussian surface is 6 wC and: 


ka _ 
r? 


E, (r > 0.9m) = * = (8.99x10° N-m?/C?)(6 4) + =| (5.39x10° N-m?/c) + 
r 


r 
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Picture the Problem From Gauss’s law we know that the electric field at the surface of 
the charged sphere is given by E = kQ / R? where Q is the charge on the sphere and R is 
its radius. The minimum radius for dielectric breakdown corresponds to the maximum 
electric field at the surface of the sphere. 


Use Gauss’s law to express the E= kQ 
electric field at the surface of the R? 
charged sphere: 
Express the relationship between E E = kQ 
and R for dielectric breakdown: P= Ra 
Solve for Rmin: k 

Rain = nce 

\ Eraz 

Substitute numerical values and (8.99 x10? N - m?/C? \(8 uC) 
evaluate Rmin: Ran = \ 3x 10° N/C 


=| 23.2cm 
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65 ee 
Picture the Peopiem We can use its 

definition to find the surface charge A 

density just outside the face of the slab. Ja 
The electric field near the surface of the A 

slab is given by E = 0,,,,/€). We can 4 

find the electric field on each side of the A 

slab by adding the fields due to the slab AREFE 


46 24C 

and the plane of charge. a 
(a) Express the charge density per P 
face in terms of the net charge on the fce 2y? 
slab: 

. . 80 
Substitute numerical values to Dus a =| 1.60 4C/ m 
obtain: 2(5 m) 
Express the electric field just outside E = O face 
one face of the slab in terms of its < Si 
surface charge density: 
Substitute numerical values and = 1.60 pC/m* 
evaluate E ace: 8 8.85x 10°? C?/N-m? 

=| 1.81x10° N/C 

(b) Express the total field on the side E neat 


= E plane + E slab 
=E 


a a 


of the slab closest to the infinite 


plane” T Eyal 
charged plane: 
= O plane f — O face r 
2, Ep 
where F is a unit vector pointing away from 
the slab. 
Substitute numerical values and 3 2 uC/m’ 2 


T E sear T z r 
evaluate E „a: 2(8.85 x10" C2/N-m?) 


- (1.81x10° N/C) ê 


=| (= 0.680 x10° N/C) f 
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Express the total field on the side of = — Opiane a4 Shep 

the slab away from the infinite a re Ep 

charged plane: 

Substitute numerical values and Ë =- 2 uC/m’ P 
evaluate Ë.: fe“ 2(8.85 x10 C?/N-m?) 


+ (1.81x10° N/C) ê 


=| (2.94x10° N/C} F 


The charge density on the side of the slab near the plane is: 


= (8.8510? C?/N - m? )(0.680 x10° N/C)=| 0.602 uC/m? 


O hear =E 0 Eey 


The charge density on the far side of the slab is: 


Creu =€, Epea = (8.85107? C?/N - m? )(2.94x10° N/C)=| 2.60 4C/m? 


General Problems 


66 ee 
Determine the Concept We can determine the direction of the electric field between 
spheres I and II by imagining a test charge placed between the spheres and determining 
the direction of the force acting on it. We can determine the amount and sign of the 
charge on each sphere by realizing that the charge on a given surface induces a charge of 
the same magnitude but opposite sign on the next surface of larger radius. 


(a) The charge placed on sphere III has no bearing on the electric field between spheres I 
and II. The field in this region will be in the direction of the force exerted on a test charge 
placed between the spheres. Because the charge at the center is negative, 


the field will point toward the center. | 


(b) The charge on sphere I (—Q) will induce a charge of the same magnitude but 


opposite sign on sphere II: 


(c) The induction of charge +Qo on the inner surface of sphere II will leave its outer 
surface with a charge of the same magnitude but opposite sign: 


(d) The presence of charge -Qù on the outer surface of sphere II will induce a charge of 


the same magnitude but opposite sign on the inner surface of sphere III:| + Q, 
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(e) The presence of charge +Qp on the inner surface of sphere III will leave the outer 


surface of sphere III neutral: | 0 


(f) A graph of E as a function of r is shown 
to the right: ee bee 


67 ee 


Picture the Problem Because the difference between the field just to the right of the 
origin E and the field just to the left of the origin E, „gis the field due to the 


x, right x, left 


nonuniform surface charge, we can express E, p and the difference between E, ngn and 


OJE- 


Express the electric field just to the o 


Eien = Ey sche —— 
ae Te x,left x,right 
left of the origin in terms of E, ngh r 


and o/€: 


Substitute numerical values and evaluate E eț: 


2 
Een = 4-65 10° Nic =| 1.15x10° N/C 
è x ‘mM 
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68 oo 
Picture the Problem Let P denote the point of interest at (2 m, 1.5 m). The electric field 
at P is the sum of the electric fields due to the infinite line charge and the point charge. 


y, m 


of. 8 
A F 
| q =1.3 uC 
|A =—1.5 uC/m 1.5 i P (2,1.5) 
| | 
| 14 
| 
| 
| 
| 
t t + +-x,m 
2 0 1 2 
Express the resultant electric field at P: E=E a E, 
Find the field at P due the infinite line charge: 
=  2kA._ 2(8.99x10° N-m*/C* )(-1. > > 
E, = 24 5 _ 216.9910" N-m*c*)(-1.5 Cm) 99x10" N: m?/C? (15 4C/m); =(-6.74kN/C)i 
r 4m 
Express the field at P due the point Ë -= kq a 
charge: ee oi 
Referring to the diagram above, r=1.12m 
determine r and f: and 


f = 0.893î — 0.446 j 
Substitute and evaluate E ne m,1.5m): 


(8.99x10° N - m?/C? )(1.3 uC) 
(1.12m)’ 
= (9.32 KN/C)(0.893/ — 0.446) 


a 
. 


= (8.32 KN/C)i — (4.16 kN/C)J 


E (2m,1.5m) (0.8937 - 0.4463) 


Substitute to obtain: 
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E(2m,1.5m)=(-6.74kN/C)i + (8.35kN/C)i — (4.17kN/C)j 


a 
. 


(L.61kN/C)i - (4.17 KN/C)j | 
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Picture the Problem If the patch is small enough, the field at the center of the patch 
comes from two contributions. We can view the field in the hole as the sum of the field 
from a uniform spherical shell of charge Q plus the field due to a small patch with surface 
charge density equal but opposite to that of the patch cut out. 


(a) Express the magnitude of the 
electric field at the center of the 
hole: 


Apply Gauss’s law to a spherical 
gaussian surface just outside the 
given sphere: 


Solve for Espherical shen to obtain: 


The electric field due to the small 
hole (small enough so that we can 
treat it as a plane surface) is: 


Substitute and simplify to obtain: 


(b) Express the force on the patch: 


Assuming that the patch has radius 
a, express the proportion between 
its charge and that of the spherical 
shell: 


Substitute for q and E in the 


expression for F to obtain: 


(c) The pressure is the force 
divided by the area of the patch: 


E=E 1 + Eole 


spherical shell 


E (amr? ) = Qenclosed = Q 
spherical shell = = 
€o €o 
E — Q 
sphericalshell ~ 2 
a 4T Er 
_ 2—0 
hole ~~ 
2€ 
Q -0 
E= — + — 
476€,r 26 


4rer? 2e 4er’ 


E a 
87 e r? 


F = qE 
where q is the charge on the patch. 


q Q a’ 
= (0) < 
ma’ 4nr’ oa 4r° s 
7 7 a Q 7 Q’a* 
| Ar? Q 8re r?) |32me r’ 
0 0 
Q’a* 
_ 327 € rí Q?’ 
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70 oo 
Picture the Problem The work done by the electrostatic force in expanding the soap 


bubble is W = Í PdV. 


From Problem 69: Q? 
327? E rí 
Express W in terms of dr: W= [Pav = | Paar*ar 
Substitute for P and simplify: 2 o2 gy 
W= = Ja 
m Eo 0.1m r 


Evaluating the integral yields: 


w=, _|-1)". (ancy = sail 


BEL rlin 87(8.85x10"C?/N-m’)\ 0.2m 0.1m 


=| 2.02x107 J 
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Picture the Problem We can use E = kq/R’, where R is the radius of the droplet, to find 
the electric field at its surface. We can find R by equating the volume of the bubble at the 
moment it bursts to the volume of the resulting spherical droplet. 


Express the field at the surface of kq 

the spherical water droplet: = R? (1) 
where R is the radius of the droplet and q is 
its charge. 

Express the volume of the bubble V ~4mr’t 

just before it pops: where t is the thickness of the soap bubble. 

Express the volume of the sphere 4 _. 

into which the droplet collapses: V= 3 mR 

Because the volume of the droplet TE eee 

and the volume of the bubble are 4rr’t= 3 mR 

equal: 

Solve for R: R=3/3rt 

Assume a thickness t of 1 zm and _3 2 = 3 

poe R =3/3(0.2m)*(1 ym) = 4.93x10° m 
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Substitute numerical values in 


8.99 x10° N-m?/C?)(3nC) 
equation (1) and evaluate E: 


l 
E= (4.93x10° m} 


=|1.11x10° N/C 


72 e 
Picture the Problem Let the numeral 1 

refer to the infinite plane at x = —2 m and 

the numeral 2 to the plane at x = 2 m and o, = —3.5 pC/m? = 6 pC/m? 
let the letter A refer to the region to the left | 
of plane 1, B to the region between the | 
| 
| 


| 
| 
planes, and C to the region to the right of | 
| 


plane 2. We can use the expression for the A B € 
electric field of in infinite plane of charge 4 aa x, m 
to express the electric field due to each 
plane of charge in each of the three | | 
regions. Their sum will be the resultant 
electric field in each region. 
Express the resultant electric field as E=E,+E, (1) 
the sum of the fields due to planes 1 
and 2: 
(a) Express and evaluate the field E ( A) _ oO (- i) 
due to plane 1 in region A: i 2€ 
_ -3.5 uC/m? ( i) 
2(8.85 x 10% C*/N-m? 
= (198kN/C)i 
Express and evaluate the field due to Ë, ( A) _ é i) 
plane 2 in region A: 2 © 
E 6 uC/m? ( i) 
2(8.85 x10” C?/N-m* ) 
= (—339kN/C)i 
Substitute in equation (1) to obtain: E(A)=(198 kN/C)i + (—339 kN/C)i 


=| (-141kNic)? | 
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(b) Express and evaluate the field E ( B) _ 1? 
due to plane 1 in region B: i 265 


o -35Cim? ; 
~ 2(8.85x10 7 C?/N-m?) 
= (-198kN/C)i 


Express and evaluate the field due E ( B) __%% 2 f) 
2 


to plane 2 in region B: 2€, 
o 6 wC/m? ( i) 
2(8.85 10" C?/N-m’) 
= (—339kN/C)i 


Substitute in equation (1) to obtain: E(B) = (-198kN/C)i + (- 339 kN/C)i 
=| (-537kN/C)i 


(c) Express and evaluate the field E(c) _ Oy h 


due to plane 1 in region C: 2 Ey 

-3.5 uC/m? > 
2(8.85 x10" C/N -m?) 
= (-198kN/C)i 


Express and evaluate the field due to E, (c) o ; 
plane 2 in region C: 2 € 
E 6 uC/m? ; 
2(8.85x10” C?/N -m°) 
= (339kN/C)i 
Substitute in equation (1) to obtain: E(C)=(-198kN/C)i + (339kN/C)î 
=| (141kN/C)i 
*73 os 


Picture the Problem We can find the electric fields at the three points of interest by 
adding the electric fields due to the infinitely long cylindrical shell and the spherical 
shell. In Problem 42 it was established that, for an infinitely long cylindrical shell of 
radius R, E,(r < R) =0, and E, (r > R) = oR/€, r.We know that, for a spherical shell 


of radius R, E,(r < R)=0, and E,(r>R)=oR*/e, r’. 
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y,cm 
~~! at le 6 wC/m? 

| _@ = -12 pC/m 

| een 

i (20,10) / e (50,20) N \ 

10 | 7 —— \ 
| = = ~ 
matt À ae 
0 15 20 25 ~ 50 a 
i N a aAA LF 
\ / 

| NS / 

| N 4 

| ace call 
Express the resultant electric field as E=E yl T E oh (1) 
the sum of the fields due to the 
cylinder and sphere: 
(a) Express and evaluate the electric E zi (0,0) =0 
field due to the cylindrical shell at because the origin is inside the cylindrical 
the origin: shell 


Express and evaluate the electric field due to the spherical shell at the origin: 


(-12 uC/m? \(0.25m} 
(8.85x10™? C?/N - m? )(0.5m 


E ,(0,0)= ae i)= 


€r 


7 (-î)= G39kN/c)î 


Substitute in equation (1) to obtain: 


E(0,0)= 0 + (339kN/C)î 


=| (339kN/C)i 
or 
E(0,0) =| 339 kN/C 
and 
= [5] 


(b) Express and evaluate the electric field due to the cylindrical shell at 


(0.2 m, 0.1 m): 
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2 
E.,(0.2m0.1m)= 27 = (6 eu }(0.15m) i =(508kN/C)i 
: €,r  (8.85x10 C?/N -m° )(0.2m) 


Express the electric field due to the 


= oR’ a 
: E, h (r) = r 
charge on the spherical shell as a R € r° 


function of the distance from its where Fis a unit vector pointing from (50 


center: cm, 0) to (20 cm, 10 cm). 
Referring to the diagram shown r=0.316m 
above, find r and F: and 


F = —0.949i + 0.316] 


Substitute to obtain: 


(0.9497 + 0.3163) 


i (-12 uC/m? \(0.25m} 
E „(0.2m,0.1m)= 
FA m m) (8.85x10” C°/N .m? )(0.316m} 


= (-849 KN/C)(- 0.9497 + 0.3163) 


= (806kN/C)i + (-268kN/C)j 


Substitute in equation (1) to obtain: 
E(0.2m,0.1m)= (508kN/C)i + (806kN/C)i + (— 268kN/C)j 


GS 
. 


=| (1310kN/C)i +(—268kN/C)j 


or 


E(0.2m,0.1m)= /(1310kN/C/)’ + (— 268kN/C) =| 1340 kN/C 
— 268 kN/C 
6 = tan "| ————_— | =| 348° 
a E kN/C l Ea 


and 


(c) Express and evaluate the electric field due to the cylindrical shell at 
(0.5 m, 0.2 m): 


P 6uCim?\0.15m) + f 
E „(0.5m,0.2m) = l = (203kN 
giem omy (8.85 x10” C?/N - m? (05m) (EORENIC 


Express and evaluate the electric E 
field due to the spherical shell at 


(0.5m,0.2m)=0 


sph 
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(0.5 m, 0.5 m): because (0.5 m, 0.2 m) is inside the 
spherical shell. 
Substitute in equation (1) to obtain: E(0.5 m,0.2 m) = (203 kN/C) i+0 
=| (203kN/C)i 
or 


E(0.5m,0.2m)=| 203kN/C 


a= | 0] 


74 » 
Picture the Problem Let the numeral 1 refer to the plane with charge density o, and the 
numeral 2 to the plane with charge density o». We can find the electric field at the two 
points of interest by adding the electric fields due to the charge distributions of the two 
infinite planes. 

Express the electric field at any E=E EF E, (1) 
point in space due to the charge 

distributions on the two planes: 


(a) Express the electric field at (6 m, 2 m) due to plane 1: 


- O, 3 65nC/m* 
E,(6m,2m)=—" j= 
i ) 2e,” 2(8.85x10" C2/N-m? 


a 
° 


ji = (3.67 kN/C)j 


Express the electric field at (6 m, 2 m) due to plane 2: 


O, a 45nC/m* 
2 r= -12 m~2 2 
€  2(8.85x10™ C?°/N-m 


where Fis a unit vector pointing from plane 2 toward the point whose coordinates are (6 


E,(6m,2m)= j = (2.54kN/C)F 
m, 2 m). 


a 
. 


Refer to the diagram below to obtain: f =sin30°% — cos 30° J 


y 
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Substitute to obtain: 


a a 
. . 


E,,(6m,2m) = (2.54kN/C)[sin 30°f — cos 30°j) = (1.27 KN/C)i + (-2.20kN/C)j 


Substitute in equation (1) to obtain: 


E(6m,2m) = (3.67kN/C)j + (1.27kN/C)i + (— 2.20kN/C)j 


~ 
. 


=| (1.27kN/C)i + (1.47kN/C)j 


(b) Note that E,(6m,5m)= E,(6m,2m) so that: 


p o3 65nC/m? : 
E,(6m,5m)=—2-j = j = (3.67kN/C)j 
lemon) 2,7 2(8.85x10C?/N-m?)? l )j 


Note also that E, (6 m,5m) = -E, (6 m,2 m) so that: 


a 
. 


E,(6m,5m) = (—1.27kN/C)i + (2.20kN/C)j 


Substitute in equation (1) to obtain: 


a 
° 


E(6m,5m)= (3.67kN/C)j + (-1.27KN/C)î + (2.20kN/C)j 


a 
. 


(—1.27kN/C)i + (5.87kN/C)j 


75 ee 
Picture the Problem Because the atom is uncharged, we know that the integral of the 
electron’s charge distribution over all of space must equal its charge e. Evaluation of this 
integral will lead to an expression for po. In (b) we can express the resultant field at any 
point as the sum of the fields due to the proton and the electron cloud. 


(a) Because the atom is uncharged: co co 
e= f e(rjav Z f olr 4z r°dr 
0 0 


Substitute for p(r): o% 20 
e= foe” Anr*dr = Anp, [re "dr 
0 0 


Use integral tables or integration by a 


parts to obtain: [ree "ar =a 
0 
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3 


e = 4p, 6 = 710" py 


Substitute to obtain: 


Solve for po: e 


Po = 3 
ma 


(b) The field will be the sum of the 
field due to the proton and that of 
the electron charge cloud: 


2 cloud 


kq 
E = E, + Eaa = 


Express the field due to the electron kQ(r) 
cloud: E aoua (r ) = r2 


where Q(r) is the net negative charge 
enclosed a distance r from the proton. 


Substitute to obtain: E (r) _ ke p kQ(r) 


r’ r’ 


As in (a), Q(r) is given by: 


Q(r)= fáar p(r')dr' 


Integrate to find Q(r) and substitute 
in the expression for E to obtain: 


*76 ee 

Picture the Problem We will assume that the radius at which they balance is large 
enough that only the third term in the expression matters. Apply a condition for 
equilibrium will yield an equation that we can solve for the distance r. 


Appl F = 0 to the proton: 2ke* 
pply >) p eet ng 
a 

To solve for r, isolate the 2 

, a 2ke 
exponential factor and take the r=—lIn 5 
natural logarithm of both sides of the 2 (mga 
equation: 


Substitute numerical values and evaluate r: 


_ 0.0529nm , | 2(8.99x10° N -m? / C? (60x102 C} | _ 
a i (1.67 x10” kg)(9.81m/s)(0.0529nm)’ pC 
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Thus, even though the unscreened electrostatic force is 40 orders of magnitude 


larger than the gravitational force, screening reduces it to smaller than the 


gravitational force within a few nanometers. 


Remarks: Note that the argument of the logarithm contains the ratio between the 
gravitational potential energy of a mass held a distance a, above the surface of the 
earth and the electrostatic potential energy for two unscreened charges a distance ao 
apart. 


77 % 
Picture the Problem In parts (a) and (b) we can express the charges on each of the 
elements as the product of the linear charge density of the ring and the length of the 
segments. Because the lengths of the segments are the product of the angle subtended at 
P and their distances from P, we can express the charges in terms of their distances from 
P. By expressing the ratio of the fields due to the charges on sı and s we can determine 
their dependence on r; and rz and, hence, the resultant field at P. We can proceed 
similarly in part (c) with E varying as 1/r rather than 1/r°. In part (d), with sı and sz 
representing areas, we’ll use the definition of the solid angle subtended by these areas to 
relate their charges to their distances from point P. 


(a) Express the charge qı on the q, =As, = AGr, 
element of length sı: where ĝis the angle subtended by the arcs 


of length sı and sp. 


Express the charge qz on the q, = As, = Abr, 
element of length sz: 


Divide the first of these equations q, AG, in 

by the second to obtain: q, 7 Abr, 7 r, 

Express the electric field at P due to E- kq, _ kAs, _ kA@r, _ kAO 
the charge associated with the ! rf i r? r 


element of length sı: 


Express the electric field at P due to E. = kA@ 
the charge associated with the ? F 
element of length sz: 


Divide the first of these equations k40 
by the second to obtain: Foo _h 
E, kA r, 
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(b) The two fields point away from 
their segments of arc. 


(c) If E varies as 1/r: 


Therefore: 


(d) Use the definition of the solid 
angle Q subtended by the area s; to 
obtain: 


Express the charge qı of the area sı: 


Similarly, for an element of area sz: 


Express the ratio of qı to q2 to 
obtain: 


Proceed as in (a) to obtain: 


and, because r» > rı, 
E >E, 


Because E, > E,, the resultant 


field points toward s,. 


E= 1 = kA0 
r r n 

and 
ki k k 

pare Me g 
D r r 

E, =E, 

as 

4m An? 

or 

s, =Qr? 

qı = OS; = Qr? 

s, = Or; 

and 

q = Qr; 

q Qr Or 

Gi OOK ilag 
kq, 

E r r qı ror? era 1 
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Because the two fields are of equal E=0 
magnitude and oppositely directed: 


If E œ 1/r, then s, would produce the stronger field at P and E would point 


toward s, 
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Picture the Problem We can apply the condition for translational equilibrium to the 


particle and use the expression for the electric field on the axis of a ring charge to obtain 
an expression for |q|//m. Doing so will lead us to the conclusion that |q|/m will be a 
minimum when E£, is a maximum and so we’ll use the result from Problem 26 that 


Z= -R/ J2 maximizes E,. 


ee ie 


O O—y 
R R 
O mg 
(a) Apply XF, = 0 to the particle: lq E,-mg=0 
Solve for |q|/m: lq g 
a (1) 
m E, 


Note that this result tells us that the 
minimum value of |q|/m will be where the 
field due to the ring is greatest. 


Express the electric field along the z E kQz 


axis due to the ring of charge: í (2? +R? li 


Differentiate this expression with respect to z to obtain: 


(2? + ae -z— 


dE d X 

dz “az (2? pR” 

(z iR)” -z (z +R)” (2z) io (z iR) ~327(2? oe 
(z IRT (z +R?) 


|-10 
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Set this expression equal to zero for 
extrema and simplify: 


Solve for x to obtain: 


You can either plot a graph of E, or 
evaluate its second derivative at 
these points to show that it is a 
maximum at: 


Substitute to obtain an expression 


Ey max: 


Substitute in equation (1) to obtain: 


(b) If |q\/m is twice as great as in (a), 
then the electric field should be half 
its value in (a), i.e.: 


Let a = z’/R’ and simplify to obtain: 


(2? eae | -3z?(z? R)” 
(z +R?) 

(2? +R?) ~32?(2? sR” =0, 

and 

z’ +R? -3z =0 


=0, 


m 2kQ 
kQ kQz 
IR paR) 
or 
1 z’ 


a? +3a° —24a+1=0 


The graph of f (a) = a? +3a? — 24a +1 shown below was plotted using a spreadsheet 


program. 
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15 i 
10 


f(a) 


0.0 1.0 2.0 3.0 4.0 


Use your calculator or trial-and-error a = 0.04188 and a = 3.596 
methods to obtain: 


The corresponding z values are: z = —0.205R and z=—1.90R 


The condition for a stable equilibrium position is that the particle, when displaced from 
its equilibrium position, experiences a restoring force, i.e. a force that acts toward the 
equilibrium position. When the particle in this problem is just above its equilibrium 
position the net force on it must be downward and when it is just below the equilibrium 
position the net force on it must be upward. Note that the electric force is zero at the 
origin, so the net force there is downward and remains downward to the first equilibrium 
position as the weight force exceeds the electric force in this interval. The net force is 
upward between the first and second equilibrium positions as the electric force exceeds 
the weight force. The net force is downward below the second equilibrium position as the 
weight force exceeds the electric force. Thus, the first (higher) equilibrium position is 
stable and the second (lower) equilibrium position is unstable. 
You might also find it instructive to use a 
your graphing calculator to plot a graph of 
the electric force (the gravitational force is 
constant and only shifts the graph of the 


total force downward). Doing so will 1.90R A 


se) f 
produce a graph similar to the one shown 0.205R 


in the sketch to the right. 


Note that the slope of the graph is negative on both sides of —0.205R whereas it is 
positive on both sides of —1.90R; further evidence that —0.205R is a position of stable 
equilibrium and —1.90R a position of unstable equilibrium. 
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Picture the Problem The loop with the — 
small gap is equivalent to a closed loop and 
a charge of —Q/¢/2zR at the gap. The field 
at the center of a closed loop of uniform y 
line charge is zero. Thus the field is 
entirely due to the charge —Q¢/2aR. 
(a) Express the field at the center of E center = E toop + E gap (1) 
the loop: 
Relate the field at the center of the EË =- kq, 
loop to the charge in the gap: Pap R? 
Use the definition of linear charge See a Q 
density to relate the charge in the L 2aR 
gap to the length of the gap: or 
Qe 
a 
27R 
Substitute to obtain: R o kQL . 
E oy E 277R? r 
Substitute in equation (1) to obtain: E -0 kQ¢ a kQ¢ 3 
center 227R? 227R? 


If Qis positive, the field at the origin points radially outward. 


(b) From our result in (a) we see _| kQé 
that the magnitude of E center LS! eme | Dae 
80 ee 


Picture the Problem We can find the electric fields at the three points of interest, 
labeled 1, 2, and 3 in the diagram, by adding the electric fields due to the charge 
distributions on the nonconducting sphere and the spherical shell. 
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a. 
| 
| T 1.5 uC /m? 
+ 
| 


a x,m 
0 

Express the electric field due to the E=E get Be (1) 
nonconducting sphere and the 
spherical shell at any point in space: 
(a) Because (4.5 m, 0) is inside the E ven (4.5m,0) =0 
spherical shell: 
Apply Gauss’s law to a spherical = 4n, > 

PPY R sphere (r) z — kpri 


surface inside the nonconducting 
sphere to obtain: 


Evaluate E (0.5m): 


sphere 


Ë a (0.5m)=  (8.98810" N-m2/C? (5 uC/m? \(0.5m)i = (94.1kN/C)i 


sphere 


Substitute in equation (1) to obtain: E(4.5 m,0) = (94.1kN/C)i +0 
=| (94.1kN/C)i 


Find the magnitude and direction of E(4.5m,0) =| 94.1kN/C 


E(4.5m,0): aA 
f= 
(b) Because (4 m, 1.1m) is inside E pan (4m,1.1m) =0 


the spherical shell: 
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a 
. 


(1.1m): 


Evaluate E shes 
9 2 2 2 3 
é.,..(1-1m)= 47r(8.99 x 10° N -m?/C Is CIm? (0.6m) eer 
3(1.1m) 
E(4.5m,0) = (33.6kN/C)j +0 


(33.6kN/C)j 


Substitute in equation (1) to obtain: 


Find the magnitude and direction of 
and 


E(4.5m,1.1m): 
9 =| 90° | 


k $ 
E hen (r) a See f 


(c) Because (2 m, 3 m) outside the 
spherical shell: 
where Fis a unit vector pointing from 
(4 m, 0) to (2 m, 3 m). 
Quen = Apen = 4r (1.5 Cm’? (1.2m 
= —27.1 uC 


Evaluate Qshen: 


r=3.61m 


and 


Refer to the diagram below to find f and r 
f =—0.555i + 0.832] 


y,m 
(2,3) 


2 
34 


x,m 


T 
2 4 


Substitute and evaluate Eon (2 m,3m): 
(8.99 x10" N-m’/C?)(- 27.14) , 


(3.61m)" 
= (-18.7kN/C)(- 0.5551 + 0.832) 


È iii (3.61m) 


= (10.4kN/C)Î + (-15.6kN/C)j 
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Express the electric field due to the = ( j= KQ, phere ê 
charged nonconducting sphere at a sphere r’ 
distance r from its center that is 

greater than its radius: 


Find the ch the sphere: af 
ind the charge on the sphere Qunere = Vener = 66 fre /m?\0.6m)' 


= 4.52 uC 


Evaluate E (3.61m): 


sphere 


(8.99x10° N- m?/C? (4.52 4) ; = (3.12 kN/C)f 
(3.61m)° 


= (3.12kN/C)(- 0.555? + 0.8323) 


= (-1.73KN/C)i +(2.59kN/C)j 


E (2 m,3 m) 


Substitute in equation (1) to obtain: 


a 
. 


E(2m,3m)= (10.4kN/C)Î +(—15.6kN/C)j +(—1.73kN/C)i + (2.59kN/C)j 


~ 
. 


=| (8.67 kN/C)i + (-13.0kN/C)j 


Find the magnitude and direction of E (2 m,3 m) : 


E(2m,3m)= y(8.67KN/C) +(-13.0kKN/C) =[15.6kN/C | 


pain VS | 0a 
8.67 kN/C 


and 
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Picture the Problem Let the numeral 1 


a, 2 wC/m? 


refer to the infinite plane whose charge ym 


density is ø and the numeral 2 to the aoo; = -3 uC /m? 


infinite plane whose charge density is 0 


x,m 


o>. We can find the electric fields at the 


two points of interest by adding the electric 3 uC /m? 


fields due to the charge distributions on the 


infinite planes and the sphere. 
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Express the electric field due to the E=E Dhe T E REE E A (1) 

infinite planes and the sphere at any 

point in space: 

(a) Because (0.4 m, 0) is inside the E ane (0.4 m,0) =0 

sphere: 

Find the field at (0.4 m, 0) due to E ,(0.4m,0) A ; 

plane 1: 25 
= 3 uC/m* 3 

2(8.85 x10" C2/N-m?)? 

= (169kN/C)j 


Find the field at (0.4 m, 0) due to plane 2: 


-= LG a) — 2 uC/m’ i. 2 
E,,(0.4m,0)= : = ( i)= 216.a5x10-" ONE i)= (113kN/C)i 


a 
. 


Substitute in equation (1) to obtain: E(0.4 m,0) =0+ (169 kN/C)j 
+ (113kN/C)i 
= (113kN/C)i + (169kN/C)j 


Find the magnitude and direction of E(0.4 m,0) = a (1 13 kN/C) + (169 kN/ ey 
E(0.4m,0): _ 
and 


169 kN/C 
6 = tan "| ————— | =| 56.2° 
Fone) 


(b) Because (2.5 m, 0) is outside the = 


E 


k 
(0.4m,0)= “auen g 


hi 
sphere: nee 
where Fis a unit vector pointing from 


(1 m, —0.6 m) to (2.5 m, 0). 
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Evaluate Qsphere? oe = OA here = AroR? 
= 47(-3 uC/m? Yim’ 
3287-7 1 

Referring to the diagram above, r=1.62m 

determine r and fF: and 


f = 0.928: + 0.371j 


Substitute and evaluate E (2.5 m,0): 


sphere 


(8.99 x10" N-m7/C?)(-37.7 4C) - 
(1.62m? 

= (-129kN/C)(0.9287 + 0.371) 

= (—120kN/C)i + (—47.9kN/C)j 


Fin (2.5m,0) 


Find the field at (2.5 m, 0) due to E (2 5m 0) _o% i 
plane 1: a 2 € 
7 3 uC/m? 7 
2(8.85x10 C/N -m?})” 
= (169kN/C)j 
Find the field at (2.5 m, 0) due to E (2 5m 0) mT 
plane 2: AA 2€ 


-2 Ci? : 
2(8.85x10” C?/N -m° ) 


= (-113kN/C)i 


Substitute in equation (1) to obtain: 


E(0.4m,0)= (—120kN/C)i + (—47.9kN/C)j + (169kKN/C)j + (-113kN/C)i 


= (— 233kN/C)i + (121kN/C)j 


Find the magnitude and direction of E (2.5m,0): 
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E(2.5m,0) = .|(— 233kN/C/) + (121kN/C)’ = 


g= un | SN . |- 153° 


and 


— 233kN/C 
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Picture the Problem Let P represent the point of interest at (1.5 m, 0.5 m). We can find 
the electric field at P by adding the electric fields due to the infinite plane, the infinite 
line, and the sphere. Once we’ve expressed the field at P in vector form, we can find its 
magnitude and direction. 


Express the electric field at P: E = Ë pne + Eime + É sphere 
Find E ane at P: E o n 
plane 
2 © 
7 2 uC/m’ 2 


~~ 2(8.85x102 C2/N- m2) 


=(-113kN/C)i 


Express E,,,, at P: E. = 2kA . 


line TE — 
line 


Refer to the diagram to obtain: 
-= $ 3 ym 
r =(0.5m)i —(0.5m)j 


and 
f =(0.707)i — (0.707)j 


|o = 2 uC/m? 


x, m 


Substitute to obtain: 


9 2 2 
Ea 2(8.99 x10? N -m?/C? \(4 uC) o 707) - (0.707);] 
0.707 m 
= (102 kN/c)|(0.707)i =: (0.707)ĵ] = (72.1kN/C)i + (—72.1kN/C)j 
oe i > 4 P 
Letting r' represent the distance E hoe = = kr'pr" 


from the center of the sphere to P, 
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apply Gauss’s law to a spherical where fr’ is directed toward the center of 
surface of radius r' centered at the sphere. 

(1 m, 0) to obtain an expression 

for E at P: 


sphere 


a 
. 


Refer to the diagram used above to obtain: =r’ = -(0.5 m)i E (0.5 m)j 


and 
7’ = -(0.707)i — (0.707)j 
Substitute to obtain: 


E chee = = (6.99 x10° N-m?/C?)(0.707 m)(~6 uC/m’)|(0.707)F + (0.707)j| 
= (-113kN/C)(? + j)- (-113kN/C)i + (-113kN/C)j 


Substitute and evaluate E : 


E =(-113kN/C)i + (72.1kN/C)i + (—72.1kN/C)j + (-113kN/C)i 


+(-113KN/C)j 
= (-154kN/C)i + (-185kN/C)j 


Finally, find the magnitude and direction E= J (- 154 kN/C) i (- 185 kN/C) 


and 
0= wo (ee) =| 220° 
—185kN/C 

83. we 
Picture the Problem We can find the i 
period of the motion from its angular 
frequency and apply Newton’s 2" law to C h 
relate wto m, q, R, and the electric field mq 
due to the infinite line charge. Because the À 
electric field is given by E, = 2kA/r we ; 
can express @ and, hence, T as a function / 
of m, q, R, and A. ” 


l 2 
Relate the period T of the particle to j=" (1) 


its angular frequency æ: o 
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Apply Newton’s 2" law to the > Faa = QE, = MRO’ 
particle to obtain: 


Solve for æ: qE, 
o=, —— 
mR 
Express the electric field at a E =r a 
distance R from the infinite line i 
charge: 
Substitute in the expression for æ: 2kAq 1 = |2kAq 
oO= = 
VmR* RV m 
Substitute in equation (1) to obtain: m 
T =| 27R |—— 
2kAq 
*84 ee 


Picture the Problem Starting with the equation for the electric field on the axis of ring 
charge, we can factor the denominator of the expression to show that, for 

x << R, E, is proportional to x. We can use F, = qE; to express the force acting on the 
particle and apply Newton’s 2™ law to show that, for small displacements from 
equilibrium, the particle will execute simple harmonic motion. Finally, we can find the 
period of the motion from its angular frequency, which we can obtain from the 
differential equation of motion. 


(a) Express the electric field on the E= kQx 
axis of the ring of charge: 7 (x? + R° P s 
Factor R° from the denominator of E= kQx 


E, to obtain: i x? 32 
R? I+ 
= 32 ~ 3 


X 
at ge 


provided x << R. 


(b) Express the force acting on the Haghe kqQ " 


x R? 


particle as a function of its charge 


and the electric field: 
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(c) Because the negatively charged n d*x  kqQ ” 
particle experiences a linear dt? 7 R? 
restoring force, we know that its or 

motion will be Sope harmonic. d?x kQ p 
Apply Newton’s 2™° law to the ae mR a> 


negatively charged particle to f , , , 
the differential equation of simple 


obtain: : : 
harmonic motion. 

Relate the period T of the simple T= 20 

harmonic motion to its angular o 


frequency @: 


From the differential equation we pe kqQ 
have: mR? 


Substitute to obtain: 
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Picture the Problem Starting with the equation for the electric field on the axis of a ring 
charge, we can factor the denominator of the expression to show that, for x << R, Ex is 
proportional to x. We can use F, = gE, to express the force acting on the particle and 
apply Newton’s 2™ law to show that, for small displacements from equilibrium, the 
particle will execute simple harmonic motion. Finally, we can find the angular frequency 
of the motion from the differential equation and use this expression to find its value when 
the radius of the ring is doubled and all other parameters remain unchanged. 


Express the electric field on the axis E = kQx 
of the ring of charge: . (x? +R? P j 
Factor R° from the denominator of _ kQx 
E, = 3/2 
E, to obtain: x? 
R?| 1+ Re 
kQx Q 


R at ae 


provided x << R. 
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j ki 
Express the force acting on the F, =qE, = q@ x 
particle as a function of its charge R 
and the electric field: 
Because the negatively charged m d°x __kqQ 
particle experiences a linear d? RS 
restoring force, we know that its or 
motion will be simple harmonic. d*x kqQ 
Apply Newton’s 2" law to the dt? mR? = 
negatively charged particle to the differential equation of simple 


obtain: harmonic motion. 


The angular frequency of the simple kqQ 
harmonic motion of the particle is = m 


(1) 


given by: 
Express the angular frequency of the , kqQ 
ae ’ eer O= |——, (2) 
motion if the radius of the ring is m(2 R) 
doubled: 
Divide equation (2) by equation (1) kqQ 
to obtain: o' m(2 RY 1 
o He V8 
mR? 


Solve for and evaluate æ: @  21rad/s 
o= == = | 7.42 rad/s | rad/s 
/8 48 
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Picture the Problem Starting with the equation for the electric field on the axis of a ring 


charge, we can factor the denominator of the expression to show that, for x << R, Ex is 


proportional to x. We can use F, = gE, to express the force acting on the particle and 
apply Newton’s 2™ law to show that, for small displacements from equilibrium, the 


particle will execute simple harmonic motion. Finally, we can find the angular frequency 


of the motion from the differential equation and use this expression to find its value when 


the radius of the ring is doubled while keeping the linear charge density on the ring 
constant. 


Express the electric field on the axis E kQx 
of the ring of charge: i (x? + R? P g 
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Factor R° from the denominator of 
E, to obtain: 


Express the force acting on the 
particle as a function of its charge 
and the electric field: 


Because the negatively charged 
particle experiences a linear 
restoring force, we know that its 
motion will be simple harmonic. 
Apply Newton’s 2™ law to the 
negatively charged particle to 
obtain: 


The angular frequency of the simple 


harmonic motion of the particle is 
given by: 


Express the angular frequency of 
the motion if the radius of the ring 


is doubled while keeping the linear 


charge density constant (i.e., 
doubling Q): 


Divide equation (2) by equation (1) 


to obtain: 


Solve for and evaluate æ: 


kQx kQ 
rfa x j |R? 
+ — 


provided x << R. 


kqQ 
F, =qE, = R x 


2 
k 

gee 

dt R 
or 

2 

k 

d x + ae x=0, 
dt“ mR 
the differential equation of simple 


harmonic motion. 


_ |kaQ 
~ VmR? (t) 
o'= ned (2) 
\ m(2R) 


kq(2Q 
m(2R) 1 
kqQ 2 


\ mR? 


o' 
@O 


are 21rad/s =| 10.5rad/s 


2 


N 
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Picture the Problem We can apply Gauss’s law to express E asa function of r. We can 
use the hint to think of the fields at points 1 and 2 as the sum of the fields due to a sphere 
of radius a with a uniform charge distribution p and a sphere of radius b, centered at a/2 
with uniform charge distribution —p. 


(a) The electric field at a distance r E=Er (1) 
from the center of the sphere is 


where F is a unit vector pointing radially 
given by: 


outward. 


Apply Gauss’s law to a spherical 
surface of radius r centered at the 


f E,dA= E(4nr?)= Qeactosed 


origin to obtain: So 
Relate Qenciosea to the charge density Q 
P: P E Era = Qenclosed z 4 prr? 
3 I 

Substitute for Qenclosed: 4 omr? 

Eļ4mr?)=22 

Eo 
Solve for E to obtain: E pr 
3 € 
Substitute for E in equation (1) to B p 
obtain: E =| — rr 
3, 
(b) The electric field at point 1 is E =E +E =F Par P (2) 
the sum of the electric fields due to ! — “a Ká 
the two charge distributions: 
Apply Gauss’s law to relate the 4 ma? 
magnitude of the field due to the E 2 (47a : ) = faa 22 
positive charge distribution to the So So 
charge enclosed by the sphere: 
Solve for E,: p- 2 pb 
P 3e 3e 
Proceed similarly for the spherical 4 pb? 
hole to obtain: E, (4xb? ) = fwa 2s P 
(S € 
Solve for E»: b 
ve for E_, pes Pb 
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Substitute in equation (2) to obtain: ~ Dob. . 
_ 2pb . | pb a pb 


E, = PF 
36, 36 3 € 
The electric field at point 2 is the E.=EFE +E =Ef+E f (3) 
sum of the electric fields due to the ? i a os 
two charge distributions: 
Because point 2 is at the center of E =0 
the larger sphere: 
The magnitude of the field at point pb 
2 due to the negative charge a> 3e 
0 


distribution is: 


Substitute in equation (3) to obtain: m . J 


3E 3€ 
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Picture the Problem The electric field in the cavity is the sum of the electric field due to 
the uniform and positive charge distribution of the sphere whose radius is a and the 
electric field due to any charge in the spherical cavity whose radius is b. 


The electric field at any point inside E=-E F =F â a 

= E + E darseinside = Ef + E charge inside 
the cavity is the sum of the electric i a iach 
fields due to the two charge where r is a unit vector pointing radially 
distributions: outward. 
Because there is no charge inside E oargeinside = 9 
the cavity: 
The magnitude of the field inside pb 
the cavity due to the positive charge P36 

0 


distribution is: 


a in the expression for E -04 pb P-L pf 
to obtain: 3E 3e 
0 0 


89 ee 
Picture the Problem We can use the hint given in Problem 87 to think of the fields at 
points 1 and 2 as the sum of the fields due to a sphere of radius a with a uniform charge 
distribution p and a sphere of radius b, centered at a/2 with charge Q spread uniformly 
throughout its volume. 


The electric field at point 1 is the E, -Ë + E, =F f4 Eo (1) 
sum of the electric fields due to the k á 
two charge distributions: where r is a unit vector pointing radially 


outward. 
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Apply Gauss’s law to relate the 4 za’ 
field due to the positive charge E, (47a ° ) = Fen 7 P 
distribution to the charge of the So So 
sphere: 
Solve for E,: p- 2b 
P 3e 36 
Apply Gauss’s law to relate the a adaa Q 
field due to the negative charge EQ (4mb )= Z = a 
distributed uniformly throughout : : 
the volume of the cavity : where Q= p'V = p'4 7b? 
Substitute for Q to obtain: 4 qo'b? 
Elan?) = 322 
€o 
Solve for Eg: E p'b 
3 Ey 
Substitute in equation (1) to obtain: ~ Dob. 'b . Ip+o'b. 
E = Pp OO pP a 
3€ oe, DE, 
The electric field at point 2 is the E.=E +E. .=Ef+E Ff (2) 
sum of the electric fields due to the ? j s 5 X 
two charge distributions: 
Because point 2 is at the center of E =0 
the larger sphere: j 
The magnitude of the field at point pb 
2 due to the uniformly distributed Eo = 3c 
charge Q was shown above to be: k 
Substitute in equation (2) to obtain: A 'b oo 
E, =0+ GOFRE 
Ei 3€ 


90 oo 

Picture the Problem Let the length of the cylinder be L, its radius R, and charge Q. Let 
P be a generic point of interest on the x axis. We can find the electric field at P by 
expressing the field due to an elemental disk of radius R, thickness dx, and charge dq and 


then integrating E, = 2zkol1- x/ Vx? +R? ) 
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|Y j 
| dq= = dx 


| 
i M a= 50 wC/m? | 


——e— x, Mm 


Express the electric field on the x 
axis due to the charge carried by the 
disk of thickness dx: 


dE, = ay = se} 


Integrate dE, for P beyond the end of the cylinder: 


x+L/2 
X 
E, =2nkp | | 1-——* dx 
tI yx? + R? \ 


2 2 
= 2nkp (E+) +R? E- +R? 


Integrate dE, for P inside the cylinder: 


[ L/2+x x 7 7 
E, =27kp 1 dx 1- —== dx 
Tet I 


i 2 2 
= 2nkp n (Esa) sr (E-a) +R? 


The effective charge density of the disk _ Q/L 

is given by: aR? 

Substitute numerical values and p= 50 m 455340) w? 
evaluate : z(1.2 m) (2 m) 

Evaluate 2zkp : 


27kp = 27(8.99x10° N- m?/C? )(5.53 wC/m?) = 3.12 10° N/C-m 
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(a) Evaluate FE,(0.5 m): 


E,(0.5m)=(3.12x10° N/C-m) 


2 2 
x 205m)- [2% sosm) -(1.2m) + (205m) + (1.2m) 
- we] 


(b) Evaluate E,(2 m): 


E,(2m)=(3.12x10° N/C-m) 


2 2 
x om- | 22+2m) sam + (22m) +(1.2my 
- aI] 


(c) Evaluate E,(20 m): 


E,(20m) = (3.12x10° N/C- m) 


paa 


Remarks: Note that, in (c), the distance of 20 m is much greater than the length of 
the cylinder that we could have used E, = kQ/x’. 


91 eo 
Picture the Problem We can use E, = kQ/ [x, (x, = L)| to express the electric fields at 


Xo = 2L and xo = 3L and take the ratio of these expressions to find the field at xo = 3L. 


Express the electric field along the x E (x )= kQ 
axis due to a uniform line charge on =“ Xo (x, = L) 
the x axis: 


Evaluate E; at xo = 2L: E (2L) _ kQ kQ (1) 
i 2L(2L-L) 2p 
Evaluate F, at xo = 3L: E (3 L) kQ kQ (2) 
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Divide equation (2) by equation (1) kQ 
to obtain: E,(3L) 2 6L = 1 
E (2L) kQ 3 
2p? 
Solve for and evaluate E, BL): E, BL) Z =f (2L) _ ; (600 NIC) 


- [ONE] 


92 ooo 
Picture the Problem Let the coordinates of one corner of the cube be (x,y,z), and assume 
that the sides of the cube are Ax, Ay, and Az and compute the flux through the faces of 
the cube that are parallel to the yz plane. The net flux of the electric field out of the 
gaussian surface is the difference between the flux out of the surface and the flux into the 


surface. 


The net flux out of the cube is given Pa = plx + Ax)— (x) 
by: 


Use a Taylor series expansion to express the net flux through faces of the cube 
that are parallel to the yz plane: 


Prec = Hx) + (Ax) G(x) + 5 (Ax)? g (x) +... A(x) = (Ax) g(x) + (Ax) 9" (x) +. 


Neglecting terms higher than first Pa = Ax¢'(x) 
order we have: 
Because the electric field is in the x (x) = E,AyAz 
direction, ¢ (x) is: and 
(iy) Ex 
¢' (x) = —* AyAz 
Ox 
Substitute for ¢'(x) to obtain: OE, 
bq = Ax —* (AyAz) 
Ox 
E 
E (AxAyAz) 
Ox 
E 
AV 
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93 eo 
Picture the Problem We can use the definition of electric flux in conjunction with the 


result derived in Problem 92 to show that V- E = pl ey: 


From Gauss’s law, the net flux 
through any surface is: 


Prot — Aenal -2 y 


0 


Generalizing our result from OF OE. OE . 
Problem 92 (see the remark Pret = <4 4—4 y = (v -E \v 
following Problem 92): ôx Oy x 
Equate these two expressions to = p m p 
obtain: (V-E\V =2Vor V-E=|— 

€ € 


*O4 ecco 
Picture the Problem We can find the field due to the infinitely long line charge from 
E =2kA/r and the force that acts on the dipole using F = pdE/dr. 


Express the force acting on the F= dE 
dipole: dr 
The electric field at the location of E= 2kA 
the dipole is given by: r 
Substitute to obtain: d | 2kA 2kAp 
F = p — | ——— | =| — 5 
dr| r r 


where the minus sign indicates that the 
dipole is attracted to the line charge. 


95 » 
Picture the Problem We can find the distance from the center where the net force on 
either charge is zero by setting the sum of the forces acting on either point charge equal 
to zero. Each point charge experiences two forces; one a Coulomb force of repulsion due 
to the other point charge, and the second due to that fraction of the sphere’s charge that is 
between the point charge and the center of the sphere that creates an electric field at the 
location of the point charge. 


Apply YF = 0 to either of the Fosen Peg =O (1) 
point charges: 

Express the Coulomb force on the ke? ke? 

proton: Pesos = (Ra? = 4a? 


The force exerted by the field E is: Fiag = €E 


166 Chapter 22 


Apply Gauss’s law to a spherical 
surface of radius a centered at the 
origin: 


E ( 470? ) — Qenciosed 


£9 


al the a density of the 2e Oe 3 eq? 
electron sphere to Qenclosed: 4 a 3 enclosed — 3 
4R 3 7a R 


Substitute for Qenclosed: 2ea° 

E(4mm?) = 

& R 
Solve for E to obtain: ea e'a 
z 3 P lfe = 
27 & R 2m € R 
Substitute for Fcoulomb and Ffieig in ke? e-a 
equation (1): =U 
quation (1) 4a? 27r €, R? 

or 

ke? 2kea | 0 

4a? R’ 


Solve for a to obtain: 


1 


96 eve 
Picture the Problem We can use the result of Problem 96 to express the force acting on 
both point charges when they are separated by 2a. We can then use this expression to 
write the force function when the point charges are each displaced a small distance x 
from their equilibrium positions and then expand this function binomially to show that 
each point charge experiences a linear restoring force. 


From Problem 95, the force function ke  2kea 
at the equilibrium position is: F (a ) =a z = 0 
4a R 
When the charges are displaced a ke? _» 2ke* 
distance x symmetrically from their F (a + x) = “AL (a + x) — E (a + x) 
equilibrium positions, the force 
function becomes: 
Expand this function binomially to obtain: 
ke* (__» E 2ke?  2ke’° 
Fia +x)=— 4a“ -2a "x+... a X 
( ) 4 ( ) R? R? 
ke? ke 2k  2ke 
zx a X 
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Substitute for R using the result 3ke 
obtained in Problem 96 and esing = -( 5 
simplify to obtain: 4a 


Hence, we’ve shown that, for a small 
displacement from equilibrium, the point 
charges experience a linear restoring force. 


Remarks: An alternative approach that you might find instructive is to expand the 
force function using the Taylor series. 


97 coo 

Picture the Problem Because the restoring force found in Problem 96 is linear, we can 
express the differential equation of the proton’s motion and then identify œ from this 
equation. 


Apply Y F, = ma to the displaced 3ke* Pan d°x 
proton to obtain: 4r° dt? 
or 
d*x 3k e 
dt? 4mr° 
k 2 
where @* = ae z 
4mr 
Solve for a: 3ke? 
4mr’ 


Substitute numerical values and evaluate œ: 


_ esse N-m?/C?)(1.6 x10 CY 


=| 4.49x10"“ s7 
4(1.67 x10” kg )(0.08 nm} | 


168 Chapter 22 


Chapter 23 
Electrical Potential 


Conceptual Problems 


*1 š 

Determine the Concept A positive charge will move in whatever direction reduces its 
potential energy. The positive charge will reduce its potential energy if it moves toward a 
region of lower electric potential. 


2 ee 
Picture the Problem A charged particle placed in an electric field experiences an 
accelerating force that does work on the particle. From the work-kinetic energy theorem 
we know that the work done on the particle by the net force changes its kinetic energy 
and that the kinetic energy K acquired by such a particle whose charge is q that is 
accelerated through a potential difference V is given by K = qV. Let the numeral 1 refer 
to the alpha particle and the numeral 2 to the lithium nucleus and equate their kinetic 
energies after being accelerated through potential differences V, and V2. 


Express the kinetic energy of the K, =q,V, = 2eV, 
alpha particle when it has been 

accelerated through a potential 

difference V;: 


Express the kinetic energy of the K, =q,V, =3eV, 
lithium nucleus when it has been 

accelerated through a potential 

difference V>: 


Equate the kinetic energies to 2eV, =3eV, 
obtain: or 


V, =2V, and (b)is correct. 


3 ° 


Determine the Concept If V is constant, its gradient is zero; consequently E = 0. 


4 ° 
: : , dV : : 
Determine the Concept No. E can be determined from either E, = ae provided V is 
AV i ; . 
known and differentiable or from E, = "TE provided V is known at two or more points. 
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5 ° 
Determine the Concept Because the field lines are always perpendicular to equipotential 
surfaces, you move always perpendicular to the field. 


6 oo 

Determine the Concept V along the axis of the ring does not depend on the charge 
distribution. The electric field, however, does depend on the charge distribution, and the 
result given in Chapter 21 is valid only for a uniform distribution. 


*7 ee 
Picture the Problem The electric field 
lines, shown as solid lines, and the 
equipotential surfaces (intersecting the 
plane of the paper), shown as dashed lines, 
are sketched in the adjacent figure. The 
point charge +Q is the point at the right, 
and the metal sphere with charge —Q is at 
the left. Near the two charges the 
equipotential surfaces are spheres, and the 
field lines are normal to the metal sphere at 
the sphere’s surface. 


8 ee 
Picture the Problem The electric field 
lines, shown as solid lines, and the 
equipotential surfaces (intersecting the 
plane of the paper), shown as dashed lines, 
are sketched in the adjacent figure. The 
point charge +Q is the point at the right, 
and the metal sphere with charge +Q is at 
the left. Near the two charges the 
equipotential surfaces are spheres, and the 
field lines are normal to the metal sphere at 


the sphere’s surface. Very far from both 
charges, the equipotential surfaces and 
field lines approach those of a point charge 
2Q located at the midpoint. 
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9 ee 
Picture the Problem The equipotential 
surfaces are shown with dashed lines, the 
field lines are shown in solid lines. It is 
assumed that the conductor carries a 
positive charge. Near the conductor the 
equipotential surfaces follow the 
conductor’s contours; far from the 
conductor, the equipotential surfaces are 
spheres centered on the conductor. The 
electric field lines are perpendicular to the 
equipotential surfaces. 


10 » 
Picture the Problem The equipotential 
surfaces are shown with dashed lines, the 
electric field lines are shown with solid 
lines. Near each charge, the equipotential 
surfaces are spheres centered on each 
charge; far from the charges, the 
equipotential is a sphere centered at the 
midpoint between the charges. The electric 
field lines are perpendicular to the 
equipotential surfaces. 


*11 œ 
Picture the Problem We can use Coulomb’s law and the superposition of fields to find E 
at the origin and the definition of the electric potential due to a point charge to find V at 


the origin. 
Apply Coulomb’s law and the E=E jona T E “ata 
superposition of fields to find the kQ; kQ> 
electric field E at the origin: = a` a 0 
Express the potential V at the origin: V =V gaa t Vegas 
so ee 
a a a 


and | (b) is correct. 
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12 >œ 


z OV > 
Picture the Problem We can use E = ar to find the electric field corresponding the 
x 


given potential and then compare its form to those produced by the four alternatives 
listed. 


Find the electric field corresponding to 
this potential function: Ox 


--4 2 fo] -4 eer 
Ox —lif x<0 
_[-4if x20]; 

“| aifx<o | 


Of the alternatives provided above, only a uniformly charged sheet in the yz plane would 
produce a constant electric field whose direction changes at the origin. | (c) is correct. 


13 œ 
Picture the Problem We can use Coulomb’s law and the superposition of fields to find E 
at the origin and the definition of the electric potential due to a point charge to find V at 


the origin. 
Apply Coulomb’s law and the E = E oaa + E_oata 
superposition of fields to find the kQ> kQ> 2kQ> 
electric field E at the origin: = 7th 1e i 
a a a 
Express the potential V at the origin: V= Voa + V _oata 
k k(- 
= kQ + k(-Q) = 0 
a a 
and | (c) is correct 
14 * 


(a) False. As a counterexample, consider two equal charges at equal distances from the 
origin on the x axis. The electric field due to such an array is zero at the origin but the 
electric potential is not zero. 


(b) True. 
(c) False. As a counterexample, consider two equal-in-magnitude but opposite-in-sign 


charges at equal distances from the origin on the x axis. The electric potential due to such 
an array is zero at the origin but the electric field is not zero. 


Electric Potential 173 
(d) True. 
(e) True. 
(f) True. 


(g) False. Dielectric breakdown occurs in air at an electric field strength of approximately 
3x10° V/m. 


15 ee 
(a) No. The potential at the surface of a conductor also depends on the local radius of the 
surface. Hence r and ø can vary in such a way that V is constant. 


(b) Yes; yes. 
*16 © 


Determine the Concept When the two spheres are connected, their charges will 
redistribute until the two-sphere system is in electrostatic equilibrium. Consequently, the 


entire system must be an equipotential. | (c) is corrent. 


Estimation and Approximation Problems 


17 œ 
Picture the Problem The field of a thundercloud must be of order 3x10° V/m just before 
a lightning strike. 


Express the potential difference V = Ed 
between the cloud and the earth as a 

function of their separation d and 

electric field E between them: 


Assuming that the thundercloud is at V= (3 x10° Vim)(10° m) 
a distance of about 1 km above the 


surface of the earth, the potential =| 3.00x10° V 


difference is approximately: 


Note that this is an upper bound, as there will be localized charge distributions on the 
thundercloud which raise the local electric field above the average value. 


*18 >» 

Picture the Problem The potential difference between the electrodes of the spark plug is 
the product of the electric field in the gap and the separation of the electrodes. We’ll 
assume that the separation of the electrodes is 1 mm. 


Express the potential difference V = Ed 
between the electrodes of the spark 
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plug as a function of their separation 
d and electric field E between them: 


Substitute numerical values and 
evaluate V: 


19 se 


V = (2x10 V/m)(10? m) 


=| 20.0 kV 


Picture the Problem We can use conservation of energy to relate the initial kinetic 


energy of the protons to their electrostatic potential energy when they have approached 


each other to the given "radius". 


(a) Apply conservation of energy to 
relate the initial kinetic energy of the 


K, +U, =K, +U, 


or, because U; = K; = 0, 


protons to their electrostatic K, =U, 
potential when they are separated by 
a distance r: 
Because each proton has kinetic e’ e’ 
p 2K = K= 
energy K: 4T Er 87 Er 


Substitute numerical values and evaluate K: 


-19 2 
= (sx 7 c) 2 E =1.15x10™ Jx a 
87(8.85x10- C? /N -m° )(10™° m) 1.6x10° J 
=| 0.719 MeV 
(b) Express and evaluate the ratio of fe K _0.719MeV _ 0.0767% 
the two energies: Es, 938 MeV 
20 + 


Picture the Problem The magnitude of the electric field for which dielectric breakdown 
occurs in air is about 3 MV/m. We can estimate the potential difference between you and 
your friend from the product of the length of the spark and the dielectric constant of air. 
Express the product of the length of V= (3 MV/m)(2 mm) =| 6000 V 
the spark and the dielectric constant of 

air: 
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Potential Difference 


21 œ 

Picture the Problem We can use the definition of finite potential difference to find the 
potential difference V(4 m) — V(0) and conservation of energy to find the kinetic energy 
of the charge when it is at x = 4m. We can also find V(x) if V(x) is assigned various 
values at various positions from the definition of finite potential difference. 


(a) Apply the definition of finite 


potential difference to obtain: 


(b) By definition, AU is given by: 


(c) Use conservation of energy to 
relate AU and AK: 


Because Ko = 0: 


Use the definition of finite potential 
difference to obtain: 


(d) For V(0) = 0: 


(e) For V(0) = 4 kV: 


(f) For V(1m) = 0: 


v(4am)-Vv(0)=-fé dù- [Ede 


= -(2kN/C)(4m) 
=| -8.00 kV 


AU =qAV =(3uC)(-8kV) 


=| —24.0mJ 


AK + AU =0 
or 
K,,, -K, + AU =0 


V(x)- V(x )=-E,(x- x) 
=-(2kV/m)(x- x,) 


V(x)-0=-(2kV/m)(x-0) 


V(x)=| —(2kV/m)x 


V(x)—4kV =—(2kV/m)(x -0) 


or 


V(x)=| 4kV—(2kV/m)x 


V(x)—0=-(2kV/m)(x —1) 


or 


V(x)=| 2kV—(2kV/m)x 
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22° 

Picture the Problem Because the electric field is uniform, we can find its magnitude 
from E = AV/Ax. We can find the work done by the electric field on the electron from the 
difference in potential between the plates and the charge of the electron and find the 
change in potential energy of the electron from the work done on it by the electric field. 
We can use conservation of energy to find the kinetic energy of the electron when it 
reaches the positive plate. 


(a) Express the magnitude of the E- AV _ 500V _ 
electric field between the plates in Ax 0.1m 
terms of their separation and the 


5.00kV/m 


potential difference between them: 


Because the electric force on a test charge is away from the positive 


plate and toward the negative plate, the positive plate is at the 


higher potential. 


(b) Relate the work done by the W =qAV = (1.6 x10°" c)(500V) 


electric field on the electron to the -1801x107 J 


difference in potential between the 
plates and the charge of the electron: 


Convert 8.01x10"'” J to eV: 1 
w =(8.01x10~” 3] — _ 
1.6x10 7 J 
=| 500eV 
(c) Relate the change in potential AU =—W =| -500eV 


energy of the electron to the work 
done on it as it moves from the 
negative plate to the positive plate: 


Apply conservation of energy to AK =—AU =| 500eV 
obtain: 
23 œ 


Picture the Problem The Coulomb potential at a distance r from the origin relative to V 
= 0 at infinity is given by V = kq/r where q is the charge at the origin. The work that must 
be done by an outside agent to bring a charge from infinity to a position a distance r from 
the origin is the product of the magnitude of the charge and the potential difference due to 
the charge at the origin. 
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(a) Express and evaluate the Coulomb ve kq 
potential of the charge: r 
_ (8.99x10° N-m2/C?)(2 4C) 
4m 
=| 4.50kV 
(b) Relate the work that must be W =qAV = (3uC)(4.50kV) 


done to the magnitude of the charge —|13.5mJ 


and the potential difference through 
which the charge is moved: 


k 
(c) Express the ies that nsi be W =q,AV, = q-q; 
done by the outside agent in terms r 
of the potential difference through 

which the 2-„C is to be moved: 


Substitute numerical values and Ww (8.99 x10°N- m?/C?)(2 LC)B uC) 


evaluate W: 4m 


-[B5ni 


24 œ 

Picture the Problem In general, the work done by an external agent in separating the 
two ions changes both their kinetic and potential energies. Here we’re assuming that they 
are at rest initially and that they will be at rest when they are infinitely far apart. Because 
their potential energy is also zero when they are infinitely far apart, the energy Wext 
required to separate the ions to an infinite distance apart is the negative of their potential 
energy when they are a distance r apart. 


Express the energy required to separate W = AK + AU =0-U, 

the ions in terms of the work required = kq, k(- ee 7 ke? 
by an external agent to bring about this E roo m y; 
separation: 


Substitute numerical values and evaluate Wex:: 


_ (8.99x10° N -m?/C? (16x10 CY 


a TE =8.24x10 J 
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Convert Wext to eV: 
. w =(8.24x10® J) — V — 
1.6x10 7J 


=| 5.14eV 


25 oo 

Picture the Problem We can find the final speeds of the protons from the potential 
difference through which they are accelerated and use E = AV/Ax to find the accelerating 
electric field. 


(a) Apply the work-kinetic energy W =AK = K, 
theorem to the accelerated protons: or 
eAV =4mv" 
Solve for v to obtain: 2eAV 
y= 


Substitute numerical values and 2(11.6x10 C (5 MV) 
evaluate v: a \ 1.67x10~ kg 

=| 3.1010" m/s | 
(b) Assuming the same potential E- AV _ SMV _ > 50MVin 
change occurred uniformly over the Ax 2m 


distance of 2.0 m, we can use the 
relationship between E, AV, and Ax 
express and evaluate E: 


*26 ee 

Picture the Problem The work done on the electrons by the electric field changes their 
kinetic energy. Hence we can use the work-kinetic energy theorem to find the kinetic 
energy and the speed of impact of the electrons. 


Use the work-kinetic energy W =AK = K, 
theorem to relate the work done by or 
the electric field to the change in the K, =eAV (1) 


kinetic energy of the electrons: 


(a) Substitute numerical values and K, = (a e)(30 kv) = 


evaluate Ky: 
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b) Convert this energy to eV: 1.6x10°” 
) = K, =(3x10° ey eee) 
=| 4.80 x10™ J 
(c) From equation (1) we have: tmv? =eAV 
Solve for v; to obtain: 2eAV 
Vi 54 
Substitute numerical values and 2(1.6 x10 c)(30 kv) 
evaluate vs: ae \ 9.11x10™ kg 


=| 1.03x 10° m/s 


Remarks: Note that this speed is about one-third that of light. 


27. ee 
Picture the Problem We know that energy is conserved in the interaction between the a 
particle and the massive nucleus. Under the assumption that the recoil of the massive 
nucleus is negligible, we know that the initial kinetic energy of the @ particle will be 
transformed into potential energy of the two-body system when the particles are at their 
distance of closest approach. 


(a) Apply conservation of energy to AK +AU =0 
the system consisting of the æ particle or 
and the massive nucleus: Ke-K,4+-U; —U, =0 
Because K; = U; = 0 and K; = E: —E+U, =0 
Letting r be the separation of the U. = i: aa k(Ze)(2e) _ 2kZe? 
particles at closest approach, express a r 7 r or 
Us: 
Substitute to obtain: 2kZe* 

ubstitute to obtain Ey e =, 

r 


Solve for r to obtain: 2kZe?° 
r= 
E 


(b) For a 5.0-MeV aq particle and a gold nucleus: 
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_ 28.99 10° N-m2/C?)(79)(1.6x 107? CÙ 
7 (5MeV)(1.6x 10" J/eV) 


=455x10"4m =| 45.4fm 


r 


For a 9.0-MeV a particle and a gold nucleus: 


_ 2(8.99x10° N-m2/C?)(79)(1.6x107” CY 


= 414. 
= A] = 2,53x10 m =| 25.3fm 


h 


Potential Due to a System of Point Charges 


28 >œ 

Picture the Problem Let the numerals 1, 2, 3, and 4 denote the charges at the four 
corners of square and r the distance from each charge to the center of the square. The 
potential at the center of square is the algebraic sum of the potentials due to the four 


charges. 
Express the potential at the center of V= kq, of kq, + kq; ps kq, 
the square: r r r r 
k 
=la +q + G3 +q4) 
k 4 
= > qi 
F ia 


(a) If the charges are positive: _ 8.99x 10° N-m*/C? 


yE Mme (2x0) 


=| 25.4kV 


(b) If three of the charges are positive _ 8.99x 10° N-m*/C? 


V 2)\2 

and one is negative: 2/2 m ( )( uC) 
=| 12.7kV 

(c) If two are positive and two are V=l0 

negative: 

29 œ 


Picture the Problem The potential at the point whose coordinates are (0, 3 m) is the 
algebraic sum of the potentials due to the charges at the three locations given. 
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Express the potential at the point Vek qi go 
whose coordinates are (0, 3 m): 3 ro A r rs 


l 


(a) For qı = q2 = q3 = 2 LC: 


V =(8.99x10° N- miceuz Bat FE J-e] 
2m 5m 


(b) For qı = q2 = 2 wC and q; = -2 4C: 


V =(8.99x10° N- mcer 5 a |- 
m 5m 


(c) For qi = q3 = 2 uC and q = -2 uC: 
1 1 1 
V = (8.99x10° N-m7/C? |(2 SPS ee |=| 4.44kV 
i w(t 3/2 m a 


30 >œ 

Picture the Problem The potential at point C is the algebraic sum of the potentials due to 
the charges at points A and B and the work required to bring a charge from infinity to 
point C equals the change in potential energy of the system during this process. 


(a) Express the potential at point C da qe 
. Vo = k| += 
as the sum of the potentials due to he. 
the charges at points A and B: 


Substitute numerical values and evaluate Vc: 


ii 1 1 
Vo = a) = (8.99x10° Nm’) +) = 


A Tp 
(b) Express the required work in W =AU =qVe 
terms of the change in the potential _ (5 = 
=(5pC)(12.0kV)=| 60.0 mJ 


energy of the system: 


(c) Proceed as in (a) with qg = —2 4C: 
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Ve = i +2) = (8.99x10° N- mec?) 2&6 4 =246) =| 0 


ry Ts 3m 3m 


and W = AU =q.V, =(5pC)(0)=| 0 
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Picture the Problem The electric potential at the origin and at the north pole is the 
algebraic sum of the potentials at those points due to the individual charges distributed 
along the equator. 


(a) Express the potential at the V= Ky CPA 
origin as the sum of the potentials Ir r 
due to the charges placed at 60° 
intervals along the equator of the 
sphere: 
Substitute numerical values and V= sle 99x10? N- m? ic?) 3 uC 
evaluate V: .6m 
=| 270kV 
(b) Using geometry, find the r'=0.6/2m 
distance from each charge to the 
north pole: 
: : 3 6 
Proceed as in (a) with r'= 0.6/2 m i y= De a 6k 4 
ial r r' 
= 6(8.99x10° N-m?/c?) 2“ — 
0.6/2 m 
=| 191kV 
*32 e 


Picture the Problem We can use the fact that the electric potential at the point of interest 
is the algebraic sum of the potentials at that point due to the charges q and q’ to find the 


ratio q/q’. 
Express the potential at the point of kq kq' — 
interest as the sum of the potentials a/3 2a/3 


due to the two charges: 
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Simplify to obtain: 


q+—=0 
Solve for the ratio q/q’': q | 1 
q' 
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Picture the Problem For the two charges, r = |x = q| and |x + a| respectively and the 


electric potential at x is the algebraic sum of the potentials at that point due to the charges 


at x = +a and x = —a. 


(a) Express V(x) as the sum of the 1 1 
potentials due to the charges at V =| kq ical eA 
x = +a and x = ~a: x q| head 


(b) The following graph of V(x) versus x for kq = 1 and a = 1 was plotted using a 
spreadsheet program: 


10 
8 
6 
= 
> 
4 
2 
0 
-3 2 1 o) 1 2 3 
x (m) 
(c) Atx =0: dv _ 0 | and ee 0 
dx dx 
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Picture the Problem For the two charges, r = |x = q| and xl respectively and the electric 


potential at x is the algebraic sum of the potentials at that point due to the charges at x = a 
and x = 0. We can use the graph and the function found in part (a) to identify the points at 
which V(x) = 0. We can find the work needed to bring a third charge +e to the point 
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x = +a on the x axis from the change in the potential energy of this third charge. 


Express the potential at x: v(x)= k(3e) P k(—2e) 
x] [xa 


The following graph of V(x) for ke = 1 and a =1 was plotted using a spreadsheet 


program. 
25 
20 
15 
10 
T 
> 
0 
5 
-10 
-15 
-3 2 1 0 1 2 3 
x (m) 
(b) From the graph we can see that x= 
V(x) = 0 when: 
Examining the function, we see that 3.2 _ 
V(x) is also zero provided: |x| |x — a| 
For x > 0, V(x) = 0 when: x=| 3a 
For 0 < x < a, V(x) = 0 when: x=] 0.6a 
(c) Express the work that must be W =AU = qV(4a ) 


done in terms of the change in 
potential energy of the charge: 


Evaluate the potential at x =+a: ve j2 k(3e) ie k(—2e) 
1q)= 
kaj fpa-d 
6ke 4ke _ 2ke 


a a a 
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2ke? 


Substitute to obtain: 2ke 
W=e 
a 


Computing the Electric Field from the Potential 
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Picture the Problem We can use the relationship Ex = — (dV/dx) to decide the sign of V, 
— V, and E = AV/Ax to find E. 


(a) Because E, = — (dV/dx), V is V, —V, is positive. 
greater for larger values of x. So: 


(b) Express E in terms of V, — Va and E -= AV = V, V; 
the separation of points a and b: “AX Ax 
Substitute numerical values and B 10° V 


E =| 25.0 kV/m 


X 


evaluate E,: 


4m 


*36 >° 
Picture the Problem Because Ex = —dV/dx, we can find the point(s) at which 
E, = 0 by identifying the values for x for which dV/dx = 0. 


Examination of the graph indicates x= 


that dV/dx = 0 at x = 4.5 m. Thus E, = 
0 at: 
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Picture the Problem We can use V(x) = kq/x to find the potential V on the x axis at x = 
3.00 m and at x = 3.01 m and E(x) = kq/r’ to find the electric field at 

x = 3.00 m. In part (d) we can express the off-axis potential using V(x) = kq/r, where 


Pex +y’. 


(a) Express the potential on the x axis V(x) kq 
as a function of x and q: X 


Evaluate V at x = 3 m: 


oe (8.99 x10° N-m2/C?)(3 uC) 


- [ERT] 


3m 
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Evaluate V at x = 3.01 m: 2 (8.99 x10 N- m?/C?)(3 uC) 


V(3.01m)= 
3.01m 
=| 8.96kV 
(b) The potential decreases as x AV ae 8.96kV —8.99kV 
increases and: Ax 3.01m -3.00m 
=| 3.00 kV/m 
(c) Express the Coulomb field as a E(x) _ wl 
function of x: X 
Evaluate this expression at EB m) = (8.99 x10° N - m°/C? \(3 uC) 


x = 3.00 m to obtain: 


(3m) 


- [Bov] 


in agreement with our result in (b). 


(d) Express the potential at (x, y) V(x y) = kq 
due to a point charge q at the origin: ? |x? + y? 


Evaluate this expression at (3.00 m, 0.01 m): 


v(3.00m,0.01m)= (8.99 x10° N -m?/C? )(3 uC) _ 


(3.00m)’ +(0.01m)° 


For y << x, Vis independent of y and the points (x, 0) and (x, y) are at the same potential, 
i.e., on an equipotential surface. 
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Picture the Problem We can find the potential on the x axis at x = 3.00 m by expressing 
it as the sum of the potentials due to the charges at the origin and at 

x = 6m. We can also express the Coulomb field on the x axis as the sum of the fields due 
to the charges q, and q located at the origin and at x = 6 m. 


a) Express the potential on the x 
a | V(x)=k{ 4% 
axis as the sum of the potentials due n rn, 
to the charges q, and q; located at 

the origin and at 


x=6m: 


Substitute numerical values and 
evaluate V(3 m): 


(b) Express the Coulomb field on the 
x axis as the sum of the fields due to 
the charges q, and q located at the 
origin and at 

x=6m: 


Substitute numerical values and 
evaluate E(3 m): 


(c) Express the potential on the x 
axis as the sum of the potentials due 
to the charges qı and qz located at 
the origin and at 

xX=6m: 


Substitute numerical values and evaluate 
V(3.01 m): 


Compute —AV/Ax: 


39 >œ 
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V (x)= (8.99x10° N -m?/C?) 


E, = (8.99x10° N-m?/C?) 


es “a 


=[5.99kV/m | 
V(x)- {242 


hot, 


V(3.01m) = (8.99 x10° N-m?/C?) 
“stim zom] 
3.01m 2.99m 


=| -59.9V 


AV -59.9V-0 
Ax  3.01m-3.00m 


=| 5.99kV/m 
= E (3.00m) 


Picture the Problem We can use the relationship E, = — (dV/dy) to decide the sign of V, 


—V, and E = AV/Ay to find E. 


(a) Because E, = — (dV/dx), V is 
smaller for larger values of y. So: 


V, — V, is negative. 
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(b) Express E in terms of V, — Va and E = AV = V, —V, 
the separation of points a and b: ” Ay Ay 
Substitute numerical values and 2x104 V 

E, =——— =| 5.00 kV/ 
evaluate Ey: 7 4m | 5.00kv/m | 
40 œ 


Picture the Problem Given V(x), we can find E, from -dV/dx. 


(a) Find E, from —dV/dx: d [2000 + 3000x] 


AEF 
X 


=| —3.00kV/m 


d T4000 +3000x] 


E 


(b) Find E, from —-dV/dx: E = 


X 


X 


=| —3.00kV/m 


-4 fyo00 - 3000x] 
X 


=| 3.00kV/m 


(d) Find E, from -dV/dx: -d Foo] = 
.=-[-2000]=[0] 


(c) Find E, from -dV/dx: 


ies 
II 


ies 
II 
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Picture the Problem We can express the potential at a general point on the x axis as the 
sum of the potentials due to the charges at x = 0 and x = 1 m. Setting this expression 
equal to zero will identify the points at which V(x) = 0. We can find the electric field at 
any point on the x axis from Ex = —dV/dx. 


(a) Express V(x) as the sum of the v(x)= kq k(-3q) 
potentials due to the point charges at x |x| |x -1| 
=Oandx=1m: 
i $- 3q 
k| x-4 

b) Set V(x) = 0: 

(b) Set V(x) {i-i 

K [xd 


For x < 0: 


For0<x< 1: 


Note also that: 


(c) Evaluate V(x) for 0 <x < 1: 


Apply Ex = —dV/dx to find Ex in this 
region: 


Evaluate this expression at 
x = 0.25 m to obtain: 


Evaluate V(x) for x < 0: 


Apply Ex = —dV/dx to find E, in this 
region: 
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S 

x| [x-1 

1 3 

z c) 0=x=]| -0.500m | 


1 3 
agg ee 


V(x) Oas x —> +o 


vo<x<t)=H 4474 | 


1 3 
POS Mo + (0.75m} | 


=| (21.3m™ )kq 


Evaluate this expression at x = —0.5 m to obtain: 


E (-0.5m)= kq| — : 


Cosm? (5m? 


i | =| (2.67m™)kq | 


(d) The following graph of V(x) for kq = 1 and a = 1 was plotted using a spreadsheet 


190 Chapter 23 


program: 


v (Vv) 
5 


x (m) 


*42 ee 
Picture the Problem Because V(x) and E, are related through Ex = — dV/dx, we can find 
V from E by integration. 


Separate variables to obtain: dV =—E,dx = -(2.0x° kN/C)dx 


X2 


fav = -(2.0 KN/C) | x°dx 
Vi 


Integrate V from V; to V> and x from 


1mto2m: 
1.4 2m 
= -(2.0kN/C)[2 x* P" 
Simplify to obtain: V, -V, =| -7.50kV 
43 ee 


Picture the Problem Let r; be the distance from (0, a) to (x, 0), r2 the distance from (0, 
—a), and r; the distance from (a, 0) to (x, 0). We can express V(x) as the sum of the 
potentials due to the charges at (0, a), (0, —a), and (a, 0) and then find E, from —dV/dx. 


(a) Express V(x) as the sum of the V(x) 2 kq, f kq, + kq; 
potentials due to the charges at (0, a), r r r 
(0, —a), and (a, 0): where di = 92 =43=4q 


At x = 0, the fields due to qı and qz cancel, so E,(0) = —kqla’; this is also obtained from 
(b) if x = 0. 
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As x—>00, i.e., for x >> a, the three charges appear as a point charge 3q, so 
E, = 3kq/x’; this is also the result one obtains from (b) for x >> a. 


Substitute for the r; to obtain: 


1 1 1 2 1 
V(x)=k =| k 
(x) Ta a i l 


(b) For x > a, x — a > 0 and: Ix-a|=x-a 


Use E, = —dV/dx to find Ex: 


For x <a, x— a < 0 and: |x -a|= (x-a)=a-—x 


Use E, = —dV/dx to find E,: 


d 2 1 2kqx kq 
E = k = 
(x<a) Al { ae 5) (x 4.02)” (a—x) 


Calculations of V for Continuous Charge Distributions 
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Picture the Problem We can construct Gaussian surfaces just inside and just outside the 
spherical shell and apply Gauss’s law to find the electric field at these locations. We can 
use the expressions for the electric potential inside and outside a spherical shell to find 
the potential at these locations. 


Gaussian surface of radius r < 12 cm: E€ 


(a) Apply Gauss’s law to a spherical f E-dA- Qenclosed -0 

S 0 
because the charge resides on the outer 
surface of the spherical surface. Hence 


E(r<12cm)=] 0 


Apply Gauss’s law to a spherical E( ee r?) _~ 4 


Gaussian surface of radius é 
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r>12 cm: and 


Substitute numerical values and evaluate E (r >12 cm): 


peste (8.9910 N- m?/C? )(10° c) _ 


(0.12m? 


(b) Express and evaluate the potential just inside the spherical shell: 


E (8.99x10° N-m?/C?)(10* C) 


V(r< 
R 0.12m 


=| 749V 


Express and evaluate the potential just outside the spherical shell: 


Gene (8.99 x10° N -m?/C? )(10® €) _ 


r 0.12m 


(c) The electric potential inside a uniformly charged spherical shell is constant and 


given by: 
kq _ (8.99x10° N-m?/C?\10°C) 
Vir<R)= = =| 749V 
(r ) R 0.12m 7497 | 
In part (a) we showed that: E(r <12 cm) = [o] 
45 œ 


Picture the Problem We can use the expression for the potential due to a line 


r 
charge V = —2kå In—, where V = 0 at some distance r = a, to find the potential at these 
a 


distances from the line. 
Express the potential due to a line V=2kiln r 
charge as a function of the distance 


from the line: 


Because V = 0 at r = 2.5 m: 0=—2k1In 2.5m 
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0=1 aa. 
a 
and 
2.5m _| 491 
a 


Thus we have a = 2.5 m and: 


ee 9 ‘a 2 2 : RE j : f 
V =-2(8.99x10° N -m?/C Jo.scimpe( 5 (2.70x10*N mci 5) 


(a) Evaluate V at r = 2.0 m: 


V = -(2.70x10* N. mvc = l 


=| 6.02kV 


(b) Evaluate V at r = 4.0 m: 


V= {2.70%10'w- nv} acl ) 


2.5m 
- [F127] 


(c) Evaluate V at r = 12.0 m: 


V = -(2.70x10* N - m/C)in| +27 
2.5m 


=| —42.3kV 
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Picture the Problem The electric field on the x axis of a disk charge of radius R is given 


a) 


x to obtain Equation 23-21. 


by E, = 27ko . We’ll choose V(cc) = 0 and integrate from x’ = œ to x’ = 


Relate the electric potential on the dV =—E,dx 
axis of a disk charge to the electric 
field of the disk: 


Express the electric field on the x x 
axis of a disk charge: E, = 2ako| 1- 
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Substitute to obtain: 


Let V(cc) = 0 and integrate from x’ = x 4 
eee V =-2ake {1-2 — a’ 
œ% x" +R? 
Skel x’ +R? -x| 
= rac 1+ ia =| 
x 
which is Equation 23-21. 

*47 »•e 


Picture the Problem Let the charge per 
unit length be 2 = Q/L and dy be a line 
element with charge Ady. We can express 


the potential dV at any point on the x axis 
due to Ady and integrate of find V(x, 0). 


j kA 
(a) Express the element of potential dV = “dy 
dV due to the line element dy: r 
where r=4 x° +y? 
Integrate dV from y = —L/2 to kQ he dy 


y = L/2: L leo 
k Onf dtre] 


yx +L’ /4-L/2 


(b) Factor x from the numerator and L2 L 
denominator within the parentheses to kQ | \ 1+ 4x? + Dy% 
obtain: V(x,0)=—*1 5 
L L 
1+ = 
V 4x? 2x 


Use ny = Ina — lnbto obtain: 


2 2 
en) ee In| [1+ A MAS E E 
L 4x? 2 


Electric Potential 195 


i? L 
Let £ = — and use (ite) =14+4¢-+¢? +... to expand l+—: 
4x 4x 


ey ie fey 
(1+ ) ite) +...21 for x >> L. 
X 


Substitute to obtain: 


L L 
Let 6 = — and use In(l+6)=6-168° +... to expand In} 1+ — |: 
2x 2x 


Substitute and simplify to obtain: 


veo) 401 4 P í L £) kQ 


L |2x 4x? 2x 4x? 


48 ee 
Picture the Problem We can find Q by 
integrating the charge on a ring of radius r 
and thickness dr from r = 0 to 

r = R and the potential on the axis of the 
disk by integrating the expression for the 
potential on the axis of a ring of charge 


between the same limits. 


j R 
(a) Express the charge dq on a ring dq = 2arodr = 27r| o, = \dr 
of radius r and thickness dr: r 


= 270,Rdr 


Integrate from r = 0 to r = R to obtain: R 
g Q=2aoR| dr =| 270,R? 
0 
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(b) Express the potential on the axis 
of the disk due to a circular element 
of charge dq = 27r odr : 


Integrate from r = 0 to r= R to obtain: 


49 


kdq _ 2mko,,Rdr 


dv=—t= 
roe +r? 
R 
Veins Ri —@ 


Picture the Problem We can find Q by 
integrating the charge on a ring of radius r 


and thickness dr from r = 0 to 


r = R and the potential on the axis of the 


disk by integrating the expression for the 


potential on the axis of a ring of charge 


between the same limits. 


(a) Express the charge dq on a ring 
of radius r and thickness dr: 


Integrate from r = 0 to r= R to obtain: 


(b)Express the potential on the axis of 
the disk due to a circular element of 


2 
charge dq = la Pdr: 


Integrate from r = 0 to r= R to obtain: 


Jos +r’ 


ko 
X 


R+7x? 


2 
dq = 2arodr = 2a ra 


_ 200, 3 


r-dr 


R? 


_ 27ko, > r'dr___| 27ko, = 
R? xar R? 3 
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Picture the Problem Let the charge per 
unit length be 2 = Q/L and dy be a line 
element with charge Ady. We can express 
the potential dV at any point on the x axis 
due to Ady and integrate to find V(x, 0). 


Express the element of potential dV dV = kA dy 
due to the line element dy: 


Integrate dV from y = —L/2 to kQ i d 
= L/2: V(x,0)=—* J 2 z g 2 
Jy s L -L/2 4] X +y 
kQ, yx? +L’/4+L/2 
= n 
L | Jx? +I?/4-L/2 
#51 ee 


Picture the Problem The potential at any 
location on the axis of the disk is the sum 
of the potentials due to the positive and 
negative charge distributions on the disk. 
Knowing that the total charge on the disk is 
zero and the charge densities are equal in 
magnitude will allow us to find the radius 
of the region that is positively charged. We 
can then use the expression derived in the 
text to find the potential due to this charge 
closest to the axis and integrate dV from 
r= R/ /2 tor = R to find the potential at x 


due to the negative charge distribution. 


(a) Express the potential at a V(x) =V, (x ) +V. (x) 
distance x along the axis of the disk 

as the sum of the potentials due to 

the positively and negatively 

charged regions of the disk: 


We know that the charge densities Qa = Qa 
are equal in magnitude and that the or 
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total charge carried by the disk is oma’ = 0R? — oma" 


zero. Express this condition in terms 
of the charge in each of two regions 
of the disk: 


Solve for a to obtain: 


Use this result and the general > R 
expression for the potential on the V, (x) = 27ko] 4|x° + a z 


axis of a charged disk to express 


V(x): 

Express the potential on the axis of dV (x) zadko r dr 
the disk due to a ring of charge a 7 p 
distance r > a from the axis of the where r'=4 x? +r’. 
ring: 


Integrate this expression from 


r = R/V2 tor = R to obtain: 7 RUNX +r? 


Substitute and simplify to obtain: 


2 2 
V(x)= dato x + £ -x}- dato xX + R? -lax = 


2 2 
-2o x’ _ —x-vx° +R? +x? ta 


2 
ato 2 x £ -4x° +R? -x 


II 


(b) To determine V for R? R 
?+4— =x] 1+ 
x >> R, factor x from the square roots x 2%? 
and expand using the binomial 
; R? Rî 
expansion: xx 1+ = 
4x? 32x" 


and 
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Substitute to obtain: 


2 4 2 4 4 
V(s)=2ako| a(t 2 5 ) fd 3 z- oe 


4x? 32x 


52 oo 
Picture the Problem Given the potential function 


V(x) = 27ko,, fe + R?/2 — Vx? + R° — x] found in Problem 51(a), we can find Ex 


from —dV/dx. In the second part of the problem, we can find the electric field on the axis 
of the disk by integrating Coulomb’s law for the oppositely charged regions of the disk 
and expressing the sum of the two fields. 

Relate E, to dV/dx: _ dV 


From Problem 51(a) we have: 
R? 
V(x) = 2ako,| 24| x° rr +R’ -x 


Evaluate the negative of the derivative of V(x) to obtain: 


2 
E, -2mo 2 x £ -4x +R? -x 
X 


=| — 27ko, 


2x X 1 
5 R? NX +R 
ytz 


Express the field on the axis of the E =£, +E, 
disk as the sum of the field due to 

the positive charge on the disk and 

the field due to the negative charge 


200 Chapter 23 
on the disk: 


The field due to the positive charge 
(closest to the axis) is: x 


To determine E,- we integrate the 
field due to a ring charge: 


=-27ko, x 7 = - 
je R vVe4+R 
2 
Substitute and simplify to obtain: 
1--—— 
es" 
2 
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Picture the Problem We can express the electric potential dV at x due to an elemental 
charge dq on the rod and then integrate over the length of the rod to find V(x). In the 
second part of the problem we use a binomial expansion to show that, for x >> L/2, our 
result reduces to that due to a point charge Q. 


dq = Adu 
, ° mm ¢——e— 
E F7 0 u L/2 "i 


(a) Express the potential at x due to 
the element of charge dq located at 
u: 


Integrate V from u = —L/2 to L/2 to 
obtain: 


(b) Divide the numerator and 
denominator of the argument of the 
logarithm by x to obtain: 


Divide 1 + a by 1 — a to obtain: 


Expand ln(1 + L/x) binomially to 
obtain: 


Substitute to express V(x) for 
x >> L/2: 
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dV = kdq = kAdu 
r x—u 
or, because A = Q/L, 
ig a 
L x-u 


L/2 
vae 2 | 


L 


-L/2 


x—U 


= 
= KO ih 2 
L L 
X— — 
2 
L 
x+ 1+— 
In =]n 2x | — In ae 
L L 1-a 
x-— ae ees 
2 2x 


nf + =) 
X 


2 
J=mf1+2a+ au ) 
a 1-a 


N m1 + =) 
X 


provided x >> L/2. 


L 


Pe o 
~ 


x 


provided x >> L/2. 


kQ 


— |, the field due toa 
X 
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point charge Q. 


54° 

Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the sphere and the spherical conducting 
shell. A portion of the Gaussian surface 


over which we’ll integrate E in order to 

find V in the region r > b is also shown. For Ke > 
a<r<b, the sphere acts like point charge <1 
Q and the potential of the metal sphere is i: 

the sum of the potential due to a point 

charge at its center and the potential at its 


surface due to the charge on the inner 
surface of the spherical shell. 


r>b 


(a) Express V,>p: V = -[E,,,dr 


Apply Gauss’s law for r > b: f E, ; ndA = Qenclosed =0 
Eo 


and E,s» = 0 because Qenclosea = 0 for 


r>b. 
Substitute to obtain: V=- f (0)dr -|0 
(b) Express the potential of the metal Va = Voatits center + Vsurface 
sphere: 
Express the potential at the surface V = k(- Q) a kQ 
of the metal sphere: Da b b 


v 


Substitute and simplify to obtain: kQ kQ k q 1 J 
oe A 
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Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the inner and outer conducting shells. A 
portion of the Gaussian surface over which 
we'll integrate E in order to find V in the 
regiona <r < b is also shown. Once 
we’ve determined how E varies with r, we 
can find V, — Va from V, —V, = -[E,dr. 


Express the potential difference V,-V,=- f E,dr 
Vp = Vai 
Apply Gauss’s law to cylindrical i -JA =E (2 mL) -4 
Gaussian surface of radius r and S r Eo 
length L: 
Solve for E;: p49 
27érL 
Substitute for E, and integrate from r v-v q ¢dr 
=atob: P 8 Dre Lr 
2k 
=| — q (2) 

L a 
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Picture the Problem Let R be the radius of the sphere and Q its charge. We can express 
the potential at the two locations given and solve the resulting equations simultaneously 
for R and Q. 


j k 
Relate the potential of the sphere at kQ -450V (1) 
its surface to its radius: 
. . k 
Express the potential at a distance of Q -150V (2) 


20 cm from its surface: R+0.2m 
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Divide equation (1) by equation (2) 
to obtain: 


Solve for R to obtain: 


Solve equation (1) for Q: 


Substitute numerical values and evaluate 


Q: 
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Picture the Problem Let the charge 
density on the infinite plane at x = a be o 
and that on the infinite plane at x = 0 be o. 
Call that region in space for which x < 0, 
region I, the region for which 0 < x <a 
region II, and the region for which a < x 
region III. We can integrate E due to the 
planes of charge to find the electric 
potential in each of these regions. 


(a) Express the potential in region I 
in terms of the electric field in that 
region: 


Express the electric field in region I 
as the sum of the fields due to the 
charge densities o and oy: 


kQ 
R _ 450V 
kQ 150V 
R+0.2m 
or 
R+0.2m La 
R 
R=] 0.100m 
Q =(450v)Ë 


(0.1m) 


= (450 V 
o= coc? N-m?/C?) 
- [Bone | 


V,=-[E,-c& 
0 

= (oz Os Cs ¢ 

E,=-—i 2 i =-——_j -—— i 
2& 26 2& 26 
I a 


Substitute and evaluate V;: 


Express the potential in region II in 
terms of the electric field in that 
region: 


Express the electric field in region II 


as the sum of the fields due to the 
charge densities o; and oy: 


Substitute and evaluate Vy: 


Express the potential in region II in 
terms of the electric field in that 
region: 


Express the electric field in region 
III as the sum of the fields due to the 
charge densities o; and oy: 


Substitute and evaluate Vi: 


(b) Proceed as in (a) with o = -o and 
© = oto obtain: 


#58 oe 
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V, = i Z Nie ° x+Vv(0) 


€p 


Oo oO 
=—x+0=|—x 
€o Eo 


Vi = -|En -dž +V (0) 


-= o O,> Or o> 
Ej 1 įi+— i= + 
2e 2E 2€ 2€, 
O ^ 
=—i 
Ep 
rl o o o 
Vin =—| dx = x+—a 
a \ Eo €p Ep 
se Ges) 
Eo 
Vv =) 0}, 
o o 
Va =| -—x | and Vu =| -—a 
€p €p 


Picture the Problem The potential on the axis of a disk charge of radius R and charge 


density ois given by V = 23ko (x + R?)” - xl. 
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Express the potential on the axis of the V=2 rko|(x? $ RY oe x| 
disk charge: 


Factor x from the radical and use the binomial expansion to obtain: 


2 \¥2 2 4 
(+R =x eee = x/1+ z Es. 
X 2x 2 2)K.2) XxX 


Substitute for the radical term to R? R’ 
bes V = 2ako4 x| 1+ -— |-x 
obtain: 2 8x‘ 
2 4 
= 27ko ae aa 
2x 8x 
R? k 
me zmo S| = es 
2X X 
provided x >> R. 
59 eo 


Picture the Problem The diagram shows a 
sphere of radius R containing a charge Q 
uniformly distributed. We can use the 
definition of density to find the charge q' 
inside a sphere of radius r and the potential 
V, at r due to this part of the charge. We 
can express the potential dV> at r due to the 
charge in a shell of radius r’ and thickness 
dr’ atr’ > r using dV, = kdq'/r and then 


integrate this expression from r’ = r to r’ = 
R to find V». 


(a) Express the potential V; at r due to V = kq' 

q': t r 

Use the definition of density and the ja q' _ Q 
fact that the charge density is uniform 40 r? im R? 


to relate q' to Q: 
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Solve for q': a i 
q = ah 
Substitute to express V: y k| r’? Q kQ , 
1 r( R“) |R 
(b) Express the potential dV> at r due dV. = kdq' 
to the charge in a shell of radius r’ ? r 
and thickness dr’ at 
r>r: 
rs 3 
Express the charge dq’ ina shell of dq’ = Sar"? pdr'= Sar”? 2 dr' 
radius r’ and thickness dr’ at 4R 
r' >r: 3 
= = pdr 

Substitute to obtain: dV, = = ae 

R 
(c) Integrate dV, from r’ = r to 3kQ*,,, | 3kQ(.. o 
r = R to find V2: aa frar' = aa -r°) 
(d) Express the potential V at r as the V=V +V, 
sum of V; and V;: kQ 2 3kQf 2 

=- t 3 (R ) 
R 2R 
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Picture the Problem We can equate the expression for the electric field due to an infinite 
plane of charge and —AV/Ax and solve the resulting equation for the separation of the 
equipotential surfaces. 


Express the electric field due to the E= (o 
infinite plane of charge: 2€ 
Relate the electric field to the E=- AV 


potential: Ax 
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Equate these expressions and solve 
for Ax to obtain: 


Substitute numerical values and 
evaluate |Ax| 
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_ 26, AV 
o 


Ax 


2(8.85 107” C?/N - m? \(100 V) 
eee 
.opC/m 


- [906m] 


Picture the Problem The equipotentials are spheres centered at the origin with radii r; = 


kq/Vi. 


Evaluate r for V = 20 V: 


Evaluate r for V= 40 V: 


Evaluate r for V= 60 V: 


Evaluate r for V= 80 V: 


Evaluate r for V= 100 V: 


(8.99 10° N-m?/C?)(} x10 C) 
ka 20V 
=| 0.499m 


(8.99x10° N -m?/C? )(1x10® C) 
40V 


Tyo 


=| 0.250m 


(8.99 x10? N-m?/C?)(£x10°C) 
60V 


Fov = 


- [Pass] 


(8.99x10° N-m?/C?)(£x10* C) 
Ga 80V 


=| 0.125m 


„899x10 N-m/C*)(§ x10" C) 
100V 7 © = ye 


- [Dasem] 
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The equipotential surfaces are 
shown in cross-section to the right: 


The equipotential surfaces are not equally spaced. 


62 >» 

Picture the Problem We can relate the dielectric strength of air (about 3 MV/m) to the 
maximum net charge that can be placed on a spherical conductor using the expression for 
the electric field at its surface. We can find the potential of the sphere when it carries its 
maximum charge using V = kQ.,,, /R. 


max 


(a) Express the dielectric strength of KQirax 


breakdown ` 2 
R 


a spherical conductor in terms of the 
charge on the sphere: 


Solve for Qax: EEN 

Qax = © k 
Substitute numerical values and 6... (3 MV/m)(0.16 mý 
evaluate Qmax: "= 8,99x10° N -m?°/C? 

=| 8.54 uC 

(b) Because the charge carried by the Tei KQ nax 
sphere could be either positive or mxo è R 
negative: __, (8.99x10° N -m?/C?)(8.54 4C) 


0.16m 


=| +480 kV 
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Picture the Problem We can solve the equation giving the electric field at the surface of 
a conductor for the greatest surface charge density that can exist before dielectric 
breakdown of the air occurs. 


Relate the electric field at the surface E= Ko 
of a conductor to the surface charge Eo 
density: 
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Solve for o under dielectric O max =€ E 
breakdown of the air conditions: 


breaddown 


Substitute numerical values and Onax = (8.85 x10" C?/N. m?)(3 MV/m) 
evaluate Omax: =| 26.6 wC/m? 
64 = 


Picture the Problem Let L and S refer to the larger and smaller spheres, respectively. 
We can use the fact that both spheres are at the same potential to find the electric fields 
near their surfaces. Knowing the electric fields, we can use o =€, E to find the surface 


charge density of each sphere. 


ic fi k k 
Express the electric fields at the a= Qs and E, Q, 
surfaces of the two spheres: R; Ri 
Divide the first of these equations by kQ; 
the second to obtain: E RS _ QR? 
E, kQ, Q, RS 
Ri 
Because the potentials are equal at the kQ, = kQ; ñd Q; = R; 
surfaces of the spheres: R, R; Q R 
Substitute to obtain: E: = RR? Z R, 
E, RRS Rs 
: R 12 
Solve for Es: EREL E cm (200 kV/m) 
R; 5cm 
= 480 kV/m 


Use o =e, E to find the surface charge density of each sphere: 


Ton =E Ensen = (8.85107? C2/N-m?)(200kV/m) = | 1.77 uC/m? 


and 


sem =€, Esen = (8.85107? C2/N-m?)(480kV/m) =| 4.25 uCim? 
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Picture the Problem The diagram is a g a 


m ~ 


cross-sectional view showing the charges 
on the concentric spherical shells. The 
Gaussian surface over which we’ll 
integrate E in order to find V in the region r 
> b is also shown. We’ll also find E in the 
region for which a < r < b. We can then 
use the relationship V = — f Edr to find V, 


and V, and their difference. 


Express Vy: z 
ee V, =-[E 9dr 
Apply Gauss’s law for r = b: f E, .ñdA = Qenciosea =0 
S €p 
and E,s, = 0 because Qenclosea = O for 
rb. 
Substitute to obtain: 2 
v, =—| Jar =0 
Express V4: f 
P V, = (E,..dr 
b 
Apply Gauss’s law for r 2 a: E (arr )= 
ra € 
and 
= 4m er r’ 
Substitute to obtain: y kal dr ką kq 
j >r a b 
The potential difference between the 1 1 
. . z V_-V,=V,= kq| —-— 
shells is given by: a b 
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Picture the Problem We can find the potential relative to infinity at the center of the 


211 


sphere by integrating the electric field for 0 to œ. We can apply Gauss’s law to find the 
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electric field both inside and outside the spherical shell. 


The potential relative to infinity the 
center of the spherical shell is: 


Apply Gauss’s law to a spherical 
surface of radius r < R to obtain: 


Using the fact that the sphere is 
uniformly charged, express Qinsiae in 


terms of Q: 


Substitute for Qinside to obtain: 


Solve for E, <p: 


Apply Gauss’s law to a spherical 
surface of radius r > R to obtain: 


Solve for E,>p to obtain: 


Substitute for E,<p and E;sp in 
equation (1) and evaluate the 
resulting integral: 
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Picture the Problem 


(a) The field lines are shown on the figure. 
The charged spheres induce charges of 
opposite sign on the spheres near them so 
that sphere 1 is negatively charged, and 
sphere 2 is positively charged. The total 


charge of the system is zero. 


R o 
V= [Ear + | Edr (1) 
0 R 
f E dA=E _g(4ar’) = Qinside 
so” r E, 
Qinside = Q r 
áar? ~ 4 aR? > Qinside T p~ 
(amr?) 
E. (4ar?)= 
r<R E, R? Q 
r kQ P 


| EJA = E, 
Q kQ 
Esr = 4 2 T 2 
T E&r r 


kQ ? $ dr 
V =— |rdr+kQ|— 
K) iz 


=] +4 


= 
r 


(arr?) = Qs -Q 


Ep 


DE 
rR 2R 


O- 


@QH®- 


V, =V, because the spheres are connected. From the direction of 


(b) 


the electric field lines it follows that V} > V,. 


(c) | only be satisfied if all potentials are zero. Consequently the charge 


on each sphere is zero. 


If 3and 4 are connected, V} = V, and the conditions of part (b) can 
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General Problems 
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Picture the Problem Because the charges at either end of the electric dipole are point 
charges, we can use the expression for the Coulomb potential to find the field at any 


distance from the dipole charges. 


Using the expression for the potential 
due to a system of point charges, 
express the potential at the point 
9.2x10™° m from each of the two 
charges: 


Because q+ = —q_: 


69 >œ 

Picture the Problem The potential V at 
any point on the x axis is the sum of the 
Coulomb potentials due to the two point 
charges. Once we have found V, we can 
use E = -grad V to find the electric field 


at any point on the x axis. 


(a) Express the potential due to a system of 
point charges: 


Substitute to obtain: 


y = Kas, Kae 
d d 


k 
=5 (4. +4.) 


q, +q_ =0, V =0and | (b) is correct. 


ag+q 


x 
Fad 
"i 
"i 
Fa 
wer’ 
-a y4q 
V= yt 
ioh 
V(x) = Maisie at +a + Viste at -a 
__kq_, kq 
Veta vx? +a? 
2kq 
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(b) The electric field at any point on i ( ‘2 ad = d 2kq A 
the x axis is given by: MESTE d 7, 2 |" 
X| 4x" +a 
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Picture the Problem The radius of the sphere is related to the electric field and the 
potential at its surface. The dielectric strength of air is about 3 MV/m. 


Relate the electric field at the surface E = V(r ) 
of a conducting sphere to the potential r 
at the surface of the sphere: 


Solve for r: pas V(r) 
E, 
When E is a maximum, r is a r = V(r ) 
minimum: e Some 
Substitute numerical values and 104 V 
evaluate rnin! 3MV/m 
*71 e 
Picture the Problem The geometry of the 
wires is shown to the right. The potential at 
the point whose coordinates are (x, y) is the 
sum of the potentials due to the charge À 
distributions on the wires. x 
(a) Express the potential at the point V(x, y) =V reaa eV 


whose coordinates are 


(x y): =2kA no + 2k(- af = 


n 


= 2a = nf 
r r, 
= 2 In| 2 
2T € r, 


where V(0) = 0. 


Because r, = (x+a) + y’ and 


rn =y(x-ay +y? 


On the y-axis, x = 0 and: 


(b) Evaluate the potential at 
(44,0) = (1.25cm, 0): 


Equate V(x,y) and v(t a,0): 


Solve for y to obtain: 


A spreadsheet program to plot y = +V21.25x—x*—25 is shown below. The formulas 
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V(x ) (x-a +y’ 
| Ire (x+af +y? 
| 2: 2 
V(0, y)= k ln E 
27 € Ja? +y’ 
= n(1)=| 0 | 
V 1 
Gao rs p J[Ca+a? 
i 
” Ire, 5 
3_ v(x-5 
5 — +y’ 


y =+421.25x- x° -25 


used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
A2 1.25 ia 
A3 A2 + 0.05 x + Ax 
B2 | SQRT(21.25*A2 — A2/A2 — 25) y= V21.25x— x? 95 
B4 | -SQRT(21.25*A2 — A2A2 — 25) y= a 198K = x? -25 
A B € 
1 x _pos y_neg 
2 1.25 0.00 0.00 
3 1.30 0.97 —0.97 
4 1.35 1.37 -1.37 
5 1.40 1.67 —1.67 
6 1.45 1.93 —1.93 
7 1.50 2.15 -2.15 
370 19.65 2.54 -2.54 
371 19.70 2.35 —2.35 
372 19.75 2.15 -2.15 
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373 19.80 1.93 —1.93 
374 19.85 1.67 —1.67 
375 19.90 1.37 —1.37 
376 19.95 0.97 —0.97 


The following graph shows the equipotential curve in the xy plane for 


V(ta,0)= Inf 2). 


TE, \5 


ps 
jo) 


y (cm) 
oo KNM ON A OD © 


is 
=] 
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Picture the Problem We can use the expression for the potential at any point in the xy 
plane to show that the equipotential curve is a circle. 


(a) Equipotential surfaces must satisfy A r 
the condition: V= In| 4 
28 € r, 
Solve for ry/rı: ý 2reyV 
=e 4 =Corr,=Cr, 
n 


where C is a constant. 


Substitute for rı and r; to obtain: (x-ay +y? =C? (x+a? ae y?| 
Expand this expression, combine like ; 2 > : 
terms, and simplify to obtain: x° +2a C x+y =—a 


2 


C 
Complete the square by adding a| 


+1 
o ; to both sides of the equation: 
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Pe | AO a4) |e | Esa) a ae 
x+|a*| — +y = 5 a’ = 5 
C? -1 C? -1 (c*=1) 


2 


2 š 
Let œ = 2a T p=2a— (x+a) + y? = B°, | the equation of 
C -1 C* -1 circle in the xy plane with its center at 
to obtain: (—a,,0). 


(b)| The three - dimensional surfaces are cylinders parallel to the wires. | 
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Picture the Problem Expressing the charge dq in a spherical shell of volume 47r°dr 
within a distance r of the proton and setting the integral of this expression equal to e will 
allow us to solve for the value of p, needed for charge neutrality. In part (b), we can use 
the given charge density to express the potential function due to this charge and then 
integrate this function to find V as a function of r. 


Express the charge dq in a spherical dq = pdV = (oe ™" \(47r?ar) 
shell of volume 47r°dr within a 2 -2rja 
distance r of the proton: = 4mpr e" "dr 
Express the condition for charge o 
neutrality: e = ATP, f pe dr 
0 
Integrate by parts twice to obtain: 3 


e = 4p, T = 7p,a° 


Solve for po: e 


74 >œ 

Picture the Problem Let Q be the sphere’s charge, R its radius, and n the number of 
electrons that have been removed. Then Q = ne, where e is the electronic charge. We can 
use the expression for the Coulomb potential of the sphere to express Q and then 

Q = ne to find n. 


Letting n be the number of electrons Q=ne 
that have been removed, express the 

sphere’s charge Q in terms of the 

electronic charge e: 


Solve for n: 


(1) 


œ |O 
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Relate the potential of the sphere to y= kQ 
its charge and radius: R 
Solve for the sphere’s charge: _ VR 
Q=— 
k 
Substitute in equation (1) to obtain: oe VR 
ke 


Substitute numerical values and evaluate n: 


n- (400 V)(0.05 m) 
~ (8.99 10° N-m7/C?)(1.6x10-® C) 


75° 


Picture the Problem We can use conservation of energy to relate the change in the 


1.39 x10" 


kinetic energy of the particle to the change in potential energy of the charge-and-particle 


system as the particle moves from x = 1.5 m to x = 1 m. The change in potential energy 


is, in turn, related to the change in electric potential. 


; m,q 
Q a i 
Al o=—o 
1 1.5 
Apply conservation of energy to the AK + AU =0 
point charge Q and particle system: or, because K; = 0, 
K, + AU,, =0 
Solve for Ke: K, =-AU; 


Relate the difference in potential 


x, m 


potential energy of the system as the 


between points i and f to the change in (2 k 
=q 


body whose charge is q moves from i 
to f: 


Substitute to obtain: 


Solve for Q: 


Substitute numerical values and evaluate Q: 


0.24) 
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Q= 


#76 ee 


(8.99 x10° N- mc’ Jano - 


a j 20.0 uC 


Im 1.5m 


Picture the Problem We can use the definition of power and the expression for the work 


done in moving a charge through a potential difference to find the minimum power 


needed to drive the moving belt. 


Relate the power need to drive the 
moving belt to the rate at which the 
generator is doing work: 


Express the work done in moving a 
charge q through a potential 
difference AV: 

Substitute to obtain: 

Substitute numerical values and 


evaluate P: 
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Picture the Problem We can use W 


move these charges between the given points. 


(a) Express the required work in 
terms of the charge being moved and 
the potential due to the charge at x = 
+a: 


q->final position 


p-W 
dt 
W =qAV 
d dq 
P = —|qAV |= AV — 
a l dt 


P = (1.25 MV )(200 u/s) =| 250W 


= qAV,_,; to find the work required to 


Woa = QAV osa 
= QlV(a)-V(~)] 
E -of KR \ -| ke 
-0- = Ee 
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(b) Express the required work in 
terms of the charge being moved and 
the potentials due to the charges at 
x = +a and x = -a: 


(c) Express the required work in 
terms of the charge being moved and 
the potentials due to the charges at 
x = +a and x = —a: 
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W 040 = —QAV,, 50 
=-Q[V(0)-Vv(~)] 
=-QV(0) 

— -Q Vinag at -a ES V narge at +a ] 
q2- +2)- -2kQ 


a a a 


W 


-Q>2a = 
= -Q|v(2a)-v (0)] 
= -Q Vae at -a F V, 


-QAV, 


0—>2a 


-v(0)| 


charge at +a 
3a a a 
_| 2kQ? 
3a 


Picture the Problem Let q represent the charge being moved from x = 50 cm to the 


origin, Q the ring charge, and a the radius of the ring. We can use 


W, 


q—final position 


= gAV, 


inf? 


where V is the expression for the axial field due to a ring 


charge, to find the work required to move q from x = 50 cm to the origin. 


Express the required work in terms of 
the charge being moved and the 
potential due to the ring charge at 

x = 50 cm and x = 0: 


The potential on the axis of a 
uniformly charged ring is: 


Evaluate V(0): 


Evaluate V(0.5 m): 


W =qAV 
= qv (0)-V(0.5m) 


ae 
v(o)=*2 


Va? 
_ (8.99x10° N -m?/C?)(2nC) 
0.1m 


=180 V 


_ (8.99x10? N-m2/C?)(2nC) 
J(0.5m/ + (0.1m) 
=35.3V 


Substitute in the expression for W to 
obtain: 
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W = (1nC)(180 V —35.3V) 


=|1.45x107 J 


iaso e E 


1.6x10°J 


=| 9.06x10'' eV 


Picture the Problem We can find the speed of the proton as it strikes the negatively 


charged sphere from its kinetic energy and, in turn, its kinetic energy from the potential 


difference through which it is accelerated. 


Use the definition of kinetic energy 
to express the speed of the proton 
when it strikes the negatively 
charged sphere: 


Use the work-kinetic energy 
theorem to relate the kinetic energy 
of the proton to the potential 
difference through which it is 
accelerated: 


Express the work done on the proton 
in terms of its charge e and the 
potential difference AV between the 


spheres: 


Substitute to obtain: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate v: 


W =AK = K, -K, 
or, because K; = 0 and K; = Kp, 


W =AK =K, 

W =eAV 

K, =eAV 
2eAV 

y= 


_ [2(.6x10™® c)(100 V) 
\ 167x10” kg 


=| 1.38 x10° m/s 
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Picture the Problem Equation 23-20 is V = kQ / va’ +x’. 


(a) A spreadsheet solution is shown below for kQ = a = 1. The formulas used to calculate 
the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
A4 A3 + 0.1 x + Ax 
B3 1/(1+.A342)(1/2) kQ 
A B 
1 
2 x V(x) 
3 | —5.0 | 0.196 
4 | -4.8 | 0.204 
5 | —4.6 | 0.212 
6 | —4.4 | 0.222 
7 | —4.2 | 0.232 
8 | —4.0 | 0.243 
9 | -3.8 | 0.254 
49 | 4.2 | 0.232 
50 | 4.4 | 0.222 
51 | 4.6 | 0.212 
52 | 4.8 | 0.204 
53 | 5.0 | 0.196 


The following graph shows V as a function of x: 


1.0 


0.8 


0.4 


0.2 


x (arbitrary units) 


(b) Examining the graph we see that 
the maximum value of V occurs 
where: 


Because E = —dV/dx, examination of 
the graph tells us that: 


81 oe 
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Picture the Problem Let R, be the radius of the second sphere and Q; and Q; the charges 
on the spheres when they have been connected by the wire. When the spheres are 
connected, the charge initially on the sphere of radius R, will redistribute until the 


spheres are at the same potential. 


Express the common potential of the 
spheres when they are connected: 


Express the potential of the first 
sphere before it is connected to the 
second sphere: 

Solve equation (1) for Qi: 


Solve equation (2) for Q»: 


Substitute in equation (3) to obtain: 


Solve for R»: 


(1) 


(2) 


(3) 


(12kV)R, f (12 wR) 
k k 
R 


1 


al 
20kV = 


=12kV +12 wv 


1 
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Picture the Problem We can use the definition of surface charge density to relate the 
radius R of the sphere to its charge Q and the potential function V(r ) = kQ/r to relate Q 


to the potential at r = 2 m. 


Use its definition, relate the surface >= Q 

charge density oto the charge Q on AnR* 

the sphere and the radius R of the 

sphere: 

Solve for R to obtain: R Q 

Varo 

Relate the potential at r = 2.0 m to the _ kQ 
V(r)=— 

charge on the sphere: r 

Solve for Q to obtain: r V(r ) 
aa 


Substitute to obtain: R= po _ [4T € rV(r) 
Anko Ano 
_ fe, rVir 


Substitute numerical values and evaluate R: 
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Picture the Problem We can use the definition of surface charge density to relate the 
radius R of the sphere to its charge Q and the potential function V(r) = kQ/r to relate Q 


to the potential at r = 2 m. 


Use its definition, relate the surface Q 


charge density oto the charge Q on aR’ 
the disk and the radius R of the disk: 


Solve for Q to obtain: Q = moR? (1) 


Relate the potential at r to the charge 
on the disk: 


Substitute V(0.6 m) = 80 V: 


Substitute V(1.5 m) = 40 V: 


Divide the first of these equations 
by the second to obtain: 


Solve for R to obtain: 


Express the electric field on the axis of 
a disk charge: 


Solve for oto obtain: 


Evaluate ousing R = 0.8 m and 
E(1.5 m) = 23.5 V/m: 


Substitute in equation (1) and 
evaluate Q: 


84 = 
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V(r)= aakolvx? +R* - x] 


80V = 2zko( (0.6m) + R* — 0.6m) 


40V = 2zko( (1.5m) +R? -1.5m) 


_ (0.6m) +R? -0.6m 


(1.5m) +R? -1.5m 


R = 0.800 m 


25 E, 
x 


yx? +R? 


2(8.85 x10? C?/N - m? )(23.5 V/m) 
1.5m 


J(.sm/ + (0.8m? 
= 3.54nC/m? 


Q = 2(3.54nC/m?)(0.8my’ 
=| 7.12nC 


Picture the Problem We can use U = kq,q/R to relate the electrostatic potential energy 


of the particles to their separation. 


Express the electrostatic potential 
energy of the two particles in terms of 
their charge and separation: 


U = kq,4> 
R 
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Solve for R: R= kq,q, 
U 


Substitute numerical values and evaluate R: 
n 2 
p — 8-99x10° N-m*/C*)(2)(82)(.6x10"° CÙ _ aa 6m | 


-19 
520M Ue 
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Picture the Problem We can use AV = EA¢ and the expression for the electric field due 
to a plane of charge to find the potential difference between the two planes. The 
conducting slab introduced between the planes in part (b) will have a negative charge 
induced on its surface closest to the plane with the positive charge density and a positive 
charge induced on its other surface. We can proceed as in part (a) to find the potential 
difference between the planes with the conducting slab in place. 


(a) Express the potential difference AV = EA% = Ed 
between the two planes: 


The electric field due to each plane E= oO 

is: 2 € 

Because the charge densities are of E = E anei + E plane? 
opposite sign, the fields are additive o o o 


and the resultant electric field = 2c 2c = 
0 0 0 


between the planes is: 


Substitute to obtain: od 


(b) The diagram shows the o 
conducting slab between the two i 
planes and the electric field lines in 

the region between the original two 

planes. 


Express the new potential difference 
AV’ between the planes in terms of the 
potential differences AV,, AV; and 
AV3: 

Express the electric fields in regions 1, 
2 and 3: 


Substitute to obtain: 


Express l; + ¢, in terms of a and d: 


Substitute to obtain: 
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AV'= AV, + AV, + AV, 


= E, + Ea + E, 
E, = E, =— and E, =0 
Ep 
AV'=2 4 +2 
€o 0 
o 
=—(¢, +£) 
€o 
£,+£,=d-a 
AV'= 2 (da) 
Eo 


Picture the Problem We need to consider three regions, as in Example 23-5. Region I, x 


> a; region II, 0 < x < a; and region III, x < 0. We can find V in each of these regions and 


then find E from E =—dV/dé. 


(a) Relate E; to Vy: 


In region I we have: 


Substitute and evaluate Ex: 


Because x > 0: 
For x> a: 


Substitute to obtain: 


puti 
dx 
y= kq, 
ki [x-ql 
T i, 
dx Ixl |x -al 
Ix|=x 
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Proceed as above for regions II and III E kq, kq, 
to obtain: " x (x = a) 
and 
E — kq, kq, 
mo 2 2 
x? (x-a) 
(b) The distance between q; and a y ( jz kq, 7 kq, 
point on y axis is y and the distance y | y| | yra 


between a point on the y axis and q? 


is 4 y” +a’ . Using these distances, 


express the potential at a point on 
the y axis: 


(c) To obtain the y component of dik k 

> : . E = qı $ qz 

E at a point on the y axis we take y dy 2 2 
the derivative of V(y). For y > 0: 


For y < 0: 
E -j-i | 


These are the components of the fields due to q, and q, that one obtains 
using Coulomb's law. 


*87 oee 
Picture the Problem We can consider the relationship between the potential and the 
electric field to show that this arrangement is equivalent to replacing the plane by a point 
charge of magnitude —q located a distance d beneath the plane. In (b) we can first find the 
field at the plane surface and then use o =€, E to find the surface charge density. In (c) 


the work needed to move the charge to a point 2d away from the plane is the product of 
the potential difference between the points at distances 2d and 3d from —q multiplied by 
the separation Ax of these points. 
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The potential anywhere on the plane is 0 in either arrangement and the 


electric field is perpendicular to the plane in both arrangements, so they 


(a) 


must give the same potential everywherein the xy plane. Also, because 


the net charge is zero, the potential at infinity is zero. 


(b) The surface charge density is o =& E (1) 
given by: 
j ki 
At any point on the plane, the E=— q — cos g 
electric field points in the negative x df +r 
direction and has magnitude: where ĝis the angle between the horizontal 


and a vector pointing from the positive 
charge to the point of interest on the xz 
plane and r is the distance along the plane 
from the origin (i.e., directly to the left of 


the charge). 
Because a g- “4 _ d _ 
Vd? +r’ d? +r’? Jd? +r? 
__ kqd 
(a+ a 
qd 


Substitute for E in equation (1) to qd 
obtain: g= ( > 29/2 

: 4n\d° +r } 
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Picture the Problem We can express the potential due to the ring charges as the sum of 
the potentials due to each of the ring charges. To show that V(x) is a minimum at x = 0, 
we must show that the first derivative of V(x) = 0 at x = 0 and that the second derivative 
is positive. In part (c) we can use a Taylor expansion to show that, for x << L, the 
potential is of the form V(x) = V(0) + ax’. In part (d) we can obtain the potential energy 
function from the potential function and, noting that it is quadratic in x, find the “spring” 
constant and the angular frequency of oscillation of the particle provided its displacement 
from its equilibrium position is small. 


(a) Express the potential due to the V(x) = V ingtotheleft F Vingwtengi 
ring charges as the sum of the 
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potentials due to each of their 


charges: 
The potential for a ring of charge is: V(x)- kQ 
yx’ +R? 

where R is the radius of the ring and Q is 

the charge of the ring. 
For the ring to the left we have: y = kQ 

ringtotheleft ~ 
£ (x+LY +r 

For the ring to the right we have: kQ 


Vieu theright = 2 2 
WLP EL 


Substitute to obtain: 


(b) Evaluate dV/dx to obtain: 


NV io a 3/2 ek zz ? = 0 for extrema 
dx (z -x + L| a +x) + r| 
Solve for x to obtain: x=0 


Evaluate d’V/dx’ to obtain: 


qv, | 3(L- x} 1 3(L + x} 


Evaluate this expression for d *v(0) _ kQ x 
x = 0 to obtain: dx? 2I 


Hence V(x) is a maximum at x =0. 


(c) The Taylor expansion of V(x) is: 


For x << L: 


Substitute our results from part (b) 
to obtain: 


(d) Express the angular frequency of 
oscillation of a simple harmonic 
oscillator: 


From our result for part (c) and the 
definition of electric potential: 


Substitute for k’ in the expression 
for æ: 
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Picture the Problem The diagram shows 
part of the shells in a cross-sectional view 
under the conditions of part (a) of the 
problem. We can use Gauss’s law to find 
the electric field in the regions defined by 
the three surfaces and then find the electric 
potentials from the electric fields. In part 
(b) we can use the redistributed charges to 
find the charge on and potentials of the 


three surfaces. 
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V(x)=V(0)+V'(0)x +4V" (0)x? 
+ higher order terms 


V(x) = V(0)+V'(0)x +4V"'(0)x? 


V(x)= A +(O)x+ + n Je 


where 
manl ae 
k' 

@ = ,|— 
m 


where K' is the restoring constant. 


u(x)=qv(0)+} (ee 


= qV(0)+4k'x? 


232 Chapter 23 


(a) Apply Gauss’s law to a spherical 
Gaussian surface of radius r >c to 
obtain: 


Because E,(c) = 0: 


Apply Gauss’s law to a spherical 
Gaussian surface of radius b < r < c 
to obtain: 


Use E,(b <r < c)to find the 


potential difference between c and b: 


Because V(c) = 0: 


The inner shell carries no charge, so 
the field between r = a and 
r = b is zero and: 


(b) When the inner and outer shells 
are connected their potentials become 
equal as a consequence of the 
redistribution of charge. 


The charges on surfaces a and c are 
related according to: 


E, (az r?)= Qaei — 9 


€ 
and E, = 0 because the net charge enclosed 
by the Gaussian surface is zero. 


V(c) = [o] 


Q 
E,\4zr*)=— 
(orr?)-2 
and 
poera > 
r 


Q» does not change with the 
connection of the inner and outer 
shells: 


Express the potentials of shells a 
and c: 

In the region between the r = a and 
r = b, the field is kQ,/r* and the 
potential at r = b is then: 


The enclosed charge for b < r < cis 
Qa + Q, and by Gauss’s law the field 


in this region is: 


Express the potential difference 
between b and c: 


Solve for V(b) to obtain: 


Equate equations (2) and (3) and 
solve for Q, to obtain: 


Substitute equation (4) in equation (1) 
and solve for Q, to obtain: 


Substitute (4) and (5) in (3) to obtain: 
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Q, = 


© 


V(b)= Ka 2 $ 2) 2) 
k(Q, +Q) 
b<r<c r? 


1 1 
V(b)=k(Q, +a(z-4) (3) 
b c 
alc—b 
Q, = Sea) (4) 
c\b-a 
oe = ea) () 
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*90 cee 
Picture the Problem The diagram shows a 
cross-sectional view of a portion of the 
concentric spherical shells. Let the charge 
on the inner shell be q. The dashed line 
represents a spherical Gaussian surface 
over which we can integrate E - ĤdA in 
order to find E, for r > b. We can find V(b) 
from the integral of E, between r = œ and 

r = b. We can obtain a second expression 
for V(b) by considering the potential 
difference between a and b and solving the 


two equations simultaneously for the 
charge q on the inner shell. 


Apply Gauss’s law to a spherical surface of E, ( 4 mr?) = Q+q 


radius r > b: Eo 
Solve for E, to obtain: E= k(Q + q) 
r r 2 
Use E, to find V(b): ? dr 
V(b)=-KQ+a)f™ 
k(Q+q) 
b 
j 1 1 
We N algo CLOE ©) by v(b) = 
considering the potential difference b a 
between a, i.e., 0 and b: 
Equate these expressions for V(b) to k(Q + q) aA 1 1 
obtain: b b a 
Solve for q to obtain: a 
q=|-= b Q 
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Picture the Problem We can use the hint to derive an expression for the electrostatic 
potential energy dU required to bring in a layer of charge of thickness dr and then 
integrate this expression from r = 0 to R to obtain an expression for the required work. 


If we build up the sphere in layers, 
then at a given radius r the net 
charge on the sphere will be given 
by: 


When the radius of the sphere is r, 
the potential relative to infinity is: 


Express the work dW required to 
bring in charge dQ from infinity to 


the surface of a uniformly charged 
sphere of radius r: 


Integrate dW from 0 to R to obtain: 
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r=Q- 
Q(r) z 


Wj 20. 2 7 


p 4T Er Am & R? 
dW = dU =V(r)dQ 


P ae da L dr 
Ame, R? 47R? 
2 
L 3O ay 
4r € R 
3 R 
wsus- 2 r*dr 
4ra R5 
7 3Q? 75 _ 3Q? 
Are, R°| 5 207 € R 


Picture the Problem We can equate the rest energy of an electron and the result of 
Problem 91 in order to obtain an expression that we can solve for the classical electron 


radius. 


From Problem 91 we have: 


The rest mass of the electron is 
given by: 


Equate these energies to obtain: 


Solve for R: 


Substitute numerical values and evaluate R: 


2 


3(1.6 x10 C) 


R= 12-2 2 5 -19 
207(8.85 x10” C?/N-m?)(5.11x10° ev )(1.6x10™ Jev) 


=| 1.69x10” m 
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This model does not explain how the electron holds together against its own 


mutual repulsion. 
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Picture the Problem Because the post-fission volumes of the fission products are equal, 
we can express the post-fission radii in terms of the radius of the pre-fission sphere. 


(a) Relate the initial volume V of the V =2V' 
uniformly charged sphere to the 
volumes V’ of the fission products: 


Substitute for V and V’: 4 aR? = 2(4 nk") 
Solve for and evaluate R’: 1 
R'=——R =| 0.794R 
` 
(b) Express the difference AE in the AE =E-E' 


total electrostatic energy as a result 
of fissioning: 


From Problem 91 we have: 3Q? 


After fissioning: 


12 1 2 
207 €, R 207 €, —R 


3/2 


207 €, R 


a 3Q? 


) = 0.630E 


Substitute for E and E’ to obtain: AE = E—0.630E =| 0.370E 


*Q4 eve 
Picture the Problem We can use the definition of density to express the radius R of a 
nucleus as a function of its atomic mass N. We can then use the result derived in 
Problem 91 to express the electrostatic energies of the U nucleus and the nuclei of the 
fission fragments Xe and “Sr. 


The energy released by this fission AE =U,,.. — (Ua +U,, ) (1) 
process is: - = 7 
Express the mass of a nucleus in Nm=4 paR? 


terms of its density and volume: i 
y where N is the nuclear number. 
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Solve for R to obtain: 3Nm 
R=3/—— 
\ 42 
Substitute numerical values and 27 
evaluate R as a function of N: 3(1.60 xiv sly 13 


R= 
\ 42(4x10" kgm’ 
= (9.97x107° mn? 


The 'radius' of the *°U nucleus is R= (9.97 x10 m)(235)!" 
therefore: 
=6.15x10™ m 
From Problem 91 we have: 3Q? 
UŲ=— = 
207 & R 


Substitute numerical values and evaluate the electrostatic energy of the *°U 
nucleus: 


3(92 x1.6 x10 Cc} 


Us = 
j 207(8.85x10” C?/N-m’* (6.15x1075 m) 


=1.91x107 J x oat =1189 MeV 


1.6x10” J/eV 


Proceed as above to find the electrostatic energy of the fission fragments Xe and “Sr: 


oe 3(54x1.6x10~ CÙ 
Xe 207(8.85x 10? C? /N -m° )(6.15x10™ m) 
leV 


= 6.57 x10™ J x ——.—— = 410 MeV 
1.6x 10° J/eV 


and 
E 3(38 x1.6 x10 C? 


op 
= 207(8.85 x10” C*/N-m? (6.15 x10 m) 


1eV 


=3.25x10" Jx ST = 203 MeV 
1.602 x10” J/eV 
Substitute for U zs, U woy,» and AE =1189 MeV - (410 MeV + 203MeV) 
Uy a in equation (1) and evaluate =| 576 MeV 
AE: 
95 eco 


Picture the Problem The geometry of the point charge and the sphere is shown below. 
The charge is a distance R away from the center of a spherical shell of radius a. 
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(a) The average potential over the 
surface of the sphere is given by: 


Substitute for k, o, and dA to obtain 


Apply the law of cosines to the 
triangle to obtain: 


Substitute for r and simplify to 
obtain: 


Change variables by letting 
u = cos@. Then: 


To simplify the integrand, let: 
Then dv = — Jdu and: 


du 


B kdq a f kodA 
av sphere y E sphere r 
: T E q(27a sin 0\ad@) 
YO Anes 47a°r 


r =4R?° +a? —2aRcos0 


q f sin dO 
Vy = 2 2 /2 
87 € o (R +a ~2aR coso} 
du = -sin d0 
and 


-1 


-q du 
87 Ey 3 (r? +a’ ~2aRu)” 


(1) 


av 


a=R’+a’, B=2aR, and v=a- fu 


(r? +a? - 2aRu |” j 


Substitute for æ and £ to obtain: 


1% dv 2 l 
BEA a S 
aa 


-—Wa+B -Ja-B| 
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du 
A (r? +a°— 2aRu |” 


= L Nr ta FR-N R Fa ~ Dak | 
a 


L 


Substitute in equation (1) to obtain: -q 2 q 
í ) | An € R 


Note that this result is the potential at the center of the sphere due to the 
point charge. 


The superposition principle tells us that the potential at any point is the 


b) sum of the potentials due to any charge distributions in space. Because 


this result is independent of any properties of the sphere, this result 


must hold for any sphere and any configuration of charges outside of it. 
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Chapter 24 
Electrostatic Energy and Capacitance 


Conceptual Problems 


*1 é 
Determine the Concept The capacitance of a parallel-plate capacitor is a function of the 
surface area of its plates, the separation of these plates, and the electrical properties of the 
matter between them. The capacitance is, therefore, independent of the voltage across the 


capacitor. | (c) is correct. 


2 ° 

Determine the Concept The capacitance of a parallel-plate capacitor is a function of the 
surface area of its plates, the separation of these plates, and the electrical properties of the 
matter between them. The capacitance is, therefore, independent of the charge of the 


capacitor. | (c) is correct. 


3 ° 
Determine the Concept True. The energy density of an electrostatic field is given by 
u=} E’. 


4 ° 
Picture the Problem The energy stored in the electric field of a parallel-plate capacitor is 
related to the potential difference across the capacitor by U = + QV. 


Relate the potential energy stored in U =5QV 
the electric field of the capacitor to the 

potential difference across the 

capacitor: 


With Q constant, U is directly proportional to V. Hence, doubling V doubles U. 


*5 ee 
Picture the Problem The energy stored in a capacitor is given by U = + QV and the 


capacitance of a parallel-plate capacitor by C = €, A/ d.We can combine these 


relationships, using the definition of capacitance and the condition that the potential 
difference across the capacitor is constant, to express U as a function of d. 


Express the energy stored in the U =5QV 
capacitor: 
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Use the definition of capacitance to Q=CV 
express the charge of the capacitor: 


Substitute to obtain: U =1CV’ 
Express the capacitance of a C= E€ A 
parallel-plate capacitor in terms of d 
the separation d of its plates: where A is the area of one plate. 
Substitute to obtain: ya AV? 
© 2d 


1 
Because U oc T doubling the 


separation of the plates will reduce 
the energy stored in the capacitor to 


1/2 its previous value: (d)is correct. 


6 ee 
Picture the Problem Let V represent the initial potential difference between the plates, U 
the energy stored in the capacitor initially, d the initial separation of the plates, and V’, U 
', and d’ these physical quantities when the plate separation has been doubled. We can 
use U = +QV to relate the energy stored in the capacitor to the potential difference 


across it and V= Ed to relate the potential difference to the separation of the plates. 


Express the energy stored in the U =5QV 
capacitor before the doubling of the 
separation of the plates: 


Express the energy stored in the U' =7QV' 
capacitor after the doubling of the because the charge on the plates does not 
separation of the plates: change. 
Express the ratio of U' to U: U v 
U V 
Express the potential differences V = Ed 
across the capacitor plates before and 
and after the plate separation in V' = Ed' 
terms of the electric field E between because E depends solely on the charge on 


the plates: the plates and, as observed above, the 
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charge does not change during the 
separation process. 


Substitute to obtain: UL Ed' = d' 
U Ed d 

Forge et = = =f = 2 and | (b) is correct 
U d 

7 ° 


Determine the Concept Both statements are true. The total charge stored by two 
capacitors in parallel is the sum of the charges on the capacitors and the equivalent 
capacitance is the sum of the individual capacitances. Two capacitors in series have the 
same charge and their equivalent capacitance is found by taking the reciprocal of the sum 
of the reciprocals of the individual capacitances. 


8 oo 
(a) False. Capacitors connected in series carry the same charge. 


(b) False. The voltage across the capacitor whose capacitance is Co is Q/Cp and that 
across the second capacitor is Q/2Cp. 


(c) False. The energy stored by the capacitor whose capacitance is Cy is Q’ / 2C, and the 
energy stored by the second capacitor is Q” / 4C,. 


(a) 


9 ° 
Determine the Concept True. The capacitance of a parallel-plate capacitor filled with a 


E,A 


K 
dielectric of constant xis given by C = orCcK 


*10 ee 
Picture the Problem We can treat the configuration in (a) as two capacitors in parallel 
and the configuration in (b) as two capacitors in series. Finding the equivalent 
capacitance of each configuration and examining their ratio will allow us to decide 
whether (a) or (b) has the greater capacitance. In both cases, we’ll let C4 be the 
capacitance of the dielectric-filled capacitor and C, be the capacitance of the air 
capacitor. 


In configuration (a) we have: Cc, =C,+C, 
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Express C; and C): 


Substitute for Cı and C; and 
simplify to obtain: 


In configuration (b) we have: 


Express C and C3: 


Substitute for Cı and C; and 
simplify to obtain: 


Divide C, by Ca: 


<1 forx>1: 


Because £ 3 
(x + 1) 


1 1 CC, 
— = — + — > p= 
C, ı G, CG +C, 
eA S&A 2&4 
C = 
d, 5 d 
and 
C Ke,A K&A 2keE,A 


É Ep Aag £) 
C, = d d 


26 A 2KS A 
d d 


les aa 


SS EA 
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11 >œ 
(a) False. The capacitance of a parallel-plate capacitor is defined to be the ratio of the 
charge on the capacitor to the potential difference across it. 


(b) False. The capacitance of a parallel-plate capacitor depends on the area of its plates A, 
their separation d, and the dielectric constant « of the material between the plates 
according to C = x € A/d. 


(c) False. As in part (b), the capacitance of a parallel-plate capacitor depends on the area 
of its plates A, their separation d, and the dielectric constant x of the material between the 
plates according to C = K €, A/d. 


12 oo 
Picture the Problem We can use the expression U = icv’ to express the ratio of the 


energy stored in the single capacitor and in the identical-capacitors-in-series combination. 


Express the energy stored in U=1C_V° 
capacitors when they are connected 
to the 100-V battery: 


‘i : 2 
Express the equivalent capacitance = Cc -1C 
of the two identical capacitors a Ope 2 
connected in series: 
Substitute to obtain: U =1(iCW’* =1CV" 
Express the energy stored in one U, = icv’ 
capacitor when it is connected to the 
100-V battery: 
Express the ratio of U to Up: U tcv’ 1 
U, icv’ 2 


or 


U =4U,and | (d) is correct 


Estimation and Approximation 


13 eo 

Picture the Problem The outer diameter of a "typical" coaxial cable is about 

5 mm, while the inner diameter is about 1 mm. From Table 24-1 we see that a reasonable 
range of values for xis 3-5. We can use the expression for the capacitance of a 
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cylindrical capacitor to estimate the capacitance per unit length of a coaxial cable. 


The capacitance of a cylindrical 27K €, L 

dielectric-filled capacitor is given C= R 

by: nf 
R 


1 
where L is the length of the capacitor, R; is 
the radius of the inner conductor, and R, is 
the radius of the second (outer) conductor. 


Divide both sides by L to obtain an C 21k € K 
expression for the capacitance per L = R = R 
unit length of the cable: nf 2 kn 
1 1 
If c= 3: 
$ = 2 = = 0.104nF/m 
2(8.99 x10? N-m?/C?)in} <2 
0.5mm 
If =5: 
C 
—= — = 0.173nF/m 
2(8.99 x10? N-m?/C?)Inj <2 
0.5mm 
A reasonable range of values for C/L, C 
corresponding to 3 < x < 5, is: 0.104nF/m < L < 0.173nF/m 
#14 0 


Picture the Problem The energy stored in a capacitor is given by U = 4C Vv’. 
Relate the energy stored in a U =4CV’ 

capacitor to its capacitance and the 

potential difference across it: 


Solve for C: C= 2U 
= 
The potential difference across the V = Ed 


spark gap is related to the width of 
the gap d and the electric field E in 
the gap: 


Substitute for V in the expression for 
C to obtain: 


Substitute numerical values and 
evaluate C: 


15 ee 
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2U 
C = E’°d’ 
2(100J) 
C= f l 
(3x10° V/m) (0.001m) 
=| 22.2 pF 


Picture the Problem Because AR << Rx we can treat the atmosphere as a flat slab with 


an area equal to the surface area of the earth. Then the energy stored in the atmosphere 


can be estimated from U = uV, where u is the energy density of the atmosphere and V is 


its volume. 


Express the electric energy stored in 
the atmosphere in terms of its energy 
density and volume: 


Because AR << Ry = 6370 km, we 
can consider the volume: 


Express the energy density of the 
Earth’s atmosphere in terms of the 
average magnitude of its electric 
field: 


Substitute for V and u to obtain: 


Substitute numerical values and 
evaluate U: 


16 ee 


V = A surface area of the eah AR 
2 
= 4 R2AR 


fl 2 
u= 56, E 


(6370km) (200 V/m} (1km) 
2(8.99 x 10° N-m?/C’) 


=| 9.03«10" J 


Picture the Problem We’ll approximate the balloon by a sphere of radius R = 3 m and 


use the expression for the capacitance of an isolated spherical conductor. 


Relate the capacitance of an isolated 
spherical conductor to its radius: 


C=4re, R=" 
k 
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Substitute numerical values and C= m — =| 0.334nF 
evaluate C: 8.99 x10° N-m*°/C 
Electrostatic Potential Energy 
17 œ 
The electrostatic potential energy of this 
system of three point charges is the work qi qo q3 
needed to bring the charges from an @q® A x, M 
infinite separation to the final positions 0 3 6 
shown in the diagram. 
Express the work required to U = kq,92 ie kq,q; + kqo4s 
assemble this system of charges: No» N3 lng 
= { qıq2 4 193 + aa) 

No N3 D3 

Find the distances rj, r1,3, and r23: h= 3m,r. 23 = 3m,and h3 = 6m 


(a) Evaluate U for qı = q2 = q3 = 2 uC: 


3m 6m 3m 


U= (8.99x10° Nm?) COBO + (2 uC)(2 4C) (2 eMac 


=| 30.0mJ 


(b) Evaluate U for qı = q2 = 2 uC and q3 = —2 uC: 


U = (899x10 N më?) CAC) (2uC)(- 24C) L2 


+ + 
- [Esm] 


3m 6m 3m 
(c) Evaluate U for qi = q3 = 2 uC and q = —2 uC: 


U = (8.99 x 10° N. mice) 2 2 uC) 4: (2 C)(2 uC) | (- eee) 


3m 6m 3m 
-[=180m0) 
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Picture the Problem The electrostatic 
potential energy of this system of three 
point charges is the work needed to bring 
the charges from an infinite separation to 


the final positions shown in the diagram. 


Express the work required to assemble U= kq,q» P kq,q; + kqo4s 
this system of charges: Ny» Nh "yg 
= k| 442 | taz | 120 
No N3 D3 
Find the distances r12, r13, and r23: Kho =h3 =h =25mM 


(a) Evaluate U for qı = q2 = q3 = 4.2 uC: 


U =(8.99x10° N- mic) © HONAZ WC) (4.2 uC)(4.2 46) 
2.5m 2.5m 
_ 4.2 uC)(4.2 a) 
2.5m 


=| 0.190J 


(b) Evaluate U for qı = q2 = 4.2 uC and q3 = —4.2 uC: 


4.2 uC )(4.2 uC) ik (4.2 uwC)(— 4.2 uC) 
2.5m 2.5m 


U = (8.988x10° N- mic} 


42) 4.2 | 
2.5m 


- [Esam] 


(c) Evaluate U for qı = q2 = —4.2 uC and q3 = +4.2 uC: 


250 Chapter 24 


U = (8.99x10° N- m? cry 4.2uC)(-4.2uC) | (-4.24C)(4.2 uC) 


2.5m 2.5m 


, C42 uC)(4.2 | 
2.5m 


=| -63.4mJ 
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Picture the Problem The potential of an isolated spherical conductor is given by 
V = kQ/r ,where Q is its charge and r its radius, and its electrostatic potential energy 


byU =4QV. We can combine these relationships to find the sphere’s electrostatic 


potential energy. 


Express the electrostatic potential U =5QV 
energy of the isolated spherical 
conductor as a function of its charge 


Q and potential V: 
Express the potential of the spherical V= kQ 
conductor: r 
Solve for Q to obtain: Q= rV 
k 
Substitute to obtain: rV rV? 
ubstitu ai pad v=- 
k 2k 
Substitute numerical values and (0.1m)(2 kv) 
U = 9 2 2 
evaluate U: 2(8.99 x 10° N-m’/C?) 
=| 22.2 uJ 
20 eo 
Picture the Problem The electrostatic 
potential energy of this system of four 
point charges is the work needed to bring d 
Sp i of 
the charges from an infinite separation to V 
the final positions shown in the diagram. In / 


part (c), depending on the configuration of 
the positive and negative charges, two 


energies are possible. i 


f2 


93 
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Express the work required to assemble this system of charges: 


a Ead , Kads | Koide | Keds | Kod , kasd 


No h3 Na D3 D4 4 
— k| UL q Uh | al, Fos | 244 _ 4:44 
To h3 Ta D3 D4 B4 
Find the distances r12, 11,3, r14 T23, No =h3=h,=h4,=4m 
r24, and 13,4,: and 


hs =Na -4/2m 


(a) Evaluate U for q1 = q2= q3= q4 = —2 UC: 


+ 


251 


oe (8.99 x10° ra E2MEIE 2A) i (—2uC)(-2 uC) | (—2uC)(- 24C) 


4m 4/2 m 4m 
2H) 2 uC) | (6 2uC)(-2 uC) | ete 
4m 4/2 m 4m 


48.7 mJ 


(b) Evaluate U for q1 = q2= q3= 2 uC and qy=-2 uC: 


Ü= (8.99x10° N. mic?) CQL y (24C)(2 4C) | (2uC)(-2 WC) 


4m 4/2 m 7 4m 
, acu)  (2uC)(-2 uC) | (2uC)(- 20) 
4m 4/2m 4m 


0 


(c) Let qi = qo= 2 uC and q3 = q4 = -2 uC: 


U =(8.99x10° Nmr?) Baier) , Qui 2nC) | (2uC)(-2 nC) 


4m 42m 4m 
, CaO) 24C) | (24C) 24C) | (-2uC)(- 2) 
4m 4./2m 4m 


=| -12.7mJ 


Let qi= q3= 2 uC and qo = qa = —2 LC: 
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+ + 


U= (8.99 x10?’ N- mic?) (2uC)(—2uC) | (2uC\(2uC) | (2uC)(-2 HC) 


4m 


4/2m 4m 


+ + 


eT) LUEN UC Bee 2 


4m 42m 


=| —23.2mJ 


21 œ 
Picture the Problem The diagram shows 
the four charges fixed at the corners of the 
square and the fifth charge that is released 
from rest at the origin. We can use 
conservation of energy to relate the initial 
potential energy of the fifth particle to its 
kinetic energy when it is at a great distance 
from the origin and the electrostatic 
potential at the origin to express Uj. 


Use conservation of energy to relate 
the initial potential energy of the 

particle to its kinetic energy when it 
is at a great distance from the origin: 


Express the initial potential energy 
of the particle to its charge and the 
electrostatic potential at the origin: 


Substitute for K; and U; to obtain: 


Solve for v: 


Express the electrostatic potential at 
the origin: 


Substitute and simplify to obtain: 


4m 


de- r = Bs, 


AK +AU =0 
or, because K; = U; = 0, 
K, —U, =0 


U, = qV(0) 


ką  2kq —3kq 6kq 
V(O)= + + + 
l ) 2a /2a 2a 2a 


2a( $e) =| of SE 
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Capacitance 


*22 eœ 

Picture the Problem The charge on the spherical conductor is related to its radius and 
potential according to V = kQ/r and we can use the definition of capacitance to find the 
capacitance of the sphere. 


(a) Relate the potential V of the kQ 
spherical conductor to the charge on r 


it and to its radius: 


Solve for and evaluate Q: Q rV 


(0.1m)(2kV) [32.2nc | 
= = 22.2 
8.99x10° N- m?/C? | 22.2n€ | 


(b) Use the definition of capacitance C= Q = 22.2nC = tine 


to relate the capacitance of the 
sphere to its charge and potential: 


(c) | It doesn't. The capacitance of a sphere is a function of its radius. 


23 œ 
Picture the Problem We can use its definition to find the capacitance of this capacitor. 


Use the definition of capacitance to Q 304C 
C = — =—— =| 75.0nF 
a 


obtain: 


24 ee 
Picture the Problem Let the separation of the spheres be d and their radii be R. Outside 
the two spheres the electric field is approximately the field due to point charges of +Q 
and —Q, each located at the centers of spheres, separated by distance d. We can derive an 
expression for the potential at the surface of each sphere and then use the potential 
difference between the spheres and the definition of capacitance and to find the 
capacitance of the two-sphere system. 


The capacitance of the two-sphere C= Q 

system is given by: AV 
where AV is the potential difference 
between the spheres. 
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The potential at any point outside 
the two spheres is: 


For a point on the surface of the 
sphere with charge +Q: 


Substitute to obtain: 


For 0 << d: 


The potential difference between the 
spheres is: 


Substitute for AV in the expression 
for C to obtain: 


For d very large: 


The Storage of Electrical Energy 
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_ k(+Q) , kK Q) 


fi h 


v 


where r; and r; are the distances from the 
given point to the centers of the spheres. 


r =Randr, =d +6 
where ló|< R 


V_ = 
a R d+o 
_kQ_kQ 
*2 R d 
and 
R d 
AV =Vo-V.o 
_kQ kQ =kQ _ kQ 
R d R d 
1 1 
= 2kQ| —-— 
ce i) 
ga 2 1\ Ta 
2k 
da-i) Ga) 
_276,R 
1% 
d 


Picture the Problem Of the three equivalent expressions for the energy stored in a 
charged capacitor, the one that relates U to C and Vis U = icv’ ; 


(a) Express the energy stored in the 
capacitor as a function of C and V: 
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Substitute numerical values and 
evaluate U: 


U =4(3uF)(L00V) =| 15.0mJ 


AU =U(200V)-U(100V) 
=1(3 uF)(200V)° -15.0mJ 


(b) Express the additional energy 
required as the difference between 
the energy stored in the capacitor at 


200 V and the energy stored at 100 =m 

V: 

26 >œ 

Picture the Problem Of the three equivalent expressions for the energy stored in a 
1 2 

charged capacitor, the one that relates U to Q and C is U = so : 

(a) Express the energy stored in the U = 1Q° 

capacitor as a function of C and Q: 2C 


Substitute numerical values and 1 (4 IC? 
evaluate U: U = 2 10E =| 0.800 4J 


(b) Express the energy remaining 2 
U(+Q)= ; Af ie 0.200 4J 


when half the charge is removed: 


27 >œ 

Picture the Problem Of the three equivalent expressions for the energy stored in a 
1 2 

charged capacitor, the one that relates U to Q and Cis U = 2 À 

(a) Express the energy stored in the U= 1Q° 

capacitor as a function of C and Q: 2C 


Substitute numerical values and 1(5ucy uC? 
evaluate U: U(5 uC) = 2 20pF = 


(b) Express the additional energy AU =U(10 uC)-U(5 uC) 


required as the difference between 
the energy stored in the capacitor 
when its charge is 5 4C and when 
its charge is 10 uC: 


2 
= 104C) | 0.625) 
2 20pF 
= 2.50 J - 0.625 J 


=|1.88J 
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Picture the Problem The energy per unit volume in an electric field varies with the 


square of the electric field according tou = €} E ? / 2, 


Express the energy per unit volume 
in an electric field: 


Substitute numerical values and 
evaluate u: 


29 a 


=i 2 
u=565, E 


u = 1(8.85x10® C?/N - m? (3 MV/m} 


=| 39.8J/m° 


Picture the Problem Knowing the potential difference between the plates, we can use E 


= V/d to find the electric field between them. The energy per unit volume is given by 


u=} E * and we can find the capacitance of the parallel-plate capacitor using 


C =e, A/d. 


(a) Express the electric field between 
the plates in terms of their separation 
and the potential difference between 

them: 


(b) Express the energy per unit 
volume in an electric field: 


Substitute numerical values and 
evaluate u: 


(c) The total energy is given by: 


(d) The capacitance of a parallel-plate 
capacitor is given by: 


ree 
d 
ones 100kV/m 
1mm 
u=te, E’ 


u = 4(8.85 x10 C?/N - m?)(100kV/m)" 


- [saa 


U =uV =uAd 

= (44.3mJ/m’)(2 m? |(1mm) 
ca A 

od 


_ (8.85x10-? C?/N -m?|(2m?) 


1mm 
=| 17.7nF 


(e) The total energy is given by: 


Substitute numerical values and evaluate 


U: 


30 ee 
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U =1CV? 


U =+4(17.7nF)(100V)° 


= | 88.5 uJ, in agreement with (c). 


Picture the Problem The total energy stored in the electric field is the product of the 


energy density in the space between the spheres and the volume of this space. 


(a) The total energy U stored in the 


electric field is given by: 


The energy density of the field is: 


The volume between the spheres is 
approximately: 


Substitute for u and V to obtain: 


The magnitude of the electric field 
between the concentric spheres is 
the sum of the electric fields due to 
each charge distribution: 


Because the two surfaces are so 
close together, the electric field 
between them is approximately the 
sum of the fields due to two plane 
charge distributions: 


Substitute for o to obtain: 


Substitute for E in equation (1) and 
simplify: 


U =uV 
where u is the energy density and V is the 
volume between the spheres. 


u=S6, E’ 


where E is the field between the spheres. 


Ve 4m; (r, T r) 


U=2re,E'r(r-r) ® 


E=E, +E 
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Substitute numerical values and evaluate U: 
(SnC) (10.5cm —10.0cm) 
U = =| 56.0nJ 
87(8.85x10® C? /N - m? )(10.0cm} 


(b) The capacitance of the two- C= Q 
sphere system is given by: AV 


where AV is the potential difference 
between the two spheres. 


The electric potentials at the V= Q — Q 

| =——— and V, = ——~_ 
surfaces of the spheres are: ATE AT Ey) n 
Substitute for AV and simplify to Q nh 


G= 
obtain: Q Q r, -r 


ATE&n 47q,% 


Substitute numerical values and evaluate C: 


_ ee ee (10.0cm)(10.5cm) _ 
C = 47(8.85 x10? C2/N-m eee aoe =| 0.234nF 


stored in the electric field between 2 


0.234nF 


=| 53.4nJ 


Use % Q’/C to find the total energy i 1 (nC? | 


the spheres: 


Note that our approximate result in (a) is within 5% of our exact result 
obtained in (b). 
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Picture the Problem We can relate the charge Q on the positive plate of the capacitor to 
the charge density of the plate oc using its definition. The charge density, in turn, is 
related to the electric field between the plates according to o =e, E and the electric field 
can be found from E = AV/Ad. We can use AU = +QAV in part (b) to find the increase 


in the energy stored due to the movement of the plates. 


(a) Express the charge Q on the Q=0A 
positive plate of the capacitor in 

terms of the plate’s charge density o 

and surface area A: 
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Relate oto the electric field E o =& E 
between the plates of the capacitor: 


Express E in terms of the change in E AV 
V as the plates are separated a Ad 


distance Ad: 


Substitute for o and E to obtain: AV 


Substitute numerical values and evaluate Q: 


Q = (8.8510 C2/N-m?)(500em?)-Y = f11.1nC 
0.4cm 
(b) Express the change in the AU =4QAV 


electrostatic energy in terms of the 
change in the potential difference: 


Substitute numerical values and AU = 4(11.1nC)(100 v) = 


evaluate AU: 


32 ecco 

Picture the Problem By symmetry, the electric field must be radial. In part (a) we can 
find E, both inside and outside the ball by choosing a spherical Gaussian surface first 
inside and then outside the surface of the ball and applying Gauss’s law. 


(a) Relate the electrostatic energy U, = + 6, E . (1) 
density at a distance r from the 

center of the ball to the electric field 

due to the uniformly distributed 


charge Q: 
Relate the flux through the Gaussian E. ( inr ) = Qinside (2) 
surface to the electric field E,on the Ep 


Gaussian surface atr < R: 


Using the fact that the charge is Qasida DV fee 
uniformly distributed, express the Q PV oan 
ratio of the charge enclosed by the ár rè 

. = 3 =e 
Gaussian surface to the total charge 4R? R? 


of the sphere: i 
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Solve for Qinside to obtain: r’ 
Qinside = Q 
Substitute i tion (2): : 
ubstitute in equation (2) E,(4ar?) = Qr 
E€ 
0 
Solve for E, < g: E = Qr = kQ 
"S42 6,R* R 
Substitute in equation (1) to obtain: k z 
i u,(r<R)=1E, S) 
R 
= Eo k’Q’ 2 
2R° 
Relate the flux through the Gaussian E, ( Agr? ) £ Qinsiae = Q 
surface to the electric field E,on the Ey Ep 
Gaussian surface at r > R: 
Solve for E,» g: 7 Q = kQr? 
PR 4rr? Eo 
Substitute in equation (1) to obtain: u,(r > R) =E (kor? y 
ies 1 E, kRrQ?r4 
(b) Express the energy dUina dU pea = 4 r°u(r )dr 


spherical shell of thickness dr and 
surface area 47r”: 


Forr < R: 2772 
oa dU aalr < R)= am [ERa] 
2R 
2 
= a rêdr 
2R 
Forr> R: dU,,.,(r > R)= Amr? (3 Ej k?Q?r*)dr 


=| +kQ*r “dr 


(c) Express the total electrostatic energy: U =U(r < R)+U(r >R) (3) 
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Integrate Usnen(r < R) from 0 to R: 


2R 
U pulr < R)= g [rar 
0 


Rê 
_ KQ’ 
10R 
Integrate Usnen(r > R) from R to œ: * kQ? 
8 hel( ) Usen (r > R)=4kQ? [rar = Q 
A 2R 
Substitute in equation (3) to obtain: kQ? kQ’ 3kQ? 


The field inside the shell is zero, so the first integral vanishes. The result 
is greater for the sphere because it includes the field energy within the 


sphere. 


Combinations of Capacitors 
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Picture the Problem We can apply the properties of capacitors connected in parallel to 
determine the number of 1.0-4F capacitors connected in parallel it would take to store a 
total charge of 1 mC with a potential difference of 10 V across each capacitor. Knowing 
that the capacitors are connected in parallel (parts (a) and (b)) we determine the potential 
difference across the combination. In part (c) we can use our knowledge of how potential 
differences add in a series circuit to find the potential difference across the combination 
and the definition of capacitance to find the charge on each capacitor. 

(a) Express the number of Q 

capacitors n in terms of the charge q q 

on each and the total charge Q: 


Relate the charge q on one capacitor q=CV 
to its capacitance C and the potential 
difference across it: 


Substitute to obtain: i= Q 
CV 
Substitute numerical values and _— Iim 
n=~—___—_ =| 100 
evaluate n: (1 LE)(10 v) 
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(b) Because the capacitors are 
connected in parallel the potential 
difference across the combination is 
the same as the potential difference 
across each of them: 


(c) With the capacitors connected in 
series, the potential difference 
across the combination will be the 
sum of the potential differences 
across the 100 capacitors: 


Use the definition of capacitance to 
find the charge on each capacitor: 


34 >œ 


Picture the Problem The capacitor array 
is shown in the diagram. We can find the 
equivalent capacitance of this combination 
by first finding the equivalent capacitance 


of the 3.0-4F and 6.0-uF capacitors in 


series and then the equivalent capacitance 
of this capacitor with the 8.0-4F capacitor 


in parallel. 


Express the equivalent capacitance 
for the 3.0-4F and 6.0-4F capacitors 
in series: 

Solve for C3+6: 


Find the equivalent capacitance of a 
2-uF capacitor in parallel with an 8- 
HF capacitor: 


*35 ° 


V iratieicombinaton = V = [10 | 


v 


series combination 


=100V 
=100(10 V) 


=| 1.00kV 


q=CV =(1uF)(10V)= 


1 


[22 [ee 
8 uF 


1 1 


=—_+ 
Cze SMF 6 uF 


C346 = 2 MF 


C 


2+8 


= 2 UF +8 uF = 


10 WE 


Picture the Problem Because we’re interested in the equivalent capacitance across 


terminals a and c, we need to recognize that capacitors C, and C3 are in series with each 


other and in parallel with capacitor Co. 


Find the equivalent capacitance of 
Cı and C; in series: 
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Solve for Cj+3: _ CC, 
143 
C, +C, 
Find the Paavalem capacitance of EE EN CC, 
Cı+3 and C; in parallel: a C, +G, 
36 œ 


Picture the Problem Because the capacitors are connected in parallel we can add their 
capacitances to find the equivalent capacitance of the combination. Also, because they 
are in parallel, they have a common potential difference across them. We can use the 
definition of capacitance to find the charge on each capacitor. 


(a) Find the equivalent capacitance C,, =10.0 uF + 20 uF =| 30 uF 


of the two capacitors in parallel: 


(b) Because capacitors in parallel V =V. +V» =| 6.00V 
have a common potential difference 


across them: 


(c) Use the definition of capacitance Qo = CV = (10 uF)(6V) =| 60.0 uC 


to find the charge on each capacitor: 


and 


Qa = CoV = (20 uF)(6V) = 
37 8 


Picture the Problem We can use the properties of capacitors in series to find the 
equivalent capacitance and the charge on each capacitor. We can then apply the definition 
of capacitance to find the potential difference across each capacitor. 


(a) Because the capacitors are Qio = Qao = Ceg V 
connected in series they have equal 

charges: 

Express the equivalent capacitance 1 _ 1 E 1 
of the two capacitors in series: C,, 1044F 2044F 


Solve for C,, to obtain: _ (10 uF)(20 uF) = 6.67 LF 


1-10 WE + 20 uF 


Substitute to obtain: Qio = Qy = (6.67 LF)(6 v) =| 40.0 uC 
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(b) Apply the definition of 


capacitance to find the potential 
difference across each capacitor: 


#38 oo 


Vo = 2 = A =| 4.00V 


Picture the Problem We can use the properties of capacitors connected in series and in 


parallel to find the equivalent capacitances for various connection combinations. 


(a) | If their capacitance is to be a maximum, they must be connected in parallel. 


Find the capacitance of each 
capacitor: 


(b) (1) Connect the three capacitors 
in series: 


(2) Connect two in parallel, with the 


third in series with that 
combination: 


Solve for Coq: 


(3) Connect two in series, with the 
third in parallel with that 
combination: 


Find the capacitance equivalent to 
2.5 WF and 5 „F in parallel: 
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Ca =3C = 15 WF 
and 
C =54F 
1 3 
ea and C =| 1.67 uF 
Cc, 5 
Coq, two in parallel = 2(5 LE) =10 LF 
and 
Me gt 
Ca 104F 54F 
_ = WOME) SME) T337 
"10 uF +5 uF 
1 _ 2 
Coq, two in series 5 LHF 
or 
Co, twoin series — 2.9 LF 


Cq = 2.5 uF +5 uF =| 7.50 uF 


Picture the Problem We can use the properties of capacitors connected in series and in 


parallel to find the equivalent capacitance between the terminals and these properties and 


the definition of capacitance to find the charge on each capacitor. 
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(a) Relate the equivalent 1 = 1 x 1 

capacitance of the two capacitors in Cas 44E 1544F 

series to their individual 

capacitances: 

Solve for C4+s: C = (4 uF )(15 uF) = 3.16 uF 


15 AE +15 uF 


Find the equivalent capacitance of Coq = 3.16 4F +12 uF =| 15.2 uP 


C4+15 in parallel with the 
12-uF capacitor: 


(b) Using the definition of Q = CV = CV 
capacitance, express and evaluate = (12 LE)(200 v) 
the charge stored on the 12-4F 

=| 2.40 mC 
capacitor: 
Because the capacitors in series Q, = Qs = CrasV 
have the same charge: = (3.16 uF)(200V) 

=| 0.632mC 
(c) The total energy stored is given U g= C,.V? 
by: 
Substitute numerical values and 1 2 

U oa = (15.2 WF )(200 V f =| 0.3045 

evaluate Uva total 2 ( Lt )( ) [ 0.3045 | 
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Picture the Problem We can use the properties of capacitors in series to establish the 
results called for in this problem. 


(a) Express the equivalent 1 _ 1 * 1 = C+C; 
capacitance of two capacitors in Ca G C, Cc, 
series: 

Solve for Ceq by taking the a akan 

reciprocal of both sides of the i C, +C, 


equation to obtain: 
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(b) Divide numerator and 
denominator of this expression by 
C, to obtain: 


Divide numerator and denominator 
of this expression by C) to obtain: 


Using our result from part (a) for 
two of the capacitors, add a third 
capacitor C; in series to obtain: 


Take the reciprocal of both sides of 
the equation to obtain: 


Al 


eq 
ue 


1 


because 1+ ee >1. 


C 
1+— 
2 


G 
because 1+— >1. 
2 


1 _G+CG,, 1 
Cy C,C, C, 


OCCO 
CC, C, 


C C.C,C, 
am CC, + C,C, + CC 


Picture the Problem Let Ceqı represent the equivalent capacitance of the parallel 


combination and C,, the total equivalent capacitance between the terminals. We can use 


the equations for capacitors in parallel and then in series to find Ceq. Because the charge 


on Ce is the same as on the 0.3-4F capacitor and Ceqı, we’ ll know the charge on the 0.3- 


HF capacitor when we have found the total charge Q,, stored by the circuit. We can find 
the charges on the 1.0-yF and 0.25-uF capacitors by first finding the potential difference 


across them and then using the definition of capacitance. 


= 0.3 pF 


oP uF ew 
“T T 


(a) Find the equivalent capacitance 
for the parallel combination: 


—| 0.3 uF 


e pe T 


Coq = LMF +0.25 uF =1.25 uF 


The 0.30-uF capacitor is in series 
with Ceqı ... find their equivalent 
capacitance Ceg: 


(b) Express the total charge stored 
by the circuit Qeq: 


The 1-F and 0.25-yF capacitors, 
being in parallel, have a common 
potential difference. Express this 
potential difference in terms of the 
10 V across the system and the 
potential difference across the 0.3- 
HF capacitor: 


Using the definition of capacitance, 
find the charge on the 1-uF and 0.25- 
HF capacitors: 


(c) The total stored energy is given 
by: 


Substitute numerical values and 
evaluate U: 
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1 1 1 
= + 
C,, 0.34F 1.254F 
and 
C,, =| 0.242 uF 


Qoq = Qo3 = Qs = Cega V 
= (0.242 uF )(10V) 


=| 2.42 uC 


Vins = 10V -Vs 


=10V- Qos 
0.3 
-10V— 2.42 uC 
0.3 uF 
=1.93V 


Q, = CY, = (1uF)(1.93V) =| 1.93 uC 


and 
Qo25 = Co.25Vo.25 = (0.25 uF)(1.93V) 


- [08854] 


U =1C,V? 


~ 2 


U =1(0.242 wF)\(1OV) =| 12.1 


Picture the Problem Note that there are three parallel paths between a and b. We can 


find the equivalent capacitance of the capacitors connected in series in the upper and 
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lower branches and then find the equivalent capacitance of three capacitors in parallel. 


(a) Find the equivalent capacitance 
of the series combination of 
capacitors in the upper and lower 
branch: 


1 1 
— = — + — 
Coq 0 C, 
or 

ER 
Ca == =1C, 
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Now we have two capacitors with 
capacitance C,/2 in parallel with a 


capacitor whose capacitance is Co. 


Find their equivalent capacitance: 


(b) If the central capacitance is 
10Co, then: 


43 


C'a =4C, +C, + FC, =| 2C, 


C',, =1C, +10, + 


1G, =| 11C, 


Picture the Problem Place four of the capacitors in series. Then the potential across each 


is 100 V when the potential across the combination is 400 V. The equivalent capacitance 


of the series is 2/4 uF = 0.5 uF. If we place four such series combinations in parallel, as 


shown in the circuit diagram, the total capacitance between the terminals is 2 uF. 


rl 


—— 


I 


HAF AFK HIF 
HHHH H 


—1F—HI 


—o 
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Picture the Problem We can connect two capacitors in parallel, all three in parallel, two 


in series, three in series, two in parallel in series with the third, and two in series in 


parallel with the third. 


Connect 2 in parallel to obtain: 


Connect all three in parallel to 
obtain: 


Connect two in series: 


C., =1MF + 2 uF = 
or 
C,, =1uF +4 pF = 


or 


C, = 28 +4 pF =| Gur 


C,, =1eF+ 2 uh + 4 uF =| 7 uF 


3 UF 


3 UE 


_ QuE)(2uE) _| 2 
“O 1uF +2 uF 3 
or 
_ (uF )(4 uF) _| 4 UE 
“O 1uF +4 uF 5 


or 
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_ (2uF)(4uF) _| 4 UE 
SQ uF +4 uF 3 
Connect all three in series: 
Be (1uF)(2, uF )(4 uF) -| 4a 
o (Luk)(2. uF) +(2.uF)(4uF)+ (Luk)(4uF) |7 
Connect two in parallel, in series fous (4 LE )(1 MF +2 LE) _ LF 
with the third: “a | LUF +2 uF +4 uF 7 
or 
_ (uF )(4 uF +2 uF) _| 6 UE 
SLE +2 uF +4 uF 7 
or 
_ (2 uF )(4uF +1uF) _| 10 UE 
“O 14F+2 uF +4 uF 7 
unner Gi in series, in parallel o (1 LE)(2 LF) ro HF 
with the third: 1 1uF+2 uF 3 
or 
= (UENRA) pa] 7 
4 uF + 2 uF 3 
or 
LuF)(4 uF 14 
oe 4E) o wp =| 14 
1uF + 4 uF 5 
45 coo 
Picture the Problem Let C be the 
capacitance of each capacitor in the ladder C 
and let Ceg be the equivalent capacitance of 
the infinite ladder less the series capacitor 
in the first rung. Because the capacitance is 
finite and non-zero, adding one more stage CC 
to the ladder will not change the rq t meq 


capacitance of the network. The 
capacitance of the two capacitor 
combination shown to the right is the 
equivalent of the infinite ladder, so it has 
capacitance Ceq also. 
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(a) The equivalent capacitance of C+ Cy 
the parallel combination of C and 
Coq İS: 
The equivalent capacitance of the 1 1 1 
series combination of C and ae 
(C + Coq) iS Cog, SO: Cea G Dt Coq 
Simply this expression to obtain a C? +CC_ -C° =0 
quadratic equation in Ceg: = =“ 
Solve for the positive value of Ceq to -1 
obtain: 7 £=) C =0.618C 
Because C = 1 WF: = 
H C,, =| 0.618 uF 
(b) The capacitance C’ required so C'=C +C 
that the combination has the same 
capacitance as the infinite ladder is: 
Substitute for C., and evaluate C': C'=C+0.618C =1.618C 
Because C = 1 wF: C' =| 1.618 uF 


Parallel-Plate Capacitors 


46 œ 

Picture the Problem The potential difference V across a parallel-plate capacitor, the 
electric field E between its plates, and the separation d of the plates are related according 
to V= Ed. We can use this relationship to find Vmax corresponding to dielectric 
breakdown and the definition of capacitance to find the maximum charge on the 
capacitor. 


(a) Express the potential difference V = Ed 
V across the plates of the capacitor 

in terms of the electric field between 

the plates E and their separation d: 


Vmax Corresponds to Emax: Vinx =(3MV/m)(1.6mm)=| 4.80kV 


(b) Using the definition of Q = CV ax 
capacitance, find the charge Q = (2 0 F)( 4.80 kv) 2 | 9.60mC | 
= (2.0 uF )(4. =| 9.60mC 
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stored at this maximum potential 
difference: 


47 >œ 

Picture the Problem The potential difference V across a parallel-plate capacitor, the 
electric field E between its plates, and the separation d of the plates are related according 
to V= Ed. In part (b) we can use the definition of capacitance and the expression for the 
capacitance of a parallel-plate capacitor to find the required plate radius. 


(a) Express the potential difference V =Ed 
V across the plates of the capacitor 

in terms of the electric field between 

the plates E and their separation d: 


Substitute numerical values and V= (2 x10 Vim)(2 mm) =! 40.0V 
evaluate V: 

(b) Use the definition of capacitance C= Q 

to relate the capacitance of the V 


capacitor to its charge and the 
potential difference across it: 


Express the capacitance of a C-Ê A _& mR? 


parallel-plate capacitor: d d 


where R is the radius of the circular plates. 


Equate these two expressions for C: €, mR? Q 
w y 
Solve for R to obtain: R= Qd 
Ve, 2V 
Substitute numerical values and R= (10 uC)(2 mm) 
evaluate R: T \ 2(8.85 x 10 C2/N- m2 (40 v) 


- [aim] 
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Picture the Problem We can use the expression for the capacitance of a parallel-plate 
capacitor to find the area of each plate and the definition of capacitance to find the 
potential difference when the capacitor is charged to 3.2 xC. We can find the stored 
energy using U = icv’ and the definition of capacitance and the relationship between 
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the potential difference across a parallel-plate capacitor and the electric field between its 


plates to find the charge at which dielectric breakdown occurs. Recall that Emax, air = 3 


MV/m. 


(a) Relate the capacitance of a 
parallel-plate capacitor to the area A 
of its plates and their separation d: 


Solve for A: 


Substitute numerical values and 
evaluate A: 


(b) Using the definition of 

capacitance, express and evaluate 
the potential difference across the 
capacitor when it is charged to 3.2 


LC: 


(c) Express the stored energy as a 
function of the capacitor’s 
capacitance and the potential 
difference across it: 


Substitute numerical values and 


evaluate U: 


(d) Using the definition of 
capacitance, relate the charge on the 
capacitor to breakdown potential 
difference: 


Relate the maximum potential 
difference to the maximum electric 


field between the plates: 


Substitute to obtain: 


Substitute numerical values and 


evaluate Qmax: 


ca A 
d 
acd 
Ep 
(0.14 4F)(0.5mm) f 
A= =| 7.91m 
8.85x10" C?/N- m? 
eR ee 22.9V 
0.14 uF 
U =icv’ 


U =1(0.14 uF)(22.9V/) =| 36.7 J 


Qai = CE naxd 


Q rax 


(0.14 4F)(3MV/m)(0.5mm) 
210 4C 
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Picture the Problem The potential difference across the capacitor plates V is related to 
their separation d and the electric field between them according to 

V = Ed. We can use this equation with Emax = 3 MV/m to find dmin. In part (b) we can use 
the expression for the capacitance of a parallel-plate capacitor to find the required area of 
the plates. 


(a) Use the relationship between the d 2 = 
potential difference across the plates ™ E 3MV/m 
and the electric field between them 

to find the minimum separation of 


0.333 mm 


the plates: 


(b) Use the expression for the Cc - £2 A 


capacitance of a parallel-plate d 
capacitor to relate the capacitance to 
the area of a plate: 


Solve for A: Cd 


Substitute numerical values and (0.1 LE)(0.333 mm) 5 
AS =| 376m 
8.8510 C?/N-m? 


evaluate A: 


Cylindrical Capacitors 
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Picture the Problem The capacitance of a cylindrical capacitor is given by 
C = 27K €, L/In(r, /r,)where L is its length and r; and r, the radii of the inner and 


outer conductors. 


(a) Express the capacitance of the C= 27k € L 
coaxial cylindrical shell: nf r ) 
Substitute numerical values and C= 2n(1)(8.85 x10 C?/N -m° \(0.12 m) 
evaluate C: 7 1.5cm 
In 
0.2mm 


=| 1.55pF 
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(b) Use the definition of 
capacitance to express the charge 
per unit length: 


Substitute numerical values and 
evaluate A: 


51 eo 


Picture the Problem The diagram shows a 
partial cross-sectional view of the inner 
wire and the outer cylindrical shell. By 
symmetry, the electric field is radial in the 
space between the wire and the concentric 
cylindrical shell. We can apply Gauss’s 
law to cylindrical surfaces of radii r < R,, 
R, <r < R,, and r > R, to find the electric 
field and, hence, the energy density in 


these regions. 
(a) Apply Gauss’s law to a 


cylindrical surface of radius r < R, 
and length L to obtain: 


Because E = 0 forr < R;: 


Apply Gauss’s law to a cylindrical 
surface of radius 
Rı <r < R and length L to obtain: 


Solve for E, to obtain: 


Express the energy density in the 
region Rı <r < Rz: 


Qo 
L 


Sa 
L 


A= 


(1.55pF)(1.2kV) 
=| 15.5 
oim 7 LES 5aCim | 


E,(2zrL)= Quse = 0 
€p 

and 

E cr = [o] 

U,cr, 0 

E,(2zrL)= Qasite _ Ab 
€p €o 


where J is the linear charge density. 


E 


r 


AL _ 2k 
2T Er r 


Apply Gauss’s law to a cylindrical 
surface of radius 
r > R and length L to obtain: 


Because E = 0 for r > Ro»: 


(b) Express the energy residing in a 
cylindrical shell between the 
conductors of radius r, thickness dr, 
and volume 27 rL dr: 


(c) Integrate dU from r = R; to R; to 
obtain: 


Use U = +CV? and the expression 


for the capacitance of a cylindrical 
capacitor to obtain: 
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Qinside 


= 


E,(2arL)= =0 


0 


and 


Ene, = [0] 
Une, =[0 | 


dU = 2mrLu(r)dr 


U =4CV’ 
ae 
2 2m & L 
he 
R, 

2 

= kQ In R, 

L UR 


in agreement with the result from part (b). 


Picture the Problem Note that with the innermost and outermost cylinders connected 


together the system corresponds to two cylindrical capacitors connected in parallel. We 


2T €, KL 
can use C = 0 


In(R,/R, 


) to express the capacitance per unit length and then calculate and 


add the capacitances per unit length of each of the cylindrical shell capacitors. 


Relate the capacitance of a 
cylindrical capacitor to its length L 
and inner and outer radii R; and R,: 


Divide both sides of the equation by 
L to express the capacitance per unit 


_ 27 € KL 
In(R, /R,) 


C 2we,k 


L  In(R,/R,) 
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length: 
Express the capacitance per unit C [C P C (1) 
length of the cylindrical system: L L J outer iier 
Find the capacitance per unit length C _ 27(8.85 x10 C*/N-m* \() 
of the outer cylindrical shell yr In(0.8cm/0.5cm) 
combination: =118.3pF/m 
Find the capacitance per unit length C _ 27(8.85 x10" CG N= Ti (a) 
of the inner cylindrical shell (a In(0.5cm/0.2cm) 
combination: = 60.7 pE/m 
Substitute in equation (1) to obtain: C =118.3pF/m + 60.7 pF/m 
a : : 
=| 179pF/m 
#53 ee 
Picture the Problem We can use the Rz 
expression for the capacitance of a parallel- P 
plate capacitor of variable area and the | 
geometry of the figure to express the | 
capacitance of the goniometer. | 
lo | 
= SE 20 L 
The capacitance of the parallel-plate Eo ( A- AA) 
capacitor is given by: C= d 
The area of the plates is: 0 0 
. A= n(R3-R? = = (R -R 5 


If the top plate rotates through an j 5\Ad 5\Ad 
angle A@, then the area is reduced AA = 1 (r -Ri p = (r: -Ri j 
by: 

Substitute for A and AA in the = 8 A8 
expression for C to obtain: C= F G R?) 2 (R Rẹ) 2 
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Picture the Problem Let C be the capacitance of the capacitor when the pressure is P 
and C’ be the capacitance when the pressure is P + AP. We’ll assume that (a) the change 
in the thickness of the plates is small, and (b) the total volume of material between the 
plates is conserved. We can use the expression for the capacitance of a dielectric-filled 
parallel-plate capacitor and the definition of Young’s modulus to express the change in 
the capacitance AC of the given capacitor when the pressure on its plates is increased by 
AP. 


Express the change in capacitance ' Ke,A' KEA 
resulting from the decrease in AC =C'-C= Ha Ad d 
separation of the capacitor plates by 
Ad: 
Because the volume is constant: A'd' = Ad 
or 
A'= S A= g 
d' d — Ad 
Substitute for A’ in the expression Ke, A d Ke, A 
for AC and simplify to obtain: AC = d-Ad\d-Ad]) d 
Ke,A 2 KEA 
d(d—Ad/y d 


From the definition of Young’s Ad P P 
modulus: — =-— >Ad =- — |d 
d Y Y 
Substitute for Ad in the expression 
for AC to obtain: > 
KE& A d 


2 -2 2 
Expand E binomially to p =j- aa r +... 
Y Y Y 


obtain: 
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Provided P << Y: -2 
1- = x1-2 
Y Y 
Substitute in the expression for AC P P 
and simplify to obtain: AC =C|1-2 Y 1|=|-2 = C 


Spherical Capacitors 


*55 œe 
Picture the Problem We can use the definition of capacitance and the expression for the 


potential difference between charged concentric spherical shells to show that 
C =47 & R,R,/(R,-R,). 


(a) Using its definition, relate the C= Q 
capacitance of the concentric V 
spherical shells to their charge Q 

and the potential difference V 

between their surfaces: 


Express the potential difference 1 
R R R R, 


1 2 


_ i. eee 
between the conductors: V= r| + = kQ——+ 


Substitute to obtain: C= Q = RR, 
kQ R,-R, k(R, -R,) 
RR, 


_| 4r © RR, 
R, — R 

(b) Because R; = R; + d: RR, = R (R, + d) 

=R +Rd 


= R? = R? 


because d is small. 


Substitute to obtain: C 4ne,R? |e, A 


d d 
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Picture the Problem The diagram shows a 
partial cross-sectional view of the inner and 
outer spherical shells. By symmetry, the 


electric field is radial. We can apply 
Gauss’s law to spherical surfaces of radii r 
< R,, Rı <r < R,, andr > R, to find the 
electric field and, hence, the energy density 


in these regions. 


(a) Apply Gauss’s law to a spherical E, ( 4r r?) = Qinside =0 
surface of radius r < R; to obtain: € 
and 
Er, = [o] 
Because E = 0 for r < Ri: U, =| 0 
Apply Gauss’s law to a spherical E, ( An r?) = Qinside 2 Q 
surface of radius R, <r < R to €p €p 
obtain: 
Solve for E, to obtain: E- Q _ kQ 
" Ane,r° r? 
Express the energy density in the ; 21 kQ ? 
region Rı <r < Rz: uU =3 6 E; =3€0 2 
_| k? =, Q? 
2r° 
Apply Gauss’s law to a cylindrical E, ( 4r r?) — Qiside _ 0 
surface of radius Eo 
r > Rə to obtain: and 


Because E = 0 for r > Rz: u = [o] 
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(b) Express the energy in the iU = Aer (r)dr hits il k? E Q’ g 


electrostatic field in a spherical shell or 


of radius r, thickness dr, and volume 


kQ? 
47x rdr between the conductors: = T dr 
r 
(c) Integrate dU from r = R; to R, to kQ’? dr  KkQ?’(R,-R,) 
obtain: a 2 r° 2RR, 


_f 1 Q? R,- R, 
2 4r & RR, 
Note that the quantity in parentheses is 1/C , so we have U = 4Q° / C. 
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Picture the Problem We know, from Gauss’s law, that the field inside the shell is zero. 
Applying Gauss’s law to a spherical surface of radius R > r will allow us to find the 
energy density in this region. We can then express the energy in the electrostatic field in a 
spherical shell of radius R, thickness dR, and volume 47 R’dR outside the spherical shell 
and find the total energy in the electric field by integrating from r to æ. If we then 
integrate the same expression from r to R we can find the radius R of the sphere such that 
half the total electrostatic field energy of the system is contained within that sphere. 


Apply Gauss’s law to a spherical shell E, ( Ant R? ) _ Qhside _ Q 
of radius R > r to obtain: Ey Eo 
Solve for E, outside the spherical E = kQ 
shell: " R? 
Express the energy density in the i ži kQ 2 k E, 2 
region R >r: u=te,Ei=44,(2) =o 
Express the energy in the dU =47 R°u (R)dR 
electrostatic field in a spherical shell i(k? 3 Q? 
of radius R, thickness dR, and =47R OR! Jar 
volume 4zR°dR outside the spherical 
shell: = kQ’ dR 
2R* 
Integrate dU from r to to obtain: kQ?’ FaR kQ’ 


DR Or 


Electrostatic Energy and Capacitance 281 


Integrate dU from r to R to obtain: U= kQ? + dR' _kQ’(1 1 
= 2R? 2\r R 
Set U = ŁU „to obtain: kQ’ (1 1\_ kQ? 
2 \r R) 4r 


Solve for R: R= 


Disconnected and Reconnected Capacitors 
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Picture the Problem Let C; represent the capacitance of the 2.0-4F capacitor and C, the 
capacitance of the 2" capacitor. Note that when they are connected as described in the 
problem statement they are in parallel and, hence, share a common potential difference. 
We can use the equation for the equivalent capacitance of two capacitors in parallel and 
the definition of capacitance to relate C} to C, and to the charge stored in and the 
potential difference across the equivalent capacitor. 


Using the definition of capacitance, Q =GV = (2 uF \(12 v) = 24 uC 
find the charge on capacitor C4: 


Express the equivalent capacitance C,, =G +C, 
of the two-capacitor system and and 

solve for C3: G= om -C, 
Using the definition of capacitance, C = Q, m Q 
express C,, in terms of Qz and V3: a Va V, 


where V> is the common potential 
difference (they are in parallel) across the 
two capacitors and Q, and Q; are the 
(equal) charges on the two capacitors. 


Substitute to obtain: C, = Q -C, 
V, 
Substitute numerical values and C= 24 UC 2 uF =| 4.00 uF 


evaluate Co: 4V 
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Picture the Problem Because, when the capacitors are connected as described in the 
problem statement, they are in parallel, they will have the same potential difference 
across them. In part (b) we can find the energy lost when the connections are made by 
comparing the energies stored in the capacitors before and after the connections. 


(a) Because the capacitors are in parallel: Vioo = Vag =| 2-00 kV 


(b) Express the energy lost when the AU = U efore ~ U atter 
connections are made in terms of the 

energy stored in the capacitors before 

and after their connection: 


Express and evaluate Uberore: U petore = U 100 +U 400 

F Coo V00 + 4 Cao Vao 
1V? (Cio + Cano ) 
1(2kV)°(500 pF) 
1.00mJ 


II 


Express and evaluate Unter: U steer = U00 + U 400 
=3 Cian Vaan +3 Cip Vani 
= 4V? (Coo + Cano) 
=414(2kV} (500pF) 
=1.00mJ 


Substitute to obtain: AU =1.00mJ -1.00 mJ = [o] 
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Picture the Problem When the capacitors are reconnected, each will have the charge it 
acquired while they were connected in series across the 12-V battery and we can use the 
definition of capacitance and their equivalent capacitance to find the common potential 

difference across them. In part (b) we can use U = icv’ to find the initial and final 


energy stored in the capacitors. 


(a) Using the definition of V= 2Q 
capacitance, express the potential C 


(1) 
eq 


difference across each capacitor when where Q is the charge on each capacitor 


they are reconnected: before they are disconnected. 
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Find the equivalent capacitance of Ca =G +C, 
the two capacitors after they are = 4 uF +12 uF 
connected in parallel: =16 WF 
Express the charge Q on each Q= C'a V 
capacitor before they are 
disconnected: 
Express the equivalent capacitance CŒ = GC, _ (4 4F)(12 LE) S 
of the two capacitors connected in “O C +C, 4uF+12 F 
series: 
Substitute to find Q: Q= (3 uF)(12 v) =36 uC 
Substitute in equation (1) and V=- 2(36 uC) -| 450V 
evaluate V: 16 WF - 
(b) Express and evaluate the energy U, = ICV = 1(3 LE )(12 vy 
stored in the capacitors initially: 

g i =| 216 J 
Express and evaluate the energy U,=4C.V; = 106 4F)(4.5VY 
stored in the capacitors when they 
have been reconnected: = eee 
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Picture the Problem Let C; represent the capacitance of the 1.2-yF capacitor and C, the 
capacitance of the 2" capacitor. Note that when they are connected as described in the 
problem statement they are in parallel and, hence, share a common potential difference. 
We can use the equation for the equivalent capacitance of two capacitors in parallel and 
the definition of capacitance to relate C, to C, and to the charge stored in and the 
potential difference across the equivalent capacitor. In part (b) we can use U = icv’ to 


find the energy before and after the connection was made and, hence, the energy lost 
when the connection was made. 


(a) Using the definition of Q=CV= (1.2 LE)(30 v) = 36 uC 
capacitance, find the charge on 
capacitor C4: 


Express the equivalent capacitance Ca =C +C, 
of the two-capacitor system and and 


solve for C;: 
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Using the definition of capacitance, 
express C,, in terms of Q and Vz: 


Substitute to obtain: 


Substitute numerical values and 
evaluate C3: 


(b) Express the energy lost when the 
connections are made in terms of the 
energy stored in the capacitors 
before and after their connection: 


Substitute numerical values and evaluate AU: 


C, = Cq -C 
san 
i VvV vV 


where V, is the common potential 
difference (they are in parallel) across the 
two capacitors. 


g = SA aiam cae 


AU = 40.2 uF)(30V)- (3.6 uF)(10Vv)? |= 
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Picture the Problem Because, when the capacitors are connected as described in the 


problem statement, they are in parallel, they will have the same potential difference 


across them. In part (b) we can find the energy lost when the connections are made by 


comparing the energies stored in the capacitors before and after the connections. 


(a) Using the definition of 
capacitance, express the charge Q 
on the capacitors when they have 
been reconnected: 


Substitute numerical values to obtain: 


Using the definition of capacitance, 
relate the equivalent capacitance, 
charge, and final potential difference 
for the parallel connection: 


Q = Quo = Qio 

= Choo 400 — CrooV100 

= (Co — Cig 4 
where V is the common potential difference 
to which the capacitors have been charged. 


Q = (400 pF -100 pF )(2kV ) = 600 nC 


Q =(C, +C, XV; 


Solve for and evaluate V;: 


(b) Express the energy lost when the 

connections are made in terms of the 

energy stored in the capacitors before 
and after their connection: 


Substitute numerical values and evaluate AU: 


AU = 1{400pF)(2 kV) +(400pF)(2kV)°— (500 pF)(1.2 kv) |= 0.640 mJ 
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= Q _  600nC 
f C+C, 100pF+400pF 
=| 1.20kV 


across both capacitors. 

AU = U before -U 
= 4G V + 4C} = CV; 
= tay, t CV; = ea) 


after 


Picture the Problem When the capacitors are reconnected, each will have a charge equal 


to the difference between the charges they acquired while they were connected in parallel 


across the 12-V battery. We can use the definition of capacitance and their equivalent 


capacitance to find the common potential difference across them. In part (b) we can use 


U= icv’ to find the initial and final energy stored in the capacitors. 


(a) Using the definition of 
capacitance, express the potential 
difference across the capacitors 
when they are reconnected: 


Express the final charge Q; on each 
capacitor: 


Use the definition of capacitance to 
substitute for Q and Q: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate Vr: 


oe (1) 
Ca C+C, 


eq 


Vi 


where Q; is the common charge on the 
capacitors after they are reconnected. 


Q; =Q, -Q 


Q; =CV -CV =(C,-C,)V 


12 uF — 4 uF 
f E ) | 6.00 | 
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(b) Express and evaluate the energy 
stored in the capacitors initially: 


Express and evaluate the energy 
stored in the capacitors when they 
have been reconnected: 


#64 oe 


U, = 


+4C0,V’ 
1 1c, +C,) 
sev} (12 uF +4 uF) 


=|1.15mJ 


CV; +4C,V/ 
=1v7(C,+C,) 
=1(6V) (12 uF +4 uF) 


0.288 mJ 


Picture the Problem Let the numeral 1 refer to the 20-pF capacitor and the numeral 2 to 
the 50-pF capacitor. We can use conservation of charge and the fact that the connected 
capacitors will have the same potential difference across them to find the charge on each 


capacitor. We can decide whether electrostatic potential energy is gained or lost when the 


two capacitors are connected by calculating the change AU in the electrostatic energy 


during this process. 


(a) Using the fact that no charge is 
lost in connecting the capacitors, 
relate the charge Q initially on the 20- 
pF capacitor to the charges on the two 
capacitors when they have been 
connected: 


Because the capacitors are in parallel, 
the potential difference across them is 
the same: 


Solve for Q; to obtain: 


Substitute in equation (1) and solve 
for Q; to obtain: 


Use the definition of capacitance to 
find the charge Q initially on the 20- 
pF capacitor: 


Q=Q +Q, (1) 
V,=V,> a = Q 
i C, 
C, 

Q, — T 

_— Q 
KAET C,/C, (2) 
Q=CV =(20pF)(3kV)=60nC 
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Substitute in equation (2) and 60nC 
quation (2) an = ~1 42. 9nC 
evaluate Q): 1+ 20pF/50 pF 
Substitute in equation (1) to obtain: Q =Q-Q, 
= 60nC — 42.9nC =| 17.1nC 
(b) Express the change in the AU =U, -U, 
electrostatic potential energy of the Q? Q? 
system when the two capacitors are -2C z 20 
connected: 
_@/1 1 
2\C, G 
Substitute numerical values and x0 (60 nc)’ 1 1 
evaluate AU: © 2 70 pF ~ 20 pF 
= —64.3 uJ 
Because AU <0, electrostatic energy is lost when the two capacitors are 
connected. 
65 cco 


Picture the Problem Let upper case Qs refer to the charges before S, is closed and lower 
case qs refer to the charges after this switch is closed. We can use conservation of charge 
to relate the charges on the capacitors before S; is closed to their charges when this 
switch is closed. We also know that the sum of the potential differences around the circuit 
when S; is closed must be zero and can use this to obtain a fourth equation relating the 
charges on the capacitors after the switch is closed to their capacitances. Solving these 
equations simultaneously will yield the charges q1, q2, and q3. Knowing these charges, we 
can use the definition of capacitance to find the potential difference across each of the 
capacitors. 


(a) With S, and S, closed, but S3 V, =V, =V, =| 200V 


open, the charges on and the 


potential differences across the 
capacitors do not change and: 


(b) When S; is closed, the charges Gq —G, =Q, -Q,, 
can redistribute; express the q-q; =Q;-Q;, 
conditions on the charges that must and 
be satisfied as a result of this 
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redistribution: q-q; = Q — Qs. 

Express the condition on the V +V, +V, =0 

potential differences that must be where the subscripts refer to the three 
satisfied when S; is closed: capacitors. 

Use the definition of capacitance to q $ KA + G3 _ 0 (1) 
eliminate the potential differences: G G G, 

Use the definition of capacitance to Q, =CV = (2 4F)(200 V )= 400 4C, 
find the initial charge on each Q, =C,V = (4 4F)(200 v) = 800 4C, 
capacitor: and 


Q, = GV = (6 „F )(200 V )= 1200 4C 


Let Q = Q,. Then: Q- = 2Q and Q3 = 3Q 
Express q and q; in terms of qı and q, =Q+q, (2) 
Q: and 

q; =q, +2Q (3) 
Substitute in equation (1) to obtain: q + Q+q, T qı +2Q -0 

C, C, C, 

or 

d y QE Gt 2Q ag 

24F 4uF 6 uF 
Solve for and evaluate q; to obtain: qı =-4Q =-4(400 wc) =| -254 uC 
Substitute in equation (2) to obtain: q, = 400 uC — 254 uC =| 146 uC 


Substitute in equation (3) to obtain: q = -254 uC + 2(400 uC) =| 546 uC 


(c) Use the definition of capacitance to yan 254 UC _ 127V 
find the potential difference across s C 2 UF i 
each capacitor with S, closed: q 146 uC 
V, =+ = =| 36.5V |, 
2 C; 4 uF 
and 
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Picture the Problem We can use the expression for the energy stored in a capacitor to 
express the ratio of the energy stored in the system after the discharge of the first 
capacitor to the energy stored in the system prior to the discharge. 


Express the energy U initially Q? 
stored in the capacitor whose U = 7C 
capacitance is C: 
The energy U' stored in the two Q $ Q d 
capacitors after the first capacitor (2) (S) 2 
has discharged is: U' + Q 
2C 2C 4C 
Express the ratio of U' to U: Q’ 
A on > U'=|4U 
U — 
2C 
Dielectrics 
67° 
Picture the Problem The capacitance of a parallel-plate capacitor filled with a dielectric 
A 
of constant «is given by C = Gia leg 
Relate the capacitance of the C= KE&A 
parallel-plate capacitor to the area of d 
its plates, their separation, and the 
dielectric constant of the material 
between the plates: 
Substitute numerical values and C= 2.3(8.85 x 10° C?/N-m* (400 cm’) 
evaluate C: 7 0.3mm 


=| 2.71nF 


68 ee 
Picture the Problem The capacitance of a cylindrical capacitor is given by 

C =2zk €, L/In(r,/r,), where L is its length and r; and rz the radii of the inner and 
outer conductors. We can use this expression, in conjunction with the definition of 
capacitance, to express the potential difference between the wire and the cylindrical shell 
in the Geiger tube. Because the electric field E in the tube is related to the linear charge 
density 2 on the wire according to E = 2kA/xr, we can use this expression to find 2k//x 


for E = Emax. In part (b) we’ll use this relationship to find the charge per unit length 2 on 
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the wire. 


(a) Use the definition of capacitance 
and the expression for the 
capacitance of a cylindrical capacitor 
to express the potential difference 
between the wire and the cylindrical 
shell in the tube: 


Express the electric field at a 
distance r greater than its radius from 
the center of the wire: 


Solve for 2kA/K: 


Noting that E is a maximum at 
r = 0.2 mm, evaluate 2k//x: 


Substitute and evaluate AVmax: 


(b) Solve equation (1) for A: 


Substitute numerical values and 
evaluate A: 


_Q__ Q 
ake C mel 
In(R/r) 


2A R\ 2kA,(R 
4reé,k \r K r 


where J is the linear charge density, x is 
the dielectric constant of the gas in the 
Geiger tube, r is the radius of the wire, and 
R the radius of the coaxial cylindrical shell 
of length L. 


poe 
Ar 
mu (1) 
K 
2K _ p ar =(2x10°V/m)(0.2mm) 
K 


= 400V 


1.5cm 
AV... = (400 vaf T =) - 


2k 


_1.8(2x10° V/m)(0.2mm) 
— 2(8.99x10° N -m?/C?) 


- [00n] 
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69 ewe 
Picture the Problem The diagram shows a 
partial cross-sectional view of the inner and 
outer spherical shells. By symmetry, the 
electric field is radial. We can apply 
Gauss’s law to spherical surfaces of radii r 
< R,, Rı <r < R,, andr > R, to find the 
electric field and, hence, the energy density 
in these regions. 


(a) Apply Gauss’s law to a spherical 
surface of radius r < R; to obtain: 


Because E = 0 for r < Ri: 


Apply Gauss’s law to a spherical 
surface of radius R; < r < R, to 
obtain: 


Solve for E, to obtain: 


Express the energy density in the 
region Rı <r < Rz: 


Apply Gauss’s law to a cylindrical 
surface of radius r > R, to obtain: 


Because E = 0 for r > R>: 


4 

_ Qusa _ 
E,(4zr?)= 2 
and 
Bai] 
U, =| 9 
E,(4rr?)= Qe -L 

KE, KE, 
p- 2 -2 


2 0 r 2 Kr’? 
2 2 
kf € 
2nr* 
2 Q. ‘a 
E, (4x r?) = Sse = 0 
K € 
and 
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(b) Express the energy in the 
electrostatic field in a spherical shell 
of radius r, thickness dr, and volume 
Aardr between the conductors: 


(c) Integrate dU from r = R; to R: to 
obtain: 


70 oo 


dU = 47 r°u(r )dr 


— 1 Q? R, T R, 
2 4rke,R,R, 


Note that the quantity in parentheses is 1/C, 
so we have U = 4Q?/C. 


Picture the Problem We can use the relationship between the electric field between the 


plates of a capacitor, their separation, and the potential difference between them to find 


the minimum plate separation. We can use the expression for the capacitance of a 


dielectric-filled parallel-plate capacitor to determine the necessary area of the plates. 


(a) Relate the electric field of the 
capacitor to the potential difference 
across its plates: 

Solve for d: 


Noting that dmin Corresponds to Emax, 
evaluate dmin: 


(b) Relate the capacitance of a 
parallel-plate capacitor to the area of 
its plates: 


Solve for A: 


p=. 
d 
where d is the plate separation. 
d=% 
E 
V 2000 V 
dan = = =| 50.0 
PP Eas 4x10 V/m = 
C= Kk £0 A 
d 
qo 
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Substitute numerical values and Ae (0. 1 4F)(50 uum) 
evaluate A: 24(8.85 x10"? C°/N -m° 
=2.35x10° m’ 


=| 235cm? 


71 oo 
Picture the Problem We can model this system as two capacitors in series, C4 of 
thickness d/4 and C) of thickness 3d/4 and use the equation for the equivalent capacitance 


of two capacitors connected in series. 


Express the equivalent capacitance 1 aes 
of the two capacitors connected in Ca G C, 
series: or 
= CC, 
eq ` 
C +C, 
Relate the capacitance of G; to its c= A_ 4K, &) A 
dielectric constant and thickness: i id d 
Relate the capacitance of C; to its (a 2S A _ 4K, eA 
dielectric constant and thickness: ? 2 3d 


Substitute and simplify to obtain: 


(= = ate Ep £) S) 46K, 
Be ye d 3d OE ee a: ee | 


eq 4K & A X 4K, € A 3K, " K Y 3K, +K, 
d 3d 3d 3d 


AKK, (&, A) || 4x, C 
3K,+K,\ d 3K, +K,) ° 


*72 oo 
Picture the Problem Let the charge on the capacitor with the air gap be Q; and the 
charge on the capacitor with the dielectric gap be Q». If the capacitances of the capacitors 
were initially C, then the capacitance of the capacitor with the dielectric inserted is C' = 
xC. We can use the conservation of charge and the equivalence of the potential 
difference across the capacitors to obtain two equations that we can solve simultaneously 


for Q; and Q>. 


Apply conservation of charge during Q, +Q, =2Q (1) 
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the insertion of the dielectric to 


obtain: 

Because the capacitors have the Q Q (2) 

same potential difference across C KC 

them: 

Solve equations (1) and (2) simultaneously 2Q 2QK 

to obtain: Q, =| —— | and Q, =| — 
1l+k l+k 
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Picture the Problem We can model this system as two capacitors in series, Cı of 
thickness t and C; of thickness d — t and use the equation for the equivalent capacitance 
of two capacitors connected in series. 


Express the equivalent capacitance of 1 ge 
the two capacitors connected in series: Ca G C, 
or 
= CC, 
eq 
C +C, 

Relate the capacitance of C; to its c-55 A 
dielectric constant and thickness: i t 
Relate the capacitance of C; to its C- A 
dielectric constant and thickness: ? d-t 


Substitute and simplify to obtain: 


l E oa, 


a KE,A &A K 1 o K 1 0 
t d-t t d-t t d-t 


74 » 

Picture the Problem Because d << r, we can model the membrane as a parallel-plate 
capacitor. We can use the definition of capacitance to find the charge on each side of the 
membrane in part (b) and the relationship between the potential difference across the 


Electrostatic Energy and Capacitance 295 


membrane, its thickness, and the electric field in it to find the electric field called for in 


part (c). 


(a) Express the capacitance of a 
parallel-plate capacitor: 


Substitute for the area of the plates: 


Substitute numerical values and 
evaluate C: 


(b) Use the definition of capacitance 
to find the charge on each side of the 
membrane: 


(c) Express the electric field through 
the membrane as a function of its 
thickness d and the potential 
difference V across it: 


Substitute numerical values and 
evaluate E: 
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cua kK mA 
d 
C= 27K &o rL _ «rb 


d 2kd 


7 3105m )(0.1m) 
~ 2(8.99x10° N-m?/C?)(10* m) 
=|16.7nF 


Q=CV =(16.7nF)(70mV)= 


70mV 


Picture the Problem The bound charge density is related to the dielectric constant and 


1 
the free charge density according to o,, = f- Je, : 
K 


Solve the equation relating ©, Ot, 
and « for «to obtain: 


(a) Evaluate this expression for 
Ov! OF = 0.8: 


(b) Evaluate this expression for 
O}/ OF = 0.2: 


(c) Evaluate this expression for 
oj,/ oj = 0.98: 


B 1 
1-0/0; 
1 
K = —— =| 5.00 
og E] 
E. 1.25 
1-0.2 
K= 1 =| 50.0 
1-0.98 


296 Chapter 24 


76 » 
Picture the Problem We can use the definition of the dielectric constant to find its value. 
In part (b) we can use the expression for the electric field in the space between the 
charged capacitor plates to find the area of the plates and in part (c) we can relate the 
surface charge densities to the induced charges on the plates. 


(a) Using the definition of the E- Ey 
dielectric constant, relate the K 
electric field without a dielectric Eo 


to the field with a dielectric E: 


Solve for and evaluate x : = Ey _ 2.5x10° V/m -|208 
E 12x10°Vm — 
(b) Relate the electric field in the E = eS Q/A 
region between the plates to the : Ep Ei 
surface charge density of the plates: 
Solve for A: A= Q 
Ey € 
Substitute numerical values and A= 10nC 
evaluate A: (2.5x10° V/m)(8.85x10~ C?/N-m?) 
= 452x107 m° 
=| 45.2cm* 
(c) Relate the surface charge 1 
at o, =| 1-— |o; 
densities to the induced charges on 
the plates: or 
Oo, Q -1 1 
O Q K 
Solve for Qy: gs (i-th 


Substitute numerical values and 1 
C= [1-55 Jeo nC)=| 5.19nC 


evaluate Qy: 
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Picture the Problem We can model this parallel-plate capacitor as a combination of two 
capacitors C, and G; in series with capacitor C3 in parallel. 


Express the capacitance of two C =G +C, (1) 
series-connected capacitors in where 
arallel with a third: C. 
p g= CC, D 
C +C, 
Express each of the capacitances C4, C= K €o (LA) _ K€ A 
C>, and G; in terms of the dielectric ! sd d ’ 
constants, plate areas, and plate CE K, €) (4 A) _ Ky & A 
. 2 3 

separations: 1d d 

and 

C = K3 €o (44A) K€) A 

> d 2d 
Substitute in equation (2) to obtain: (5 E€ as Ep £) 
d d 
C= 
z Ke, A Kye A 
d d 
KK, (€,A 
K,+k,\ d 
Substitute in equation (1) to obtain: Ca KS A Kika |E A 
2d K,+Kk,\ d 
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Picture the Problem The electric field E between the plates of a parallel-plate capacitor 
is related to the potential difference V between the plates and their separation d according 
to V= Ed and the electrostatic energy U depends on the electric field according to 

U =1.e, E Ad. We can use these relationships to find E, V, and U with and without 


the dielectric in place. 


(a) Relate the electric field Eo to the E =- V 100V _ 25 0kV/ 
= — =— m 
potential difference V between the i 25.0kV/m | 


plates and the plate separation d: 
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Use the definition of energy density 
to relate the electrostatic energy Uo 

to the volume of the space between 

the plates: 


Express the energy density in the 
electric field: 


Substitute to obtain: 


Substitute numerical values and 
evaluate Up: 


(b) With the dielectric in place the 
electric field becomes: 

(c) Relate the potential difference V 
to the electric field E and the 
separation of the plates: 


(d) Relate the new electrostatic 
energy U to the initial electrostatic 
energy Up and the dielectric 
constant x: 


79 eco 


U, =u,Ad 


U, =4(8.85x10-? C?/N -m?)(25kV/my 


x (600cm?)(4mm) 
pee" een 
K 4 


V = Ed =(6.25kV/m)(4mm)=| 25.0 V 


_U, _ 0.6643 _ 


K 


Picture the Problem We can use the definition of capacitance and the relationship 


between the electric field in the capacitor and the potential difference across its plates to 
express C. In part (b) we can use 0, = (1-1/ K)O; and x = 1 + (3/yo)y to express the 


ratio œ/ or and evaluate it at y = 0 and y = yo. The application of Gauss’s law in part (c) 


will yield an expression for p (y) within the dielectric that we can integrate in part (d) to 


find the total induced bound charge. 


(a) Using its definition, express the 
capacitance of the parallel-plate 
capacitor: 


Express the potential difference V 
between the plates in terms of the 
electric field E between the plates: 


(1) 
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Express the electric field in the E- Ey _ o 
region between the plates: rly) Ei x(y) 
Substitute to obtain: dV = oO dy = oO dy 
Ey K (y ) 3 
E (1+| — ly 
Yo 

Integrate from y = 0 to y = yo: o f dy 

£0 9 1+(3/y,)y 


Yo In(4) 
3E 
Substitute in equation (1) and C= oA _ |3&A 
simplify to obtain: OY, In ( 4) Yo In(4) 
3 &) 
(b) Relate œ to o and x: 1 
O, = oe O; 
and 
Os 1 1 
O; K 
Substitute for « to obtain: O5 1 


Evaluate œ/¢0 at y = 0: on 1 


Evaluate o/c at y = yo: O, 1 


O alay 1+(3/yo)Yo 
(c) Consider a Gaussian surface of [E(y)- E(y a dy)| A= Qinside 
area A and width dy and recall that E Ey 
into the surface is taken to be Adyp(y) 


negative. Apply Gauss’s law to obtain: ë 
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Divide both sides of the equation by [E(y)-E(y +dy)| _ ply) 
dy: dy Eo 
or 
_dE _ ply) 
dy €, 
Solve for p (y) to obtain: Ao) a z 


| 
Sja 
a | 
M 
AJA 
a 
< 
—" 
a a | 


elec 
dy|1+(3/y,)y 


30 
yo(1+3y/yo)° 


(d) Integrate p(y) from y = 0 to 


Yo 
dy 
i =30 
y = yo to obtain: P J y(1+ 3y/Yo) 
= [-2¢ |, the charge per unit area in 


the dielectric, and just cancels out 


the induced surface charge density. 


General Problems 


80 ee 
Picture the Problem We can use the expression U, = $C," to express the total energy 


stored in the combination of four capacitors in terms of their equivalent capacitance Cog. 


The energy stored in one capacitor U, =4CV* 
when it is connected to the 100-V 

battery is: 

When the four capacitors are U =4C,,V’ 


connected to the battery in some 
combination, the total energy stored 
in them is: 


Equate U and Up and solve for Ceq Ca =C 
to obtain: 
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The equivalent capacitance C’ of C= Cc. -1C 

two capacitors of capacitance C 7 C+C 2 

connected in series is their product 

divided by their sum: 

If we connect two of the capacitors C.,=C'+C'=5C+5C=C 


in series in parallel with the other 
two capacitors connected in series, 
their equivalent capacitance will be: 


Thus, a series combination of two of the capacitors in parallel with a series 


combination of the other two capacitors will result in total energy U, 


stored in all four capacitors. 


*81 e 
Picture the Problem We can use the equations for the equivalent capacitance of three 
capacitors connected in parallel and in series to find these equivalent capacitances. 


(a) Express the equivalent Ca =C, +C, +C, 
capacitance of three capacitors 
connected in parallel: 


Substitute numerical values and Coq = 2.0 uF + 4.0 uF + 8.0 uF 
evaluate Coq: =| 14.0 uF 

(b) Express the equivalent _ C,C,C, 
capacitance of the three capacitors “CC, +C,C, +C,C, 


connected in series: 


Substitute numerical values and evaluate Ceq: 


C. = (24F)(4 uF) (8 4E) j= ia 


(2 uF) (4 LE )+ (4 1E )(8 uF) + (2 uF) (8 KE 


82 >œ 

Picture the Problem We can first use the equation for the equivalent capacitance of two 
capacitors connected in parallel and then the equation for two capacitors connected in 
series to find the equivalent capacitance. 
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Find the equivalent capacitance of a Cus =C,+C, 

1.0-4F capacitor connected in =1.0 uF + 2.0 uF 

parallel with a 2.0-F capacitor: = 3.0 WF 

Find the equivalent capacitance of a C= Cue (3.0 LE)(6.0 LE) 
3.0-4F capacitor connected in series ae C.4,+C, 3.0 uF + 6.0 uF 


with a 6.0-uF capacitor: =| 2.00 uF 


83 

Picture the Problem The charge Q and the charge density ø are independent of the 
separation of the plates and do not change during the process described in the problem 
statement. Because the electric field E depends on o, it too is constant. We can use 
U= icv’ and the relationship between V and E, together with the expression for the 


capacitance of a parallel-plate capacitor, to show that U « d. 


Express the energy stored in the U= icv’ 
capacitor in terms of its capacitance C 
and the potential difference across its 


plates: 
Express V in terms of E: V =Ed 
where d is the separation of the plates. 
Express the capacitance of a parallel- C= K € A 
plate capacitor: d 
Substitute to obtain: K € A 2 
U =15 4 (Ed) =(tx e, AE’ )d 


Because U « d, to double U one must d; = 2d = 2(0.5 mm) = 


double d. Hence: 
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Picture the Problem We can use the equations for the equivalent capacitance of 
capacitors connected in parallel and in series to find the single capacitor that will store 
the same amount of charge as each of the networks shown above. 


(a) Find the capacitance of the two Cog = Co + Cy = 2C, 
capacitors in parallel: 


Electrostatic Energy and Capacitance 303 


Find the capacitance equivalent to C= Cay. _2G.)C..- 


2C in series with Cp: me Ce, 2G, 2 


eq,1 


(b) Find the capacitance of two Cag = 205 

capacitors of capacitance Co in 

parallel: 

Find the capacitance equivalent to = or 1C0 B (2C, )(2C,) -TE 
2Co in series with 2Co: ae Cat C, 202C - 
(c) Find the equivalent capacitance Cog = Co +C + Gy 


of three equal capacitors connected -T3C 
= 0 


in parallel: 
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Picture the Problem Note that with V applied between a and b, C, and C; are in series, 
and so are C, and Cy. Because in a series combination the potential differences across the 
two capacitors are inversely proportional to the capacitances, we can establish 
proportions involving the capacitances and potential differences for the left- and right- 
hand side of the network and then use the condition that V. = Va to eliminate the potential 
differences and establish the relationship between the capacitances. 


Letting Q represent the charge on V= Q 

capacitors 1 and 2, relate the i C 

potential differences across the and 

capacitors to their common charge y. Q 

and capacitances: PT C, 

Divide the first of these equations by Vi _ C, (1) 

the second to obtain: 3 i 

Proceed similarly to obtain: V, = C, (2) 
4 2 

Divide equation (1) by equation (2) VV, = CC, (3) 

to obtain: VV, GC, 

If V. = V4 then we must have: V, =V,and V, = V, 

Substitute in equation (3) and C.C. =C.C 
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rearrange to obtain: 


86 ee 
Picture the Problem Because the spheres are identical, each will have half the charge of 
the initially charged sphere when they are connected. We can find the fraction of the 
initial energy that is dissipated by finding the energy stored initially and the energy stored 
when the two spheres are connected. 


Express the fraction of the initial f U, -U,;, -1— U, (1) 
energy that is dissipated when the U, U, 


two spheres are connected: 


Express the initial energy of the U = 1 Q’ 
sphere whose charge is Q: i 2C 
Relate the capacitance of a an C=47e,R 
isolated spherical conductor to its 
radius: 
Substitute to obtain: U = 1 _1 kQ? 
'"24re,R 2 R 
Express the energy of the connected U 1 k(Q / 2y 1 k(Q / 2)° 1 kQ? 
spheres: (“> R 2 R 4R 
Substitute in equation (1) and 1 kQ’ 
simplify: f =1 4 R -1 2H 
1 kQ’ 2 |2 
2 R 
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Picture the Problem We can use the expression for the capacitance of a parallel-plate 
capacitor as a function of A and d to determine the effect on the capacitance of doubling 
the plate separation. We can use V = Ed to determine the effect on the potential 
difference across the capacitor of doubling the plate separation. Finally, we can use 

U =CV° / 2 to determine the effect of doubling the plate separation on the energy stored 


in the capacitor. 


(a) Express the capacitance of a &A 


capacitor whose plates are separated PSN 2d 


by a distance 2d: 


(b) Express the potential difference 
across a parallel-plate capacitor 
whose plates are separated by a 
distance d: 


Express the new potential difference 
across the plates resulting from the 
doubling of their separation: 


(c) Relate the energy stored in a 
parallel-plate capacitor to the 
separation of the plates: 


When the plate separation is 
doubled we have: 


(d) Relate the work required to 
change the plate separation from d 
to 2d to the change in the 
electrostatic potential energy of the 
system: 
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V = Ed 
where the electric field E depends solely on 
the charge on the capacitor plates. 


View = E(2d)= 2(Ed)=| 2V 


j= GP = oy? 
2 2 d 
2 
U. = 1s Aloy} = Eo AV 
2d d 


Picture the Problem We can use the equation for the equivalent capacitance of two 


capacitors in series to relate Cy to C’ and the capacitance of the dielectric-filled parallel- 


plate capacitor and then solve the resulting equation for C’. 


Express the equivalent capacitance 
of the system in terms of C’ and C, 
where C is the dielectric-filled 


capacitor: 


Solve for C’ to obtain: 


Express the capacitance of the 
dielectric-filled capacitor: 


Substitute to obtain: 
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89 we 
Picture the Problem Modeling the Leyden jar as a parallel-plate capacitor, we can use 
the equation relating the capacitance of a parallel-plate capacitor to the area A and 
separation d of its plates to find the jar’s capacitance. To find the maximum charge the jar 
can carry without undergoing dielectric breakdown we can use the definition of 
capacitance to express Qmax in terms Of Vmax ... and then relate Vmax tO Emax Using 

V aax = Emax , where d is the thickness of the glass wall of the jar. 


(a) Treating it as a parallel-plate 


CuK GA _K& (27Rh) 
capacitor, express the capacitance of d d 
the Leyden jar _ 476, Rh  xRh 
© 2d kd 
where h is the height of the jar and R is its 
inside radius. 


Substitute numerical values and C= 5(0.04 m)(0.4 m) 

evaluate C: 2(8.99 x10° N - m?/C? (2 x10°m) 
=| 2.22nF 

(b) Using the definition of Qa = CV rax 


capacitance, relate the maximum 
charge of the capacitor to the 
breakdown voltage of the dielectric: 


Express the breakdown voltage in Vax = Epad 
terms of the dielectric strength and 
thickness of the dielectric: 


Substitute to obtain: Oe “CE ga 

Substitute numerical values and Quax = (2.22 nF)(ISMV/m)(2 x107” m) 
evaluate Qmax: =| 66.6 uC 
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Picture the Problem The maximum voltage is related to the dielectric strength of the 
medium according to Vax = E,,,,d and we can use the expression for the capacitance of 


a parallel-plate capacitor to determine the required area of the plates. 


(a) Relate the maximum voltage that Vix = Emax 
can be applied across this capacitor 
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to the dielectric strength of silicon 


dioxide: 
Substitute numerical values and V nax = l8 x10° Vim)(5 x10° m) 
evaluate Vmax: =| 40.0V 
(b) Relate the capacitance of a cua KX A 
parallel-plate capacitor to area A of d 
its plates: 
Solve for A to obtain: A= Cd 
K € 
Substitute numerical values and A= (10 pF)(5 x10° m) 
evaluate A: 3,8(8.85 x10 C?/N- m?] 
=1.49x10° m? 
(c) Express the number of capacitors n (I1cm)’ 100mm’ 67 
in terms of the area of a square 1 cm ~ A 149mm? 
by 1cm and the area required for each 
capacitor: 
91 = 


Picture the Problem When the battery is removed, after having initially charged both 
capacitors, and the separation of one of the capacitors is doubled, the charge is 
redistributed subject to the condition that the total charge remains constant; i.e., 

Q = Qi + Q where Q is the initial charge on both capacitors and Q» is the charge on the 
capacitor whose plate separation has been doubled. We can use the conservation of 
charge during the plate separation process and the fact that, because the capacitors are in 
parallel, they share a common potential difference. 


Find the equivalent capacitance of Cog = 2 HF +2 uF = 4 uF 
the two 2-F parallel-plate 
capacitors connected in parallel: 


Use the definition of capacitance to Q= CoV = (4 LF)(100 v) = 400 uC 
find the charge on the equivalent 
capacitor: 
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Relate this total charge to charges 
distributed on capacitors 1 and 2 
when the battery is removed and the 
separation of the plates of capacitor 
2 is doubled: 


Because the capacitors are in parallel: 


Solve for Q; to obtain: 


Substitute equation (2) in equation 
(1) and solve for Q; to obtain: 


Substitute numerical values and 
evaluate Q>: 


Substitute in equation (1) or 
equation (2) and evaluate Q;: 
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Q = Q, + Q, (1) 
V =V, 
and 


C, 
Q, = {Eh (2) 
=> Q 
2 = Aaa) 
Q, = _ 4004C =| 133 uC 


Picture the Problem We can relate the electric field in the dielectric to the electric field 


between the capacitor’s plates in the absence of a dielectric using 


E = E)/x. In part (b) we can express the potential difference between the plates as the sum 


of the potential differences across the dielectrics and then express the potential 


differences in terms of the electric fields in the dielectrics. In part (c) we can use our 


result from (b) and the definition of capacitance to express the capacitance of the 


dielectric-filled capacitor. In part (d) we can confirm the result of part (c) by using the 


addition formula for capacitors in series. 


(a) Express the electric field E ina 
dielectric of constant «in terms of 
the electric field Ey in the absence 

of the dielectric: 


Express the electric field Eo in the 
absence of the dielectrics: 


E = — 
K 
A S 
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Substitute to obtain: E= Q 
KE&A 
Use this relationship to express the Q Q 
S erat f E, = and E, = 
electric fields in dielectrics whose K, € K, €& A 


constants are x and x: 


(b) Express the potential difference V =V +V, 
between the plates as the sum of the 
potential differences across the 


dielectrics: 
Relate the potential differences to V=-E d = Qd 
the electric fields and the i 2 2K & A 
thicknesses of the dielectrics: and 
v-e, 1- 2 
2 2K, &A 
Substitute and simplify to obtain: V= Qd 2 Qd 
2K E&A 2k,6,A 
2 Qd [1 x 1 
26, A\K, G, 
(c) Use the definition of capacitance C= Q = Q 
to obtain: V Qd {1 P 1 
26, A\K, K 
_ 2&A 26, Al KK, 
d Sit d (K+K, 
KK, 
= 2C, KK, 
KEK, 
where C, = & A/d. 
(d) Express the equivalent C= GG, 
capacitance C of capacitors C4 and C +C, 


G in series: 
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Express C: 


Express C): 


Substitute to obtain: 
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_ke& A_2kK,6,A 


C = 2K,C, 

1 d/2 d 10 

ee €& A _ 2k, A ee. 
d/2 d 


` 


C = (2%,C, (2x,C, ) = IC KK, 
2x,C, +2x,C, (K+K, 


a result in agreement with part (c). 


Picture the Problem Recall that within a conductor E = 0. We can use the definition of 


capacitance to express C in terms of the charge on the capacitor Q and the potential 


difference across the plates V. We can then express V in terms of E and the thickness of 


the air gap between the plates. Finally, we can express the electric field between the 


plates in terms of the charge on them and their area. Substitution in our expression for C 


will give us C in terms of d — t. In part (b) we can use the expression for the equivalent 


capacitance of two capacitors connected in series to derive the same expression for C. 


(a) Use its definition to express the 
capacitance of this parallel-plate 
capacitor: 


Relate the electric potential between 
the plates to the electric field 
between the plates: 


Express the electric field E between 
the plates but outside the metal slab: 


Substitute and simplify to obtain: 


(b) Express the equivalent 
capacitance C of two capacitors Cı 
and C, connected in series: 


Express the capacitances C, and C, 
of the plates separated by a and b, 
respectively: 


C=* 
= 


where Q is the charge on the capacitor. 


V = E(d-t) 
ae 
E& G&A 
e- 2 _ @ [eA 
E(d-t) Q (d-t) d-t 
E&,A 
= GC, 
C +C, 
gama 
a 
and 


Substitute and simplify to obtain: 


Solve the constraint that 
a+b+t=d fora + b to obtain: 


Substitute for a + b to obtain: 
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moe 


C 
2 b 


+ 
a b 
a+b=d-t 
C= E€ A 
d-t 


Picture the Problem We can express the ratio of C., to Co to show that the capacitance 


with the dielectrics in place is (x; + «>)/2 times greater than that of the capacitor in the 


absence of the dielectrics. 


Because the capacitor plates are conductors, the potentials are 
(a) | the same across the entire upper and lower plates. Hence, the 


system is equivalent to two capacitors, each of area A/2, in parallel. 


(b) Relate the capacitance Co, in the 
absence of the dielectrics, to the 
plate area and separation: 


Express the equivalent capacitance 
of capacitors Cı and C, each with 


plate area A/2, connected in parallel: 


Express the ratio of Coq to Co and 
simplify to obtain: 
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Picture the Problem We can use U = Q*/2C and the expression for the capacitance as a 


function of plate separation to express U as a function of x. Differentiation of this result 
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with respect to x will yield dU. Because the work done in increasing the plate separation 
a distance dx equals the change in the electrostatic potential energy of the capacitor, we 
can evaluate F from dU/dx. Finally, we can express F in terms of Q and E by relating E 
to x using E = Vx and using the definition of capacitance and the expression for the 
capacitance of a parallel-plate capacitor. 


(a) Relate the electrostatic energy U U= 1 Q’ 
stored in the capacitor to its 7 
Capacitance C: 
Express the capacitance as a ca & A 
function of the plate separation: X 
Substitute for C to obtain: Q? 

U = x 

26,A 
b) Use the result obtained in (a) to dU d 6 
C) (9) dU = dx = Q dx 
evaluate dU: dx dx| 2e, A 
2 
a8 dx 
26,A 
(c) Relate the work needed to move W =dU = Fdx 
one plate a distance dx to the change 
in the electrostatic potential energy 
of the system: 
Solve for and evaluate F: ie dU d Q’ Q? 
= — X= 
dx dx}26,A 26,A 

(d) Express the electric field E- V 
between the plates in terms of their X 
separation and their potential 
difference: 
Use the definition of capacitance to E- Q 
eliminate V: Cx 
Use the expression for the E= Q E Q 
capacitance of a parallel-plate E A x 0 A 


capacitor to eliminate C: X 
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Substitute in our result from part (c) F= Ql, AE ) -|1QE 
to obtain: 26e,A : 


The field E is due to the sum of the fields from charges +Q and —Q on the opposite plates 
of the capacitor. Each plate produces a field 1⁄2 E and the force is the product of charge Q 
and the field % E. 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel. Let the numeral 1 denote the capacitor with the dielectric material 
whose constant is «and the numeral 2 the air-filled capacitor. 


(a) Express the equivalent C (x) =C, +C, (1) 
capacitance of the two capacitors in 
parallel: 
Use the expression for the Cin SA A, _ K &, bx 
. i~ = 
capacitance of a parallel-plate d d 


capacitor to express C;: 


Express the capacitance Co of the C = € ab 
capacitor with the dielectric i d 
removed, i.e., x = 0: 
Divide C, by Co to obtain: K € bx 
C, d œ 
C, €p ab a 
d 
or 
KX 
C =— C, 
a 
Use the expression for the C- Ay _ € b(a—x) 
capacitance of a parallel-plate f d d 
capacitor to express C3: 
Divide C} by Co to obtain: €, b(a—x) 
CG, d _a-x 
C Ej ab a 
d 


or 
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C, = C, 
a 
Substitute in equation (1) and simplify C(x) Z C 4 a-x C 
to obtain: a ° : 
= Coja +(x-1)x] 
a 
aat [a+(«—1)x] 
d 
(b) Evaluate C for x = 0: ms! es ab 
C(0)= =" [a]= == =[ C | 
as expected. 
Evaluate C for x = a: Gaj Biase] 
d 
K & ab 
=| ——*— |as expected. 
d 
*Q7 ecco 


Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel, one with an air gap and other filled with a dielectric of constantx. 
Let the numeral 1 denote the capacitor with the dielectric material whose constant is « 
and the numeral 2 the air-filled capacitor. 


(a) Using the hint, express the 1 Q’? 
energy stored in the capacitor as a 2C 
function of the equivalent 

capacitance Ceg: 


i K € AX € ala -x 
The capacitances of the two eae 0 and C, = Ê ( ) 
capacitors are: d d 
i i K€, ax €, ala-x 
Because the capacitors are in 6.2040, =° >" = ( ) 
parallel, Ce4 is the sum of C, and C): d d 


Electrostatic Energy and Capacitance 315 


Substitute for Ceq in the expression Q*d 
for U and simplify to obtain: v= Pe al(« —1)x + a] 
(b) The force exerted by the electric F=- dU 
field is given by: dx 
_ 4/1 d 
dx| 2 €, al(x—1)x +a] 
Qd d 1 
= xk-1)x+a 
26, a dx I ) ) 
E (x — 1)Q°d 


2a & (x-1)x+a]? 


(c) Rewrite our result in (b) to ae 
obtain: (x p 1)Q° 


Note that this expression is independent of 
x. 


This force originates from the fringing fields around the edges of the 


(d)| capacitor. The effect of the forceis to pull the dielectric into the space 
between the capacitor plates. 
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Picture the Problem Because capacitors connected in series have a common charge, we 
can find the charge on each capacitor by finding the charge on the equivalent capacitor. 
We can also find the total energy stored in the capacitors, with and without the dielectric 


inserted in one of them, by usingU = 4C,,V° . In part (d) we can use our knowledge of 


the charge on each capacitor and the definition of capacitance to the potential differences 
across them. 


(a) Using the definition of Q =Q, =Q; = CV 
capacitance, relate the charge on 
each capacitor to the equivalent 
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capacitance: 
Express the equivalent capacitance _ CC, 
of two capacitors in series: “ C+C, 
Substitute numerical values and Eos (4 LF)(4 LF) = 2 pF 
evaluate Ceq: S Aur +4 uF 
Substitute numerical values and Q,=Q, = (2 LIF )(24 v) =| 48.0 uC 
evaluate Q: 
(b) Express the energy U stored in U = 4C,,V’ 
the capacitors as a function of Coq i 2 

=4(2 4F)(24V y =| 576 uJ 
ay s(24F)(24V) 
(c) Using the definition of Q' =Q! =Q! = Cq V (1) 


capacitance, relate the charge on 
each capacitor to the new equivalent 
capacitance Coq’: 


Express the new equivalent E S 
capacitance Ceq' when the dielectric 2e Gy FG; 
of constant «has been inserted 

between the plates of one of the 


capacitors: 
Letting the capacitor with the Cy = KC, 
dielectric between its plates be and 
denoted by the numeral 1, express Cy =C, 
Ci and Cy’: 
Substitute to obtain: fas KCC, 
ie KC +C, 
Substitute numerical values and C= 4.2(4 uF)(4 uF) = 3.23 uF 
evaluate Coq’: “a 4.2(4uF)+4uF 
Substitute in equation (1) to obtain: Q' =Q; = (3.23 LF)(24 v) =| 77.5 uC 
(d) Express the potential difference V= Q' Q' 7754C _ 4.61V 
ee Lies = TE 
across each capacitor in terms of its CG! KC, 4.2(4 LF) 
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charge and capacitance: and 
Q,' > 77.5 uC 
V, = = = =| 19.4 V 
2 C,' C, 4 uF 
(e) Express the total stored energy in U = iC V? 


terms of the equivalent capacitance: 


= 1(3.234F )(24V Ý =| 930 J 
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Picture the Problem We can find the work required to pull the glass plate out of the 
capacitor by finding the change in the electrostatic energy of the system as a consequence 
of the removal of the dielectric plate. 


Express the change in the W =AU =U, -U, 

electrostatic energy of the system io 10 

resulting from the removal of the = 2C 2C 
0 


glass plate: 


Express the capacitance C with the C = KC, 
dielectric plate in place in terms of E&A 
; : ; where C, = ; 
the dielectric constant x and the air- d 
only capacitance Co: 
Substitute and factor to obtain: We 1Q? 1Q B Q? f *) 
2C) 240, 2C, K 
Use the definition of capacitance to Q=CV = KCV 
relate the charge on the capacitor to 
the potential difference across its 
plates: 
Substitute to obtain: ia K CNV (, 1)_ E CVd 
2C, K 2 K 
_ KEAV? f 1) 
2d K 


Substitute numerical values and evaluate W: 


w - EV 8.85x10"? C?/N m’ (Lm? 02V} i -E 


2(0.5x10 m) 
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100 ° 

Picture the Problem The problem statement provides us with two conditions relating the 
potential between the plates of the capacitor and the charge on them. We can use the 
definition of capacitance to obtain simultaneous equations in Q and V and solve these 
equations to determine the capacitance of the capacitor and the initial and final voltages. 


Using the definition of capacitance, 15 uC = CV, 
relate the initial potential between 

the plates of the capacitor to the 

charge carried by these plates: 


Again using the definition of 18 uC = CV, 
capacitance, express the relationship =C (V, + 6V) 
between the charge on the capacitor 

and the increased voltage: 


Divide the second of these equations 18 uC _ CV, + 6V) 
by the first to obtain: 15 uC CV, 

or 

6V, = 5(V,+6V) 
Solve for V to obtain: V, =| 30.0V 

and 


V, =V,+6V =| 36.0V 


Substitute in either of the first two C =| 0.500 uF 


equations to obtain: 


101 ° 

Picture the Problem Let / be the variable separation of the plates. We can use the 
definition of the work done in charging the capacitor to relate the force on the upper plate 
to the energy stored in the capacitor. Solving this expression for the force and substituting 
for the energy stored in a parallel-plate capacitor will yield an expression that we can use 
to decide whether the balance is stable. We can use this same expression and a condition 
for equilibrium to find the voltage required to balance the object whose mass is M. 


(a) Express the work done in dW =dE =-Fdé 
charging the capacitor (the energy or 
stored in it) in terms of the force F=- dE 


between the plates: d£ 
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The energy stored in the capacitor is fx 1 CV? = 1 & A k2 

given by: 2 2\ £ 

Differentiate E with respect to Z to F- od 1 & A v2 |= & Al» 
obtain: dé|2\ 2 27 


Because F increases as / decreases, a decrease in plate separation will 


unbalance the system and the balance is unstable. 


(b) Apply YF = 0 to the object whose M. -(2 34 z0 


mass is M to obtain: 


Solve for V: 2Mg 
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Picture the Problem Recall that the dielectric strength of air is 3 MV/m. We can express 
the maximum energy to be stored in terms of the capacitance of the air-gap capacitor and 
the maximum potential difference between its plates. This maximum potential can, in 
turn, be expressed in terms of the maximum electric field (dielectric strength) possible in 
the air gap. We can solve the resulting equation for the volume of the space between the 
plates. In part (b) we can modify the equation we derive in part (a) to accommodate a 
dielectric with a constant other than 1. 


(a) Express the energy stored in the U nax = CVa 

capacitor in terms of its capacitance 

and the potential difference across it: 

Express the capacitance of the air- C= € A 

gap parallel-plate capacitor: d 

Relate the maximum potential Vinx = Emax 

difference across the plates to the 

maximum electric field between 

them: 

Substitut btain: eA 

meena Unn =4[ £24 | Eau f= $4 (Ad Eb 

—1 2 
=7 €o vE 


where v = Ad is the volume between the 
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plates 
Solve for v: oe 2U nax (1) 
Eo Ee 

Substitute numerical values and oe 2(100kJ) 

evaluate v: (8.85 x107? C?/N-m?)(3MV/my 
=| 2.51x10° m’ 

(b) With the dielectric in place fe 2U ni (2) 

equation (1) becomes: K € E? 

Evaluate equation (2) with x= 5 n 2(100 kJ ) 

and Emax = 3x10° V/m: 5(8.85x10° C?/N - m?)(3x 10° Vim) 
=[5.02x10*m’ | 
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Picture the Problem We can use the definition of capacitance to find the charge on each 
capacitor in part (a). In part (b) we can express the total energy stored as the sum of the 
energy stored on the two capacitors ... using our result from (a) for the charge on each 
capacitor. When the dielectric is removed in part (c) each capacitor will carry half the 
charge carried by the capacitor system previously and we can proceed as in (b). Knowing 
the total charge stored by the capacitors, we can use the definition of capacitance to find 
the final voltage across the two capacitors in part (d). 


(a) Use the definition of capacitance Q, =CV = (200 VIC, 
to express the charge on each 


and 


capacitor as a function of its 
Q, = CV =KCV =| (200V)xC, 


capacitance: 
(b) Express the total stored energy U=U,+U,= +c" + 4C,v° 
of the c i 
pacino as the cases =1CV? +1xCV? 
stored energy in each capacitor: > 
=1CV°(1+x) 
=1(200V)'C,(1+«) 


=| (2x10 V7)(1+ «JC, 
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(c) With the dielectric removed, ~1Q ‘i 1Q; 1Q P 1 Q? 
each capacitor carries charge Q/2. f 2 Gi 2C, 2 4C, 24C 
Express the final energy stored by Q? 
the capacitors under this condition: = AC. 

1 
Using the definition of capacitance, Q =Q, +Q, =CV+CV 
express the total charge carried by =CV+sCV = Cv(i+ K) 
the capacitors with the dielectric in = (200 v)c, + K) 
place in C): 
Substitute to obtain: U = [(200 v)c, + Kif 

' 4C, 
=| (104v?) (+ x? 

(d) Use the definition of capacitance V. = Q (200 Vc, (1+ K) 
to express the final voltage across the f Coq 2C, 
capacitors: = 100(1 +K)V 
104 eee 


Picture the Problem We can use the definition of capacitance and the expression for the 
capacitance of a cylindrical capacitor to find the potential difference between the 
cylinders. In part (b) we can apply the definition of surface charge density to find the 
density of the free charge o; on the inner and outer cylindrical surfaces. We can use the 
fact that that Q and Q, are proportional to E and F, to express Q, at a and b and then 
apply the definition of surface charge density to express œ(a) and œ(b). In part (d) we 
can use U = +QV to find the total stored electrostatic energy and in (e) find the 


mechanical work required from the change in electrostatic energy of the system resulting 
from the removal of the dielectric cylindrical shell. 


(a) Using the definition of Ve Q 

capacitance, relate the potential C 

difference between the cylinders to 

their charge and capacitance: 

Express the capacitance of a = 27 € KL 

cylindrical capacitor as a function of In(b/ a) 

its radii a and b and length L: 

Substitute to obtain: — Qin(b/a) _ | 2kQIn(b/a) 


v 


27 €, KL KL 
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(b) Apply the definition of surface 
charge density to obtain: 


(c) Noting that Q and Q are 
proportional to E and Ep, express Qy 
at a and b: 


Apply the definition of surface 
charge density to express o,(a) and 
œ lb): 


(d) Express the total stored 
electrostatic energy in terms of the 
charge stored and the potential 
difference between the cylinders: 


(e) Express the work required to 
remove the dielectric cylindrical 
shell in terms of the change in the 
electrostatic potential energy of the 
system: 


Substitute for U and U’ to obtain: 


o;(a)=| -2 
and 
-Q 
c;(b)= I, 
oij 
K 
and 
Q,(b)= oe) 
K 
' -Q(x —1) 
bad) _ K 
ala) A 27aL 
_| -Q«-1 
| QmaLK 
and 
o) SE 
Qib) č x 
ab)= A  2æL 
| 27bLK 
U =10V =1 Ponies 
KL 
_| kQ? In(b/a) 
5 KL 


W =AU =U'-U 


where U' = xU is the electrostatic potential 
energy of the system with the dielectric 


shell in place. 


W =xU -U =U(x-1) 


_| KQ’ (x -1)In(b/a) 
KL 
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Picture the Problem Let the numeral 1 denote the 35-wF capacitor and the numeral 2 the 
10-4F capacitor. We can use U = 1C V? to find the energy initially stored in the system 


and the definition of capacitance to find the charges on the two capacitors. When the 
dielectric is removed from the capacitor the two capacitors will share the total charge 
stored equally. Finally, we can find the final stored energy from the total charge stored 
and the equivalent capacitance of the two equal capacitors in parallel. 


(a) Express the stored energy of the U=s5C y? 
system in terms of the equivalent 
capacitance and the charging 


potential: 

Express the equivalent capacitance: Cea =C +C, 

Substitute to obtain: U = 4(C, +C, yv? 

Substitute numerical values and U = 1(35 LE +10 wF)(L00V)’ 

evaluate U: -=| 0.225] 

(b) Use the definition of capacitance Q, =CV = (35 HF )(100 v) =| 3.50mC 


to find the charges on the two 


d 
capacitors: ak 
Q, =C,V =(10 uF )(100V) =| 1.00mC 
(c) Because the capacitors are Q =Q, = at 
connected in parallel, when the = 1(3.5mC + 1mC) 


dielectric is removed their charges 

will be equal; as will be their Tee 
capacitances and: 

(d) Express the final stored energy ail Q? 


in terms of the total charge stored 2Q 
and the equivalent capacitance: 


Substitute numerical values and 
evaluate U;: E= 


=| 0.506J 
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#106 ove 
Picture the Problem We can express the two conditions on the voltage in terms of the 
charges Q, and Q; and the capacitances C, and C, and solve the equations simultaneously 
to find Q; and Q2. We can then use the definition of capacitance to find the initial 
voltages V; and V>. 


Express the condition for the series Vi +V, =80V 
connection: or 

Q + Q =80V 

1 2 

Substitute numerical values to Q Q, -80V 
obtain: 0.44F 1.2 uF 

or 

3Q, +Q, = 96 WC (1) 
Use the definition of capacitance to Q +Q, -20V 
express the condition for the parallel eg 
connection: 
Because the capacitors are now Ca = C, +C, = 0.4 uF +1.2 uF =1.6 uF 
connected in parallel: 

. P + 
Substitute to obtain: Q, +Q, -20V 
1.6 uF 

or 

Q, +Q, =32 uC (2) 
Solve equations (1) and (2) Q, =32 uC and Q, =0 
simultaneously to obtain: 
Use the definition of capacitance to V, = Q _ 324C _ 80.0V 
obtain: C, 04uF 

and 

0 
V, = Q, E ed 0 
C, 0.4uF 
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Picture the Problem Note that, with switch S closed, C; and C; are in parallel and we 


can use U = 4C V? and C,, = C, +C, to obtain an equation we can solve for C3. 


closed 
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We can use the definition of capacitance to express Q» in terms of V} and C} and 
U jen = CV, +4C,V, to obtain an equation from which we can determine V}. 


open 


Express the energy stored in the U dosed = $C,,V’ 
capacitors after the switch is closed: 


Express the equivalent capacitance Ca =G +C, 
of Cı and C3 in parallel: 


Substitute to obtain: U nosed = 2(C, +G, )V? 
: 2U 
Solve for C3: C= clase -C, 
y 
Substitute numerical values and 2(960 4J) 

C, = ——,- -0.2 uF =| 0.100 uF 
evaluate C>: (80 vy 0.100 ya | 
Express the charge on Cz when the Q, = CV, (1) 
switch is open: 
Express the energy stored in the U ooen = LCV? +4C,V; 
capacitors with the switch open: 
Solve for V2 to obtain: 2U CV, 2 

= open 
= 
C, 

Substitute in equation (1) to obtain: QU aea GV? 

Q, =C, E 

C, 


= mee (2U open z Cv.) 


Substitute numerical values and evaluate Q>: 


Q, = (0.18) [2(1440 0) (0.2 „F )(40V F] = 


108 eee 

Picture the Problem We can express the electric fields in the dielectric and in the free 
space in terms of the charge densities and then use the fact that the electric field has the 
same value inside the dielectric as in the free space between the plates to establish that 

01 = 20. In part (c) we can model the system as two capacitors in parallel to show that 
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the equivalent capacitance is 3&A/2d and then use the definition of capacitance to show 
that the new potential difference is $V . 


The potential difference between the plates is the same for both halves (the 
(a) | plates are equipotential surfaces). Therefore, E = V/d must be the same 


everywhere between the plates. 


(b) Relate the electric field in each E= (o 

region to oand x: K € 

Solve for o: o=ke,E 

Express o and o: 0,=K,6& £,=26, E 
and 


Divide the 1“ of these equations by 0, = 20, 
the 2" and simplify to obtain: 


(c) Model the partially dielectric- Cq =G +C, 
filled capacitor as two capacitors in where 
parallel to obtain: c- G A) cial A 
: d 2d 
and 
C -E GA)_ eA 
$ d 2d 
Substitute and simplify to obtain: C= K €o A, E&A _ 2€ A, Ee, A 


p 2d 2d 2d 2d 


(36A 
2d 


Use the definition of capacitance to v= Q; 
relate V;, Q;, and Cg: i CG; 

j j VeA 
Because the capacitors are in o EE a E 0 


parallel: d 
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Substitute to obtain: a V&A = V&A =| 2V 
t= = =| 3 
C;d (2 Ey 2a 
2d 
109 cce 


Picture the Problem Note that when the capacitors are connected in the manner 
described they are in parallel with each other. Let the numeral one refer to the capacitor 
with the air gap and the numeral 2 to the capacitor that receives the dielectric and let 
primes denote physical quantitities after the insertion of the dielectric. We can find the 
energy stored in the system from our knowledge of the charge on and capacitance of each 
capacitor. In part (b) we can find the final charges on the two capacitors by first finding 
the equivalent capacitance and the potential difference across the modified system of 
capacitors. We can use the final potential difference across the system and our knowledge 
of the stored charge to find the final stored energy of the system. 


(a) Express the stored energy in the 


-10 IQ _@ 


U = 
system as the sum of the energy 2G 2G CG 
stored in the two capacitors: 
Substitute numerical values and 100 3 
, U = (100 uC)’ =| 1.00mJ 
evaluate U: 10 uF 
(b) Relate the final charges Q,’ and Q/+Q,' = 200 uC 
Q,' to the total charge stored by the 
Capacitors: 
Express the common potential y= Q' +Q 
difference across the capacitors: Coq 
Express the equivalent capacitance Ca =C +C, =C +G = C (1+ K) 
when the dielectric is inserted 
between the plates of capacitor 2: 
Substitute to obtain: y= OPQ, 
C,(1+ x) 

i i 200 
Substitute numerical values and Ve 4C -476V 
evaluate V: (10 LE)(1 + 3.2) 
Use the definition of capacitance to Q =VC; = (4.76 V)(10 LE) =| 47.6 uC 


find Q,' and Q,': and 
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OSV = VC; 
= (4.76 V)(3.2)(10 uF) =| 152 4C 


(c) Express the final stored energy U; =}QV = 1(200 uc)(4.76V) 


of the system in terms of the total =| 0.476mJ 


charge stored and the final potential 


difference across the capacitors 
connected in parallel: 
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Picture the Problem Choose a coordinate system in which the positive x direction is the 
right and the origin is at the left edge of the capacitor. We can express an element of 
capacitance dC and then integrate this expression to find C for this capacitor. 


Express an element of capacitance dC = E, b dx E, b 
dC of length b, width dx and d y, (1+ x/a) 
separation 

d = yo + (Yo/a)x: 


These elements are all in parallel, so E€ b > 4 €, ab 
the total capacitance is obtained by Yo | 
integration: 


111 eee 
Picture the Problem The diagram to the left shows the dielectric-filled parallel-plate 
capacitor before compression and the diagram to the right shows the capacitor when the 
plate separation has been reduced to x. We can use the definition of capacitance and the 
expression for the capacitance of a parallel-plate capacitor to derive an expression for the 
capacitance as a function of voltage across the capacitor. We can find the maximum 
voltage that can be applied from the dielectric strength of the dielectric and the separation 
of the plates. In part (c) we can find the fraction of the total energy that is electrostatic 
field energy and the fraction that is mechanical stress energy by expressing either of these 
as a fraction of their sum. 
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a) Use its definition to express the Q 

N n cv) (1) 
capacitance as a function of the V 
voltage across the capacitor: 


The limiting value of the gors A 
capacitance is: ° d 
Substitute numerical values and c — 38.85x10” C?/N m? )A 


0.2mm 
= 0.133AC?/N-m° 


evaluate Co: 


Let x be the variable separation. C(x) ZE Eo A 
Because xis independent of x: X 
and 
A 
Q(x)= C(xv = =v 
X 
Substitute in equation (1) to obtain: K € Ay 
V X (2) 
_kE,A 
d — Ax 
The force of attraction between the F- Q’ (x) 
plates is given in Problem 95c: (OK EA 
Substitute to obtain: K € Ay 
F X _ K € AV’ 
2x e A 2x” 


where the minus sign is used to indicate 
that the force acts to decrease the plate 
separation x. 


Apply Hooke’s law to relate the stress Y= F/A 
to the strain: Ax/ xX 

or 

Ax F 

x YA 
Substitute for F to obtain: Ax K€, V’ 
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and 
_ Ke, Vo _ Ke,V* (3) 
2Yx 2Yd 
provided Ax << d 
The voltage across the capacitor is: V=E,.d = (40 kV/mm)(0.2 mm) 
=8.00kV 
Substitute numerical values in 3(8.85 x10” C*/N-m? \(e kv)’ 
; Ax = 
equation (3) and evaluate Ax: 2(5 x 10° N/m? \(0.2 mm) 
=8.50x 10°’ m =8.50x10* mm 
Substitute in equation (2) to obtain: 
XN 2 
c(v)= RSA KE&A zg SaNi he: poar 
K & V d1- ££ V? 2Yd 2Yd 
2Yd 2Yd’ 
provided Ax << d. 


(b) Express the maximum voltage that can be applied in terms of the maximum 
electric field: 


max 


Vax = E a(d - Ax) = (40kV/mm)(0.2mm -8.5x10* mm) =| 7.97 kV 


(c) The fraction of the total energy = Un 
RE (4) 
of the capacitor that is mechanical Uu tUg 
stress energy is: 
Express the maximum electric field Us max 54C (Via. We. 


energy: 
Evaluate C(Vmax): 


C(7.97kV)= (0.1334 )h+ (6.64x107")(7.97 kV) |uF/m? =0.134A F/m’ 


Substitute for C(Vmax) and evaluate U, na = $(0.134A iF/m?)(7.96 kV)’ 
UE max: = 4.25J/m? 


The mechanical stress energy is given 
by: 


Substitute numerical values and 
evaluate Uy: 


Substitute numerical values in 
equation (4) and evaluate f: 
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1 (85x10 mm) (5x10° N/m?) 
2 0.2mm 
=8.92mJ 


8.92 mJ 
= =| 0.209% 
f 8.92mJ + 4.25 J/m’ 


and the fraction of the total energy that is 


U,, = 


electrostatic field energy is 
1— f =1- 0.209% =| 99.8% 


Picture the Problem Note that, due to symmetry, the electric field, wherever it exists, 


will be radial. We can integrate the electric flux over spherical Gaussian surfaces with 


radii r < R,, Rı < r < R,, andr > R, to find the electric field everywhere in space. Once we 


know the electric field everywhere we can find the potential of the conducting sphere by 


using dV = —Edr and integrating E in the regions Ry < r < R andr > R». Finally, knowing 


the electrostatic potential at the surface of the conducting sphere we can use 
U ot = 1QV(R,) to find the total electrostatic potential energy of the system. 


(a) Integrate the electric flux over a 
spherical Gaussian surface with 
radius r < R; to obtain: 


Solve for E,(r < Rj) to obtain: 


Integrate the electric flux over a 
spherical Gaussian surface with 
radius R; < r < R, to obtain: 


Solve for E,(R; < r < R2) to obtain: 


Integrate the electric flux over a 
spherical Gaussian surface with 
radius r > R, to obtain: 


E, (srr? )= Sme = 9 


€o 


because Qinside the conducting surface is 


Zero. 
E,(r<R,)=| 0 
E,(4zr?)= Qinside -Q 


KE, KE 


E,(R, <r < R,)= 2 27 3 
4T E Kr KT 


) = Qusa -Q 


Ey E€ 


E,(4zr? 


0 


332 Chapter 24 


Solve for E,(r > R2) to obtain: 


(b) Express the potential at the 
surface of the conducting sphere in 
terms of the electric fields 

ER, <r < Rə) and E,(r > R3): 


(c) Express the total electrostatic 


potential energy of the system in terms 


of V(R,) and Q: 


| 
=~ 
QO 
ee 
N 


Chapter 25 
Electric Current and Direct-Current Circuits 


Conceptual Problems 


*1 é 
Determine the Concept When current flows, the charges are not in equilibrium. In that 
case, the electric field provides the force needed for the charge flow. 


2 ° 
Determine the Concept Water, regarded as a viscous liquid flowing from a water tower 
through a pipe to ground is another mechanical analog of a simple circuit. 


3 ° 

Picture the Problem The resistances of the wires are given by R = pL/A,where L is 
the length of the wire and A is its cross-sectional area. We can express the ratio of the 
resistances and use our knowledge of their lengths and diameters to find the resistance of 


wire A. 
as 
, pe” 
Ay —— 
Ay 
Express the resistance of wire A: R = ply 
= 
Ay 
where is the resistivity of the wire 
Express the resistance of wire B: R= pL. 
A, 
Divide the first of these equations pLa 
by the second to obtain: Ra _ 44 _Li As 
R hL Ly Ay 
A, 
or, because La = Lp, 
A 
R, =R (1) 
A, 
Express the area of wire A in terms A, = 1 zd? 


of its diameter: 
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Express the area of wire B in terms A, =47d i 
of its diameter: 


Substitute in equation (1) to obtain: då 
Ky = -R 
dx 
or, because da = 2dp, 
d? 
R, =— 3- R=}R 
(2d,) 


and | (e) is correct. 


4 ee 

Determine the Concept An emf is a source of energy that gives rise to a potential 
difference between two points and may result in current flow if there is a conducting path 
whereas a potential difference is the consequence of two points in space being at different 
potentials. 


45 ee 

Picture the Problem The resistance of the 
metal bar varies directly with its length and 
inversely with its cross-sectional area. 
Hence, to minimize the resistance of the 


N 


bar, we should connect to the surface for P 


10 
which the ratio of the length to the contact 
area is least. ü 
Denoting the surfaces as a, b, and c, Surface L A LIA 
complete the table to the right: a 10 8 0.8 
b 4 20 0.2 
c 2 40 0.05 
Because connecting to surface c (c) is correct. | 


minimizes R: 


6 ee 

Picture the Problem The resistances of the wires are given by R= pL/A, 

where L is the length of the wire and A is its cross-sectional area. We can express the 
ratio of the resistances and use the definition of density to eliminate the cross-sectional 
areas of the wires in favor of the ratio of their lengths. 
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Express the resistance of wire A: 


Express the resistance of wire B: 


Divide the first of these equations 
by the second to obtain: 


Using the definition of density, 
express the mass of wire A: 


Express the mass of wire B 


Because the masses of the wires are 
equal: 


Substitute in equation (1) to obtain: 


7 ° 


ply 
Ry _ Ay _ Ly Ap 
R, Pla Ly Ag 


A, 
or, because La = 2Lp, 
A 
R, =2 R 1 
a5 S (1) 


m, = PV, = PL Ag 
where p' is the density of copper. 


Mg = P'V, = P'LyAg 


and | (b) is correct. 


Picture the Problem The power dissipated in the resistor is given by P = PR. We 


can express the power dissipated when the current is 3/ and, assuming that the 


resistance does not change, express the ratio of the two rates of energy dissipation 


to find the power dissipated when the current is 3/. 


Express the power dissipated in the 


P=I°R 
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resistor when the current in it is Z: 


Express the power dissipated in the P'= (3 I y R=9I°R 
resistor when the current in it is 3/: 


Divide the second of these aa 9I°R -9 
equations by the first to obtain: P PR 
or 


P'=9P and | (d) is correct. 


8 ° 

Picture the Problem Assuming the current (which depends on the resistance) to 
be constant, the power dissipated in a resistor is directly proportional to the 
voltage drop across it. 


Express the power dissipated in the 


resistor when the voltage drop R 
across it is V: 
Express the power dissipated in the p» (2vy A 
resistor when the voltage drop — R R 
across it is increased to 2V: 
Divide the second of these equations 4y? 
by the first to obtain: P' _ R -4> P'=4P 
P V 
R 


| (c) is correct. 


9 ° 
Determine the Concept You should decrease the resistance. Because the voltage across 


the resistor is constant, the heat out is given by P = V? / R . Hence, decreasing the 


resistance will increase P. 


*10 œ 
Picture the Problem We can find the equivalent resistance of this two-resistor 
combination and then apply the condition that R; >> R3. 


Express the equivalent resistance of l 
R, and R; in parallel: 
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Solve for Req to obtain: = RR, 
™  R +R, 
Factor R, from the denominator and RR, 


simplify to obtain: 


If Ry >> Ro, then: 


11 œ 
Picture the Problem We can find the equivalent resistance of this two-resistor 
combination and then apply the condition that Rj >> Ro. 


Express the equivalent resistance of Rq =R +R, 


R, and R; in series: 


Factor R; to obtain: 


If R, >> Ro, then: 


12 œ 
Picture the Problem Because the potential difference across resistors connected in 
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parallel is the same for each resistor; we can use Ohm’s law to relate the currents through 


the resistors to their resistances. 


Using Ohm’s law, express the I= y = y 
current carried by resistor A: ^ R a 2h 
Using Ohm’s law, express the fe y 
current carried by resistor B: P R, 
Divide the second of these equations 4 
by the first to obtain: lb R 2 

IL Y 

2Rp 


I, =2I, and | (b)is correct. 
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*13 œ 


Determine the Concept In a series circuit, because there are no alternative 


pathways, all resistors carry the same current. The potential difference across each resistor, 


keeping with Ohm’s law, is given by the product of the current and the 


resistance and, hence, is not the same across each resistor unless the resistors 


are identical. | (a) is correct. 


14 + 


Picture the Problem Because the potential difference across the two combinations 


of resistors is constant, we can use P = V? / R to relate the power delivered by the 


battery to the equivalent resistance of each combination of resistors. 


Express the power delivered by the 
battery when the resistors are 
connected in series: 


Letting R represent the resistance of 
the identical resistors, express Req: 


Substitute to obtain: 


Express the power delivered by the 
battery when the resistors are 
connected in parallel: 


Express the equivalent resistance of 
the identical resistors connected in 


parallel: 


Substitute to obtain: 


Divide equation (2) by equation (1) 
to obtain: 


Solve for and evaluate P,: 


2 
be 
Roq 
R, =R+R=2R 
2 
P= o 
y? 
TA 


P == 2) 


P, =4P =4(20W)=80W 
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15 œ 

Determine the Concept While Kirchhoff s loop rule is a statement about potential 
differences around a closed loop in a circuit, recall that electric potential at a 

point in space is the work required to bring a charged object from infinity to the 
given point. Hence, the loop rule is actually a statement that energy is conserved 


around any closed path in an electric circuit. | (b) is correct. 


16 >œ 

Determine the Concept An ideal voltmeter would have infinite resistance. A voltmeter 
consists of a galvanometer movement connected in series with a large resistance. The 
large resistor accomplishes two purposes; 1) it protects the galvanometer movement by 
limiting the current drawn by it, and 2) minimizes the loading of the circuit by the 
voltmeter by placing a large resistance in parallel with the circuit element across which 


the potential difference is being measured. | (a) is correct. 


*17 œ 

Determine the Concept An ideal ammeter would have zero resistance. An ammeter 
consists of a very small resistance in parallel with a galvanometer movement. The small 
resistance accomplishes two purposes: 1) It protects the galvanometer movement by 
shunting most of the current in the circuit around the galvanometer movement, and 2) It 
minimizes the loading of the circuit by the ammeter by minimizing the resistance of the 


ammeter. | (b) is correct. 


18 >œ 
Determine the Concept An ideal voltage source would have zero internal resistance. 
The terminal potential difference of a voltage source is given by V = € — Ir, where sis 


the emf of the source, / is the current drawn from the source, and r is the internal 


resistance of the source. | (b) is correct. | 


19 œ 
Determine the Concept If we apply Kirchhoff’s loop rule with the switch closed, we 
obtain e — IR — Vc = 0. Immediately after the switch is closed, 7 = 0 and we have € = Vc. 


(b) is correct. 


20 oo 
Determine the Concept The energy stored in the fully charged capacitor is U = 4CE a 


During the charging process, a total charge Or = £C flows through the battery. The battery 
therefore does work W= Ore = Ce’. The energy dissipated in the resistor is the difference 


between W and U. | (b) is correct. 


340 Chapter 25 


#21 oe 
Determine the Concept Applying Kirchhoff s loop rule to the circuit, we obtain 
E—V,—V.. =0, where Vp is the voltage drop across the resistor. Applying Ohm’s law to 


the resistor, we obtain Vg = JR. Because / decreases as the capacitor is charged, Vp 


decreases with time. | (e) is correct. 


22 ee 
Picture the Problem We can express the variation of charge on the discharging capacitor 
as a function of time to find the time T it takes for the charge on the capacitor to drop to 
half its initial value. We can also express the energy remaining in the electric field of the 
discharging capacitor as a function of time and find the time ¢’ for the energy to drop to 
half its initial value in terms of T. 


Express the dependence of the olt) = Qe” ' 
charge stored on a capacitor on time: where t= RC. 
For O(t) = ¥2 Qo: +0, =Qye"" 
or 
-T/t 
jse” 
Take the natural logarithm of both T=TIn2 
sides of the equation and solve for T 
to obtain: 
Express the dependence of the U(t)=4CK2 


energy stored in a capacitor on the 
potential difference Vc across its 
terminals: 


Express the potential difference Vo = Ve” ge 
across a discharging capacitor as a 
function of time: 


S Lee f 
Substitute to obtain: u(t)=4 Che a) = LCV zeke 
=U g7" RC 
=o 
For U(t) = % Uo: 1U, _ ven 
or 
—2t/RC 
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Take the natural logarithm of both t/=47In2= 
sides of the equation and solve for t 

to obtain: 

23 œ 


Determine the Concept A small resistance because P = &/R. 


*24 œ 
Determine the Concept The potential difference across an external resistor of resistance 


R 
R is given by R V, where r is the internal resistance and V the voltage supplied by the 
r+ 


source. The higher R is, the higher the voltage drop across R. Put differently, the higher 
the resistance a voltage source sees, the less its own resistance will change the circuit. 


25 œ 
Determine the Concept Yes. Kirchhoffs rules are statements of the conservation of 
energy and charge and hence apply to all circuits. 


26 ee 
Determine the Concept All of the current provided by the battery passes through R,, 
whereas only half this current passes through R, and R3. Because P = JR, the power 


dissipated in R, will be four times that dissipated in R, and R3. | (c) is correct. 


Estimation and Approximation 


27. ee 
Picture the Problem We can use Ohm’s law and the definition of resistivity to find the 
maximum voltage that can be applied across 40 m of the 16-gauge copper wire. In part (b) 
we can find the electric field in the wire using E = V/L. In part (c) we can use P = I?R to 
find the power dissipated in the wire when it carries 6 A. 


(a) Use Ohm’s law to relate the Vaa = Inak 
potential difference across the wire 
to its maximum current and its 


resistance: 
Use the definition of resistivity to R= L 
: . : =p- 
relate the resistance of the wire to its A 
length and cross-sectional area: 
Substitute to obtain: L 
Vix = lap a 
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Substitute numerical values (see 
Tables 25-1 and 25-2) for the 
resistivity of copper and the cross- 
sectional area of 16-gauge wire: 


(b) Relate the electric in the wire to 
the potential difference between its 
ends and the length of the wire: 


(c) Relate the power dissipated in 
the wire to the current in and the 
resistance of the wire: 

Substitute for R to obtain: 


Substitute numerical values and 
evaluate P: 


28 ee 


Va = (6A)(1.7x10%Q-m) 
40m 
x —<—<$< —— 
(on | 


- [EBV] 


P= (6aF(.710%0-m) om 
g mm 


18.7 W 


Picture the Problem We can use the definition of resistivity to find the resistance of the 


jumper cable. In part (b), the application of Ohm’s law will yield the potential difference 


across the jumper cable when it is starting a car, and, in part (c), we can use the 


expression for the power dissipated in a conductor to find the power dissipation in the 


jumper cable. 


(a) Noting that a jumper cable has 
two leads, express the resistance of 
the cable in terms of the wire’s 
resistivity and the cable’s length, 


and cross-sectional area: 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper) and evaluate R: 


(b) Apply Ohm’s law to the cable to 
obtain: 


L 
R=p— 
E 


6m 


R=(1.7x10°Q-m)— f 
mm 


=| 0.0102Q 


V = IR =(90A)(0.0102Q)=| 0.918 V 
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(c) Use the expression for the power P=IV = (90 A)(0.918V) = 


dissipated in a conductor to obtain: 


29 ee 

Picture the Problem We can combine the expression for the rate at which energy is 
delivered to the water to vaporize it (P = ¢°/R) and the expression for the resistance of a 
conductor (R = pL / A ) to obtain an expression for the required length L of wire. 


Use an expression for the power R= g 
dissipated in a resistor to relate the P 
required resistance to rate at which 

energy is delivered to generate the 


steam: 


Relate the resistance of the wire to 


R= p— 
its length, cross-sectional area, and A 
resistivity: 
Equate these two expressions and pa EVA 
solve for L to obtain: 7 pP 
Express the power required to P= AE = A(mL. ) =I Am 
generate the steam in terms of the At At “ At 
rate of energy delivery: 
Substitute to obtain: c= EA 
a 
“At 
Substitute numerical values (see (120V} m (1 80mm} 
Table 25-1 for the resistivity of L= 
Nichrome and Table 18-2 for the (10% Q. m)(2257 kJ/kg)(8 g/s) 


latent heat of vaporization of water) =| 2.03m 


and evaluate L: 


#30 ee 

Picture the Problem We can find the annual savings by taking into account the costs of 
the two types of bulbs, the rate at which they consume energy and the cost of that energy, 
and their expected lifetimes. 


Express the yearly savings: A$ = COS incandescent B COSt fuorescent (1) 
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Express the annual cost with the Cot, scandescent = COSty 1, + Cost aeey 
incandescent bulbs: 


Express and evaluate the annual cost of the incandescent bulbs: 


Cost puw, = number of bulbs in use x annual consumption of bulbs x cost per bulb 
365.24d x a 


d 
— l. = . 4 
(6) IA ($1.50)=$65.7 


Find the cost of operating the incandescent bulbs for one year: 


Cost ory = energy consumed x cost per unit of energy 
= 6(75 W)(365.25d)(24h/d)($0.115/kW -h) 
= $453.64 
Express the annual cost with the COSt prorescent = COSt puns + Cost on 


fluorescent bulbs: 
Express and evaluate the annual cost of the fluorescent bulbs: 


Cost uw, = number of bulbs in use x annual consumption of bulbs x cost per bulb 
365.24d x om 


d 
=(6 6)= $39.45 
(6) 8000h ($6)=$ 


Find the cost of operating the fluorescent bulbs for one year: 


Cost = energy consumed x cost per unit of energy 


energy 
= 6(20 W)(365.24ax 24" )(s0.115/KW-h) 


= $120.97 
Substitute in equation (1) and evaluate the cost savings A$: 


A$ = Cost. 


incandescent 


=| $358.96 


- Cost = ($65.74 + $453.64) — ($39.45 + $120.97) 


fluorescent 
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Picture the Problem We can use an expression for the power dissipated in a resistor to 
relate the Joule heating in the wire to its resistance and the definition of resistivity to 
relate the resistance to the length and cross-sectional area of the wire. 


Express the power the wires must P=IR 
dissipate in terms of the current they 
carry and their resistance: 


Divide both sides of the equation by P_I °R 
L to express the power dissipation L L 
per unit length: 
Using the definition of resistivity, R=p L =p L = 4 pL 
relate the resistance of the wire to its A zd’ md’ 
resistivity, length and cross- 
sectional area: 
Substitute to obtain: P _4pl í 

L nd’ 
Solve for d to obtain: 

d=3, 2 

a(PIL) 
Substitute numerical values (see 1.7x10°Q. 
e gaoa Ss 

Table 25-1 for the resistivity of a(2 W/m) 


copper wire) and evaluate d: 
- 
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Picture the Problem Let 7 be the internal resistance of each battery and use Ohm’s law 
to express the current in laser diode as a function of the potential difference across r. We 
can find the power of the laser diode from the product of the potential difference across 
the internal resistance of the batteries and the current delivered by them Z and the time-to- 
discharge from the combined capacities of the two batteries and Z. 


(a) Use Ohm’s law to express the current I= V rinaiesstanoe 
in the laser diode: 2r 


The potential difference across the internal V;ntemal resistance = E — 2-3 V 


resistance is: 
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Substitute to obtain: 


Assuming that r = 125 Q: 


(b) The power delivered by the batteries is 
given by: 


The power of the laser is half this 
value: 


Express the ratio of Praser to Pauoted? 


(c) Express the time-to-discharge: 


Because each battery has a capacity 
of 20 mA-h, the series combination 
has a capacity of 

40 mA-h and: 


6H 25V 
2r 


I 


2(1.55)-2.3V =| 3.20mA 
2(125Q) 


P=IV =(3.2mA)(2.3V)=7.36mW 


Piser = }P = 4(7.36mW) = 


P _ 3.68mW | 


laser 1.23 
Fustea 3 mW 
or 
Laser = 123% P uotea 
vo Capacity 
I 
_40mA-h igs 
3.20mA 


Current and the Motion of Charges 
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Picture the Problem We can relate the drift velocity of the electrons to the current density 
using 7 = nev,A . We can find the number density of charge carriers n using 


n= pN, /M , where pis the mass density, Na Avogadro’s number, and M the molar 


mass. We can find the cross-sectional area of 10-gauge wire in Table 25-2. 


Use the relation between current and 
drift velocity to relate Z and n: 


Solve for va: 


I =nev,A 


pe 
‘ned 
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The number density of charge 
carriers n is related to the mass 
density p, Avogadro’s number Na, 
and the molar mass M: 


For copper, p= 8.93 g/cm? and 


M=63.5 g/mol. Substitute and 
evaluate n: 


Using Table 25-2, find the cross- 
sectional area A of 10-gauge wire: 


Substitute and evaluate va: 


20A 


"u (8.93 g/cm? )(6.02 x10” atoms/mol) 
7 63.5 g/mol 


= 8.47 x10” atoms/m* 


A=5.261mm’ 


"a = 847x10” m= {1.60 x10" C)(5.261mm?) — ia 
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Picture the Problem Note that, while the positive and negative charges flow in opposite 


directions, the total current is their s 


Express the total current Z in the 
tube as the sum of the electron 
current and the ion current: 


The electron current is the product 
of the number of electrons through 
the cross-sectional area each second 


and the charge of each electron: 


Proceed in the same manner to find 
the ion current: 


Substitute to obtain: 
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um. 


I=I 


electron + I ion 


=ne 
= (2 x10" electrons/s) 

x (1 60x10 C/electron) 
=0.320A 


electron 


Lion = Mion Ton 
= (0.5 x 10'8 electrons/s) 
x (1 60x10” C/electron) 
= 0.0800 A 


I =0.320A + 0.0800 A =| 0.400 A 


Picture the Problem We can solve K = im for the velocity of an electron in the 


beam and use the relationship between current and drift velocity to find the beam current. 
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(a) Express the kinetic energy of the 
beam: 


Solve for v: 


Substitute numerical values and 
evaluate v: 


(b) Use the relationship between 
current and drift velocity (here the 
velocity of an electron in the beam) 
to obtain: 


Express the cross-sectional area of 
the beam in terms of its diameter D: 


Substitute to obtain: 


Substitute numerical values and 
evaluate I: 


Substitute numerical values and evaluate /: 


2(10keV) (1.60 107? Jev) 


v= 
\ 9.11x10™ kg 
=| 5.93x10’ m/s 
I =nev,A 
A=4nD° 


I =42(5x10° om™)(1.60x 107 C)(5.93107 m/s)(107 m} = 
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Picture the Problem We can use the definition of current, the definition of charge 


density, and the relationship between period and frequency to derive an expression for 


the current as a function of a, A, and a. 


Use the definition of current to 
relate the charge AQ associated with 
a segment of the ring to the time At 
it takes the segment to pass a given 
point: 


Because each segment carries a 
charge AQ and the time for one 


pose 
At 
AQ 
I=% =A 
T Of (1) 
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revolution is T: 

Use the definition of the charge 
density / to relate the charge AQ to 
the radius a of the ring: 

Solve for AQ to obtain: 


Substitute in equation (1) to obtain: 


Because @ = 27f we have: 
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_ AQ 
27a 
AQ = 27aÀ 
I =27alf 


Picture the Problem The current will be the same in the two wires and we can relate the 


drift velocity of the electrons in each wire to their current densities and the cross- 


sectional areas of the wires. We can find the number density of charge carriers n using 
n=pN,/M, where pis the mass density, Na Avogadro’s number, and M the molar 


mass. We can find the cross-sectional area of 10- and 14-gauge wires in Table 25-2. 


Relate the current density to the drift 
velocity of the electrons in the 10- 
gauge wire: 


Solve for va: 


The number density of charge 
carriers n is related to the mass 
density p, Avogadro’s number Na, 
and the molar mass M: 


For copper, p = 8.93 g/cm? and 
M = 63.5 g/mol. Substitute and 
evaluate n: 


Use Table 25-2 to find the cross- 
sectional area of 10-gauge wire: 


Substitute numerical values and evaluate vq 10: 


Lio gauge 
= neva 


A, 0 gauge 


I 10 gauge 
neA 


Vaio = 
10 gauge 


(8.93 g/cm? \(6.02 x10” atoms/mol) 
63.5 g/mol 


= 8.47x107* atoms/m? 


A, =5.261mm? 
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15A 
"410 = 847x10” m” )(1.60x10” C)(5.261mm°) ~ [0.210 mns | 


Express the continuity of the current I iene — I 14 gauge 
in the two wires: or 
NEV 1040 gauge — NEVs 1444 gauge 
Solve for Vd,14 to obtain: E A, gauge 
Vaia = Vaio A 
14 gauge 
Use Table 25-2 to find the cross- A4 = 2.081 mm? 
sectional area of 14-gauge wire: 
Substitute numerical values and 5.261 mm? 
Vai = (0.210 mm/s) = 
evaluate va 14: i 2.081 mm 


=| 0.531 mm/s 


38 e 
Picture the Problem We can use / = neAv to relate the number n of protons per unit 
volume in the beam to current Z. We can find the speed of the particles in the beam from 
their kinetic energy. In part (b) we can express the number of protons N striking the target 
per unit time as the product of the number of protons per unit volume n in the beam and 
the volume of the cylinder containing those protons that will strike the target in an elapsed 
time At and solve for N. Finally, we can use the definition of current to express the charge 
arriving at the target as a function of time. 


(a) Use the relation between current I = nedv 
and drift velocity to relate Z and n: 


Solve for n to obtain: j= I 
eAv 
Express the kinetic energy of the 3 2K 
K =4mv > v= _|— 
protons and solve for v: j m, 
Relate the cross-sectional area Æ of A= 17D? 


the beam to its diameter D: 
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Substitute for v and A to obtain: 


I 4I | m, 
2K eD 
1 7eD? — = 
m, 
Substitute numerical values and evaluate n: 


-27 
oe alin) 1.67x 10 kg -[321x10" mm" | 
r(1.60x 10" C)(2mm) | 2(20MeV)(1.60x10-” eV) 


(b) Express the number of protons N N _ n(v A) > N =nvAAt 
striking the target per unit time as the At 

product of the number n of protons 

per unit volume in the beam and the 

volume of the cylinder containing 

those protons that will strike the 

target in an elapsed time Aż and solve 

for N: 


Substitute for v and A to obtain: ) 2K 
N =4aD°ndt_|— 
m 
P 
Substitute numerical values and evaluate N: 


-19 
N =42(2mm)’(3.21x10" n\n) PEME 6-9 eV =| 3.75x10" 
.67 x g 


(c) Using the definition of current, Q=lt= (1 mA )t 
express the charge arriving at the = (1 mC/s)t 


target as a function of time: 
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Picture the Problem We can relate the number of protons per meter N to the number of 
free charge-carrying particles per unit volume in a beam of cross-sectional area A and then 
use the relation between current and drift velocity to relate n to J. 


(a) Express the number of protons N=nA (1) 
per meter N in terms of the number 

n of free charge-carrying particles 

per unit volume in a beam of cross- 
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sectional area A: 


Use the relation between current and I =enAv 
drift velocity to relate J and n: 


Solve for n to obtain: "e I 

eAy 
Substitute to obtain: N= IA _ ES 

eAv ev 
Substitute numerical values and 5mA 


N= 19 8 
evaluate N: (1.60 x10 C)(3x10 m/s) 
=| 1.04x108 m” 


(b) From equation (1) we have: _N _1.04x 10° m” 


A  10%m? 


=| 1.04x10* m” 


Resistance and Ohm’s Law 
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Picture the Problem We can use Ohm’s law to find the potential difference between the 
ends of the wire and V = EL to find the magnitude of the electric field in the wire. 


(a) Apply Ohm’s law to obtain: V=RI= (0.2 Q)(5 A) =|1.00V 

(b) Relate the electric field to the E= V IV 0.100 V/ 
=—=—— =| 0. m 

potential difference across the wire L 10m [ 0.100 V/m | 


and the length of the wire: 
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Picture the Problem We can apply Ohm’s law to both parts of this problem, solving first 
for R and then for J. 


(a) Apply Ohm’s law to obtain: R= y 2 100 V =|33.50 
a 
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(b) Apply Ohm’s law a second time I= y 2 25V =|0.751A 
a 


to obtain: 


42 >œ 
Picture the Problem We can use R = pL/ A to find the resistance of the block and 


Ohm’s law to find the current in it for the given potential difference across its length. 


(a) Relate the resistance of the block R=p L 
to its resistivity p, cross-sectional A 
area A, and length L: 
Substitute numerical values (see R= B 500x10 $Q. m) 3cm : 
Table 2625-1 for the resistivity of (0.5 cm) 
carbon) and evaluate R: -~| 42.0mO 
(b) Apply Ohm’s law to obtain: I= y £ 8.4V -~) 200A 
R 42.0mQ 
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Picture the Problem We can solve the relation R = pL/A for L to find the length of the 


carbon rod that will have a resistance of 10 Q. 


Relate the resistance of the rod to its 


R=p— 
resistivity p, cross-sectional area A, A 
and length L: 
Solve for L to obtain: L- AR _ mR 
P P 
Substitute numerical values (see (0. 1 mm) (1 0 Q) 
Table 2625-1 for the resistivity of i 3500x10°Q:-m | [898mm | 


carbon) and evaluate L: 
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Picture the Problem We can use R = pL/A to find the resistance of the track. 


(a) Relate the resistance of the track =p L 
to its resistivity p, cross-sectional A 


area A, and length L: 
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Substitute numerical values and re, 10km _ 
R=(l0 Qm)= - =| 0.1820 


evaluate R: cm 
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Picture the Problem We can use Ohm’s law in conjunction with R = pL/A to find the 


potential difference across one wire of the extension cord. 


Using Ohm’s law, express the V =IR 
potential difference across one wire 
of the extension cord: 


Relate the resistance of the wire to R=p L 
its resistivity p, cross-sectional area A 
A, and length L: 
Substitute to obtain: V = LI 
= p— 
A 
. . A 
Substitute numerical values (see y= (1 71030. m) (30m)(5 ) 
Table 25-1 for the resistivity of 1.309 mm 
copper and Table 25-2 for the cross- -195V 


sectional area of 16-gauge wire) and 
evaluate V: 
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Picture the Problem We can use R = pL/A to find the length of a 14-gauge copper wire 


that has a resistance of 2 Q. 


(a) Relate the resistance of the wire 


R= p— 
to its resistivity p, cross-sectional A 
area A, and length L: 
Solve for L to obtain: r= RA 
p 
Substitute numerical valves ee L= (2 Q)(2.08 1 mm’) B [asim | 
Table 2625-1 for the resistivity of 1.7x10°Q-m 


copper and Table 2625-2 for the 
cross-sectional area of 14-gauge 
wire) and evaluate L: 
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Picture the Problem We can use R = pL/A to express the resistances of the glass 
cylinder and the copper wire. Expressing their ratio will eliminate the common cross- 
sectional areas and leave us with an expression we can solve for the length of the copper 
wire. 


Relate the resistance of the glass R = Lies 
glass ~ P glass A 


cylinder to its resistivity, cross- 


glass 
sectional area, and length: 


Relate the resistance of the copper 


_ g 
A 5 ee eed Ra = P Cu = 
wire to its resistivity, cross- Ags 
sectional area, and length: 
Divide the second of these 5 Leu 
: i c 
equations by the first to obtain: Ra — "Aua _ Pa La 
glass Lass P glass glass 
P glass A 
glass 
or, because A giass = Acu and Rcu = Rgass» 
= P Cu, Loy 
ee ee 


P glass Lies 


Sol for L ut btain: ass 
olve for Lc, to obtain Be = Pa Te 
Pou 
Substitute numerical values (see Table 25- B 10° Q.m (1 m) 
1 for the resistivities of glass and copper) “ 17x105 Q.m 
and evaluate Lcu: lc-y 


=5.88x10" mx ———~—— 
9.461x10'°m 


- [azy] 
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Picture the Problem We can use Ohm’s law to relate the potential differences across the 
two wires to their resistances and R = pL /A to relate their resistances to their lengths, 


resistivities, and cross-sectional areas. Once we’ ve found the potential differences across 
each wire, we can use E = V/ L to find the electric field in each wire. 


(b) Apply Ohm’s law to express the 
potential drop across each wire: 


Relate the resistances of the wires to 
their resistivity, cross-sectional area, 
and length: 


Substitute to obtain: 


Substitute numerical values (see 
Table 2625-1 for the resistivities of 
copper and iron) and evaluate the 
potential differences: 


(a) Express the electric field in each 
conductor in terms of its length and 
the potential difference across it: 


Substitute numerical values and 
evaluate the electric fields: 


Vou = IRon 
and 
Vre = IRre 
Rou = P Cu cu 
Cu 
and 
L 
R = Fe 
Fe P Fe Ar 
Vou P Ccu Lcu I 
Acu 
and 


Ag. 
7 _(17x10°.2-m)(80m) (5 4) 
: 1 7(I1mm) 
“av 
and 
y 00x10" 0m) 49m) 5 4) 
= 1 7(I1mm) 
=|12.5V 
y 
E. = 
Cu Lo 
and 
y 
E = _ Fe 
Fe La 
AE ATTE 
80m 
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—_ =| 255mV/m 
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Picture the Problem We can use Ohm’s law to express the ratio of the potential 
differences across the two wires and R = pL/A to relate the resistances of the wires to 


their lengths, resistivities, and cross-sectional areas. Once we’ve found the ratio of the 
potential differences across the wires, we can use E =V/L to decide which wire has the 


greater electric field. 


(a) Apply Ohm’s law to express the Vou = Reu 
potential drop across each wire: and 
Vre = IR, 
Divide the first of these equations Vou — Reu _ Rou (1) 
by the second to express the ratio of Von.  IRe Rre 


the potential drops across the wires: 


Relate the resistances of the wires to 


R SEN Cu 
, boat ‘i Cu ` Pou 
their resistivity, cross-sectional area, Acu 
and length: and 
Ly 
Ree = Pre A ° 
Fe 
Divide the first of these equations p Lou 
by the second to express the ratio of Re Ae De 
the resistances of the wires: Ree Le Dre 
Pre A 


Fe 


because Lcu = Lre and Acu = Age. 


Substitute in equation (1) to obtain: Vou — Pou 

Vee Pre 
Substitute numerical values (see Vo, _1.7x10°Q-m _ 0.170 
Table 2625-1 for the resistivities of Vee ~ 10x10°Q:m — 


copper and iron) and evaluate the 
ratio of the potential differences: 
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(b) Express the electric field in each 
conductor in terms of its length and 
the potential difference across it: 


Divide the first of these equations 
by the second to obtain: 


Because Efe = 5.88E cu: 
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Eca = — and Ene — Vee 
Cu Lre 
Vou 

Ecu = Lou = Vou = 0.170 

Eve Vou Fe 
Lou 

or 
E 

E,, =—& =5.88E 

Fe 0.17 Cu 


E is greater in the iron wire. 


Picture the Problem We can use R = pL/A to relate the resistance of the salt solution to 


its length, resistivity, and cross-sectional area. To find the resistance of the filled tube 


when it is uniformly stretched to a length of 2 m, we can use the fact that the volume of 


the solution is unchanged to relate the new cross-sectional area of the solution to its 


original cross-sectional area. 


(a) Relate the resistance of the filled 
tube to the resistivity, cross- 
sectional area, and length of the salt 
solution: 


Substitute numerical values and 
evaluate R: 


(b) Relate the resistance of the 
stretched tube to the resistivity, 
cross-sectional area, and length of 
the salt solution: 


Letting V represent volume, express 
the relationship between the before- 
stretching volume V and the after- 
stretching volume V”: 


Solve for A’ to obtain: 


L 
R=o0— 
PY 
lm 
R=(10°Q. =| 79.60 
( ma mm)? 
L' 2L 
R'=0—= 
Fi rE (1) 
V =V" 
or 
LA = L'A' 
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Substitute in equation (1) to obtain: 
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2L L 
R= pat a4 p= | 
tA 


= 4(79.6Q) =| 3189 


Picture the Problem We can use R = pL/A to relate the resistance of the wires to their 


lengths, resistivities, and cross-sectional areas. To find the resistance of the stretched wire, 


we can use the fact that the volume of the wire does not change during the stretching 


process to relate the new cross-sectional area of the wire to its original cross-sectional 


area. 


Relate the resistance of the 
unstretched wire to its resistivity, 
cross-sectional area, and length: 


Relate the resistance of the stretched 
wire to its resistivity, cross-sectional 
area, and length: 


Divide the second of these equations 
by the first to obtain: 


Letting V represent volume, express 
the relationship between the before- 
stretching volume V and the after- 
stretching volume V”: 


Solve for A/A' to obtain: 


Substitute in equation (1) to obtain: 


i 
R=p— 
Pa 
L' 
R'=p— 
H 
L' 


Pa 
or 
A 
R'=2——R 
A (1) 
V =V 
or 
LA=L'A' 
ALL, 
A L 


R' =2(2)R = 4R = 4(0.3Q)=| 1.200 
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Picture the Problem We can use R = pL / A to find the resistance of the wire from its 


length, resistivity, and cross-sectional area. The electric field can be found using E = V/L 
and Ohm’s law to eliminate V. The time for an electron to travel the length of the wire can 


be found from L = v,A¢, with va expressed in term of J using 7 = neAv,. 


(a) Relate the resistance of the 
unstretched wire to its resistivity, 
cross-sectional area, and length: 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 10-gauge wire) and 
evaluate R: 


(b) Relate the electric field in the 
wire to the potential difference 


between its ends: 


Use Ohm’s law to obtain: 


Substitute numerical values and 


R= p= 


100m 


R=(1.7x10°O-m) 
. mm 


=| 0.323Q 


_ (30A)(0.323Q) _ 
i 100m =| 96.9mV/m | 


evaluate £: 
(c) Express the time At for an Age L 
electron to travel a distance Z in the Vi 
wire in terms of its drift speed va: 
Relate the current in the wire to the I = nev; 
drift speed of the charge carriers: 
Solve for vg to obtain: ft 
— 
neA 
Substitute to obtain: ge neAL 
I 


Substitute numerical values (in Example 25-1 it is shown that n = 8.47x10°8 m°) and 


evaluate At: 
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At = 


(8.47 x 10° m> (1.6x10-” C)(5.261 mm? )(100m) 


30A 
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=| 2.38x10°s 


Picture the Problem We can use R = pL/ A to find express the resistance of the wire 


from in terms of its length, resistivity, and cross-sectional area. The fact that the volume of 


the copper does not change as the cube is drawn out to form the wire will allow us to 


eliminate either the length or the cross-sectional area of the wire and solve for its 


resistance. 


Express the resistance of the wire in 
terms of its resistivity, cross- 
sectional area, and length: 


Relate the volume V of the wire to 
its length and cross-sectional area: 


Solve for L to obtain: 


Substitute to obtain: 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 14-gauge wire) and 
evaluate R: 
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L 

R= p— 

F 

V =AL 
E 
A 

V 


(2 cm)’ 


areal 


-pana 


A spreadsheet program to plot / as a function of V is shown below. The formulas used to 
calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
Bl 2 h 
aS -200 V (mV) 
ae ae V+AV 
B5 $B$1*(EXP(A5/25) — 1) a (er mV =) 
B 
1 I 0= | 2 
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4 (mV) (nA) 

5 -200.0 -2.00 
6 -175.0 -2.00 
7 -150.0 -2.00 
15 50.0 12.78 
16 75.0 38.17 
17 100.0 107.20 


The following graph was plotted using the data in spreadsheet table shown above. 


110 


90 


70 


50 


I (nA) 


30 


10 


-10 


= 


-200 -150 -100 -50 0 50 100 


A spreadsheet program to plot In(/) as a function of V for V>0.3 V follows. The 
formulas used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
Bl 2 2nA 

A5 300 V 

A6 A5 +10 V+AV 

B5 | LN($B$1*(EXP(A5/25) — 1)) nfz, (eri? mV =) 


B C 

I 0=|2 nA 
V In(1) 

(mV) 

300 12.69 

310 13.09 

320 13.49 

330 13.89 

340 14.29 

350 14.69 

970 39.49 
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980 39.89 
990 40.29 
1000 40.69 


A graph of In(/) as a function of V follows. Microsoft Excel’s Trendline feature was used 
to obtain the equation of the line. 


35 E ha) 
30 

| 

| 

| 


For V>>25 mV: gl (mV L] x ol /25mV 
and 


V/25mV 
Ixe 7” 


Take the natural logarithm of both In( I) = In( he” /25 a) 
sides of the equation to obtain: 
=In(/, )+ V 
U) 25mV 
which is of the form y = mx + b, 
where 
l = 
m = —— =| 0.04(mv)" 
25mV 


in agreement with our graphical result. 
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Picture the Problem We can use the first graph plotted in Problem 55 to conclude that, 
if V<0.5 V, then the diode’s resistance is effectively infinite. We can use Ohm’s law to 
estimate the current through the diode. 


(a) From the first graph plotted in Problem 55 we see that, if V < 0.5 V, then 
í the current is negligible and the diode has essentially infinite resistance. 
(b) Use Ohm’s law to express the y 


I = resistor 


current flowing through the diode: R 
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For a potential difference across the 5V-0.5V 

diode of approximately [= -00 90.0 mA 
0.5 V: 

56 eoo 


Picture the Problem We can use, as our element of resistance, a semicircular strip of 
width ¢, radius r, and thickness dr. Then dR = (arp / t)dr . Because the strips are in 


parallel, integrating over them will give us the reciprocal of the resistance of half ring. 


Integrate dR from r =a to r =b to 1 t f dre t | b 
: = = n 

obtain: R mpr map \a 
Take the reciprocal of both sides of R= pT 
the equation to obtain: 7 í s) 

tln| — 

a 
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Picture the Problem The element of resistance we use is a segment of length dx and 
cross-sectional area z[a + (b — a)x/L]°. Because these resistance elements are in series, 
integrating over them will yield the resistance of the wire. 


Express the resistance of the chosen dR =p dx = P dx 
element of resistance: A gzla+(b-a)(x/L)) 
Integrate dR from x = 0 to x = L and R= p f dx 

simplify to obtain: zs |a+(b—a)(x/L)]’ 


II 

as 

ao 

a 

a 

— 
os ON eS 
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Picture the Problem The diagram shows a 
cross-sectional view of the concentric 
spheres of radii a and b as well as a 
spherical-shell element of radius r. Using 
the Hint we can express the resistance dR 
of the spherical-shell element and then 
integrate over the volume filled with the 
material whose resistivity p is given to find 
the resistance between the conductors. 
Note that the elements of resistance are in 
series. 


Express the element of resistance 


dR: 

Integrate dR from r =a to r = b to R- an p{l 1 

obtain: Ar : r Arla b 

Substitute numerical values and R= 10°Q-m 1 1 

evaluate R: © 4r 1.5cm E 5cm 
=| 3.71x10 Q 
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Picture the Problem The diagram shows a 
cross-sectional view of the coaxial 
cylinders of radii a and b as well as a 
cylindrical-shell element of radius r. We 
can express the resistance dR of the 
cylindrical-shell element and then integrate 
over the volume filled with the material 
whose resistivity pis given to find the 
resistance between the two cylinders. Note 


that the elements of resistance are in series. 


Express the element of resistance 
aR: 


Integrate dR from r =a to r= b to 


obtain: 
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(b) Apply Ohm’s law to obtain: 


Substitute numerical values and 
evaluate I: 


I= V _ y _ 2aLV 
R A pn) 
2L \a a 
H 27(50cm)(10V) -[205A] 
2.5cm 
(062-m)o 
1.5cm 


Temperature Dependence of Resistance 
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Picture the Problem We can use R = pL/A to find the resistance of the rod at 20°C. 
Ignoring the effects of thermal expansion, we can we apply the equation defining the 


temperature coefficient of resistivity, œ, to relate the resistance at 40°C to the resistance at 


20°C. 


(a) Express the resistance of the rod 
at 20°C as a function of its 
resistivity, length, and cross- 


sectional area: 


Substitute numerical values and 
evaluate R29: 


(b) Express the resistance of the rod 
at 40°C as a function of its 
resistance at 20°C and the 
temperature coefficient of resistivity 
a: 


L 
Ry = Px F 


Ry = (5.5x10°Q-m) 22 
(1mm) 
=| 27.5mQ 
L 
Ry ~ Pay 


L 
= Pr [I + alte a 20C°)|= 


L L 
= Pn + Pn Ute 20C°) 


= R [l+ a(t, —20C°)] 


Substitute numerical values (see Table 25-1 for the temperature coefficient of resistivity 


of tungsten) and evaluate Rao: 


Ry = (27.5 mQ) + (4.5x 107 K“)(20€2)|=| 30.0ma 
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Picture the Problem The resistance of the copper wire increases with temperature 
according to R, = Ry» [1 + alt, = 20C°)]. We can replace R, by 1.1R29 and solve for tc to 


find the temperature at which the resistance of the wire will be 110% of its value at 20°C. 


Express the resistance of the wire at 
1. 1Ro09: 


Simplify this expression to obtain: 


Solve to fc to obtain: 


Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of copper) 
and evaluate fc: 
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1.1Ryy = Ry [l+ a(t, -20C°)] 


1.1Rj) = Roy + Ralts —20C°) 


or 


0.1 = a(t, -20C°) 


t = 2442008 
a 
0.1 i 
cn E OC 
=| 45.6°C 


Picture the Problem Let the primed quantities denote the current and resistance at the 


final temperature of the heating element. We can express R’ in terms of Rz and the final 
temperature of the wire fc using R' = R,, [1 + a(t, — 20C°)] and relate I’, R', bo, and Rx 


using Ohm’s law. 


Express the resistance of the heating 
element at its final temperature as a 
function of its resistance at 20°C and 
the temperature coefficient of 
resistivity for Nichrome: 


Apply Ohm’s law to the heating 
element when it is first turned on: 


Apply Ohm’s law to the heating 
element when it has reached its final 
temperature: 


Because the voltage is constant, we 
have: 


R' = Ry [l + a(t. —20C°)| (1) 


V = 15) Ry 
V =T'R' 
I'R' = 15)R5 


or 
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Substitute in equation (1) to obtain: 


Solve for fc to obtain: 


Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of 
Nichrome) and evaluate tc: 
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“Ry = R,,[1+ a(t. —20C°)| 
or 


= =1+ a(t, —20C°) 


1.34 - 


Picture the Problem We can apply Ohm’s law to find the initial current drawn by the 


cold heating element. The resistance of the wire at 1000°C can be found using 
Rioo = Ro [1 + alte = 20C°)| and the power consumption of the heater at this 


temperature from P = FR i000. 
(a) Apply Ohm’s law to find the 
initial current Jọ drawn by the 
heating element: 


(b) Express the resistance of the 
heating element at 1000°C as a 
function of its resistance at 20°C and 
the temperature coefficient of 
resistivity for Nichrome: 


Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of 
Nichrome) and evaluate R1000: 


(c) Express and evaluate the 
operating wattage of this heater at 
1000°C: 


pe -120V Aso 
Ry  8Q 


Rioo = Rao [I a alte z 20C°)] 


Ro = (8Q)|1 + (0.4x10° K7) 
x (1000°C — 20C°)| 


=|111Q 
2 2 

p- _(20V) _MT30kw 
Roo LQ 
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Picture the Problem We can find the resistance of the copper leads using 
Ra = Pout / A and express the percentage error in neglecting the resistance of the leads as 


the ratio of Rey to Rnichrome- In part (c) we can express the change in resistance in the 


Nichrome wire corresponding to a change Atc in its temperature and then find Atc by 


substitution of the resistance of the copper wires in this equation. 


(a) Relate the resistance of the 
copper leads to their resistivity, 
length, and cross-sectional area: 


Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper) and evaluate Rou: 


(b) Express the percentage error as 
the ratio of Rey to Rnichrome: 


(c) Express the change in the 
resistance of the Nichrome wire as 
its temperature changes from fc to 


tc’: 


Solve for Atc to obtain: 


Set AR equal to the resistance of the 
copper wires (see Table 25-1 for the 
temperature coefficient of resistivity 
of Nichrome wire) and evaluate Atc: 
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L 
Rou ~ Pou 


Ro, = (1.710 Q-m)—2 
177(0.6mm) 

=| 30.1mQ 

% error = Rey 


Nichrome 


30.1mQ 
spa 7 0301%| 


AR=R'-R 
= R [l + a(t,’—20C°)| 
- Ry [1 + a(t, —20C°)| 
= R, at, 


AR 
At. =—— 
Rya 


30.1mQ z 
^e = Toa){0.4x10° K") Ka 


Picture the Problem Expressing the total resistance of the two current-carrying (and 


hence warming) wires connected in series in terms of their resistivities, temperature 


coefficients of resistivity, lengths and temperature change will lead us to an expression in 


which, if 9,L;@ + rl. = 0, the total resistance is temperature independent. In part (b) 


we can apply the condition that ,L, a, + pœL2%= 0 to find the ratio of the lengths of the 


carbon and copper wires. 


370 Chapter 25 
(a) Express the total resistance of these two wires connected in series: 


R=R +R, 


=p, Aq +a AT)+ p, 2q +a,AT)+ Hoz (+a AT)+ p,L,(1+a,AT)| 
Expand and simplify this expression to obtain: 


1 
R= gleh + pL, + VARA + P,L,a, T] 


If pıLı& + pL202= 0, then: 1 . 
Pe a i aa R= ria +p,L, | independently of 


the temperature. 


(b) Apply the condition for Pclicte + Polar =9 
temperature independence obtained 
in (a) to the carbon and copper 


wires: 


Solve for the ratio of Lcu to Lc: Lou __ Pc&c 
Le Pru Aon 


Substitute numerical values (see Table 25-1 for the temperature coefficient of resistivity 
of carbon and copper) and evaluate the ratio of Lcu to Lc: 


Lo, __ (3500x10* Q-m)(-0.5x10° K“) [a4] 


i (1.7x10*%Q-m)(3.9x107°K*) 
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Picture the Problem We can use the relationship between the rate at which energy is 
transformed into heat and light in the filament and the resistance of and potential 
difference across the filament to estimate the resistance of the filament. The linear 
dependence of the resistivity on temperature will allow us to find the resistivity of the 
filament at 2500 K. We can then use the relationship between the resistance of the 
filament, its resistivity, and cross-sectional area to find its diameter. 


(a) Express the wattage of the y? 
lightbulb as a function of its P = — 
resistance R and the voltage V 
supplied by the source: 


Solve for R to obtain: 


Substitute numerical values and 
evaluate R: 


(b) Relate the resistance R of the 
filament to its resistivity p, radius r, 
and length £: 


Solve for r to obtain: 


Because the resistivity varies 
linearly with temperature, we can 
use a proportion to find its value at 
2500 K: 
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2 
pa. 
P 
2 
R= toov} =| 250Q 
40 W 
R= an 
Tr 
3 nee 
aR 
and the diameter d of the filament is 
pe 
d=2 — 1 
-R (1) 
Pasoox ~ P293K Z 2500K -293K 
Psso0K “T PæxK 3500K -293K 
_ 2207 
3207 


Solve for (500 x to obtain: 


2207 
P2500K = 3207 


Substitute numerical values and evaluate (500 x: 


2207 


P2500K = =~“ (1.11.Q-m-—56nQ- m)+56nQ-m = 774.5nQ-m 


3207 


Substitute numerical values in 
equation (1) and evaluate d: 
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Picture the Problem We can use the relationship between the rate at which an object 


774.5 nQ -m )(0.5 cm 
z (2509) 


=| 4.44 um 


radiates and its temperature to find the temperature of the bulb. 


(a) At a temperature 7, the power 
emitted by a perfect blackbody is: 


Solve for T: 


P = AT’ 
where o = 5.67x10 ° W/mK’ is the 
Stefan-Boltzmann constant. 


paste P 
VoA \odL 
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3500K — 293K )+ P203K 
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or, because P = VIR, 


2 
sal E 
ondLR 
Relate the resistance R of the pL 4pL 
filament to its resistivity p: R= P = 
Substitute for R in the expression for y? Vd 
T to obtain: T= re a ; 
ondL ae 4oL p 
zd 


Substitute numerical values and evaluate 7: 


a (5v} (40x10 m) E 
- der W/m?-K*)(0.03m)'(3x10°Q-m) 


As the filament heats up, its resistance increases, leading to more power 


(b)| being dissipated, leading to further heat, leading to a higher temperature, 


etc. This thermal runaway can burn out the filament if not controlled. 


Energy in Electric Circuits 
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Picture the Problem We can use P =V? / R to find the power dissipated by the 


two resistors. 


Express the power dissipated in a y 
resistor as a function of its resistance R 
and the potential difference across it: 


(a) Evaluate P for V= 120 V and _ (120 vy = 
a lea ee 2.88kW 


(b) Evaluate P for V= 120 V and _ (120 vy a 
ares ae. = 1.44kW 


69 ° 
Picture the Problem We can solve P. = 1 2R for the maximum current the 


max 
resistor can carry and apply Ohm’s law to find the maximum voltage that can be 
placed across the resistor. 
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(a) Express the maximum power the P =I? R 
resistor can dissipate in terms of the 
current flowing through it: 


Solve for [max to obtain: P a 
Ti = max 
VR 
Substitute numerical values and 0.25 W 
evaluate Imax: Lmax = \ 10kQ =| 
(b) Apply Ohm’s law to relate the Vn = aes 


maximum voltage across this 
resistor to the maximum current 
through it: 


Substitute numerical values and Vax = (5 mA)(10 kQ) = 


evaluate Vinax: 
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Picture the Problem We can use P = V? / R to find the resistance of the heater and 


Ohm’s law to find the current it draws. 


(a) Express the power output of the V 
heater in terms of its resistance and R 


its operating voltage: 


Solve fi d evaluate R: i 

olve for and evaluate gR- 0407y) Ia 
P 1kW 

Apply Ohm’s law to find the current I= y = 240 V -TA17A 

drawn by the heater: R 57.6Q 

b) Evaluate the power output of the j 

(b) Heg tp p- 020V) N 

heater operating at 120 V: 57.60 
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Picture the Problem We can use the definition of power and the relationship between the 
battery’s power output and its emf to find the work done by it under the given conditions. 


the work done by the battery to the At 


Use the definition of power to relate P= AW 
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time current is drawn from it: 


Solve for the work done AW = PAt 
in time Arf: 


Express the power output of the P=€&! 
battery as a function of the battery’s 
emf: 


Substitute to obtain: AW = &IAt 


Substitute numerical values and AW = (12 v) A)(5 s) = 


evaluate AW: 
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Picture the Problem We can relate the terminal voltage of the battery to it emf, 
internal resistance, and the current delivered by it and then solve this relationship 
for the internal resistance. 

Express the terminal potential V, -V ,=E-l1r 

difference of the battery in terms of 

its emf and internal resistance: 


Solve for r: m E- (v, -= V), 
I 
Substitute numerical values and 12V -11.4 V 
r =—————— =| 0.03009 
evaluate r: 20A [0.03000 | 
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Picture the Problem We can find the power delivered by the battery from the 

product of its emf and the current it delivers. The power delivered to the battery 

can be found from the product of the potential difference across the terminals of 

the starter (or across the battery when current is being drawn from it) and the 

current being delivered to it. In part (c) we can use the definition of power to 

relate the decrease in the chemical energy of the battery to the power it is 

delivering and the time during which current is drawn from it. In part (d) we can 

use conservation of energy to relate the energy delivered by the battery to the heat develope 
the battery and the energy delivered to the starter 


(a) Express the power delivered by P=H=a= (1 2 V)(20 A) =| 240 W 
the battery as a function of its emf 
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and the current it delivers: 


(b) Relate the power delivered to the 
starter to the potential difference 


across its terminals: 


(c) Use the definition of power to 
express the decrease in the chemical 
energy of the battery as it delivers 
current to the starter: 


(d) Use conservation of energy to 
relate the energy delivered by the 
battery to the heat developed in the 
battery and the energy delivered to 
the starter: 


Express the energy delivered by the 
battery and the energy delivered to 
the starter in terms of the rate at 


which this energy is delivered: 


Solve for Q to obtain: 


Substitute numerical values and 
evaluate Q: 
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F ier = Vael 
=(11.4V)(20A)= 
AE = PAt 


= (240 W)(3min) =| 43.2kJ 


delivered by battery = E transformed into heat 


+ E delivered to starter 


=Q+E 


delivered to starter 


PAt =Q+PAt 


=(P -P,)At 


Q 
Q =(240 W — 228 W)(3 min) 


-[2168] 


Picture the Problem We can use conservation of energy to relate the emf of the 


battery to the potential differences across the variable resistor and the energy 


converted to heat within the battery. Solving this equation for / will allow us to 
find the current for the four values of R and we can use P = I °R to find the power delivered 


the battery for the four values of R. 
Apply conservation of energy 
(Kirchhoff’s loop rule) to the circuit 


to obtain: 


Solve for Z to obtain: 


&€ =IR+Ir 


R+r 
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Express the power delivered by the P=I°R 
battery as a function of the current 
drawn from it: 


(a) For R = 0: E 6V 
I= = —— =| 20A 
Rar 03q 0A 


and 


P=(20A)(0)=| 0] 


(b) For R= 5: | ee es ys 
R+r 504+0.3Q EEEZY 
and 


P=(1.13A)(5Q)=| 6.38 W | 


(c) For R= 10: eee _ 
R+r 1004+0.30 


and 


P =(0.583A) (10Q)= 


0.583A 


(d) For R=: f= é = lim CEL = 
R+r ™* R403Q [o] 
and 
P= 0 
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Picture the Problem We can express the total stored energy AU in the battery in terms of 
its emf and the product /At of the current it can deliver for a period of time At. We can 
apply the definition of power to relate the lifetime of the battery to the rate at which it is 
providing energy to the pair of headlights 


(a) Express AU in terms of gand the AU = &IAt 

product JAt: 

Substitute numerical values and AU =(12V)(160A-h)=1.92kW-h 
evaluate AU: 3.6MJ 


=1.92kW -h x 
kW-h 


=| 6.91MJ 
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(b) Use the definition of power to At= AU 
relate the lifetime of the battery to P 
the rate at which it is providing 

energy to the pair of headlights: 


Substitute numerical values and 1.92kW -h 
At = ————— = | 12.8h | h 
150W [12.8h | 


evaluate At: 
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Picture the Problem We can use conservation of energy (aka Kirchhoff’s loop 

Rule) to relate the emf at the fuse box and the voltage drop in the wires to the 

voltage at the outlet box (delivered to the space heater). We can find the number of 60-W li 
bulbs that could be supplied by the this line without blowing the fuse by 

dividing the current available by the current drawn by each 60-W bulb. 


(a) Apply Kirchhoff’ s loop rule to E —V ices —Voutter = 9 
the circuit to obtain: or 

E = IR vices g Viia = 0 
Solve for Voutiet to obtain: Voter = E — LR pices 
Relate the resistance of the copper R =p L 
wires to the resistivity of copper, the TE A 


length of the wires, and the cross- 
sectional 
area of 12-gauge wire: 


Substitute to obtain: ipa L 

V atlet =E- 7 
Substitute numerical values (see Voue = 120 V 
Table 25 -1 for the resistivity of (12.5 A)(I 7x10°Q.- m)(60 m) 
copper and Table 25-2 for the cross- 3.309 mm? 
sectional area of 

=|116V 

12-gauge wire) and evaluate Voutet: [16y | 
(b) Relate the number of bulbs N to Ta lix 125A (1) 
the maximum current available and A, ie 


the current drawn by each 60-W 
bulb: 
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Use Ohm’s law to relate the current 
drawn by each bulb to the potential 
difference across it and it’s 


resistance: 


Express the resistance of each 60-W 
bulb: 


Substitute to obtain: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate N: 
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y 
Law = R- 
bulb 
g? 
Ryu “p 
PV 
Luib = pa 
Laax 7 12.5A 
a PV 
E 
2 
= =A 12.5A) 
PV 
2 
w= COV) 94-1254) 
(60 W)(116 V) 


- [15h 


Picture the Problem We can use P = fv to find the power the electric motor must 


develop to move the car at 80 km/h against a frictional force of 1200 N. We can find the 
total charge that can be delivered by the 10 batteries using AQ = NIAt. The total 


electrical energy delivered by the 10 batteries before recharging can be found using the 


definition of emf. We can find the distance the car can travel from the definition of work 


and the cost per kilometer of driving the car this distance by dividing the cost of the 


required energy by the distance the car has traveled. 


(a) Express the power the electric 
motor must develop in terms of the 
speed of the car and the friction 
force: 


(b) Use the definition of current to 
express the total charge that can be 
delivered before charging: 


P = fv = (1200 N)(80 km/h) 


- [267] 


AQ = NIAt = rolio a-n) 22088) 


=| 5.76 MC 


where N is the number of batteries. 
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(c) Use the definition of emf to W=QE= (5.76 MC)(12 v) 


express the total electrical energy =| 69.1MJ 


available in the batteries: 


(d) Relate the amount of work the W = fd 
batteries can do to the work required 
to overcome friction: 


Solve for and evaluate d: W 69.1MJ 
d = — = ———— =| 57.6km 
F= ToN OE 


(e) Express the cost per kilometer as the ratio of the ratio of the cost of the energy to the 
distance traveled before recharging: 


Ciis ($0.09/kW -h)éit _ ($0.09/kW -h \(120V)(160A-h) _ 


d 57.6km 
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Picture the Problem We can use the definition of power to find the current drawn 
by the heater and Ohm’s law to find its resistance. In part (b) we’ll use the hint to 
show that AP/P ~ 2AV/V and in part (c) use this result to find the approximate power 
dissipated in the heater if the potential difference is decreased to 115 V. 


(a) Use the definition of power to I= P 
relate the current J drawn by the V 
heater to its power rating P and the 


potential difference across it V: 


Substitute numerical values and 100 W 
I =— =| 0.833A 
sau 


evaluate T: 


Apply Ohm’s law to relate the R= y - 120V -|1449 
resistance of the heater to the I 0.833A 

voltage across it and the current it 

draws: 

(b) Approximate dP/dV by dP = AP o a dP AV 
differentials: dV AV dV 
Express the dependence of P on V: y? 
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Assuming R to be constant, evaluate 
dP/dV: 


Substitute to obtain: 


Divide both sides of the equation by 
P to obtain: 


(c) Express the approximate power 
dissipated in the heater as the sum 
of its power consumption and the 
change in its power dissipation 
when the voltage is decreased by 
AD: 


Substitute numerical values and 
evaluate P: 


Combinations of Resistors 
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Picture the Problem We can either solve this problem by using the expression 


P ~(100 wf: i a) 


91.7 W 


for the equivalent resistance of three resistors connected in parallel and then using 


Ohm’s law to find the current in each resistor, or we can apply Ohm’s law first to 


find the current through each resistor and then use Ohm’s law a second time to 


find the equivalent resistance of the parallel combination. We’ll follow the first 


procedure. 


(a) Express the equivalent resistance 
of the three resistors in parallel and 
solve for Reg: 


(b) Apply Ohm’s law to each of the 
resistors to find the current flowing 
through each: 


1 1 M 1 1 
Roq 4Q 30 6Q 
and 
Ra = 1.33Q 
12 
pe em AB ey yr 
4Q 40 
V 12V 
= — = —— =| 4.00 A 
3? 30 30 [4.004 | 
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V 12V 
I, =——=—— =| 2.00 A 
6 69 6Q 


Remarks: You would find it instructive to use Kirchhoff’s junction rule 
(conservation of charge) to confirm our values for the currents through the three 
resistors. 
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Picture the Problem We can simplify the network by first replacing the resistors that are 
in parallel by their equivalent resistance. We can then add that resistance and the 3-Q 
resistance to find the equivalent resistance between points a and b. In part (b) we’ll denote 
the currents through each resistor with subscripts corresponding to the resistance through 
which the current flows and apply Ohm’s law to find those currents. 


(a) Express the equivalent resistance 1 = 1 1 _ 1 i 1 
of the two resistors in parallel and Ra Re R 6Q 20 
solve for Req,1: and 

Rai = 1.50Q 
Because the 3-Q resistor is in series Ra =R, + Rai 


with Reg: =39+1.5Q =| 4.500 


(b) Apply Ohm’s law to the network 2 Va _ 12V 


I = = =| 2.67A |, 
to find J;: Raq 4.50 
Find the potential difference across Vee =Va Ys 
the parallel resistors: =12V- (2.67 A)G ) =AV 
Use the common potential Ve. 4V 

I, =—=— =| 0.667A 
difference across the resistors in ? R, 6Q 0.6674 | 
parallel to find the current through and 


each of them: 
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Picture the Problem Note that the resistors between a and c and between c and b are in 
series as are the resistors between a and d and between d and b. Hence, we have two 
branches in parallel, each branch consisting of two resistors R in series. In part (b) it will 
be important to note that the potential difference between point c and point d is zero. 
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(a) Express the equivalent resistance 
between points a and b in terms of 
the equivalent resistances between 
acb and adb: 


Solve for Req to obtain: 


Because the potential difference between points c and d is zero, 


no current would flow through the resistor connected between 


(b) ; on i 
these two points, and the addition of that resistor would not 
change the network. 

82 oo 


Picture the Problem Note that the 2-Q resistors are in parallel with each other and with 


the 4-Q resistor. We can Apply Kirchhoff’ s loop rule to relate the current /; drawn from 


the battery to the emf of the battery and equivalent resistance Req of the resistor network. 


We can find the current through the resistors connected in parallel by applying 


Kirchhoff’s loop rule a second time. In part (b) we can find the power delivered by the 


battery from the product of its emf and the current it delivers to the circuit. 


(a) Apply Kirchhoff’s loop rule to 
obtain: 


Solve for h: 


Find the equivalent resistance of the 
three resistors in parallel: 


Find the equivalent resistance of 


Reg, and R; in series: 


Substitute in equation (1) and 
evaluate J;: 


Express the current through each of 
the parallel resistors in terms of their 
common potential difference V: 


E I,R,, =9 

E 
Loa (1) 

Raq 
L EE OTE a EE TE E D 
Regt R R R 20 20 40 
and 
R. =0.8Q0 
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Apply Kirchhoff’s loop rule to E-LR, -V =0 
obtain: 
Solve for V: V =€E€-1R, 


=6V—-(1.58A)(3Q)=1.26V 


Substitute numerical values and i= 1.26V —| 0.630A 
evaluate Jy and Jy: 22 
and 
I,= a =|0.315A 
(b) Express P in terms of €and J: P = &1,=(6V)(1.58A)=| 9.48 W 


Remarks: Note that the currents I3, I, and I, satisfy Kirchhoff’s junction rule. 


*B3 oo 
Picture the Problem Let r represent the 

resistance of the internal resistance of the — 
power supply, €the emf of the power 
supply, R the resistance of the external 
resistor to be placed in series with the 
power supply, and I the current drawn from p R 
the power supply. We can use Ohm’s law 

to express the potential difference across R 

and apply Kirchhoff’s loop rule to express 

the current through R in terms of <, r, and 


R. 

Express the potential difference Vp = IR (1) 
across the resistor whose resistance 

is R: 

Apply Kirchhoff s loop rule to the & —Ir—IR=0 


circuit to obtain: 


Solve for / to obtain: é 


Substitute in equation (1) to obtain: E ) 
V = R 
r+R 
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Solve for R to obtain: R= Vgr 
ie 
Substitute numerical values and R= (4.5 V)(50 Q) _| 4500 
evaluate R: 5V-4.5V 
84 


Picture the Problem We can apply Kirchhoff’s loop rule to the two circuits described in 
the problem statement and solve the resulting equations simultaneously for r and s. 


(a) and (b) Apply Kirchhoff’s loop €-Ir—-1,R, =0 
rule to the two circuits to obtain: and 
€-I,r-I,R,, =90 


Substitute numerical values to E-(0.5A)r—(0.5A)(5Q)=0 
obtain: or 
E-(0.5A)r=2.5V (1) 
and 
€ —(0.25A)r—(0.25 A)(11Q)=0 
or 
E -(0.25A)r =2.75V (2) 


Solve equations (1) and (2) E=] 3.00 V land r =| 1.000 


simultaneously to obtain: 
85 ee 
Picture the Problem We can use the formula for the equivalent resistance for two 


resistors in parallel to show that R.g= Rix/(1 + x). 


(a) Express the equivalent resistance R = RR, 
of R; and R3 in parallel: i R +R, 


Let x = R/R; to obtain: R = xR? £ 
“| R +xR, l+x ` 


(b) The following graph of Req/Rı versus x was plotted using a spreadsheet program. 


‘Electric Current and Direct-Current Circuits 385 


1.0 


0.8 


0.6 
R/R 
0.4 


0.2 


0.0 


86 » 
Picture the Problem We can use Kirchhoff’s loop rule to relate the required resistance to 
the emf of the source and the desired current. We can apply Kirchhoff’s rule a second 
time to the circuit that includes the load resistance r to establish the largest value it can 
have if it is to change the current drawn from the source by at most 10 percent. 


(a) Apply Kirchhoff’s loop rule to &-—IR=0 
the circuit that includes the source 
and the resistance R to obtain: 


Solve for R to obtain: R E 
OI 

Substitute numerical values and 5V 
evaluate R: R = —— =| 5009 

10mA 
(b) Letting /’ represent the current I-l 1 T' 01 
in the loaded circuit, express the I ~ I mae (1) 
condition that the current drops by 
less than 10%: 
Letting r represent the load &-—Ir-I'R=0 
resistance, apply Kirchhoff s loop 
rule to the circuit to obtain: 
Solve for /' to obtain: r= E 

r+R 
Substitute for / and /' in equation E 

1): 
ue ji ei 1201 
r+R 
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Solve for r to obtain: 0.1R 
r<— 
0.9 
Substitute the numerical value for R 0. 1(500 Q) 
to obtain: r< 0.9 =| 55.62 
87 eo 


Picture the Problem We can simplify the network by first replacing the resistors that are 
in parallel by their equivalent resistance. We’ll then have a parallel network with two 
resistors in series in each branch and can use the expressions for resistors in series to 
simplify the network to two resistors in parallel. The equivalent resistance between points 
a and b will be the single resistor equivalent to these two resistors. In part (b) we’ll use 
the fact that the potential difference across the upper branch is the same as the potential 
difference across the lower branch, in conjunction with Ohm’s law, to find the currents 
through each resistor. 


(a) Express and evaluate the R= RRe (6 ay 30 
equivalent resistance of the two 6-Q el R, +R; ~ 60460 
resistors in parallel and solve for 
Rega: 
Find the equivalent resistance of the Reo = R + Rogi 
6-Q resistor is in series with Req,1: -~604+30=-90 
Find the equivalent resistance of the Ras = Re + Ry 
12-Q resistor in series with the 6-Q —~604+12Q0=180 
resistor: 
Finally, find the equivalent _ FR it and 
resistance of eee rs ae 
Req in parallel with Reg»: (9 a) 8 Q) 
= + =| 6.009 
90+ 180 
(b) Apply Ohm’s law to the upper at ae a Vis 
branch to find the current J, = 2 = . ee Ras 


Ie: 12V 
=< =| 0.667A 
isg 712.5674 | 
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Apply Ohm’s law to the lower L=I = Va 
branch to find the current E a Roz 
I = Ie.a resistor in series: 12 V 
=—— =|1.33A 
5 711334] 
Express the current through the 6-Q T 6-A resistorsin parallel = 1, 
resistors in parallel: = 1( 33 A) 


88 we 
Picture the Problem Assign currents in each of the resistors as shown in the diagram. We 
can simplify the network by first replacing the resistors that are in parallel by their 
equivalent resistance. We’ll then have a parallel network with two resistors in series in 
each branch and can use the expressions for resistors in series to simplify the network to 
two resistors in parallel. The equivalent resistance between points a and b will be the 
single resistor equivalent to these two resistors. In part (b) we’ ll use the fact that the 
potential difference across the upper branch is the same as the potential difference across 
the lower branch, in conjunction with Ohm’s law, to find the currents through each 


resistor. 
(a) Express and evaluate the T (R, + R, )R, 
equivalent resistance of the resistors i (R, +R, ) +R, 
in parallel in the upper branch and 60)\(40 
: = l M ) =24Q 

solve for Req,1: 20440440 
Find the equivalent resistance of the Rega = Re + Reqs 
6-Q resistor is in series with Reg: =6042.40=840 
Express and evaluate th ivalent RR 

p san Prelate equivalen Rio = gts =1R, =4(8Q)=40 
resistance of the resistors in parallel R; + R; 


in the lower branch and solve for 
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Reg2! 


Find the equivalent resistance of the 
4-Q resistor is in series with Reg: 


Finally, find the equivalent 
resistance of Reg» in parallel with 
Req: 


(b) Apply Ohm’s law to the upper 
branch to find the current /;: 


Find the potential difference across 
the 4-Q and 6-Q parallel 
combination in the upper branch: 


Apply Ohm’s law to find the current 
Ty: 


Apply Ohm’s law to find the current 
h: 


Apply Ohm’s law to the lower 
branch to find the current J: 


Find the potential difference across 
the 8-Q and 8-Q parallel 
combination in the lower branch: 


Apply Ohm’s law to find J; = Xe: 


189 o 


Ras = R, T Roz 
=40+40=80 
_ Reg oReq3 
“ Raz + Ra 


(8.4Q)(8Q) 
= TA =| 4.100 
oe 


V 12V 
I, = —> =—=/1.43A 
1! R 840 [1.43.4 | 


eq,2 


Vigg =12V—-V, =12V-1,R, 
=12V—-(1.43A)(6Q) 
=3.43V 


V, _3.43V 

1, === =] 0.572A 
2o a 
OV, 343V 

I, === =[0.858A 


Veas =12V—1,R, 
=12V-(1.5A)(4Q) 
=6V 


-Pes _ OV 


I,=1, 0.750A 


80 8Q- 


Picture the Problem We can use the equation for N identical resistors connected 


in parallel to relate N to the resistance R of each piece of wire and the equivalent resistance 


Express the resistance of the M 
pieces connected in parallel: 


where R is the resistance of one of the N 


‘Electric Current and Direct-Current Circuits 389 


pieces. 
Relate the resistance of one of the N R vite 
pieces to the resistance of the wire: N 
Substitute to obtain: 1 N 2 
eq wire 
Solve for N: R.. 
N = wire 
y Ra 
Substitute numerical values and N 120Q 
evaluate N: | 1.8752 =[8] 


90 ee 
Picture the Problem We can assign currents as shown in the diagram of the first 


arrangement of resistors and apply Kirchhoff’s loop rule to obtain an expression for Zs.. 
8Q 


p 
© 


Assign currents as shown in the diagram below for the second arrangement of the resistors 
and apply Kirchhoff s loop rule to obtain an expression for Jg that we can equate to 7g, 
and solve for R. 


BQ R 162 
Eoo m 
L= hz é 
Apply Kirchhoff s loop rule to the E—I Ra =9 


first arrangement of the resistors: where J, is the current drawn from the 


battery. 
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Solve for J; to obtain: 


Find the equivalent resistance of the 
first arrangement of the resistors: 


Substitute to obtain: 


Apply Kirchhoff s loop rule to the 
loop containing R and the 8-Q 
resistor: 


Solve for /g ; to obtain: 


Express /g in terms of J; and Js): 


Substitute for J; and Zg, and simplify 
to obtain: 


Apply Kirchhoff’s loop rule to the 
second arrangement of the resistors: 


R= (8Q)R 

o 80Q+R 

(24Q)R +1280? 
R+8Q 


+160 


E 
(24Q)R +1289? 
R+8Q 
E(R+8Q) 
(24Q)R +128Q7 


1 


—I,(8Q)+ R(I, -1,)=0 


= R I 
R+8Q 


ù R E(R+8Q) 
k (z ate ao] 
ER 
(24Q)R +1280? 


Igi 


I2 =] =li 


E(R+8Q) 
(24Q)R +1287 
ER 
(24Q)R +1287 
(8Q)E 
(24Q)R +1287 


8,2 


E—1,R,,, =0 


eq,2 = 
where J is the current drawn from the 
battery. 
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Solve for J; (= /g2) to obtain: Lek. E 
a. e 
eq,2 
Find the equivalent resistance of the Ra =R+240 


second arrangement of the resistors: 


Substitute to obtain: E 


Equate Zg, and J >: ER _ (8 Qe 
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(24Q)R +1280? (24Q)R +1289? 


Solve for R to obtain: R=! 8.00Q 


91 eo 


Picture the Problem We can find the equivalent resistance Ra, between points a and b 


and then set this resistance equal, in turn, to R), R3, and R; and solve for R3, Ro, and Ri, 


respectively. 
(a) Express the equivalent resistance = RR, +R 
between points a and b: a R +R, ? 
Equate this expression to Ri: R = RR, +R, 
R +R, 
Solve for R3 to obtain: r R? 
> | RR, +R, 
: RR 
(b) Set R3 equal to Ra: R,=—"++R, 
R +R, 
Solve for R to obtain: R, = 
: RR 
(c) Set Rı equal to Ras: R,=—~:R, 
R +R, 
or 
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Solve ine quadratic equation for R, | R+ | R? + 4R,R, 
to obtain: R= 2 


where we’ve used the positive sign because 
resistance is a non-negative quantity. 


92 eo 
Picture the Problem We can substitute the given resistances in the equations 
derived in Problem 91 to check our results from Problem 78. 


(a) For R; = 4 Q and R, = 6 Q: o R “Qof E 
> R+R 4Q+6Q0 — 
and 
ab T RB +R, 

R +R, 
_ GQ)62) iso- 4.009 
40+6Q 

(b) For Rj = 4 Q and R3 =3 Q: PS 
and 
= Al 0430 

R +0 
=| 3.00 Q 
(c) For Ry = 6 Q and R; = 3 Q: 30432) +4(62)(3Q) 
R = 5 
—3Q4+9Q_ 6.000 
and 
a R.R, + R, 
R +R, 
_ 62)62) 3o -reog 
604+60 
Kirchhoff’s Rules 
*93 o 


Picture the Problem We can relate the current provided by the source to the 
rate of Joule heating using P = I?R and use Ohm’s law and Kirchhoff’s rules to 
find the potential difference across R and the value of r. 
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(a) Relate the current Z in the circuit 
to rate at which energy is being 
dissipated in the form of Joule heat: 


Substitute numerical values and 
evaluate I: 


(b) Apply Ohm’s law to find Ve: 


(c) Apply Kirchhoff’s loop rule to 
obtain: 


Solve for r: 


Substitute numerical values and 
evaluate r: 


94 >œ 


P=PRo I= |Ë 
R 


Vz = IR = (4A) (0.59) =| 2.00 V 


&-Ir-IR=0 
_€-IR_€ y 
I 
zat 50) 1000 
4A 


Picture the Problem Assume that the current flows clockwise in the circuit and let & 


represent the 12-V source and & the 6-V source. We can apply Kirchhoff’s loop rule 
(conservation of energy) to this series circuit to relate the current to the emfs of the 
sources and the resistance of the circuit. In part (b) we can find the power delivered or 


absorbed by each source using P = E&I and in part (c) the rate of Joule heating using 


P=I°R. 


(a) Apply Kirchhoff s loop rule to 
the circuit to obtain: 


Solve for J: 


Substitute numerical values and 
evaluate T: 


(b) Express the power 
delivered/absorbed by each source in 
terms of its emf and the current 
drawn from or forced through it: 


E — IR, - €,— IR, =0 


12V-6V 

I =——— =| 1.00A 
song 71004 | 

Py = Epl = (12 V)(1A)=| 12 W | 


and 


P,=&J =(-6V)(1A)=| -6W | 


394 Chapter 25 


(c) Express the rate of Joule heating 
in terms of the current through and 
the resistance of each resistor: 


95 ee 


where the minus sign means that this 
source is absorbing power. 


P, =I°R, =(1A)(2Q)=| 2.00W 


and 


P,=1°R,=(1A)(4Q)=| 4.00 W 


Picture the Problem The circuit is shown in the diagram for part (a). & and rı denote 


the emf of the "sick” battery and its internal resistance, & and r, the emf of the second 


battery and its internal resistance, and R is the load resistance. Let 71, J2, and Jp be the 


currents. We can apply Kirchhoff’s rules to determine the unknown currents. In part (c) 


we can use P = I to find the power delivered or absorbed by each battery and P = PR to 


find the power dissipated in the internal and load resistors. 


(a) The circuit diagram is shown to 
the right: 


(b) Apply Kirchhoff s junction rule 
to junction 1 to obtain: 


Apply Kirchhoff’s loop rule to loop 
1 to obtain: 


Apply Kirchhoff’s loop rule to loop 
2 to obtain: 


Solve equations (1), (2) and (3) 
simultaneously to obtain: 


AE (1) 


Enl RI, =0 

or 

11.4V - (0.019), -(2Q), =0 (2) 
E —hl, —RI, =9 


or 


12.6V —(0.01Q)/, -(2Q)/, =0 (3) 


=| -57.0A |, 


and 


I 
I 
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where the minus sign for /; means that the 
current flows in the direction opposite to the 
direction we arbitrarily chose, i.e., the 
battery is being charged. 


(c) Express the power delivered by =f i= (12.6 V)(63.0 A) = 


the second battery in terms of its 
emf and the current drawn from it: 


Express the power absorbed by the Fas i= (1 1.4 V)(57.0 A) = 


second battery in terms of its emf 
and the current forced through it: 


Find the power dissipated in the f= Ir, = (57 A) (0.019) = 


internal resistance rı: 


Find the power dissipated in the P, =r, = (63 Ay (0.01 Q) =|39.7W 


internal resistance r3: 


Find the power dissipated in the P =I F R= (6 A) (2 Q) = 


load resistance R: 


Remarks: Note that the sum of the power dissipated in the internal and load 
resistances and that absorbed by the second battery is the same as that delivered by 
the first battery ... just as we would expect from conservation of energy. 


96 ee 
Picture the Problem Note that when both switches are closed the 50-Q resistor 

is shorted. With both switches open, we can apply Kirchhoff’s loop rule to find the 
current J in the 100-Q resistor. With the switches closed, the 100-Q resistor and R are in 
parallel. Hence, the potential difference across them is the same and we can express the 
current Jio in terms of the current Jot flowing into the parallel branch whose resistance is 
R, and the resistance of the 100-Q resistor. Zot in turn, depends on the equivalent 
resistance of the closed-switch circuit, so we can express J100 = / in terms of R and solve 
for R. 


Apply Kirchhoff’s loop rule to a E- (300 Q) — (1 00 Q) 7 (50 Q) =0 
loop around the outside of the 
circuit with both switches open: 
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Solve for J to obtain: 


Relate the potential difference 
across the 100-Q resistor to the 
potential difference across R when 
both switches are closed: 


Apply Kirchhoff s junction rule at 


the junction to the left of the 100-Q 
resistor and R: 


Substitute to obtain: 


Express the current Zot drawn from 
the source with both switches 
closed: 


Express the equivalent resistance 
when both switches are closed: 


Substitute to obtain: 


Substitute in equation (1) to obtain: 


Solve for and evaluate R: 


= NON SA 


~ 450Q 4500 


(1009) o = RL p 


Lot = Loo + Le 
or 
Ir = Lot Lig 


where Aot is the current drawn from the 


source when both switches are closed. 


(100 Q) o = Ril: = Tg) 


or 


Lio 


eq 


I tot 


100 


= RI o (1) 
R +1009 


SUAN aio 
R+100Q 


1.5V 


LOOR ig 
R+100Q 


R 15V 


R+100Q| (100Q)R +3000 


R+100Q 
(1.5V)R 
(400 Q)R + 30,000 Q? 
=3.33mA 


600 Q 
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Remarks: Note that we can also obtain the result in the third step by applying Kirchhoff’s 
loop rule to the parallel branch of the circuit. 


*Q7 ce 
Picture the Problem Let /, be the current delivered by the left battery, /, the current 
delivered by the right battery, and /; the current through the 6-Q resistor, directed down. 
We can apply Kirchhoff’ s rules to obtain three equations that we can solve simultaneously 
for Jı, h, and 3. Knowing the currents in each branch, we can use Ohm’s law to find the 
potential difference between points a and b and the power delivered by both the sources. 


(a) Apply Kirchhoff’s junction rule L+ =f, 


at junction a: 


Apply Kirchhoff’s loop rule to a 12V-(4Q)1, + BQ), -12V=0 
loop around the outside of the or 

circuit to obtain: -(4 Q) ce (3 Q) ,=90 

Apply Kirchhoff s loop rule to a 12V- (4 Oy’, — (6 Q), =0 


loop around the left-hand branch of 
the circuit to obtain: 


Solve these equations I, =| 0.6674 J, 
simultaneously to 
obtain: aa [0.889 | > 
and 
I, =|1.56A 
(b) Apply Ohm’s law to find the Va = (6 o); = (6 Q)(1 56 A) 
potential difference between points =| 936V 
a and b: 
(c) Express the power delivered by Per = El 
the 12-V battery in the left-hand = (12 V)(0.667 A) =|800W 
branch of the circuit: 
Express the power delivered by the Prien = El 
12-V battery in the right-hand _ (12v)(0 889 A) -|10.7W 


branch of the circuit: 
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98 ee 
Picture the Problem Let /, be the current delivered by the 7-V battery, J the current 
delivered by the 5-V battery, and J, directed up, the current through the 1-Q resistor. We 
can apply Kirchhoff’s rules to obtain three equations that we can solve simultaneously for 
L, h, and J. Knowing the currents in each branch, we can use Ohm’s law to find the 
potential difference between points a and b and the power delivered by both the sources. 


(a) Apply Kirchhoff’s junction rule 
at junction a: 


Apply Kirchhoff’s loop rule to a 
loop around the outside of the 
circuit to obtain: 


Apply Kirchhoff’s loop rule to a 
loop around the left-hand branch of 
the circuit to obtain: 


Solve these equations 
simultaneously to obtain: 


(6) Apply Ohm’s law to find the 
potential difference between points 
a and b: 


(c) Express the power delivered by 
the 7-V battery: 


(c) Express the power delivered by 
the 5-V battery: 


99 ee 


L=1,+1, 


TV -(2Q)/, -(1Q)/, =0 


TV -(2Q)/, -BQ), +5V=0 
or 


(20), + BQ), =12V 


I, =| 2.00A |, 
and 


=|1.00V 


P, = &l =(7V)(3A)=| 21.0W 


P, = &1, =(5V)(2A)=| 10.0W 


Picture the Problem We can apply Kirchhoff’s rules to the two circuits to 


determine the current, and hence the power, supplied to the load resistor R for the 


two connections of the batteries. Differentiation, with respect to the load resistor, 


of the expressions for the power delivered to the load resistor will allow us to 
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identify the conditions under which the power delivered is a maximum and to 


decide whether the power supplied to R greater when R < r or when R >r. 


The series connection of the batteries 


is shown to the right: 


Express the power supplied to R: 


Apply Kirchhoff’s loop rule to 
obtain: 


Solve for Z, to obtain: 


Substitute to obtain: 


Set the derivative, with respect to R, 
of equation (1) equal to zero for 
extrema: 


Solve for R to obtain: 


P=I?R 


I = ae 
2r+R 
2 2 
r= 2E )R- aa 1) 
2r+R (2r + R) 


dP, _ d | 4€°R 
dR dR|(2r+RÝ 
(2r + RY 4e? -4e R(2)(2r +R) 
(2r+RÝ 


= 0 for extrema. 


R=2r 


Examination of the second derivative of P, at R = 2r shows that R = 2r corresponds to a 


maximum value of P, and hence, for the series combination, 


the power delivered to the load is greater if R >r and is greatest when R =2r. 
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The parallel connection of the 
batteries is shown to the right: 


Express the power supplied to R: 


Apply Kirchhoff’s junction rule to 
point a to obtain: 


Apply Kirchhoff’s loop rule to loop 
1 to obtain: 


Apply Kirchhoff s loop rule to the 
outer loop to obtain: 


Solve for J, to obtain: 


Substitute to obtain: 


Evaluate equation (1) when 
r=R: 


Evaluate equation (2) when 
r=R: 


or 

jew es a 
€—RI,-rI, =0 
or 


E-RI,-4rI, =0 


E 
=e 
zr+R 
e \ ER 
zrt+R (Ar +R) 


2 2 
(r= R)= nb ease 
(2R+RY OR 


ov 


R)= ER _4€ 
GR+RY OR 


Thus, we see that if r = R, both arrangements provide the same power to the load. 
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Set the derivative, with respect to R, dP d ER 
of equation (2) equal to zero for AR z dR ( ipg RY 
2 
oe (r+ RVs? —6?R(2)(4r +R) 
2 2 
(ir+R) 


= 0 for extrema. 


Solve for R to obtain: R=tr 


Examination of the second derivative of P, at R =+r shows that R=4r 
corresponds to a maximum value of P, and hence, for the parallel 


combination, the power delivered to the load is greaterif R<randa 


maximum when R =+4r. 


*100 * 

Picture the Problem Let the current drawn from the source be Z. We can use Ohm’s law 
in conjunction with Kirchhoff’s loop rule to express the output voltage as a function of V, 
Rı, and R>. In (b) we can use the result of (a) to express the condition on the output 
voltages in terms of the effective resistance of the loaded output and the resistances R, 
and R>. 


(a) Use Ohm’s law to express Vou in Va Ih, 
terms of R, and J: 
Apply Kirchhoff’s loop rule to the V —IR, -IR =0 
circuit to obtain: 
Solve for T: T V 
RIR 
Substitute for / in the expression for y R 
Vout to obtain: ee R,=|V 2 
R +R, R +R, 
(b) Relate the effective resistance of 1 1 1 
the loaded circuit Reg to R and ae E 
Rika = i Res R, Road 
Solve for Rioaa: R,R 
oe Ricaa = zef (1) 
R, 3 Rese 
Letting V' „represent the output Va Vait 1 V' at <01 2) 
voltage under load, express the Veni Voui l 


condition that Vout drops by less 
than 10 percent of its unloaded 
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value: 


Using the result from (a), express 
V's in terms of the effective output 


load Rett: 


Substitute for Vow and V’,,, in 
equation (2) and simplify to obtain: 


Solve for Rese: 


Substitute numerical values and 
evaluate Reef: 


Finally, substitute numerical values 
in equation (1) and evaluate Road: 


101 
Picture the Problem In the equivalent 


Thevenin circuit shown to the right, R» is in 


parallel with Rioaa. We can apply Ohm’s 
law to express Vouw in terms of Reg and J 
and then use Kirchhoff’s loop rule to 
express / in terms of V, R4, and Retr. 
Simplification of the resulting equation 
will yield both of the indicated results. 


(a) and (b) Use Ohm’s law to 
express Vout in terms of Reg and J: 


Apply Kirchhoff’s loop rule to the 
circuit to obtain: 


Solve for J: 


Substitute for / in the expression for 
Vou to obtain: 


Rose 
jit Ree. 0.1 
R, 
R +R, 
or 
RaR +R) o] 


R, (R, + Rose ) 


0.9R R, 
eff > 
R +0.1R, 


0.9(10KQ)(10KQ) 
eff > 
10KQ+0.1(10KQ) 


(10kQ)(8.18kQ) 
ee =| 44. 9k 
Riora < 10kQ-8.18kQ 44.90 | 


= 8.18kOQ 


V’ 
Rioaa 
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Express the effective resistance Retr 
in terms of Rigag and R3: 


Substitute for Reg in the expression 
for Vout to obtain: 


Simplify to obtain: 
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= Ry Ricaa 
c R, a Road 
R- Rioaa 
R, + Roa 
Vy, = V| H s 
R, F 2- “load 
R, + Road 
V = R, Rioaa 
n R Road + R Riva + RR, 
= V R, Riosa 
R +R, , AR 
load R, i R, 
= V R, Road 
R +R, )\ Roa tR’ 
=" Riosa 
Road + R' 
where 
Ri =| 82 lang 7" =| y 
R +R, R +R, 


Picture the Problem Let /, be the current in the 1-Q resistor, directed to the right; let J 
be the current, directed up, in the middle branch; and let J; be the current in the 6-Q 


resistor, directed down. We can apply Kirchhoff s rules to find these currents, the power 


supplied by each source, and the power dissipated in each resistor. 


(a) Apply Kirchhoff’ s junction rule 
at the top junction to obtain: 


Apply Kirchhoff’s loop rule to the 
outside loop of the circuit to obtain: 


Apply the loop rule to the inside 
loop at the left-hand side of the 
circuit to obtain: 


I, +1, =I, (1) 


8V—-(lO), +4V-(29)/, -(6Q)/, =0 
or 


Ba) +(6Q)/, =12V (2) 


8V-(lO)’, +4V-(20)/, 
+29), -4V =0 


or 


8V-3O),+(22),=0 6) 
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Solve equations (1), (2), and (3) 
simultaneously to obtain: 


(b) Express the power delivered by 
the 8-V source: 


Express the power delivered by the 
4-V source: 


(c) Express the power dissipated in 
the 1-Q resistor: 


Express the power dissipated in the 
2-Q resistor in the left branch: 


Express the power dissipated in the 
2-Q resistor in the middle branch: 


Express the power dissipated in the 
6-Q resistor: 
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I, =| -1.00A }, 
and 
I, =|1.00A 


where the minus sign indicates that the 
current flows downward rather than upward 
as we had assumed. 


P, = &,1, =(8V)(2A)=| 16.0W 


P, =, =(4V)(-1A)= [E400] 


where the minus sign indicates that this 
source is having current forced through 
it. 


Po = This 
-eaP ho)- [20W] 


_ 72 
Piolet = I Ryo 


= 2a} (20)=[800W 
P. 


= 72 
2Q,middle ~ I; Ryo 


= (14¥(20)=[2.00W | 


Foo =I; Reo 
=(1A)(6Q)=) 6.00 W 


Picture the Problem Let /, be the current in the left branch resistor, directed up; let /; be 
the current, directed down, in the middle branch; and let J be the current in the right 


branch, directed up. We can apply Kirchhoff s rules to find J; and then the potential 


difference between points a and b. 


Relate the potential at a to the 
potential at b: 


V,-R, -4V =V, 


or 
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V-V, = RU, +4V 


Apply Kirchhoff s junction rule at a I, +1, =1, (1) 
to obtain: 
Apply the loop rule to a loop around 2v-(9), +19), -2V 
the outside of the circuit to obtain: + (1 Q) Me (1Q) J, =0 

or 

I,-1, =0 (2) 
Apply the loop rule to the left side 2V- (1 o) i (4 Q) 34V 
of the circuit to obtain: = (1 Q) 7, =0 

or 

-(9), -(2Q)/, =1V (3) 
Solve equations (1), (2), and (3) I, =-0.200A, 
simultaneously to obtain: I, =—0.200A , 

and 

I, = —0.400 A 


where the minus signs indicate that all the 
directions we chose for the currents were 
wrong. 


Substitute to obtain: V,-V,= (4 Q)(- 0.4 A) +4V 


=| 2.40 V 


Remarks: Note that point a is at the higher potential. 
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Picture the Problem Let £ be the emf of 

sh, : 2 , P 
the 9-V battery and 7; its internal resistance ri 91 n “2 


of 0.8 Q, and & be the emf of the 3-V Mw 


battery and r its internal resistance of 0.4 

Q. The series connection is shown to the I 
right. We can apply Kirchhoff s rules to | > 
both connections to find the currents /, and 

J delivered to the load resistor in the series 

and parallel connections. R 
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(a) Apply Kirchhoff’ s loop rule to €,-nl, +E, -RI -nI =90 
the batteries connected in series: 


Solve for J, to obtain: 


Suppose the two batteries are 
connected in parallel and their 
terminals are then connected to R. 
Let J, be the current 

delivered by &, J be the current 
delivered by &, and /, the current 


through the load resistor R in the 


parallel connection. R 

Apply the junction rule at a to L+L=1 (1) 

obtain: 

Apply the loop rule to a loop around E- RI, -n4 =0 

the outside of the circuit: or 
9V-RI, -(0.8Q)/, =0 (2) 

Apply the loop rule to loop 2 to E-E, +r, -nl =0 

obtain: or 
9V-3V+(0.49), - (0.89), =0 
or 


6V =+ (0.49), - (0.89), =0 63) 


Eliminate /, between equations (1) [,=5A+41 i (4) 
and (3) to obtain: 


Substitute equation (4) in equation ie T5V 
(2) and solve for J, to obtain: P? |15R+04Q 


(b) Evaluate J, and J, for yi (R =0.2 Q) = 12V 
R=0.2Q: 1.204+0.20 


-[857A | 


and 
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(c), (d), and (e) Proceed as in (b) to 
complete the table to the right: 


I (R =0.2Q)= e. 
? 1.5(0.209)+0.4Q 
=|10.7A 
R I L, 
(Q) (A) (A) 
(c) 0.6 6.67 5.77 
(d) 1.0 5.45 3.95 
(e) 1.5 4.44 2.83 


Note that for R =0.4 Q, I, = J, =7.5 A. When R > 0.4Q, the series 


connection gives the larger current through R. 


Ammeters and Voltmeters 
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Picture the Problem Let / be the current drawn from source and Req the resistance 
equivalent to R and 10 MQ connected in parallel and apply Kirchhoff’ s loop rule to 
express the measured voltage V across R as a function of R. 


The voltage measured by the 
voltmeter is given by: 


Apply Kirchhoff s loop rule to the 
circuit to obtain: 


Solve for J: 


Express Req in terms of R and 


10-MQ resistance in parallel with it: 


Solve for Reg: 


Substitute for Jin equation (1) and 
simplify to obtain: 


Substitute for Req and simplify to 
obtain: 


V =IR (1) 


eq 


10V -IR,, -1(2R) =0 


_ 10V 
R,,+2R 
1 1 1 
= + 
R, 10MQ R 
_ (1OMQ)R 
1 R+10MQ 
r-( 10V Jk- LA 
R,,+2R lac 
Ra 
= (10 V)(5MQ) i) 


R+15MQ 
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(a) Evaluate equation (2) for 
R=1kO: 


(b) Evaluate equation (2) for 
R=10kQ: = 


(c) Evaluate equation (2) for 


(1OV)(S5MQ) _ 
1kQ+15MQ =[3.33V | 
(1OV)(SMQ) | 
10kQ+15MQ =[333V | 
(1OV)(SMQ) _ 
1IMQ+15MQ =[3.13V] 
=| 2.00V 


=| 0.435 V 


R =1 MQ: = 
(d) Evaluate equation (2) for (lov )(5 MQ) 
ane ~ 10MQ+15MQ — 
(e) Evaluate equation (2) for (10 V)(5 MQ) 
fe ~ 100MQ+15MQ — 
(f) Express the condition that the Vae —V V 
measured voltage to be within 10 y =l V <0.1 
percent of the true voltage Virue! a as 
Substitute for V and Vie to obtain: (1 0 V)(5 MQ) 

1 R+15MQ söi 

IR 
or, because Z = 10 V/3R, 
(10V)(5MQ) 
oe 55, 
—V 
3 

Solve for R to obtain: 1.5MQ 

R< =| 1.67MQ 
106 ee 
Picture the Problem The diagram shows a 
voltmeter connected in parallel with a 
galvanometer movement whose internal 
resistance is R. We can apply Kirchhoff s 
loop rule to express R in terms of J and V. 

V 

Apply Kirchhoff s loop rule to the V-IR=0 
loop that includes the galvanometer 
movement and the voltmeter: 
Solve for R: V 

R = T 
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Substitute numerical values and evaluate R: 
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Picture the Problem When there is a 
voltage drop of 0.25 V across this 
galvanometer, the meter reads full scale. 
The diagram shows the galvanometer 
movement with a resistor of resistance r in 
parallel. The purpose of this resistor is to 
limit the current through the movement to 
I, = 50 uA. We can apply Kirchhoff s loop 
tule to the circuit fragment containing the 
galvanometer movement and the shunt 
resistor to derive an expression for r. 


Apply Kirchhoff’s loop rule to the 
circuit fragment to obtain: 


Apply Kirchhoff s junction rule at 
point a to obtain: 


Substitute for Z, in the loop equation: 


Solve for r: 


Substitute numerical values and 
evaluate r: 
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409 


where RI, = 0.25 V 


0.25V 
"= 100mA —50 vA =[2509] 


Picture the Problem The circuit diagram shows the ammeter connected in series with a 
100-Q resistor and a 10-V power supply. We can apply Kirchhoff’s rules to obtain an 
expression for / as a function of 7, J,, the potential difference provided by the source, and 


the resistance of the series resistor. 
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(a) Apply Kirchhoff’ s loop rule to 10V— (1 00 o) —rI, =0 
the inner loop of the circuit to 
obtain: 
Apply Kirchhoff’s junction rule at I =I-I 
point a to obtain: ° 
Substitute for 7, in the loop equation: 10V- (1 00 Q) — r(I = L) =0 
Solve for Z: 10V +r, 
D e 1 
1009 +r o 
In Problem 107 it was established 10V + (2.50 Q)(50 LA) 
that r = 2.50 Q. Substitute numerical i 100Q+2.50Q 
values and evaluate J: 
=| 97.6mA 
(b) Under these conditions, equation [Ver 
(1) becomes: = 10Q4r 
Substitute numerical values and 1V + (2.50 Q)(50 LA) 
evaluate Z: is 109 +2.50Q 


- [800A] 


Remarks: Our result in (b) differs from that obtained in (a) by about 18 percent. 
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Picture the Problem The circuit diagram 
shows a fragment of a circuit in which a 
resistor of resistance r is connected in 
series with the meter movement of Problem 
106. The purpose of this resistor is to limit 
the current through the galvanometer 
movement to 50 wA and to produce a 
deflection of the galvanometer movement 
that is a measure of the potential difference 
V. We can apply Kirchhoff’s loop rule to 
express r in terms of V,, I, and R. 


Apply Kirchhoff s loop rule to the 
circuit fragment to obtain: 


Solve for r: V-RI, y 
=—-R (1) 
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Use Ohm’s law to relate the current V, V, 

I, through the galvanometer I= R > R= a 
movement to the potential g 
difference V, across it: 

Use the values for V, and /, given in 0.25V 

Problem 106 to evaluate R: R= 50 uA = 50002 


Substitute numerical values in 10V 


equation (1) and evaluate r: 50 nA -50009 =| 195KQ 


Remarks: The total series resistance is the sum of r and R or 200 kQ. 
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Picture the Problem The voltmeter shown 

in Figure 25-64 is equivalent to a resistor 

of resistance R, = 200 kQ as shown in the 

circuit diagram to the right. The voltage 

reading across R; is given by V, = IR . We e 
can use Kirchhoff s loop rule and the 

expression for the equivalent resistance of 

two resistors in parallel to find Z. 


The voltage reading across R; is V =IR 
given by: 
Apply Kirchhoff s loop rule to the & —IR,, —1R, =0 
loop including the source, R, and 
Ra: 
Solve for / to obtain: I= E 
Ra +R, 

Substitute for / in the expression for V = ER, (1) 
Vi: ' Roq + R, 
Express Req in terms of R; and R,: R = RR, 

“a RR, 

i i 200 kQ){200kQ 

Substitute numerical values and pe (200kQ)(200kQ) ~100kO 


evaluate Reg: “a 200kQ+200kQ 
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Substitute numerical values in 
equation (1) and evaluate V1: 


RC Circuits 
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_ (10V)(200kQ) _ 
a 200kQ+200kQ — 


Picture the Problem We can use the definition of capacitance to find the initial charge on 


the capacitor and Ohm’s law to find the initial current in the circuit. We can find the time 


constant of the circuit using its definition and the charge on the capacitor after 6 ms using 


olt) = Qe" . 


(a) Use the definition of capacitance 
to find the initial charge on the 
capacitor: 


(b) Apply Ohm’s law to the resistor 
to obtain: 


(c) Use its definition to find the time 


constant of the circuit: 


(d) Express the charge on the 
capacitor as a function of time: 


Substitute numerical values and 
evaluate O(6 ms): 
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O, = CV, =(6 uF)(100 V )=| 600 4C 


V, _ 100V 
I, = =—— =| 0.200A 
° R 5002 [0.2004 | 
t = RC =(500Q)(6 uF) =| 3.00 ms | 


olt) = Qe" 


O(6 ms) = (600 uC )e 6/9” = 


Picture the Problem We can use U, =4+CV, to find the initial energy stored in the 


capacitor and U (t) =1C (Ve OY with Vo (t) = Vie"! “to show that U = Upe ” ^. 


(a) The initial energy stored in the 
capacitor is given by: 


(b) Express the energy stored in the 
discharging capacitor as a function 
of time: 


U, =4+CV7 
=4(6 4F)(100 VÝ =| 30.0 mJ 
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Substitute to obtain: 


u(t)=4C(V,e%") 


Ta 


Z LCVJe — Ce 


72 


(c) A graph of U versus ź is shown below. U is in units of Up and ¢ is in units of 7. 


1.0 


0.8 


0.4 


0.2 


= 


0.0 
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Picture the Problem We can find the resistance of the circuit from its time constant and 


use Ohm’s law and the expression for the current in a charging RC circuit to express Tas a 


function of time, Vo, and V(£). 


Express the resistance of the resistor 
in terms of the time constant of the 
circuit: 


Using Ohm’s law, express the 
voltage drop across the resistor as a 
function of time: 


Express the current in the circuit as 
a function of the elapsed time after 


the switch is closed: 


Substitute to obtain: 


I(t)=Ie“" 


V(t)=Te""R=(1,R)e" 


(1) 


=pe”" 
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Take the natural logarithm of both 


sides of the equation and solve for T 
to obtain: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate R using the data given for t 
=4s: 
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_ t 
“EP 
pe As 


2.18MQ 


Picture the Problem We can find the resistance of the circuit from its time constant and 


use the expression for the charge on a discharging capacitor as a function of time to 


express Tas a function of time, Qo, and Q(f). 


Express the effective resistance 
across the capacitor in terms of the 
time constant of the circuit: 


Express the charge on the capacitor 
as a function of the elapsed time 
after the switch is closed: 

Take the natural logarithm of both 
sides of the equation and solve for T 
to obtain: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate R: 
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R-2 
C 
Olt) = Oye” 
reum 
in LU) 
Q, 
Pas i 
Cm2 
Q, 
R=- 4s 
(0.12 4F)In 


(1) 


48.1MQ 


Picture the Problem We can use the definition of capacitance to find the final charge on 


the capacitor and olt) =Q; (1 -e™” 2 to express the charge on the capacitor as a function 


of time. In part (b) we can let Q(t) = 0.990; and solve for ¢ to find the time required for the 


‘Electric Current and Direct-Current Circuits 415 


capacitor to reach 99% of its final charge. 


(a) After a very long time has 
elapsed, the capacitor will be fully 
charged. Use the definition of 
capacitance to find its charge: 


(b) Express the charge on the 
capacitor as a function of time: 


When Q = 0.990; 


Take the natural logarithm of both 
sides of the equation and solve for t 
to obtain: 


Substitute numerical values and 
evaluate ¢: 
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Q; = CV =(1.6 uF)(5V)=| 8.00 uC 


O(t)=0,(1-e*") 


where T= RC. 


0.990, =O, (I-e*"") 


or 
0.01=e"" 
t = -RC In(0.01) 


t = -(10KQ)(1.6 4F)In(0.01) 
=| 73.7 ms 


Picture the Problem We can use Kirchhoff’ s loop rule (conservation of energy) to find 
both the initial and steady-state currents drawn from the battery and Ohm’s law to find the 


maximum voltage across the capacitor. 


(a) Apply Kirchhoff s loop rule to a 
loop around the outside of the 
circuit to obtain: 


Because the capacitor initially is 
uncharged: 


(b) When a long time has passed: 


Apply Kirchhoff’ s loop rule to a 
loop that includes the source and 
both resistors to obtain: 


E—-(1.2MQ)I, -Va =0 


Veg = 0 


and 


E€ 120V 


i= = =| 0.100mA 
1.2MQ 1.2MQ 


Io, =0 


00 


€ —(1.2MO)Z, —(600kQ)/,, = 0 
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Solve for and evaluate 7%: I=- E 
” 1.2MQ+600kQ 
12 
= A __. =| 66.7 uA 
1.2MQ+600kQ 
(c) The maximum voltage across the Vow = 1o Reoorn 
capacitor equals the potential = (66.7 uA) (600 KO) 


difference across the 600-kQ under -[400V 


steady-state conditions. Apply 
Ohm’s law to obtain: 
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Picture the Problem We can use Q(t) = Q; (1 ae ) =CE (1 -e” F} to find the charge 


on the capacitor at t = r and differentiate this expression with respect to time to find the 
rate at which the charge is increasing (the current). The power supplied by the battery is 
given by P, = /,€ and the power dissipated in the resistor by Pk, = / as R. In part (f) we 
can differentiate U (t) =Q’ (t)/ 2C with respect to time and evaluate the derivative at t= T 


to find the rate at which the energy stored in the capacitor is increasing. 


(a) Express the charge Q on the olt) =Q; (1 Be ) =CE (1 — e” k) (1) 

capacitor as a function of time: where r= RC. 

Evaluate O( 7) to obtain: r)=(1.5 uF )\(6V)1—e" )= 5.69 uC 
4l 

(b) and (c) Differentiate equation (1) do(t ) -J =] e" 

with respect to ¢ to obtain: dt : 

Apply Kirchhoff’s loop rule to the E— RI, -Vo = 0 


circuit just after the circuit is 
completed to obtain: 


Because Vco = 0 we have: I= E 

ea 

R 
Substitute to obtain: do(t ) _ E h 
L E 

dt R 
Substitute numerical values and I(t) = 6V e” =] 1.10 nA 
evaluate I(7): 2MQ 
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(d) Express the power supplied by P(t) = I(c)é = (1 10 UCI/s)(6 v) 


the battery as the product of its emf =| 6.60 uW 


and the current drawn from it at t = 


ț 
(e) The power dissipated in the P; (t) =]? (c)R 
resistor is given by: = (1.10 4AF (2 MQ) =| 2.42 uW 
(f) Express the energy stored in the Or(t ) 
U(t)== 
capacitor as a function of time: IC 
Differentiate this expression with dU (t ) _ ld [27(0)| 
respect to time to obtain: dt 2C dt 
al dole) 
L eo) 
Olt) 
=—T 
Mi r) 
Evaluate this expression when dU (t ) = O(c) 1(c) 
t= tto obtain: dt C 
5.69 uC 
= 1.10 
a a 


Remarks: Note that our answer for part (f) is the difference between the power delivered by 
the battery at t = cand the rate at which energy is dissipated in the resistor at the same time. 
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Picture the Problem We can apply Kirchhoff’s junction rule to find the current in each 


branch of this circuit and then use the loop rule to obtain equations solvable for Ri, R2, and 
R3. 


(a) Apply Kirchhoff’s junction rule La = Loa Fok (1) 
at the junction of the 5-wF capacitor 

and the 10-Q and 50-Q resistors 

under steady-state conditions: 


Because the potential differences I = 
across the 5-„4F capacitor and the ve 10Q 10Q 
10-Q resistor are the same: 
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Express the potential difference Vas Q; 

: C= ae 
across the capacitor to its steady- C 
state charge: 


Substitute to obtain: I Q, 
109 
(109)C 
Substitute i ti 1) t tain: 
ubstitute in equation (1) to obtain Tha = Q, +5A 
(109)c 

Substitute numerical values and 1000 uC 

La = TON HOA =| 25.0A 
evaluate Jat: j (1 0 9)(5 LE) 
(b) Use Kirchhoff’s junction rule to ILo =10A, 
find the currents J; o, /p3, and Jp): Ik =15A, 

and 

Ip =la = 259A 
Apply the loop rule to the loop that 310V- (25 A)R, — (5 A (50 Q) 
includes the battery, R,, and the 50- = (10 A)(5 Q) =0 
Q and 5-Q resistors: 
Solve for R; to obtain: R =| 0.400Q 
Apply the loop rule to the loop that 310V- (25 A )(0. 4 Q) — (20 A)(10Q) 
includes the battery, R,, the 10-Q -(1 5 A)R, =0 
resistor and R3: 
Solve for R; to obtain: R, =| 6.67Q 
Apply the loop rule to the loop that - (20 A)(10Q)- (5 A)R, 
includes the 10-Q and 50-Q +(5A)(50Q)=0 


resistors and R3: 


Solve for R» to obtain: R, =| 10.00 
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Picture the Problem We can solve Equation 25-35 for dO/dt and separate the variables 
in order to obtain the equation given above. Integrating this differential equation will 
yield Equation 25-36. 
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Solve Equation 25-35 for dQ/dt to 
obtain: 


Separate the variables to obtain: 


Integrate dO’ from 0 to Q and dť' 
from 0 to £: 


Transform from logarithmic to 
exponential form to obtain: 


Solve for Q to obtain Equation 25- 
36: 
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dQ _&-9 
dt RC 
a 
EC-Q_ RC 
jade = fay 
v EC-Q' RC 
and 
A£- 
EC-Q RC 
EC _ ore 
EC-O 


o= acto") [ote] 


Picture the Problem We can find the time-to-discharge by expressing the voltage across 


the capacitor as a function of time and solving for t. We can use U (t) = 5C v(t) to find 


the energy released/stored in the capacitor when the lamp flashes. In part (c) we can 


integrate dU} = edi(t) to find the energy supplied by the battery during the charging 


cycle. 


(a) Express the voltage across the 
capacitor as a function of time: 


Solve for ¢ to obtain: 


Substitute numerical values and 
evaluate t: 


(b) Express the energy stored in the 
capacitor as a function of time: 


t =—-(18kQ)(0.15 uy - a 


=| 4.06 ms 
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Substitute for V(t) to obtain: U(t) `- CV; (1 — et! RC y 


Substitute numerical values and evaluate U(4.06 ms): 


U(4.06 ms) = £ (0.15 4E) (9 VY (1 — e toes 490015) P1367 


t 2t 
Ura (t)= E [10de = fear’ 


0 0 


(c) Relate the energy provided by 
the battery to its emf and the current 
it delivers: 


-£ [ecto] 


=Cé*(l-e"") 


Substitute numerical values and evaluate Upa(4.06 ms): 


Uy, (4.06 ms) = (0.15 uF)(9 VÝ (1 = e406 8#91015°)) -T 9.45 pad 


Express the fraction f of the energy f Ur 
supplied by the battery during the U 
charging cycle that is dissipated in 

the resistor: 


Use conservation of energy to relate Uat =U, +U fash 

the energy supplied by the battery to or 

the energy dissipated in the resistor Up =U pa —U hasn 

and the energy released when the 

lamp flashes: 

Substitute to obtain: Fe Uba U nash _ 1 U fash 
U pat U pat 

Substitute numerical values and f= 3674] _ _ [61.2% | 2% 

evaluate f: 9.45 uw 
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Picture the Problem Let R; = 200 QO, R, = 600 Q, J, and J, their currents, and /; the 
current into the capacitor. We can apply Kirchhoff’s loop rule to find the initial battery 
current Jo and the battery current J» a long time after the switch is closed. In part (c) we 
can apply both the loop and junction rules to obtain equations that we can use to obtain a 
linear differential equation with constant coefficients describing the current in the 600-Q 
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resistor as a function of time. We can solve this differential equation by assuming a 


solution of a given form, differentiating this assumed solution and substituting it and its 


derivative in the differential equation. Equating coefficients, requiring the solution to hold 


for all values of the assumed constants, and invoking an initial condition will allow us to 


find the constants in the assumed solution. 


(a) Apply Kirchhoff s loop rule to 
the circuit at the instant the switch is 
closed: 


Because the capacitor is initially 
uncharged: 


Solve for and evaluate Jp: 


(b) Apply Kirchhoff s loop rule to 
the circuit after a long time has 
passed: 


Solve for Z» to obtain: 


(c) Apply the junction rule at the 
junction between the 200-Q resistor 
and the capacitor to obtain: 

Apply the loop rule to the loop 
containing the source, the 200-Q 
resistor and the capacitor to obtain: 


Apply the loop rule to the loop 
containing the 600-Q resistor and 
the capacitor to obtain: 


Differentiate equation (2) with 
respect to time to obtain: 


E—(200Q)I, -Va = 0 


ee eee ae 
° 2002 2002 


0.250A 


50V -(200Q)L, - (6009), = 0 


„ = =| 62.5mA 

800Q 
1, =1,41, (1) 
e-R1,-£=0 (2) 
wey ee (3) 


Lle RI, 2)=0 ai 1 dQ 
dt C dt C dt 
= — Litra 
dt C 
or 
Mily (4) 
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Differentiate equation (3) with 
respect to time to obtain: 


Using equation (1), substitute for J; 
in equation (5) to obtain: 


Solve equation (2) for J): 


Substitute for /; in equation (6) and 
simplify to obtain the differential 
equation for J: 


To solve this linear differential 
equation with constant coefficients 
we can assume a solution of the 
form: 


Differentiate /,(t) with respect to 


time to obtain: 
Substitute for and d/,/dt to obtain: 


Equate coefficients of e” 


Requiring the equation to hold for 
all values of a yields: 


If J, is to be zero when t = 0: 


to obtain: 


“|e l l1dQ , dl, 
“wal aaa ENDED ~ -R= 
dt| C C dt dt 
or 
dI, 1 
—2=—] 5 
dt C? ©) 
7 | 
= l-I 6 
T 2) (6) 
7 -2-Q/C_8-RJ, 
R, R 
dI, __1 (E-RI, _; 
dt RC\ R i 
_ E R +R, I 
RRC \ RRC)’ 
L(t)=at+be"" (7) 
dl, etl a ple 
d = “abe |= 
b »  € ae (artet) 
T RRC | RR,C 
z- RRC 
R +R, 
E 
a= 
R +R, 
0=a+b 
or 
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Substitute in equation (7) to obtain: I (t) z E E Paid 
oN OR +R, OR, +R, 
ee (1 aes ) 
R +R, 
where 


-RRC _ (2002)(600Q)(5 uF) 
R +R, 2002 +6000 


=0.750ms 
Substitute numerical values and L ( t) = 50V (1 gees) 
evaluate 1,(t): 2000 + 600Q 


=| (62.5ma)(l-e"™) 


122 eee 
Picture the Problem Let R; represent the 1.2-MQ resistor and R the 600-kQ resistor. 
Immediately after switch S is closed, the capacitor has zero charge and so the potential 
difference across it (and the 600 kQ-resistor) is zero. A long time after the switch is 
closed, the capacitor will be fully charged and the potential difference across it will be 
given by both O/C and J,.R2. When the switch is opened after having been closed for a 
long time, both the source and the 1.2-MQ resistor will be out of the circuit and the fully 
charged capacitor will discharge through R;. We can use Kirchhoff’s loop to find the 
currents drawn from the source immediately after the switch is closed and a long time 
after the switch is closed, as well as the current in the RC circuit when the switch is again 
opened and the capacitor discharges through Ro. 


(a) Apply Kirchhoff s loop rule to &—-1,R, -Vao =0 
the circuit immediately after the or, because Vco = 0, 
switch is closed to obtain: E-I R =0 
Solve for and evaluate Jo: é 50V 
I =—= =| 41.7 uA 
0 R 1.2MQ [41.7 uA | 
(b) Apply Kirchhoff s loop rule to &-1,R,—1,R, =0 


the circuit a long time after the 
switch is closed to obtain: 
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Solve for and evaluate J.,: I= E 
°” RFR, 
= y =| 27.8 4A 
L2MQ=+600kQ E 
(c) Apply Kirchhoff’s loop rule to Ve (t ) -R1 (t) =0 
the RC circuit sometime after the or 
switch is opened and solve for /(#) to I (t) Ve (t) 
obtain: OR, 
Substitute for V-(2): r(e) a Vow gift -je 


2 


where T= RoC. 


Substitute numerical values to I (t) = (27.8 LA )e! Co N25) 
obtain: = (27 g pAje ts 
123 see 


Picture the Problem In part (a) we can apply Kirchhoff’s loop rule to the circuit 
immediately after the switch is closed in order to find the initial current Jọ. We can find the 
time at which the voltage across the capacitor is 24 V by again applying Kirchhoff s loop 
tule to find the voltage across the resistor when this condition is satisfied and then using 
the expression / (t) =f Pea “for the current through the resistor as a function of time and 


solving for ¢. 


(a) Apply Kirchhoff’s loop rule to &-12V—-I,R=0 
the circuit immediately after the 
switch is closed: 


Solve for and evaluate Jp: — &-12V 
° R 
36V -12V 
== =| 48.0 
0.5MQ = 
(b) Apply Kirchhoff’s loop rule to 36V—-24V-I (t)R =0 
the circuit when Vc = 24 V and and 
solve for Vr: I(t)R =12V 
Express the current through the I (t) =f Aa . 


resistor as a function of J) and T: where r= RC. 
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Substitute to obtain: RI“ =12V 

or 

ott = 12V 

RI, 

Take the natural logarithm of both ft In 12V 
sides of the equation to obtain: T RI, 
Solve for t: 

t=-tlIn = =—-RCIn e 

RI; RI, 


Substitute numerical values and evaluate f: 


t =-(0.5MQ)(2.5 ui) Gs ail = 


124 eve 
Picture the Problem In part (a) we can apply Kirchhoff’s loop rule to the circuit 
immediately after the switch is closed in order to find the initial current Jp. We can find the 
time at which the voltage across the capacitor is 24 V by again applying Kirchhoff’s loop 
tule to find the voltage across the resistor when this condition is satisfied and then using 
the expression / (t) =f a “for the current through the resistor as a function of time and 


solving for t. 


(a) Apply Kirchhoff s loop rule to €+12V-1,R=0 
the circuit immediately after the 
switch is closed: 


Solve for and evaluate Jp: I= E+12V 
° R 
36V +12V 
= ———— =| 96.0 
oe E] 
(b) Apply Kirchhoff s loop rule to 36V -24V -I(t)ÀR=0 
the circuit when Vc = 24 V and solve and 
for Vp: I(t)R =12V 
Express the current through the I (t) =f e” 7 


resistor as a function of J, and T: where t= RC. 
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Substitute to obtain: Rie“ =12V 
or 
ott = 12V 
RI, 
Take the natural logarithm of both ft In 12V 
sides of the equation to obtain: T RI, 
Solve for t: 12 
t=-tlIn = =—-RCIn cand 
RI; RI 


Substitute numerical values and evaluate t: 


t = -(0.5 MQ) (2.5 ui) E Aer 5 = 


General Problems 
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Determine the Concept Because all of the current drawn from the battery passes through 
Rı, we know that /; is greater than J and J. Because R? + R3, h #1; and so (b) is false. 


Because R; > R», b < h and so (c) is false. | (a) is correct. 


126 œe A 25-W lightbulb is connected in series with a 100-W lightbulb and a voltage 
V is placed across the combination. Which lightbulb is brighter? Explain. 


Determine the Concept The 25-W bulb will be brighter. The brightness of a bulb is 
proportional to the power it dissipates. The resistance of the 25-W bulb is greater than 
that of the 100-W bulb, and in the series combination, the same current J flows through 
the bulbs. Hence, /7R>; > 17 R100. 


127 œ 
Picture the Problem We can apply Ohm’s law to find the current drawn from the battery 
and use Kirchhoff’s loop rule to find the current in the 6-Q resistor. 


Using Ohm’s law, express the iz E 

current /; drawn from the battery: i a 

Find Req: R -40 CDO) g0 
eq 


604120 
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Substitute and evaluate /1: ee 24V _ 3A 
80 
Apply Kirchhoff’s loop rule to a 24V- (4 Q)GB A) 5 (6 9); =0 


loop that includes the battery and the 
4-Q and 6-Q resistors: 


Solve for J to obtain: I, =2A and | (5) is correct. 


128 ° 
Picture the Problem We can use P = I7 „R to find the maximum current the resistor 


can tolerate and Ohm’s law to find the voltage across the resistor that will produce this 


current. 


(a) Relate the maximum current the P=I ZR 
resistor can tolerate to its power and 
resistance: 


Solve for and evaluate Zmax: P 5W 
IT. =, — = |[— =| 0.707A 
M ETA 


(b) Use Ohm’s law to relate the V =1,R = (0.707 A)(10Q) = 


voltage across the resistor to this 
maximum current: 


129 °« 

Picture the Problem We can use Ohm’s law to find the short-circuit current drawn from 
the battery and the relationship between the terminal potential difference, the emf of the 
battery, and the current being drawn from it to find the terminal voltage when the battery 
is delivering a current of 20 A. 


(a) Apply Ohm’s law to the shorted l= €_12V _ 300A 
battery to find the short-circuit S r 0.40 : 
current: 

(b) Express the terminal voltage as Vem =E- 


the difference between the emf of 
the battery and the current being 
drawn from it: 
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Substitute numerical values and 
evaluate Viem: 


130 


Vm =12V -(20A)(0.4Q) = 


Picture the Problem We can use Kirchhoff’s loop rule to obtain two equations relating ¢ 


and r that we can solve simultaneously to find these quantities. 


Use Kirchhoff’s loop rule to relate 
the emf of the battery to the current 
drawn from it and the internal and 
external resistance: 


When /= 1.80 A and a 7.0-O 
resistor is connected across the 
battery terminals equation (1) 
becomes: 


When J = 2.20 A and a 12-Q resistor 
is connected in parallel with the 7.0- 


Q resistor: 


Find the equivalent resistance: 


Substitute to obtain: 


Solve equations (2) and (3) 
simultaneously to obtain: 
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€—-IR-Ir=0 (1) 


E-(1.8A)(7Q)-(1.8A)r=0 


E-12.6V-(l.8A)r=0 © 


E —(2.2A)R,, —(2.2A)r =0 


q= (72129) _4 yo 
"704120 


E —(2.2A\(4.42Q)-(2.2A)r =0 


or 


E-9.72V-(2.2A)r=0 (3) 


E =| 25.5V |and r=] 7.19Q 


Picture the Problem We can apply Kirchhoff’s loop rule to the circuit that includes the 


box and the 21-V source to obtain two equations in the unknowns <€ and R that we can 


solve simultaneously. 
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Apply Kirchhoff’s loop rule to the 2Z1V+Ee (LA)R =0 
circuit when the polarity of the 21- 

V source and the direction of the 

current are as shown in the diagram: 


Apply Kirchhoff’s loop rule to the —-21V+é&+ (2 A)R =() 
circuit when the polarity of the 

source is reversed and the current is 

2 A in the opposite direction: 


Solve these equations R= and € = 


simultaneously to obtain: 


132 » 

Picture the Problem When the switch is closed, the initial potential differences across 
the capacitors are zero (they have no charge) and the resistors in the bridge portion of the 
circuit are in parallel. When a long time has passed, the current through the capacitors will 
be zero and the resistors will be in series. In both cases, the application of Kirchhoff s 
loop rule to the entire circuit will yield the current in the circuit. To find the final charges 
on the capacitors we can use the definition of capacitance and apply Kirchhoff’s loop rule 
to the loops containing two resistors and a capacitor to find the potential differences 
across the capacitors. 


(a) Apply Kirchhoff’s loop rule to 50V—1,(10Q)-J,R,, = 0 
the circuit immediately after the 
switch is closed: 


Solve for Jp: z 50V 
°? 100+R,, 
Find the equivalent resistance of 15 1 _ 1 1 P 1 
Q, 12 Q, and 15 Q in parallel: Raq 15Q 120 15Q 
and 
R,, = 4.620 
Substitute for Req and evaluate Jo: h= 50V _[340A 
100+4.62Q0 
(b) Apply Kirchhoff’s loop rule to 50V -I, (109)- LR =0 


the circuit a long time after the 
switch is closed: 
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Solve for I»: 


Find the equivalent resistance of 15 
Q, 12 Q, and 15 Q in series: 


Substitute for Req and evaluate 7»: 


(c) Using the definition of 
capacitance, express the charge on 
the capacitors in terms of their final 
potential differences: 


Apply Kirchhoff’s loop rule to the 

loop containing the 15-Q and 12-Q 
resistors and the 10 uF capacitor to 
obtain: 


Solve for Vio yr: 


Substitute in equation (1) and 
evaluate Q10 yr: 


Apply Kirchhoff’s loop rule to the 
loop containing the 15-Q and 12-Q 
resistors and the 5 wF capacitor to 
obtain: 


Solve for Vs yr: 


Substitute in equation (2) and 
evaluate Os r: 
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7 -50V 
” 100+R,, 


Ra =15Q4120415Q = 420 


50V 
ne Ton aaa eA] 


Ovo = Cio eM hior (1) 
and 
Q; LE T C; us LE (2) 


Vig we ~(ISQUL, -(12Q9)7, =0 


Vior = (279). 


Qor = Coo (27 oJI, 
= (10 4F)(27 Q) (0.962 A) 


260 4C 


V, ¢ (159), - (129), =0 


Vs r = (27 OM, 


Os r a C; r (27 QM, 
= (5 wF)(27 Q)(0.962 A) 


=| 130 uC 


Picture the Problem Let the current flowing through the galvanometer by Jc. By 


applying Kirchhoff’s rules to the loops including 1) R;, the galvanometer, and R,, and 2) 


R, the galvanometer, and Ro, we can obtain two equations relating the unknown 


‘Electric Current and Direct-Current Circuits 431 


resistance to Rj, Ry and Ro. Using R = pL/A will allow us to express R, in terms of the 
length of wire L; that corresponds to R, and the length of wire L, that corresponds to R2. 


Apply Kirchhoff’s loop rule to the -RI,+ RI, =0 (1) 
loop that includes R4, the 
galvanometer, and R,to obtain: 


Apply Kirchhoff’s loop rule to the -R, (r cate )+ Ro (I odes ) =0 (2) 
loop that includes R}, the 
galvanometer, and Roto obtain: 


When the bridge is balanced, RI, = RL, (3) 
Ig = 0 and equations (1) and (2) and 
become: Rf, = Rl, (4) 
Divid tion (3) b tion (4 R 

ivide equation (3) y equation (4) RER A (5) 
and solve for x to obtain: R, 

. . L 

Express R; and R2 terms of their R, = p—and R, = p=% 
lengths, cross-sectional areas, and A 


the resistivity of their wire: 


Substitute in equation (5) to obtain: ph 

R, = R — 

x a 

(a) When the bridge balances at the R =(2002 18cm -143.90 
18-cm mark, Lı = 18 cm, ° ( Jaz cm 
L, = 82 cm and: 
(b) When the bridge balances at the R= (200 Q) 60cm -|3000 
60-cm mark, Lı = 60 cm, : 40cm 
Ly = 40 cm and: 
(c) When the bridge balances at the R= (200 a cm _ 3 80kO 


95-cm mark, Lı = 95 cm, Scm 
L= 5 cm and: 


134 ». 

Picture the Problem Let the current flowing through the galvanometer by Jc. By 
applying Kirchhoff’s rules to the loops including 1) R;, the galvanometer, and R,, and 2) 
R», the galvanometer, and Ro, we can obtain two equations relating the unknown 
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resistance to Rj, Ry and Ro. Using R = pL/A will allow us to express R, in terms of the 


length of wire L, that corresponds to R and the length of wire L, that corresponds to Ro. 


To find the effect of an error of 2 mm in the location of the balance point we can use the 
relationship AR, = (dR, /dL JAL to determine AR, and then divide by R, = R, L/ (1 — L) 


to find the fractional change (error) in R, resulting from a given error in the determination 


of the balance point. 


Apply Kirchhoff’ s loop rule to the 
loop that includes Rj, the 
galvanometer, and R,to obtain: 


Apply Kirchhoff s loop rule to the 
loop that includes R», the 
galvanometer, and Ry to obtain: 


When the bridge is balanced, 
Ig = 0 and equations (1) and (2) 
become: 


Divide equation (3) by equation (4) 
and solve for x to obtain: 


Express R, and R; in terms of their 
lengths, cross-sectional areas, and 
the resistivity of their wire: 


Substitute in equation (5) to obtain: 


(a) When the bridge balances at the 
98-cm mark, Lı = 98 cm, 
L,=2 cm and: 


(b) Express R, in terms of the 
distance to the balance point: 


Express the error AR, in Rx resulting 
from an error AL in L: 


-RI +R I, =0 (1) 


-R, (I, -1g)+ Ry (Z, + 1g) =0 (2) 


RE RA (3) 
and 
RI =R, (4) 
R 
R =R.— 5 
x ° R, (5) 
L 
R =p and R, wo 
L 
RER (6) 


AR, _ AR, yy = Ryo] las 
dL dL|1-L 
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Divide AR, by R, to obtain: 


Evaluate AR,/R,. for L = 98 cm and 
AL = 2 mm: 


(c) Solve equation (6) for the ratio of 
Li to La: 


Ro : > AL 
AR, (1-Ly) 1A 
R, R, L I-LL 
Lat 
AR, _ lm 2mm _ 10.0% 
R, Im-0.98m Im 


For L, = 50 cm, L, = 50 cm, and R, = R, =9.80 kQ. Hence, a resistor of 


approximately 10 kQ will cause the bridge to balance near the 50 - cm mark. 


135 œe 


Picture the Problem Knowing the beam current and charge per proton, we can use 
I = ne to determine the number of protons striking the target per second. The energy 


deposited per second is the power delivered to the target and is given by 


P = IV. We can find the elapsed time before the target temperature rises 300C° using AQ 


= PAt = mcc, AT. 


(a) Relate the current to the number 
of protons per second n arriving at 
the target: 


Solve for and evaluate n: 


(b) Express the power of the beam in 
terms of the beam current and 
energy: 


(c) Relate the energy delivered to the 
target to its heat capacity and 


temperature change: 


Solve for At: 


af. N j 
e 1.60x10"C 
P = IV =(3.5 uA )(60MeV)=[ 2101s | 


AQ = PAt = C, AT = mc,,AT 


_ MCa AT 
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Substitute numerical values (see Kp (50 g)(0.386 kJ/kg - K)(300C°) 
Table 19-1 for the specific heat of 210J/s 
copper)and evaluate At: =) 276s 


136 ee 

Picture the Problem We can use the definition of current to express the current delivered 
by the belt in terms of the surface charge density, width, and speed of the belt. The 
minimum power needed to drive the belt can be found from P = IV. 


(a) Use its definition to express the I= dQ a dx ibe 
current carried by the belt: dt dt 

Substitute numerical values and I= (5 mC/m? \(0.5 m)(20 m/ s) 
evaluate /: =| 500mA 

(b) Express the minimum power of P=IV 

the motor in terms of the current 

delivered and the potential of the 

charge: 

Substitute numerical values and P= (50 mA)(I 00 kv) =| 5.00kW 
evaluate P: 

137 e 


Picture the Problem We can differentiate the expression relating the amount of heat 
required to produce a given temperature change with respect to time to express the mass 
flow-rate required to maintain the temperature of the coils at 50°C. We can then use the 
definition of density to find the necessary volume flow rate. 


Express the heat that must be O = MC, nee AT 
dissipated in terms of the specific 

heat and mass of the water and the 

desired temperature change of the 


water: 
Differentiate this expression with _dQ_ dm 

è i P= = water 
respect to time to obtain an dt dt 


expression for the power 
dissipation: 
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Solve for dm/dt: dm__ P 
dt = Cater AT 

Substitute for the power dissipated dm__ WV 

to obtain: dt  €.,AT 

Substitute numerical values and dm _ (1 00 A) (240 v) 

evaluate dm/dt: dt (4.18kI/kg-K)(50°C -15°C) 
= 0.164 kg/s 

Using the definition of density, dV _ 1 dm _ 0.164kg/s 

express the volume flow rate in dt pdt 10 kg/m’? 

terms of the mass flow rate to ( — ) IL 

ae =|0.164x10~ m°/s 

obtain: (o. a ) 
=| 0.164 L/s 

138 œ. 


Picture the Problem We can use the expressions for the capacitance of a dielectric- 
filled parallel-plate capacitor and the resistance of a conductor to show that RC = €opK. 


Express the capacitance of the Ke A 

dielectric-filled parallel-plate C= d 

capacitor: 

Express the resistance of a pd 

conductor with the same R= A 

dimensions: 

The product of C and R is: A 
aR =| € pK 

A d 
139 ee 


Picture the Problem We can use the expressions for the capacitance of a dielectric-filled 
cylindrical capacitor and the resistance of a cylindrical conductor to show that RC = 


E0PK. 


Express the capacitance of the 20K € 
dielectric-filled cylindrical capacitor C= 

whose inner and outer radii are rı nf =] 
and r2, respectively: n 


where £ is the length of the capacitor. 


Express the resistance of a r, 
cylindrical resistor with the same p in| — 
dimensions: R Hi 


27l 
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The product of C and R is: i 
pln) > 


2) ace 
RC= =| e pK 


2al 
nf) 
i 
This result holds independently of the geometries of the capacitor and 
the resistor. 


*140 

Picture the Problem We’ll assume that 
the capacitor is fully charged initially and 
apply Kirchhoff’s loop rule to the circuit 
fragment to obtain the differential equation 
describing the discharge of the leaky 
capacitor. We’ll show that the solution to 
this equation is the familiar expression for 
an exponential decay with time constant 

T = €0pK. 


If we think of the leaky capacitor as a resistor/capacitor combination, 


(a) | the voltage drop across the resistor must be the same as voltage drop 


across the capacitor. Hence, they must be in parallel. 


(b) Assuming that the capacitor is Q RI=0 


initially fully charged, apply 


Kirchhoff s loop rule to the circuit _ dQ 
or, because J = -—, 
fragment to obtain: dt 
Q +R dQ =0 
C dt 
Separate variables in this differential dQ = ol i 
equation to obtain: Q RC 
From Problems 138 and 139 we RC =€, PK 
have: 
Substitute for RC in the differential d_l y 
equation to obtain: Q E PK 
Integrate this equation from Q= Qe” 7 
Q' = Qo to Q to obtain: where 
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(c) Because Q/Q = 0.1: e™ =0.1 


Solve for t by taking the natural so In0.1 > t=—€, pxin0.1 
logarithm of both sides of the T 


equation: 


Substitute numerical values and evaluate t: 


t =-(8.85x10-? C? /N-m?)(9x10" Q- m)(5)In0.1=9.17x10°s =| 2.55h 
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Picture the Problem We can use its definition to find the time constant of the charging 
circuit in part (a). In part (b) we can use the expression for the potential difference as a 
function of time across a charging capacitor and utilize the hint given in the problem 
statement to show that the voltage across the capacitor increases almost linearly over the 
time required to bring the potential across the switch to its critical value. In part (c) we 
can use the result derived in part (b) to find the value of R, such that C charges from 0.2 
V to 4.2 V in 0.1 s. In part (d) we can use the expression for the potential difference as a 
function of time across a discharging capacitor to find the discharge time. Finally, in part 
(e) we can integrate I?R; over the discharge time to find the rate at which energy is 
dissipated in R, during the discharge of the capacitor and use the difference in the energy 
stored in the capacitor initially and when the switch opens to find the rate of energy 
dissipation in resistance of the capacitor. 


(a) When the capacitor is charging, T=RC= (0.5 MQ)(0.02 LF) 
the switch is open and the resistance =| 10.0 ms 


in the charging circuit is R;. Hence: 


(b) Express the voltage across the V(t) =E (1 etl i) 

charging capacitor as a function of 

time: 

Solve for the exponential term to et 1- V(t) (1) 
obtain: E 

Noting that V(t) << e, let n= Vi/e er =1-7 


e =(I-n)' = 140 


because 77 << 1. 
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Use the power series for e* to 


expand e": 


Substitute in equation (1) to obtain: 


Solve for ¢ to obtain the linear 
relationship: 


(c) Using the result derived in (b), 
relate the time At required to change 
the voltage across the capacitor by 
an amount AV to AV: 


Solve for Ri: 


Substitute numerical values and 
evaluate R): 


(d) Express the potential difference 
across the capacitor as a function of 
time: 


Solve for f¢ to obtain: 


Substitute numerical values and 
evaluate ft: 


(e) Express the rate at which energy 
is dissipated in R; as a function of its 


provided t/t <<1. 


eer perme pea) 
T E 


V(t)=—t (1) 


2 (800 V)(0.1s) 
' (0.02 uF)(4.2 V -0.2 V) 


=| 1.00GQ 


Ve (t ) = Vege" 


where 
y = RC. 
t=T nf of) = -rcn £0 G 
Voo CO 
0.2V 
t = —(0.0012)(0.02 uF )Iin| ——— 
(000122002 a) 92°) 
=| 60.9 ps 
p-^ rR, 
At 
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resistance and the current through it: 


Because the current varies with time, z V(t) 2 
we need to integrate over time to AE, = f I Rdt = J R Rat 


find AF}: > 
TR, 
2 0.105s 
1 
= £) — fea 
T R, 0.005s 


2 3 70-105s 
_(soov) 1 [Ë 
20s J 1GQ| 3 


0.005s 
=6.17x10™ J 
Substitute and evaluate P): 6.17x10 "J 
= ——___— =| 6.17nW 
1 0.1s [ 6.17 nW | 
Express the rate at which energy is P= AU 4 = Uca Uc 
dissipated in the switch resistance: > At At 
= AL =o, — 1c -¥2) 
At At 
Substitute numerical values and p= 1(0.02 LF )|(4.2 vy = (0.2 vy | 
evaluate P»: 2 60.9 ps 


- [ERT] 
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Picture the Problem We can apply both the loop and junction rules to obtain equations 
that we can use to obtain a linear differential equation with constant coefficients 
describing the current in R; as a function of time. We can solve this differential equation 
by assuming a solution of an appropriate form, differentiating this assumed solution and 
substituting it and its derivative in the differential equation. Equating coefficients, 
requiring the solution to hold for all values of the assumed constants, and invoking an 
initial condition will allow us to find the constants in the assumed solution. Once we 
know how the current varies with time in R2, we can express the potential difference 
across it (as well as across C because they are in parallel). To find the voltage across the 
capacitor at t= 8 s, we can express the dependence of the voltage on time for a 
discharging capacitor (C is discharging after t = 2 s) and evaluate this function, with a 
time constant differing from that found in (a), at t = 6 s. 
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(a) Apply the junction rule at the 
junction between the two resistors to 
obtain: 


Apply the loop rule to the loop 
containing the source, Rj, and the 
capacitor to obtain: 


Apply the loop rule to the loop 
containing R, and the capacitor to 
obtain: 


Differentiate equation (2) with 
respect to time to obtain: 


Differentiate equation (3) with 
respect to time to obtain: 


Using equation (1), substitute for /; 
in equation (5) to obtain: 


Solve equation (2) for J: 


Substitute for J; in equation (6) and 
simplify to obtain the differential 
equation for h: 


To solve this linear differential 
equation with constant coefficients we 
can assume a solution of the form: 


L=L4+L (1) 
e-R1,-2=0 (2) 
£-RJ, =0 (3) 
ac RI, 2l- R, Min 2a 
dt dt C dt 
= — Liaty =0 
dt C 
or 
dl, 1 
i=] 4 
'd C? e 
412 r|- 122, Mh ac 
dt| C C dt dt 
or 
dI, 1 
22 =] 5 
dt C? ©) 
d, 1 
= I-I 6 
dt TA 3. ©) 
roe be eR 
! R R 
d, 1 (E-R ; 
dt RC\ R ? 
_ E R +R, I 
RRC \ RRC)’ 
L(t)=a+be”" (7) 
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Differentiate /,(¢) with respect to 
time to obtain: 


Substitute for J and dh/dt to obtain: 


-t/t 


Equate coefficients of e '* to 


obtain: 


Requiring the equation to hold for 
all values of a yields: 


If J, is to be zero when t = 0: 


Substitute in equation (7) to obtain: 


Substitute numerical values and 


evaluate 7: 
Substitute numerical values and 


evaluate J,(f):- 


Because C and R, are in parallel, 
they have a common potential 
difference given by: 


Evaluate Vc att=2 s: 


a = ei, tbe”! |= Oa 
dt at T 


_b k __E (4 +R, Jerse" 


T RRC (RRC 
7a RRC 
R +R, 
E 
a — 
R +R, 
0=a+b 
or 
b=-a =- a 
R +R, 
o E a? 
=F IR R +R, 
E 
= 1- -tjt 
R +R, ( i ) 
where 
_ RRC 
R +R, 
„ - CMO)SMO)( E) _ 43. 
2MQ+5MQ 
10V 
I = 1 -t/1.43s 
20 ATER ny) 


= (1 43 uA)(ı 2 gua) 
V(t)=V,(t)= LOR, 

= (1.43 wA)(5MQ)(I- e"s) 

=(7.15V)(1- e") 


V.(2s)=(7.15V)(l-e?""*s) =5.38V 
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The voltage across the capacitor as a function of time is shown in the figure. The current 
through the 5-MQ resistor R follows the same time course, its value being Vo/(5x10°) A. 


t(s) 


(b) The value of Vc at t= 2 s has Vo (2 s) = 


already been determined to be: 


When S is opened at t = 2 s, C tT'=R,C=(5 MQ)(1 uF) = 5s 
discharges through R, with a time 
constant given by: 


Express the potential difference Vo (t) =V; pe” gn (5 38V Jet! 58 


across C as a function of time: 


Evaluate Vc at t= 8 s to obtain: Vo (8 s) = (5.38 V)e oss =| 1.62 V 


in good agreement with the graph. 
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Picture the Problem Let /; be the current 
delivered by £, J the current delivered by 
&, and J; the current through the resistor R. 
We can apply Kirchhoff’s rules to obtain 
three equations in the unknowns J), /5,and 
I, that we can solve simultaneously to find 
I. We can then express the power 
delivered by the sources to R. Setting the 
derivative of this expression equal to zero 
will allow us to solve for the value of R 
that maximizes the power delivered by the 


sources. 

Apply Kirchhoff’s junction rule at a I, +1, =I, (1) 
to obtain: 

Apply the loop rule around the é,-1,R—rf, =90 (2) 
outside 


of the circuit to obtain: 


Apply the loop rule around the é,—1,4-n1,=0 (3) 
inside of the circuit to obtain: 


Eliminate /, from equations (1) and é,-1,R —7 (1, = L) =0 (4) 
(2) to obtain: 


Solve equation (3) for J to obtain: f= &, —1,R 
<= 
h 
Substitute for J in equation (4) to -R 
D E -LR i(i 2 Eo 

obtain: r. 

2 
Solve for J; to obtain: T= En +E, 


` nr +R( +n) 
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Express the power delivered to R: 


Noting that the quantity in 
parentheses is independent of R and 
that therefore we can ignore it, 
differentiate P with respect to R and 
set the derivative equal to zero: 


Solve for R to obtain: 


To establish that this value for R 
corresponds to a maximum, we need 
to evaluate the second derivative of 
P with respect to R at R = A and 
show that this quantity is negative, 
i.e., concave downward: 


We can conclude that: 
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2 
perge En + E47, R 
nr + R(X, +n) 


| En + &,n, ; R 
r +r, (R+ A) 


where 
A= nh 
RN 
aP d| R 
dR dR|(R+AF 
d 2 
R+A-R—(R+4A 
(Re AP - RE (RA) 
(R+ A) 
_(R+A) -2R(R+ A) 
(R+ AŬ 


= 0 for extrema 


_ Ah 


5 
II 
a 


ntn 


dP d a -2R(R + A) 


dR? dR (R + A)’ 
_2R-4A 
~ (R+ A) 
and 
d’P| _ -2A ae 
dR? fea (R+ A)’ 


nr. M 
R =| —+— [maximizes the power 
ntn 


delivered by the sources. 


Picture the Problem Let Q; and Q; represent the final charges on the capacitors C; and 


C2. Knowing that charge is conserved as it is redistributed to the two capacitors and that 


the final-state potential differences across the two capacitors will be the same, we can 


obtain two equations in the unknowns Q; and Q; that we can solve simultaneously. We 
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can compare the initial and final energies stored in this system by expressing and 
simplifying their ratio. We can account for any difference between these energies by 
considering the role of the resistor in the circuit. 


(a) Relate the total charge stored O=CV, =9, + Q, (1) 
initially to the final charges Q; and 
Q> on C and C3: 


Because, in their final state, the Q E Q, (2) 
potential differences across the two Cc, G 
capacitors will be the same: 
Solve equation (2) for Q2 and C 

f h : ( ) Q ; — 9, +0, =CV, 
substitute in equation (1) to obtain: C; 
Solve for Q- to obtain: CC 

emea 
ie 
Substitute in either (1) or (2) and o c? 
in e ayar A 
solve for Q; to obtain: C +C, 
(b) Express the ratio of the initial Ue. aC HA 
and final energies of the system: U, Q? yá 5 
2 C, 2 GC 
= Che 
= ; - 
Ci CC, 
CAG OTT o 
C, C, 


Simplify this expression further to U i+ C; 
obtain: U; j C, 


or U; is greater than Urby a factor of 
1+ C/C. 


The decrease in energy equals the energy dissipated as Joule heat in 


(c) 


the resistor connecting the two capacitors. 
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Picture the Problem Let q; and q2 be the time-dependent charges on the two 


capacitors after the switches are closed. We can use Kirchhoff s loop rule and the conservai 


charge to a obtain a first-order linear differential equation describing 


the current / through R after the switches are closed. We can solve this differential equatio: 


assuming a solution of the form q, (t) =a+be and requiring that the solution satisfy the 


boundary condition that g2(0) = 0 and the differential equation 


be satisfied for all values of t. Once we know h, we can find the energy dissipated 


in the resistor as a function of time and the total energy dissipated in the resistor. 


(a) Apply Kirchhoff’s loop rule to 
the circuit to obtain: 


Apply conservation of charge during 
the redistribution of charge to 
obtain: 


Substitute for qı to obtain: 


Rearrange to obtain the first- order 
differential equation: 


Assume a solution of the form: 


Differentiate the assumed solution 
with respect to time to obtain: 


Substitute for dq2/dt and q2 in the 
differential equation to obtain: 


l _pp_ 42 <9 

C C, 

or, because J = dq2/dt, 
“1 R dq, q =0 
C, dt C, 


G dt C, 
dq, 4s C +C, _ 
dt Ce. 
q,(t)=a+be rie (1) 


‘Electric Current and Direct-Current Circuits 


Rearrange to obtain: 


If this equation is to be satisfied for 
all values of t: 


Solve for z to obtain: 


Substitute the boundary condition 
q2(0) = 0 in equation (1): 


Substitute for a and b in equation 


(1) to obtain: 


Differentiate g2(t) with respect to 
time to find the current: 


(b) Express the energy dissipated in 
the resistor as a function of time: 


(c) The energy dissipated in the 
resistor is the integral of P(t) 


|--Ze” bs G+tG, a 
T CC; 
É +C, jr b-r 
CC, 


or 
R CQ+C, 0 
T CC, 
=R ci RC, 
C +C, : 
O=a+b 
or 
b = -a = -Cho 


Vee —2t'/RC,, ' 
E=- |e RC yt =| LV2C 


0 
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between t = 0 and t =œ: 


dissipated in the resistor. 


This is exactly the difference between the initial and final stored energies 
found in the preceding problem, which confirms the statement at the end 


of that problem that the difference in the stored energies equals the energy 
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Picture the Problem We can apply Kirchhoff s loop rule to find the initial current drawn 


from the battery and the current drawn from the battery a long time after Sı is closed. We 


can also use the loop rule to find the final voltages across the capacitors and the current in 


the 150-Q resistor when Sz is opened after having been closed for a long time. 


(a) Apply Kirchhoff’ s loop rule to 
the loop that includes the source, the 
100-Q resistor, and the capacitor 
immediately after S; is closed to 
obtain: 


Because the capacitor is initially 
uncharged: 


Solve for and evaluate /,.,(0): 


(b) Apply Kirchhoff s loop rule to 
the loop that includes the source, the 
100-Q, 50-Q, and 150-© resistor a 


long time after Sı is closed to obtain: 


Solve for and evaluate J/,,: 


(c) Apply Kirchhoff s loop rule to 
the loop that includes the source, the 
100-Q resistor, and C; a long time 
after both switches are closed to 
obtain: 


12V -J,,,(0)(100Q)-V,,, =0 


Vong = 0 
and 


12V -1,,,(0)(100Q)=0 


12V 
T,q:(0) = mgg 7212A 


12V -7,(1009)-7,(509) 
-1,(1509)=0 


12V 


Ee =| 40.0mA 
1002+ 502+1500 


12V -J,,,(100Q)-V, =0 


bat 
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Solve for and evaluate Vc: Voa =12 V- (40 mA)(1 00 Q) = 


(d) Apply Kirchhoff’s loop rule to -Vo + I,y(150Q) = 0 
the loop that includes the 150-Q 

resistor and C; a long time after both 

switches are closed to obtain: 


Solve for and evaluate Vy: Vo = Í pat (150 Q) = (40 mA)(I 50 Q) 
- 
(e) Apply Kirchhoff’s loop rule to Vo, (t) -1 (t)(150 Q) =0 
the loop that includes the 150-Q ae 
resistor and C} after S. is opened to Ve (0)e _ 1(t)(150 Q) =() 
obtain: i 
Solve for J(f) to obtain: re) 2 Vo, (0) ott = 6V prtl('300)(50 8) 
1509 1509 


= (40 mA )et/750"s 
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Picture the Problem We can use the definition of differential resistance and the 
expression for the diode current given in problem 54 to express Ra and establish the 
required results. 


The differential resistance Rg is dV dry? 
given by: = T = (Z) 
From Problem 54, the current in the =f, Cha = 1) (1) 
diode is given by: 
Substitute for / to obtain: d -1 
V/25mV 
Ri -| inke / -1}} 
(2) 
= 25mV eV /25mv 
L 

For V > 0.6 V, equation (1) Ta pons 
becomes: 


Solve for the exponential factor to 


: V/25mV I -V/25mV | I 
obtain: e a a S 


I, I 
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Substitute in equation (2) to obtain: 25mV I, 25mV 
Ræ z 
t h I I 


Examination of equation (2) shows that, for V <0, R, increases exponentially. 
This result, together with that for V > 0.6 V, justifies the assumptions made in 
Problem 55. 


148 œ». 
Picture the Problem We can approximate the slope of the graph in Figure 25-77 and 
take its reciprocal to obtain values for Ra that we can plot as a function of V. 


Use the graph in Figure 25-77 to complete V(V) | RaQ) 

the table to the right. 0 6.67 
0.1 17.9 
0.3 | -75.2 
0.4 42.9 
0.5 8 


The following graph was plotted using a spreadsheet program. 


40 


R a (ohms) 


0.0 0.1 0.2 0.3 0.4 0.5 
V (V) 


The differential resistance becomes negative at approximately 0.14 V. 
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Picture the Problem We can use the definition of current to find the number of 


electrons accelerated in each pulse and the average current in the beam. The 
average and peak power of the accelerator can be found using P, = /,,V and 
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P 


peak 


= £ peak 
(a) Use the definition of current to 
relate the number of electrons 
accelerated in each pulse to the 
duration of the pulse: 


Solve for and evaluate n: 


(b) Using the definition of current 
we have: 


(c) Express the average power 
output in terms of the average 
current: 


(d) Express the peak power output 
in terms of the pulse current: 


(e) The duty factor is defined to be: 


V and the duty factor from its definition. 


| ee 
pise Af Af 
where n is the number of electrons in 
each pulse. 
me Í puse^t 
e 


_ (L6A)(0.1 48) _ 0 M02 
“Gases ene 


_ Q pulse E ne 
ĝi Ab petween pulses 10° S 
_10°(1.60x107? C) 
10°s 
=| 0.160mA 


P =1,V =(0.160mA)(400MV) 


=| 64.0kW 
Pax = Lps l = (1-6A)(400 MV) 
=| 640 MW 
duty factor = — a 
time between pulses 
7 n METE 
10~ s 
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Picture the Problem Let R be the 
resistance of each resistor in the ladder and 
let Req be the equivalent resistance of the 
infinite ladder. If the resistance is finite 
and non-zero, then adding one or more 
stages to the ladder will not change the 
resistance of the network. We can apply the 
rules for resistance combination to the 
diagram shown to the right to obtain a 
quadratic equation in Req that we can solve 
for the equivalent resistance between 
points a and b. 


The equivalent resistance of the 
series combination of R and 
(R || Reg) iS Reg, SO: 


Simplify to obtain: 


Solve for Req to obtain: 


For R= 1Q: 
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Picture the Problem Let R., be the 
equivalent resistance of the infinite ladder. 
If the resistance is finite and non-zero, then 
adding one or more stages to the ladder 
will not change the resistance of the 
network. We can apply the rules for 
resistance combination to the diagram 
shown to the right to obtain a quadratic 
equation in Req that we can solve for the 
equivalent resistance between points a and 


b. 

The equivalent resistance of the 
series combination of R, and 
(Ro || Reg) iS Reg, SO: 

Simplify to obtain: 


Solve for the positive value of Req to 
obtain: 


R 
A 
Reg 
b 
RR, 
R,,=R+R|R,, =R +- 
: i R+R,, 
2 2 
RÈ -RR -R° =0 
1 
| i)e 
2 
r, =| Lty5 9)=[1.629 
TE =[1620 | 
R; 
a 
Reg 
b 
Re 
Ra =R, + R,| Ra =R, + : 
Ry + Roq 


Chapter 26 
The Magnetic Field 


Conceptual Problems 


*1 è 

Determine the Concept Because the electrons are initially moving at 90° to the magnetic 
field, they will be deflected in the direction of the magnetic force acting on them. Use the 
right-hand rule based on the expression for the magnetic force acting on a moving charge 
F= qy x B , remembering that, for a negative charge, the force is in the direction 


opposite that indicated by the right-hand rule, to convince yourself that the particle will 
follow the path whose terminal point on the screen is 2. | (b) is correct. 


2 ° 
Determine the Concept One cannot define the direction of the force arbitrarily. By 


experiment, F is perpendicular to B . 


3 ° 
Determine the Concept False. An object experiences acceleration if either its speed 
changes or the direction it is moving changes. The magnetic force, acting perpendicular to 
the direction a charged particle is moving, changes the particle’s velocity by changing the 
direction it is moving and hence accelerates the particle. 


4 ° 
Determine the Concept Yes; it will be deflected upward. Because the beam passes 
through undeflected when traveling from left to right, we know that the upward 
electric force must be balanced by a downward magnetic force. Application of the 
right-hand rule tells us that the magnetic field must be out of the page. When the 
beam is reversed, the magnetic force (as well as the electric force) acting on it is 
upward. 


*5 A 

Determine the Concept The alternating current running through the filament is changing 
direction every 1/60 s, so in a magnetic field the filament experiences a force which 
alternates in direction at that frequency. 


6 ° 
Determine the Concept The magnitude of the torque on a current loop is given by 
T = uB sin 0, where Gis the angle between the magnetic field and a normal to the surface 


of the loop. To maximizez, sin@= 1 and @= 90°. Hence the normal to the plane of the 
loop should be perpendicular to B. 
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7 ° 

(a) True. This is an experimental fact and is the basis for the definition of the magnetic 
force on a moving charged particle being expressed in terms of the cross product of 
Vand ;ie. F =qvxB. 


(b) True. This is another experimental fact. The torque on a magnet is a restoring torque, 
i.e., one that acts in such a direction as to align the magnet with magnetic field. 


(c) True. We can use a right-hand rule to relate the direction of the magnetic field around 
the loop to the direction of the current. Doing so indicates that one side of the loop acts 
like a north pole and the other like a south pole. 


(d) False. The period of a particle moving in a circular path in a magnetic field is given 
by T = 2z,./mr/qvB and, hence, is proportional to the square root of the radius of the 


circle. 


(e) True. The drift velocity is related to the Hall voltage according to vg = Vy/Bw where w 
is the width of the Hall-effect material. 


*B8 o ; 

Determine the Concept The direction in which a particle is deflected by a magnetic field 
will be unchanged by any change in the definition of the direction of the magnetic field. 
Since we have reversed the direction of the field, we must define the direction in which 
particles are deflected by a "left-hand" rule instead of a "right-hand" rule. 


9 e 

Determine the Concept Choose a right-handed coordinate system in which east is the 
positive x direction and north is the positive y direction. Then the magnetic force acting 
on the particle is given by F = qvi x Bj = qvB\i x i) = qvBk . Hence, the magnetic 


force is upward. 


10 œ 

Determine the Concept Application of the right-hand rule tells us that this positively 
charged particle would have to be moving in the northwest direction with the magnetic 
field upward in order for the magnetic force to be toward the northeast. The situation 


described cannot exist. | (e) is correct. 


11 >œ 
Picture the Problem We can use Newton’s 2™ law for circular motion to express the 


radius of curvature R of each particle in terms of its charge, momentum, and the magnetic 
field. We can then divide the proton’s radius of curvature by that of the “Li nucleus to 
decide which of these alternatives is correct. 


Apply SPa = ma, to the lithium 
nucleus to obtain: 


Solve for r: 


For the ’Li nucleus this becomes: 


For the proton we have: 


Divide equation (2) by equation (1) 
and simplify to obtain: 


Because the momenta are equal: 


*12 œ 
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2 
qvB =m— 
pa 
qB 
Pu 
" 3eB 
R =- 
> eB 
Po 
? eB -3 Pp 
Ri Piui Pii 
3eB 
— =3 and| (a) is correct. 


Determine the Concept Application of the right-hand rule indicates that a positively 


charged body would experience a downward force and, in the absence of other forces, be 


deflected downward. Because the direction of the magnetic force on an electron is 


opposite that of the force on a positively charged object, an electron will be deflected 


upward. | (c) is correct. 


13 eo 


Determine the Concept From relativity; this is equivalent to the electron moving from 
right to left at velocity v with the magnet stationary. When the electron is directly over 
the magnet, the field points directly up, so there is a force directed out of the page on the 


electron. 


14 - 


Similarities 


Differences 


Magnetic field lines are similar to electric 
field lines in that their density is a measure 
of the strength of the field; the lines point 
in the direction of the field; also, magnetic 
field lines do not cross. 


They differ from electric field lines in 

that magnetic field lines must close on 
themselves (there are no isolated magnetic 
poles), and the force on a charge depends 
on the velocity of the charge and is 


perpendicular to the magnetic field lines. 
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15 œ 

Determine the Concept If only F and are known, one can only conclude that the 
magnetic field B isinthe plane perpendicular to F . The specific direction of B is 
undetermined. 


Estimation and Approximation 


*16 ee 
Picture the Problem If the electron enters the magnetic field in the coil with speed v, it 
will travel in a circular path under the influence of the magnetic force acting on. We can 
apply Newton’s 2” law to the electron in this field to obtain an expression for the 
magnetic field. We’ll assume that the deflection of the electron is small over the distance 
it travels in the magnetic field, but that, once it is through the region of the magnetic 
field, it travels at an angle @ with respect to the direction it was originally traveling. 


Appl F = ma, to the electron 
oe 2; c evB = m> 
in the magnetic field to obtain: r 
Solve for B: 
pal” 
er 
The kinetic energy of the electron is: K =eV =4mv’ 
Solve for v to obtain: eV 
“Vm 
Substitute for v in the expression for m Der 1 Dar 
r: B=—,|— =- 
err\ m r e 


Because 0<< 1: . 
d=rsind>rez 


sin 0 
Substitute for r in the expression for eine (Omi 
B to obtain: B= 
d e 
E einai! sin45° [2(9.11x10"kg)(I5kV) 
@~ 45°. Substitute numerical values B= =n 
and evaluate B: 0.05m 1.60x10°~ C 


-[5ain 


17. 
Picture the Problem Let / be the height of the orbit above the surface of the earth, m the 
mass of the micrometeorite, and v its speed. We can apply Newton’s 2" law to the 
orbiting micrometeorite with F mag = qvB to derive an expression for the charge-to-mass 
ratio of the micrometeorite. 
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(a) Apply YF = ma, to the v’ 
micrometeorite orbiting under the h+ Rann 
influence of the magnetic force: 


Solve for q/m to obtain: q _ v 
m B(h F Rog) 


Substitute numerical values and evaluate q/m: 


q 30 km/s 
== =| 88.6C/k 
m  (5x10°T)(400km +6370km) 88.6 Cg | 


(b) Solve the result for g/m q= (88.6 C/kg)m 
obtained in (a) for q to obtain: 


Substitute numerical values and q= (88.6 C/kg)(3x 10% kg) 


evaluate q: =| 26.6nC 


Force Exerted by a Magnetic Field 


18 >œ 
Picture the Problem The magnetic force acting on a charge is given by F= qv x B. 
We can express V and B , form their vector (a.k.a. "cross”) product, and multiply by the 


scalar q to find F. 


Express the force acting on the proton: F= qyx B 
Express Y : v= (4.46 Mm/s)i 
Express B: B= (1.75 T)k 


Substitute numerical values and evaluate F : 


A 
. 


F =(1.60x10" c)|(4.46Mms)î x (.7sT)é|= -(1.25pN)j 


19 œ 
Picture the Problem The magnetic force acting on the charge is given by F =qvx B. 


We can express V and B , form their vector (a.k.a. "cross”) product, and multiply by the 
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scalar q to find F. 


Express the force acting on the F=qv~x B 

charge: 

Substitute numerical values to F= (- 3.64 nC)|(2.75 x10° m/s) x B| 
obtain: 


(a) Evaluate F for B = 0.38 Tj: 


a A 
. 


F = (=3.64nC)|(2.75x10° m/s) x(0.38T)j]=| -@.80mn)ji 


(b) Evaluate F for B =0.75Ti +0.75Tj: 


F =(~3.64nC)|(2.75 10° m/s} x (0.757)? + (0.757) j}]= 


(c) Evaluate Ffor B =065Ti: 
F= (-3.64nC)|(2.75 10° m/s)i x(0.65T)i |= [o] 


(d) Evaluate F for B =0.75T i +0.75TK: 


~ 
. 


F = (-3.64nC)|(2.75x10° m/s}îx(0.75T)î +(0.75T)é|=| (7.51mN)j 


20 œ 
Picture the Problem The magnetic force acting on the proton is given by F =qVx B. 


We can express v and B , form their vector (a.k.a. “cross”) product, and multiply by the 


scalar q to find F. 
Express the force acting on the proton: F=qvx B 


(a) Evaluate F for ¥=2.7Mm/s 7: 


A 
. 


F = (1.60x10C)[(2.7x10° mis)ix(1.487)é|=| —(0.640pN)j 


(b) Evaluate F for ¥ = 3.7 Mm/s i: 


F = (1.60x10 c)[(3.7 «10° m/s)}x(.48T)é|= 
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(©) Evaluate F for ¥ = 6.8 Mm/s k: 


F =(1.60x10" C)|(6.8x10° m/s)é x (1.48T)é|=| 0 


(d) Evaluate F for ¥ = 4.0Mm/si +3.0Mm/s/: 


F =(1.60x10" c)}[(4.0 Mm/s)i + (3.0 Mm/s) jx (1.48T)Â| 


A 
. 


=| (0.710pN)i -(0.947pN) 
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Picture the Problem The magnitude of the magnetic force acting on a segment of wire is 
given by F = M Bsin 0 where Zis the length of the segment of wire, B is the magnetic 
field, and ĝis the angle between the segment of wire and the direction of the magnetic 
field. 


Express the magnitude of the F=I¢Bsin@ 
magnetic force acting on the 
segment of wire: 


Substitute numerical values and F= (2.6A)(2 m)(0.37 T)sin 30° 
evaluate F: —|0.962N 

"22 « 

Picture the Problem We can use F = IL x B to find the force acting on the wire 
segment. 

Express the force acting on the wire F =ILxB 

segment: 

Substitute numerical values and F= (2.7 Als cm)i + (4 cm)j|x (L.3T)i 
evaluate F : i (0 140N)k 

23 œ 


Picture the Problem The magnetic force acting on the electron is given by F= qyx B. 
We can form the vector product of v and B and multiply by the charge of the electron to 
find F and obtain its magnitude using F = , |F? + F? + F? . The direction angles are 
given by@, = tan” (F/F), 0, = tan” (F, /F), and 0, = tan” (F, /F). 
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Express the force acting on the proton: F =qvx B 


Express the magnitude of F in terms F =,|F? +F? +F? (1) 
of its components: 


Substitute numerical values and evaluate F : 


=> a 
. 


F = (-1.60x10® C)|(2 Mms) - (8Mm/s) j|x (0.87 +0.63- 0.46)T] 
= (— 0.192 pN)& + (— 0.128 pN) j + (0.384 pN)k + (— 0.192 pN)i 


~ 
. 


| - (0.192 pN)î - (0.128 pN) j - (0.576pN)Á 


Substitute in equation (1) to obtain: 


F= JC 0.192pN) + (—0.128pN)’ + (—0.576pN)° = 


Express and evaluate the angle a E | —0.192 pN 
-= : , 0. =cos | — |= cos | ———— 
F makes with the x axis: i 0.621pN 

- 


Express and evaluate the angle ries a| —0.128pN 
- : : 0, =cos | — |= cos | ———_—— 
F makes with the y axis: 0.621pN 
= | 102° 
Express and evaluate the angle aA E al —0.576pN 
-= , , 0. = cos Z |= cos | —————— 
F makes with the z axis: f F 0.621pN 


-e 
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Picture the Problem We can use F = // x B to find the force acting on the segments of 
the wire as well as the magnetic force acting on the wire if it were a straight segment 
from a to b. 


Express the magnetic force acting F=F +F. hon 


on the wire: 


Evaluate F. 3 


cm * 


Evaluate F T 


Substitute to obtain: 


If the wire were straight from a to b: 


The magnetic force acting on the wire is: 
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Ë, n =(1.8A)|3cm)i x (1.27) 
= (0.0648N)(- j) 
= —(0.0648N)j 

F,,, =(1.8A)|(4cm)jx(1.2T)k| 


= (0.0864N)i 


a 


F =—(0.0648N)j + (0.0864N)î 


~ a 
. 


=| (0.0864N)i - (0.0648 N) j 


a 
. 


t= (3cm)i + (4cm)j 


F =(1.8A)|(3cm) + (4cm)j}« (1.27 )& = -(0.0648N)j +(0.0864N)i 


~ 
. 


=| (0.0864N)i — (0.0648 N) J 


in agreement with the result obtained above when we treated the two straight segments of 


the wire separately. 
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Picture the Problem Because the magnetic field is horizontal and perpendicular to the 


wire, the force it exerts on the current-carrying wire will be vertical. Under equilibrium 


conditions, this upward magnetic force will be equal to the downward gravitational force 


acting on the wire. 


Apply ya = Oto the wire: 


Express F'mag: 


Substitute to obtain: 


Solve for J: 


Substitute numerical values and evaluate /: 


Fag ~— W = 0 
Fag = B 


because = 90°. 


UB -mg =0 
yams. 
4B 


(50g )(9.81m/s° 
I= =|1.48A 
(25cm)(1.33T) [14a | 
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*2G ee 
Picture the Problem The diagram shows 
the gaussmeter displaced from equilibrium 
under the influence of the gravitational and 
magnetic forces acting on it. We can apply 
the condition for translational equilibrium 
in the x direction to find the equilibrium 
angular displacement of the wire from the 
vertical. In part (b) we can solve the 
equation derived in part (a) for B and 
evaluate this expression for the given data 
to find the horizontal magnetic field 
sensitivity of this gaussmeter. 


(a) Apply > F, = Oto the wire to 


obtain: 


Substitute for F and solve for @to 
obtain: 


Substitute numerical values and 
evaluate 0: 


(b) Solve equation (1) for B to 
obtain: 


For a displacement from vertical of 
0.5 mm: 


Substitute numerical values and 
evaluate B: 


27 oo 


mg sin@—F cos =0 


mg sin@ —I¢Bcos@ =0 (1) 
and 
0= an (22) 
mg 
9 = tan -| (0-2A)(0.5m)(0.04T) 
(0.005kg)(9.81m/s?) 
: 
pus tan 0 
Ie 
tan 6 » sing = 22™ _ 0,001 
m 
and 
0 =0.001rad 
g — (0-005kg)(9.81m/s? )(0.001rad) 


(20A)(0.5m) 


=| 4.91 4T 


Picture the Problem With the current in 
the direction indicated and the magnetic 
field in the z direction, pointing out of the 
plane of the page, the force is in the radial 
direction and we can integrate the element 
of force dF acting on an element of length 
d£ between 0= 0 and z to find the force 
acting on the semicircular portion of the 
loop and use the expression for the force on 
a current-carrying wire in a uniform 
magnetic field to find the force on the 
straight segment of the loop. 


Express the net force acting on the 
semicircular loop of wire: 


Express the force acting on the 
straight segment of the loop: 


Express the force dF acting on the 
element of the wire of length d£: 


Express the x and y components of 
dF: 


Because, by symmetry, the x 
component of the force is zero, we 
can integrate the y component to 
find the force on the wire: 


Substitute in equation (1) to obtain: 
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F=F 


semicircular loop 


+F 


straight segment 


F = If x B=—2RIB 


straight segment 


dF = Id¢B = IRBd0 


dF. = dF cos 0 
and 
dF, = dF sin 


dF, = IRBsin d0 


and 


F, = RIB[ sin 8 d0 = 2RIB 
0 


F =2RIB-2RIB =| 0 


(1) 
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Picture the Problem We can use the information given in the 1" and 2" sentences to 


obtain an expression containing the components of the magnetic field B . We can then 


use the information in the 1“ and 3™ sentences to obtain a second equation in these 


components that we can solve simultaneously for the components of B. 


Express the magnetic field Bin 
terms of its components: 


Express F interms of B: 


Equate the components of this 
expression for F with those given 
in the second sentence of the 
statement of the problem to obtain: 


Noting that B, is undetermined, 
solve for B, and B,: 


When the wire is rotated so that the 
current flows in the positive x 
direction: 


Equate the components of this 
expression for F with those given 
in the third sentence of the problem 
statement to obtain: 


Solve for B, and B, to obtain: 


Substitute in equation (1) to obtain: 


B=Bi+B,j+Bk (1) 


F=I(xB 
=(4 A)|(0.1m)é| x (33 +B j+ Bk) 
=(0.4A-m)kx(B,i+B,j+B.4) 
=(0.4A-m)B,j-(0.4A-m)Bi 


(0.4A-m)B, =0.2N 


and 
(0.4A-m)B, =0.2N 


B, =0.5Tand B, =0.5T 


F=I0xB 
- (4A )[{0.1m)ik(B i +B, j+ B.R) 


= (0.4A-m)î x|Bi +B, j+B,k 
y 
= -(0.4A -m)B,j + (0.4A -m)B,k 


-(0.4A-m)B, =0 
and 
(0.4A-m)B, =0.2N 


B,=0 
and, in agreement with our results above, 
B, =0.5T 


~ 
. 


B =| (0.5T}i +(0.5T)j 


29 ee 
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Picture the Problem We can use the information given in the 1" and 2" sentences to 


obtain an expression containing the components of the magnetic field B . We can then 


use the information in the 1“ and 3™ sentences to obtain a second equation in these 


components that we can solve simultaneously for the components of B. 


Express the magnetic field Bin 
terms of its components: 


Express F interms of B: 


Equate the components of this 
expression for F with those given 
in the second sentence of the 
statement of the problem to obtain: 


Noting that B, is undetermined, 
solve for B, and B,: 


When the wire is rotated so that the 
current flows in the positive y 
direction: 


Equate the components of this 
expression for F with those given 
in the third sentence of the problem 
statement to obtain: 


Solve for B, and B, to obtain: 


B=Bi+B,j+Bk (1) 


F=I(/xB 
=(2A)(0.1m)i]x (3,7 +8, j+ BR) 


=(0.2A-m)ix(Bi+B,j+B.k 
Y 
= -(0.2A -m)B,ĵ + (0.2 A -m)B,k 


-(0.2A-m)B, =3N 
and 
(0.2A-m)B, =2N 


B, =-15T 
and 

B, =10T 
F=I(xB 


a 
. 


=(2 A}[o.1m) f x (37 +B, j+Bk 
= (0.2A-m)jx (Bi + Bj + Bk) 
(0.2A-m)B.i - (0.2 A -m)B Â 


II 


(0.2A-m)B, = -3N 


and 
-(0.2A-m)B, =-2N 


B, =-15T 


and, in agreement with our results above, 
B,=10T 
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A 
. 


(10T) +(10T)j-(15T)k 


w 
ll 


Substitute in equation (1) to obtain: 


30 coo 
Picture the Problem We can integrate the expression for the force dF acting on an 
element of the wire of length dL from a to b to show that F = IL x B. 


Express the force dF acting on the dF = IdLxB 
element of the wire of length dL: 


Integrate this expression to obtain: J A anu 
F = | IdLx B 


Because B and Z are constant: m b osy a — 
F=I [az xB=| ILxB 


where L is the vector from a to b. 
Motion of a Point Charge in a Magnetic Field 


“31 œ 

Picture the Problem We can apply Newton’s 2™ law to the orbiting proton to relate its 
speed to its radius. We can then use T = 2z7/v to find its period. In Part (b) we can use the 
relationship between 7 and v to determine v. In Part (c) we can use its definition to find 
the kinetic energy of the proton. 


(a) Relate the period T of the T= 27r (1) 
motion of the proton to its orbital v 
speed v: 


Apply X Pai = ma, to the proton 


qvB = m— 
to obtain: r 
Solve for v/r to obtain: K qB 
r m 
Substitute to obtain: T= 27m 
qB 
Substitute numerical values and _ 2n(1.67 x107” kg) 


= =| 87.4ns 
evaluate T: (1.60x10* C)(0.75T) 
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(b) From equation (1) we have: ma amr _ 27(0.65 m) 
T 87.4ns 


=| 4.67 x10” m/s 


(c) Using its definition, express and evaluate the kinetic energy of the proton: 


leV 


K =4mv = 4(1.67 x10” kg (4.67 x10’ m/s} =1.82 x10 J x —— = 
i a s) ) 1.60x10° J 


- [amv] 
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Picture the Problem We can apply Newton’s 2™ law to the orbiting electron to obtain an 
expression for the radius of its orbit as a function of its mass m, charge q, speed v, and the 
magnetic field B. Using the definition of its kinetic energy will allow us to express r in 
terms of m, q, B, and its kinetic energy K. We can use 

T = 27r/v to find the period of the motion and calculate the frequency from the reciprocal 
of the period of the motion. 


(a) Apply Fra = ma, to the v’ 


proton to obtain: 


Solve for r: pe mv (1) 
qB 

Express the kinetic energy of the K= im’ 

electron: 

Solve for v to obtain: 

m 
Substitute in equation (1) to obtain: | 
q ( ) Pe m 2K _ 1 J2Km 

qB\m qB 

Find the frequency from the f= 1 = 1 ~|9.10GHz 

reciprocal of the period: T  0.110ns 


Substitute numerical values and evaluate r: 


468 Chapter 26 


-19 
| 2askev) 9.11610" kg x ree 
e 


7 (1.6x10”°C)(0.325T) 7 


(b) Relate the period of the T= 27r 


electron’s motion to the radius of its v 


orbit and its orbital speed: 


Substitute equation (2) to obtain: 27r 2m 


Substitute numerical values and evaluate T: 


-31 
T = z(2.20mm) on: =| 0.110ns 
45keV x" 

e 


33. 

Picture the Problem We can apply Newton’s 2™ law to the orbiting electron to obtain an 
expression for the radius of its orbit as a function of its mass m, charge q, speed v, and the 
magnetic field B. 


(a) Apply J Faia = Ma, to the Pes 
proton to obtain: 4 
Solve for r: P 
qB 
Substitute numerical values and (9.11x 10 kg (10 m/s) 
evaluate 7: ~ (1.60x10™ C)(4x107 T 
=| 142m 
(b) For B = 2x10° T: N (9.11x10 kg)(10” m/s) 


~ (60x10 C)(2x10°T) 
=| 2.84m 
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Picture the Problem We can apply Newton’s 2™ law to an orbiting particle to obtain an 
expression for the radius of its orbit R as a function of its mass m, charge q, speed v, and 
the magnetic field B. 


Apply ST = ma, to an orbiting T v? 
particle to obtain: k 
Solve for r: P 
qB 
Express the kinetic energy of the K = tmy’ 
particle: 
Solve for v to obtain: 2K 
v=,- — 
m 
Substitute in equation (1) to obtain: 2K 1 
1 W) pa — = —v2Km (1) 
qB\m qB 
Using equation (1), express the ratio Km 
RdRp: Ri _ WB : Ap |Ma 
R, = 2Km da mM, 
dp 
e 2m, J2 
= =| af 
m A 
Using equation (1), express the ratio 1 Km 
Ryle R, _ q,B “dy |m, 
<a = 
R, ——,{2Km, da \ Mp 
dp 
e 4m, 
= = 1 
2e \ m, 


35 ee 

Picture the Problem We can apply Newton’s 2™ law to the orbiting particles to derive 
an expression for their velocities as a function of their charge, their mass, the magnetic 
field in which they are moving, and the radii of their orbits. We can then compare their 
velocities by expressing their ratio. In parts (b) and (c) we can proceed similarly starting 
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with the definitions of kinetic energy and angular momentum. 


a) Appl F aja, = Ma, to an v’ 
( ) Pply > radial c qvB = m— 
orbiting particle to obtain: y 
Solve for v: = qBr 
m 
E the velocities of th Br 
ape e velocities of the = dp Soe PY 
particles: P m, “m, 
Divide the second of these equations qaBr 
by the first to obtain: Vv, mMm, Iam,  2em, _ 
v, Br qm, e(4m,) 2 
m, 
PEREN 2 2 p22 
(b) Express the kinetic energy of an kaimi ae qBr zag Br 
orbiting particle: 2 2 m a ay 
Using this relationship, express the i q, Ber? 
ratio of Ka to Ky: K, i m, qam, 
K, i q;B’r? qim, 
2 
mMm, 
2e)'m 
= @ ) B= [1] 
e` (4m, 
(c) Express the angular momenta of L, =m,v,r and L, =M V" 
the particles: 
Express the ratio of L, to Ly: L, MVF _ (4m, (2 v,) me 
L, Myr mV, 
36 ee 


Picture the Problem We can use the definition of momentum to express p in terms of v 
and apply Newton’s 2™ law to the orbiting particle to express v in terms of q, B, R, and m. 
In part (b) we can express the particle’s kinetic energy in terms of its momentum and use 
our result from part (a) to show that K =4B*q°R* /m. 
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(a) Express the momentum of the p=my (1) 
particle: 
Apply > Faas = ma, to the qvB = md 
orbiting particle to obtain: 
Solve for v: ye qBR 
m 

in: BR 
Substitute in equation (1) to obtain ps nl ) -[4BR 
(b) Express the kinetic energy of the K- p 
orbiting particle as a function of its 2m 
momentum: 
Substitute our result from part (a) to A 2 B? R? 

5 g- GBR) g°B’R 

obtain: 2m 2m 
#37 o 


Picture the Problem The particle’s velocity has a component v; parallel to B anda 
component v normal to B. vı = v cos@and is constant, whereas v = v sin@, being 
normal to B , will result in a magnetic force acting on the beam of particles and circular 
motion perpendicular to B . We can use the relationship between distance, rate, and time 
and Newton’s 2" law to express the distance the particle moves in the direction of the 
field during one period of the motion. 


Express the distance moved in the x=vT (1) 
direction of B by the particle 
during one period: 


Express the period of the circular T= 27r 
motion of the particles in the beam: v, 
= - 2 
Apply > e = ma, to a particle anen Vy 
in the beam to obtain: 4 
Solve for vz: _ gbr 
v, = — 
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Substitute to obtain: 


Because v; = v cos@, equation (1) 
becomes: 


38 ee 
Picture the Problem The trajectory of the 
proton is shown to the right. We know that, 
because the proton enters the field 
perpendicularly to the field, its trajectory 
while in the field will be circular. We can 
use symmetry considerations to determine 
g. The application of Newton’s 2" law to 
the proton while it is in the magnetic field 
and of trigonometry will allow us to 
conclude that r = d and to determine their 
value. 


From symmetry, it is evident that 
the angle Oin Figure 26-35 equals 
the angle ¢: 


Use trigonometry to obtain: 


Apply DE sits = ma, to the proton 


while it is in the magnetic field to 
obtain: 


Solve for r: 


Substitute numerical values and 
evaluate r = d: 


_ 2ar _ 2am 
qBr qB 
m 
27m m 
x =(vcosð) —— | =| 27| — lvcos@ 
qB qB 
$ 
P 
Pail 
ge? r d 
Ne >o 
My 


60.0° 


sin(90°— 8) = sin 30° = Lae 
2 r 
orr=d. 
v? 
qvB =m— 
r 
mv 
r=— 
qB 


q = p 87x10” kg)(L0” mis) 
(1.60x107 C)(0.8T) 


=| 0.130m 
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Picture the Problem The trajectory of the 
proton is shown to the right. We know that, 
because the proton enters the field 
perpendicularly to the field, its trajectory 
while in the field will be circular. We can 
use symmetry considerations to determine 
$. The application of Newton’s 2" law to 
the proton while it is in the magnetic field 
and of trigonometry will allow us to 
conclude that r = d and to determine their 
value. 


(a) From symmetry, it is evident 
that the angle @in Figure 26-33 
equals the angle ¢: 


Use trigonometry to obtain: 


Apply Fa = ma, to the proton 


while it is in the magnetic field to 
obtain: 


Solve for and evaluate v,: 


Substitute numerical values and 
evaluate v,: 


(b) Express va: 
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¢ =| 24.0° 


sin(90°— @) = sin 24° = aie 


or 


d WER S 


r = 
P  2sin24° 2sin24° 


2 
= 2 
q, YB =m 


" 


g= 1B 
m, 
„ _ (160x10 C)(0.492m)(0.6T) 


P 1.67 x10 kg 
2.83x10’ m/s 


y = 4B _ 1B 
i Ma 2m, 
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Substitute numerical values and oe (1.60 x10" c)(0.492 m)(0.6 T) 
evaluate va: = 2(1.67 x10” kg) 


=| 1.41x10’ m/s 


40 œ 
Picture the Problem We can apply Newton’s 2™ law of motion to express the orbital 
speed of the particle and then find the period of the dust particle from this orbital speed. 


The period of the dust particle’s T= 27r 
motion is given by: v 
Apply > F = ma, to the particle: i 
pply >. ma, to the particle whem 
r 
Solve for v to obtain: ee qBr 
m 
Substitute for v in the expression for T= 2mm _ 27m 
T and simplify: qBr qB 
Substitute numerical values and 2 27h10 x10° g x10” kg/ g) 
evaluate T: (0.3 nC)(10° T) 
= 2.094x10" sx — 2 — 
31.56 Ms 
=| 6.64x10° y 
The Velocity Selector 
*41 > 


Picture the Problem Suppose that, for positively charged particles, their motion is from 
left to right through the velocity selector and the electric field is upward. Then the 
magnetic force must be downward and the magnetic field out of the page. We can apply 
the condition for translational equilibrium to relate v to £ and B. In (b) and (c) we can use 
the definition of kinetic energy to find the energies of protons and electrons that pass 
through the velocity selector undeflected. 


(a) Apply DE , = Oto the particle Foec — Fmag = 0 


to obtain: or 
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Solve for v to obtain: J= E 
B 
Substitute numerical values and ee 0.46MV/m -|1.64x10° m/s 
evaluate v: 0.28T 
(b) Express and evaluate the kinetic K, = +m,v 
energy of protons passing through E ee P 2 
the velocity selector undeflected: =R (1.67 cai \.64 ag mis) 
= 2.26x10°° Jx = 
1.60x10 7 J 
=| 14.0 keV 
(c) The kinetic energy of electrons K, =4mv 
passing through the velocity selector i (9 11x104 Nf 64x10° m/s} 
undeflected is given by: D iig leV 
=1.23x10" Jx ——__ 
1.60x10 "J 


=| 7.66eV 
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Picture the Problem Because the beam of protons is not deflected; we can conclude that 
the electric force acting on them is balanced by the magnetic force. Hence, we can find 
the magnetic force from the given data and use its definition to express the electric field. 


(a) Use the definition of electric = F 
field to relate it to the electric force q 


acting on the beam of protons: 


Express the magnetic force acting on F ag = qvi x Bj = qvBk 
the beam of protons: 


Because the electric force must be equal in magnitude but opposite in direction: 


F = -qvBk = (1.60 x10” C)(12.4km/s)(0.85T)k = -41.69 x10 N)k 
Substitute in the equation for the = (1.69 x10 N)k 
electric field to obtain: eee 610 GE 


=| -(10.5kv/m)é 
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are reversed, electrons are not deflected. 


(b) | Because both F veg and F 


elec 


Thomson’s Measurement of q/m for Electrons and the Mass 
Spectrometer 


*43 ee 

Picture the Problem Figure 26-18 is reproduced below. We can express the total 
deflection of the electron beam as the sum of the deflections while the beam is in the field 
between the plates and its deflection while it is in the field-free space. We can, in turn, 
use constant-acceleration equations to express each of these deflections. The resulting 
equation is in terms of vp and E. We can find vo from the kinetic energy of the beam and 
E from the potential difference across the plates and their separation. In part (b) we can 
equate the electric and magnetic forces acting on an electron to express B in terms of E 


and vo. 
Screen 
Deflection Vy f 
plates + 
Vo AY, 
pe E ee ee Foes 
Bes a a tAn 
| F 
"a Xi >< Xz "| 
(a) Express the total deflection Ay of Ay = Ay, + Ay, (1) 
the electrons: where 
Ay, is the deflection of the beam while it is 
in the electric field and Ay; is the deflection 
of the beam while it travels along a 
straight-line path outside the electric field. 
Use a constant-acceleration equation Ay, =} a, ( A ry (2) 
to express Ayı: where At = x1/vo is the time an electron is in 
the electric field between the plates. 
Apply Newton’s 2” law to an qE =ma, 
electron between the plates to 
obtain: 
Solve for a, and substitute into a qE 
equation (2) to obtain: ” m 


Express the vertical deflection Ay2 of 
the electrons once they are out of the 
electric field: 


Use a constant-acceleration equation 
to find the vertical speed of an 
electron as it leaves the electric 
field: 


Substitute in equation (4) to obtain: 


Substitute equations (3) and (5) in 
equation (1) to obtain: 


Use the definition of kinetic energy 
to find the speed of the electrons: 


Express the electric field between 
the plates in terms of their potential 
difference: 


Substitute numerical values and 
evaluate EF: 
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Ay, -(£) (=) (3) 
m J\ vo 


Ay, = v,At, (4) 


E. 

Ay=4 (B+, (6) 
my, \ 2 

K =1mvy, 


and 


w= pe -| 2(2.8keV) 


m 9.11x10™ kg 
= 3.14x10’ m/s 


ee 
d 

E= a = CEAD = 2.08kV/m 
d 1.2cm 


Substitute numerical values in equation (6) and evaluate Ay: 


(1.60x10- C)(2.08kV/m)(6 em) Sem ) 
= = 3 + 30cm | = 
(9.11x10™ kg)(31.4Mm/s) 


7.34mm 


2 
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(b) Because the electrons are Frag — Faec = 9 
deflected upward, the electric field or 
must be downward and the magnetic qvB = qE 


field upward. Apply DF, =Otoan 


electron to obtain: 


Solve for B: B= E 
v 
i i 2.08k 
Substitute numerical values and = 08 ue m _ 66.2 iT 
evaluate B: 3.14x10° m/s 
mM = 


Picture the Problem The diagram below represents the paths of the two ions entering the 
magnetic field at the left. The magnetic force acting on each causes them to travel in 
circular paths of differing radii due to their different masses. We can apply Newton’s 2" 
law to an ion in the magnetic field to obtain an expression for its radius and then express 
their final separation in terms of these radii that, in turn, depend on the energy with which 
the ions enter the field. We can connect their energy to the potential through which they 
are accelerated using the work-kinetic energy theorem and relate their separation As to 
the accelerating potential difference AV. 


Express the separation As of the As = 2(r z: Is) (1) 
chlorine ions: 


Apply > Fis = ma, to an ion in 


qvB =m— 
the magnetic field of the mass a 
spectrometer: 
Solve for r to obtain: Pan mv D 


The Magnetic Field 479 


Relate the speed of an ion as it gAV =m? 
enters the magnetic field to the 

potential difference through which it 

has been accelerated: 


Solve for v to obtain: 2qAV 
v = ,/—— 
m 
Substitute in equation (2) to obtain: m |2qAV 2mAV 
r — = 
qB m qB’ 
Use this equation to express the 2m, AV J 2m, AV 
radii of the paths of the two chlorine "35 = qB? and igy = qB? 
isotopes to obtain: 
Substitute in equation (1) to obtain: igen Ar 7 and 
qB qB 
1 j2AV 
=2 m m 
PRATEN) 
Solve for AV: qB?’ (2As)° 
AV= 


one — values and f.60 10" c\aary é = 
AV = 
2( 37u — /35u) 
_ 5.65x10“C-T?-m? 
(/37 - /35} (.66x10~” kg) 
- 
45 = 


Picture the Problem We can apply Newton’s 2™ law to an ion in the magnetic field to 
obtain an expression for r as a function of m, v, q, and B and use the work-kinetic energy 
theorem to express the kinetic energy in terms of the potential difference through which 
the ion has been accelerated. Eliminating v between these equations will allow us to 
express r in terms of m, q, B, and AV. 
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Apply Y Faa = ma, to an ion in 


the magnetic field of the mass 
spectrometer: 


Solve for r to obtain: 

Apply the work-kinetic energy 
theorem to relate the speed of an ion 
as it enters the magnetic field to the 
potential difference through which it 


has been accelerated: 


Solve for v to obtain: 


Substitute in equation (1) to obtain: 


(a) Substitute numerical values and 
evaluate equation (2) for “Mg : 


(b) Express the difference in the 
radii for “Mg and *°Mg: 


Substitute numerical values and 
evaluate equation (2) for Mg : 


Substitute to obtain: 


7 -e 


r=— (1) 


me |2gAV 
m 


m |2qAV 2mAV 
r= = ; (2) 
qB m qB 


2(3.983 x10” kg |(2.5kV) 
Na = -19 -4E 
(1.60x10° C)(557x10*T) 


- [53an] 


AF = Tog — Fog 


o 2° 6.98310 kg)(2.5kV) 


Ny = 


(1.60 x 107 C)(557 x10 T} 
= 65.9cm 


Ar = 65.9cm — 63.3cm =| 2.60cm 


Picture the Problem We can apply Newton’s 2™ law to an ion in the magnetic field of 


the spectrometer to relate the diameter of its orbit to its charge, mass, velocity, and the 


magnetic field. If we assume that the velocity is the same for the two ions, we can then 


express the ratio of the two diameters as the ratio of the masses of the ions and solve for 
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the diameter of the orbit of ’Li. 


Apply > aa = ma, to an ion in 


qvB =m— 
the field of the spectrometer: 
Solve for r to obtain: pe mv 
qB 
Express the diameter of the orbit: J= 2mv 
qB 
a Leila of the orbits d, = MeV and d, = MV 
for “Li and ‘Li: qB qB 
Assume that the velocities of the 2m,V 
two ions are the same and divide the d, z qB _ My 
2" of these diameters by the first to d, 2MVv m 
obtain: qB 
: 7 
Solve for and evaluate d7: d, = md = 5, (5cm) -| 175cm 
6 


The Cyclotron 
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Picture the Problem The time required for each of the ions to complete its semicircular 
paths is half its period. We can apply Newton’s 2° law to an ion in the magnetic field of 
the spectrometer to obtain an expression for r as a function of the charge and mass of the 
ion, its velocity, and the magnetic field. 


Express the time for each ion to At=1T= w 
complete its semicircular path: i v 


Apply SPa = ma, to an ion in the 


field of the spectrometer: 


Solve for r to obtain: ; mv 
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Substitute to obtain: eda 
qB 
Substitute numerical values and ee 587(1.66x 107” kg) 
evaluate Afsg and Ateo: 2 (1.60 x10” C (0.12 T) 
=| 15.8 us 
and 


607r(1.66 x10~” kg) 
(1.60 x10 C)(0.12T) 


=| 16.3 us 


60` 
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Picture the Problem We can apply a condition for equilibrium to ions passing through 
the velocity selector to obtain an expression relating Æ, B, and v that we can solve for v. 
We can, in turn, express £ in terms of the potential difference V between the plates of the 
selector and their separation d. In (b) we can apply Newton’s 2" law to an ion in the 
bending field of the spectrometer to relate its diameter to its mass, charge, velocity, and 
the magnetic field. 


(a) Apply DF, = 0 to the ions in Page — Fag = 0 
the crossed fields of the velocity or 
selector to obtain: gE —qvB=0 
Solve for v to obtain: E 
B 
Express the electric field between p= y 
the plates of the velocity selector in d 
terms of their separation and the 
potential difference across them: 
Substitute to obtain: y= y 
dB 
. . 1 
Substitute numerical values and v= 60V —|1.90x10° m/s 
evaluate v: (2 mm)(0.42 T) 
(b) Express the difference in the Ad = d, — dx. (1) 


diameters of the orbits of singly 
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ionized ”®U and 7°U: 


Apply > eT = ma, to an ion in 


qvB =m— 

the spectrometer’s magnetic field: 
Solve for the radius of the ion’s r= mv 
orbit: qB 
Express the diameter of the orbit: J= 2mv 

qB 
Express the diameters of the orbits 2My3gV 2My35V 

a 235 dag = = and dss, E = 
for “U and “°U: 
Substitute in equation (1) to obtain: Ad = 2M y3gV__ 2M y36V 
qB qB 
2v 
= — (m, — m 
qB ( 238 A 


Substitute numerical values and evaluate Ad: 


-27 
2(L.90x 10° m/s)(238u -235u) Leene) 


u 
n (1.60x10” C)(@.2T) - 
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Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of the protons/deuterons. By applying Newton’s 2™ law, we can 
relate the radius of the particle’s orbit to its speed and, hence, express the cyclotron 
frequency as a function of the particle’s mass and charge and the cyclotron’s magnetic 
field. In part (b) we can use the definition of kinetic energy and their maximum speed to 
find the maximum energy of the emerging protons. 


(a) Express the cyclotron frequency f= 1 e 1 Y 
in terms of the proton’s orbital speed T 2arjv 2ar 
and radius: 


Apply >, F aia = MQ, to a proton in ge =i a (1) 
r 


the magnetic field of the cyclotron: 
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Solve for r to obtain: 


Substitute to obtain: 


Substitute numerical values and 
evaluate f: 


(b) Express the maximum kinetic 
energy of a proton: 


Solve equation (1) for Vmax to obtain: 


Substitute to obtain: 


Substitute numerical values and 
evaluate K: 


(c) From equation (2) we see that 
doubling m halves f: 


From equation (3) we see that 
doubling m halves K: 
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mv 
Co 
qB 
qBv qB 
= ead Š 
f a (2) 
-19 
f- (1.60x10 cat) =| 21.3MHz 
2n(1.67 x10~” kg) 
K nax = 4mViax 
ee = qBr rax 
m 
Bray ‘B? 
Kop Mian) iE oy 


1.60x10 CY} (L.4TF 
K= ( ao ch Jozmy 
leV 


= 7.3610? Jx ———__ 
160x107 J 


=| 46.0 MeV 


Jasia = Bean: = 10.7 MHz 


=1K_..., =| 23.0MeV 


protons 


deuterons 


Picture the Problem We can express the cyclotron frequency in terms of the maximum 


orbital radius and speed of the protons be accelerated in the cyclotron. By applying 


Newton’s 2™ law, we can relate the radius of the proton’s orbit to its speed and, hence, 


express the cyclotron frequency as a function of the its mass and charge and the 


cyclotron’s magnetic field. In part (b) we can use the definition of kinetic energy express 


the minimum radius required to achieve the desired emergence energy. In part (c) we can 


find the number of revolutions required to achieve this emergence energy from the 


energy acquired during each revolution. 
(a) Express the cyclotron frequency 
in terms of the proton’s orbital speed 


and radius: 


Apply Pra = ma, to a proton in 


the magnetic field of the cyclotron: 


Solve for r to obtain: 


Substitute to obtain: 


Substitute numerical values and 
evaluate f: 


(b) Using the definition of kinetic 
energy, relate emergence energy of 
the protons to their velocity: 


Solve for v to obtain: 


Substitute in equation (1) and 
simplify to obtain: 


Substitute numerical values and 


evaluate Fmin: 


(c) Express the required number of 
revolutions N in terms of the energy 
gained per revolution: 


Because the beam is accelerated 
through a potential difference of 50 
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qvB = m— 
a (1) 
_ gBv _ qB 


2amv 2mm 


_ (1.60x10- C)(.8T) 
P= Fall.67x10 kg) 


27.4 MHz 


K =4m* 
2K 

v= 
m 


_ {2(25MeV)(1.67x10~’ kg) 
~—— (1.60x107°C)(1.8T) 


- [00%] 


_ 25MeV 
E 


rev 


N 


E „ = 2qAV =100keV 
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kV twice during each revolution: 


Substitute and evaluate N: 25MeV 
N =———— =] 250rev 
100 keV/rev _250rev | 
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Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of a particle being accelerated in the cyclotron. By applying 
Newton’s 2™ law, we can relate the radius of the particle’s orbit to its speed and, hence, 
express the cyclotron frequency as a function of its charge-to-mass ratio and the 
cyclotron’s magnetic field. We can then use data for the relative charges and masses of 
deuterons, alpha particles, and protons to establish the ratios of their cyclotron 


frequencies. 

Express the cyclotron frequency in fz 1 _ 1 __¥ 
terms of a particle’s orbital speed T 2arjv 2ar 
and radius: 


Apply ST = ma, to a particle 


qvB = m— 
in the magnetic field of the 
cyclotron: 
Solve for r to obtain: pa mv 
qB 
Substitute to obtain: f= qBv a Bq (1) 
2amv 2mm 
Evaluate equation (1) for deuterons: ps Bq _8 e 
t 2m m, 2mm; 
Evaluate equation (1) for alpha 8a, 8 2e Be 
particles: “2am, 222m, 2m, 
and 
tarde 
Evaluate equation (1) for protons: BG B e ` > B e 
” 2am, 224m, 27 mM, 


The Magnetic Field 487 


RAER | 
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Picture the Problem We can apply Newton’s 2™ law to the orbiting charged particle to 
obtain an expression for its radius as a function of its particle’s kinetic energy. Because 
the energy gain per revolution is constant, we can express this kinetic energy as the 
product of the number of orbits completed and the energy gained per revolution and, 
hence, show that the radius is proportional to the square root of the number of orbits 
completed. 


Apply Yau = ma, to a particle 


qvB =m— 
in the magnetic field of the r 
cyclotron: 
Solve for r to obtain: -= my (1) 
qB 
Express the kinetic energy of the 5 2K 
ap ; K =4mv > v= ,|— (2) 
particle in terms of its speed and m 
solve for v: 
Noting that the energy gain per K = NEw (3) 
revolution is constant, express the 
kinetic energy in terms of the 
number of orbits M completed by the 
particle and energy Eey gained by 
the particle each revolution: 
Substitut ti 2 d(3)i 
ee (3) in p= E A 5a 
equation (1) to obtain: qB\m qB 
2mE 
=—./2mNE,,, = Ne 
q qB 


Torques on Current Loops and Magnets 
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Picture the Problem We can use the definition of the magnetic moment of a coil to 


evaluate yz and the expression for the torque exerted on the coil tT = 4 x B to find the 


magnitude of 7. 
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(a) Using its definition, express the u= NIA = Nia’ 
magnetic moment of the coil: 


Substitute numerical values and u= (20)(3A )z(0.04 my 
evaluate yu: -~[0.302A-m2 
(b) Express the magnitude of the T = wBsin@ 


torque exerted on the coil: 


Substitute numerical values and T= (0.302 -m? )(0.5T)sin 60° 
evaluate 7: -| 0.131N.m 
54 œ 


Picture the Problem The coil will experience the maximum torque when the plane of the 


coil makes an angle of 90° with the direction of B . The magnitude of the maximum 
torque is then given by Tnax = WB. 


Express the maximum torque acting Tmax = HB 
on the coil: 
Use its definition to express the u= NIA = NI nr? 


magnetic moment of the coil: 


Substitute to obtain: Tmax = Mar’ B 

Substitute numerical values and Tmax = (400)(1.6 mA)z(0.75 cm) (0.25T) 
evaluate 7: -| 283x10 ° N.m 

*55 ° 


Picture the Problem We can use T = 4 x B to find the torque on the coil in the two 


orientations of the magnetic field. 


Express the torque acting on the T= "x B 
coil: 
Express the magnetic moment of the ï= +IAk = +IĽk 


coil: 
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(a) Evaluate 7 for B in the z T =k x Bk 
(b) Evaluate 7 for B in the x 7 =+10kx Bi = +10°B{kxi) 
direction: = +(2.5A)(0.06m) (0.3T)j 


=| +(2.70x10°N-m)j 


56 œ 
Picture the Problem We can use T = j x Bto find the torque on the equilateral triangle 


in the two orientations of the magnetic field. 


Express the torque acting on the T=—x B 

coil: 

Express the magnetic moment of the pat AK 

coil: 

Relate the area of the equilateral A = +base x altitude 

triangle to the length of its side: 1 JB L aa 
ty ee ese, 

2 2 4 

Substitute to obtain: iad J3ĽI ; 
4 

(a) Evalue 7 for B in the z zat Ja kx Bh 

direction: 4 


_ BEIB Gf o) 


(b) Evaluate T for B inthe x 
direction: 


(é x?) 
¥3(0.08m/ a A 
=| +(2.08x10° N-m)j 


kx Bi = 


2 BLEIB 
4 
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Picture the Problem The loop will start to lift off the table when the magnetic torque 
equals the gravitational torque. 


Express the magnetic torque acting Tmag = MB =I 7R°B 
on the loop: 
Express the gravitational torque Toray = MgR 


acting on the loop: 


Because the loop is in equilibrium InR’B =mgR 
under the influence of the two 
torques: 


Solve for B to obtain: mg 
I7R 
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Picture the Problem The diagram to the 
right shows the coil as it would appear 


< 


from along the positive z axis. The right- 
hand rule for determining the direction of 
n has been used to establish A as shown. 

We can use the geometry of this figure to / 
determine @ and to express the unit normal Â 

vector ñ. The magnetic moment of the N 

coil is given by # = NIAñ and the torque S 


exerted on the coil by 7 = ñx B . Finally, A Sii 


we can find the potential energy of the coil 
in this field from U = -ġ- B. 


(a) Noting that 8 and the angle 0 =| 37° 
whose measure is 37° have their 

right and left sides mutually 

perpendicular, we can conclude that: 


(b) Use the components of ñ to n= ni + nj = cos37°% —sin 37° j 


express in terms of i and i: 0.7997 -0.6027 
=| 0.7991 — 0.6027 


(c) Express the magnetic moment of ü= NIAn 
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the coil: 


Substitute numerical values and evaluate j : 


j= (50)(1.75.4)(48cm2)(0.7997 —0.602j)=| (0.336 A -m?) F —(0.253A-m?)j 


(d) Express the torque exerted on the = Mx xB 
coil: 


Substitute for ji and B to obtain: 


a 


z = (0.336 A-m?)i—(0.253A-m? )j}x(1.5T)j 
= (0.504N-m)(F x j)-(0.380N-m)(jx j)=| (0.504N-m)k 


(e) Express the potential energy of U=-4p- B 
the coil in terms of its magnetic 
moment and the magnetic field: 


Substitute for Ji and B and evaluate U: 


U =—{0.336A-m’)i -(0.253A-m?)j}- (1.57); 
-(0.504N-m)(- j)+(0.380N -m)(j-)=[ 0.380 
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Picture the Problem We can use the right-hand rule for determining the direction of n 
to establish the orientation of the coil for value of Aand 7 = ji x B to find the torque 
exerted on the coil in each orientation. 
(a) The orientation of the coil is y 
shown to the right: 


Evaluate 7 for B = 2.0 Tj and = üx B = NIAñ x B 
a=i: E 75A)(48cm? F x(2T)ĵ 
= ( 840 N. m)(?x j) 


0. 
=| (0.840N-m)k 
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(b) The orientation of the coil is 


shown to the right: 


Evaluate 7 for B = 2.0 Tj and 


a 


n= jf: 


(c) The orientation of the coil is 
shown to the right: 


Evaluate 7 for B = 2.0 Tj and 


ñ =-j: 


(d) The orientation of the coil is 


shown to the right: 


Evaluate 7 for B = 2.0 Tj and 
ñ =(it+jyv2: 


Magnetic Moments 
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A 
n 


50)(1.75A)(48cm?)j x(2T)j 


a 
. 


8cm?)jx(2T)j 
= (-0.840N-m)(7x j) 


ll 
A 
ul 
a) 
Siem 
= 
NI 
ul 
a 
P 
aw 


a 
. 


= (0.594N -m) (ê x j) 
+(0.594N-m)(jx ĝ) 


=| (0.594N-m)k 


Picture the Problem Because the small magnet can be modeled as a magnetic dipole; we 


can use the equation for the torque on a current loop to find its magnetic moment. 


Express the magnitude of the torque 


T = uBsind 


acting on the magnet: 


Solve for u to obtain: 


Substitute numerical values and 
evaluate x: 
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= T 
Bsind 


0.10N-m 5 
= =| 2.89A.- 
M (0.04T)sin 60° | 2.89A-m’ | 


u 


Picture the Problem We can use the definition of the magnetic moment to find the 


magnetic moment of the given current loop and a right-hand rule to find its direction. 


Using its definition, express the 
magnetic moment of the current 
loop: 


Express the area bounded by the 
loop: 


Substitute to obtain: 


Substitute numerical values and 
evaluate x: 


u=]1A 


— R? 


outer inner ) 


= (Reg — Rene) 


ga ZESA) ios m} -(0.3m)’| 


=| 0.377 A - m? 


Apply the right-hand rule for determining the direction of the unit normal vector (the 


direction of 4) to conclude that} # points into the page. 
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Picture the Problem We can use the definition of the magnetic moment of a coil to find 


the magnetic moment of a wire of length Z that is wound into a circular coil of N loops. 


We can find the area of the coil from its radius R and we can find R by dividing the 


length of the wire by the number of turns. 


Use its definition to express the 
magnetic moment of the coil: 


Express the circumference of each 


loop: 


u= NIA (1) 


L om 
N 
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where R is the radius of a loop. 


Solve for R to obtain: R= L 
27N 
Express the area of the coil: 2 2 
p pe” eee L a E l 
2AN 4aN 
Substitute in equation (1) and r I. 
simplify to obtain: H=N. AnN? =i aN 
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Picture the Problem We can use the definition of current and the relationship between 
the frequency of the motion and its period to show that J = q@/2 7x. We can use the 
definition of angular momentum and the moment of inertia of a point particle to show 
that the magnetic moment has the magnitude 4 = tiqar’. Finally, we can express the 


ratio of x to L and the fact that # and L are both parallel to @ to conclude that 
ü = (q/2m) L. 


(a) Using its definition, relate the I= Aq — 


q 
average current to the charge t T 
passing a point on the circumference 
of the circle in a given period of 


time: 
Relate the frequency of the motion f= oO 
to the angular frequency of the 27 
particle: 
Substitute to obtain: I= qo 
27 
From the definition of the magnetic =s qo (a 2) = qor | 
moment we have: i 27 z4 
(b) Express the angular momentum L=lo 
of the particle: 
The angular momentum of the I =mr? 


particle is: 
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Substitute to obtain: L= (mr? )o = 


Express the ratio of to L and u _ +tqor°_ q -ir 
simplify to obtain: L m’o 2m = 2m 
Because ji and L are both parallel i= ar 

to ©: 2m 
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Picture the Problem We can express the magnetic moment of an element of charge dq 
in a cylinder of length L, radius r, and thickness dr, relate this charge to the length, 
radius, and thickness of the cylinder, express the current due to this rotating charge, 
substitute for A and d/ in our expression for u and then integrate to complete our 
derivation for the magnetic moment of the rotating cylinder as a function of its angular 


velocity. 

Express the magnetic moment of an du = AdI 
element of charge dq in a cylinder where 

of length L, radius r, and thickness A= ar. 

dr: 

Relate the charge dq in the cylinder dq = 2nL prdr 


to the length of the cylinder, its 
radius, and thickness: 


Express the current due to this dI = oO dq = oO (2 aL pr dr) = Løprdr 
rotating charge: 2 2m 
Substitute to obtain: du = m (Laprdr) = Løpm’dr 


Integrate r from R; to Ro to obtain: 


e E 
R 
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Picture the Problem We can follow the step-by-step outline provided in the problem 
statement to establish the given results. 


(a) Express the magnetic moment of du = AdI (1) 
the rotating element of charge: 


The area enclosed by the rotating A=m™ 
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element of charge: 


ap =% 4% 
At At 
where At is the time required for one 
revolution. 
Express the time Ar required for one vee 1_27z 
revolution: f o 
Substitute to obtain: dI = A0 a 
27 
Substitute in equation (1) and »\ A@ 5 
du =\ax" | — dx |=| 4Aax‘dx 
simplify to obtain: 4 l f 20 zods | 


b) Integrate du from x = 0 to f 
Opes p= piafriar = [EF] 
0 


(c) Express the angular momentum L=Io 

of the rod: where L is the angular momentum of the 
rod and Z is the moment of inertia of the 
rod with respect to the point about which it 
is rotating. 


Express the moment of inertia of the [= imp 
rod with respect to an axis through where L is now the length of the rod. 
its end: 
Substitute to obtain: L=iml’o 
Divide our expression for u by L to u 120l _ AL 
obtain: L imo 2m 

or, because O = AL, 

2m 

Because @ and L = J@ point in the E Q > 


same direction: 2M 
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Picture the Problem We can express the 

magnetic moment of an element of current 

dI due to a ring of radius r, and thickness 

dr with charge dq. Integrating this 

expression from r = 0 to r = R will give us 

the magnetic moment of the disk. We can 

integrate the charge on the ring between 

these same limits to find the total charge on 

the disk and divide x by Q to establish the Jd 
relationship between them. In part (b) we 

can find the angular momentum of the disk 

by first finding the moment of inertia of the 

disk by integrating 7°dm between the same 

limits used above. 


(a) Express the magnetic moment of du = AdI 
an element of the disk: 


The area enclosed by the rotating A=m™ 
element of charge is: 


Express the element of current d/: dI = dq _ odA = fodA 
At At 
= 2{o, Z emar) =—_/*d 
27 R 


Substitute and simplify to obtain: du = m DL rd Oot 4d 
Integrate du from r = 0 tor = R to OTOT 4 

=e =| 2 
obtain: u= R f dr =| $0,70R (1) 


Express the charge dq within a 


dq = 2nrodr = 27r o — dr 
distance r of the center of the disk: R 


2 
= £70 dr 
R 
Integrate dq from r = 0 to r = R to 2709 2 
z = 
ae Q= : fr dr=470,R (2) 


0 
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Divide equation (1) by Q to obtain: 


(b) Express the moment of inertia of 
an element of mass dm of the disk: 


Integrate dI from r = 0 tor = R to 
obtain: 


Divide / by equation (2) and 
simplify to obtain: 


Express the angular momentum of 
the disk: 


Divide equation (3) by Z and 
simplify to obtain: 


Because # is in the same direction 


as @: 
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Picture the Problem We can use the general result from Example 26-11 and Problem 63 


u to,7oR* — 3a@R? 

a” 270,R* ~~ 10 

and 

=| 2QaR? (3) 


dl =r°*dm=r’o,,dA 


-r Ba exar) 


and 
Q 
= L 
j 2m 
= Q > 
=| =L 
i 2m 


to express xas a function of Q, M, and L. We can then use the definitions of surface 
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charge density and angular momentum to substitute for Q and L to obtain the magnetic 


moment of the rotating sphere. 
Express the magnetic moment of the 
spherical shell in terms of its mass, 
charge, and angular momentum: 
Use the definition of surface charge 
density to express the charge on the 


spherical shell is: 


Express the angular momentum of 
the spherical shell: 


Substitute to obtain: 
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Q 
-£L 
g 2M 
O = dA = 4roR° 


L =o =ż}MRo 


Anak 2 oe) aa 
{SOE 2 are) [Fro] 


Picture the Problem We can use the general result from Example 26-11 and Problem 63 


to express x as a function of Q, M, and L. We can then use the definitions of volume 


charge density and angular momentum to substitute for Q and L to obtain the magnetic 


moment of the rotating sphere. 
Express the magnetic moment of the 
solid sphere in terms of its mass, 
charge, and angular momentum: 
Use the definition of volume charge 
density to express the charge of the 


sphere: 


Express the angular momentum of 
the solid sphere: 


Substitute to obtain: 
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= 
POM 
Q = pV =$ mR" 


L=lo=2MR’o 


4 oR? \( 2 
w= (AEE | Zo) = [aot 


Picture the Problem We can use its definition to express the torque acting on the disk 
and the definition of the precession frequency to find the precession frequency of the 


disk. 


500 Chapter 26 


(a) The magnitude of the net torque 
acting on the disk is: 


From example 26-11: 


Substitute for x in the expression for 
T to obtain: 


(b) The precession frequency Qis 
equal to the ratio of the torque 
divided by the spin angular 
momentum: 


For a solid disk, the moment of 
inertia is given by: 


Substitute for r and / to obtain: 


T= uBsin 0 
where uis the magnetic moment of the 
disk. 


1 4 
=— Oor @ 
ar 


1 
T= g7 os sin 8 


gad 
Io 
f= —=mr 
1 4 B : ?B 
Q stor a m B ing 
timro 2m 


Remarks: It’s interesting that the precession frequency is independent of o. 


The Hall Effect 
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Picture the Problem We can use the Hall effect equation to find the drift velocity of the 


electrons and the relationship between the current and the number density of charge 


carriers to find n. In (c) we can use a right-hand rule to decide whether a or b is at the 


higher potential. 


(a) Express the Hall voltage as a 
function of the drift velocity of the 
electrons in the strip: 


Solve for vg: 


Substitute numerical values and 
evaluate vq: 


(b) Express the current as a function 
of the number density of charge 
Carriers: 


Va =Vv,Bw 
m 
Bw 
v eae 0.107 mm/s 
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Solve for n: ee I 
Aqv, 


Substitute numerical values and evaluate n: 


20A 


=| 5.84x107 m” 
(2cm)(0.1cm)(1.60x107" C)(0.107 mm/s) saika 


(c) Apply a right-hand rule to It and B to conclude that positive charge will accumulate 


at a and negative charge at b and therefore| V, >V, 
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Picture the Problem We can use / = nqv,A to find the drift velocity and V,, = v;Bw to 


find the Hall voltage. 
(a) Express the current in the metal I=nqv,A 
strip in terms of the drift velocity of 


the electrons: 


Solve for va: I 


Substitute numerical values and evaluate va: 


10A = 
z =| 3.69x10° m/ 
"a = (0.47x10” cm” (1.6010 C)(2em)(0.1cm) eee ae 


(b) Relate the Hall voltage to the Va =Vv,Bw 
drift velocity and the magnetic field: 


(3.69x10°° m/s)(2T)(2cm) 
=/1.48 Vv 


Substitute numerical values and Va 


evaluate Vu: 
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Picture the Problem We can use V,, = v,8w to express B in terms of Vy and 


I =ngqv,A to eliminate the drift velocity va and derive an expression for B in terms of Vp, 


n, and t. 


Relate the Hall voltage to the drift Va = vaBw 
velocity and the magnetic field: 
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Solve for B to obtain: B= Va 
vaw 
Express the current in the metal strip I=nqv,A 
in terms of the drift velocity of the 
electrons: 
Solve for vq to obtain: 2 I 
vi =— 
ngA 
Substitute and simplify to obtain: B= Va _ ngAVy _ nqwtV 
I Iw Iw 
— w 
nqA 
nqt 
=—V, 
I H 


Substitute numerical values and simplify to obtain: 


(8.47 x10” cm™ )(1.60 x10 C)(0.1cm), 


B= = (6.78x10° s/m? JV, 
20A 
(a) Evaluate B for Vy = 2.00 4V: B= (6.78x10° s/m? \(2.00 4V) 
=| 1.36T 
(b) Evaluate B for Va = 5.25 pV: B= (6.78x10° s/m?)(5.25 LuV) 
=| 3.56T 
(c) Evaluate B for Vy = 8.00 iV: B = (6.78 10° s/m? )(8.00 4V) 
=| 5.42T 
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Picture the Problem We can use ,, = v, Aw to find the Hall voltage developed across 


the diameter of the artery. 


Relate the Hall voltage to the flow Va = vbw 
speed of the blood va, the diameter 

of the artery w, and the magnetic 

field B: 
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Substitute numerical values and V, =(0.6m/s)(0.2T)(0.85cm) 
evaluate Vy: —|1.02mvV 
74 » 


Picture the Problem Let the width of the slab be w and its thickness ¢. We can use the 
definition of the Hall electric field in the slab, the expression for the Hall voltage across 
it, and the definition of current density to show that the Hall coefficient is also given by 


1/(nq). 


Express the Hall coefficient: R= E, 

JB, 
Using its definition, express the Hall E = Va 
electric field in the slab: ” w 

. . I 
Express the current density in the lssi 
slab: ~ wt 
Substitute to obtain: Va 
R= Ww Va 


7 ngqv,B, E nqv,wB, 


Express the Hall voltage in terms of Va = v;B,w 
va B, and w: 


Substitute and simplify to obtain: VBw |1 


nqv,wB, nq 


R= 
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Picture the Problem We can determine the number of conduction electrons per atom 
from the quotient of the number density of charge carriers and the number of charge 
carriers per unit volume. Let the width of a slab of aluminum be w and its thickness ¢. We 
can use the definition of the Hall electric field in the slab, the expression for the Hall 
voltage across it, and the definition of current density to find n in terms of R and q 

andn, = PN, /M , to express na. 


Express the number of electrons per N= n (1) 

atom N: n 
where n is the number density of charge 
carriers and na is the number of atoms per 


unit volume. 
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From the definition of the Hall 
coefficient we have: 


Express the Hall electric field in the 
slab: 


Express the current density in the 
slab: 


Substitute to obtain: 


Express the Hall voltage in terms of 


va, B, and w: 


Substitute and simplify to obtain: 


Solve for and evaluate n: 


Express the number of atoms na per 


unit volume: 


Substitute equations (2) and (3) in 
equation (1) to obtain: 


Substitute numerical values and evaluate N: 


R= es 
SB, 
p 
mar 
J, =— =nqva 
Va 
R = WwW = Va 


7 ngqv,B, g nqv,wB, 


Va =V,B,w 
vB, w 1 


R = ——= = — 
nqv,wB, nq 


n=} (2) 
Rq 
Na 
n, = p-> 3 
CoP ay (3) 
_ M 
gRPN 
27 g/mol 


N = Cy 60x10 C)(- 0.310 mi 


=| 3.46 


General Problems 


76 >œ 


C)(2.7x10° kg/m’ )(6.02 x10” atoms/mol) 


Picture the Problem We can use the expression for the magnetic force acting on a wire 


(F =[0xB ) to find the force per unit length on the wire. 


Express the magnetic force on the 


F=I0xB 


wire: 


Substitute for // and B to obtain: 


Simplify to obtain: 


77 œ 
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F =(6.5Aō\ix(1.35T)j 

and 

F ; f 

So (6.5A)i x (1.35T)j 

Z = (8.78 N/m) (x j)=| (8.78 N/m)k 


Picture the Problem We can express the period of the alpha particle’s motion in terms 
of its orbital speed and use Newton’s 2" law to express its orbital speed in terms of 


known quantities. Knowing the particle’s period and the radius of its motion we can find 


its speed and kinetic energy. 


(a) Relate the period of the alpha 


particle’s motion to its orbital speed: 


Apply FP = ma, to the alpha 


particle to obtain: 


Solve for v to obtain: 


Substitute and simplify to obtain: 


Substitute numerical values and 
evaluate 7: 


(b) Solve equation (1) for v: 
Substitute numerical values and 
evaluate v: 


(c) Express the kinetic energy of the 
alpha particle: 


as e 
2 
qvB = m— 
_ gBr 
m 


T= 27r _ 27m 


— qBr qB 
m 


2n(6.65x10~” kg) 
2(11.60x10°C (1T) [0.13145 | 


v= 2z(0.5m) =| 2.40x10’ m/s 
0.13145 


K =4mv 
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Substitute numerical values and 
evaluate K: 


78 ee 
Picture the Problem The configuration of 
the magnet and field are shown in the 
figure. We’ll assume that a force + q„B is 
exerted on the north pole and a force 

= q,,B is exerted on the south pole and 
show that this assumption leads to the 
familiar expression for the torque acting on 
a magnetic dipole. 


Assuming that a force + dB is 
exerted on the north pole and a force 
= In B is exerted on the south pole, 


express the net torque acting on the 
bar magnet: 


Substitute for qm to obtain: 
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K = 4(6.65x10~” kg)(2.41x10” m/s) 
leV 


=1.93x10" J x ———__ 
1.60107" J 


=| 12.0 MeV 


T = Bl sind = pBsino 
or 
t=| xB 


Picture the Problem We can use F = qv x B to show that motion of the particle in the x 


direction is not affected by the magnetic field. The application of Newton’s 2™ law to 


motion of the particle in yz plane will lead us to the result that r = mvo,/qB. By expressing 


the period of the motion in terms of vo, we can show that the time for one complete orbit 


around the helix is t= 2mm/qB. 


(a) Express the magnetic force 
acting on the particle: 
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Substitute for ¥ and B and simplify F = ql +v Js Bi 
Tobia: = qv Blix î)+ qv, Blix i) 


=0-qv, „Bk = -qv,,Bk 


i.e., the motion in the direction of the 
magnetic field (the x direction) is not 


affected by the field. 
Appl F aa = ma, to the motion v 
pply A radial € qv, B = m> (1) 
of the particle in the plane i r 
perpendicular to 7 (i.e., the yz 
plane): 
Solve for r: MVo,, 
r =| —— 
qB 
(b) Relate the time for one orbit i= 27r 
around the helix to the particle’s Voy 
orbital speed: 
Solve equation (1) for vo,: _ qbr 
Voy =—— 
m 
Substitute and simplify to obtain: _ 2ar _| 27m 
qBr | qB 
m 
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Picture the Problem We can use a constant-acceleration equation to relate the velocity 
of the crossbar to its acceleration and Newton’s 2" law to express the acceleration of the 
crossbar in terms of the magnetic force acting on it. We can determine the direction of 
motion of the crossbar using a right-hand rule or, equivalently, by applying F =[0xB. 
We can find the minimum field B necessary to start the bar moving by applying a 
condition for static equilibrium to it. 


(a) Using a constant-acceleration v=vt+at 
equation, express the velocity of the or, because vo = 0, 
bar as a function of its acceleration v=at 


and the time it has been in motion: 
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Use Newton’s 2” law to express the a= F 

acceleration of the rail: m 
where F is the magnitude of the magnetic 
force acting in the direction of the 


crossbar’s motion. 


Substitute to obtain: n F 
m 
Express the magnetic force acting on F = ILB 


the current-carrying crossbar: 


Substitute to obtain: 
v=| — 
m 
(b) Apply to conclude that the magnetic force is to the right and so the motion 
of the crossbar will also be to the right. 


(c) Apply SE, = 0 to the crossbar: ILB nin — Somax = 9 


Solve for Bmin to obtain: umg 
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Picture the Problem Note that with the 
rails tilted, F still points horizontally to 
the right (Z, and hence 4 , is out of the 
page). Choose a coordinate system in 
which down the incline is the positive x 
direction. Then we can apply a condition 
for translational equilibrium to find the 
vertical magnetic field B is needed to 


keep the bar from sliding down the rails. In 


part (b) we can apply Newton’s 2" law to 
find the acceleration of the crossbar when 
B is twice its value found in (a). 


(a) Apply 2r. = 0 to the crossbar mg sin 0 — IB cos0 =0 


to obtain: 


Solve for B: 


(b) Apply 2r = ma tothe 


crossbar to obtain: 


Solve for a: 


Substitute B’ = 2B and simplify to 
obtain: 


82 ee 
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B=“ tan and B= -7S tania, 
I It 


where ú, is a unit vector in the vertical 


direction. 


I/B'cos@ — mg sin 0 = ma 


d 


IMB 
a = —— cos- gsin 0 
m 


210 ms tan 0 


a= cos — gsin 0 
m 


=2gsinð -—gsin0 


=| gsind 


Note that the direction of the acceleration 
is up the slope. 


Picture the Problem We’re being asked to show that, for small displacements from 
equilibrium, the bar magnet executes simple harmonic motion. To show its motion is 
SHM we need to show that the bar magnet experiences a linear restoring torque when 
displaced from equilibrium. We can accomplish this by applying Newton’s 2” law in 
rotational form and using a small angle approximation to obtain the differential equation 
for simple harmonic motion. Once we have the DE we can identify @ and express f: 


Apply yy, T = Ia to the bar magnet: 


For small displacements from 
equilibrium, 0 << 1 and: 


d°0 
— uBsinĝ =I 
Ha dt? 


where the minus sign indicates that the 


torque acts in such a manner as to align the 
magnet with the magnetic field and Z is the 
moment of inertia of the magnet. 


sind z 0 
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Hence our differential equation of d°0 
l > = —LBO 
motion becomes: dt 
Thus for small displacements from d°0 uB 2 
aw = 0 = -00 
equilibrium we see that the dt? I 
differential equation describing the uB 
; . where @ = ,|— 
motion of the bar magnet is the I 
differential equation of simple 
harmonic motion. Solve this 
equation for d’ @d¢* to obtain: 
Relate f to æ to obtain: f oO 1 | uB 
2m |2r\ 1I 


83 o 
Picture the Problem We can use F = qvx B to find the magnitude and direction of the 
magnetic force experienced by an electron in the conducting wire. In (b) we can use a 
condition for translational equilibrium to relate EtoF .In (c) we can apply the 
definition of electric field in terms of potential difference to evaluate the difference in 
potential between the ends of the moving wire. 


(a) Express the magnetic force on F= qyx B= qvi x Bk 


an electron in the conductor: sg Bi . i) Seek] 


Substitute numerical values and evaluate F : 


a 
. 


F = -(-1.60 x10” c)(20m/s)(0.5T)j =| (1.60 x10" N} | 


(b) Sum the forces acting on an qE+F=0 
electron under steady-state 
conditions to obtain: 


Solve for E: E-E 
q 
Substitute our result in part (a) to & 1. 102 N)j x 
| aah E= 1.6010" N) Manov) 
obtain: —1.60x10 " C 


(c) The potential difference between 
the ends of the wire is: 


84 coo 
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AV = EAx 


= (10.0 V/m)(2m) =| 20.0V 


Picture the Problem We can use T = 27,/I/MgD to find the period of small- 


displacement oscillations with no current flowing in the frame. With a current flowing, 


the frame will experience an additional restoring torque that will reduce its period. In part 


(c) we can apply the condition for rotational equilibrium to find the magnitude of the 


current that will put the frame in equilibrium. 


(a) Express the period of a physical 
pendulum: 


Express the moment of inertia of the 
frame: 


Using the linear density of the 
frame, calculate Mhor. segment ANA Myer. 


segment: 


Substitute and evaluate /: 


Evaluate the distance D to the center 
of mass from the A-A axis: 


Substitute in equation (1) and 
evaluate 7: 


T=22n A (1) 
\ MgD 


where D is the distance from the pivot to 
the center of mass of the pendulum. 


I=I +21 


hor. segment vert.segment 


= 2 1 2 
= i segment” + a(t Mer segment” ) 


where / = 10 cm. 


= Aw 
= (20g/cm)(6cm) = 0.12kg 


m hor. segment 


and 


= Ah 
= (20g/cm)(10cm) = 0.2kg 


Myer, segment 


I =(0.12kg)(0.1m)’ 
+ af (0.2 kg)(0.1m} | 
= 2.53x10°kg-m? 


pe 2(0.05m)(0.2kg)+(0.1m)(0.12kg) 
0.12kg+0.2kg+0.2kg 
=6.15cm 


2.53x10° kg- m’ 
T=27 
(0.52kg)(9.81m/s?)(6.15cm) 


- [05685 
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(b) Express the restoring torque with T= (MgD + BIA)O 
B and Jas shown: where A is the area of the loop and 
provided @ << 1 rad. 


Rewrite equation (1) with this T=? I 
restoring torque: E MgD + BIA 


Evaluate BIA: BIA =(0.2T)(8A)(10cm)(6cm) 
=9.60x10 °N-m 
Substitute numerical values and 2.53x10° kg- m? 
. T=27 = 
evaluate 7”: 0.314N -m +9.60x10° N -m 


- [05555] 


(c) Apply Sr = 0 to the frame MgDsin 6 - BIAsin 6 = 0 


when it is in equilibrium to obtain: 


Solve for T: I= MgD 
BA 
Substitute numerical values and I= (0.52 kg)(9.81m/s? \(6.15 cm) 
evaluate /: (0.2 T)(10cm)(6cm) 
=| 262A 
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Picture the Problem We can use a constant-acceleration equation to express the height 
to which the wire rises in terms of its initial speed and the acceleration due to gravity. We 
can then use the impulse-change in momentum equation to express the initial speed of the 
wire in terms of the impulsive magnetic force acting on it. Finally, we can use the 
definition of current to relate the charge delivered by the battery to the time during which 
the impulsive force acts. 


Using a constant-acceleration v= ve +2a,h 
equation, relate the height / to the or, because v = 0 and a, = g. 

’ y , 
initial and final speeds and the 0= v? -2gh 


acceleration of the wire: 


Solve for h: v 


h=- (1) 


Use the impulse-momentum 
equation to relate the change in 
momentum of the wire to the 
impulsive force accelerating it: 


Express the impulsive (magnetic) 
force acting on the wire: 


Substitute to obtain: 


Solve for vo and substitute in 
equation (1): 


Use the definition of current to 
relate the charge delivered by the 
battery to the time during which it 
delivers the current: 


Substitute to obtain: 


Substitute numerical values and 
evaluate h: 
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Ap = FAt or p; — p; = FAt 
and, because p; = 0, mv, = FAt 


F=I(B 
my, = I¢BAt 
UBAY 
jat od (UBAY 
2g 2m°g 
AQ = IAt 
(¢BAQY 
h = 2 
2m’ g 
2 
je [(0.25m)(0.4T)(2C)]* _ IE 


2(0.02kg} (9.81m/s° 


Picture the Problem We’re being asked to show that, for small displacements from 


equilibrium, the circular loop executes simple harmonic motion. To show its motion is 


SHM we must show that the loop experiences a linear restoring torque when displaced 


from equilibrium. We can accomplish this by applying Newton’s 2™ law in rotational 


form and using a small angle approximation to obtain the differential equation for simple 


harmonic motion. Once we have the DE we can identify @and express the period of the 


motion 7. 


Apply $r = Ia to the loop: 


2 
—TABsin ð = I neria = 
dt 
where the minus sign indicates that the 
torque acts in such a manner as to align the 
loop with the magnetic field and Jinertia is 


the moment of inertia of the loop. 
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For small displacements from 
equilibrium, 0 << 1 and: 


Hence, our differential equation of 
motion becomes: 


Thus for small displacements from 
equilibrium we see that the 
differential equation describing the 
motion of the current loop is the 
differential equation of simple 
harmonic motion. Solve this 
equation for d’ @d¢* to obtain: 


Noting that the moment of inertia of 
a hoop about its diameter is + mR? , 


substitute for Jineria and simplify to 
obtain: 


Relate the period 7 of the motion to 
æ and substitute to obtain: 
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sind = 0 
2 
y cogs ae = —IABO 
dt 
2 
dO IAB g 
dt I 


inertia 


d’0_— InR°B 217B 


i 5 6=-—— 9 =-a’9 
dt 5mR m 
271B 
where @ = ,|——— 
m 
Tae -| og | 
oO 271B 


Picture the Problem We can express # in terms of its components and calculate U from 


j and B using U = —H- B . Knowing U we can calculate the components of F using F, 


= —~dU/dx and F, = —dU/dy. 


Express the net force acting on the 
magnet in terms of its components: 


Express j in terms of its 


components: 


Express the potential energy of the 
bar magnetic in the nonuniform 
magnetic field: 


Because # is constant but 


B depends on x and y: 


F=Fi+F,j @ 
B= w,it+wyjt+ uk 
U=-f-B 


= (uF + u, j+ uk) (Bœ) +B, (y)j) 
= -4,B, (x)- LB, (y) 
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and 
OB 
p= 4. (Bs 
dy “\ Oy 
Substitute in equation (1) to obtain: = OB > OB, > 
F=| u,b + My 
Ox Oy 


*88 
Picture the Problem We can apply Newton’s 2™ law to the particle to derive an 
expression for the radius of its orbit and then express its period in terms of its orbital 
speed and radius. 


(a) Because Bis perpendicular to F =qvB 
y , the magnitude of force on the 
particle is given by: 
Appl F = ma to the orbitin A 2 

poy 2 E B= mo) = ro) 
particle to obtain: r 
Solve for r: y(v)nv 

r= 
qB 
The period T of the particle’s 2ar 
motion is related to the radius r of i= a 
its orbit and its orbital speed v: 
Substitute for r and simplify to 2 ay(vyn 
obtain: T =| ——— 
qB 


(b) A spreadsheet program to calculate r and T as functions of In(7) follows. 
The formulas used to calculate the quantities in the columns are given in the table. 


Cell Content/Formula Algebraic Form 
B1 9.11E-31 m 

B2 1.60E—19 e 

B3 10 B 

B4 3.00E+08 c 

A7 0.100 v/c 

A8 0.101 v/c + 0.001 
B7 1/SQRT(1 — (A7)^2) y 

C7 LN(B7) In(y 
D7 B7*$B$1*A7*$B$4/($B$2*$B$3) ymv 

qB 
E7 D7*10^8 10°r 
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F7 | (2*PIQ*A7*$B$1/($B$2*$B$3))*10412 2aym <io” 
qB 
A B C D E F 

1 m= | 9.11E-31 | kg 

2 e= | 1.60E-19 |C 

3 B= | 10 T 

4 c= | 3.00E+08 | m/s 

5 

6 v/c gamma | In(gamma) r r (microns) T (ps) 

7 0.100 1.0050 0.005 1.72E-05 17.2 0.358 

8 0.101 1.0051 0.005 1.73E-05 17.3 0.361 

9 0.102 1.0052 0.005 1.75E-05 17.5 0.365 

10 0.103 1.0053 0.005 1.77E-05 17.7 0.368 

11 0.104 1.0055 0.005 1.79E-05 17.9 0.372 
903 0.996 11.1915 2.415 1.90E-03 1904.0 3.563 
904 0.997 12.9196 2.559 2.20E-03 2200.2 3.567 
905 0.998 15.8193 2.761 2.70E-03 2696.7 3.570 
906 0.999 22.3663 3.108 3.82E-03 3816.6 3.574 


The following graph of r as a function of In(7) was plotted using the data in columns C 
and E. 


4000 


3000 


r (microns) 
N 
[e] 
[e] 
(e) 


1000 


0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 


In(gamma) 


The following graph of T as a function of In(7) was plotted using the data in columns C 
and F. 
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Chapter 27 
Sources of the Magnetic Field 


Conceptual Problems 


*1 e 

Picture the Problem The electric forces are described by Coulomb’s law and the laws of 
attraction and repulsion of charges and are independent of the fact the charges are 
moving. The magnetic interaction is, on the other hand, dependent on the motion of the 
charges. Each moving charge constitutes a current that creates a magnet field at the 
location of the other charge. 


(a) The electric forces are repulsive; the magnetic forces are attractive (the two charges 
moving in the same direction act like two currents in the same direction). 


(b) The electric forces are again repulsive; the magnetic forces are also repulsive. 


2 ° 
No. The magnitude of the field depends on the location within the loop. 


3 ° 
Picture the Problem The field lines for the electric dipole are shown in the sketch to the 
left and the field lines for the magnetic dipole are shown in the sketch to the right. Note 
that, while the far fields (the fields far from the dipoles) are the same, the near fields (the 
fields between the two charges and inside the current loop/magnetic dipole) are not, and 
that, in the region between the two charges, the electric field is in the opposite direction 
to that of the magnetic field at the center of the magnetic dipole. It is especially important 
to note that while the electric field lines begin and terminate on electric charges, the 
magnetic field lines are continuous, i.e., they form closed loops. 


4 ° 

Determine the Concept Applying the right-hand rule to the wire to the left we see that 
the magnetic field due to its current is out of the page at the midpoint. Applying the right- 
hand rule to the wire to the right we see that the magnetic field due to its current is out of 
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the page at the midpoint. Hence, the sum of the magnetic fields is out of the page as well. 


(c) is correct. 


5 ° 
Determine the Concept While we could express the force wire 1 exerts on wire 2 and 


compare it to the force wire 2 exerts on wire 1 to show that they are the same, it is 
simpler to recognize that these are action and reaction forces. | (a) is correct. 


*6 e 
Determine the Concept Applying the right-hand rule to the wire to the left we see that 
the magnetic field due to the current points to west at all points north of the wire. 


(c) is correct. 
7 e 


Determine the Concept At points to the west of the vertical wire, the magnetic field due 
to its current exerts a downward force on the horizontal wire and at points to the east it 
exerts an upward force on the horizontal wire. Hence, the net magnetic force is zero and 


8 e 


Picture the Problem The field-line sketch follows. An assumed direction for the current 
in the coils is shown in the diagram. Note that the field is stronger in the region between 
the coaxial coils and that the field lines have neither beginning nor ending points as do 
electric-field lines. Because there are an uncountable infinity of lines, only a 
representative few have been shown. 


*9 e 

Picture the Problem The field-line sketch is shown below. An assumed direction for the 
current in the coils is shown in the diagram. Note that the field lines never begin or end 
and that they do not touch or cross each other. Because there are an uncountable infinity 
of lines, only a representative few have been shown. 
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10 >œ 
Determine the Concept Because all of these statements regarding Ampère’s law are true, 


11 >œ 
(a) True 


(b) True 


*12 œ 
Determine the Concept The magnetic susceptibility 7,, is defined by the 


app 


equation M = Xn , where Mis the magnetization vector and Bo, is the applied 
0 
magnetic field. For paramagnetic materials, %m is a small positive number that depends 


on temperature, whereas for diamagnetic materials, it is a small negative constant 


independent of temperature. | (a) is correct. 


13 >œ 
(a) False. The magnetic field due to a current element is perpendicular to the current 


element. 
(b) True 


(c) False. The magnetic field due to a long wire varies inversely with the distance from 


the wire. 


(d) False. Ampère’s law is easier to apply if there is a high degree of symmetry, but is 
valid in all situations. 


(e) True 
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14 œ 
Determine the Concept Yes. The classical relation between magnetic moment and 


angular momentum is 4 = ai Thus, if its charge density is zero, a particle with 
m 


angular momentum will not have a magnetic moment. 


15 >» 

Determine the Concept No. The classical relation between magnetic moment and 

angular momentum is #4 = L Thus, if the angular momentum of the particle is zero, 
m 

its magnetic moment will also be zero. 


16 >œ 

Determine the Concept Yes, there is angular momentum associated with the magnetic 
moment. The magnitude of L is extremely small, but very sensitive experiments have 
demonstrated its presence (Einstein-de Haas effect). 


17 œ 

Determine the Concept From Ampère’s law, the current enclosed by a closed path 
within the tube is zero, and from the cylindrical symmetry it follows that 

B = 0 everywhere within the tube. 


*18 œ 

Determine the Concept The force per unit length experienced by each segment of the 
wire, due to the currents in the other segments of the wire, will be equal. These equal 
forces will result in the wire tending to form a circle. 


19 >œ 
Determine the Concept H», CO», and N, are diamagnetic (yn < 0); O2 is paramagnetic 
(Xm > 9). 


Estimation and Approximation 


20 ee 
Picture the Problem We can use the definition of the magnetization of the earth’s core 
to find its volume and radius. 


(a) Express the magnetization of the M 4 
earth’s core in terms of the magnetic V 
moment of the earth and the volume 

of the core: 
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Solve for and evaluate V: vette 9x10” A-m* 
M 1.5x10° A/m 


=| 6.00x10" m’ 


(b)Assuming a spherical core V=i{a4r 


centered with the earth: 


Solve for r: 3V 
r= s y ne 
\ 4r 
Substitute numerical values and 10° m? 
l r=} 3(6x10° m°) =| 2.43x10fm 
evaluate r: \ An 
*21 »e 


Picture the Problem We can model the lightning bolt as a current in a long wire and use 
the expression for the magnetic field due to such a current to estimate the transient 
magnetic field 100 m from the lightning bolt. 


The magnetic field due to the HM, 2I 
current in a long, straight wire is: = ir rF 
where r is the distance from the wire. 


Assuming that the height of the AQ 30C 3 
cloud is 1 km, the charge transfer “t 102s 3x10 A 
will take place in roughly 10° s and 
the current associated with this 
discharge is: 
Substitute numerical values and 47x107 N/A? 2(3 x10* A) 
evaluate B: B= re 100m 
=| 60.0 wT 
#22 o 
Picture the Problem A rotating disk with D 


total charge Q and surface charge density o 
is shown in the diagram. We can find Q by 


deriving an expression for the magnetic 
field B at the center of the disk due to its 9 
rotation. We’ll use Ampere’s law to 


express the field dB at the center of the 
disk due to the element of current dI and 
then integrate over r to find B. | 
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Applying Ampere’s law to a B= Mol 

circular current loop of radius r we 2r 

obtain: 

The B field at the center of an dB = Ho dI (1) 
annular ring on a rotating disk of 2r 


radius r and thickness dr is: 


If o represents the surface charge dI = Oo (27 r ) drair o= 
density, then the current in the i z 


annular ring is given by: 


I= d 
Because T = om Tee 
oO 
Substitute for dI in equation (1) to dB = Ho er ee Logo a 
obtain: 2r 
Integrate from r = 0 to R to obtain: r 
8 B= MoO ar a LM,jooR 
2 0 
Substitution for o yields: Q 
Mo 2 øR 
B aR £ MQ 
2 2x R 
Solve for Q to obtain: Q= 27 RB 
Hy® 


Substitute numerical values and evaluate Q: 


O= 2xlto?m\(0.1T) S000" | 
= Gax10” NA? jao rads) © 


The electric field above the sunspot o Q 


Substitute numerical values and 5.00x10“ C 
evaluate E: E= 


27(8.85x10” C? / N-m?)(10” m} 


- [onene] 
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The Magnetic Field of Moving Point Charges 


233 >œ 


Picture the Problem We can substitute for v and q in the equation describing the 


magnetic field of the moving charged particle (B = a 
mT 


My qi? 


r’ 


each of the given points of interest, and substitute to find B. 


Express the magnetic field of the 
moving charged particle: 


(a) Find r and F for the particle at 
(0, 2 m) and the point of interest at 
the origin: 


Substitute and evaluate B (0,0): 


(b) Find r and F for the particle at 
(0, 2 m) and the point of interest at 
(0, 1 m): 


Substitute and evaluate B (0,1m): 


(c) Find r and F for the particle at 
(0, 2 m) and the point of interest at 
(0, 3 m): 


Substitute and evaluate B (0,3 m) : 


pe to qv : r 
4r r 
= (107 N/A?)(12 uo) Goms)i x? m= s)i ad 
=(36.0pT- mj 


a 


F=-(2m)j,r=2m,and î=-j 


li 
(2m) 


B(0,0) = (36.0pT-m’) 


=| —(9.00pT)k 


a 


F =-(1m)j, r=1m, and ?=-j 


B(0,1m)= (36.0pT-m? yee) 


=| —(36.0pT)k 


r =(1m)j, r=1m, and ? = j 


xj 


m? 


B(0,3m) = (36.0pT-m?) a 


=| (36.0pT)k 


), evaluate r and F for 
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(d) Find r and f for the particle at 7 =(2m)j, r=2m, and ĵ=j 
(0, 2 m) and the point of interest at 
(0, 4 m): 
Substitute and evaluate B(0,4m): B(0,4m) _ (36.0pT m?) ix j 
(2m) 
=| (9.00pT)k 
24 >» 
Picture the Problem We can substitute for v and q in the equation describing the 
My WF 


magnetic field of the moving charged particle (B = i ), evaluate r and F for 
mT 


r? 


each of the given points of interest, and substitute to find B. 


The magnetic field of the moving p- qv xr 
charged particle is given by: 4r r’ 
= (107 N/A?)(12 uc) Bomus)i x? at s)i = 
r 
= (36.0 pT - m?) ZF 
(a) Find r and F for the particle at r= (1m) i+ (1m)j, r= J2m , and 
(0, 2 m) and the point of interest at ~ 1l 13 
(1 m, 3 m): "=R ed 
Substitute for F and evaluate B(im,3m)= (36.0 pT- m?) 
B(1m,3m): = 13s 1 j) 
I XxX| —=l + —= 
J2 y2” 
2 
(2m) 


=| (12.7pT)k 


(b) Find r and F for the particle at r= (2 m)i ,r=2m, and r= i 
(0, 2 m) and the point of interest at 
(2 m, 2 m): 
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Substitute for 7 and evaluate -= ixi 
= B(2m,2m)= (36.0pT-m? 
B(2m,2m): l )=G6.0p fe m} 
=| 0 
(c) Find r and F for the particle at r= (2 m)i + (1m)j ,r= /5m, and 
(0, 2 m) and the point of interest at ~ 2s: 13 
(2 m, 3 m): Ia 5! 


Substitute for 7 and evaluate B(2 m,3m): 


à 1a 
i dzi +i) 
B(2m,3m) = (36.0 pT-m?) v5 v5 =| (3.22pT)k 


25: >» 
Picture the Problem We can substitute for v and q in the equation describing the 
-= vxr A 
magnetic field of the moving proton (B = a q 5— ), evaluate r and r for each of the 
mT r 


given points of interest, and substitute to find B. 


The magnetic field of the moving proton is given by: 


B-L BX? _ (07 Nya? )(1.60x10™ cko m/s)i +(2x10* m/s))jx# 


4r r’ r? 
= (1.60 x10? T -m? Erih 
r 
(a) Find r and F for the proton at f= -(1m)f — (2 m)j ,r= J5m , and 
(3 m, 4 m) and the point of interest n- la 25 
at (2 m, 2 m): r=- 5 ee 


Substitute for F and evaluate B(1m,3m): 


(+2i){-7-23) 


B(1m,3m) = (1.60x10~ T-m?) 


=| 0 


(160x10? T-m? | 2k + d 


E [Wn] 
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(b) Find r and F for the proton at r= (3m)i, r=3m,and f= 
(3 m, 2 m) and the point of interest 


at (6 m, 4 m): 


Substitute for F and evaluate B(6m,4 m): 


B(6m,4m) = (1.60x10 T- m? Fea = (1.60 x10 T -m? {4 
m m 


=| -6.56x10” T)é | 


(c) Find r and F for the proton at r= (2m)j ,r=2m,andr= j 
(3 m, 4 m) and the point of interest 
at the (3 m, 6 m): 


Substitute for 7 and evaluate B(3m,6 m): 


2m 


B(3m,6m)= (1.6010 T- meal =(1.60x10 T- m? l ) 


4.00x10 ” T)k 
( jk | 


26° 

Picture the Problem The centripetal force acting on the orbiting electron is the Coulomb 
force between the electron and the proton. We can apply Newton’s 2™ law to the electron 
to find its orbital speed and then use the expression for the magnetic field of a moving 
charge to find B. 


Express the magnetic field due to B= 4h eV 
the motion of the electron: An r’ 
Appl F., = ma, to the ke? v? 
Pply > radial c ae =m— 
electron: r r 
Solve for v to obtain: ke? 
v=,/— 
mr 
Substitute and simplify to obtain: j= My e ke? E Me k 


4a r?\ mr 4ar* \mr 
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Substitute numerical values and evaluate B: 


_ (07 N/A?)(1.6x107° CY 8.99x10°N-m?/C? 
E (5.29x10" m} (9.11x10™" kg)(5.29x10""m} — 


*27 ee 
Picture the Problem We can find the ratio of the magnitudes of the magnetic and 
electrostatic forces by using the expression for the magnetic field of a moving charge and 
Coulomb’s law. Note that v and F , where F is the vector from one charge to the other, 
are at right angles. The field B due to the charge at the origin at the location (0, b, 0) is 
perpendicular to v and F . 


Express the magnitude of the koo qv? 

magnetic force on the moving B = qV 4r b° 

charge at (0, b, 0): and, applying the right hand rule, we find 
that the direction of the force is toward the 
charge at the origin; i.e., the magnetic force 


between the two moving charges is 


attractive. 
Express the magnitude of the F=- 1 q 
repulsive electrostatic interaction = ATE, b? 
between the two charges: 
Express the ratio of Fg to Fg and My qv 
=e 2 
simplify to obtain: Fs _ 4a b? _ 2 | ¥ 
Ro 1g | 2 
E a C 
Are, b° 


where c is the speed of light in a vacuum. 
The Magnetic Field of Currents: The Biot-Savart Law 


28 >œ 
Picture the Problem We can substitute for v and q in the Biot-Savart relationship 
2 Idéxr 
(dB = Ho = 
4n r 
finddB. 


), evaluate r and F for each of the points of interest, and substitute to 
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Express the Biot-Savart law for the dp — * Idx? 
given current element: Ar r? 
E (o7 nia2}2A)(2mm) xr 
r 
= (0.400nT - m? É 
(a) Find r and F for the point whose r= (3m)i, r=3m,and?=i 
coordinates are 
(3 m, 0, 0): 
Evaluate dB at (3 m, 0, 0): z kxi 
vane ae a dB(3m,0,0) = (0.400nT- m? =~ 
(3m) 
=| (44.4pT)j 
(b) Find r and fF for the point whose F =-(6 m)i ,r=6m, and f =—î 
coordinates are 
(—6 m, 0, 0): 


Evaluate dB at (-6 m, 0, 0): 


dB(—6m,0,0)=(0.400nT-m? )-*\ 
(6m) 
=| —(11.1pT)j 
(c) Find r and F for the point whose r= (3m)k ,r=3m,and f =Á 
coordinates are 
(0, 0, 3 m): 
Evaluate dB at (0, 0, 3 m): dB(0,0,3m) = (0.400nT mye = 
m 


(d) Find r and F for the point whose r= (3m)j ,r=3m,and r= j 
coordinates are 


(0, 3 m, 0): 
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Evaluate dB at (0, 3 m, 0): 


dB(0,3m,0) = (0.400nT m?) 


Gm) 
—(44.4pT)i 
29 œ 
Picture the Probie We can substitute for v and q in the Biot-Savart relationship 
I fy 
(dB = ae d EY, evaluate r and F for (0, 3 m, 4 m), and substitute to find dB. 
m 
Express the Biot-Savart law for the dp - #2 Idi x? 
given current element: Ar r? 
2A)(2mm)k x? 
= (107 nia?) i new 
r 
k A 
= (0.400nT - m? 2 
Find r and F for the point whose r= 3m)j +(4 m)k , 
coordinates are (0, 3 m, 4 m): r=5m, 
and 


Evaluate dB at (3 m, 0, 0): 


ix j+ i] 
dB(3m,0,0) = (0.400nT-m?) 2°“ =] —(9.60pT)i 


(5m) 
*30 œ 
Picture the Probin We can substitute for v and q in the Biot-Savart relationship 
I 
(dB = a 0 a SY, evaluate r and F for the given points, and substitute to find dB . 
m 
Express the Biot-Savart law for the J - # Idi x? 
given current element: Ar r? 
2A)(2mm)k x? 
=(107 nia?) i mm) = 
r 
kx? 


= (0.400nT -m = > 
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(a) Find r and F for the point whose F=(2 m)i +(4 m)j ’ 

coordinates are r=? J5 m, 

(2 m, 4m, 0): and 
a 4 . A 
r= 


2 > > 1> N 
i+ =—~i+ 
2/5 a5” J5 we? 


Evaluate dB at (2 m, 4 m, 0): 


=| —(17.9pT)i +(8.94pT)j 


dB(2m,4m,0) = (0.400nT -m?) v5 v5 j 

(av m) 

The diagram is shown to the right: ” 
dB 
(b) Find r and F for the point whose F =(2 m)i +(4 m)k y 
coordinates are r=2 J5 m, 
(2 m, 0, 4 m): 
and 


4> 13 2 


s Pa 
r= i+ 
2/5 2/5 75 5 


Evaluate dB at (2 m, 0, 4 m): 


xfi) 
dË(2m,0,4m)= (0.400nT -m?) v5 v5 (8.94pT)j 
(2V5m) 
The diagram is shown to the right: ý 
[e 
B Due to a Current Loop 
31 >œ 
2 
Picture the Problem We can use B, = Pi ee to find B on the axis of the 


ar (RS 
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current loop. 


Express B on the axis of a current p -4 2zR°I 


loop: * 4r (x Ie 
Substitute numerical values to z 27(0.03 my (2.6A) 
obtain: B= (o l N/A’) 2 2 p/2 
(x? +(0.03m)') 
z 1.47x10° T- m’ 
(x? +(0.03m))” 
(a) sais B at the center of the _ 1.47x 10° T: = 54.5 4T 
7008: ~ 0+0. 03m f” 
(b) Evaluate B at x = 1 cm: BO 01m) z 1.47 x10 ° T -m? 
(0.01m} + (0.03m } } 
=| 46.5 4T 
(c) Evaluate B at x = 2 cm: B(O 02m) 2 1.47x10° T -m? 
(0.02m} +(0.03m} 
=| 31.4 4T 
(d) Evaluate B at x = 35 cm: BOO 35m) _ 1.47x10° T-m° 
((0.35m) +(0.03m))"" 
=| 33.9nT 
*32 eœ 
My  2aR7I 


Picture the Problem We can solve B, = — for I with x = 0 and substitute 


An (x? +R? lie 
the earth’s magnetic field at the equator to find the current in the loop that would produce 
a magnetic field equal to that of the earth. 


Express B on the axis of the current p -4 2zR°I 
loop: * Ar (x? aia 
Solve for I with x = 0: Ts 4r R 
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Substitute numerical values and evaluate I: 


1 (0.1m) 1T 
I= 0.7G) —— |=| 11.1A 
L07 NA?) Ze(0 1m} | (| 


The orientation of the loop and 
current is shown in the sketch: I 


33 ee 
Mo 2aR’I 
an (e+ 


the ratio of B, to Bo, and solve the resulting equation for x. 


Picture the Problem We can solve B, = for Bo, express 


Express B on the axis of the current pB -4 2aR°I 
loop: * 4r (x? +R)” 
Evaluate B, for x = 0: B = Lo 27l 
° 4m R 
Express the ratio of B, to Bo: My 2mR°I 
B, _4a(x?4+R)" R 
B å m“ (x? + RPI” 
4r R 
Solve for x to obtain: B 2/3 
x=R (2) -1 (1) 
B, 


(a) Evaluate equation (1) for B 2/3 
= . x=10cm 2 -1 =| 19.1cm 
(b) Evaluate equation (1) for B 2/3 
B, = 0. 01B: x=10cm 0 -1 =| 45.3cm 
0. 01Bo Gan 
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(a) Evaluate equation (1) for B 2/3 
B, = 0. 001Bo: x =10cm, || ———| -1=] 99.5cm 
00018 Gan 


34 ee 


2zR°I 
Picture the Problem We can solve B, = fo _47 ~_ for I with x = 0 and substitute 


An (x? + RP 
the earth’s magnetic field at the equator to find the current in the loop that would produce 
a magnetic field equal to that of the earth. 


Express B on the axis of the current pB -4 2aR*I 
loop: * Ar (x? +e) 
Solve for I with x = 0 and j= 4a R 

B, = Bg: My, 27 i 


Substitute numerical values and evaluate I: 


SEEE Se em oza 1T ]- ITN 
(07 N/A?) 27 


The normal to the plane of the loop 
must be in the direction of the 
earth’s field, and the current must be 
counterclockwise as seen from 


above. Here B g denotes the earth’s 
field and B, the field due to the 


current in the coil. 


35 oe 

Picture the Problem We can use the expression for the magnetic field on the axis of a 
current loop and the expression for the electric field on the axis of ring of charge Q to plot 
graphs of B,/By and E(x)/(kQ/R’) as functions of x/R. 


(a) Express B, on the axis of a B= Mo 2aR°I 
current loop: * 4r (x? +R?) 
Express By at the center of the loop: pB -4 2mR*I _ Mol 


0 4n (RY IR 
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Express the ratio of B, to By and B, 1 
simplify to obtain: B, 2 ) E 


The graph of Bx/Bo as a function of x/R shown below was plotted using a spreadsheet 
program: 


1.0 


0.8 


0.6 


B,/Bo 


0.4 


0.2 


0.0 


Express E, on the axis due to a ring x 
of radius R carrying a total charge E(x) __  kQx _ kQ R 


Divide both sides of this equation by X 
KQIR? to obtain: E(x) R 
2 

x 


kQ = 372 
R? f+) 


The graph of E, as a function of x/R shown below was plotted using a spreadsheet 
program. Here E(x) is normalized, i.e., we’ve set kQ/R* = 100. 
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(b) Express the magnetic field on the B (x) MyR?I 
x axis due to the loop centered at i (x? +R? i 
x=0: 
2 Mol 
= 2 \3/2 
ani r 3 
where N is the number of turns 
_ Hol., = B, 
Because B, = Jp B, (x) = EN 
ç + 3 
or 
273/2 
B(x) _ | [2 
B, R 
Express the magnetic field on the x B, (x) = L R'I 


axis due to the loop centered at 
X=R: 
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Simplify this expression to obtain: MR'I 
B,(x)= 3 oP 
al(r -x) +R | 
2 Hol 
= 2 3/2 
2 ( z 3 i J 
R 
B, 
E 3 3/2 
K a 3 $ J 
R 
or 
-3/2 


The graphs of B,/Bo, B2/Bo, and B,/By + Bz/Bo as functions of x/R with the second 
loop displaced by d = R from the center of the first loop along the x axis shown 
below were plotted using a spreadsheet program. 


= = = B]/BO 
—= —=B2/B0 


B1/B0 + B2/B0 


Note that, midway between the two loops, dB(x)/dx = 0. Also, when d = R, B(x) is nearly 
flat at the midpoint which shows that in the region midway between the two coils B(x) is 
nearly constant. 


36 . 

Picture the Problem Let the origin be midway between the coils so that one of them is 
centered at x = —r/2 and the other is centered at x = r/2. Let the numeral 1 denote the coil 
centered at x = —r/2 and the numeral 2 the coil centered at x = r/2. We can express the 
magnetic field in the region between the coils as the sum of the magnetic fields B, and B, 
due to the two coils. 
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Express the magnetic field on the x B (x) B L Nr’I 
axis due to the coil centered at DEA > 2 3/2 
xXx = -r/2: (5+) g 


where N is the number of turns. 


E th tic field on th Nr°I 
Xpress e magne 1C fie on ex B, (x)= Ho r 


axis due to the coil centered at g 2 3/2 
x=r/2: a (Ex) +r’ 


Add these equations to express the total magnetic field along the x axis: 


MyNr°I i My Nr°I 


2 3/2 2 
a(g) g a(5-) z 
; E -3/2 5 -3/2 
Eea (E+ | (= | 


The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


B,(x)= B,(x)+ B,(x)= 


3/2 


Cell Formula/Content Algebraic Form 

Bl 1.13x107 Lo 

B2 0.30 r 

B3 250 N 

B3 15 I 

B5 0.5*$B$1*$B$3*($B$242)*$B$4 u,Nr 27 
Coeff =———_ 

A8 —0.30 + 


B8 | $B$5*(($B$2/2+A8)\2+$B$242)\(—3/2) 


2 
C8 | $B$5* (($B$2/2—A8)\2+$B$2A2)\(—3/2 = a3 
ENE Ea) 
2° 2 | 
‘ps; oes) BoB +B) OC 
A B C D 


N 
= 
> 
UJ 
B 


3 N= | 250 turns 
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4 I= | 15 A 
5 | Coeff= | 2.13E-04 

6 

7 x B1 B2 |B 
8 | -0.30 | 5.63E-03 | 1.34E-03 | 70 
9 | -0.29 | 5.86E-03 | 1.41E-03 | 73 


10 | —0.28 | 6.08E—03 | 1.48E-03 | 76 
11 | -0.27 | 6.30E-03 | 1.55E-03 | 78 
12 | —0.26 | 6.52E—-03 | 1.62E-03 | 81 
13 | -0.25 | 6.72E—03 | 1.70E—03 | 84 
14 | —0.24 | 6.92E-—03 | 1.78E—03 | 87 
15 | -0.23 | 7.10E-03 | 1.87E-03 | 90 


61 | 0.23 | 1.87E-03 | 7.10E-03 | 90 
62 | 0.24 | 1.78E-03 | 6.92E-03 | 87 
63 0.25 | 1.70E-03 | 6.72E-03 | 84 
64| 0.26 | 1.62E-03 | 6.52E-03 | 81 
65| 0.27 | 1.55E-03 | 6.30E-03 | 78 
66 | 0.28 | 1.48E-03 | 6.08E-03 | 76 
67 | 0.29 | 1.41E-03 | 5.86E-03 | 73 
68 | 0.30 | 1.34E-03 | 5.63E-03 | 70 


The following graph of B, as a function of x was plotted using the data in the above table. 
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The maximum value of B, is 113 G. Twenty percent of this maximum value is 
23 G. Referring to the table of values we see that the field is within 20 percent of 113 G 


in the interval | — 0.23m < x < 0.23m. 
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Picture the Problem Let the numeral 1 denote the coil centered at the origin and the 
numeral 2 the coil centered at x = R. We can express the magnetic field in the region 
between the coils as the sum of the magnetic fields due to the two coils and then evaluate 
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the derivatives at x = R/2. 


NRI 
2(x? +R?) 


where N is the number of turns. 


Express the magnetic field on the x B ( ) 
XJ= 
axis due to the coil centered at x = 0: j 


La NR°I 
a(x—ry +R 


Express the magnetic field on the x 


B,\x)= 
axis due to the coil centered at o ) 
x=R: 


Add these equations to express the total magnetic field along the x axis: 


La NR°I R La NR°I 
akar) afk- 


B, (x) = B,(x)+ B, (x) = 


_ M)NR?I Eo 1 
2 (x? ma RP” |x- RY + BE 


Evaluate x; and xz at x = R/2: xG R) = |} R? +R? = brey 


Differentiate B, with respect to x to dB, wNR*Id{1 1 
obtain: dx 2 dxlx x 


Evaluate dB,/dx at x = R/2 to obtain: 


_HNRIf_4R | -4R \ r 
~ 2 (GR)? Gry") 


4 


dB, 
dx 


=i 
x=5R 4 


Differentiate dB,/dx with respect to x to obtain: 


5 
x Xx 


dx? 2 dx : 2 co ggo 


2 


d°B, — u,NR°I ral x <r). are 1 1 5% e] 


Evaluate d’B,/dx° at x = R/2 to obtain: 


541 
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O mMNRI|S 1 1 5R? SR? |O 


a1 
x=5R 


Differentiate d°B,/dx* with respect to x to obtain: 


- ANE Be 15x 15(x—R) sear) 


9 7 7 9 
2 x; xX X> X> 


Evaluate d?B,/dx? at x = R/2 to obtain: 


d’B|  _ NRT) GRU PR _ -9R -ƏR |_ 
dx? x=1R 7 2 (sR?) Gr” (iR? (5 Ry" =[0 | 
*38 eco 


Picture the Problem Let the origin be midway between the coils so that one of them is 
centered at x = -r43 /2 and the other is centered at x = r43 /2. Let the numeral 1 
denote the coil centered at x = _rJ3 / 2 and the numeral 2 the coil centered at 


x= r43 /2.We can express the magnetic field in the region between the coils as the 
difference of the magnetic fields B, and B, due to the two coils. 


Express the magnetic field on the x B (x)= z L Nr’I 
axis due to the coil centered at : B 3/2 
x= -ry43/2: A (E) +r’ 


where N is the number of turns. 


Express the magnetic field on the x B(x)= MyNr*I 
axis due to the coil centered at a ae 3 2 3/2 
x=ry3/2: a(x) +r? 


Subtract these equations to express the total magnetic field along the x axis: 
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L Nr'I 


2 3/2 2 
+r’ 2 INS: y +r’ 
2 


-3/2 


3/2 
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The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 


Cell Formula/Content Algebraic Form 
B1 1.26x10° Ho 
B2 0.30 r 
B3 250 N 
B3 15 I 
B5 | 0.5*$B$1*$B$3*($B$2/2)*$B$4 y m Nr’I 
oeff = 
2 
A8 —0.30 +r 
B8 | $B$5*(($B$2*SQRT(3)/2+A8)\2 T 20 73? 
+$B$2A2)\(-3/2) HoNr Iry | ap 
2 2 
C8 | $B$5* (($B$2*SQRT(3)/2-A8)^2 3T 2 73? 
+$B$242)\(-3/2) HoT ENO og | eth 
2 2 
D8 1044*(B8-C8) B, = B,-B, 
A B € D 
1 | mu_0= | 1.26E-06 | N/A^2 
2 r= | 0.3 m 
3 N= | 250 turns 
4 I= a5 A 
5 | Coeff= | 2.13E-04 
6 
7 x B_1 B_2 B(x) 
8 | -0.30 | 5.63E-03 | 1.34E-03 | 68.4 
9 | -0.29 | 5.86E-03 | 1.41E-03 | 68.9 
10 | -0.28 | 6.08E-03 | 1.48E-03 | 69.2 
11 | -0.27 | 6.30E-03 | 1.55E-03 | 69.2 
12 | -0.26 | 6.52E-03 | 1.62E-03 | 68.9 
13 | -0.25 | 6.72E-03 | 1.70E-03 | 68.4 
14 | -0.24 | 6.92E-03 | 1.78E-03 | 67.5 
15 | -0.23 | 7.10E-03 | 1.87E-03 | 66.4 
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61 | 0.23 | 1.87E—03 | 7.10E—03 | —66.4 
62 | 0.24 | 1.78E—03 | 6.92E-03 | —67.5 
63 | 0.25 | 1.70E-03 | 6.72E-03 | -68.4 
64 | 0.26 | 1.62E—03 | 6.52E-03 | —68.9 
65 | 0.27 | 1.55E-03 | 6.30E-03 | —69.2 
66 | 0.28 | 1.48E—03 | 6.08E—03 | —69.2 
67 | 0.29 | 1.41E-03 | 5.86E-03 | -68.9 
68 | 0.30 | 1.34E-03 | 5.63E-03 | —68.4 


The following graph of B, as a function of x was plotted using the data in the above table. 
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39 o 
Picture the Problem The diagram shows 
the two coils of radii rı and rz with the 
currents flowing in the directions given. 
We can use the expression for B on the axis 
of a current loop to express the difference 
of the fields due to the two loops at a 
distance x from their common center. We’ ll 
denote each field by the subscript 
identifying the radius of the current loop. 


The magnitude of the field on the x la 2a r? I La r? I 
axis due to the current in the inner B, = 4 z oe 3 oa 
loop is: z (x EN ) 2(x Ti ) 
The magnitude of the field on the x My 2arI Mote I 
axis due to the current in the outer B, = 4 > oye > eae 
loop is: z (x +1?) 2(x +r) 


The resultant field at x is the difference between B, and B»: 
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Bin) eG) Sao et 
; ' : 2(x? + r)” 2(x? + r2)” 


(a) The spreadsheet program to calculate B, as a function of x, for r} = 10.1 cm, is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 


Cell Formula/Content Algebraic Form 
B1 1.26x10® Lo 
B2 0.1 ri 
B3 1 I 
B4 0.101 ry 
A7 0 x 
B7 | 0.5*$B$1*$B$2^2*$B$3/(A7^2+$B$2^2)⁄4(3/2) Uor2I 

2(x? + mle 
C7 | 0.5*$B$1*$B$4\2*$B$3/(A7A2+$B$4\2)\(3/2) Mor2l 

2(x? +r, ) 
D7 10\4*(B7-C7) B (x)= B,(x)—B,(x) 


A B C D 

1 | mu 0= | 1.26E-06 | N/A^2 

2 r_1= | 0.1 m 

3 I=|1 A 

4 r_2= | 0.101 m 

5 r_2= | 0.11 m 

6 r_2= | 0.15 m 

7 r_2= | 0.2 m 

8 

9 x B_1 B_2 B_x 

10 | 0.00 | 6.30E-06 | 6.24E-06 | 6.24E—04 
11 | 0.01 | 6.21E-06 | 6.15E-06 | 5.97E-04 
12 | 0.02 | 5.94E-06 | 5.89E-06 | 5.21E—04 
13 | 0.03 | 5.54E-06 | 5.49E—-06 | 4.14E-—04 
14 | 0.04 | 5.04E-06 | 5.01E—06 | 2.95E-04 
15 | 0.05 | 4.51E-06 | 4.49E—06 | 1.81E—04 
56 | 0.46 | 6.04E—08 | 6.15E-08 | —1.13E-05 
57 | 0.47 | 5.68E—-08 | 5.78E-08 | —1.07E—05 
58 | 0.48 | 5.34E-08 | 5.45E-08 | —1.01E-05 
99 | 0.49 | 5.04E-08 | 5.13E-08 | —9.51E—06 
60 | 0.50 | 4.75E-08 | 4.84E-08 | —8.99E-06 


The following graph shows B(x) for r = 10.1 cm, 11 cm, 15 cm, and 20 cm. 
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B (G) 


40 coo 
Picture the Problem We can approximate B(x) by using the result from Problem 39 for 


B 

the field due to a single coil of radius r and evaluating B(x) x = Ar at 
r 

F= fis 


The magnetic field at a distance x on 
the axis of a coil of radius r is given 


by: 
Express B(x) in terms of the rate of ƏB 
change of B with respect to r: B(x) a (1) 


Evaluate the partial derivative of B with respect to r: 
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i (x? 29? 2 (rm?) 2m 2 he 4 2p] 
— Æo 
An (x? +12) 
sag) Ot r) le r er) 
0 
An (x? 472) 
Ge +} See ery 
= Llr (x? i ry 
[> ae. 2P Lgr 2r? E 
ea E eT] 
lx? +r? )-3r? 
-nrls K | 
Mol | 2x°r-r? 
“<2 Caen ie 
Evaluate OB/Ox at r = rı to obtain: ôB 


Substitute in equation (1) to obtain: 


gaar 2x°n =r? 
B(x) ® 
l ) í 2 2 +r lia 


Remarks: This solution shows that the field due to two coils separated by Ar can be 
approximated by the given expression. 


41 ecco 


Picture the Problem We can factor x from the denominator of the equation from 
IAr \( 2 
Problem 40 to show that B(x) = (Ae) (2) : 


3 
X 


From Problem 40: 
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Factor x” from the denominator of 
the expression to obtain: 


2 A 5/2 
5 
x fs S 
For x >> r: 2 \5/2 
5 r, 5 
X i + 5) =X 
x 
Substitute and simplify to obtain: 2_ 73 
B(x) = H,JAr [2 r l 
2 X 
(utar) 2rx? r? 
{2 x xX? 
_( molAr )f 2r r 
2 xX¥ x 
For x >> r: MptAr \( 2r 
leew es 
2 x 


The spreadsheet-generated graph that follows provides a comparison of the exact and 
approximate fields. Note that the two solutions agree for large values of x. 


0.001 
0.000 = 
4 A 
_. -0.001 g 
g / Exact solution 
I 
© -0.002 i 
! = = = : Approximate 
solution 
-0.003 = 
Li 
I 
-0.004 
0.00 0.10 0.20 0.30 0.40 0.50 
x (m) 
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Straight-Line Current Segments 


42 >» 
Picture the Problem The magnetic field due to the current in a long straight wire is given 


2I 
by B= oe where I is the current in the wire and R is the distance from the wire. 


4r 
Express the magnetic field due to a palo 2I 
long straight wire: 4m R 
Substitute numerical values to B= (107 T-m/ A) 2(10 A) 
obtain: R 
_ 2.00x10°T-m 
R 


(a) Evaluate B at R = 10 cm: )= 2.00x10°T-m > 


0.1m 


2.00x10°T-m 
B(50 = ~ -| 400 eT 
(50cm) ==" = 4.00 ut | 
—_ . i $ 
(c) Evaluate B at R = 2 m: B(2 m) = 2.00x10 T:m =| 1.00 4T 


2m 


B(10cm 


20.0 4T 


(b) Evaluate B at R = 50 cm: 


Problems 43 to 48 refer to Figure 27-45, which shows two long straight wires in the xy 
plane and parallel to the x axis. One wire is at y = -6 cm and the other is at y = +6 cm. 
The current in each wire is 20 A. 


y = +6 cm 


Figure 27-45 Problems 43-48 


*43 >œ 
Picture the Problem Let + denote the wire (and current) at y = +6 cm and — the wire (and 


2I 
current) at y = —6 cm. We can use B = rey to find the magnetic field due to each of 
mT 


the current carrying wires and superimpose the magnetic fields due to the currents in the 
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wires to find B at the given points on the y axis. We can apply the right-hand rule to find 


the direction of each of the fields and, hence, of B. 


(a) Express the resultant magnetic 
field at y = —3 cm: 


Find the magnitudes of the magnetic 
fields at y = —3 cm due to each wire: 


Apply the right-hand rule to find the 
directions of B, and B: 


Substitute to obtain: 


(b) Express the resultant magnetic 
field at y = 0: 


Because B, (0) = -B (0) : 


(c) Proceed as in (a) to obtain: 


(d) Proceed as in (a) with y = 9 cm 
to obtain: 


B(-3cm) = B(- 3cm)+ B (-3cm) 


B,(-3cm)= (107 T- m/a)220A) 
0.09m 
= 44.4 iT 
and 
2(20 A) 


B (-3cm)= (107 T-m/A) 


0.03m 
=133 WT 


B (-3cm)= (44.4 4T )k 
and 
B (-3cm) = -133 4T )k 


B(-3cm)= (44.4 4T )k - (133 4T )k 


-Elar 


B (3cm) = (1334T)k , 


a 


B (3cm) =-(44.4 4T )k , 
and 

B(3cm) = (133 uT )k - (44.4 4T )k 
— (88.6 4T )k 


(9cm) = -133 4T)k , 
(9cm) = -(26.7 4T )k , 


and 


B 
B 
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B(9cm) = -(133 4T )k — (26.7 4T )k 


44 œ 

Picture the Problem The diagram shows the two wires with the currents flowing in the 
negative x direction. We can use the expression for B due to a long, straight wire to 
express the difference of the fields due to the two currents. We’ll denote each field by the 
subscript identifying the position of each wire. 


The field due to the current in the _ My 2I 
wire located at y = 6 cm is: ° 4r 0.06m-y 
The field due to the current in the _ Hy 2I 
wire located at y = —6 cm is: À 4m0.06m+y 


The resultant field B, is the difference between Bg and Be: 


€ "° Ar 0.06m-y 4r0.06m-y 42\0.06m-y 0.06m+y 


The following graph of B, as a function of y was plotted using a spreadsheet program: 
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B, (G) 


y m) 
45 >œ 
Picture the Problem Let + denote the wire (and current) at y = +6 cm and — the wire (and 
2I 
current) at y = —6 cm. We can use B = r to find the magnetic field due to each of 
T 


the current carrying wires and superimpose the magnetic fields due to the currents in the 
wires to find B at the given points on the y axis. We can apply the right-hand rule to find 
the direction of each of the fields and, hence, of B. 


(a) Express the resultant magnetic B (- 3 cm) = B, (- 3 cm) +B. (- 3 cm) 
field at y = —3 cm: 


Find the magnitudes of the magnetic B e 3c m) = (107 T.-m/ A) 2(20 A) 
fields at y = —3 cm due to each wire: j 0.09m 
= 44.4 iT 
and 
B (-3cm)=(10" T- m/a)2204) 
0.03m 
=133 4T 
Apply the right-hand rule to find the B (-3cm)= -(44.4 4T )k 
directions of B, and B : and 
B_(-3cm) = -(133 4T )k 
Substitute to obtain: B(—3cm) = -(44.4 uT)k —(133 ul \k 
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(b) Express the resultant magnetic B(0) = B, (0)+ B (0) 
field at y = 0: 
Find the magnitudes of the magnetic B (0) _ (1 07 T-m/ a) 2020 A) 
fields at y = 0 cm due to each wire: + .06m 
= 66.7 uT 
and 
B (0)=(107T- wA 2208) 
0.06m 
= 66.7 uT 
Apply the right-hand rule to find the B, (0)=-(66.7 iT )k 


directions of B, and B: and 
B_(0)= -(66.7 „T )k 


Substitute to obtain: B(0) = -(66.7 wT )k — (66.7 iT )k 


=| - (133 4T )k 


(c) Proceed as in (a) with B, (3 cm) = ~(133 ul )k ; 
y = +3 cm to obtain: B (3cm) = (44.4 iT )k 
and 
B(3cm)= (133 uT)k — (44.4 4T )k 
=| —(177 4T )k 
(d) Proceed as in (a) with B, (9 cm) = (133 4T)k ; 
y = +9 cm to obtain: B (9 cm) = -(26.7 iT )k 
and 
B(9cm) = (133 4T )k - (26.7 4T )k 
=| (106 uT)k 
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Picture the Problem The diagram shows the two wires with the currents flowing in the 
negative x direction. We can use the expression for B due to a long, straight wire to 
express the difference of the fields due to the two currents. We’ll denote each field by the 
subscript identifying the position of each wire. 
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The field due to the current in the _ Ho 2I 
wire located at y = 6 cm is: ° 4r 0.06m - y 
The field due to the current in the _ Hy 2I 
wire located at y = —6 cm is: À 4m0.06m+y 


The resultant field B, is the sum of Bg and B6: 


1 


Z 5 $ 4m006m-y 4r0.06m-y 4r 


The following graph of B, as a function of y was plotted using a spreadsheet program: 
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Picture the Problem Let + denote the wire (and current) at y = +6 cm and — the wire 


2I 
(and current) at y = —6 cm. We can use B = a to find the magnetic field due to each 


IT 


of the current carrying wires and superimpose the magnetic fields due to the currents in 


the wires to find B at the given points on the z axis. 


+ 
0.06m—y 0.06m+y 


| 
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(a) Apply the right-hand rule to 
show that, for the currents parallel 
and in the negative x direction, the 
directions of the fields are as shown 


to the right: 

Express the magnitudes of the B, =B, = (107 T. m/A) 

magnetic fields at z = +8 cm due to 2(20 A) 
x 


the current-carrying wires at 


(0.06m)* +(0.08my’ 
= 40.0 iT 


y = —6 cm and y = +6 cm: 


Noting that the z components add to B(z =8 cm) = 2(40.0 iT )sin Oj 
zero, express the resultant magnetic 
field at z = +8 cm: 


a 
. 


2(40.0 wT )(0.8) j 


II 


a 
. 


=| (64.0 4T) j 


(b) Apply the right-hand rule to 
show that, for the currents 
antiparallel with the current in the 
wire at y = —6 cm in the negative x 
direction, the directions of the fields 
are as shown to the right: 


6cm 6cm 


Noting that the y components add to B(z = 8cm) = -2(40.0 4T )cos Ok 


zero, express the resultant magnetic _ a 40.0 4T) (0 6) È 
field at z = +8 cm: ` ` 


=| — (48.0 4T )k 


48 >» 

Picture the Problem Let + denote the wire (and current) at y = +6 cm and — the wire (and 
current) at y = —6 cm. The forces per unit length the wires exert on each other are action 
and reaction forces and hence are equal in magnitude. We can use F = I/B to express the 


2I 
force on either wire and B = a to express the magnetic field at the location of either 
m 


wire due to the current in the other. 


Express the force exerted on either F = KB 


wire: 
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Express the magnetic field at either B- My 2I 
location due to the current in the 4r R 
wire at the other location: 


Substitute to obtain: p- f # aT) 24y I? 4 T 
4r R 4r R 2m R 
Divide both sides of the equation by F 244I i 
£ to obtain: 0 At R 
Substitute numerical values and F aio” T. m/A)(20 Ay 
evaluate F/ £ : V 0.12m 
=| 667 uN/m 
49 > 


24h I? 
T to relate the force per unit length each 
mT 


F 
Picture the Problem We can use 7 = 


current-carrying wire exerts on the other to their common current. 


(a) | Because the currents repel, they are antiparallel. 


(b)Express the force per unit length F 24I f 
experienced by each wire: eo 4r R 
Solve for I: i 4n7R F 
Ņ\ 24o £ 
Substitute numerical values and 8.6 
f=) : cm) (3.6nN/m) 
evaluate I: \ 2(L0- T. m/A) 


- [503m] 


50 ee 
Picture the Problem Note that the current segments a-b and e-f do not contribute to the 
magnetic field at point P. The current in the segments b-c, c-d, and d-e result in a 
magnetic field at P that points into the plane of the paper. Note that the angles bPc and 
ePd are 45° and use the expression for B due to a straight wire segment to find the 
contributions to the field at P of segments bc, cd, and de. 


Express the resultant magnetic field 
at P: 


Express the magnetic field due to a 
straight line segment: 


Use equation (1) to express B,, and 
Bae: 


Use equation (1) to express Bea: 


Substitute to obtain: 


Substitute numerical values and 
evaluate B: 


51 ee 
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e f 


B = B, + Ba + Bi 


B= Bo “(sin 6, +sin@, ) (1) 


B, = fo “(sin 45° + sin 0°) 


Ci 


4r 


nM Lanas 
4r R 


I 
B,, = >+ (sin 45° + sin 45°) 
4m R 


~ Ho! omas 
R 


4r 
I I 
B= aa T + jet t sin 45° 
Az R 4m R 
+ POE ABs 
4r 
= ada 
An 


B=4(10’ T. ma) E 


=| 226 4T 


sin 45° 


Picture the Problem The forces acting on the wire are the upward magnetic force Fg 


and the downward gravitational force mg, where m is the mass of the wire. We can use a 


condition for translational equilibrium and the expression for the force per unit length 


between parallel current-carrying wires to relate the required current to the mass of the 


wire, its length, and the separation of the two wires. 


Apply LF , =9to the floating 


Fs 


-mg =0 
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wire to obtain: 


Express the repulsive force acting _ 5h I 24 

on the upper wire: BE “An R 

Substitute to obtain: 2 Ho r -mg=0 
4r R 

Solve for I: I 4zamgR 
y2 Lal 


Substitute numerical values and evaluate I: 


80.2 A 


z- [14x10 kg)(0.81m/s*)(1.5x107 m) _ 
g 2(107 T-m/A)(0.16m) 7 


*52 oe 
Picture the Problem Note that the forces on the upper wire are away from and directed 
along the lines to the lower wire and that their horizontal components cancel. We can 


Pal 


F 
use — = 2 FI to find the resultant force in the upward direction (the y direction) 


£ m 
acting on the top wire. In part (b) we can use the right-hand rule to determine the 
directions of the magnetic fields at the upper wire due to the currents in the two lower 


2I 
wires and use B = o to find the magnitude of the resultant field due to these 
mT 
currents. 
(a) Express the force per unit length F „4l £ 
each of the lower wires exerts on the l Ant R 
upper wire: 
Noting that the horizontal F T? 
oting that the horizonta y= 240 cos30° 
components add up to zero, express l An 
the net upward force per unit length In I’ 
S +242 — cos30° 
on the upper wire: 4r R 


I° 
= 40 + cos30° 
4z R 
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Substitute a values and 5 F, P a(t 07 T-m/ A) (15 Ay ens 
y. 4 0.1m 
evaluate à : 


= | 7.79x10 N/m 


j -= 2I A 
(b) Noting, from the geometry of the B=2 Ho = 60s 30% 
wires, the magnetic field vectors 4r R 
both are at an angle of 30° with the 
horizontal and that their y 
components cancel, express the 
resultant magnetic field: 

j j 2(15A 
Substitute numerical values and B= 2107 Tani A) ( ) cos 30° 
evaluate B: . 

=| 52.0 4T 
53 ee 


Picture the Problem Note that the forces on the upper wire are away from the lower left 
hand wire and toward the lower right hand wire and that, due to symmetry, their vertical 


H 


F 
components cancel. We can use T =2 Fi to find the resultant force in the x 
mT 


direction (to the right) acting on the top wire. In part (b) we can use the right-hand rule 
to determine the directions of the magnetic fields at the upper wire due to the currents in 


2I 
the two lower wires and use B = Pr to find the magnitude of the resultant field due 
m 
to these currents. 
(a) Express the force per unit length Fo 2 Lo I’ 
each of the lower wires exerts on the 0 Ant R 
upper wire: 
Noting that the vertical components F De 
a hos gioi oo 
add up to zero, express the net force l 4r R 
per unit length acting to the right on My 2 
the upper wire: +2 Ar cos60 
I 


2 
— 40” ¢9560° 
4z R 
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Substitute numerical values and 


F 
evaluate > Ee : 


(b) Noting, from the geometry of the 
wires, that the magnetic field vectors 
both are at an angle of 30° with the 
horizontal and that their x 
components cancel, express the 
resultant magnetic field: 


Substitute numerical values and 
evaluate B: 


54 ee 


2 
== = 4107 T- m/A) asa) cos 60° 


4m 


=| 4.50x10* N/m 


B=2(10’ T-m/A) 2054) sin 30° 


.lm 


30.0 4T 


Picture the Problem Let the numeral 1 denote the current flowing in the positive x 


direction and the magnetic field resulting from it and the numeral 2 denote the current 


flowing in the positive y direction and the magnetic field resulting from it. We can 


My 21 


express the magnetic field anywhere in the xy plane using B = ras and the right-hand 


4r 


rule and then impose the condition that B = Oto determine the set of points that satisfy 


this condition. 


Express the resultant magnetic field 
due to the two current-carrying 


wires: 


Express the magnetic field due to 
the current flowing in the positive x 
direction: 


Express the magnetic field due to 
the current flowing in the positive y 


direction: 


Substitute to obtain: 


B=B,+B, 
2 
pao 2h 
4n y 
2I, > 
B =A 25 
4r x 
p- Ag Ho Ag 
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because I = I, = I. 


For B=0: My, 21 442I 
4r y 4m xX 


=0>x=y. 


Hence, B = 0 along a line that 


makes an angle of 45° with 


the x axis. 
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Picture the Problem Let the numeral 1 denote the current flowing along the positive z 
axis and the magnetic field resulting from it and the numeral 2 denote the current flowing 
in the wire located at x = 10 cm and the magnetic field resulting from it. We can express 
2I 

the magnetic field anywhere in the xy plane using B = ae and the right-hand rule 

T 
and then impose the condition that B = 0 to determine the current that satisfies this 


condition. 


(a) Express the resultant magnetic B=B,+B 
field due to the two current-carrying 


wires: 


Express the magnetic field at B (x _9 cm) _ My 21, 3 
x = 2 cm due to the current flowing ! 4r 2cm 
in the positive z direction: 


Express the magnetic field at B (x ~9 cm) _4ho 2l, 3 
x = 2 cm due to the current flowing i 4r 8cm 
in the wire at x = 10 cm: 


Substitute to obtain: pet 2l ^3 4o 21, % 


My 21, fy 21, j3 
4r 2cm 47 8cm 


For B=0: My H, Mo 2h o 
472 2cm 47 8cm 
or 
L IL, 
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Solve for and evaluate I: I, =41,= 4(20A) = 


(b) Express the magnetic field at put 21, 2 My 2l, 3 
x=5cm: 47 5cm` 475cm 
2 Ly 4 
=—__ (I, -I 
4n(5 = hi 
P x a7 

Substitute numerical values and =- 2(10 T m/A) (2 0A —80 Ajj 
evaluate B (x = 5cm): scm 


A 
. 


=| —(0.240mT)j 
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Picture the Problem Choose a coordinate system with its origin at the lower left-hand 
corner of the square, the positive x axis to the right and the positive y axis upward. We 


My 21 


can use B= in Bo and the right-hand rule to find the magnitude and direction of the 
mT 


magnetic field at the unoccupied corner due to each of the currents, and superimpose 
these fields to find the resultant field. 


(a) Express the resultant magnetic B=B,+B,+B 
field at the unoccupied corner: 


3 (1) 


When all the currents are into the 
paper their magnetic fields at the 
unoccupied corner are as shown to 
the right: 


Express the magnetic field at the = 


unoccupied corner due to the current 


l: 
Express the magnetic field at the B, _ Ho E asl? E j) 
unoccupied corner due to the current Ax LV2 
h: DT fa an 
a 
4r 2L 
Express the magnetic field at the g -A 2I ; 
unoccupied corner due to the current 3 4r L 


I3: 
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Substitute in equation (1) and simplify to obtain: 


oe ea AHG jp aa ae etd 


4r L 4r 2L 4r L 4r L 2 
ata L Gash al apna e g] 
4m L 2 2 4aL 


B, 


(b) When I; is out of the paper the 
magnetic fields at the unoccupied B, 
corner are as shown to the right: 


Express the magnetic field at the p My H cat ase(- A 3) 
unoccupied corner due to the current * 4r Lo 
i sta Urga] 

4r 2L 


= 21>. tly 20 (3, 3), ols My 21( 3,1( 3, 3),3 
Feb pe R ee a Far 
4m L 4r 2L 4m L 4r L 2 


A A 2 z Im a 
Afi pfa l 13] _| lf] 
4r L 2 2 4r L|2 2 47L 


(c) When I, and I, are in and I; is B, 
out of the paper the magnetic fields n 
at the unoccupied corner are as B: 
shown to the right: 5 
From (a) or (b) we have: B- Ho 2I z 
2 ARL 
; z II os, A 

From (a) we have: B, = Ho Hee aseli = j) 

An LJ2 

=o 1 (7_ 3} 

4r 2L 
Express the magnetic field at the g- 2I ; 
unoccupied corner due to the current ° 4r L 


Iz: 
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Substitute in equation (1) and simplify to obtain: 


=- My 217 Mo aT (i j) My 21 = _ My 2I ER j)-i 
4r L 4m 2L 4m L 4r L 


2 
x A Ifa a 
ahead ar ee N lA ey) 
4r L 2 2 47L 


*5'7 ee 

Picture the Problem Choose a coordinate system with its origin at the lower left-hand 

corner of the square, the positive x axis to the right and the positive y axis upward. Let 

the numeral 1 denote the wire and current in the upper left-hand corner of the square, the 

numeral 2 the wire and current in the lower left-hand corner (at the origin) of the square, 

and the numeral 3 the wire and current in the lower right-hand corner of the square. We 

2I 

can use B = a and the right-hand rule to find the magnitude and direction of the 
T 

magnetic field at, say, the upper right-hand corner due to each of the currents, 

superimpose these fields to find the resultant field, and then use F = IZB to find the 


force per unit length on the wire. 


(a) Express the resultant magnetic B =B, +B, +B, (1) 
field at the upper right-hand corner: 


When all the currents are into the 
paper their magnetic fields at the 
upper right-hand corner are as 
shown to the right: 


Express the magnetic field due to 


B, = 
the current J: 
Express the magnetic field due to B -= 
the current I»: 
Express the magnetic field due to B= Mo 2I > 


the current Iz: 


Substitute in equation (1) and simplify to obtain: 
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= Mo 2I + Lo 21 (> + Lo 2I + Lo 2I > 1f> aa 
B= + i + i = +> +i 
An a” n j) 4ra 4ra” x j) 


oie ee paje e A] 
4r a 2 2 47a 


Using the expression for the F -BI (2) 
magnetic force on a current- 4 
carrying wire, express the force per 
unit length on the wire at the upper 
right-hand corner: 
Substitute to obtain: F _ 34l ? fy j 

l 4m SN 

and 

F ie e) E aj 

az 0 peor, 

£ 47a 47a 

_ 3/2 A ie 
= 47a 
(b) When the current in the upper 
right-hand corner of the square is 7 
out of the page, and the currents in 4 
the wires at adjacent corners are B, 
oppositely directed, the magnetic 
fields at the upper right-hand are as f 
shown to the right: A 
Express the magnetic field at the p M HA a as(-i fe j) 
upper right-hand corner due to the * An aV2 
current I: _ ies i) 
4r 2a 


Using B, and B, from (a), substitute in equation (1) and simplify to obtain: 


E E a E | 
4r a 4r a 2 


Ae iig ais he aTe 
sue 1-3 }+(-14 5) -22ta 1|] 
4r a 2 2 4r a|2 2 47a 
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Substitute in equation (2) to obtain: 


58 ee 
Picture the Problem The configuration is 
shown in the adjacent figure. Here the z 
axis points out of the plane of the paper, 
the x axis points to the right, the y axis 

My 21 


points up. We can use B = — 
4n 


and the 


right-hand rule to find the magnetic field 
due to the current in each wire and add 
these magnetic fields vectorially to find the 
resultant field. 


Express the resultant magnetic field 
on the z axis: 


B, is given by: 
B, is given by: 
B, is given by: 
B 4is given by: 


B. is given by: 


i 


a 
. 


B, = (Bcos 45°} + (Bsin 45°); 


a 
. 


B, = (Bcos 45°} — (Bsin 45°)j 


Substitute for B, ; B, ; B,, B 4» and B, and simplify to obtain: 


a 
. 


B = Bj + (B cos 45°)f + (Bsin 45°)j + Bi + (B cos 45°)i — (B sin 45°)j - Bj 


= (Bcos45°)i + Bi + (B cos 45°} = 


(B+ 2Bcos45°}f = (1+ /2)Bî 
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Express B due to each current at pa fig 2I 


z=0: 4z R 


Substitute to obtain: 


w 
II 


Manh 
2aR 


B Due to a Current in a Solenoid 
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Picture the Problem We can use B, = + nI 2 + 7 
x 20 Ls OL 
° Vb°+R* va’ +R’ 


any point on the axis of the solenoid. Note that the number of turns per unit length for 
this solenoid is 300 turns/0.3 m = 1000 turns/m. 


) to find B at 


Express the magnetic field at any a 
oint on the axis of the solenoid: B, = 2 Mont + 
P ' yb? +R? Va? +R? 


Substitute numerical values to obtain: 


b a 
Jb? + (0.012m} "Je 0012m} (0.012m} 


B, =4(42x107 T-m/A)(1000)(2.6.A) 


b a 


= (1.63 mT)| === 
Je? +(0.012my Ja? +(0.012m) 


(a) Evaluate B, for a = b = 0.15 m: 


B, = (1.63mT) 0.15m z 0.15m : =[3.25mT | 


J(0.15m} +(0.012m} (0.15m? +(0.012m) 
(b) Evaluate B, for a = 0.1 m and b = 0.2 m: 


0.2m 0.1m 
+ 


AE (0.2m) +(0.012mY (0.1m) +(0.012m/) 


=|3.25mT 


(c) Evaluate B, (= Bena) for a = 0 and b = 0.3 m: 
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B 


_ = (1.63mT) on - |=[1.63mT | 


(0.3m) +(0.012m) 
Note that B,,, = 4B 


center * 


*60 ° 
Picture the Problem We can use B, = ¿nI to find the approximate magnetic field on 


the axis and inside the solenoid. 


Express B, as a function of n and I: B, = 4n 
Substitute numerical values and 2 »\( 600 

B, = (47 x107 N/A?) —— |(2.5A) 
evaluate B,: x 2.7m 


=| 0.698 mT 


61 owe 
Picture the Problem The solenoid, 
extending from x =—¢/2 tox = ¢/2, with 
the origin at its center, is shown in the 
diagram. To find the field at the point 
whose coordinate is x outside the solenoid 
we can determine the field at x due to an 


infinitesimal segment of the solenoid of 
width dx’ at x’, and then integrate from 

x =—¢/2 to x= ¢/2. The segment may 
be considered as a coil ndx’ carrying a 
current I. 


Express the field dB at the axial 


JB- tb 2zR°I 
point whose coordinate is x: 


at xx) +R’) 


Integrate dB, from x = —£/2 to x = ¢/2to obtain: 


0/2 


5 _ HonIR? Í dx' _ Mon x+ 4/2 E x— 4/2 
X 3/2 
2 ip (x-x} +R?) 2 J(x+4/2} +R? J(x-4/2} +R? 
Refer to the diagram to express 0 = x+34 
cos 6, = TE 
cos@, and cos&: R? +(x+4e) 


and 
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x5 
cos 0, = 7— ie 
IR +(x-12) | 
Substitute to obtain: B=| 4 unl (cos 0, — cos 6, ) 
62 eco 


Picture the Problem We can use Equation 27-35, together with the small angle 
approximation for the cosine and tangent functions, to show that 6, and @, are as given 
and that B is given by Equation 27-37. 


(a) The angles 6, and & are shown 
in the diagram. Note that 

tan 0, = R/(x + 4/2) and 

tan 0, = R/(x—¢/2). 


Apply the small angle 0.x R 
approximation tanĝ ~ @ to obtain: 1| x+ at 
and 
R 
0, = a 
X=7 L 
(b) Express the magnetic field B=1,,nI(cos@, —cos6, ) 
outside the solenoid: 
Apply the small angle R : 
imati ; cos, =1—4 
approximation for the cosine 1 EET, 
function to obtain: 
and 


Substitute and simplify to obtain: 


2 2 
R R 1 1 
B=t anii- 144 = 4 y,nIR? 
ae fE] fE] mA ap Fl 


Let r, =x—+4 be the distance to 


B=| £0} Ia _ In 
the near end of the solenoid, Ar r? r 
r, =X++4/ the distance to the far 
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end, andq,, =nIaR* = u/£ , where 


u= nInR? is the magnetic moment 
of the solenoid to obtain: 


Ampere’s Law 


*63 œ 

Picture the Problem We can apply Ampére’s law to a circle centered on the axis of the 
cylinder and evaluate this expression for r < R and r > R to find B inside and outside the 
cylinder. 


Apply Ampére’s law to a circle fB -di = pl, 


tered on the axis of the cylinder: 
ae a E Note that, by symmetry, the field is the 


same everywhere on this circle. 


Evaluate this expression for f B ae di = Lho (0) =0 
Cc 
r<R: 
Solve for Binside to obtain: Bag [o] 
Evaluate this expression for f Bons n .dt = B(2 ZR) = M1 
C 
r>R: 
Solve for Boutside to obtain: 7 Lol 
outside 27R 
64 >œ 


Picture the Problem We can use Ampère’s law, fB -dê = MoI, to find the line integral 


fE . dt for each of the three paths. 


(a) Evaluate $B -d£ for C: B -dl =| t (8 A) 
Evaluate $B - dt for Cx: B -di = u, (@a-8A)=l0 
Evaluate fB - dê for Cs: B -dé=| — Mo (8 A) because the field 


is opposite the direction of integration. 


Sources of the Magnetic Field 571 


b) None of the paths can be used to find B at a general point because there 
the current configuration does not have cylindrical symmetry. 


65 >œ 


Picture the Problem Let the current in the wire and outer shell be I. We can apply 


Ampère’s law to a circle, concentric with the inner wire, of radius r to find B at points 
between the wire and the shell far from the ends (r < R), and outside the cable (r > R). 


(a) Apply Ampère’s law for 
r< R: 


Solve for B,<g to obtain: 


(b) Apply Ampère’s law for 
r> R: 


Solve for B,>z to obtain: 
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f Bor -dé = B, p(27r)= Hol 


Bop = Hol 
2ar 


f B, -di = Ho (0) 


B= lo] 


Picture the Problem. Let the radius of the wire be a. We can apply Ampère’s law to a 


circle, concentric with the center of the wire, of radius r to find B at various distances 


from the center of the wire. 


Express Ampère’s law: 


Using the fact that the current is 
uniformly distributed over the cross- 
sectional area of the wire, relate the 
current enclosed by a circle of 
radius r to the total current I carried 
by the wire: 


Substitute and evaluate the integral 
to obtain: 


Solve for B,<a: 


Forr=a: 


$B- di = pol, 
te 1 
m? m’ 
or 
2 
r 
per 
C. a? 
r 
B (2mr)= #1 
a 
Lof 
BL. =——I 1 
ra a (1) 
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; I 
Solve for B, >a: B= Hot (2) 


(a) Use equation (1) to evaluate B(0.1 cm): 


-7 2 
TV. m 


(b) Use either equation to evaluate B at the surface of the wire: 


4r x107” N/A? )(0.005m 
B(0.00Sem) =| T ae ) 


(100A)=| 4.00x10° T 


5(0.007m)= (47 x10” N/A?)(100A) 
27(0.007 m) 


2.86x10° T 


(c) Use equation (2) to evaluate 
B(0.7 cm): 


(d) A graph of B as a function of r follows: 


1.0 


9 
œ 


2 
D 


9 
KN 


B (arbitrary units) 


o 
N 


2 
(æ) 


2 3 4 5 


(e) 
e 


r (arbitrary units) 
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Determine the Concept The contour integral consists of four portions, two horizontal 
portions for which fB -d¢ = 0 , and two vertical portions. The portion within the 


magnetic field gives a nonvanishing contribution, whereas the portion outside the field 
gives no contribution to the contour integral. Hence, the contour integral has a finite 
value. However, it encloses no current; thus, it appears that Ampére’s law is violated. 
What this demonstrates is that there must be a fringing field so that the contour integral 
does vanish. 


68 oo 
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Picture the Problem Let r; = 1 mm, rz = 2 mm, andr; = 3 mm and apply Ampère’s law 
in each of the three regions to obtain expressions for B in each part of the coaxial cable 


and outside the coaxial cable. 


Apply Ampére’s law to a circular 
path of radius r < rı to obtain: 


Because the current is uniformly 
distributed over the cross section of 


the inner wire: 


Substitute for Ic to obtain: 


Solve for B,- : 


Apply Ampére’s law to a circular 
path of radius rı < r < rp to obtain: 


Solve for B 


n<r<r, * 


Apply Ampére’s law to a circular 
path of radius r2 < r < r3 to obtain: 


Because the current is uniformly 
distributed over the cross section of 
the outer conductor: 


Solve for I’: 


Substitute for I’ to obtain: 


Solve for B : 


H<Ir<ty 


Bis = >) (1) 


B, .<,(2ar) = Mol 


W<Ir<ty 


(2) 


q<r<rh 
Boeren (27 r) = Mol E Ho (I ~ r') 
where I’ is the current in the outer 


conductor at a distance less than r from the 
center of the inner conductor. 


bo 

T' r -=n I 
E ae 
h= 


2 2 
B gg A H ç — (3) 
IT 
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A spreadsheet program was used to plot the following graph of equations (1), (2), and (3). 


3.0 


B(G) 
e 
o1 


0.0 0.5 1.0 1.5 2.0 2.5 3.0 


r (mm) 


Apply Ampére’s law to a circular Bie Qrr)= mle 
path of radius r > r3 to obtain: = th (I _ 1) = 


and B,„ = [o] 
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Picture the Problem We can use Ampére’s law to calculate B because of the high degree 
of symmetry. The current through C depends on whether r is less than or the inner radius 
a, greater than the inner radius a but less than the outer radius b, or greater than the outer 


radius b. 
(a) Apply Ampére’s law to a ) Ba -di = Lole = Lo (0) =0 
circular path of radius r < a to 
btain: a 
0) : 
B,.. =| 0| 
(b) Use the uniformity of the current T z I 
over the cross-section of the nr? — a’) (b? = a’) 
conductor to express the current I’ 
enclosed by a circular path whose 
radius satisfies the condition a < r < 
b: 
Solve for Ic = I’: ra 
aes f.=Prer—" 
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Substitute in Ampére’s law to f Boa di = Bye, (2a) 
obtain: É 2 2 
, r°-—a 
= Mol’ = tol Roa 
Solve for Ba<r<p: ire sa 
Bise = a y 2 
2ar bf -a 
(c) Express Ic for r > b: I, =I 
Substitute in Ampère’s law to f B., .dł = B., (2ar) = pl 
obtain: 
Solve for B,>,: Lal 
B,» = 
2m 
70 = 


Picture the Problem The number of turns enclosed within the rectangular area is na. 
Denote the corners of the rectangle, starting in the lower left-hand corner and proceeding 
counterclockwise, as 1, 2, 3, and 4. We can apply Ampére’s law to each side of this 


rectangle in order to evaluate $B -d. 


Express the integral around the fB .dj= [B di + Í B- d+ Í B. di 
closed path C as the sum of the j a Äi i 
integrals along the sides of the +) B. dl 
rectangle: 
Evaluate [E -dê: [B -dt = aB 

1—2 12 
For the paths 2 > 3 and 4 > 1, Bis [8 dt = B: di =0 


either zero (outside the solenoid) or 
is perpendicular to dé and so: 


For the path 3 — 4, B =0 and: B. di =0 
Substitute in Ampère’s law to fB .dé=aB+0+0+0=aB 
obtain: i 


= Holc = onal 
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Solve for B to obtain: B= 


71 ee 
Picture the Problem The magnetic field inside a tightly wound toroid is given by 
B= y,NI/ (27r) , where a <r < b and a and b are the inner and outer radii of the toroid. 


Express the magnetic field of a B= LNI 


toroid: 2ar 


(a) Substitute numerical values and evaluate B(1.1 cm): 


-7 2 
A (47 x107 N/A J2000)0.5) _ 37am 


27(1.1cm) 


(b) Substitute numerical values and evaluate B(1.5 cm): 


(42 x107 N/A?)(1000)(1.5.) 
ean 2n(1.5cm) 7 
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Picture the Problem In parts (a), (b), and (c) we can use a right-hand rule to determine 
the direction of the magnetic field at points above and below the infinite sheet of current. 


In part (d) we can evaluate fE -d@ around the specified path and equate it to Ic and 


solve for B. 


(a) At P the magnetic field points to the right (ie. in the -ê direction since its 


vertical components cancel. 


Because the sheet is infinite, the same argument used in (a) applies; B is in 
(b) 


the —i direction. 


Below the sheet the magnetic field points to the left, i.e., in the i direction. 


(c) 


The vertical components cancel. 


(d) Express fB-dt, in the fB- di =2 a Bral 
counterclockwise direction, for the P 


given path: 
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For the paths perpendicular to the Í B.dt=0 
sheet, B and dt are perpendicular 7 
to each other and: 


For the paths parallel to the sheet, f B -dt = Bw 

B and dê are in the same direction parallel 

and: 

Substitute to obtain: fB -dé=2 [8 . dê =2Bw 
Cc 


parallel 


= Ihle = H(Aw) 


Solve for B: B= 5 Hyd and Bo. = 


Magnetization and Magnetic Susceptibility 


73 
Picture the Problem We can use B = Bp = nl to find B and Bapp at the center when 


there is no core in the solenoid and B = B pp + oM when there is an iron core with a 


magnetization M = 1.2x10° A/m. 


(a) Express the magnetic field, in B=B,,, = onl 
the absence of a core, in the 
solenoid : 
Substitute numerical values and B=B (4 10” N/A?) 400 (4a) 
evaluate B and Bapp: ~ Papp ~ VEX 0.2m 
=| 10.1mT 
(b) With an iron core with a B,,, =| 10.1mT 
magnetization M = 1.2x10° A/m 
and 

present: 

B=B,,, + 4M =10.1mT + (47 x107” N/A?)(1.2x10° A/m)=| 1.52T 
74 œ 


Picture the Problem We can use B = B,pp = a nl to find B and Bap at the center when 


there is no core in the solenoid and B = B pp + oM when there is an aluminum core. We 
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B 
can use M = y,, —*? to find the magnetization of the core with the aluminum present. 


0 
Express the magnetic field, in the 
absence of a core, in the 


solenoid : 


Substitute numerical values and 
evaluate B and Bap: 


Express the magnetization in the 
core with the aluminum present: 


Use Table 27-1 to find the value of 


Ym for aluminum: 


Substitute numerical values and 
evaluate M: 


75 ° 


B=B,,, = nl 


400 


am) 


B=B,,, = (47x107 Nal 
=|10.1mT 
M =y app 
"My 
Xm n = 23810" 
10.1mT 
M =2.3x10° i 


4 x10’ N/A? 


- [0105470] 


Picture the Problem We can use B pp = ZM] to find Bap, at the center of the tungsten 


core in the solenoid. The magnetization is related to Bapp and 7m according to 
M = Xm Bap / Lo = XmNl and we can use B = B,,, (1+ 7,, )to find B. 


Express the magnetic field, for a 
tungsten core, in the solenoid : 


Substitute numerical values and 
evaluate Bap»: 


Express the magnetization in the 
core with the aluminum present: 


Use Table 27-1 to find the value of 
Xm for tungsten: 


B.pp = Mont 
400 
B „ = (47 x107 N/A? ) —— 
o» E 
=| 10.053mT 
M = m a Xan 
Mo 
Xm, tungsten = 6.8x10° 


Jo 
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Substitute numerical values and 4 
M =(6.8x 10° | Na A) 

evaluate M: 0.2m 

=| 0.544 A/m 
Express B in terms of Bapp and Ym: B = Bp (1 +% a) 
Substitute numerical values and B= (10.053 mT) (1 +6.8x 10°) 
evaluate B: — 10 054 mT 
76 œ 


Picture the Problem We can use B = B pp (1 Xm )to relate B and Bap to the magnetic 


susceptibility of tungsten. Dividing both sides of this equation by Bapp and examining the 
value of 7m, tungsten Will allow us to decide whether the field inside the solenoid decreases 
or increases when the core is removed. 


Express the magnetic field inside B = Bp (1 + Un) 
the solenoid with the tungsten core where Bap is the magnetic field in the 
present B in terms of Bapp and Ym: absence of the tungsten core. 
Express the ratio of B to Bapp: B teg (1) 
Bap 
(a) Because Ym, tungsten > 0: B > B,,, 
and 


B will decrease when the tungsten 
core is removed. 


(b) From equation (1) the fractional Um =6.8x10° =| 6.8x10 °% 


change is: 


TI 
Picture the Problem We can use B = B pp (1 cm ae )to relate B and Bapp to the magnetic 


susceptibility of liquid sample. 


Express the magnetic field inside the B= 5 (1+ Xm, sample ) 


solenoid with the liquid sample where Bap is the magnetic field in the 


present B in terms of Bapp and Zm, absence of the liquid sample. 
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sample: 


The fractional change in the 


er =e 
magnetic field in the core is: Boop ee 
Substitute numerical values and AB 
Xm, sample = = —0.004% 
evaluate Ym, sample: app 
=| -4.00 x107 
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Picture the Problem We can use B = B pp = 4oMI to find B and Bapp at the center when 


there is no core in the solenoid and B = Bp (1+ Xm) when there is an aluminum or silver 


core. 


(a) Express the magnetic field, in the B = B pp = Mn 
absence of a core, in the solenoid: 


Substitute numerical values and evaluate B and Bapp: 


B= B,„ = (47 x107 va 52 Jo0a) = 


(b) With an aluminum core: B= Bp r (1+ Ln) 


Use Table 27-1 to find the value of 7m Xm, al = 2.310” 


for aluminum: arid 


1+ Yq a =14+2.3x10% #1 


Substitute numerical values and evaluate B and Bap»: 


B=B,,, = (4r x107 Nal 2 \0oa) = 


(c) With a silver core: B = Bp (1+ Ln) 
Use Table 27-1 to find the value of 7m Xm, ag = 72.6x 10° 
for silver: mä 


LD ae =1-2.6x10° ~1 
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Substitute numerical values and evaluate B and Bap»: 


B=B,,, = (47x107 wal; a Jooa)- 62.8mT 
Ulm 


*79 ee 
Picture the Problem We can use the data in the table and B,,, = ni to plot B versus 


Bapp. We can find Km using B = K n Bapp 
We can find the applied field Bap, Bap = Mon 
for a long solenoid using: 


Km can be found from Bapp and B K B 
using: ™ B 


The following graph was plotted using a spreadsheet program. The abscissa values for the 
graph were obtained by multiplying nI by 4%. B initially rises rapidly, and then becomes 
nearly flat. This is characteristic of a ferromagnetic material. 


0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 
B app (T) 


The graph of Km versus nI shown below was also plotted using a spreadsheet program. 
Note that Km becomes quite large for small values of nI but then diminishes. A more 
revealing graph would be to plot B/(nI), which would be quite large for small values of nI 
and then drop to nearly zero at nI = 10,000 A/m, corresponding to saturation of the 


magnetization. 
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0 2000 4000 6000 8000 10000 
nI (A/m) 


80 ee 
Picture the Problem We can use the definition of the magnetization of a sample to find 
M and the relationship between the Bohr magneton and the magnetic moment of the 
sample to find the number of electrons aligned in the sample. In part (c) we can express 
the magnetic moment of the disk in terms of the amperian surface current and solve for 
the latter. 


(a) Express the magnetization of the M= H_ H 
sample in terms of its magnetic V md 
moment and volume: 
Substitute numerical values and _ 15x 10° A-m’ 
evaluate M: z(1.4 cm} (0.3 cm) 
=| 8.12 x10° A/m 
(b) Relate the magnetic moment of u = Nik 
the sample to the Bohr magneton: 
Solve for and evaluate N: 1.5x107 A-m? 


N=% = 
u 9.27x10™ A-m- 


- [La] 


(c) Express the magnetic moment of = Al 
the disk in terms of the amperian 
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surface current: 


Solve for I and substitute for x to pate MV _MAt _ 
obtain: A A A 
where t is the thickness of the disk. 


Mt 


Substitute numerical values and T= (8.12 x10° Alm)(0.3 cm) 
evaluate I: -[244A 
81 ee 


Picture the Problem We can imagine the 
cylinder with the hole cut out as the 
superposition of two uniform cylinders 


with radii r and R, respectively, and CN 
i 


magnetization —M and M, respectively. 

We can use the expression for B on the axis N 
of a current loop to express the difference 

of the fields due to the two cylinders at a i 


distance x from their common center. We’ ll 
denote each field by the subscript 
identifying the radius of the current loop. 


From Problem 39 we have: la Dard pret 
Ba Ja = j 
An (x? +r?) 2( 2a") 
and 
la 2mrR°I LRI 
B, = = 


The resultant magnetization of the disks is M = B/ 4o: 


I R 2 
M(x = iy Pi R’) 32 le RD) a 


The magnetization current is the product of M and the thickness of the disks: 
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The magnetization is related to the d 
. amperian 
amperian current: M =——— > I 


d 0 amperian 


ie 
0 


Substitute for M to obtain: 


rT R? 
Trapaia = J 7 (x is R?) 3/2 (x 


Atomic Magnetic Moments 
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Picture the Problem We can find the magnetic moment of a nickel atom x from its 
relationship the saturation magnetization Ms using M, = nu where n is the number of 


molecules. n, in turn, can be found from Avogadro’s number, the density of nickel, and 


N 

its molar mass using n = a ae 
M 
Express the saturation magnetic field M,=nu 
in terms of the number of molecules or 
per unit volume and the magnetic _M, 
moment of each molecule: Pa 
Express the number of molecules "e N, p 
per unit volume in terms of M 
Avogadro’s number Na, the 
molecular mass M, and the density 
p: 
Substitute and simplify to obtain: Te Ms _ MMs _ MMM 
N,p lN ap lWhNap 


M M 
Substitute numerical values and evaluate yu: 


(0.61T)(58.7 x10 kg/mol) 


Mea SS = ~ =5.44x10™ A -m° 
(47x10 N/A )(6.02 x 10 atoms/mol)(8.7 g/cm 


Express the value of 1 Bohr Mp = 9.27 x10 Am? 
magneton: 
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Divide x by 4 to obtain: H 5.44x10 ” A -m* = 0.587 
My, 9.27x10”A m? 
or 
u =| 0.587 14, 

83 eo 


Picture the Problem We can find the magnetic moment of a cobalt atom yu from its 
relationship to the saturation magnetization Ms using M = ny, where n is the number of 


molecules. n, in turn, can be found from Avogadro’s number, the density of cobalt, and 


N 

its molar mass using n = Ae 
M 
Express the saturation magnetic field M, =n 
in terms of the number of molecules or 
per unit volume and the magnetic _M, 
moment of each molecule: H= n 
Express the number of molecules T2 Np 
per unit volume in terms of M 
Avogadro’s number Na, the 
molecular mass M, and the density 
p: 
Substitute and simplify to obtain: u= M, _ HMs _ MyM M 
NaP HUNP Nap 


M M 
Substitute numerical values and evaluate yu: 


E (1.79T)(58.9x10° kg/mol) 
f — (4m x10" N/A?)(6.02x 10” atoms/mol)(8.9 gem? 


) =1.57x10” A - m’ 


Express the value of 1 Bohr Mp =9.27 x10” A-m? 

magneton: 

Divide x by sp to obtain: u 1.57x10” A-m* -1.69 
lg 9.27x10*A-m? ` 
or 
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Picture the Problem We can show that 7m = “0M,/3kT by equating Curie’s law and the 


B 
equation that defines %m (M = y,, 


Express Curie’s law: 


Express the magnetization of the 
substance in terms of its magnetic 
susceptibility Yn: 


Equate these expressions to obtain: 


Solve for 7, to obtain: 
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) and solving for 7m. 


= 1 UB pp 
3 kT 
where Ms is the saturation value. 


M M; 


M = y 
Lo 
7, = 1 HB... 
“um ae ee >° 

or 

1 
Xm _ “ M, 
My, 3 

My LiM 
Aw =| SRT 


Picture the Problem We can use the assumption that M = fM, and Curie’s law to solve 


these equations simultaneously for the fraction f of the molecules have their magnetic 


moments aligned with the external magnetic field. 


(a) Assume that some fraction f of 
the molecules have their magnetic 


moments aligned with the external 


magnetic field and that the rest of 


the molecules are randomly oriented 


and so do not contribute to the 
magnetic field: 


From Curie’s law we have: 


M = M, 
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= 1 HB 
3 kT 


Equate these expressions and solve 


Ms; M 


and 


E 
3kT 


because B given in the problem statement 


for f to obtain: 2 


is the external magnetic field Bapp. 


(b) Substitute numerical values and f = 9.27x10“ A -m° \(vT) 

evaluate f: 3(1.381x 10°” J/K \(300 K) 
=| 7.46x10~ 
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Picture the Problem In (a) we can express the saturation magnetic field in terms of the 
number of molecules per unit volume and the magnetic moment of each molecule and use 
n = N, p/M to express the number of molecules per unit volume in terms of Avogadro’s 
number Na, the molecular mass M, and the density p. We can use 

Am = MoM, /3kT from Problem 84 to calculate ym. 


(a) Express the saturation magnetic field M, =n, 
in terms of the number of molecules per 

unit volume and the magnetic moment 

of each molecule: 


Express the number of molecules per n= N,P 
unit volume in terms of Avogadro’s M 
number Na, the molecular mass M, and 
the density p: 
Substitute to obtain: M.= N,p 
S M B 


Substitute numerical values and evaluate Ms: 


m, — (602x10? atoms/mol)(2.7 10? kg/m’ )(9.27x10 A -m?) 
_ 27 g/mol 


=| 5.58x10° A/m 


B, = 4M, = (47 x107 N/A?)(5.58x10° A/m)= 


and 
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(b) From Problem 84 we have: _ MotM 
a Ber 


Substitute numerical values and evaluate yn: 
_ (42x107 N/A*)(9.2710™™ A-m?)(5.58%10° A/m) _ zyr 
a 3(1.381x 10° J/K (300K) 


(c) | In calculating y,, in (b) we neglected any diamagnetic effects. | 
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Picture the Problem We can use Equation 27-17 to express Bapp and Equation 27-21 to 
express B in terms of Bapp and M. 


Express Bp inside a tightly wound NI 
2 one Bop = Po |forR-r<a<Rtr 
toroid: 27a 


The resultant field B in the ring is LNI 


B = B pp T MM = a e | 


the sum of Bapp and 4M: 
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Picture the Problem We can find the magnetization using M = 7,,B.,,, / HM, and the 


magnetic field using B = B,,,, (1+ Yn): 


(a) Using Equation 27-22, express 


M = X app 
the magnetization M in terms of 7m I I 
and Bap: 
Express Bap inside a tightly wound B= LNI 
toroid: i 2 nean 
Substitute to obtain: LNI 

2ar NI 
M = py mn n 
Lo 2AT rean 

Substitute numerical values and M= (4 x10” )(2000)(15 A) 
evaluate M: 7 27(0.2m) 


=| 95.5 A/m 
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(b) Express B in terms of Bapp and B = Bap (1+ Za) 
Xm: 
. . P NI 
Substitute for Bapp to obtain: B= Ao (1+ x.) 
mr 


Substitute numerical values and evaluate B: 


4z x10” N/A? )(2000)(15A z 
pim ne MEA) 4x107) = [30-10] 


(c) Express the fractional increase in AB B-B 
B produced by the liquid oxygen: B B 


= B.., 1+ Xm) Bop = XmBapp 


B B 
-Ka 1l 
1 T Xin 1 + 1 
Xm 
Substitute numerical values and ee ~3.98x10° 
evaluate AB/B: B 1 1 
Pee + 
4x10 
=| 0.398% 
89 ee 
Picture the Problem We can use B = Bp (1+ Yn Jand Bap = A = nl to find B 


mean 


B 
within the substance and M = y,, —** to find the magnitude of the magnetization. 


0 


(a) Express the magnetic field B B= B» (1+ Ln) 
within the substance in terms of Bapp 
and Ym: 
. . +4, NI 
Express Bapp inside the toroid: Bap _ Ho = y,nl 
27T nean 
Substitute to obtain: B = yz, nl (1+ Un) 


Substitute numerical values and evaluate B: 
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B = (47x107 N/A?)(60x10? m7)(4.A)(1+2.9x10~)= 


(b) Express the magnetization M in 


terms of %m and Bap: M = do A 
Substitute for Bapp to obtain: M =y,, Mon = 7 ni 
Mo 
Substitute numerical values and M= (2.9 x10 \(6000 m`“ \(4 A) 
evaluate M: = | 6.96 A/m | 
If th i = = 
n a no paramagnetic B Ba» 30.2mT 
Ferromagnetism 
*90 o 


Picture the Problem We can use B = K „Bp to find B and M = (K,, 1) Bp / 4h to 
find M. 


Express B in terms of M and Kn: B = K „Bap 

Substitute numerical values and B= (5500)(1.57 x10~ T) 

evaluate B: = 0 864T 

Relate M to Km and Bapp: M= (K, 1) a K n Bapp 
Lo Lo 

Substitute numerical values and M= (5500)(1.57 x10“ T) 

evaluate M: = 4mx10” N/A? 


=| 6.87 x10° A/m 


91 ee 
Picture the Problem We can relate the permeability x of annealed iron to 7m using 


app 


u= (L+ VAN Jln , find 7m using Equation 27-22 (M = y,, ), and use its definition 


0 
(K,, =1+ 7,,) to evaluate Km. 
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Express the permeability 4 of U=(1+ Xn o (1) 
annealed iron in terms of its 
magnetic susceptibility ym: 


Using Equation 27-22, express the M = Ba 

magnetization M in terms of 7, and ~ Am My 

Bapp: 

Solve for and evaluate %m (see Table Ee LUM _ 2.16T -10.75 
27-2 for the product of 4% and M): 7 Bp U201T 

Use its definition to express and K,, =1+ 7, =14+10.75 =| 11.75 
evaluate the relative permeability 

Ky: 

Substitute numerical values in u=(1+ 10.75)(47 x107” N/A* ) 
equation (1) and evaluate 4E = 1 48 x 10° N/A? 
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Picture the Problem We can use the relationship between the magnetic field on the axis 
of a solenoid and the current in the solenoid to find the minimum current is needed in the 
solenoid to demagnetize the magnet. 


Relate the magnetic field on the axis B, = nl 
of a solenoid to the current in the 
solenoid: 
Solve for I to obtain: I= B, 
Lon 
Let Bapp = Bxto obtain: I= B.. 
Mon 
Substitute numerical values and I= 5.53x10° T 
evaluate I: 7 
(420x107 w/a?) © 
0.15m 


=/11.0A 
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Picture the Problem We can use the equation describing the magnetic field on the axis 


of a solenoid, as a function of the current in the solenoid, to find Bapp. We can then use 
B = B pp + MoM to find M and B = K,,B,,,, to evaluate Km. 


m~ app 


(a) Relate the magnetic field on the B, = “nl 
axis of a solenoid to the current in 
the solenoid: 


Substitute numerical values to Bap = (4x x10” N/A’ \(60 cm')(2 A) 
obtain: -2 6mT 

(b) Relate M to B and Bapp: B = B pp + MM 

Solve for and evaluate M: ie B-B,,, _1.72T-12.6mT 


Uy  4rx10” N/A? 


=| 1.36x10° A/m 


(c) Express B in terms of K,, and B=K_B 


~ >m app 
Bapp: 
Solve for and evaluate Kn: B 1.72T 
m K _ =— = —— =| 137 
m Bao 12.6mT 
g4 » 


Picture the Problem We can use the equation describing the magnetic field on the axis 
of a solenoid, as a function of the current in the solenoid, to find Bapp. We can then use 
B = B pp + M)M to find M and B = K „B,pp to evaluate Kn. 


(a) Relate the magnetic field on the B, = uni 
axis of the solenoid to the current in 
the solenoid: 


Substitute numerical values and B,,, = (47 x107 N/A)(50cm*)(0.2 A) 
evaluate Bapp: 


=|1.26mT 


(b) Relate M to B and Bap: B=B,,,+ 4M 
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Solve for M: Me B- Bp 
Ho 

Substitute numerical values and _ 1.58T —1.26mT 
evaluate M: 4r x10” N/A? 

=| 1.26x10° A/m 
(c) Express B in terms of Km and B= K „Bap 
Bapp: 
Solve for and evaluate Km: B 1.58T 3 

ü K _ =— =—— =| 1.25x10 
™m B 1.26mT [12e] 
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Picture the Problem The magnetic field in the core of a hollow solenoid is related to the 
current in its coils according to B, = B,,, = onl . The presence of the iron increases the 


magnetic field by a factor of Km. In part (b), requiring that the magnetic field be 
unchanged when the iron core is removed will allow us to find the current that will 
produce the same field within the solenoid. 


(a) Relate the magnetic field on the B, = Bay = Mot 
axis of the solenoid to the current in 


the solenoid: 


Express B in terms of Bap»: B = K „Bap 


Substitute to obtain: B = K „onl 


Substitute numerical values and evaluate B: 


B =1200(47 x107 N/A?)(2000m)(20mA) = 


(b) We require, that with the iron B = K ponl = w nl, 
core removed, the magnetic field is 
unchanged: 


Solve for and evaluate Ip: I =K. = 1200(20 mA) =| 24.0A 
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Picture the Problem Because the wires carry equal currents in opposite directions, the 
magnetic field midway between them will be twice that due to either current alone and 
will be greater, by a factor of Km, than it would be in the absence of the insulator. We can 
use Ampére’s law to find the field, due to either current, at the midpoint of the plane of 


the wires and dF = Idt x B to find the force per unit length on either wire. 


(a) Relate the magnetic field in the B = K „Bap 
insulator to the magnetic field in its 
absence: 
Apply Ampère’s law to a closed fE .dé= Bos (2ar) = Ihle = LMI 
circular path a distance r from a 
current-carrying wire to obtain: 
Solve for Bapp to obtain: B = Mol 
app or 
Because there are two current B=2K Mol = K Mol 
carrying wires, with their currents in ™ 27r ar 
opposite directions, the fields are 
additive and: 
Substitute numerical values and B= 120(47 x107” N/A’ )(40 A) 
evaluate B: E z(0.02 m) 
=| 96.0 mT 
(b) Express the force per unit length F -BI 
experienced by either wire due to the 4 
current in the other: 
Apply Ampère’s law to obtain: [2 -dé= B(2zr) = Ihle = LI 


where r is the separation of the wires. 


Solve for B: B= Mol and B,,, = K nkol 
27r 27r 
Substitute to obtain: F Kost : 


£ 2ar 


Substitute numerical values and 


F 
evaluate —: 
4 
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F _ 12047 x107 N/A? )(40 A} 


£ 27(0.04m) 


- [D380 


Picture the Problem We can use B = B,,, + 4/)M and the expression for the magnetic 


field inside a tightly wound toroid to find the magnetization M. We can find K,, from its 
definition, 44 = K,, 4) to find w, and K,, =1+ y,, to find %m for the iron sample. 


(a) Relate the magnetization to B 
and Bapp: 


Solve for M: 


Express the magnetic field inside a 
tightly wound toroid: 


Substitute and simplify to obtain: 


Substitute numerical values and 
evaluate M: 


(b) Use its definition to express Km: 


Substitute numerical values and 
evaluate Km: 


Now that we know Km we can find uv 
using: 


Relate 7, to Ky: 


B = B, + 4M 
ue - Ba Baw 
Ho 
_ HNI 
_ HNI 
m- — 2r _B_M 
Mo My, 2ar 
1.8T 2000(10 A) 


~ Arx107 N/A? 27(0.2m) 
=] 1.42x10° A/m 


B B_ _ 2mB 
. Bos HNI Ho NI 
2ar 


a 27(0.2m)(1.8T) 
» (4x «107 N/A?)(2000)(10 A) 


=| 90.0 


u= K „4 = 90(42 x107 N/A?) 
=|1.13x10“T-m/A | 


Ka =1+%n 
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Solve for and evaluate ym: Lm =K,, -1= 
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Picture the Problem We can substitute the expression for applied magnetic field 
NI 
(Bap = ee in the defining equation for Km ( B = K,,B,,,,) to obtain an expression 


for the magnetic field B in the toroid. 


Relate the magnetic field in the B = K „Bap 

toroid to the relative permeability 

of its core: 

Express the applied magnetic field B = LNI 

in the toroid in terms of the current Par 

in its winding: 

Substitute to obtain: B= K ak NI 
27r 

Express the number of turns N of N = 27rn 

wire in terms of the number of 

turns per unit length n: 

Substitute to obtain: B = K „onI 

Substitute numerical values and B =500(47 x10” N/A? )(60cm™ )(0.2 A) 

evaluate B: =| 0.754T 
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Picture the Problem We can use Ampére’s law to obtain expressions for the magnetic 
field inside the wire, inside the ferromagnetic material, and in the region outside the 
insulating ferromagnetic material. 


(a) Apply Ampére’s law to a circle fB -dt = B(27r) = Ille 
G 

of radius r < 1 mm and concentric 

with the center of the wire: 


I 


Assuming that the current is Ic 
distributed uniformly over the cross- m? aR? 


sectional area of the wire (uniform or 
current density), express Ic in terms 


of the total current I: 


Substitute to obtain: 


Solve for B: 


Substitute numerical values and 
evaluate B: 


(b) Relate the magnetic field inside 
the ferromagnetic material to the 
magnetic field due to the current in 
the wire: 


Apply Ampére's law to a circle of 
radius 1 mm <r < 4mm and 
concentric with the center of the 


wire: 


Solve for Bapp: 


Substitute to obtain: 


Substitute numerical values and 
evaluate B: 


(c) Apply Ampére’s law to a circle 
of radius r > 4 mm and concentric 
with the center of the wire: 


Solve for B: 
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r 

Te = p 
I 2 

Blar) = 53 

B= Hol r 

27R 
g 4rx107 na? )(40 A), 
27(1mm) 
=| (8.00T/m)r 
B=K,By, 


inl 
Bp = i 
B = Ky Mol 

2ar 


_ 400(42 x107 N/A? )(40 A) 
27r 


B 


=| (3.20x10°T- m)Ž 


$B -di = B(2ar)= mIo = mI 


p= Lol 
2ar 
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p _ (47x10 N/A*)(40A) 


evaluate B: 2ar 


= (.00x10* T-m)Ż 


(d) Note that the field in the ferromagnetic region is that which would be produced in a 


Substitute numerical values and 


nonmagnetic region by a current of 4007 = 1600 A. The ampèrian current on the inside of 
the surface of the ferromagnetic material must therefore be (1600 — 40) A = 1560 A in 
the direction of J. On the outside surface there must then be an ampérian current of 1560 
A in the opposite direction. 


General Problems 
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Picture the Problem Because point P is on the line connecting the straight segments of 
the conductor, these segments do not contribute to the magnetic field at P. Hence, we can 
use the expression for the magnetic field at the center of a current loop to find Bp. 


Express the magnetic field at the B= Mol 
center of a current loop: 2R 
where R is the radius of the loop. 


Express the magnetic field at the B= 1 Hol _ 4l 
center of half a current loop: 2 2R 4R 
Substitute numerical values and B= (47 x107 N/A?)(15 A) 
evaluate B: E 4(0.2 m) 
=| 236x10” T 
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Picture the Problem Let out of the page be the positive x direction. Because point P is 
on the line connecting the straight segments of the conductor, these segments do not 

contribute to the magnetic field at P. Hence, the resultant magnetic field at P will be the 
sum of the magnetic fields due to the current in the two semicircles, and we can use the 


expression for the magnetic field at the center of a current loop to find B ps 


Express the resultant magnetic B, = B, F B, 
field at P: 
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Express the magnetic field at the B- Mol 


center of a current loop: 2R 
where R is the radius of the loop. 


Express the magnetic field at the B= 1 Hol _ Mol 
center of half a current loop: 22R 4R 
Express B,and B,: B- Mol 
1 
AR, 
and 
5 __ kl A 
i= 
4R, 
Substitute to obtain: i= Mol A Mol = Loj 1 1 ; 
” 4R AR, 4 |R R, 
102 ee 
, LNI 
Picture the Problem We can express B as a function of N, I, and R using B = E and 


eliminate R by relating £ to R through @ = 2z7RN . 


Express the magnetic field at the B- LNI 

center of a coil of N turns and radius 2R 

R: 

Relate 7 to the number of turns N: L=27RN 

Solve for R to obtain: R= £ 

24N 

Substitute to obtain: ja LNI _| Ho aN°?I 
Es 4 
24N 
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Picture the Problem The magnetic field at P (which is out of the page) is the sum of the 
magnetic fields due to the three parts of the wire. Let the numerals 1, 2, and 3 denote the 
left-hand, center (short), and right-hand wires. We can then use the expression for B due 
to a straight wire segment to find each of these fields and their sum. 
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Express the resultant magnetic field 
at point P: 


Because B; = B3: 


Express the magnetic field due to a 
straight wire segment: 


For wires 1 and 3 (the long wires), 


Q = 90° and @ = 45°: 


For wire 2, 0, = @ = 45°: 


Substitute and simplify to obtain: 


#104 


B, = B, +B, + B, 


B, = 2B, + B, 


My Tt : 
B=+2—(sin@ +sind. 
Ha 1 (sng, +sind,) 


B, = #2 1 (in90° + sin 45°) 
4ra 


_ yt +5) 
4r a 


ee Perea creed 


Picture the Problem Depending on the direction of the wire, the magnetic field due to 
its current (provided this field is a large enough fraction of the earth’s magnetic field) 
will either add to or subtract from the earth’s field and moving the compass over the 


ground in the vicinity of the wire will indicate the direction of the current. 


Apply Ampére’s law to a circle of 
radius r and concentric with the 
center of the wire: 


Solve for B to obtain: 


fB -dé = Bre (2ar) = Mole = Mol 
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Substitute numerical values and B =- (4r x10” N/A’ \(50 A) 
evaluate Bwire: “= 22(2m) 
= 0.0500 G 
Express the ratio of Bwire to Bearth: Bwire _ 0.05G | 7% 
B 0.7G 


earth 
Thus, the field of the current-carrying wire 
should be detectable with a good compass. 


If the cable runs east-west, its magnetic field is in the north-south direction and thus 
either adds to or subtracts from the earth’s field, depending on the current direction and 
location of the compass. Moving the compass over the region one should be able to 
detect the change. 


If the cable runs north-south, its magnetic field is perpendicular to that of the earth, and 
moving the compass about one should observe a change in the direction of the compass 


needle. 
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Picture the Problem Let J, and I, represent the currents of 20 A and 5 A, F ; F, y F, ; 


and F, the forces that act on the horizontal wire at the top of the loop, and the other 
wires following the current in a counterclockwise direction, and B, B, ; B, ,and B f 


the magnetic fields at these wires due to J. Let the positive x direction be to the right and 
the positive y direction be upward. Note that only the components into or out of the paper 
of B,, B,, B,, and B, contribute to the forces F, F,, F, , and F,,, respectively. 


(a) Express the forces F, and F, in F, = 14, x B, 
terms of I, and B, and B, : and 
F, =1,4,x B, 
Express B, and B,: B, = _ My 2h p 
47r R 
and 
p My 21, > 
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Substitute to obtain: á A P 
ubstitute to obtain F =-L2,jx _ Mo 2g 
4r R 
bye TT, 
27R, 
and 
F, = neid- My 2h 3 
mT Ka 
2 Mot LL, > 
27R, 


Substitute numerical values and evaluate F, and F Pe 


= _ (47x107 N/A?)(0.1m)(20A)(6A) 


F, i =| (1.00x10* N)i 


27(0.02m) 
and 
-7 2 
a (4 x107 N/A )(0.1m)(20)(6A); -C0286107 N}; 
27(0.07 m) 
(b) Express the net force acting on Ea = F, + F, + F, + F, (1) 
the coil: 
Because the lengths of segments 1 F + F, =0 
and 3 are the same and the currents id 
in th t i it T T T 
in these segments are in opposite F =F +F, 


directions: 


Substitute for F, and F „in equation (1) and simplify to obtain: 


a 
. 


F a = (-0.250x10* N)ĵ + (1.00 x10* N)é + (0.250x10* N)j 
+ (-0.286x10* N)i 
=| (0.714x10* N)i 
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Picture the Problem Let out of the page be the positive x direction and the numerals 40 
and 60 refer to the circular arcs whose radii are 40 cm and 60 cm. Because point P is on 
the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P. Hence the resultant magnetic field at P will be the 
sum of the magnetic fields due to the current in the two circular arcs and we can use the 
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expression for the magnetic field at the center of a current loop to find B ps 


Express the resultant magnetic field B, =B wT By 
at P: 

Express the magnetic field at the B= Mol 
center of a current loop: 2R 


where R is the radius of the loop. 


Express the magnetic field at the B= 1 Mol = Mol 
center of one-sixth of a current loop: 6 2R 12R 
Express Band Bo: Ë =- Hol i 
40 
12Ry 
and 
a I> 
Ba = Ht j 
12R,, 
Substitute to obtain: B =- Lol An Lol i 


Substitute numerical values and evaluate B p: 


0.6m 0.4m 


B, 7 i =| 6.98x107 T)i 


„Grae naea) d 1 j 
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Picture the Problem Let the positive x direction be into the page and the numerals 20 
and 40 refer to the circular arcs whose radii are 20 cm and 40 cm. Because point P is on 
the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P and the resultant field at P is the sum of the fields 
due to the two semicircular current loops. 


Express the resultant magnetic field B, = B., +B ib 
at P: 
Express the magnetic field at the B= Mol 


center of a circular current loop: 2R 
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where R is the radius of the loop. 


Express the magnetic field at the B= 1 pl z Mol 
center of half a circular current loop: 22R 4R 
Express B, and By: B,, _ Hol and B,, _ Hol i 
20 AR 
Substitute to obtain: B, z Hol F Hol > 
4R 4R 


Substitute numerical values and evaluate Bp: 


g, -Eoaea Nea Eai 
4 0.2m 0.4m 


ji =| (7.07 uT)i 


*108 œe 
Picture the Problem Chose the coordinate system shown to the right. Then the current is 
in the positive z direction. Assume that the electron is at (1 cm, 0, 0). We can use 


B ie to 
4r r 


express the magnetic field at the location of the electron. We’ll need to express v for 


F = qv x B to relate the magnetic force on the electron to Y and B and 


each of the three situations described in the problem in order to evaluate F= qv x B. 
Se | y, cm 
\ Can aag 
B 
\ 
\ 


Express the magnetic force acting F= qv x B 
on the electron: 
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Express the magnetic field due to pao 21 j 
the current in the wire as a function 4r r 
of distance from the wire: 
j in: = S 21> 2qu l(. 
Substitute to obtain: E-o Lo j qllo ( sf j) (1) 


(a) Express the velocity of the j=vi 
electron when it moves directly 
away from the wire: 


Substitute to obtain: F = 244l (vi j= aie È 


Substitute numerical values and evaluate F : 


2(4r x107 N/A? )(-1.6x10* C)(5x10° m/s)(20.A)k 


F= 
47(0.01m) 
=| (-3.20x10™ N) 

(b) Express v when the electron is 3 =vk 

traveling parallel to the wire in the 

direction of the current: 

Substitute in equation (1) to obtain: F= 2q4ol (vh S j) 2. 2quolv = 

4ar Aor 


Substitute numerical values and evaluate F : 


2(42 x107 N/A?)(-1.6x10-? C)(5x10° m/s)(20A)i _ 


F — 
47(0.01m) 


=| (8.20x10°° N)i 


(c) Express v when the electron is p= vj 
traveling perpendicular to the wire and 
tangent to a circle around the wire: 


Substitute in equation (1) to obtain: F- 2qLol (jx j)- [o] 
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Picture the Problem We can apply Ampére's law to derive expressions for the magnetic 
field as a function of the distance from the center of the wire. 


Apply Ampere's law to a closed 
circular path of radius r < ro to 
obtain: 


Because the current is uniformly 
distributed over the cross section of 


the wire: 


Substitute to obtain: 


Solve for B,- : 


Apply Ampére's law to a closed 
circular path of radius r > ro to 
obtain: 


Solve for B, : 


Box, (27r) E Mol 


2 


2 
B, (2ar)= Hor 
H 


p -Al m, 
Ar r; 


Baon (27r) = Holc = Mol 


_ My HA 


4r r 


The spreadsheet program to calculate B as a function of r in the interval 
0 <r < 10r is shown below. The formulas used to calculate the quantities in the columns 


are as follows: 


Cell Formula/Content Algebraic Form 
B1 1.00E—07 My 
4r 
B2 5 I 
B3 1 I 
A6 2.55E-03 r (m) 
B6 0.00E+00 r (mm) 
C6 | 1044*$B$1*2*$B$2*A6/$B$342 Lh 2I 
Arr 
C17 | 1044*$B$1*2*$B$2*A6/A17 L 21 
4r r 
A B C 
1 mu/4pi= | 1.00E-07 | N/AA2 


(1) 


(2) 
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2 I= | 5 A 
3 r_0= | 2.55E-03 |m 
4 
5 r (m) r (mm) B (T) 
6 0.00E+00 | 0.00E+00 | 0.00E+00 
7 2.50E—-04 | 2.55E-01 | 3.92E-01 
8 5.10E-04 | 5.10E-01 | 7.84E-01 
9 7.65E—04 | 7.65E—01 | 1.18E+00 
10 1.02E-03 | 1.02E+00 | 1.57E+00 
102 2.45E-02 | 2.45E+01 | 4.08E-01 
103 2.47E-02 | 2.47E+01 | 4.04E-01 
104 2.50E-02 | 2.50E+01 | 4.00E-01 
105 2.52E-02 | 2.52E+01 | 3.96E-01 
106 2.55E-02 | 2.55E+01 | 3.92E-01 
A graph of B as a function of r follows. 
4 
3 
OF 
laa] 
| 
0 
0 4 8 12 16 20 24 
r (mm) 
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Picture the Problem We can use T = ji x B to find the torque exerted on the small coil 


(magnetic moment = #4 ) by the magnetic field B due to the current in the large coil. 


Relate the torque exerted by the 


large coil on the small coil to the 
magnetic moment # of the small 


coil and the magnetic field B due to 


the current in the large coil: 


Express the magnetic moment of the 


small coil: 


T =fixB 
or, because the planes of the two coils are 
perpendicular, 


T = uB 


= NIA 
where I is the current in the coil, N is the 
number of turns in the coil, and A is the 
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cross-sectional area of the coil. 


Express the magnetic field at the B= N'ul' 

center of the large coil: 2R 
where T'is the current in the large coil, N' is 
the number of turns in the coil, and R is its 
radius. 


Substitute to obtain: = NN'IT'Auy 
2R 


Substitute numerical values and evaluate 7: 


, - E0)LO)(4 A) A)z(0.5 cm} (47 x10 N/A?) -[197 Nm | 


2(10 cm) 
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Picture the Problem We can apply Newton’s 2™ law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for « when there is an external field 
and for the period T in the absence of an external field. 


Apply > T = Ia to the b t ? 
pply >. o the bar magne -p-n A 
when B # 0 to obtain the differential dt 
equation of motion for the magnet: where I is the moment of inertia of the 
magnet about an axis through its point of 
suspension. 
Forsmat displacements from e BO ~I d’o 
equilibrium (@ << 1): dt? 
Rewrite the differential equation as: 7 4 serron 
t 
or 
d* + uB 
-4| Z lo -0 
dt I 
Because the coefficient of the linear nee K+ uB (1) 
term is the square of the angular I 


frequency, we have: 
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Express the moment of inertia (see T=imL 
Table 9-1) of the bar magnet about 
an axis through its center: 


Substitute to obtain: T= K + uB 
mL’ 
Solve for «to obtain: Ar? 
ve for x al k= mite? — B= me SE) -u 
2 2 
m mL 
= 3T? -uB 


Substitute numerical values and evaluate x: 


2 2 
«=Z 0-8kg)(0.16m) _ (0 19.4 .m?)(0.21)=[0.246N -mad | 
3(0.5s) 


Substitute B = 0 and w= 27/T in 4r? 


K 
equation (1) to obtain: T? T 
Solve for T: ? 
T= 2z ft = 27| 2E = a2 
K 12x 3K 
Substitute numerical values and 
T = z(0.16m) ai 
evaluate T: 3(0.246 N -m/rad) 


- [0535 
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Picture the Problem We can apply Newton’s 2™ law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for the frequency f of the motion. 


Appl T = Ia to the bar magnet Š 
poly 2 oe - uBsing = 122 
to obtain the differential equation of t 
motion for the magnet: where I is the moment of inertia of the 


magnet about an axis through its point of 
suspension. 
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For small displacements from d°@ 
Pe —uUBO =I 
equilibrium (@<< 1): t’ 
Rewrite the differential equation as: I d i + BO =0 
t 
or 
2 
d 4 + Hy =0 
dt I 
Because the coefficient of the linear p= LB 
term is the square of the angular I 
frequency, we have: 
Solve for @ to obtain: 
-F 
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Picture the Problem We can use the potential energy of the displaced bar magnet to find 
the force acting on it to return it to its equilibrium position. While this restoring force is 
not, in general, linear, we can use a binomial expansion to show that for displacements 
that are small compared to the radius of the coil, the restoring force is linear and, hence, 
the motion of the bar magnet is simple harmonic motion. We can then apply Newton’ s 
2™ law to obtain the differential equation of motion of the bar magnet and use the 
coefficient of the linear term to express the period of the motion. 


Express the potential energy of the U = -uB 
displaced bar magnet: 


Express the magnetic field on the puto 27NR°I 

axis of the current loop: An (x? ae RI 
where I is the current in the loop and R is 
its radius. 

Substitute to obtain: yU- 27uNR*I 


An (x? + RY” 
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Differentiate U with respect to x to Tae dU 

find the restoring force acting on the i dx 

bar magnet: Soin - [e a r)” 
3LhuNR’I 1 


Factor R° from the radical to obtain: 


+ 
2R’? R? 

Expand the radical factor to obtain: sa ee 2 

Lie 1—-——, + higher order 

R 
terms 

For x << R: r -5/2 
Substitute in F, to obtain: F=- 34 NI 2 

3 2R° 


Thus, we've shown that the bar magnet experiences a linear restoring force and, 


hence, its motion will be simple harmonic motion. 


Apply YF = ma to the bar 3u,MNI dx 

OR dt 
magnet to obtain: 

or 

*x 3 I 

AA a ye 

dt 2mR 
Because the coefficient of the linear Beis Ax* — 3y,piNI 
term is the square of the angular = T? -ImR? 


frequency we have: 
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Solve for T to obtain: 2mR? 


Substitute numerical values and evaluate T: 


: 2(0.1kg)(0.1m)° T 
Pean r n e 
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Picture the Problem We can apply Newton’s 2™ law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for the frequency f of the motion. 


= 2 
Apply Ir = Ia to the bar magnet -Winsing et d 
to obtain the differential equation of dt 
motion for the magnet: where I is the moment of inertia of the 
magnet about an axis through its point of 
suspension. 
a displacements from pps! d6 
equilibrium (0 << 1): dt? 
Rewrite the differential equation as: I d L +uB0=0 
t 
or 
d°0 uB 
z+ F’a=0 
dt I 
Because the coefficient of the linear @ = 47 f? = HO 
term is the square of the angular I 
frequency, we have: where f is the frequency of oscillation. 


Solve for f to obtain: 1 {uB 
f=- 
2z\ I 


or, because u = 2.2N ug where N is the 
number of iron atoms in the bar magnet, 
2.2NuU,B 


1 
c= 5, I 
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From Table 9-1 we have: I=5m[ = evi 
Express the number of iron atoms in N _ m_øV 
terms of Avogadro’s number and N M M 
the atomic weight of iron M: and 
N= N,V 
M 

Substitute for I and N and simplify re 1 12.2N, pVu,B 
to obtain: 2m 4pVĽM 

1 /6.6N, 4B 

aL M 


Substitute numerical values and evaluate f: 


PEES. 6.6(6.02 x10” /mol)(9.27x10™ A - m? )(0.5x10* T) 
~ z(0.08m) \ 55.85 g/mol 


=| 0.723 Hz 
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Picture the Problem We can solve the equation for the frequency f of the compass 


needle given in Problem 112 for magnetic dipole moment of the needle. In Parts (b) and 
(c) we can use their definitions to find the magnetization M and the amperian current 


Tamperian: 
(a) In Problem 112 it is established that 1 {LB 
the frequency of the compass needle is: ae WT 
where I is the moment of inertia of the 
needle. 
Solve for u to obtain: An’ f*I 
= 
B 
Express the moment of inertia of the I=4mE =4 pV =} prr’ I 
needle: 
Substitute to obtain: wf? pr°L’ 
ea 


3B 
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Substitute numerical values and evaluate yu: 


i r'(1.4s"} (7.96x10° kg/m? )(0.85x10~ m} (0.03m) _ mza 


3(0.6x10*T) 


(b) Use its definition to express the M= 4 
magnetization M: V 
Substitute to obtain: mele me. rf’ 


Substitute numerical values and evaluate M: 


m - 204s) (7.9610? kg/m? )(0.03m)° _ [7.70x10" Arm | 


3(0.6x10*T) 


(c) Express and evaluate the amperian current on the surface of the needle: 


Lanperian = ML = (7.70x10° A/m)(0.03m)=| 2.31x10* A 
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Picture the Problem We can use the definition of angular momentum and Equation 27- 
27, together with the definition of the magnetization M of the iron bar, to derive an 
expression for the rotational angular velocity of the bar just after it has been 
demagnetized. 


Assuming its angular momentum to L=Io 
be conserved, use the definition of L 

to express the angular momentum of 

the iron bar just after it has been 


demagnetized: 
Solve for the angular velocity a: = L 
I 
j j 2 2m 2m 2m 
Assuming that Equation 27-27 holds Lag =v Maru 
yields: q e e 


where r is the radius of the bar and its 
length. 
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Modeling the bar as a cylinder, T=1mr’ =LpVr* =1 par*l 
express its moment of inertia with 
respect to its axis: 


Substitute to obtain: 2m, 2 
ae Mart _4m,.M 
4 par*t epr’ 


Substitute numerical values (see Table 13-1 for the density of iron) and evaluate a: 


4(9.11x10~" kg)(1.72 «10° A/m) 


= =| 4.92x10™ rad/ 
e10" C)f.96 10" kgm Joon] “49210 
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Picture the Problem The dipole moment of the bar is given by u = 2.219 N4}, where N 
is the number of atoms in the bar. We can express N in terms of Avogadro’s number, the 
density of iron, the volume of the bar, and the atomic weight of iron. We can use the 
definition of torque to find the torque that must be supplied to hold the iron bar 
perpendicular to the given magnetic field. 


(a) Express the magnetic dipole u = 2.219N up 

moment of the magnetized iron bar: where N is the number of iron atoms in the 
bar. 

Express the number of iron atoms in N _m_pv 

terms of Avogadro’s number and the N M M 

atomic weight of iron M: and 
N= N,V 

M 

Substitute to obtain: _ 2.219N,pVu, _ 2.219N, plAu, 

OSM O O OM 


Substitute numerical values and evaluate wu: 


_ 2.219(6.02 x10% mol* )(7.96x10° kg/m? )(0.2 m) 
a 55.8510" kg/mol 


x (2x10~ m?)(9.27 x10 A -m?) 


- [Aw 
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(b) Express the torque required to T = uBsin @ = uBsin 90° = uB 
hold the iron bar perpendicular to the 
magnetic field: 


Substitute numerical values and T= (70.6A .m? )(0.25 T) =|17.7N-m 
evaluate z: 
*118 e» 


Picture the Problem Note that B. and B, are perpendicular to each other and that the 
resultant magnetic field is at an angle 0 with north. We can use trigonometry to relate Be 
and B, and express B, in terms of the geometry of the coil and the current flowing in it. 


Express B, in terms of Be: B, = B, tan 0 
where ĝis the angle of the resultant field 
from north. 

Express the field B, due to the B- Nut 

current in the coil: ° 2R 


where N is the number of turns. 


Substitute to obtain: Nul = B, tan 0 
2R 
Solve for I: 2RB 
olve for I =| ——tan@ 
MN 
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Picture the Problem Let the positive x direction be out of the page. We can use the 
expressions for the magnetic fields due to an infinite straight line and a circular loop to 
express the net magnetic field at the center of the circular loop. We can set this net field 
to zero and solve for r. 


Express the net magnetic field at the B= Boo + Bine 
center of circular loop: 

Letting R represent the radius of the p Lol > 
loop, express Boo ; oe 2R 
Express the magnetic field due to the B = Lol A 


current in the infinite straight line: 2ar 


Substitute to obtain: 


If B= 0, then: 


Solve for r: 


Substitute numerical values and 


evaluate r: 


120 ee 


Sources of the Magnetic Field 617 


B- Bol i Bot | bol Al) 


2R ar 2R 2m 
Mol | Hol =0 
2R Dar 
or 
i ,l_, 
mr 
R 
r=— 
T 
1 
ina 
T 


Picture the Problem Note that only the current in the section of wire of length 2a 


contributes to the field at P. Hence, we can use the expression for B due to a straight wire 


segment to find the magnetic field at P. In Part (b) we can use our result from (a), 


together with the value for @ when the polygon has N sides, to obtain an expression for B 


at the center of a polygon of N sides. 


Express the magnetic field at P due 
to a straight wire segment: 


Because 4 = = 0: 


Refer to the figure to obtain: 


Substitute to obtain: 


(b) Express 8 for an N-sided 
polygon: 


Because each side of the polygon 
contributes to B an amount equal to 
that obtained in (a): 
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As N > œ: .( 7 T 
sin} — | > — 
(ae 
and 
B| ZAL] 2) -| Mol he 
27R AN 2R 


expression for the magnetic field at the 


center of a current-carrying circular loop. 
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Picture the Problem We can use Ampère’s law to derive expressions for B(r) for r < R, r 
= R, and r > R that we can evaluate for the given distances from the center of the 
cylindrical conductor. 


Apply Ampère’s law to a closed $B -dê = B(r (2ar) = Ihle = LI (r) 
circular path a distance r < R from 

the center of the cylindrical 

conductor to obtain: 


Solve for B(r) to obtain: _ Mol (r ) 
Brje 
2ar 
Substitute for I(r): B(r) _ Mo (50 A/m)r _ Mo (50 A/m) 
2ar 27 
(a) and (b) Noting that B is BS cm) = B(10 cm) 
independent of r, substitute (47 x10” N/A? \(50 A/m) 
numerical values and evaluate a 27 
B(5 cm) and B(10 cm): =| 100 4T 
(c) Apply Ampère’s law to a closed fE -dê = B(r)(2zr) = Ilce = Lh I(R) 
circular path a distance r > R from 
the center of the cylindrical 
conductor to obtain: 
Solve for B(r): = Hol (R) 
p(r) = #18) 
2ar 


Substitute numerical values and evaluate B(20 cm): 
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47 x107 N/A?)(50 A/m)(0.1m) 


B(20cm)= tenia’ WA Hoove}(o1m) =| 5.00 wT 


122 œ 

Picture the Problem The field B due to the 10-A current is in the yz plane. The net 
force on the wires of the square along the y direction cancel and do not contribute to a net 
torque or force. We can use T = [xF ; F=I10xB , and the expression for the magnetic 
field due to an infinite straight wire to express the torque acting on each of the wires and 
hence, the net torque acting on the loop. 


(a) Express the torque on the loop: T=IxF 


where / is the lever arm. 


Express the magnetic force on a F=I0xB 
current element: 


Express the magnetic field at the = fy 21 1 ( A i) 
wire at y = 10 cm: O An R V2 


= /(0.1m)’ +(0.1m)’ =0.141m. 


Substitute numerical values and evaluate B „o : 


> 4r x107 N/A? 2(10A)( 3 > 7 a A 
By = es 5 A j-k)=(L00x10°T)(-j-&) 
Proceed similarly to obtain: B y=10 = (1.42 x10° T){- j + R) 


Evaluate F0: 


a 
° 


Ë a = 10x By = (5 A\0.2m)i x (1.00x10° T)(- ĵ- å) 
= (1.00x10° N)Ẹ x (- f- &)]= (1.00x10% N) £ + $) 


Evaluate F40: 


F._,,=(6A)(-0.2m)i x(1.00x10°T)(-j+é] 


= (-1.00x10° N) x- F+ £|- (1.0010 N)(& + $) 
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Express and evaluate the net force acting on the loop: 
F =F, 4, + Ë =(1.00x10° N){- ê + j)+(1.00x10° N)|& + J] 


a 
. 


= (2.00x10° N)j 


Express and evaluate the torque T= (0.1m)(2.00 x10” N ) 
about the x axis acting on the loop: =| 200x10 N-m 
(b) The net force acting on the loop F=F aig F y=-10 


is the sum of the forces acting on the 


A 
. 


=| (2.00x10° N)j 


four sides (see the next to last step in 


(a): 


123 œ 
Picture the Problem The force acting on the lower wire is given by F, 


lower wire — IB, 
where J is the current in the lower wire, £ is the length of the wire on the balance, and B is 
the magnetic field at the location of the lower wire due to the current in the upper wire. 
We can apply Ampere’s law to find B at the location of the wire on the pan of the 


balance. 


The force experienced by the lower Fowerwire = B 
wire is given by: 
Apply Ampère’s law to a closed B(2ar) = tle = Lp! 
circular path of radius r centered on 
the upper wire to obtain: 
Solve for B to obtain: B LT 

nr 
Substitute for B in the expression I ak 
for the force on the lower wire: F ower wire = (a) = e 

mr mr 
Solve for I to obtain: 2xrF 
I = lower wire 
\ Hof 

Noting that the force on the lower on (2 PMI 
wire is the increase in the reading of I= ual cm){ a = 3 
the balance, substitute numerical \ (47 x10 N/A J10 cm) 
values and evaluate I: [224A | 

=| 2.24A 
124 œ 


Picture the Problem We can use a proportion to relate minimum current detectible using 
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this balance to its sensitivity and to the current and change in balance reading from 
Problem 123. 


The minimum current Imin detectible Lain _ 224A 
is to the sensitivity of the balance as 0.1mg 5.0mg 
the current in Problem 123 is to the 


change in the balance reading in 
Problem 123: 


Solve for and evaluate Imin: 2.24A 
I =(0.1m =| 44.8mA 
= Omg 24A) [aa ama 


The "standard" current balance can be made very sensitive by increasing 


the length (i.e., moment arm) of the wire balance, which one cannot do with 
this kind; however, this is compensated somewhat by the high sensitivity 
of the electronic balance. 


*125 eee 
Picture the Problem The diagram shows 
the rotating disk and the circular strip of 
radius r and width dr with charge dq. We 
can use the definition of surface charge 
density to express dq in terms of r and dr 
and the definition of current to show that dI 
= wor dr. We can then use this current and 
expression for the magnetic field on the 
axis of a current loop to obtain the results 
called for in (b) and (c). 


(a) Express the total charge dq that dq = odA = 2xordr 
passes a given point on the circular 
strip once each period: 


Using its definition, express the dI = dq _ 2zordr 2 d 


current in the element of width dr: 
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(c) Express the magnetic field dB, at 
a distance x along the axis of the 
disk due to the current loop of 
radius r and width dr: 


Integrate from r = 0 tor = R to 
obtain: 


(b) Evaluate B, for x = 0: 


126 eee 
Picture the Problem From the symmetry 
of the system it is evident that the fields 
due to each segment of length Z are the 
same in magnitude. We can express the 
magnetic field at (x,0,0) due to one side 
(segment) of the square, find its component 
in the x direction, and then multiply by four 
to find the resultant field. 


Express B due to a straight wire 
segment: 


Use 6 = @ and R =4]x? +6°/4 to 


express B due to one side at (x,0,0): 


tlo Ip. : 
B=+°—(sin@ +sind 
Ha T (sing, +sind,) 


where R is the perpendicular distance from 
the wire segment to the field point. 


B,(x,0,0) = Hi = —G sin 6, ) 


4n 
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Referring to the diagram, express 


N |5 


sin: 


Substitute to obtain: 


By symmetry, the sum of the y and z 


components of the fields due to the 
four segments must vanish, whereas 
the x components will add. The 
diagram to the right is a view of the 
xy plane showing the relationship 
between B, and the angle 2 it makes 


with the x axis. 


Express Bix: 


Substitute and simplify to obtain: 


The resultant magnetic field is the 


sum of the fields due to the 4 wire 
segments (sides of the square): 
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Factor x’ from the two factors in the 
denominator to obtain: 


For x >> £: 


B- Hole? 
4 FA 
aml 1+ 14, 
4x \ 2 
& Holt? i 
2. 2 
27x” TER ee 5 
4x \ 2x 
5 Ie? a A 
Be to a pa) Hole? 
27x 27X 


where u= I}. 


~.) 


Chapter 28 
Magnetic Induction 


Conceptual Problems 


*1 ä 
Determine the Concept We know that the magnetic flux (in this case the magnetic field 
because the area of the conducting loop is constant and its orientation is fixed) must be 
changing so the only issues are whether the field is increasing or decreasing and in which 
direction. Because the direction of the magnetic field associated with the clockwise 
current is into the page, the changing field that is responsible for it must be either 
increasing out of the page (not included in the list of possible answers) or a decreasing 


field directed into the page. | (d) is correct. 


2 ° 
Determine the Concept Note that when R is constant, B in the loop to the right points 
out of the paper. 


(a) If R increases, J decreases and so does B. By Lenz’s law, the induced current is 
counterclockwise. 


(b) If R decreases, the induced current is clockwise. 


3 ee 
Determine the Concept If the counterclockwise current in loop A increases, so does the 
magnetic flux through B. To oppose this increase in flux, the induced current in loop B 
will by clockwise. If the counterclockwise current in loop A decreases, so does the 
magnetic flux through B. To oppose this decrease in flux, the induced current in loop B 
will be counterclockwise. We can use F = I? x B to determine the direction of the forces 
on each loop and, hence, whether they will attract or repel each other. 


(a) If the current in B is clockwise the loops repel one another. 

(b) If the current in B is counterclockwise the loops attract one another. 

4 oo 

Determine the Concept We know that, as the magnet moves to the right, the flux 
through the loop first increases until the magnet is half way through the loop and then 
decreases. Because the flux first increases and then decreases, the current will change 


directions, having its maximum values when the flux is changing most rapidly. 


(a) and (b) The following graph shows the flux and the induced current as a function of 
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time as the bar magnet passes through the coil. When the center of the magnet passes 
through the plane of the coil d¢,,/dt = 0 and the current is zero. 


ES 


P 

NO 
~ 
Ra 


0-0 

-0:2 Flux 
| oS -0-4 = = = Current 

RA 


= 


time (arbitrary units) 


5 eo 

Determine the Concept Because the magnet moves with simple harmonic motion, the 
flux and the induced current will vary sinusoidally. The current will be a maximum 
wherever the flux is changing most rapidly and will be zero wherever the flux is 


momentarily constant. 


(a), (b) The following graph shows the flux, Øn, and the induced current (proportional to 
—d@,/dt) in the loop as a function of time. 


-5 0 5 10 15 


time (arbitrary units) 
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*6 e 
Determine the Concept The magnetic energy stored in an inductor is given by 


U,, =+LI’ . Doubling / quadruples Um. | (c) is correct. 


7 ° 
Determine the Concept The protection is needed because if the current is suddenly 
interrupted, the resulting emf generated across the inductor due to the large flux change 
can blow out the inductor. The diode allows the current to flow (in a loop) even when the 
switch is opened. 


8 ° 

Determine the Concept The inductance of a coil depends on the product n?¢, where n is 
the number of turns per unit length and £ is the length of the coil. If n increases by a 
factor of 3, / will decrease by the same factor, because the inductors are made from the 


same length of wire. Hence, the inductance increases by a factor of BY (1/ 3) =| 3 


9 ° 
(a) False. The induced emf in a circuit is proportional to the rate of change of the 
magnetic flux through the circuit. 


(b) True. 
(c) True. 


(d) False. The inductance of a solenoid is determined by its length, cross-sectional area, 
number of turns per unit length, and the permeability of the matter in its core. 


(e) True. 


*10 ° 

Determine the Concept In the configuration shown in (a), energy is dissipated by eddy 
currents from the emf induced by the pendulum movement. In the configuration shown 
in (b), the slits inhibit the eddy currents and the braking effect is greatly reduced. 


11 œ 

Determine the Concept The time varying magnetic field of the magnet sets up eddy 
currents in the metal tube. The eddy currents establish a magnetic field with a magnetic 
moment opposite to that of the moving magnet; thus the magnet is slowed down. If the 
tube is made of a nonconducting material, there are no eddy currents. 


12 ee 
Determine the Concept When the current is turned on, the increasing magnetic field in 
the coil induces a large emf in the ring. As described by Lenz's law, the direction of the 
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current resulting from this induced emf is in such a direction that its magnetic field 
opposes the changing flux in the coil, i.e., the current induced in the ring will be in such a 
direction that the magnetic field in the coil will repel it. The demonstration will not work 
if a slot is cut in the ring, because the emf will not be able to induce a current in the ring. 


Estimation and Approximation 


*13 ee 
Picture the Problem We can use Faraday’s law to relate the induced emf to the angular 
velocity with which the students turn the jump rope. 


(a) It seems unlikely that the rev 2zrad 
students could turn the "jump rope” a= o 7 tev =| 31.4rad/s. 
wire faster than 5 revolutions per 


second. This corresponds to a 
maximum angular velocity of: 


(b) The magnetic flux Øm through Pa = BAsin ot 

the rotating circular loop of wire and 

varies sinusoidally with time % 

according to: aF = BA ø cos øt 
Because the average value of the do, i ie 
cosine function, over one Fa =3B84ø@ =z37r Bo 
revolution, is ⁄2, the average rate at ay 

which the flux changes through the 

circular loop is: 

From Faraday’s law, the magnitude db, _ ; 2B 

of the induced emf in the loop is: gp eo ar Bo 


Substitute numerical values and evaluate &: 


2 
e-42{45™) (oran EE |(1 ras) 1.94mV 


0? 


©) No. To generate an emf of 1 V, the students would have to rotate 
C 
the jump rope about 500 times faster. 


The use of multiple strands of lighter wire (so that the composite wire 


(d) | could be rotated at the same angular speed) looped several times 


around would increase the induced emf. 


14 - 
Picture the Problem We can compare the energy density stored in the earth’s electric 
field to that of the earth's magnetic field by finding their ratio. 


The energy density in an electric 
field E is given by: 


The energy density in a magnetic 
field B is given by: 


Express the ratio of u to Ue to 
obtain: 


Magnetic Induction 629 


u, = - c E’ 

2 

B? 
Un = 

2 Mp 

B? 

Un 2 Mo B 
u, Le, p So E’ 


Substitute numerical values and evaluate um ue: 


m 


(5x105 T} 


u, (4mx107 N/A?)(8.85x 10°? C? /N - m? )(100 V/m) 


u,, =| (2.25%10")u, | 


15 oo 


= =2.25x10* 


Picture the Problem We can apply Faraday’s law to estimate the maximum emf induced 


by the lightning strike in the antenna. 


Use Faraday’s law to express the 
magnitude of the induced emf in antenna: 


Because the lightning strike has such 
a short duration: 


The magnetic field induced in the 
loop is given by: 


Substitute for B to obtain: 


Substitute numerical values and 


evaluate £ 


a Bi Ta) 
dt at 


where A is the area of the antenna. 


where r is the distance from the antenna to 
the lightning strike. 


HA 
2a rAt 


(42107 war 26) (0.1m?) 
1 us 
2(300 m)(I us) 
=| 2.00kV 


E= 
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Magnetic Flux 

16 

Picture the Problem Because the surface is a plane with area A and B is constant in 


magnitude and direction over the surface and makes an angle @ with the unit normal 
vector, we can use @,, = BAcos@ to find the magnetic flux through the coil. 


Substitute for B and A to obtain: 


4, (20006 T Joxon m) cos0 


10°G 
= (5.00x10~ Wb)cos 8 


(a) For 0 = 0°: ø, = (5.0010 Wb)cos0° 
= 5.00x10 Wb 


-[ 00m] 


(b) For 0 = 30°: ø, = (5.00 x10 Wb)cos30° 
= 4.33x10* Wb 


ST 


(c) For 0 = 60°: ø, = (5.00 x10 Wb)cos60° 
= 2.50x104 Wb 


- [0250 ni] 


(d) For 0 = 90°: Øn = (5.0010 Wb)cos90° 


= 


*17 œ 

Picture the Problem Because the coil defines a plane with area A and B is constant in 
magnitude and direction over the surface and makes an angle 0 with the unit normal 
vector, we can use ¢,, = NBA cos @ to find the magnetic flux through the coil. 


Substitute for N, B, and A to obtain: 


1T 


10°G 


a = NBxr? cos 0 = a07 G- b x10 m) cos0 


=(1.37x10% Wb)cos@ 
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(a) When the plane of the coil is a = (1.37 x10” Wb)cos 90° 
horizontal, 0= 90°: 


B 


(b) When the plane of the coil is Øn = (1 37x10° Wb)cos 0° 
vertical with its axis pointing north, -[137x10 ° Wb 

0=0°: - 

(c) When the plane of the coil is a = (1.37 x10” Wb)cos 90° 
vertical with its axis pointing east, _ [o] 

0= 90°: 

(d) When the plane of the coil is Øn = (1.37 x10% Wb)cos 30° 
vertical with its axis making an -| 119x10" Wb 

angle of 30° with north, 0= 30°: 

18 œ 


Picture the Problem Because the square coil defines a plane with area A and Bis 
constant in magnitude and direction over the surface and makes an angle 0 with the unit 
normal vector, we can use ¢,, = MBA cos ð to find the magnetic flux through the coil. 


Substitute for N, B, and A to obtain: ¢,, = NBAcos@ 
=14(1.2T)(5x10 m} cosð 
= (42.0mWb)cos 8 


(a) For 0= 0°: n = (42.0mWb)cos 0° 


42.0mWb 


(b) For 0= 60°: Ø, = (42.0mWb)cos 60° 


- [210w] 


19 œ 
Picture the Problem Noting that the flux through the base must also penetrate the 
spherical surface, we can apply its definition to express m. 


Apply the definition of magnetic ģ = AB= 7R’B 
flux to obtain: 
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20 eo 
Picture the Problem We can use ¢,, = NBAcos@ to express the magnetic flux through 


the solenoid and B = uọn{ to relate the magnetic field in the solenoid to the current in its 


coils. 


Express the magnetic flux through a ¢,, = NBAcos@ 
coil with N turns: 


Express the magnetic field inside a B= tnl 

long solenoid: where n is the number of turns per unit 
length. 

Substitute to obtain: a = Nu nlAcosé 


or, because n = M/L and 0= 0°, 
7 N? UIA B N’ ular? 


m L L 


Substitute numerical values and evaluate Øm: 


a (400) (47 x107 N/A? G A)a(0.01 my _ [758x107 Wo | 


0.25m 


21 eo 
Picture the Problem We can use ¢,, = MBA cos @ to express the magnetic flux through 


the solenoid and B = 4ni to relate the magnetic field in the solenoid to the current in its 


coils. 


Express the magnetic flux through a na = NBAcos@ 
coil with N turns: 


Express the magnetic field inside a B = unl 

long solenoid: where n is the number of turns per unit 
length. 

Substitute to obtain: ¢,, = NunlAcos0 


or, because n = M/L and 0= 0°, 
—N? JAN? Iar? 


m L L 


Substitute numerical values and evaluate Øm: 


Øn = 
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22 oo 


Coo ireti NANO 5 ae | 


0.3m 


Picture the Problem We can apply the definitions of magnet flux and of the dot product 


to find the flux for the given unit vectors. 


Apply the definition of magnetic 
flux to the coil to obtain: 


Because B is constant: 


Evaluate B: 


Substitute numerical values and 
simplify to obtain: 


(a) Evaluate øm for n = i: 
(b) Evaluate øm for n = j ; 


a 
. 


(c) Evaluate Øn for n = (i + i)/ J2: 


a 


(d) Evaluate ¢, for n =k : 


(e) Evaluate Øn for n = 0.6i +0.87 : 


¢,, = (15)(0.4T)|(0.04 my 
(0.0302T-m?)i- 


II 


(0.0302 T-m?)i-i =| 0.0302 Wb 


Pn 


Ø, =(0.0302T -m?)?- j=[0 | 


i+j 


V2 
0.0302 T -m° 
= =| 0.0213 Wo 


Øn =(0.0302T-m?)i-k =[0] 


Ø, = (0.0302 Tm? }é- 


é,, = (0.0302 T-m?)i (0.67 + 0.87) = 0.6(0.0302T-m?)i-i 


+ 0.8(0.0302T -m?)i- j 
= 0.6(0.0302T - m?) = 


0.0181 Wb 
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23 ee 

Picture the Problem The magnetic field outside the solenoid is, to a good approximation, 
zero. Hence, the flux through the loop is the flux in the core of the solenoid. The magnetic 
field inside the solenoid is uniform. Hence, the flux through this small loop is given by the 
same expression with R; replacing R;: 


(a) Express the flux through the $, = NBA =| unINaR? 
large circular loop outside the 

solenoid: 

(b) Express the flux through the ¢,, = NBA =| unINaR? 


small loop inside the solenoid: 


*24 ee 
Picture the Problem We can use the hint to set up the element of area dA and express the 
flux døm through it and then carry out the details of the integration to express Øm. 


(a) Express the flux through the d@,, = BdA 

strip of area dA: where dA = bax. 

Express B at a distance x froma B= Ho 2I _ Ho I 

long, straight wire: 4r x 21x 

i in: I Ib d. 

Substitute to obtain: dg, = Lho pke Llb dx 
2m x 2m x 

Integrate from x = d to x= d + a: L{b a" dx Mlb, d+a 

pA TE ) alt, 8 

2m & 2m d 


(b) Substitute numerical values and evaluate øn: 


n- (427x107 Na‘Ya0A}o.1n) (Zen) [501x107 Wo 
2a 2cm 
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Picture the Problem Consider an element of area dA = Ldr where r < R. We can use its 
definition to express døm through this area in terms of B and Ampere’s law to express B 
as a function of J. The fact that the current is uniformly distributed over the cross- 
sectional area of the conductor allows us to set up a proportion from which we can obtain 
I as a function of r. With these substitutions in place we can integrate d@, to obtain ¢,,/L. 
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Express the flux døm through an area dø, = BdA = BLdr (1) 
Ldr: 
Apply Ampere’s law to the current fB -dt =27rB = Lole 
Cc 
contained inside a cylindrical region d 
an 
of radius r < R: 
B = Mle 
2ar 
Using the fact that the current J is I(r) _ mr’ 
uniformly distributed over the cross- I mR 
sectional area of the conductor, or 
express its variation with distance r r? 
from the center of the conductor: Ir)=tg=1 p2 
Substitute and simplify to obtain: B WI r l 
z= ———— — = r 
2ar R? 2R? 
. . . : LI 
Substitute in equation (1) dg, = My rdr 
27R 
Integrate døm from r=0tor =R to LI È LI 
aes f fn = > 2 f rdr = 7 
: 2R" 5 4r 
Divide both sides of this equation by Pn _| Mol 
L to express the magnetic flux per L An 


unit length: 


26 coo 

Picture the Problem We can use its definition to express the flux through the rectangular 
region and Ampere’s law to relate the magnetic field to the current in the wire and the 
position of the long straight wire. 


(a) Note that for 0 < x < b, B is nne =0 
symmetric about the wire, into the 

paper for the region below the wire 

and out of the paper for the region 

above the wire. Thus, for the area 

2(b —x)a: 


To find the flux through the dé „= BdA 
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remaining area of the rectangle, 
express the flux through a strip of 
area dA: 

Using Ampere’s law, express B at a 
distance x from a long, straight 


wire: 


Substitute to obtain: 


For 0 <x < b, integrate from 
x =b-xtox' =x: 


For x = b, integrate from 
x'=xtox'=x+b: 


(b) From the expressions derived in 
(a) we see that bal — as: 


The flux is a minimum (¢, = 0) for: 


where dA = adx. 


pato2t_ Mot 
4n x 22x 


I I 
pe gg e 
20 x 2m x 


Ta > dx' 
0<x<p)= 42 
fal i ) 27 l 


=| tof) 
27m b-x 


x+b ' 
(x2 b)= 0! | E 


i 


X 


2m =. X 
_| Lola n(2 +t) 
2m x 


x>0 


x= 5 |as expected from symmetry. 


Induced EMF and Faraday’s Law 


*27 œ 


Picture the Problem We can find the induced emf by applying Faraday’s law to the 


loop. The application of Ohm’s law will yield the induced current in the loop and we can 


find the rate of joule heating using P = 7 PR. 


(a) Apply Faraday’s law to express 


the induced emf in the loop in terms 


of the rate of change of the 
magnetic field: 


Substitute numerical values and 


lel — 4% _ 4 (4p) - gee 
dt dt dt dt 


é| = 2(0.05 my (40 mT/s) =| 0.314mV 


Magnetic Induction 637 


evaluate lE | : 

(b) Using Ohm’s law, relate the a E 0.314mV -10.785mA 
induced current to the induced R 0.4Q 0.785mA | 
voltage and the resistance of the 

loop and evaluate 7: 

(c) Express the rate at which power P= R= (0.785 mAy (0.4 Q) 

is Aiete in a conductor in terms -= [0.247 uW 

of the induced current and the 


resistance of the loop and evaluate 
P: 


28 >» 
Picture the Problem Given ¢,, as a function of time, we can use Faraday’s law to 
express & as a function of time. 


(a) Apply Farna law to PADER 2z do, _ d {e 4r )x 107 Wwb] 
the induced emf in the loop in terms dt dt 
of the rate of change of the = (2t — 4)x 10 Wb/s 
magnetic field: = —(0 4-0 4)V 
(b) Evaluate ¢,, at t = 0: ø, (0 s) = O; — 4(0)}x 10°' Wb =| 0 
Evaluate € at t=0: E(0s)=-[0.2(0)-0.4]V 
=| 0.400 V 

Proceed as above to complete the t Om E 
table to the right: (s) | (Wb) (V) 

0 0 0 

2 | —0.400 0 

4 0 —0.400 

6 | 1.20 | —0.800 
29 > 


Picture the Problem We can find the time at which the flux is a minimum by looking for 
the lowest point on the graph of & versus ¢ and the emf at this time by determining the 
value of V at this time from the graph. We can interpret the graphs to find the times at 
which the flux is zero and the corresponding values of the emf. 
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(a) The flux, ¢,, and the induced emf, € , are shown as functions of ¢ in the following 
graph. The solid curve represents Øm, the dashed curve represents E. 


1.5 


1.0 


0.5 


0.0 


-0.5 


-1.0 


t (s) 


Referring to the graph, we see that the flux is a minimum at ¢ = 2 s and 


(b) R 
that V =0 at this instant. 
© The flux is zero at t = 0 and t = 4 s. At these times, € = 0.4 V and — 0.4 V, 
È 
respectively. 
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Picture the Problem We can use its definition to find the magnetic flux through the 
solenoid and Faraday’s law to find the emf induced in the solenoid when the external 


field is reduced to zero in 1.4 s. 


(a) Express the magnetic flux a = NBAcos@ 

through the solenoid in terms of N, = NBzR? cos@ 

B, A, and 8: 

Substitute numerical values and ¢,, = (400)(0.06 T )z(0.008 mY cos 50° 


evaluate dn: = 


(b) Apply Faraday’s law to obtain: 
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dø, _ 0-3.10mWb 
dt 1.45 


Picture the Problem We can use the definition of average current to express the total 


charge passing through the coil as a function of Za. Because the induced current is 


proportional to the induced emf and the induced emf, in turn, is given by Faraday’s law, 


we can express AQ as a function of the number of turns of the coil, the magnetic field, the 


resistance of the coil, and the area of the coil. Knowing the reversal time, we can find the 


average current from its definition and the average emf in the coil from Ohm’s law. 


(a) Express the total charge that 
passes through the coil in terms of 
the induced current: 


Relate the induced current to the 
induced emf: 


Using Faraday’s law, express the 
induced emf in terms of Øm: 


Substitute and simplify to obtain: 


Substitute numerical values and 
evaluate AQ: 


(b) Apply the definition of average 
current to obtain: 


AQ =1,,At 
oe "a 
R 
A 
E= An 
At 
Agen 
hos” St pps Fhe 
R R R 
T 
2NB| —d’ 
ansa 2G") 
R R 
_ NBrd’ 
2R 


where d is the diameter of the coil. 

(100)(1T)z(0.02 m% 
2(509) 

=| —1.26 mC 


AQ = 


AQ _1.26mC _ 


LoS ———— =| 12.6mA 
At 0.1s 


640 Chapter 28 


(c) Using Ohm’s law, relate the Ex =1,,R= (12.6 mA)(50 Q) 


average emf in the coil to the =| 630mV 


average current: 
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Picture the Problem We can use the definition of average current to express the total 
charge passing through the coil as a function of Zay. Because the induced current is 
proportional to the induced emf and the induced emf, in turn, is given by Faraday’s law, 
we can express AQ as a function of the number of turns of the coil, the magnetic field, the 
resistance of the coil, and the area of the coil. 


Express the total charge that passes AQ = I „At 
through the coil in terms of the 
induced current: 


Relate the induced current to the T-ri = E 
induced emf: Y R 
Using Faraday’s law, express the £=- Ag, 
induced emf in terms of Øm: At 
Substitute to obtain: _ AG 
ao=2ar=—At_ ay 
R R 
2¢,,_2NBA 
R R 


Substitute numerical values and evaluate AQ: 


2(1000)(0.7 x10* T)(300x10~ m?) 


AO = 
Q 15Q 


- [0280m] 
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Picture the Problem We can use Faraday’s law to express the earth’s magnetic field at 
this location in terms of the induced emf and Ohm’s law to relate the induced emf to the 
charge that passes through the current integrator. 


_ NBA_ NBar’ 
At At 


Using Faraday’s law, express the | A@, 
At 


induced emf in terms of the change 
in the magnetic flux as the coil is 
rotated through 90°: 


Solve for B: 


Using Ohm’s law, relate the induced 
emf to the induced current: 


Substitute to obtain: 


Substitute numerical values and 
evaluate B: 
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B= =d 
Nar 
e=iR-2 R 
At 


where AQ is the charge that passes through 
the current integrator. 


AQ 
<< RAt 
At _ AQR 


a 2 
Nar Nar 


— (9.4nC)(20Q) _ 
Be nga aa 79.8 ui 


B= 


Picture the Problem We can use Faraday’s law to express the induced emf in the coil in 


terms of the rate of change of the magnetic flux. We can use its definition to express the 


magnetic flux through the rectangular region and Ampere’s law to relate the magnetic 


field to the current in the wire and the position of the long straight wire. 


(a) Apply Faraday’s law to relate 
the induced emf to the changing 
magnetic flux: 


Note that for 0 <x < b, Bis 
symmetric about the wire, into the 
paper for the region below the wire 
and out of the paper for the region 
above the wire. Thus, for the area 
2(b —x)a: 


To find the flux through the 
remaining area of the rectangle, 
express the flux through a strip of 
area dA: 


Using Ampere’s law, express B at a 


distance x from a long, straight wire: 


dg 
E=- 1 
dt (1) 
Pr net = 0 
d@,, = BdA 


where dA = adx. 


pa to Zt _ ht 
4m x TX 
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Substitute to obtain: dp, = My t ee Mota dx 


For 0 <x < b, integrate from Mota ¢ dx' 
<x<ph)=7 | = 
x'=b-xtox =x: #a(0<x<b) T a 
= 4ta nf x ) 
1 b-x 
Differentiate this expression with dø, _ d| uta in’ — 
respect to time to obtain: dt dtl x b-x 
oi 
1 b-x 
Substitute in equation (1) and ee Ho b/4 \_ ma | 1 
evaluate & for x = b/4: Ge s b—b/4 ge 9 3 
=| 1,10 “0% 
T 
(b) Using Ohm’s law, express and R= E a 1.10144 
evaluate R: I al 
_ 1.10(42 x107 N/A? \(1.5m) 
z(0.1A) 
=| 6.60 uQ 


Because the magnetic flux due to Z is increasing into the page, the 
induced current will be in such a direction that its magnetic field 
will oppose this increase; i.e, it will be out of the page. Thus the 


induced current is counterclockwise. 
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Picture the Problem We can use Faraday’s law to express the induced emf in the coil in 
terms of the rate of change of the magnetic flux. We can use its definition to express the 
magnetic flux through the rectangular region and Ampere’s law to relate the magnetic 
field to the current in the wire and the position of the long straight wire. 


(a) Apply Faraday’s law to relate g= do, (1) 
the induced emf to the changing dt 


magnetic flux: 
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Note that for 0 <x <b, Bis Presa = 9 
symmetric about the wire, into the 

paper for the region below the wire 

and out of the paper for the region 

above the wire. Thus, for the area 


2(b —x)a: 
To find the flux through the d@,, = BdA 
remaining area of the rectangle, where dA = adx. 
express the flux through a strip of 
area dA: 
Using Ampere’s law, express B at a B= My 21 = My É 
distance x from a long, straight 4n x ax 
wire: 
i in: t ta d 
Substitute to obtain: dji ET EN a 
TX T-X 
For 0 < x < b, integrate from ta t dx' 
x'=b-xtox' =x: TEA ate 
= Lota nf x ) 
m b-x 
Differentiate this expression with do, 7 d Lhota | x 
respect to time to obtain: d dtl x k bx 
m b-x 

Substitute in equation (1) and Lha b/3 Lha 1 

2 E =-= In| —— | =-— In} — 
evaluate € for x = 5/3: m b-b/3 1 2 

=| 0.693 2 
T 
(b) Using Ohm’s law, express and R= E _ 0.693 Moa 
evaluate R: I al 
_ 0.69342 x 107 N/A?)(1.5m) 
z(0.1A) 


=| 4.16 nO 
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Because the magnetic flux due to Z is increasing into the page, the 
induced current will be in such a direction that its magnetic field 


will oppose this increase, i.e, it will be out of the page. Thus, the 


induced current is counterclockwise. 


Motional EMF 
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Picture the Problem We can apply the equation for the force on a charged particle 
moving in a magnetic field to find the magnetic force acting on an electron in the rod. We 
can use E = y x B to find E and V = E? , where £ is the length of the rod, to find the 
potential difference between its ends. 


(a) Relate the magnetic force on an F =qvxB 

electron in the rod to the speed of and 

the rod, the electronic charge, and F =qvBsin@ 

the magnetic field in which the rod 

is moving: 

Substitute numerical values and F= (1 6x10" c)(8 m/s)(0.05 T)sin90° 
evaluate F: = 6 40 x 10 N 

(b) Express the electrostatic field E=vxB 

E in the rod in terms of the and 

magnetic field B : E = vBsin 0 

Substitute numerical values and E = (8 m/s)(0.05T )sin90° 
evaluate B: =| 0.400 V/m 

(c) Relate the potential difference V = El 


between the ends of the rod to its 
length £ and the electric field E: 


Substitute numerical values and V= (0.4 V/m) (0.3 m) = 


evaluate V: 
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Picture the Problem We can use E = Y x B to relate the speed of the rod to the electric 
field in the rod and magnetic field in which it is moving and V = E£ to relate the electric 
field in the rod to the potential difference between its ends. 
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Express the electrostatic field E in E=vxB 
the rod in terms of the magnetic and 
field B and solve for v: = E 
Bsinð 
Relate the potential difference a ee ee 


between the ends of the rod to its 
length £ and the electric field E and 


solve for E: 
Substitute for E to obtain: _ y 
Besin@ 
Substitute numerical values and J= 6V =| 400m/5 
evaluate v: (0.05 T)(0.3 m) 
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Picture the Problem Because the speed of the rod is constant, an external force must act 
on the rod to counter the magnetic force acting on the induced current. We can use the 
motional-emf equation € = vB to evaluate the induced emf, Ohm’s law to find the 
current in the circuit, Newton’s 2™ law to find the force needed to move the rod with 
constant velocity, and P = Fv to find the power input by the force. 


(a) Relate the induced emf in the E =vBl= (10 m/s)(0.8 T)(0.2 m) 


circuit to the speed of the rod, the =|160V 


magnetic field, and the length of the 


rod: 

(b) Using Ohm’s law, relate the j= E = 1.6V -T0800 A 

current in the circuit to the induced R 2Q 

emf and the resistance of the circuit: Note that, because the rod is moving to the 
right, the flux in the region defined by the 
rod, the rails, and the resistor is increasing. 
Hence, in accord with Lenz’s law, the 
current must be counterclockwise if its 
magnetic field is to counter this increase in 
flux. 

(c) Because the rod is moving with > F, =F-F,=0 

constant velocity, the net force and 


acting on it must be zero. Apply 
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Newton’s 2" law to relate F to the F=F,=Blt 


= (0.8T)(0.8A (0.2m) =| 0.128N 
P= Fv=(0.128N\(10m/s) =| 1.28 W | 


magnetic force Fm: 


(d) Express the power input by the 
force in terms of the force and the 
velocity of the rod: 


(e) The rate of Joule heat production P=lR= (0.8 Ay (2 Q) = 


is given by: 
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Picture the Problem We’ll need to determine how long it takes for the loop to 
completely enter the region in which there is a magnetic field, how long it is in the region, 
and how long it takes to leave the region. Once we know these times, we can use its 
definition to express the magnetic flux as a function of time. We can use Faraday’s law to 
find the induced emf as a function of time. 


(a) Find the time required for the aoa lop _ 10cm 


=4.17s 
loop to enter the region where there v 


24cem/s ` 


is a uniform magnetic field: 


Letting w represent the width of the 


loop, express and evaluate ¢,, for 
0<t<4.17s: 


Find the time during which the loop 
is fully in the region where there is a 
uniform magnetic field: 


Express Øm for 4.17s <t < 8.33s: 


The left-end of the loop will exit the 


field when t= 12.5 s. Express Øm for 
8.33s <t<12.5s: 


For ¢ = 8.33 s and 
Ém = 8.50 mWb: 


¢,, = NBA = NBwvt 
= (1.7T)(0.05 m)(0.024 m/s)r 
= (2.04 mWb/s)t 


oo 
i= side of loop = 10cm =4.17s 
v 2.4 cm/s 


i.e., the loop will begin to exit the region 
when ¢ = 8.33 s. 


„a = NBA = NBtw 
=(1.7T)(0.1m)(0.05m) 
=8.50mWb 

g,, =mt+b 

where m is the slope of the line and b is the 

Ém-intercept. 


8.50 mWb = m(8.33s)+b (1) 
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For t= 12.5 s and Øn = 0: 0=m(12.5s)+b (2) 


Solve equations (1) and (2) pa = (2.04 mWb/s)t + 25.5mWb 


simultaneously to obtain: 
The loop will be completely out of n =9 
the magnetic field when t> 12.5 s 


and: 


The following graph of Ø, (t) was plotted using a spreadsheet program. 


9 
8 
7 
pe 
Es, 
Z 
= 4 
5 3 
Š 2 
1 
0 
-1 
0 2 4 6 8 10 12 14 
t (s) 
(b) Using Faraday’s law, relate the g= don 
induced emf to the magnetic flux: dt 


During the interval 0 < ¢ < 4.17s: 
uring the interval O < £ < S E=- |(2.04mWb/s):]=-2.04mV 


During the interval is d E 
4.178 <t <8.335s: E=- [8.50mwb]=0 


During the interval 


d 
8.33s <f < 12.58: E =- |(-2.04mWb/s)r +25.5mWb)] 


=2.04mV 


For t> 12.5 s: E=0 
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The following graph of (t) was plotted using a spreadsheet program. 


2.5 ————————— 


2.0 


1.5 


nal 


1.0 


0.5 
0.0 


emf (V) 


-0.5 
-1.0 


-1.5 


-2.0 


-2.5 — >_< 


2 14 
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Picture the Problem The rod is executing simple harmonic motion in the xy plane, i.e., 
in a plane perpendicular to the magnetic field. The emf induced in the rod is a 
consequence of its motion in this magnetic field and is given by le | = vB. Because 


we’re given the position of the oscillator as a function of time, we can differentiate this 
expression to obtain v. 


Express the motional emf in terms | é| -vB = Be dx 
of v, B, and £: t 
Evaluate dx/dt: dx 


d 
"fja 12 
a [( cm)cos Ont] 
=~(2cm)(120s“) sin 12021 
= -(7.54m/s)sin1207 t 


Substitute numerical values and evaluate le | : 


lé| =-(1.2T)(0.15m)(7.54 m/s)sin 120z¢ =| — (1.36 V )sin1207 t 
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Picture the Problem Let m be the mass of the rod and F be the net force acting on it due 
to the current in it. We can obtain the equation of motion of the rod by applying 
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Newton’s 2™ law to relate its acceleration to B, J, and. The net emf that drives Z in this 


circuit is the emf of the battery minus the emf induced in the rod as a result of its motion. 


(a) Letting the direction of motion 
of the rod be the positive x 
direction, apply YS. =ma to 


the rod: 


Substitute to obtain: 


(6) Express the condition on dv/dt 
when the rod has achieved its 
terminal speed: 


Solve for v: to obtain: 


(c) Substitute v, for v in equation 
(2) to obtain: 


#42 oe 


BIL = m— (1) 


I=% (2) 


Picture the Problem In Example 28-9 it is shown that the speed of the rod is given 


byv = ype Cin) 


. We can use the definition of power and the expression for a motional 


emf to express the power dissipated in the resistance in terms of B, 7 , v, and R. We can 


then separate the variables and integrate over all time to show that the total energy 


dissipated is equal to the initial kinetic energy of the rod. 


Express the power dissipated in 
terms of and R: 


Express £as a function of B, £, and 


v: 


Substitute to obtain: 


2 
pe 
R 
E = Blv 
where 
E yee /mah 
p= (Bev) 
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The total energy dissipated as the z (Bevy 
apes E=| 
rod comes to rest is obtained by A 
integrating dE = P dt: 
dt 


F (Bev e t! na) Y 
= J 7 


BC | et malgr 
0 


R 
Evaluate the integral (by changing E- Bey mR ) NEPE 
2B L 2 2 2 
variables to u = — ) to = aa 
m 
obtain: 
43 ee 
Picture the Problem In Example 28-9 it is shown that the speed of the rod is given 
byv= ye eel mk) We can write v as dx/dt, separate the variables and integrate to find 


the total distance traveled by the rod. 


Apply the result from Example 28-9 dx Syg t 
to obtain: dt ° 
where 
Be 
mR 


Separate variables and integrate x’ 
from 0 to x and ?’ from 0 to œ: 


Evaluate the integrals to obtain: Pan Vo 
Substitute for C and simplify: mv R 
Be 
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Picture the Problem Let m be the mass of the rod. The net force acting on the rod is due 
to the current in it. We can obtain the equation of motion for the rod by applying 
Newton’s 2™ law to relate its acceleration to B, I, and. The net emf that drives Z in this 
circuit is the emf of the capacitor minus the emf induced in the rod as a result of its 
motion. 


(a) Letting the EERON of motion RSs dv (1) 
of the rod be the positive x dt 
direction, apply `F , =ma to the where 
rod: 2- Bey 
[=> 2 
R (2) 
Solve equation (1) for J: om m dv 
Bt dt 
or, because the capacitor is discharging, 
ess 
dt Béladt 
Simplify to obtain: dO =- m dv 
Be 
Integrate O' from Qo to Q and v' 2 r 
n fao'=-™ fav 
rom 0 to v: Be 
% 0 
and 
m 
=Q,-—v 
O=2 Be 
Substitute in equation (2) to obtain: QO, - m 
0 
Bt Bly 
fat 
R 
m 
Q, - Be Bo 
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Substitute in equation (1) to obtain oe 
the equation of motion of the rod: dv_ Be|*° Be Bey 


(b) When the rod has achieved its 


BK =m ms =0 
terminal speed: dt 

and 

Di — Bly, 
l= =0 
R 
Solve for v, to obtain: = Q; 
; CBé 
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Picture the Problem The free-body 
diagram shows the forces acting on the rod 
as it slides down the inclined plane. The 
retarding force is the component of Fm 
acting up the incline, i.e., in the —x 
direction. We can express F'n using the 
expression for the force acting on a 
conductor moving in a magnetic field. 
Recognizing that only the horizontal 
component of the rod’s velocity V produces 
an induced emf, we can apply the 
expression for a motional emf in 
conjunction with Ohm’s law to find the 


induced current in the rod. In part (b) we 
can apply Newton’s 2™ law to obtain an 
expression for dv/dt and set this expression 
equal to zero to obtain vs. 


(a) Express the retarding force F =F cos (1) 
acting on the rod: where 
F, =B 


and / is the current induced in the rod as a 
consequence of its motion in the magnetic 


Express the induced emf due to the 
motion of the rod in the magnetic 
field: 


Using Ohm’s law, relate the current 
I in the circuit to the induced emf: 


Substitute in equation (1) to obtain: 


(b) Apply ye = ma, to the rod: 


When the rod reaches its terminal 
velocity v, dv/dt = 0 and: 


Solve for v: to obtain: 
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Picture the Problem The diagram shows 
the square loop being pulled from the 


magnetic field B by the constant force 


F .The time required to pull the loop out of 
the magnetic field depends on the terminal 
speed of the loop. We can apply Newton’s 
2" law and use the expressions for the 
magnetic force on a moving wire in a 
magnetic field to obtain the equation of 


motion for the loop and, from this 


equation, an expression for the terminal 


speed of the loop. 


Apply XF = mā to the square 


loop to obtain: 
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field. 

E = Blvcos0 

I= E _ Bevcosé 
R R 


F= [Fee es cos@ 


Be? 
Eo 
R 


. Be 
mg sin 0 — Lae, mead 
dt 
and 
dv 2 72 


: B 
= ano- oa 
dt mR 


292 


. Bee 
0= gsind- Lcos’ 0 
m 
ee mgR sin 0 
' | Be cos? 8 
| 
x x | 
| 
x x | 
= | 
B | E 
{ x “A oP 
| 
x x | 
le 
x x | 
| 
F-ren. (1) 
dt 
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The magnetic force is given by: 


Substitute for Fm in equation (1) to 
obtain: 


The induced emf ¢is related to the 
speed of the loop: 


Substitute for in equation (2) to 
obtain the equation of motion of the 
loop: 


When the loop reaches its terminal 
speed, dv/dt = 0 and: 


pang- es 
R 


where R is the resistance of the loop. 


pee mn 


-= 2 

R dt @) 
E =vBe 

2p2 
F B v-m® 

R dt 

PB 
F- v,=0> ve ape 


This result tells us that doubling F doubles the terminal speed v,. Hence, doubling F will 


halve the time required to pull the loop from the magnetic field and 
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Picture the Problem The diagram shows 
the square loop being pulled from the 


magnetic field B by the constant force 


F .The time required to pull the loop out of 


the magnetic field depends on the terminal 
speed of the loop. We can apply Newton’s 
2" law and use the expressions for the 
magnetic force on a moving wire in a 
magnetic field to obtain the equation of 
motion for the loop and, from this 
equation, an expression for the terminal 
speed of the loop. 


Apply XF = ma to the square 


loop to obtain: 


The magnetic force is given by: 


Substitute for Fm in equation (1) to 
obtain: 


The induced emf ¢is related to the 
speed of the loop: 


| 
x x x | 
| 
x x x | 
z | 
B | E 
Xit x x | pi 
x s i | 
x x | 
F 
x x x | 
| 
Eeen (1) 
dt 
Pang: 2 
R 


where R is the resistance of the loop. 


p EB pe 
R dt 
E =vB? 


(2) 


Substitute for in equation (2) to 
obtain the equation of motion of the 
loop: 


When the loop reaches its terminal 
speed, dv/dt = 0 and: 
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2 p2 
F OB dv 
R dt 
CB 
F- aa a el 


This result tells us that halving R halves the terminal speed v;. Hence, halving R will 
double the time required to pull the loop from the magnetic field and | (6) is correct. 
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Picture the Problem The diagram shows 
the initial position of the sphere and its 
position at t= 3 s. We can find the velocity 
of the sphere and the magnetic field when t 
=3 sand use E =V x B to find E . We can 
find the voltage across the sphere at this 
time from the electric field at its center and 
its diameter. 


(a) Relate the electric field at the 
center of the sphere to the magnetic 
field at that location: 


Express the magnetic field as a 
function of the distance y from the 
current-carrying wire: 


Using a constant-acceleration 


equation, find the position of the 
sphere at t =3 s: 


Substitute and evaluate B : 


t= 
Oy=h=45m 
| 
| 
Hl t=3s 
y=? 
~"v =?1=20A 
7 
7 


pa to (i) 


= aa 

Y = Yo + Vo At + talat 

or, because yo = h, voy = 0, and a = -g, 

y=h-ye(aty 
=45m—1(9.81m/s?)(3s)’ 
=0.855m 


_4nx 107 N/A? 20A A 
20 0.855m 


=(—4.68x10°T)i 
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Using a constant-acceleration 
equation, find the velocity of the 
sphere at t =3 s: 


Substitute and evaluate E : 


(b) The potential difference across 
the sphere depends on the electric 
field at the center of the sphere and 
the diameter of the sphere: 


Substitute numerical values and 
evaluate V: 
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Picture the Problem The free-body 
diagram shows the forces acting on the rod 
as it slides down the inclined plane. The 
retarding force is the component of Fm 
acting up the incline; i.e., in the —x 
direction. We can express Fm using the 
expression for the force acting on a 
conductor moving in a magnetic field. We 
can apply the expression for a motional 
emf in conjunction with Ohm’s law to find 
the induced current in the rod. In part (b) 
we can apply Newton’s 2" law to obtain an 
expression for dv/dt and set this expression 
equal to zero to obtain y,. 


(a) Noting that only the horizontal 
component of the rod’s velocity 

V produces an induced emf, express 
E due to the motion of the rod in 
the magnetic field: 


V =v, +aAt 
or, because v, = 0 anda = -g j 


¥ =-gAt j =-(9.81m/s?)(3s)j 
= (—29.4m/s)j 


E =(-29.4m/s)jx(—4.68x 10° T)i 
=| (-0.138mV/m)k 


V =2RE 


V = 2(0.02 m)(0.138mV/m) = 


E = Blvcos@ 


Substitute numerical values and 
evaluate €: 


(b) Apply Newton’s 2™ law to the 
rod: 


Using Ohm’s law, relate the current 
I in the circuit to the induced emf: 


Substitute in equation (1) to obtain 
the equation of motion of the rod: 


When the rod reaches its terminal 
velocity v, dv/dt = 0: 


Solve for ve 


Substitute numerical values and 
evaluate ve 
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€ =(1.2T)(15 m)v(cos30°) 
=| (15.6T-m)v 


mg sin@— F cos@ = dd 
dt 
and 
CA ee ee (1) 
dt m 
where 
F, = HB 
and / is the current induced in the rod as a 
consequence of its motion in the magnetic 
field. 


-E Blv cos 
R R 
and 
_ B'Lvcos 
i 


—_ mgRsin@ 
"Bl? cos’ @ 


(0.4kg)(9.81 m/s? )(2.Q)sin30° 
(1.2T) (15m) cos”30° 


Y= 


II 


Picture the Problem Let F; be the friction force between the rails and cylinder, Fm the 


magnetic force on the cylinder, and Jm the cylinder’s moment of inertia. Because the 


current through the rod is uniformly distributed, we can treat the current as though it were 


concentrated at the center of the rod. We can find the magnitude of B by applying 


Newton’s 2™ law to the cylinder. The application of Ohm’s law to the circuit will allow 


us to express the net force acting on the cylinder in terms of its speed. Setting this net 


658 Chapter 28 


force equal to zero will lead us to a value for the terminal velocity of the cylinder. We can 
use the definition of kinetic energy (both translational and rotational) to find the kinetic 


energy of the cylinder when it has reached its terminal velocity. 


(a) Apply ey = ma, to the FF, =ma, 
cylinder: or 
baste ange? 
dt dt 
Apply X T = Ia to the cylinder: Pei do 
dt 
Solve for F; and substitute to obtain: I,d0_ do 
Bla =m 
r dt dt 
da dao Bla Bla 2Bla 
Solve for r — : — = -= 
dt dt " mr 3m 
m+ J + z 
r 
or 
dv 2Bla 
TA (1) 
dt 3m 
Solve for B: 3 dv 
m reas 
_ dt 
2la 
Apply Ohm’s law to the circuit to I= E = 12V -2A 
find J: R 6Q 


Substitute numerical values and 
evaluate B: 


Apply F = I} x Bto determine the 


direction of B : 


_ 3(4kg)(0.1 m/s?) 


2(2A)(0.4 m) =[0.750T | 


B is downward. 


(b) Multiply both sides of equation = dv = 2Bla 
(1) by m to express the net force = dt 3 
acting on the cylinder: 

Use Ohm’s law to express the I= & — Bav 
current as a function of the emf of R 


the battery and the induced emf in 
the cylinder: 


Substitute to express the net force 
acting on the cylinder as a function 
of the velocity of the cylinder: 


(c) Set Fret = 0 and solve for the 
terminal velocity of the cylinder: 


(d) Express the total kinetic energy 
of the cylinder when it has reached 
its terminal velocity: 


Substitute numerical values and 
evaluate K: 
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Fret ~ a ae 
_| 2Ba&  2B’a° P 
3R 3R 


2Ba& 2B*a° 
3R 3R ' 


and 


=0 


E 12V 
a =| 40.0m/ 
"Ba (0.75T)(0.4m) à 


K =3(4kg)(40m/s) = 


Picture the Problem We can use the expression for a motional emf and Ampere’s law to 


express the net emf induced in the moving loop. We can also use express the magnetic 


flux through the loop and apply Faraday’s law to obtain the same result. 


(a) Express the motional emf 
induced in the segments parallel to 
the current-carrying wire: 


Using Ampere’s law, express 
B(d + vt) and B(d + a + vt): 


Substitute to express € for the near 
wire and & for the far wire: 


E = B(x)vb 


Hol 
Bai) 2n(d +vt) 
and 
B(d +a+ vt) = a 
2n(d +a+vt) 
_ Uelvb 
tee 2n(d + vt) 
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and 
E = Mylvb 
2n(d +a+vt) 
Noting that the emfs both point E=€,-€, 
upward and hence oppose one _— Uylvb Mplvb 
another, express the net emf induced 2 a(d + vt) 2n(d Fat vt) 
in the loop: F ovb i i 
d+vt d+t+a+vt 


The motion of the segments perpendicular to the long wire does not change 


the flux through the rectangular loop. Consequently, these segments do not 


contribute to the the induced emf. 


(b) From Faraday’s law we have: £= do, 
dt 
Express the magnetic flux in an area dø = B(x)dA = B(x)b dx 
of length b and width vdt: where, from Ampere’s law, 
B(x) = Hol 
27x 
Substitute and integrate from ma Mlb T" dx 
= | B(x)dx == — 
x=d+vttod+a+t+vt: Pm T ( ) 2m t, x 
7 Hylb d+atvt 
27 d + vt 
Differentiate with respect to time and simplify to obtain: 
ge Ahn diate Llb d [metat 
d + vt 2x dt d+vt 
a ‘= f d+vt ) (d+vtw—(d+a+vt)v 
d+atvt (d +vty 
a (d +vt)- (d+a+vt) a real 1 1 | 
TAN \(d +a+vt) 2x |d+a+vt d+vt 


am =| 


d+vt | 
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Picture the Problem We can use F = qv x Bto express the magnetic force acting on the 


moving charged body. Expressing the emf induced in a segment of the rod of length dr 


and integrating this expression over the length of the rod will lead us to an expression for 


the induced emf. 


(a) Using the equation for the 
magnetic force on a moving charged 
body, express the force acting on the 
charged body a distance r from the 
pivot: 


Because V | Band v=ra. 


(b) Use the motional emf equation to 
express the emf induced in a 
segment of the rod of length dr and 
at a distance r from the pivot: 


Integrate this expression from 
r=0tor= £to obtain: 


(c) Using Faraday’s law, relate the 
induced emf to the rate at which the 
flux changes: 


Express the area dA, for any value of 
0, between r and r + dr: 


Integrate from r = 0 tor = £to 


obtain: 


Using its definition, express the 
magnetic flux through this area: 


Differentiate øn with respect to time 
to obtain: 


F =qvxB 
and 
F =qvBsin@ 


dE = Brdv 
= Bradr 


fae" = Bof rdr 
0 0 


and 

E =| Bol? 

e| dhn 
dt 

dA =r bdr 


a =BA=|1B0°0 


-ij 2Q9|=1 2d0 _ 
el- ilace se 


1 BO 


662 Chapter 28 
Inductance 


53° 
Picture the Problem We can use ø, = LI and the dependence of J on ¢ to find the 


magnetic flux through the coil. We can apply Faraday’s law to find the induced emf in 
the coil. 


(a) Use the definition of self- n, = LI 
inductance to express Øm: 


Express 7 as a function of time: I=3A+ (200 A/s)t 
Substitute to obtain: ¢,, = LBA + (200 A/s)¢] 
Substitute numerical values and ¢,, =(8H)[3 A + (200 A/s)t] 
express On: — 


24 Wb + (1600 H- A/s): | 


(b) Use Faraday’s law to relate s, L, a | dI 

and di/dt: dt 

Substitute numerical values and E= -(8 H)(200 Als) =| —1.60kV 
evaluate ¢: 
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Picture the Problem We can apply ¢,, = LI to find øn and Faraday’s law to find the 


self-induced emf as functions of time. 


Use the definition of self-inductance Ø, = LI =| LI, sin 2aft 


to express Øm: 


The graph of the flux Øn as a function of time shown below was plotted using a 
spreadsheet program. The maximum value of the flux is LJ) and we have chosen 27f= 1 
rad/s. 
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jo) 
e 
N 
w 
A 
oa 
OD 


? T ‘ 
Apply Faraday’s law to relate £, L, pita if al ERE 2 ai; siñ 2ft] 
and di/dt: dt dt 


=| —27fLI, cos 2nft 


The graph of the emf € as a function of time shown below was plotted using a 
spreadsheet program. The maximum value of the induced emf is 27fLJp and we 
have chosen 27f= 1 rad/s. 


emf 


t (s) 
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55 e 

Picture the Problem We can use B = 4n to find the magnetic field on the axis at the 
center of the solenoid and the definition of magnetic flux to evaluate øm. We can use the 
definition of magnetic flux in terms of L and / to find the self-inductance of the solenoid. 
Finally, we can use Faraday’s law to find the induced emf in the solenoid when the 
current changes at 150 A/s. 


(a) Apply the expression for B B = unl 
inside a long solenoid to express and 400 
z 2 
evaluate B: = (4r x10 "N/A Í 5m (3A) 
=| 6.03mT 
(b) Apply the definition of magnetic n = NBA 
flux to obtain: = (400)(6.03 mT )(0.01m)’ 


=| 7.58x107 Wb 


(c) Relate the self-inductance of the 7.58x10* Wb _ 


L = Pr, = 


0.253 mH 
solenoid to the magnetic flux I 3A = 
through it and its current: 

> an IT 
(d) Apply Faraday’s law to obtain: ee £ z -(0.253 mH)(150 A/s) 


- [Esov] 
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Picture the Problem We can find the mutual inductance of the two coaxial solenoids 


: Dm 2 
using M,, = ae LUon,n bari. 
1 


Substitute numerical values and evaluate M31: 


M,, =(4rx107 nia) (= Jo.2smjo(0.02m)' =| 1.89 mH 
29M 249M 
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Picture the Problem Note that the current in the two parts of the wire is in opposite 
directions. Consequently, the total flux in the coil is zero. We can find the resistance of 
the wire-wound resistor from the length of wire used and the resistance per unit length. 
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Because the total flux in the coil is L= [o] 
zero: 
Express the total resistance of the Q Q 

R=|18— IL =| 18— |(9m)=} 1620 
wire: 2) í m ( ) [1620] 
58 coo 


Picture the Problem We can apply Kirchhoff s loop rule to the galvanometer circuit to 
relate the potential difference across L; to the potential difference across Rz. Integration of 
this equation over time will yield an equation that relates the mutual inductance between 
the two coils to the steady-state current in circuit 1 and the charge that flows through the 


galvanometer. 

i T T 
Apply Kirchhoff s loop rule to the M dl, +L, dl, ee 
galvanometer circuit: dt dt 


or 


Mdl, + L,dI, — R,1,dt =0 


Integrate each term from ¢ = 0 to > i F 
M | dl, + L, f dI, - R, | I,dt =0 
0 0 0 


t=: 

and 

MI,,, + Lala — RQ =0 
Because Ja = 0: MI, —R,QO=9 
Solve for M: M= R,Q 

lio 

Substitute numerical values and (300 ay(2 x10“ c) 

M = =| 12.0 mH 
evaluate M: 5A [12.0mH | 
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Picture the Problem We can use Ampere’s law to express the magnetic field inside the 
rectangular toroid and the definition of magnetic flux to express Øn through the toroid. We 
can then use the definition of self-inductance of a solenoid to express L. 


Using the definition of the self- iz Nón (1) 
inductance of a solenoid, express L I 
in terms of Øm, N, and Z: 
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Apply Ampere’s law to a closed path 
or radius a <r < b: 


Solve for B to obtain: 


Express the flux in a strip of height 
H and width dr: 


Substitute for B and integrate døm 
from r =a to r = b to obtain: 


Substitute in equation (1) and 
simplify to obtain: 


Magnetic Energy 
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fB -d = B27 = pl, 


or, because Jc = NI, 
B2ar = u, NI 


B= LNI 
2ar 


d@,, = BHdr 


Pr 


= EATE ja L MoH fE) 
27 r 20 a 


a 


2 
ie wo Eyl? 
2a a 


Picture the Problem The current in an LR circuit, as a function of time, is given by 
I=1, (1 oT ), where J; = &/R and t= L/R. The energy stored in the inductor under 


steady-state conditions is stored in its magnetic field and is given by U,, =+LI/;. 


(a) Express and evaluate Tg 


(b) Express and evaluate the energy 
stored in an inductor: 


#61 ee 


pe s TIN 
R129 


Un = +L =4(2H)(2AF =| 4.005 | 


Picture the Problem We can examine the ratio of um to ug with E = cB and 


c= 1/ \/Epfly to show that the electric and magnetic energy densities are equal. 


Express the ratio of the energy 
density in the magnetic field to the 
energy density in the electric field: 


Substitute E = cB: 


B? 


u, Diy. B’ 


1 Fo 2 
Ug ZEE" MoE 


u, B — 1 
= 3p 2 
Ug MoE B" My E qc 
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Substitute for c: Un _ tyes 
to lho 


Ug My &q 
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Picture the Problem We can use L = 4n? Af to find the inductance of the solenoid and 


B = unl to find the magnetic field inside it. 


(a) Express the magnetic energy U„=4LI 7 
stored in the solenoid: 


Relate the inductance of the L= un’ Ae 
solenoid to its dimensions and 
properties: 
Substitute to obtain: U „ =t yn AlI? 
Substitute numerical values and 2000 ‘i 
: U,, =+(42 x107 N/A? }}| ——— 
evaluate Um: m mt ) 0.3m 
x (4x10 m? \(0.3m)(4A F 
=| 53.6mJ 
(b) The magnetic energy per unit U n _ U n _ 53.6mJ 
volume in the solenoid is: V Al (4 x 107 m’ )(0.3 m) 


=| 447 J/m? 


B= pnl = fy 1 


(c) Express the magnetic field in the 
solenoid in terms of n and J: 
_ (42107 N/A)(2000)(4.A) 
7 0.3m 


=| 33.5mT 


(d) The magnetic energy density is: na B’ 2 (33.5 mT)” 
" 2m 2(4rx107 N/A?) 


- [a 


in agreement with our result in Part (b). 
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63 ee 
Picture the Problem Consider a 
cylindrical annulus of thickness dr at a 
radius r < a. We can use its definition to 
express the total magnetic energy 

dU „inside the cylindrical annulus and 
divide both sides of this expression by the 
length of the wire to express the magnetic 


energy per unit lengthdU’,, . Integration of 


this expression will give us the magnetic 
energy per unit length within the wire. 


Express the magnetic energy within 
the cylindrical annulus: 


Divide both sides of the equation by 
£ to express the magnetic energy per 
unit length dU’, : 


Use Ampere’s law to express the 
magnetic field inside the wire at a 
distance r < a from its center: 


Because the current is uniformly 
distributed over the cross-sectional 
area of the wire: 


Substitute to obtain: 


Substitute for B in equation (1) to 
obtain: 


2 2 
dU n = = annulus = B oartdr 
2 Lp 2 Lp 

2 
= — mldr 
Ho 
2 
dU',, =—-ardr (1) 
Ho 
27rB = Ul 
and 
B= Holc 
2ar 


where Zc is the current inside the cylinder 


of radius r. 
Io m’ r’ 
Tm CG 
B = Mol! 

27a 
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Integrate dU’, from r=0 to r=a: a ul frar- ll’ a Z hI’ 
" Ana‘ 5 4m 4 l6z 


Remarks: Note that the magnetic energy per unit length is independent of the radius 
of the cylinder and depends only on the total current. 
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Picture the Problem The wire of length d and radius a is shown in the diagram, as is the 
inductor constructed with this wire and whose inductance L is to be found. We can use 
the equation for the self-inductance of a cylindrical inductor to derive an expression for 
L: 


The self-inductance of an inductor L= Lyn? Al (1) 
with length 7, cross-sectional area A, 
and number of turns per unit length 


n is: 
The number of turns N is given by: N= 4 
2a 
The number of turns per unit length N 1 
n is: M= I 2 
Assuming that a << r, the length of 4 rr 
the wire d is related to n and r: d -Nẹzr)-( £ 2ar er 
Solve for £ to obtain: = ad 
mr 
Substitute for ¢, A, and n in equation 1y »\( ad rd 
(1) to obtain: L= t| — (cr?) 2 =| M| — 
2a mr 4a 
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Picture the Problem We can substitute numerical values in the expression derived in 
Problem 64 to find the self-inductance of the inductor. 
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From Problem 64 we have: L=- MyrR 
4a 


Substitute numerical values and evaluate L: 


(42 x10~7 N/A?)(0.25cm)(10cm) 


L = 
4(0.5 mm) 


=| 0.157 4H 


66 oo 

Picture the Problem We can find the number of turns on the coil from the length of the 
superconducting wire and the cross-sectional radius of the coil. We can use 

B= (u, NI y (2717 sean ) tO find the magnetic field at the mean radius. We can find the 


energy density in the magnetic field from u,, = B 2 / (2 Lp) and the total energy stored in 
the toroid by multiplying u,, by the volume of the toroid. 


(a) Express the number of turns in N L _ 1000 m =| 7958 


terms of the length of the wire L and Dar 27(0.02m 
length required per turn 277: 


(b) Use the equation for B inside a B= LNI 
tightly wound toroid to find the TW aean 
magnetic field at the mean radius: (4r x107 N/A? )(7958)(400 A) 
27(0.25m) 
=| 2.00 0 
(c) Express and evaluate the energy E B? T (2.55 TY 
density in the magnetic field: a= 2 L 7 2(47 x107 N/A’ ) 
=| 2.59 10° J/m? 
Relate the total energy stored in the U n =U roroia 


toroid to the energy density in its 
magnetic field and the volume of 
the toroid: 


Think of the toroid as a cylinder of y, 


toroid — ar’ (2a ) = 2n°r'r, 


mean mean 


radius r and height 2 77mean to 
obtain: 


Substitute for Vioroia to obtain: UH 29 T T eanl 


mean m 
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Substitute numerical values and evaluate Um: 


U,, = 2? (0.02 m)’ (0.25 m)(2.59x10° J/m’)= 
RL Circuits 
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Picture the Problem We can find the current using J = I; (1 - e” "} where Jp= &/R and 


v= L/R and its rate of change by differentiating this expression with respect to time. 


Express the dependence of the l=1, (1 — e” E] 


current on /; and T: 


Evaluate /; and t. ne Ey _ 100 V ge 
and 
L 4H 
T=—=——=05s 
R 8Q 
Substitute to obtain: I= (12.5 A)( — ga) 


=(12.5 Al e) 


Express dl/dt: £ = (12.5 A)L es! L 2s") 
= (25 A/s)e 5 
(a) When t= 0: 1=(12.5A)(-e")=[0] 
and 
an (25A/s)e° =| 25.0 A/s 
dt 
(b) When t= 0.1 s: 1 =(12.5A)(I-e°?)=[2.27A 
and 
Z =(25A/s)e°? =| 20.5 A/s 


(c) When t= 0.5 s: 1=(12.5A)(1-e)=[7.90A | 


and 
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a! _(25A/s)e7 = 9.20 A/s 
dt 

(d) When t= 1.0s: 1 =(12.5A)(1-e°)=[10.8A | 
and 
© = (25A/s)e? = 3.38 A/s 


68 œ 
Picture the Problem We can find the current using / = 7 we! “, where Jp is the current at 


time ¢= 0 and T= L/R. 


Express the current as a function of l=Ie = (2 A)e“! g 
time: 
Evaluate z: T= L _ 1mH See 
R 10Q 
Substitute to obtain: I=(2 Aj t i 
(a) When t= 0.5 ms: I= (2 Ajeesh = (2 A)e> 
=| 13.5mA 
(b) When t = 10 ms: T=(2 A) eto boars)" =(2A)e"™ 


=7.44x10" A =| 0 | 
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Picture the Problem We can find the current using J = J, (1 - e” a) where 
[p= &/R,and t= L/R, and its rate of change by differentiating this expression with respect 


to time. 


Express the dependence of the i=T, (1 -e™” ') 
current on /; and T: 


Evaluate J; and T: I Eo _ 12V -4A 
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0.6H 


T= eee 0.2s 
R 39 
Substitute to obtain: I=(4 A) ses ) =(4 a)l sge ) 
Express dl/dt: £ 2 (4 a)l- ets! e 5 s”) 
= (20 A/s)e™® 
(a) Find the current at t = 0.5 s: 1(0.5 s) = (4 Ah — g 5005s) ) 
=3.67A 
The rate at which the battery P(0.5 s) =I (0.5 s)E 
supplies power at t= 0.5 s is: = (3.67 A)(12V) 
=| 44.0 W 
(b) The rate of joule heating is: P, (0. 5 s)= [7(0. 5 s)| R 
= (3.67 A) (3Q) 
(c) Using the expression for the dU, = d p Lr |= u” 
magnetic energy stored in an dt dt” dt 
inductor, express the rate at which 
energy is being stored: 
Substitute for L, Z, and di/dt to dU, = Tir] s r” 
obtain: dt dt” dt 
UL, 


Substitute numerical values and evaluate 


— = (0.6H)(4A)(I-e*')(20.A/s)e**"' = (48 we" Jers" 
Evaluate this expression for dU, = (48 whl — 97(0.5s)s j ) (0.5s) 
t=0.5s: dt 

= (48 w)( rr e-> Je? 5 
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Remarks: Note that, to a good approximation, dU,/dt = P — P}. 
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Picture the Problem We can find the current using J = /, (1 gl ), where IJ; = &/R and 


T= L/R, and its rate of change by differentiating this expression with respect to time. 


Express the dependence of the 
current on Jr and T: 


Evaluate /; and T: 


Substitute to obtain: 


Express di/dt: 


(a) Find the current at t= 1 s: 


The rate at which the battery 
supplies power at t= 1 s: 


Find the current at t= 100 s: 


The rate at which the battery 
supplies power at t= 100 s: 


(b) The rate of joule heating at 
t=1sis: 


I =1,(1-e*") 

ee ae 
R 3Q 

and 

pa a ia 
R 3Q 


1 =(4A)(1-e7') 


=(4 a)l = e5) 
gale” Ess) 
=(20A/s)e*™ 


I(1s)= (4A) - e209 } 
=397A 


P(is)= (Is) = (3.97 A)(12 V) 


=| 47.7W 


1(100s)=(4 a)l _ gsto) ) 
=4.00A 


P(100s)= 7(100s)£ =(4A)(12 V) 
=| 48.0 W 


P (1s)= [Z(1s)] R 
(3.97 A) (3Q) 
47.3 W 


II 
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The rate of joule heating at P (1 00 s) = (4 A) (3Q) = 


t= 100s is: 

Using the expression for the dU, = Y fiiy- rr” 
magnetic energy stored in an d dt?” dt 

inductor, express the rate at which 

energy is being stored: 

Substitute for L, Z and dl/dt to dU, _ 4hip)= r” 
obtain: d dt” dt 


= (0.6H)(4A)h -e5 ) 
x (20 A/s)e*" 
= (48 whl -e Jerse" 


Evaluate dU,/dt for t= 1 s: dU, = (48 whl _ esse") —5(Is)s 
dt 
= (48 w)( -e° Jes 
=| 0.321W 
Evaluate dU,/dt for t= 100 s: dU, = (48 w) ( — 975(100s)s" Je stone)" 


= (48 w) (1 = gm jer 
0 


Remarks: Note that, to a good approximation, dU,/dt = P — P}. 
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Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time ¢ is given by J = J, (1 -e ), where J; = &/R and T= L/R is the time constant 
for the circuit. We can find the time constant of the circuit from the given information 
and then use the definition of the time constant to find the self-inductance. 


. . . L 
(a) Express the owent in the circuit EA (1 _ et") wise (1) 
as a function of time: 
Express the current when t= 4 s: 0.51; = I; (1 — gE) 
or 


0.5 =1-e* > 0.5 = e“ 
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Take logarithms of both sides of this igs 4s 
equation to obtain: : T 
Solve for and evaluate z: As 

T =— =| 5.7758 

= 

(b) Solve equation (1) for and L=Rr= (5 Q)(5.77 s) =| 28.9H 
evaluate L: 
72 oe 


Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time ¢ is given by J = J, (1 =e ) , where Jp = &/R and r= L/R is the time constant 


for the circuit. We can find the number of time constants that must elapse before the 
current reaches any given fraction of its final value by solving this equation for t/t. 


Express the fraction of its final value T jig 
to which the current has risen as a f 


function of time: 


Solve for t/t: t I 
— = —ln| 1-— 
T I; 
(a) Evaluate t/t for I/I; = 0.9: t ~In(1 B 0.9) -|230 
T loo% 
(b) Evaluate t/t for I/I; = 0.99: t -nâ 7 0.99) -461 
T loo% 
(c) Evaluate t/t for I/I; = 0.999: t E ~In(1 B 0.999) -Ù691 
T [09.9% 
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Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time ¢ is given by / = /, (1 =p 2) where /; = &/R and t = L/R is the time constant 
for the circuit. We can find the rate of increase of the current by differentiating 7 with 
respect to time and the time for the current to reach any given fraction of its initial value 


by solving for t. 


(a) Express the current in the circuit I= & (1 _ ew") 
as a function of time: 
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Express the initial rate of increase al = Eo d (1 B e~l) 
of the current by differentiating this dt Rdt 
; ; a is 
expression with respect to time: _ E (C e- ir) 7 1 7 E an 
R T) TR 
R 
BP 
L 
Evaluate di/dt at t = 0 to obtain: dI & o 12V 
= = =| 3.00kA/s 
a SOKA 
(b) When [= 0.5%: 0.5=1-e"" Se" =0.5 
Evaluate di/dt with e” =0.5 to dI 95 fi nga 12Y 
obtain: dt | io. “L ~( 4mH 
=| 1.50 kA/s 


(c) Calculate /;from £and R: I _& _ 12V =| 80.0mA 
f R 1502 


(d) When I = 0.997; 0.99 =1-e™" > e™" = 0.01 
Solve for and evaluate t: t= -r In(0.01) = -=1n(0.01) 


4mH 
= FF gln(0.01)= | 0.123ms | 


74 œ 
Picture the Problem If the current is initially zero in an LR circuit, its value at some 


-t/t ) 


later time ¢ is given by / = I, (1 —e"* }, where /;= &/R and r= L/R is the time constant 


for the circuit. We can find the time for the current to reach any given value by solving 
this equation for t. 


Evaluate Jand z: 
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Solve 7 =I, (l-e“") fort: 
olve Al e ) or r=-rnf 4) 
£ 
= —(6.25s)In] 1- : 
31.25A 
Evaluate ¢ for J= 10 A: 
= il =-(6.25s)in| 1-2“ 
A 31.25A 


[Ea] 


(b) Evaluate t for 7 = 30 A: 30A ) 


loa = ~(6.25 su -3125A 


- [a] 
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Picture the Problem The self-induced emf in the inductor is proportional to the rate at 

which the current through it is changing. Under steady-state conditions, d//dt = 0 and so 
the self-induced emf in the inductor is zero. We can use Kirchhoff’s loop rule to obtain 

the current through and the voltage across the inductor as a function of time. 


(a) Because, under steady-state 10V -(1l0Q\ =0 
conditions, the self-induced emf in and 
the inductor is zero and because the 10V 

I = —— =| 1.00 A 
inductor has negligible resistance, 10Q 


we can apply Kirchhoff’s loop rule 
to the loop that includes the source, 
the 10-Q resistor, and the inductor to 
find the current drawn from the 
battery and flowing through the 
inductor and the 10-Q resistor: 


By applying Kirchhoff’s junction I =] I 


100-Q resistor battery — + inductor = 


rule at the junction between the 
resistors, we can conclude that: 


(6) When the switch is closed, the current cannot immediately go to zero in the circuit 
because of the inductor. For a time, a current will circulate in the circuit loop between 
the inductor and the 100-Q resistor. Because the current flowing through this circuit is 
initially 1 A, the voltage drop across the 100-Q resistor is initially 


100 V. |Conservation of energy (Kirchhoff’s loop rule) requires that the voltage drop 
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across the inductor is also | 100 V. 


(c) Apply Kirchhoff’s loop rule to L al + IR=0 
the RL circuit to obtain: dt 
The solution to this differential 2, Bs 
cate I(t)=he + =le" 
equation 1s: 
L 2H 
where tT = — = ——— = 0.02s 
R 100Q 


A spreadsheet program to generate the data for graphs of the current and the voltage 
across the inductor as functions of time is shown below. The formulas used to calculate 
the quantities in the columns are as follows: 


Cell Formula/Content Algebraic Form 
B1 2 L 
B2 100 R 
B3 1 6 
A6 0 to 
B6 | $B$3*EXP((-$B$2/$B$1)*A6) Ri 


A B C 
L=/2 H 
R= | 100 ohms 

I 0=/ 1 A 


t I(t) V(t) 
0.000 | 1.00E+00 | 100.00 
7.79E-01 | 77.88 
0.010 | 6.07E—01 | 60.65 

0.015 | 4.72E—01 | 47.24 
0.020 | 3.68E—01 | 36.79 
0.025 | 2.87E—01 | 28.65 
2.23E—01 | 22.31 


paa e 
| ope] eC) ADAIM ASIN] = 
© 
© 
© 
Nn 


© 
2 
fæ} 
Ww 
S 


32 | 0.130 | 1.50E-03 | 0.15 
33 | 0.135 | 1.17E-03 | 0.12 
34 | 0.140 | 9.12E-04 | 0.09 
35 | 0.145 | 7.10E-04 | 0.07 
36 | 0.150 | 5.53E-04 | 0.06 


The following graph of the current in the inductor as a function of time was plotted using 
the data in columns A and B of the spreadsheet program. 


680 Chapter 28 


I (A) 


0.00 0.03 0.06 0.09 0.12 
t (9) 


The following graph of the voltage across the inductor as a function of time was plotted 


using the data in columns A and C of the spreadsheet program. 


100 
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Picture the Problem We can evaluate the derivative of Equation 28-26 with respect to 
time at t= 0 to find the slope of the linear function of current as a function of time. 
Because the /-intercept of this equation is Jọ, we can evaluate J(f) at t = Tto show that the 


current is zero after one time constant. 


Equation 28-26 describes the current [=I < 
in an LR circuit from which the E 


source has been removed: 
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Differentiate this expression with dl I d — I */ 1 
: — = —e a e a aea 
respect to ź to obtain: dt dat 0 T 
t 
=-Yer 
p 
Evaluate di/dt at t = 0: d| _ I, 
dt |,- T 
i I 
Aiming mee the current decreases 1(t) sair, 
steadily at this rate, express J as a T 
linear function of ¢ to obtain: 
. . I 
Evaluate this function when I(t) S 
t=T: T 
as was to have been shown. 
77 oo 


Picture the Problem The current in an initially energized but source-free RL circuit is 
given by/ =7 we! "We can find z from this equation and then use its definition to 


evaluate L. 


(a) Express the current in the RL T=! et d 
circuit as a function of time: 


; t 45 
Solve for and evaluate 7: _ ms oe tans 


(b) Using the definition of the L=tTR 
inductive time constant, relate L to 
R: 


Substitute numerical values and L= (0.088 1 s)(0.4 Q) =| 35.2mH 


evaluate L: 
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Picture the Problem We can model this coil as a resistance-free inductor in series with 
an inductance-free resistor and express the potential difference across the coil as the sum 
of the potential differences across the inductor and the resistor. We can then use the 
given data to obtain two equations in the unknowns R and L and solve these equations 
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simultaneously for the resistance and self-inductance of the coil. 


Express the potential difference 
across the coil as the sum of the 
potential difference across a resistor 
and the potential difference across 
an inductor: 


When /=5 A and 
dl/dt = 10 A/s: 


When 7 = 5 A and 
di/dt = —10 A/s: 


Add these equations to obtain: 


Substitute in either of the equations to 
obtain: 


79 oo 


V=V, +V, 


me 
dt 


140V =(SA)R+(10A/s)L 
60V =(5A)R -(10 A/s)L 


200V =(10A)R 


and 


200V 
ome ye 20.02 
L=| 4.00H 


Picture the Problem We can use the definition of inductance to express the rate at 


which the current changes through the inductors and the resistor and the result of 


Problem 88 to find the effective inductance in the circuit. We can find the final/steady- 


state current by applying Ohm’s law. 


(a) Express the rate of change of the 
current through the resistor: 


Using the result given in Problem 
88, find Le 


Substitute numerical values and 
evaluate d/p/dt at t = 0: 


E 
dt Le 
1 1 1 
= + 
Le 8mH 4mH 
and 
Lg = 2.67mMH 
ts zon 9.00 kA/s 
dt |o 2.67mH 
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Express the rate of change of the | ae o E (1) 
current through the 8-mH inductor: dt | ee 
Express the rate of change of the dli ny o E 2) 
current through the 4-mH inductor: dt 7 Da 
Because JR = 0 when t= 0: Vin =V; mu = Vann = 24V 
Substitute numerical values in law 24V 

m= —— =| 3.00kA/ 
equation (1) and evaluate dt 8mH [ 3.00kA/s | 
dl; vy / dt : 
Substitute numerical values in di, nn 24V _ 6.00kA/s 
equation (2) and evaluate dt 4mH — 
dI, yy [At : 
(b) After a long time has passed, the ica é_24V _ L60A 
inductors will act as a short and the f R 15Q 


final current will be determined 
solely by the resistance in the 
circuit: 
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Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time ¢ is given by J = I; (1 el 1 where J; = &/R and T= L/R is the time constant 
for the circuit. We can find the time at which the power dissipation in the resistor equals 
the rate at which magnetic energy is stored in the inductor by equating expressions for 
these rates and using the expression for / and its rate of change. 


Express the rate at which magnetic dU, = Shige). yt 
energy is stored in the inductor: dt dt” dt 
Express the rate at which power is P=IR 


dissipated in the resistor: 


7 et T 
Equate these expressions to obtain: PR=LI dI 


e in a T 
Simplify to obtain: T= ul (1) 
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Express the current and its rate of I=; (1 —e! =) 
change: and 
T d 1 
di ie “e= I e(-4) 
dt dt T 
= Í; gth 
7 
uae . a I 
Substitute in equation (1) to obtain: I, (1 B ett) = fe "| 
7 
or 
l-e =e" > 1=2e" 
Solve for t: t=—rInt 
Using t= 333 us from Example 28- t = -(333 us)In+ =| 231 us 


11, evaluate t to obtain: 


81 coo 
Picture the Problem We can integrate dE/dt = E1, where I = I, (1 -e! T to find the 


energy supplied by the battery, dE, /dt = I °R to find the energy dissipated in the 
resistor, and U, (t) = 4L(I (r) to express the energy that has been stored in the 


inductor when ¢ = z 


(a) Express the rate at which energy dE 


=&l 
is supplied by the battery: dt 
Express the current in the circuit as a i= Eo (1 _ et) 
function of time: 
Substitute to obtain: dE € a ( 7 et") 
dt R 
Separate variables and integrat 2i 
eparate variables an integra e E- E fh 7 oat 
from t= 0 to t= Tto obtain: R? 
E 4 
=—|r-|-te +T 
Leesa] 
_&T_ EL 
Re Re 


Substitute numerical values and 
evaluate E: 


(b) Express the rate at which energy 
is being dissipated in the resistor: 


Separate variables and integrate 
from t = 0 to t= r to obtain: 


Substitute numerical values and 
evaluate £y: 


(c) Express the energy stored in the 
inductor when ¢ = T: 


Substitute numerical values and evaluate 


Eu: 
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peU VU faa 
BaYe 


2 


dE, _ 2p -|220-e"") z 
dt R 


= & ( —2e +6") 


E, = fi f(\-26" +e" )dt 


-Ef LL) 
RP \e 2 2e 


Remarks: Note that, as we would expect from energy conservation, E = E; + EL. 


General Problems 
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Picture the Problem We can apply the definition of magnetic flux to find the flux 


through the coil in its two orientations with respect to the magnetic field. 
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(a) Using its definition, express the ¢,, = NBAcos@ = NBa’ cos@ 

magnetic flux through the coil: _ (6)(0 5 T)z(0 03 m} cos 0° 
=| 8.48 mWb 

(b) Proceed as in (a) with 0= 20°: ¢,, = NBAcos@ = NBar’ cos@ 


= (6)(0.5T)z(0.03 m} cos 20° 


- [797W] 
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Picture the Problem We can apply the definition of magnetic flux to find the flux 
through the coil in its two orientations with respect to the magnetic field and then use 
Faraday’s law to find the emfs induced in the coil. 


Using Faraday’s law, express the ee AQ, 2 Dat Dni = Poni 
emf induced in the coil: At At At 


because Øn s= 0 


(a) Using its definition, express the ¢,, = NBAcos0@ = NBar’ cos@ 
magnetic flux through the coil: 


Substitute to obtain: g= NB 7r’ cos@ 
At 

Substitute numerical values and = (6)(0.5 T )(0.03 m) cos 0° 
evaluate £: = 1.2s 

=| 7.07mV 
(b) Proceed as in (a) with g- (6)(0.5 T )z(0.03 my cos 20° 
O= 20°: p 1.2s 

=| 6.64mV 
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Picture the Problem We can apply Faraday’s and Ohm’s laws to obtain expressions for 
the induced emf that we can equate and solve for the rate at which the perpendicular 
magnetic field must change to induce a current of 4.0 A in the coil. 


Using Faraday’s law, relate the | é| = d Pr, = NA dB 
dt dt 


induced emf in the coil to the 
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changing magnetic flux: 


Using Ohm’s law, relate the le | = IR 
induced emf to the resistance of the 
coil and the current in it: 


Equate these expressions and solve NA aB -IR 
for dB/dt: dt 
and 
dB _ IR __ IR 
dt NA Nmr 


Substitute numerical values and evaluate dB (4A)(259) 
= =| 199 T/ 
aBldt: dt (100)(0.04m)’ aa 
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Picture the Problem We can apply Faraday’s law and the definition of magnetic flux to 
derive an expression for the induced emf in the coil (potential difference between the slip 
rings). In part (b) we can solve this equation for œ under the given conditions. 


(a) Use Faraday’s law to express the £=- d@., 
induced emf: dt 
Using the definition of magnetic Pn (¢ ) = NBAcosat 


flux, relate the magnetic flux 
through the loop to its angular 
velocity: 


Substitute to obtain: E=- “ [NBA cos æt] 


=—NBabo(-sin a) 


-[Niabosinor 


(b) Express the condition under sin ot = 1 
which £= &nax: 
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Solve for and evaluate œ under this me E nax 
condition: NBab 
_ 110V 
(1000)(2 T)(0.01 m)(0.02 m) 
=| 275rad/s 
86 ee 


Picture the Problem We can apply Faraday’s law and the definition of magnetic flux to 
derive an expression for the induced emf in the rotating coil gaussmeter. 


Use Faraday’s law to express the g=- doy 
induced emf: dt 
Using the definition of magnetic Pn (t ) = NBA cos øt 


flux, relate the magnetic flux 
through the loop to its angular 
velocity: 


Substitute to obtain: d [NBA cos æt] 


E=-— 
dt 
=—NBA a(- sin at) 
= NBAosin at = E pax Sin ot 
where 
E =NBAo 


max 


Substitute numerical values and evaluate Emax: 


- rev 2mrad lmin 
E = (400)(0.45T)(1.4x10* m° fiso “x xa l - 


rev 


The maximum induced emf occurs at the moment the plane of the coil is 


parallel to the magnetic field B. At this instant, ¢„ is zero, but £ isa 


m 


maximum. 
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Picture the Problem We can use the equality of the currents in the inductors connected 
in series and the additive nature of the total induced emf across the inductors to show that 
the inductances are additive. 
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Relate the total induced emf to the _, ad 
effective inductance Les and the rate dt 
at which the current is changing in 

the inductors: 


Because the inductors L and L are L=fl,=1 
in series: and 
dI dl, dI 
d dt dt 
i : dI dI 
Express the total induced emf: EE A ea = 
dt dt 
dI 
=(L +L, )— 
(,+1,)4 
Substitute in equation (1) and Log =| L, +L, 


simplify to obtain: 
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Picture the Problem We can use the common potential difference across the parallel 
combination of inductors and the fact that the current into the parallel combination is the 
sum of the currents through each inductor to find an expression of the equivalent 


inductance. 
Define Ler by: _ E 
"di /dt 
or 
dI 1 
—=é— (1) 
dt Los 
Bele the common potential Esi dl, 2) 
difference across the inductors to dt 
their inductances and the rate at and 
which the current is changing in psk dl, (3) 
each: dt 
Because the current divides at the l=/,+1, 
parallel junction: and 
dl _ dl, di, 


dt dt dt 
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Solve equations (2) and (3) for dl,/dt al _& J E, 
and dh/dt and substitute to obtain: d L L 
Express the relationship between an E=E =E, 


emf € applied across the parallel 
combination of inductors and the 
emfs £ and & across the individual 


inductors: 
Substitute to obtain: d E E 1 1 
=— + =6 + 
d L L, L L 
Substitute in equation (1) and solve 1 |i ` 1 
for 1/ Lege Lose Li L, 
+89 o 


Picture the Problem 


As the magnet passes through the coil, it induces an emf because of the 


(a) | changing flux through the coil. This allows the coil to " sense" when the 


magnet is passing through it. 


One cannot use a cylinder made of conductive material because eddy 


(b) 


currents induced in it by a falling magnet would slow the magnet. 


As the magnet approaches the loop, the flux increases, resulting in the 
increasing voltage signal. When the magnet is passing the coil, the flux 
(c) | goes from increasing to decreasing, so the induced emf becomes zero 


and then negative. The time at which the induced emf is zero is the time 


at which the magnet is at the center of the coil. 


(d) Each time represents a point when the distance has increased by 10 cm. The 
following graph of distance versus time was plotted using a spreadsheet program. The 
regression curve, obtained using Excel’s "Add Trendline” feature, is shown as a dashed 
line. 
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y =4,9257t? + 1.3931t + 0.0883 


y (m) 


0 0.1 0.2 0.3 0.4 
t (s) 


The coefficient of the second-degree term is 4g. Consequently, 


g = 2(4.9257 m/s”) =[ 9.85m/s" | 
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Picture the Problem The current equals the induced emf divided by the resistance. We 
can calculate the emf induced in the circuit as the coil moves by calculating the rate of 
change of the flux through the coil. The flux is proportional to the area of the coil in the 
magnetic field. We can find the direction of the current from Lenz’s law. 


(a) and (c) Express the magnitude of T= le | í) 
the induced current: R 
Using Faraday’s law, express the | é| = dé, 
magnitude of the induced emf: dt 
When the coil is moving to the right | é| = dg, =0 
(or to the left), the flux does not dt 
change (until the coil leaves the and 
ion of tic field). Thus: E 
region of magnetic field). Thus I= a _ [o] 
(b) and (d) Letting x represent the n = NBwx 


length of the side of the rectangular 
coil that is in the magnetic field, 
express the magnetic flux through 
the coil: 
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Compute the rate of change of the 


flux when the coil is moving up or 
down: 


Substitute in equation (1) to obtain: 


dt dt 
= (80)(1.4T)(0.25 m)(2 m/s) 
=56.0V 


56V 
I =— =| 2.33A 
aa” 12334 


(b) | induced current will be in the sense as to produce inward flux. J is 


clockwise. 


When the coil is moving upward, the outward flux increases and the 


When the coil is moving downward, the outward flux decreases and the 


(d) | induced current will be in the sense as to produce outward flux. J is 


counterclockwise. 
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Picture the Problem We can apply Faraday’s law and the definition of magnetic flux to 


derive an expression for the induced emf in the coil. We can then apply Ohm’s law to 


find the induced current as a function of time. Note that only half of the loop is in the 


magnetic field. 


Apply Ohm’s law to relate the 
induced current to the induced emf: 


Use Faraday’s law to express the 
induced emf: 


Using the definition of magnetic 
flux, relate the magnetic flux 
through the loop to its angular 


velocity: 


Substitute to obtain: 


Substitute in equation (1) to obtain: 


(= £0 (1) 


oi 


¢,,(t) = NBA cos at 


d 
&|(t)=——|NBA 
(t) T [N. cos ot] 


=-NBAo(-sinat) 
= NBA øsin ot 


I(t)= e sin ot 
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Substitute numerical values and evaluate /(f): 


i(t)= (80)(1.4 A e 15m)(2rad/s) sin(2rad/s)¢ 


(0.350 A )sin(2rad/s)t 


II 


92 ee 

Picture the Problem We can use the laws of Ohm and Faraday to express the charge dO 
passing through the coil in time dt and integrate this expression to show that O = N( mı — 
bma)/R. 


? E E 
Use Ohm’s law to express the dQ _ > dQ=Ëdt 
induced current in terms of the dt R R 
induced emf: 


Apply Faraday’s law to obtain: dO = N dé, He N dd 
R dt ne 
Integrate dO from 0 to Q and g N“: 
2 > fdg =-— |d, 
dbm = Omi tO Øm to obtain: , R : 
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Picture the Problem We can apply Faraday’s law to relate the induced electric field E to 
the rates at which the magnetic flux is changing at distances r < R and 

r >R from the axis of the solenoid. 


(a) Apply Faraday’s law to relate f Ë-di=— do, 

the induced electric field to the c dt 

magnetic flux in the solenoid within or 

a cylindrical region of radius r < R: El27r) = dg, (1) 
dt 

Express the field within the B = tnl 

solenoid: 

Express the magnetic flux through „, = BA= mr Mont 


an area for which r < R: 
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Substitute in equation (1) to obtain: 


B I=] si ; i 
ecause ) sin at E= -brun |r, sin æt] 


= 1 
=| — 4r Ln] æ cos øt 


(b) Proceed as in (a) with r > R to E(27r) _ -2 [e R uni] 


obtain: 
dI 
= —7 R? un— 
Mo dt 
=-7 R° ,nI,acos at 
Solve for E to obtain: RI 
E= A at 
r 
94 cco 


Picture the Problem The system exhibits cylindrical symmetry, so one can use 
Ampère’s law to determine B inside the inner cylinder, between the cylinders, and 
outside the outer cylinder. We can use u,, = B? / 2 Lly and the expression for B from part 


(a) to express the magnetic energy density in the region between the cylinders. We can 
integrate this expression for um over the volume between the cylinders to find the total 
magnetic energy in a volume of length Z . Finally, we can use our result in part (c) and 
U,=til * to find the self-inductance of the cylinders per unit length. 


(a) Forr <r, and forr > r the net B= [o] 
enclosed current is zero; 
consequently, in these regions: 


Forri<r<r: Mol 


27r 


(b) Express the magnetic energy B? 
density in the region between the 
cylinders: 


Substitute for B and simplify to 
obtain: 


(c) Express the magnetic energy 
dU in the cylindrical element of 
volume dV: 


Integrate this expression from 
r=r,tor=ryto obtain: 


(d) Express the energy in the 
magnetic field in terms of L and J: 


Solve for L: 


From our result in (c): 


Substitute to obtain: 


Express the ratio L/ 0: 


95 ecco 
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2 
dU, =u,,dV = a (¢2ardr) 


_ Mlt dr 
4r r 


m 


A Ho 42 
4r r 4r r 


ri 


U m =4LI 
2U m 
T 

Um _ Ho Pin” 


Picture the Problem We can use its definition to express the magnetic flux through a 


rectangular element of area dA and then integrate from r = r; to r = r to express the total 


flux through the region. Substituting in L = ¢,/J will yield the same result found in Part 


(d) of Problem 94. 


Use the definition of self-inductance 
to relate the magnetic flux through 


the region of interest to the current /: 


Consider a strip of unit length £ and 
width dr at a distance r from the 


i =m (1) 


dø, = BdA = Bédr = Bdr 


because Z= 1. 
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axis. The flux through this area is 
given by: 


Apply Ampere’s law to express the 


magnetic field at a distance r from ar 
the axis: 
Substitute to obtain: pc Lol dr 
ae ae 2 
Integrate from r = r; to r =r to Mol 2 dr 
obtain: Pn = on f P 
and 
EEA 
an n 
Substitute in equation (1) to obtain: r= Lo nË 
2m rn 
*OG eee 


Picture the Problem We can use 7 = &R and £= Bv £ to find the current induced in the 
loop and Lenz’s law to determine its direction. We can apply the equation for the force 
on a current-carrying wire to find the net magnetic force acting on the loop and then sum 
the forces to find the net force on the loop. Separating the variables in the differential 
equation and integrating will lead us to an expression for v(f) and a second integration to 
an expression for y(t). We can solve the latter equation for y = 1.40 m to find the time it 
takes the loop to exit the magnetic field and our expression for v(¢) to find its exit speed. 
Finally, we can use a constant-acceleration equation to find its exit speed in the absence 
of the magnetic field. 


(a) Relate the magnitude of the f= E 
induced current to the induced emf R 

and the resistance of the loop: 

Relate the induced emf to the E = Bvl 
motion of the loop: 

Substitute for ¢ to obtain: I= Be ” 
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As the loop falls, the flux into the page decreases. The direction of the induced 


current is such that its magnetic field opposes this decrease, i.e., clockwise. 


(b) Express the velocity-dependent F, = BU 
force that acts on the loop in terms 
of the current in the loop: 


Substitute for / to obtain: 292 
F, -( =) = Ley 


Apply dF = Id¢x B to the horizontal portion of the loop that is in the 


magnetic field to conclude that the net magnetic force is upward. 


Note that the magnetic force on the left side of the loop is to the left and the magnetic 
force on the right side of the loop is to the right. 


(c) The net force acting on the loop Fea = gf, 
is the difference between the Bev 
downward gravitational force and =| mg — R 


the upward magnetic force: 


(d) Apply Newton’s 2™ law of PE Be? ois dv 
motion to the loop to obtain its & R = dt 
equation of motion: or 
d BL, 
dt R mR 
Factor g to obtain an alternate form dv Bee v 
of the equation of motion: dt = g\ 1 mgR v|=| gj l- v 
R 
where v, = > 
(e) Separate the variables to obtain: dv =y 
Be 
7 v 
mR 
or 
d 
Y= dt 
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Be? 
where a = g and b= 
mR 
Integrate v ' from 0 to v and t’ from er dv' b 
g f 2 = (dt > - in( “|= 
0 tot: a-by' a 


Transform from logarithmic to v(t) 4 (1 = e) 
exponential form and solve for v to b 
obtain: 
_ -t/t 
Noting that v, = : , we have: v(i ) =v (1 TE ) 
where r= "t=", 
a és 
(f) Write v as dy/dt and separate dy =v, (1 sere at 


variables to obtain: 


Integrate y' from 0 to y and ¢’ from 0 to t: 


and 


y(t) = v-r- J] 


(g) A spreadsheet program to generate the data for graphs of position y as a function of 
time ¢ is shown below. The formulas used to calculate the quantities in the columns are as 
follows: 


Cell Formula/Content Algebraic Form 
Bl 0.05 m 
B2 0.2 R 
B3 0.4 B 
B4 0.3 L 
B5 $B$1*$B$7*$B$2/($B$3^2*$B$4^2) v, 
B6 $B$5/$B$7 T 
B7 9.81 g 
A10 0.00 t 
B10 | $B$5*(A10-$B$6*(1-EXP(-A10/$B$6))) y 
C10 0.5*$B$7*A10^2 1 gf? 


A B C 
1 m= | 0.05 kg 
2 R= | 0.2 ohms 
3 B= | 0.4 T 
4 L= | 0.3 m 
5 vt= | 6.813 m/s 
6 tau= | 0.694 s 
7 g= | 9.81 m/s^2 
8 
9 t y y (no B) 
10 0.00 0.000 0.000 
11 0.05 0.012 0.012 
12 0.10 0.047 0.049 
13 0.15 0.103 0.110 
14 0.20 0.179 0.196 
15 0.25 0.273 0.307 
16 0.30 0.384 0.441 
17 0.35 0.511 0.601 
18 0.40 0.654 0.785 
19 0.45 0.809 0.993 
20 0.50 0.978 1.226 
21 0.55 1.159 1.484 
22 0.60 1.351 1.766 
23 0.65 1.553 2.072 
24 0.70 1.764 2.403 
25 0.75 1.985 2.759 
26 0.80 2.214 3.139 
27 0.85 2.451 3.544 
28 0.90 2.695 3.973 
29 0.95 2.946 4.427 
30 1.00 3.202 4.905 


Examining the table, we see that y = 1.4 m when t ~x 


0.60s. 
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The following graph shows y as a function of t for B # 0 (solid curve) and B = 0 (dashed 


curve). 
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t (s) 


97 eve 
Picture the Problem We can use the expression for the period of this spring-and-mass 
oscillator to find the spring constant x. We can express the induced current in the loop by 
relating it to the induced emf and relating the induced emf to the velocity of the loop. 
Knowing that the loop is executing SHM, we can express its velocity as a sinusoidal 
function of time. We can use the expression for the magnetic force on a current-carrying 
wire in a magnetic field to express the damping force acting on the loop. 


(a) Express the period of the mass- T=27z |” 

spring system: =< E 

Solve for x to obtain: 47r°m 
K= 7? 

` . 2 

Substitute numerical values and ma 4r (0.5kg) _1308Nim 

evaluate x: (0.8s) 

(b) Express the current in the loop in om E 

terms of its resistance and the R 

induced emf: 

Relate the induced emf in the wire to E = Bvt 

the motion of the wire: or, because / = w (where w is the width of 
the loop), 
E = Byw 

Express the position of the mass- y = ya Sin æt 


spring system as a function of time: 


Differentiate this expression with 
respect to time to express the 
velocity of the system: 


Substitute in our expression for J to 
obtain: 


(c) Express the damping force Fa 
acting on the loop: 


Substitute for J and simplify to 
obtain: 


Because v = yo@cosat: 


(d) Choosing the static equilibrium 
position of the coil as the origin, 
apply YF = md to the coil when 


it is displaced slightly from this 
equilibrium position to obtain: 


Substituting for F, and Fa yields the 
differential equation describing the 
motion of the coil: 


For weak damping, the solution to 
this differential equation is: 
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ae acosat 
dt Yo 
B 
T= PYV cos at 
R 
F; = Blw 


De. 
w 
= ——— jy, cos ot 
Bw" 
ay a 
Bw? 
where p =| ——— 
p R 
d’y 
-F -F =m 
MAT dt’ 


where F, is the restoring force exerted by 
the plastic spring. 


dy R d’y 
Pa dt? 
or 
2 
d Vet W Erai 


d? mdt m 
Note: compare this equation to Equation 
14-35 on page 446 of Volume 1 of your 
textbook. 

y(t) = (p, cos ot )e PY 
Note: see Equation 14-36 on page 447 of 
your textbook. 
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Differentiate y(t) with respect to 


B 
= . BY {£ 
time to obtain the velocity of the vl) 7 {on OS 2m OOSTE 
coil: 


A spreadsheet program to generate the data for graphs of position y and velocity v as 
functions of time ¢ is shown below. The formulas used to calculate the quantities in the 
columns are as follows: 


Cell Formula/Content Algebraic Form 
B2 0.8 T 
B3 0.4 B 
B4 0.2 R 
BS 0.3 w 
B6 0.05 m 
B7 2*PI()/$B$2 o 
B8 $B$3%2*$B$5“%2/$B$4 B 
All 0.00 t 
Bll $B$1*COS($B$7*A11)* y(t) 
EXP((-$B$8/(2*$B$6))*A 11) 
C11 —($B$1*$B$7*SIN($B$7*A 11) v(t) 
+($B$8*$B$1/(2*$B$6))*COS($B$7*A11)) 
*EXP((—$B$8)/(2*$B$6))*A 11) 


1 A B C 

2 y_0= 0.05 m 
3 T= 0.8 s 

4 B 0.4 T 

5 R= 0.2 ohms 
6 w= 0.3 m 

7 m= 0.05 kg 

8 omega= 7.85 s^-1 
9 beta= 0.072 kg/s 
10 

11 t y V 
12 0.00 0.050 —0.036 
13 0.01 0.049 —0.066 
14 0.02 0.049 —0.096 
15 0.03 0.048 —0.124 
16 0.04 0.046 —0.151 
17 0.05 0.045 —0.177 
235 2.24 0.003 0.072 
236 2:25 0.004 0.069 
237 2.26 0.004 0.066 
238 2.27 0.005 0.062 
239 2.28 0.006 0.057 
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The graph of y(t) follows: 
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The graph of v(t) follows: 
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Picture the Problem If the coil is twisted through an angle @ a restoring torque equal to 
K0 acts on it return it its equilibrium position. However, if it rotates back with angular 
speed @ = d0/dt, there will be an emf induced in the coil. The direction of the current 
resulting from this induced emf will be such that its magnetic field will oppose the 
change in flux resulting from the rotation of the coil. The net effect is that the motion of 
the coil is damped. We can apply Newton’s 2™ law to relate the net restoring torque to 
the moment of inertia of the coil and its angular acceleration and use the laws of Faraday 
and Ohm to find the emf and current induced in the coil. 


Apply > T = [a to the rotating do 
. i T restoring ~ T retarding = d 2 
coil to obtain: t 
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The magnitude of the retarding 
(damping) torque is given by: 


Substitute for Trestoring ANA Tretarding tO 
obtain: 


Apply Faraday’s law to express the 
emf induced in the coil: 


From Ohm’s law, the magnitude of 
the induced current i in the coil is: 


Substitute for the induced current i 
in equation (1) to obtain: 


For small displacements from 
equilibrium, cos0 ~ 1 and: 


Rearrange terms to obtain the 
differential equation of motion of 
the coil: 


2 p2 42 
peepee ee on Et 
RI I 


obtain: 


The solution to this second-order, 
homogeneous, linear differential 
equation with constant coefficients 


1S: 


T = NiBAcos@ 


retarding 
where / is the current induced in the coil 
whose cross-sectional area is A. 


d’°0 
dt’ 


—KO— NiBAcos@=I1 (1) 


E= 4 (NBA sin 0) = (NBA cos pee 
dt dt 


_ E _ NBAcosé d0 
R R dt 
N’ B’ £ co?0dO _d’@ 
KO =I1— 
R dt dt 
2p2 42 2 
xg NBA do a0 
R dt dt 
d’ NBA d0 K 
zt +—0 7x0 
dt RI dt I 
d’0 dd, 
—+@00~0 
dt a 


Chapter 29 
Alternating-Current Circuits 


Conceptual Problems 


*1 e 
Determine the Concept Because the rms current through the resistor is given by 


Tins = Ens /R and both &ms and R are independent of frequency, | (b) is correct. 


2 e 
Picture the Problem We can use the relationship between V and Vpeak to decide the effect 
of doubling the rms voltage on the peak voltage. 


Express the initial rms voltage in Vy = Vna 

terms of the peak voltage: oe V2 

Express the doubled rms voltage in 2V = V 

terms of the new peak voltage = J2 

V ges 

Divide the second of these equations V ease 

by the first and simplify to obtain: 2V ims = V2 2s V' nax 
V max V 


Solve for V' sax: V' aax = 2V ax and| (a) is correct. 


3 ° 
Determine the Concept The inductance of an inductor is determined by the details of its 


construction and is independent of the frequency of the circuit. The inductive reactance, 


on the other hand, is frequency dependent. | (b) is correct. 


4 ° 
Determine the Concept The inductive reactance of an inductor varies with the frequency 


according to X, = @L. Hence, doubling æ will double Xz. | (a) is correct. 
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*5 e 
Determine the Concept The capacitive reactance of an capacitor varies with the 


frequency according to Xo = 1/@C. Hence, doubling @ will halve Xc. | (c) is correct. 


6 ° 

Determine the Concept Yes to both questions. While the current in the inductor is 
increasing, the inductor absorbs power from the generator. When the current in the 
inductor reverses direction, the inductor supplies power to the generator. 


7 ° 

Determine the Concept Yes to both questions. While charge is accumulating on the 
capacitor, the capacitor absorbs power from the generator. When the capacitor is 
discharging, it supplies power to the generator. 


8 ° 
Picture the Problem We can use the definitions of the capacitive reactance and 
inductive reactance to find the SI units of LC. 


Use its definition to express the X, =2afL 
inductive reactance: 


Solve for L: L= xX, 
2af 
Use its definition to express the capacitive Xx = 1 
reactance: € — 2nfC 
Solve for C: C= 1 
27fX c 
Express the product of L and C: LC X; 1 X, 


-2af 2afX. 4m f? Xe 


Because the units of X; and Xc cancel, the units of LC are those of 1/f ? or s’. 


| (a) is correct. 


*9 ee 
Determine the Concept To make an LC circuit with a small resonance frequency 
requires a large inductance and large capacitance. Neither is easy to construct. 
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10 >œ 
(a) True. The Q factor and the width of the resonance curve at half power are related 
according to Q = @ i Aq; i.e., they are inversely proportional to each other. 


(b) True. The impedance of an RLC circuit is given by Z =4/ R” + (x L` Xec y . At 


resonance X; = Xc and so Z = R. 


X, -X 
(c) True. The phase angle ŝis related to X; and Xc according to 6 = tan” E At 


resonance X; = Xc and so 6= 0. 


11 œ 
Determine the Concept Yes. The power factor is defined to be cos 6 = R/Z and, 


because Z is frequency dependent, so is cos ô. 


"12 >œ 
Determine the Concept Yes; the bandwidth must be wide enough to accommodate the 
modulation frequency. 


13 œ 
Determine the Concept Because the power factor is defined to be cos ô = R/Z , if R= 


0, then the power factor is zero. 


14 œ 
Determine the Concept A transformer is a device used to raise or lower the voltage in a 


circuit without an appreciable loss of power. | (c) is correct. 


15 œ 
True. If energy is to be conserved, the product of the current and voltage must be 
constant. 


16° 
Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. Assuming no loss of power in the transformer, we can equate the power in the 
primary circuit to the power in the secondary circuit and solve for the current in the 
primary windings. 


Assuming no loss of power in the P =P, 
transformer: 
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Substitute for P; and P; to obtain: LV, =1,V, 


Solve for h: I =I V, — LV, = P, 
* eM VM vV 


and | (b)is correct 


17 >œ 
(a) False. The effective (rms) value of the current is not zero. 


(b) True. The reactance of a capacitor goes to zero as f approaches very high frequencies. 
Estimation and Approximation 


*18 ee 
Picture the Problem We can find the resistance and inductive reactance of the plant’ s 
total load from the impedance of the load and the phase constant. The current in the 
power lines can be found from the total impedance of the load the potential difference 
across it and the rms voltage at the substation by applying Kirchhoff’s loop rule to the 
substation-transmission wires-load circuit. The power lost in transmission can be found 
from P =I? R_... We can find the cost savings by finding the difference in the 


trans rms~ trans 
power lost in transmission when the phase angle is reduced to 18°. Finally, we can find 
the capacitance that is required to reduce the phase angle to 18° by first finding the 
capacitive reactance using the definition of tanó and then applying the definition of 


capacitive reactance to find C. 


Rivne 52 Q 


Öms = 40 kV 
ô = 25° 


(a) Relate the resistance and R=Zcosd 
inductive reactance of the plant’s and 

total load to Z and 6: X, =Zsino 
Express Z in terms of the current J in Z= E ms 

the power lines and voltage &ms at I 

the plant: 

Express the power delivered to the P, = E msL ims COS Ô 


plant in terms of &ms, Ims, and 6 and and 


solve for Ims: 


Substitute to obtain: 


Substitute numerical values and evaluate Z: 


Substitute numerical values and evaluate R 
and X;: 


(b) Use equation (1) to find the 
current in the power lines: 


Apply Kirchhoff’s loop rule to the 


circuit: 
Solve for £u: 


Evaluate Zot: 


Substitute numerical values and 


evaluate sp: 


(c) The power lost in transmission 
is: 


(d) Express the cost savings AC in 
terms of the difference in energy 
consumption 

(P25°— Pig°)At and the per-unit cost u 
of the energy: 


Express the power list in 
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fea (1) 
Eve COSO 
i eZ COSO 
P 
2 o 
z — 40kv) c0s25° ina 
2.3MW 
R =(630Q)cos 25° =| 5710 
and 
X, =(630Q)sin 25° =| 2660 
ae SE T 


ms (40kV)cos 25° 


E 


sub 


— I ms Rians — IZo = 0 


rms` “trans 


Eo = Lm (R 


sub ~ “rms 


Zim “JR +X; 


(5710) + (2662) = 6302 


+ Lig ) 


‘trans 


E» = (63.4A)(5.20 + 630Q) 


- [03w] 


Pox > 1 Rize = (63.4A)’ (5.2 Q) 


=| 20.9kW 


AC = (P, — Pye Atu 


Ps: = LR 


trans 
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transmission when 6= 18°: 


i i issi 2.3 MW 
Find the current in the transmission Lge = =605A 


lines when d= 18°: (40kV )cos18° 


Evaluate P: Pa =(60.5A) (5.2Q)=19.0kw 


Substitute numerical values and evaluate AC: 


AC = (20.9kW -19.0kW)(16h/d)(30 d/month)($0.07/kW -h) = 


Relate the new phase angle Sto the ne = phe 
inductive reactance Xz, the reactance 

due to the added capacitance Xc, and 

the resistance of the load R: 

Solve for and evaluate Xc: X,=X,-—Rtand 


= 2669 —(5710)tan18° = 80.50 


Substitute numerical values and evaluate 1 
C= =| 33.0 uF 
C: 27(60s*)(80.5Q) [33.0 | 
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19 >œ 

Picture the Problem We can use the relationship E ax = 24NBAf between the 
maximum emf induced in the coil and its frequency to find f when &max is given and Emax 
when f is given . 


(a) Relate the induced emf to the E = E nax COS Ot 
angular frequency of the coil: where 
Ex = NBAO = 24NBAf 


Solve for f: f = Ca 
272NBA 
Substitute numerical values and E 10V 
. ‘io -4 n2 
evaluate f. 2z(200)(0.5T)({4x10m 


- [eam] 
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(b) From (a) we have: E ax = NBA = 22NBAf 

Substitute numerical values and Emax = 2n(200)(0.5T)(4 x10“ m’ (60 s*) 
evaluate Emax: —/15.1V 

20 œ 


Picture the Problem We can use the relationship E ax = 24NBAf between the 


maximum emf induced in the coil and the magnetic field in which it is rotating to find B 
required to generate a given emf at a given frequency. 


Relate the induced emf to the Enx = NBAO = 24NBAf 
magnetic field in which the coil is 
rotating: 
Solve for B: B= Cos 
27NfA 
Substitute numerical values and B= 10V 
evaluate B: 27(200)(60s *)(4x10* m?) 
=| 0,332 5 
*21 œ 


Picture the Problem We can use the relationship E pax = 24NBAf to relate the 


maximum emf generated to the area of the coil, the number of turns of the coil, the 
magnetic field in which the coil is rotating, and the frequency at which it rotates. 


(a) Relate the induced emf to the magnetic Enas = NBAw=2aNBAf (1) 
field in which the coil is rotating: 


Substitute numerical values and evaluate &nax: 


Eng. = 270(300)(0.4T)(2 x10 m)(1.5x107 m)(60s)= 


(b) Solve equation (1) for f: f E mak 


Substitute numerical values and evaluate f: 
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110V 
f = Fe(aoay(oaTy (0x10 mY x10 mm) PFI 


22 » 
Picture the Problem We can use the relationship &,,,, = 24NBAf to relate the 


maximum emf generated to the area of the coil, the number of turns of the coil, the 
magnetic field in which the coil is rotating, and the frequency at which it rotates. 


Relate the induced emf to the magnetic E ax = NBA = 22NBAf 
field in which the coil is rotating: 


Solve for B: B- E max 
27NfA 


Substitute numerical values and evaluate B: 


_ 24V g 
On (300)(60s)(2x10~ m)(1.5x10 m) — 0.7077 | 


Alternating Current in a Resistor 


*23 e 

Picture the Problem We can use P, = €,,,.J,to find Ims, Imax = 21 ms tO find Imax, 
and P ax = Lnax© max tO find Pmax 

(a) Relate the average power P, = Enel ans 

delivered by the source to the rms 

voltage across the bulb and the rms 

current through it: 


Solve for and evaluate Ims: P 100 W 
ne I. = — =—— =| 0.833A 
ToS En 120V 


(b) Express Imax in terms of Ims: Tx = J2I A 


Substitute for Ims and evaluate Imax: Ix = V2(0.833.A) = 


(c) Express the maximum power in Po = Teas 
terms of the maximum voltage and 
maximum current: 
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Substitute numerical values and evaluate P= (1.18 A)W2 (120 v) = 


Pray 


24 œ 
Picture the Problem We can Iaa = J21 ms tO find the largest current the breaker can 
carry and P, = I msV.ms tO find the average power supplied by this circuit. 


rms rms 


(a) Express Imax in terms of Ims: Lax = TO = J2(15A) =Í 21.2A 
(b) Relate the average power to the Py = IamsVans = (15.A)(120 v) 
rms current and voltage: =|1.80kW 


Alternating Current in Inductors and Capacitors 


25 œ 

Picture the Problem We can use X, = @L to find the reactance of the inductor at any 
frequency. 

Express the inductive reactance as a X, = aL = 2afh 


function of f: 


(a) At f= 60 Hz: X, =2(60s*)(1mH) =| 0.3770 
(b) At f = 600 Hz: X, = 2(600s")(1mH) = 


(c) At f= 6 kHz: X, =2z(6000s*)(ImH)=| 37.70 
26 œ 
(a) Relate the reactance of the X, = aL = 2afh 


inductor to its inductance: 


Solve for and evaluate L: L= X, _ 100Q 
2af 2x(80s") 


(b) At 160 Hz: X, =2r(160s7)(0.199H)= 


=| 0.199H 
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27 œ 
Picture the Problem We can equate the reactances of the capacitor and the inductor and 
then solve for the frequency. 


Express the reactance of the X, = aL = 27fL 
inductor: 
Express the reactance of the = 1 _ 1 
capacitor: € @C 2afC 
Equate these reactances to obtain: 2afL = 1 
2afC 

Solve for f to obtain: f 1 lai 

2a \ LC 
Substitute numerical values and 1 1 

= = 1.59 kHz 

evaluate f: f= zz \ (10 4F)(mH) Ea 
28 >œ 


Picture the Problem We can use X .. = 1/@C to find the reactance of the capacitor at 


any frequency. 


Express the capacitive reactance as = 1 = 1 
a function of f: € oC 2afC 
(a) At f = 60 Hz: x=- 1 -|2 65MQ 


€ 27(60s7)(lnF) 


(b) At f = 6 kHz: 2 1 = 
“c= 97(6000s")(nF) pe 


(c) At f= 6 MHz: X = 1 =| 26.5Q 
C 2n(6x10°s*)inF) — 


*29 œ 
Picture the Problem We can use Imax = Enax/Xc and Xc = 1/@C to express Imax as a 


function of énax, f, and C. Once we’ve evaluate Imax, we can use Ims = Imax/ V 2 to find Ims- 
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Express Imax in terms Of &max and Xc: Eos E nax 
max Xe 
Express the capacitive reactance: _1_ 1 
€ @C 2afC 
Substitute to obtain: Ina = 24CE nay 
(a) Substitute numerical values and I nax = 2z(20 s')(20 LE )(10 v) 


evaluate Imax: =| 25.1mA 
(b) Express Ims in terms of Imax: I = Inx _ 25.LmA _ 17.8mA 
rms J2 J2 ` 


30 >œ 
Picture the Problem We can use Xo =1/@C =1/27fC to relate the reactance of the 


capacitor to the frequency. 


Using its definition, express the reactance y _ 1_ 1 
of a capacitor: € @C 2afC 
Solve for f to obtain: zZ 1 
2nCX 

(a) Find f when Xc = 1 Q: a 1 -|15 9kHz 

f 27(10 uF)(1Q) Heer | 
(b) Find f when Xc = 100 Q: _ 1 _ 1590 Hz 

f 27(10 4F)(1009) Ea 
(c) Find f when Xc = 0.01 Q: 2 1 -|159MHz 

f 27(10 wF)(0.01Q) [159mm | 
31 oe 


Picture the Problem We can use the trigonometric identity 

cos 0 + cos ¢ = 2cos5 (0 + ¢)cos + (0 — ¢) to find the sum of the phasors V; and V2 and 
then use this sum to express I as a function of time. In (b) we’ll use a phasor diagram to 
obtain the same result and in (c) we’ll use the phasor diagram appropriate to the given 
voltages to express the current as a function of time. 
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(a) Express the current in the resistor: I= V_V,+V, 
R 


Use the trigonometric identity cos @ + cos g = 2cos+(4 + ¢)cos4(0-¢) 
to find V; + Vz: 


V, +V, =(5.0V)[cos(at — a)+cos(at + a)] = (5 V)[2 cos 4(2at )cos4+(— 2a) 


= (10 V)cos cos at = (8.66 V )cos at 


Substitute to obtain: I= (8.66 V )cos ot _ (0.346 A)cos at 
250 
(b) Express the magnitude of the | B V] 
current in R: R 
The phasor diagram for the 
voltages is shown to the right. 
Use vector addition to find V] : V| = 2\Vv, | cos 30° = 2(5 V)cos 30° 
= 8.66 V 

j in: 8.66 V 

Substitute to obtain: |z = = 0.346A 
250 
and 


I =| (0.346 A )cos at 


(c) The phasor diagram is shown to 
the right. Note that the phase angle 
between V; and V2 is now 90°. 


7 
$ 
Use the Pythagorean theorem to v] Z IV, Í H V, | = (5 vy + (7 vy 


find V| ; 
= 8.60 V 
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Express I as a function of t: I= M eos(ar +6) 


where 
5 =45°-(90°-a)=a—45° 


= tan” AAR 45° = 9.46° = 0.165 rad 
5V 
Substitute numerical values and 8.60 V 


[= 
evaluate I: 25 


=| (0.344A )cos(ct + 0.165rad) 


cos(wt + 0.165 rad) 


LC and RLC Circuits without a Generator 


*32 eœ 
Picture the Problem We can use X; = @L and Xc = 1/@C to show the 1/ VLC has the 


unit s™. Alternatively, we can use the dimensions of C and L to establish this result. 


Substitute the units for L and C in 1 1 1 = 


ee. =e 
the expression Tie. to obtain: VJH-F {asf S ) Js? 


Alternatively, use the defining ic] = [Q] 
equation (C = Q/V) for capacitance y] 
to obtain the dimension of C: 


Solve the defining equation lv] lv] [vir] 2 
(V = LdI/dt) for inductance to |£ ] = = = 


obtain the dimension of L: 


Express the dimension of 1/ VLC: 


Because the SI unit of time is the second, we’ve shown that 1/ VLC has units of 
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33 e 
Picture the Problem We can use T = 27/@and @ = 1/ ~ LC to relate T (and hence f) to 
L and C. 


(a) Express the period of oscillation T= 2m 
of the LC circuit: w 
For an LC circuit: 1 


Substitute to obtain: T =22zvLC (1) 
Substitute numerical values and T = 27,|(2mH)(20 4F) =| 1.26 ms 
evaluate T: 
(b) Solve equation (1) for L to L= T: _ 1 
obtain: O Ar’C An? rc 
Substitute numerical values and 1 

L= =| 88.0 mH 
evaluate L: An” (60 s7) (80 LE) 
34 e 


Picture the Problem We can use the expression f} = 1/ 274 LC for the resonance 


frequency of an LC circuit to show that each circuit oscillates with the same frequency. In 
(b) we can use Tax = @Q,, where Qo is the charge of the capacitor at time zero, and the 


definition of capacitance Q, = CV to express Imax in terms of œ, C and V. 


Express the resonance frequency for p= 1 

an LC circuit: : 2av LC 

(a) Express the product of L and C Circuit 1: LCG, 

for each circuit: Circuit 2 : L,C, =(2L,)(4C,)=LC,, 
and 


Circuit 3: LG, = 4 L )2C,) = LC, 


Because L,C, = L,C, = L,C,, the resonance frequencies of the three 


circuits are the same. 


(b) Express Imax in terms of the Iras = OQy 
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charge stored in the capacitor: 


Express Qo in terms of the Q, =CV 
capacitance of the capacitor and the 
potential difference across the 


capacitor: 
Substitute to obtain: Tmax = OCV 
or, for œ and V constant, 
Taas o C 
The circuit with C = C, has the 
greatest I... 
35 ee 


Picture the Problem We can use U = icv’ to find the energy stored in the electric 
field of the capacitor, @ = 27f, = 1/ VLC to find fo, and Taas =@Q, and Q, = CV to 
find Imax. 


à 2 
(a) Express the energy stored in the U =5CV 
system as a function of C and V: 


Substitute numerical values and U = 1(5 LF)(30 vy = 


evaluate U: 

(b) Express the resonance frequency _ o 1 
@, = 2af, === 

of the circuit in terms of L and C: VLC 

Solve for fo: _ 1 


Substitute numerical values and 1 
= =| 712 H 
So f= S domi) ak) 


(c) Express Imax in terms of the L nax = OQ) 
charge stored in the capacitor: 


Express Qo in terms of the Q, =CV 
capacitance of the capacitor and the 

potential difference across the 

capacitor: 
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Substitute to obtain: 


Substitute numerical values and evaluate 


Imax: 


36 >œ 


Inge = 22(7128*)(5 uF)(30 V) 


- [osa] 


Picture the Problem We can use its definition to find the power factor of the circuit and 


Ims = 6/Z to find the rms current in the circuit. In (c) we can use P, = I} R to find the 


average power supplied to the circuit. 


(a) Express the power factor of the 
circuit: 


Express Z for the circuit: 


Substitute to obtain: 


Substitute numerical values and 
evaluate cos & 


(b) Express the rms current in terms 
of the rms voltage and the 
impedance of the circuit: 


Substitute numerical values and 
evaluate Ims: 


(c) Express the average power 
supplied to the circuit in terms of 
the rms current and the resistance of 
the inductor: 


Substitute numerical values and evaluate 
Px: 


R è R 
JR +X? qR + (27fLY 


cos ó = 


1009 


ae (1002)? + |27(60s*)(0.4H)]’ 


- [0553] 


E é 
Lims = = 
Z [ROAY 


7 120V 


™ a000F +[22(60s7)(0.4H)] 


- [05858 


P, =I} R 


rms 


P, =(0.663A)’(100Q) =| 44.0W 


E 
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Picture the Problem Let Q represent the instantaneous charge on the capacitor and apply 
Kirchhoff’s loop rule to obtain the differential equation for the circuit. We can then solve 
this equation to obtain an expression for the charge on the capacitor as a function of time 
and, by differentiating this expression with respect to time, an expression for the current 
as a function of time. We’ll use a spreadsheet program to plot the graphs. 


Apply Kirchhoff’s loop rule to a Q dI 
clockwise loop just after the switch C +L dt =0 
is closed: 


Because I = dQ/dt : 


d’ i 1 
L l,e- or g LISER =0 
dt? C d? LC 
The solution to this equation is: Q(t) =Q, coslæt = ô) 
where @ = J 
LC 
Because Q(0) = Qo, ô= 0 and: Q(t) = Q, cos æt 
The current in the circuit is the dQ d , 
derivative of Q with respect to t: “H Te cos wt = —@Q, sin ot 


(a) A spreadsheet program was used to plot the following graph showing both the charge 
on the capacitor and the current in the circuit as functions of time. L, C, and Qo were all 
arbitrarily set equal to one to obtain these graphs. Note that the current leads the charge 
by one-fourth of a cycle or 90°. 


1 


Charge ; 
= Current 


t (s) 


(b) The equation for the current is: I =-@Q, sin at (1) 


The sine and cosine functions are : m 
related through the identity: -sin = cos| 0+ p 
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Use this identity to rewrite equation m 
(1): I =—a@Q, sin øt =| aQ, cofa + z) 


showing that the current leads the charge 
by 90°. 


RL Circuits with a Generator 


38 ee 
Picture the Problem We can express the ratio of Vr to Vz; and solve this expression for 
the resistance R of the circuit. In (b) we can use the fact that, in an LR circuit, V} leads Vp 


by 90° to find the ac input voltage. 
(a) Express the potential differences 
across R and L in terms of the 
common current through these 


components: 


Divide the second of these equations 
by the first to obtain: 


Solve for R: 


Substitute numerical values and 
evaluate R: 


(b) Because Vp leads V; by 90° in an 
LR circuit: 


Substitute numerical values and 
evaluate V: 


39 oe 


V, = IX, = Iø@L 

and 

Vg = IR 

VR IR _R 

V, JoL æL 

R= ue oL 
V, 


R= [BY fea(oos")a.an = 


V = (B80 V} + (40V? = 


Picture the Problem We can solve the expression for the impedance in an LR circuit for 


the inductive reactance and then use the definition of X; to find L. 


Express the impedance of the coil in 
terms of its resistance and inductive 


reactance: 


Solve for X; to obtain: 


Z=R°+X? 


Express Xz in terms of L: 


Equate these two expressions to 
obtain: 


Solve for L: 


Substitute numerical values and 
evaluate L: 


40 
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2afL = 4 Z° -R° 


VZ?’ -R° 
2af 


L= 


(2009F - (809) _ 
2n(1kHz) 


29.2 mH 


Picture the Problem We can express the two output voltage signals as the product of the 


current from each source and R = 1 kQ. We can find the currents due to each source 


using the given voltage signals and the definition of the impedance for each of them. 


(a) Express the voltage signals 
observed at the output side of the 
transmission line in terms of the 
potential difference across the 
resistor: 


Express I, and Ip: 


Substitute for J, and Ib to obtain: 


V (10 V)cos100t 
Z, Joa? +[foos" aH) 
= (9.95mA )cos100t 


and 
Vy (10 V)cos10*t 


Zs {(to° a) + fiosan 


= (0.995 mA )cos10*t 


1 


2 


V, ou = (10° Q)(9.95mA)cos100t 


1, out 


=| (9.95 V)cos100t | 


and 
V, cur = (10° Q)(0.995mA)cos10*t 


2, out 


=| (0.995 V )cos10*t 
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(b) Express the ratio of Vi out to Vice  9.95V _ 100 
Vo,out? Vo on  0.995V 
41 


Picture the Problem The average power supplied to coil is related to the power factor by 
P, = Esm COSO. In (b) we can use P,, = I} R to find R. Because the inductance L 


rms” rms 
is related to the resistance R and the phase angle daccording to X, = æL = R tan ô , we 
can use this relationship to find the resistance of the coil. Finally, we can decide whether 
the current leads or lags the voltage by noting whether X; is less than or greater than R. 


(a) Express the average power P, = Enngl ang COS Ô 
supplied to the coil in terms of the 
power factor of the circuit: 


: P 
Solve for the power factor: css ay 
oo EE 
Substitute numerical values and 60 W 
cos ô = ——_._——_. =| 0.333 
evaluate cos (120 V)(1.5 A) 
(b) Express the power supplied by P.=1_.R 


the source in terms of the resistance 
of the coil: 


Solve for and evaluate R: P 60 W 
R=—= =| 26.70 
I 2 (.5AY 


(c) Relate the inductive reactance to X, =oL=Rtand 
the resistance and phase angle: 


Solve for L: z — Rtand _ Rtan(cos 0.333) 
© 2af 
Substitute numerical values and _ (26.7Q)tan 70.5° _ 0.200H 
= — =l 0. 
evaluate L: 27(60s ) 
(d) Evaluate X;: X, =(26.7Q)tan 70.5° = 75.4Q 


Because X; > R, the circuit is I lags € by 70.5° |. 


inductive and: 


A2 = 
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Picture the Problem We can use I,,,. = Emax / JR? + (aL) and 


v 


L,max 


= l aaxX , = OLI,,,, to find the maximum current in the circuit and the maximum 


voltage across the inductor. Once we’ve found Vz max we can find Vz prms using 


Vims” V, max / V2 . We can use P, = 
U imax 2 max 


Rto find the average power dissipation, and 


= 4 LI? to find the maximum energy stored in the magnetic field of the inductor. 


The average energy stored in the magnetic field of the inductor can be found from 


Ur py =| Pde. 


Express the maximum current in the 


circuit: 


Substitute numerical values and 


evaluate Imax: 


Relate the maximum voltage across 
the inductor to the current flowing 
through it: 


Substitute numerical values and 
evaluate Vz max: 


VL ms is related to Vz max according 
to: 


Relate the average power dissipation 
to Imax and R: 


Substitute numerical values and 
evaluate Pw: 


The maximum energy stored in the 
magnetic field of the inductor is: 


The definition of Uza is: 


I = E nax = E nax 
m™ Z JRL? 
r 345V 
"= Joa} +|(507s7)(36me)) 
; 
Vinar = TinaxX 1 = OLI nax 
V, max = (1502rs)(36mH)(7.94 A) 


- [sv] 
T _ 135V _ 
vm te 


P,, =4(7.94A)°(40Q)=| 1.26kW 


av 


U; max = $LI2,, = 4(36mH)(7.94 A)” 


L,max max 


1 T 
Uiw z z fuo 
0 
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U(t) is given by: 


Substitute for U(t) to obtain: 


Evaluating the integral yields: 


Substitute numerical values and evaluate 
UL ,av: 


43 we 


TE f 
L,av E t t 


L,av — SA ra p 
i 2T |2 4 


U == (36mH)(7.94A} = 0.567 J 


Picture the Problem We can use the definition of the power factor to find the 
relationship between X; and R when f = 60 Hz and then use the definition of X; to relate 
the inductive reactance at 240 Hz to the inductive reactance at 60 Hz. We can then use 
the definition of the power factor to determine its value at 240 Hz. 


Using the definition of the power 
factor, relate R and X;: 


Square both sides of the equation to 
obtain: 


Solve for X?(60 Hz) ; 


Substitute for cosé and simplify to 
obtain: 


Use the definition of X; to obtain: 


Divide the second of these equations 
by the first to obtain: 


cos ô = = x (1) 
ZR? +X? 

cos’ ô = us 
R +X? 


and 

Xi) 4af E 
Xi(f)_ af E _ f? 
Xi(f) P f’ 
Xi(f)_ 4E _ f? 
Xi(f) P f’ 


Substitute numerical values to 
obtain: 


Substitute in equation (1) to obtain: 
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p?+l8p 
3 


~ |3 =[0.397 
V19 


Picture the Problem We can apply Kirchhoff’s loop rule to obtain expressions for Ip and 


I, and then use trigonometric identities to show that I = Ip + I, = Imax Cos (a@t — ô), where 
tan = R/X; and Imax = Emax/Z with Z? =R°+X;°. 


(a) Apply Kirchhoff’s loop rule to a 
clockwise loop that includes the 
source and the resistor: 


Solve for Ip: 


(b) Apply Kirchhoff’s loop rule to a 
clockwise loop that includes the 
source and the inductor: 


Solve for Iz: 


(c) Express the current drawn from 
the source in terms of Imax and the 
phase constant 6: 


Use a trigonometric identity to 
expand cos(at — 6): 


E aax COS@t -IR = 0 


E a CoS(cot —90°)—I,X, =0 
because the current lags the potential 
difference across the inductor by 90°. 


IL = max cos(æt—90°) 
L 


I=I;+I, =I œ cos(at—6) 


I = I „(cos æt cosd +sin ætsin 3) 


=I 
= Í pax COS @tcosd + I pax sin@tsind 
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From our results in (a): 


A useful trigonometric identity is: 


Apply this identity to obtain: 


Simplify equation (1) and rewrite 
equation (2) to obtain: 


45 


I=1,+1, = aa cos at 


+ a cos(at — 90°) 


E E 
=— cos at+—™ sin wt 
R XxX, 


Acos at + Bsin at 


=A’ +B’ cos(at — 5) 


[= (==) ica cos(wt — 5) (1) 


L 


Picture the Problem We can use the complex numbers method to find the impedances of 
the parallel portion of the circuit and the total impedance of the circuit. We can then use 


Alternating-Current Circuits 729 


Kirchhoff’s loop rule to obtain an expression for the current drawn form the source. 


Knowing the current drawn from the source, we can find the potential difference across 


the parallel portion of the circuit and then use this information to find the currents drawn 


by the load and the inductor. 


(a) Express the rms currents in R, 
C, and R;: 


Express the total impedance of the 
circuit: 


Use complex numbers to relate Z, 
to R; and Xc 


Multiple the numerator and 
denominator of this fraction by the 
complex conjugate of R; + iX; and 
simplify to obtain: 


Substitute numerical values and 
evaluate Xz: 


Substitute numerical values and 
evaluate Z,: 


Substitute to evaluate Z: 


E 
— _~ s — __P,rms 
Ir, rms Z >“ R, rms „and 
L 
I Ve 
L,rms 
X; 
Z=R+Z, 


where Z, is the impedance of the parallel 
branch of the circuit. 


1 1 oci R,+iX, 


Z, R, iX, iRX, 
or 

IRS 

? R, +iX, 


_ iRX, R,-iX, 
PR, +iX, R,-iX, 
RX; . RX, 
or 
Ri+X; Ri+Xí 
X, = aL =2aqfL 
= 2(500s*)(3.2mH) = 10.10 


(20Q)(10.10/) 
P? (202) + (10.12) 
(20Q) (10.12) 
i (2097 +0.19% 
= 4.06Q + i(8.05Q) 


and 


z,|= /(4.0692} +(8.050) =9.029 


Z =4Q+4.03Q + i(8.05Q) 
= 8.030 + i(8.05Q) 
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Express and evaluate the power 
factor: 


Apply Kirchhoff’s loop rule to 
obtain: 


Solve for and evaluate I ims: 


Express and evaluate Vp ims: 


Substitute numerical values and 
evaluate Ip ms: 


Substitute numerical values and 
evaluate I, rms: 


(b) Proceed as in (a) with 


f = 2000 Hz. Substitute numerical 


values and evaluate X;: 


Substitute numerical values and 
evaluate Z,: 


Substitute to evaluate Z: 


and 


Iz| = (8.030) +(8.050)' =11.40 


cos 6 = 2 = Bee = 0.706 
Z 11.4Q 
E ms n Z| = 0 


— Em _100V/ V2 _ 
a IZ} 11.40 pers 


= (6.20A)(9Q)=55.8V 


rae eN eee 
™ 10.10 
X, =o = 2afL 


= 2n(2000s")(3.2mH) = 40.20 


(20Q)(40.22/) 
? (200) + (40.20) 
(209) (40.29) 
i (200) +(40.2Q)° 
=16.0 Q + i(7.98Q) 
and 


Iz,|= 06.02} +(7.989} =17.99 


Z = 40+16.00+i(7.97Q) 
= 20.00 +i(7.98Q) 


and 


Iz| = (20.097 +(7.980) =21.50 


Find the power factor: 


Apply Kirchhoff’s loop rule to 
obtain: 


Solve for and evaluate Ip ims: 


Express and evaluate V), ims: 


Substitute numerical values and 
evaluate Ip mms: 


Substitute numerical values and 
evaluate Iz, ims: 


(c) Express the fraction of the 
power dissipated in the resistor: 


Evaluate this fraction for 
f = 500 Hz: 


When f = 2000 Hz: 


46 = 
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cos ô = ee i = 0.930 
Z 21.5Q 
E ms Pdi, Z| = 0 


E.. 100V//2 
P i =| 3.29 
R, rms z| 21.5Q 


V m =I 


p, rms R, rms 


Z,| 


= (3.29 A)(17.9Q)=58.9V 


, nee 795A 
a 200 
58.9 V 
a =|1.47A 
L,rms 40.20 [1.47.4 
Pee _ iL J ney 
P, ~ Evnc p ms COSO 
= __ (279A (209) 
P 100V 
tot Tf=s00Hz | ———— |(6.20A )(0.706 
[722 )(6204)(0.706) 
= 0.503 =| 50.3% 
P ris (2.95A} (209) 


~ (100V 
J2 


= 0.804 =| 80.4% 


tot | f=2000 Hz 


(3.29 A)(0.930) 


Picture the Problem We can treat the ac and dc components separately. For the dc 


component, L acts like a short circuit. For convenience we let ¢, denote the maximum 


value of the ac emf. We can use P = £? / R, , to find the power dissipated in the resistors 


due to the dc source. We’ll apply Kirchhoff’s loop rule the loop including L, R, and R: to 


derive an expression for the power dissipated in the resistors due to the ac source. Note 


that only the power dissipated in the resistor R, due to the ac source is frequency 
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(a) Express the total power 
dissipated in R, and R}: 


Express and evaluate the dc power 
dissipated in R, and Rz: 


Express and evaluate the average ac 
power dissipated in Rj: 


Apply Kirchhoff’s loop rule to a 
clockwise loop that includes Rj, L, 
and R»: 

Solve for Ib: 


Express the average ac power 
dissipated in R>: 


Substitute numerical values and 
evaluate P3, ac: 


Substitute in equation (1) to obtain: 


(b) Proceed as in (a) to evaluate P» 
ac with f = 200 Hz: 


P=P,.+P., (1) 
2 
P x = z = ev) = 25.6W 
j R, 109 
and 


1e? 1(20v} 


= = = 20.0W 
"OR, 2 102 


RI, -Z,1, =0 
ee R88 
? Z, ZR Z, 


2 
E 1 EFR 
P, = 4ER EN | E 
ae ees B oe 
1 (20 V)(8Q) 
Pye = 7 F 
2 82} +(2z400s7H6mH}} 
=20.5W 


P, = 25.6 W + 20.0 W =| 45.6W 
P, = 32.0 W + 20.5 W =| 52.5 W 


and 
P =P +P, =| 98.1W 


JE kový (8o) 


2 [aay +x 00s omni) 
=13.2W 
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Substitute in equation (1) to obtain: P =25.6W+20.0W =| 45.6W 


P, = 32.0W +13.2 W =| 45.2 W 


and 
P =P +P, =| 90.8W 


(c) Proceed as in (a) to evaluate P» ac Pp =- 1 (20 vy (8 Q) 
with f = 800 Hz: a 2 le QP + (2700s He mi} | 
=1.64W 
Substitute in equation (1) to obtain: P =25.6W + 20.0W =| 45.6W 
P, = 32.0 W +1.64W =| 33.6W 
and 


47 œ 
Picture the Problem We can use the phasor diagram for an RC circuit to find the voltage 
across the resistor. 


Sketch the phasor diagram for the voltages 
in the circuit: 


2 2 
Use the Pythagorean theorem to V, =4E vi 
express Vg: 


Substitute numerical values and V, = a (100 v) 2 (80 v) 2 


evaluate Vg: 


Filters and Rectifiers 


*48 ee 

Picture the Problem We can use Kirchhoff’s loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We’ll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. Repeating this process for the output 
side of the filter will yield the desired equation. 
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Apply Kirchhoff’s loop rule to the 
input side of the filter to obtain: 


Substitute for V;, and J to obtain: 
Because Q = CV: 


Substitute for dQ/dt to obtain: 


Assume a solution of the form: 


Substitution of this assumed 
solution and its first derivative in 
the differential equations, followed 
by equating the coefficients of the 
sine and cosine terms, yields two 
coupled linear equations: 


Solve these equations 
simultaneously to obtain: 


Note that the output voltage is the 
voltage across the resistor and that it 
is phase shifted relative to the input 
voltage: 


Assume that Vy is of the form: 


The input, output, and capacitor 
voltages are related according to: 


Substitute for Vy (t), V eak (t), and 
V(t) and use the previously 


established values for V, and V, to 
obtain: 


Substitute for V. and V, to obtain: 


V,, -V -IR=0 
where V is the potential difference across 
the capacitor. 


V eax COS at —V Rie =0 
dt 


ae fiavj20 


dt dt dt 
V reave e 0 
pea! dt 


the differential equation describing the 
potential difference across the capacitor. 


V =V.cosat + V, sin at 


V, + RCV. =V 


peak 
and 
V, -@RCV, =0 
p 1 
1+(@Rcy "™* 
and 
Z ORC 
` 14(aRcy ™™* 
Va = Vg cos(ct -ó ) 


where Vy is the amplitude of the signal. 


Va (t) = v, cos øt + v, sin at 


Vae) = Va lt)-v 6) 


Ve = Vea =V 

and 

v= -V, 
(oRC) 
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Vu, Vc, and v, are related according ee 2 
: sae u ZVV. tV; 
to the Pythagorean relationship: 


Substitute for v. and v, to obtain: ORC 


49 
Picture the Problem We can use some of the intermediate results from Problem 48 to 
express the tangent of the phase constant. 


(a) Because, as was shown in 


ee tan ô = > 
Problem 48, Va = 4V +v‘ : V, 
Also from Problem 48: (oR cy 
~14+(@RcyY ™™ 
and 
__ @RC 
© 1+(@Rcy "™ 
Substitute to obtain: ORC 
5 i+ (oRcy oo fe a 
tan ô = 5 = 
(RC) @RC 
1+(@RCy "™* 
b) Solve for 6: 1 
A) 
As o> 0: 8 >| -90° 
(c) As a> œ: 55 [o] 
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Picture the Problem We can use the results obtained in Problems 48 and 49 to find fz ap 
and to plot graphs of log(Vou) versus log(f) and 6 versus log(f). 
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(a) Express the ratio Vou/Vin: 


peak 
2 
1+ È ) 
Va @RC 1 
Vin Viscak 1 i 
1+| — 
@RC 
When Vut =V, /2: 1 -1 
iy v2 
1+ i) 
@RC 
Square both sides of the equation 1 1 
and solve for @RC to obtain: a@RC =1> ø= RC > foes ARC 
Substitute numerical values and f 1 531H 
evaluate fs ax: °  2a(20kQ)(15nF) 
(b) From Problem 48 we have: V 
V = peak 
oul 2 
1+ ae 
@RC 
From Problem 49 we have: g 1 
ô = tan` | -——— 
@RC 
Rewrite these expressions in terms V eak peak 
of fz 43 to obtain: Vat = oa 2 
1+ : 1+ ha 
27fRC f 
and 


tan" - 1 |- en--e 
27fRC f 


A spreadsheet program to generate the data for a graph of Vouw versus f and 6 versus f is 
shown below. The formulas used to calculate the quantities in the columns are as follows: 


Cell Formula/Content Algebraic Form 
B1 2.00E+03 R 

B2 1.50E-08 C 

B3 1 V peak 

B4 531 fz aB 

A8 53 0.1/3 aB 
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C8 | $B$3/SQRT(1+(1($B$4/A8))2) V eak 
2 
1+( Se) 
f 
D8 LOG(C8) log(Vout) 
E8 ATAN(-$B$4/A8) an- Tie | 
f 
F8 E8*180/PI() ĉin degrees 
A B C D E F 

1 R= | 2.00E+04 | ohms 
2 = | 1.50E-08 | F 
3 V_peak= | 1 V 
4 f 3 dB= | 531 Hz 
5 
6 
7 f log(f) V_out | log(V_out) | delta(rad) | delta(deg) 
8 53 1.72 0.099 —1.003 —1.471 -84.3 
9 63 1.80 0.118 —0.928 —1.453 —83.2 
10 73 1.86 0.136 —0.865 —1.434 —82.2 
11 83 1.92 0.155 —0.811 —1.416 —81.1 
55 523 2.72 0.702 —0.154 —0.793 —45.4 
56 533 2.73 0.709 —0.150 —0.783 —44.9 
57 543 2.73 0.715 —0.146 —0.774 —44.3 
531 5283 3.72 0.995 —0.002 —0.100 —5.7 
532 5293 3.72 0.995 —0.002 —0.100 —5.7 
533 5303 3.72 0.995 —0.002 —0.100 —5.7 
534 5313 3.73 0.995 —0.002 —0.100 —5.7 


The following graph of log(Vou:) versus log(f) was plotted for Vpeak = 1 V. 


log(Vow) 


0.0 


-0.2 


-0.4 


-0.6 


-0.8 


-1.0 


1:5 


2.0 


2.5 


3.0 
log(f) 


3.5 


4.0 


A graph of din degrees as a function of log(f) follows. 


737 


738 Chapter 29 


delta (degrees) 


log(f) 


Referring to the spreadsheet program, we see that when f = f3an, Ô * This 


result is in good agreement with its calculated value of —45.0°. 
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Picture the Problem We can use Kirchhoff’s loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. Because the voltage drop across the 
resistor is small compared to the voltage drop across the capacitor, we can express the 
voltage drop across the capacitor in terms of the input voltage. 


Apply Kirchhoff’s loop rule to the 
input side of the filter to obtain: 


Substitute for Vin and I to obtain: 


Because Q = CVc: 


Substitute for dQ/dt to obtain: 


Because the voltage drop across the 
resistor is very small compared to 
the voltage drop across the 
capacitor: 


Consequently, the potential 
difference across the resistor is 
given by: 


Vin -Ve E IR = 0 
where Vc is the potential difference across 
the capacitor. 


V ee COS Ot — V, -RE =0 
dQ _ A = co ive 
dt dt dt 
dV, 
V eak COS Ot — Vo S =0 


the differential equation describing the 
potential difference across the capacitor. 


v 


peak COS@t -Vo ~ 0 


and 
Vo V 


peak COS Ct 


dVo 
dt 


V, = RC RCE Vya cosat| 
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Picture the Problem We can use the expression for Vy from Problem 48 and the 
definition of 2 given in the problem to show that every time the frequency is halved, the 
output drops by 6 dB. 


From Problem 48: V eak 
Va = mq 
1+ e 
@RC 
or 
Va 1 
V eal 5 
peak 14 1 
@RC 
Express this ratio in terms of f and Va 1 f 


fsa: V 2 2 
peak 14+ fz dB a ç 4 Raa l 
f 3dB 


For f << fap: Va 


From the definition of 2 we have: B = 20log,, Va 
V eak 
Substitute for Vi/Vpeax to obtain: 
B= 20log,, 
3dB 
Doubling the frequency yields: 2 
aaa nil co B = 20log,, L 
3dB 
The change in decibel level is: AB = f'-£ 
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Picture the Problem We can express the instantaneous power dissipated in the resistor 
and then use the fact that the average value of the square of the cosine function over one 
cycle is % to establish the given result. 
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The instantaneous power P(t) 
dissipated in the resistor is: 


The output voltage Vou is: 


From Problem 48: 


Substitute in the expression for P(t) 
to obtain: 


Because the average value of the 
square of the cosine function over 
one cycle is 1⁄2: 


Simplify this expression to obtain: 
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y? 
P(O = out 
Ora 


V at = Va cos(at -ô ) 
v= Vek 
H 1 2 
1+ (=) 
| @RC 
y? 
P(t) = cos (ot — 5) 
R 
y? 
= =x —— cos’ (at - 5) 
Rii+ = 
@RC 
2 
P = Vick 


“e | 2R (1+(@RCY 


Picture the Problem We can solve the expression for Vy from Problem 48 for the 


required capacitance of the capacitor. 


From Problem 48: 


We require that: 


Solve for C to obtain: 


V = Viak 
H 1 2 
1+| — 
@RC 
V 1 1 
peak 1+ 1 10 
@RC 
or 
1 2 
1+} — | =10 
a@RC 
1 1 


V99@R 2 V99RF 
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Substitute numerical values and 1 
: C= =/13.3nF 
evaluate C: 27 J99 (20 kQ)(60 Hz) 
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Picture the Problem We can use Kirchhoff’s loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We’ll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. The solution to these simultaneous 


equations will yield the amplitude of the output voltage. 


Apply Kirchhoff’s loop rule to the 
input side of the filter to obtain: 


Substitute for Vin and J to obtain: 


Because Q = CV: 


Substitute for dQ/dt to obtain: 


Assume a solution of the form: 


Substitution of this assumed 
solution and its first derivative in 
the differential equation, followed 
by equating the coefficients of the 
sine and cosine terms, yields two 
coupled linear equations: 


Solve these equations 
simultaneously to obtain: 


Note that the output voltage is the 
voltage across the capacitor and that 
it is phase shifted relative to the 
input voltage: 


Vr, Va and V, are related according 
to the Pythagorean relationship: 


V,, -IR-V =0 
where V is the potential difference across 
the capacitor. 


Vid cost -R& -v =0 
d _ d ey] = ov 
dt dt dt 
dV 


V eax COS Ot — RC — -V = 0 
dt 


peal 


the differential equation describing the 
potential difference across the capacitor. 


V =V_ cos øt +V, sin at 


V. +@RCV, =V 


peak 
and 
V, —aRCV, =0 
_ 1 
1+(a@Rcy "™* 
and 
ORC 
= ———__V 
` dttercy ™™* 
V =V, cos(at - ô) 


where Vz is the amplitude of the signal. 


V, = Vè +V 
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Substitute for V. and V, to obtain: 


f - 
1 ORC 
V, = | — vV —— ~ y 
i —_ we] | ESS | 


Simplify algebraically to obtain: Vig 
V, 2 pea 
J1+(oRC? 


N 


As f > 0, V, >V 


peak * 


As f >0,V, > 0. 
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Picture the Problem We can use some of the intermediate results from Problem 55 to 
express the tangent of the phase constant. 


From Problem 55: a \ve+v2 


where tan ô = Mer 
V 


Also from Problem 55: E 1 
“1+(oRcy ™™" 
and 
7 @RC 
` 1+ļløRCY ”™ 
Substitute to obtain: ORC 
tang = HRU 
1+(@RCy "™* 
Solve for 6: ô= tan '(@RC ) 
As @ >Q: 8> [o] 


(c) As @ > œ: 5 >| 90° | 


Remarks: See the spreadsheet solution in the following problem for additional 
evidence that our answer for Part (c) is correct. 
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Picture the Problem We can use the expressions for V; and 6 derived in Problem 56 to 
plot the graphs of V; versus f and 6 versus f for the low-pass filter of Problem 55. We’ Il 
simplify the spreadsheet program by expressing both Vz and das functions of fs ap. 


From Problem 56 we have: 


V, = 


and 
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v 


peak 


y1+(@RC) 


5 = tan '(@RC) 


Rewrite each of these expressions in terms 
of fz ag to obtain: 


A spreadsheet program to generate the data for graphs of Vz versus f and 6 versus f for 
the low-pass filter is shown below. Note that Vpeak has been arbitrarily set equal to 1 V. 
The formulas used to calculate the quantities in the columns are as follows: 


and 


ô = tan”'(27fRC) = i 


Cell Formula/Content Algebraic Form 
B1 2.00E+03 R 
B2 5.00E—09 C 
B3 1 Vpeak 
B4 (2*PI()*$B$1*$B$2)\—-1 fz a 
B8 | $B$3/SQRT(1+((A8/$B$4)^2)) V eak 
2 
1+ (+) 
f dB 
C8 ATAN(A8/$B$4) f 
wn | 
fsa 
D8 C8*180/PI() ĝin degrees 
A B C D 
1 R= | 1.00E+04 | ohms 
2 C= | 5.00E-09 | F 
3 V_peak= | 1 V 
4 f_3 dB= | 3.183 kHz 
5 
6 f(kHz) V_out | delta(rad) | delta(deg) 
7 0 1.000 0.000 0.0 
8 1 0.954 0.304 17.4 
9 2 0.847 0.561 32.1 
10 3 0.728 0.756 43.3 
54 47 0.068 1.503 86.1 
55 48 0.066 1.505 86.2 
56 49 0.065 1.506 86.3 


f 


3dB 


| 
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37 50 0.064 1.507 86.4 


A graph of Vou as a function of f follows: 


1.0 


0.8 


V out (V) 


f (kHz) 


A graph of das a function of f follows: 


100 


i 


60 


.| 


delta (degrees) 


20 


(æ) 
b 
[S] 
N 
[æ] 
w 
ro) 
A 
© 
a 
oO 


f (kHz) 
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Picture the Problem We can use Kirchhoff’s loop rule to obtain a differential equation 


relating the input, capacitor, and resistor voltages. We’ll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. The solution to these simultaneous 
equations will yield the amplitude of the output voltage. 


Apply Kirchhoff’s loop rule to the V,, -IR-V, =0 

parsiani tie eet oins where Vc is the potential difference across 
the capacitor. 

Substitute for Vin and I to obtain: dQ 


pea 


V..., cos@t —R—-—V,. =0 
k dt C 


Because Q = CV<: 


Substitute for dQ/dt to obtain: 


The output voltage is the voltage 
across the capacitor. Because this 
voltage is small : 


Separate the variables in this 
differential equation and solve for 
Ve: 
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dQ -“Icy,]= cic 
dt dt dt 


V eax COS Ot — RC ~. -V. =0 


Pp 


the differential equation describing the 
potential difference across the capacitor. 


ese Res 
dt 


1 
Vo = BG f V eax COS Cotdt 


v 


peak 


Picture the Problem We can apply Kirchhoff’s loop rule to both the input side and 
output side of the trap filter to obtain an expression for the impedance of the trap. 
Requiring that the impedance of the trap be zero will yield the frequency at which the 


circuit rejects signals. Defining the bandwidth as Aœ = lo — 0, 


Z 


trap 


Apply Kirchhoff’ s loop rule to the 
output of the trap circuit to obtain: 


Solve for Vou: 


Apply Kirchhoff’s loop rule to the 
input of the trap circuit to obtain: 


Solve for I: 


Substitute for J in equation (1) to 
obtain: 


Because X, =ia@lL and 


ARER 


Note that Zirap = 0 and Vou = 0 
provided: 


and requiring that 


rap 


= R will yield an expression for the bandwidth and reveal its dependence on R. 


Va X; -IXe =0 
Vait = I(X, +Xc)= IZ rap (1) 
where Zea =X,+Xe 


trap 


V,, -IR-IX, -IX, =0 


v 


in 


“REX, +X- REZ 


v 


in 


trap 


746 Chapter 29 


Let the bandwidth Aw be: 


Let the frequency bandwidth to be 
defined by the frequency at 


which |Z = R. Then: 


trap 


1 
Because @, 


trap — Vic. 


For @ © Orap: 


Solve for w* — Orap ; 
Because @ © Orap 
@-— o 20, 


x ; 
trap trap * 


Substitute in equation (2) to obtain: 


60 ee 


Ao= lo Orap (2) 
øL -— =R 

or 

@ LC -1= @RC 


2 2 _ 
o -o lo =O pap Jlo + Onap) 


trap ~_ 


2 2 2 
oO -a = 20, lO- Orap) 


trap 


RCO; | R 


Aw=|o-@, J T 


rap 


Picture the Problem For voltages greater than 0.6 V, the output voltage will mirror the 
input voltage minus a 0.6 V drop. But when the voltage swings below 0.6 V, the output 
voltage will be 0. A spreadsheet program was used to plot the following graph. The 
angular frequency and the peak voltage were both arbitrarily set equal to one. 


Vins Vout (V) 
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Picture the Problem We can use the decay of the potential difference across the 
capacitor to relate the time constant for the RC circuit to the frequency of the input signal. 
Expanding the exponential factor in the expression for Vc will allow us to find the 
approximate value for C that will limit the variation in the output voltage by less than 50 
percent (or any other percentage). 


The voltage across the capacitor is V.= V e*s 
given by: 
Expand the exponential factor to “JRC 4 1 
obtain: £ Sa ar 
For a decay of less than 50 percent: 1 
1-—t<0.5 
RC 
Solve for C to obtain: 2 
C <—t 
R 
Because the voltage goes positive 2 1 
= ; C < —| —s | =| 33.3 uF 
every cycle, t = 1/60 s and: 1kQ | 60 H 


LC Circuits with a Generator 
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Picture the Problem We know that the current leads the voltage across and capacitor 
and lags the voltage across an inductor. We can use I =E / X; and 


L,max max 
I 


= & nax /Xc to find the amplitudes of these currents. The current in the generator 


C,max 
will vanish under resonance conditions, i.e., when [I Al = II ‘| . To find the currents in the 
inductor and capacitor at resonance, we can use the common potential difference across 


them and their reactances ... together with our knowledge of the phase relationships 
mentioned above. 


(a) Express the amplitudes of the I = E nax 
currents through the inductor and s i 
the capacitor: and 

I = E i 


Express X; and Xc: X, = ø@Land X. = — 
L aC 
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Substitute to obtain: 


(b) Express the condition that 
I=0: 


Solve for æ to obtain: 


Substitute numerical values and 


evaluate a: 


(c) Express the current in the 
inductor at @= @: 


Express the current in the capacitor 
at œ= @: 


(d) The phasor diagram is shown to 
the right. 


z 100V 
Linas. (4H)o 


sien Ns , lagging £ by 90° 
O 


and 
100V 
(251F)o 
_| (25x10? V-Fla, 
a leading £ by 90° 
r| = [Fel 
or 
E 
oL 1- 
oC 
EN. 
JLC 
1 
= ——— =| 100rad/ 
o= TNE) 
25V/H : 
= í o Jecs{ao rad/s)t —90°] 
=| (0.250A)sin|{100s*)c] 
I, =(2.5x107 V-F)(100s~) 


x cos|(100 rad/s)t + 90°] 
— (0.25 A)sin|(100s*)e] 
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Picture the Problem We can differentiate Q with respect to time to find I as a function 
of time. In (b) we can find C by using @ = 1/ VLC . The energy stored in the magnetic 


field of the inductor is given by U,, =4LI * and the energy stored in the electric field of 


Q? 
the capacitor by U, =4—. 
C 
(a) ag the definition of current to I- dQ _ 4 (15 ucoo{ 12500 z) 
obtain: dt dt 4 
= -(15 uC )(1250 ssi 1250 t+ z) 
= | - (18.75 mA)sin(1250¢ ¥ z) 
(b) Relate C to L and æ: J= 1 
VLC 
Solve for C to obtain: C= 1 
7 
oL 
Substitute numerical values and 1 
C= =| 22.86 uF 
evaluate C: (1250 st} (28 mH) 


(c) Express and evaluate the magnetic energy Um: 


m 


U,, =4 LI? =4(28mH)(18.75mA) sn?(1250 +4) 


=| (4.92 u)sin’{1250¢ + z) 


Express and evaluate the electrical U = yoo 
energy U.: aa © 
2 
= SHY age 1250t+2 
22.86 UF 4 
=| (4.92 u)eos'{1250¢ + z) 


The total energy stored in the electric and magnetic fields is: 
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? T T 
U =U„+U, = (4.92 p)sin (12501 +z) + (4.92 u)cos'{1250¢ +z) = 
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Picture the Problem We can use the definition of the capacitance of a dielectric-filled 


capacitor and the expression for the resonance frequency of an LC circuit to derive an 


expression for the fractional change in the thickness of the dielectric in terms of the 


resonance frequency and the frequency of the circuit when the dielectric is under 


compression. We can then use this expression for At/t to calculate the value of Young’s 


modulus for the dielectric material. 


Use its definition to express 
Young’s modulus of the dielectric 
material: 


Letting t be the initial thickness of 
the dielectric, express the initial 
capacitance of the capacitor: 


Express the capacitance of the 
capacitor when it is under 
compression: 


Express the resonance frequency of 
the capacitor before the dielectric is 


compressed: 


When the dielectric is compressed: 


Express the ratio of @ to @ and 
simplify to obtain: 


Expand the radical binomially to 
obtain: 


_ Stress AP 
strain At/t 


(1) 


c= ==" 
_kKe,A 
“  t-At 
aed oa Í 
AGE [eset 
t 
1 1 
“GL roost 
t—At 
K€, AL 
O. _ t i At 
ON Ke, AL t 
t—At 
1/2 
a 
O t 2t 


provided At << t. 


Solve for At/t: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 
evaluate Y: 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
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At _, q- 
t O, 


(800 atm) (101.325 kPa/atm) 
f1- az) 
120 MHz 


=|1.22x10° N/m? 


Y= 
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connected in parallel. Let C, be the capacitance of the dielectric-filled capacitor and C3 be 


the capacitance of the air-filled capacitor. We’ll derive expressions for the capacitances 
of the parallel capacitors and add these expressions to obtain C(x). We can then use the 


given resonance frequency when x = w/2 and the given value for L to evaluate Co. In Part 


(b) we can use our result for C(x) and the relationship between f, L, and C(x) at resonance 


to express f(x). 


(a) Express the equivalent 
capacitance of the two capacitors in 
parallel: 


Express A; in terms of the total area 
of a capacitor plate A, w, and the 


distance x: 


Express A, in terms of A and A): 


Substitute in equation (1) and 
simplify to obtain: 


C(x) =C, +C, = a mig A (1) 


d 
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where C, = zis 
d 
Find C(w/2): Gels xG |i- k-lw 
2 | Kw 2 
ee -£ 
| 2K 
gr 
2 
Express the resonance frequency of f (x) = 1 (2) 
the circuit in terms of L and C(x): 2m4 LC (x) 
Evaluate f(w/2): i os 1 
2r fic, En 
1 2 


Solve for Co to obtain: C= 1 
a 
Qn’ f (2) 
Substitute numerical values and evaluate 1 
Co: C, 


~ 27° (00 MHz)’ (2mH)(4.8+1) 


=| 5.39x10 "° F 


(b) Substitute for C(x) in equation f(x) _ 


2) to obtain: z 
( ) o obtain 2n fixe 1—*—"s| 
KW 


Substitute numerical values and evaluate f(x): 


is | keca 
Qn je mH)(4.8)(5.39x10*° a /1-@.96m7)x 


4.8(0.2m) 


RLC Circuits with a Generator 
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Picture the Problem We can use the expression for the resonance frequency of a series 


RLC circuit to obtain an expression for C as a function of f. 


Express the resonance frequency as 
a function of L and C: 


Solve for C to obtain: 


Substitute numerical values and 
evaluate the smallest value for C: 


Substitute numerical values and 
evaluate the largest value for C: 


Therefore: 
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Picture the Problem The diagram shows 
the relationship between 6, X;, Xc, and R. 
We can use this reference triangle to 
express the power factor for the circuit in 
Example 29-5. In (b) we can use the 
reference triangle to relate ø to tano. 


(a) Express the power factor for the 
circuit: 


Evaluate X; and Xc: 


ae 
An’ f°L 


Ì 
47° (1600 kHz)’ (1 4H) 
=9.89nF 


smallest ~~ 


1 
47°(500 kHz)’ (14H) 
=101nF 


largest = 


9.89nF < C <101nF 


R 
cosé =— = 


X, = @L =(400s")(2H)=8002 


and 
1 1 
X.= = 
C oC (400s*)(2 uF) 


=1250Q 
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Substitute numerical values and 
evaluate cos6é: 


(b) Express tano: 


Rewrite this equation explicitly as a 
quadratic equation in æ: 


Substitute numerical values to obtain: 


cos ô = 02 
(20Q)° + (8009 -125097 
=| 0.0444 
in 
tan ô = — aoe 
R R 


LCo@* -CR tan d@—-1=0 


[(2H)(2 uF) Jo - |(2 4F)(202)tan(cos+ 0.5)fo-1=0 


or 


(410° s?)w? +(69.3x10% s)o-1=0 


Solve for @ to obtain: 
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Picture the Problem The diagram shows 
the relationship between 6, X;, Xc, and R. 
We can use this reference triangle to 
express the power factor for the given 
circuit. In (b) we can find the rms current 
from the rms potential difference and the 
impedance of the circuit. We can find the 
average power delivered by the source 
from the rms current and the resistance of 
the resistor. 


(a) The power factor is defined to 
be: 


With no inductance in the circuit: 


R 
cos ô = — = 
JR? +(X, -Xoy 
X, =0 
and 
cos ô = Å = : 


Substitute numerical values and 
evaluate cos6: 


(b) Express the rms current in the 
circuit: 


Insert numerical values and evaluate 


Tims: 


(c) Express and evaluate the average 
power delivered by the generator: 
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cos ô = un T 
80QF + 
| Gi (400s7) (20 ut)? 

E nax 

I = E ms = J2 

"O B REX 
— E nax 
Jj + i 
n- 20V 


rms 


2 je QP + : 
(400s7) (20 uF)? 
EN 


P, = I} R = (95.3mA ¥ (809) 


rms 


=| 0.727W 


Picture the Problem The impedance of an ac circuit is given by 


A= J R° + (x Ag y . We can evaluate the given expression for P,, first for 


Xı = Xc = 0 and then for R = 0. 


(a) For X = 0, Z = R and: 


(b), (c) If R = 0, then: 


O Z (X-X) 


2 2 
P, = RE;ms = (0)é... = lo] 


Remarks: Recall that there is no energy dissipation in an ideal inductor or 


capacitor. 
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Picture the Problem We can use @, = 1/ ~ LC to find the resonant frequency of the 


circuit, I, =E 


rms 


/ R to find the rms current at resonance, the definitions of Xc and X; to 
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find these reactances at œ = 8000 rad/s, the definitions of Z and Ims to find the impedance 


and rms current at œ = 8000 rad/s, and the definition of the phase angle to find 6. 


(a) Express the resonant frequency 
æ in terms of L and C: 


Substitute numerical values and 
evaluate æo: 


(b) Relate the rms current at 
resonance tO &; and the impedance 
of the circuit at resonance: 


(c) Express and evaluate Xc and X; 
at œ = 8000 rad/s: 


(d) Express the impedance in terms 
of the reactances, substitute the 
results from (c), and evaluate Z: 


Relate the rms current at 

æ = 8000 rad/s to &ms and the 
impedance of the circuit at this 
frequency: 


(e) Using its definition, express and 
evaluate 6: 
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1 
ne 1 
* JQ0mH) 4F) 
=| 7.07 x10° rad/s 
t cinsas 100 V 
rms R J2R J2(5Q) 
=|14.1A 
1 1 
X = = =| 62.50 
© @C (8000s *)(2 uF) 


and 


X, = @L =(8000s7)(10 mH) = 


Z=4R +(x) 


= J69F + (809 -62.59} 


- [eza] 


I oban Ean OY 
= Z f2Z v42(18.20) 
=|3.89A 


ô = tan -1 (Aue) 
R 


= tan” 80Q—62.50 =| 741° 
5Q 


Picture the Problem We can use f, = 1/ 274 LC to find the resonant frequency of the 


circuit, the definitions of Xc and X; to find these reactances at f = 1000 Hz, the definitions 


of Z and Ims to find the impedance and rms current at f= 1000 Hz, and the definition of 


the phase angle to find 6. 


(a) Express the resonant frequency 
fo in terms of L and C: 


Substitute numerical values and 
evaluate fo: 


(b) Express and evaluate Xc and X; 
at f = 1000 Hz: 


(c) Express the impedance in terms 
of the reactances, substitute the 
results from (b), and evaluate Z: 


Relate the rms current at 

f = 1000 Hz to &ms and the 
impedance of the circuit at this 
frequency: 


(d) Using its definition, express and 
evaluate 6: 
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1 


fo Fe 
1 
fo 27,/(10mH)(2 4F) 


1 1 
© QafC — 2n(L000s")(2 ue) 
=| 79.62 
and 
X, = 2afL = 2(1000s*)(10mH) 
=| 62.80 


Ems — Em 100V 


I pes rms max 


me a Ae 420750) 
4.04 


ô= en 2X a ) 
5 


R 
_ tn [288 ween = EZ 


II 


Picture the Problem Note that the reactances and, hence, the impedance of an ac circuit 


are frequency dependent. We can use the definitions of Xz, Xc, and Z, 6, and coso to find 


the phase angle and the power factor of the circuit at the given frequencies. 


Express the phase angle 6 and the 
power factor cos for the circuit: 


X,-X 
ô= tan “| —2_—< 1 
tan l R (1) 


and 
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(a) Evaluate X;, Xc, and Z at 
f = 900 Hz: 


Substitute in equations (1) and (2) to 
obtain: 


(b) Evaluate Xz, Xc, and Z at 
f = 1.1 kHz: 


Substitute in equations (1) and (2) to 
obtain: 


R 
cos ô = i (2) 
X, = 2afL 

= 2(900s*)(10mH) = 56.5Q, 
oe : 

€ 2afC — 2x(900s*)(2 uF) 

= 88.40, 

and 


Aa Cea ERT 


= (5Q) + (56.50 -88.40) 
= 32.30 


© (56.59-88.49) _ - 
bran ( 5650 8840) ar 


and 
59 

cos ô = Sy 
X, = 2afl 

= 2r(1100s*)(10mH) = 69.19, 

1 1 
C 2afC 2n(1100s")(2 uF) 

=72.3Q, 

and 


Z = JR? +(X,-X,) 


= (50) +(69.10-72.30) 
= 5.942 


= (69.19-72.39) - 
S= un 62127230) aze 


and 


cos ó = 


0.842 


5.940 


(c) Evaluate Xz, Xc, and Z at 
f= 1.3 kHz: 


Substitute in equations (1) and (2) to 
obtain: 
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X, = 2afL 
= 2r(1300s*)(10mH) = 81.72, 
1 1 
c 2afC  2n(1300s")(2 uF) 
= 61.20, 
and 


Z= R a(x X 


= (5Q)° + (81.70 -61.297 
=21.1Q 


= (81.79-61.29) pS, 
s= un (2172- 820) res 


and 


5Q 
cos =- = | 0.237 | 


Picture the Problem The Q factor of the circuit is given by Q = @L/R, the resonance 
width by Af = fọ /Q = @,/27Q , and the power factor by cos ô = R/Z . Because Z is 


frequency dependent, we’ll need to find Xc and X; at œ = 8000 rad/s in order to evaluate 


COSO. 


Using their definitions, express the 
Q factor and the resonance width of 
the circuit: 


(a) Express and evaluate the 
resonance frequency for the circuit: 


Substitute numerical values in 


equation (1) and evaluate Q: 


(b) Substitute numerical values in 
equation (2) and evaluate Af: 


QO L 
Q= R (1) 
and 
fo My 
Af =—=—— 2 
f QO 2a0 (2) 


1 1 
oO, = = 
° JLC  ./(10mH)(2 uF) 


= 7,07 x10? rad/s 


7.07 x10? rad/s)(L0 mH) 


=|14.1 


E 
Q= 5Q 


7.07 x10° rad/s 
Af = =| 79.8H 
f 27(14.1) 
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(c) Express the power factor of the ass= R 
circuit: Z 
Evaluate X;, Xc, and Z at X, =L 
c= 8000 rad/s: = (8000s*)(10mH)= 80.09, 
1 1 
Xe = = zj 
œC (8000s7)(24F) 
= 62.50, 
and 
2 2 
Z =R +(X, -X.) 
= J6QF + (809 -62.59} 
=18.2Q 

Substitute numerical values and 5Q 

cos ó = ——~ =| 0.275 
evaluate coso: 18.20 0.275 | 
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Picture the Problem We can use its definition, Q = f,/Af to find the Q factor for the 
circuit. 
Express the Q factor for the circuit: Q= fo 

Af 

Substitute numerical values and evaluate _ 100.1MHz _ 5009 
Q: 0.05 MHz 
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Picture the Problem We can use I = € / Z to find the current in the coil and the 


definition of the phase angle to evaluate 6. We can equate XL and XC to find the 
capacitance required so that the current and the voltage are in phase. Finally, we can find 
the voltage measured across the capacitor by using V, = IX... 


(a) Express the current in the coil in I= E nax 


terms of the potential difference Z 
across it and its impedance: 


Substitute numerical values and T= 100 V -/10.0A 
evaluate I: 102 


(b) Express and evaluate the phase 
angle 6: 


(c) Express the condition on the 
reactances that must be satisfied if the 
current and voltage are to be in 
phase: 


Solve for C to obtain: 


Substitute numerical values and 
evaluate C: 


(d) Express the potential difference 


across the capacitor: 

Relate the current J in the circuit to 
the impedance of the circuit when Xz 
= Xc 

Substitute to obtain: 

Relate the impedance of the circuit to 


the resistance of the coil: 


Solve for and evaluate the resistance 
of the coil: 


Substitute numerical values and 
evaluate Vc: 
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ô = cos” Te sin” as 
Z Z 
=sin™ ee |e 53.1° 
10Q 
1 
XxX, = Xe or XxX, -oC 
= 1 — 1 
oX, 27fX, 
1 
C= =| 332 uF 
2n(60s ")(8Q) Eza 
Vo = 1X, 
j 
R 
VX o V 


Vo = 
R  274fCR 


Z=Đ4R +X?’ 


R=427° -X° =,/(100) -897 


=6Q 
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100 V 


y= =|133V 
© 27(60s*)(332 uF)(6Q) 


Picture the Problem We can find C using Vo = Ims X c and Ims from the potential 


difference across the inductor. In the absence of resistance in the circuit, the measured 


rms voltage across both the capacitor and inductor is V = V, -V,| : 
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(a) Relate the capacitance C to the V.- _ i 
potential difference across the oe 27fC 
capacitor: 
Solve for C to obtain: C= a 

27fV- 
Use the potential difference across = Vi _ V; 
the inductor to express the rms "s è X, 2gfL 


current in the circuit: 


Substitute to obtain: C= V, 
= —_1__ 
(2af Y LV. 
Substitute numerical values and C= Oo O O y 
evaluate C: |2z(60 s? f (0.25 H)(75 v) 
=| 18.8 uF 
(b) Express the measured rms V=V,- Vol 


voltage V across both the capacitor 
and the inductor when R = 0: 


Substitute numerical values and evaluate V: V =|50 V -75 v| =| 25.0 V 
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Picture the Problem We can rewrite Equation 29-51 in terms of œ, L, and C and factor L 
from the resulting expression to obtain the given equation. In (b) and (c) we can use the 
expansions for cot ‘x and tan ‘x to approximate Sat very low and very high frequencies. 


(a) From Equation 29-51: 


_a@L-VoC _ w L-VC 


tan ô 
R OR 
_ Lo? -1/LC)_| Lo -o 
OR OR 
i 3 L, 1 
(b) Rewrite tanod as: me- oL — (1) 
R @RC 
For @ << 1: ner ee 1 
@RC 


Use the expansion for cot 'x to 
obtain: 


Recall that, for negative values of 
the argument, the angle approaches 
—7/2*, to obtain: 


(c) For @ >> 1, equation (1) 
becomes: 


Use the expansion for tan ‘x to 
obtain: 
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and 
cot 5 =—@RC or ô = cot” (- aRC) 


z 1 
cot’ x=+—-x 
2 


-Z -8 =-@RC 
2 


or 


g= - 5+ ORC 


pee a Saim 
R R 


uie ene 
2 x 2 


“You can easily confirm this using your graphing calculator. 
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Picture the Problem We can use the definition of the power factor to express cosd in the 


absence of an inductor and simplify the resulting equation to obtain the equation given 


above. 


(a) Express the power factor 
for a series RLC circuit: 


With no inductance in the 
circuit, 
Xı = 0 and: 


Substitute for Xç and simplify 
to obtain: 


R 
cosé =— = 
ee) 
cos ô =— = a 
R’+(=X,) 
cos ô = 2 ; = 2 T 
R? + R fit 
loc} Y (oRC? 
_ ORC 
J1+(oRCy 


(b)A spreadsheet program to generate the data for a graph of cosô versus @RC is shown 


below. The formulas used to calculate the quantities in the columns are as follows: 
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ohm 


oS 
olg 
Se] s 
S I> 
+ 
= 
Gimseounwnv Worw'’ SmMO;SHO 
tonasan wert VUongnaeunlo .o itn + TNL ttOn< nAn< Vo -Na 
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3 

4 omega | cos(delta) 
5 0.0 0.000 
6 0.5 0.447 
7 1.0 0.707 
13 4.0 0.970 
14 4.5 0.976 
15 5.0 0.981 


The following graph of cos das a function of œ was plotted using the data in the above 
table. Note that both R and C were set equal to 1. 


1.0 


0.8 


0.6 


cosine(delta) 


0.2 
0.0 | | | 
2 3 4 5 


omega 
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Picture the Problem We can find the rms current in the circuit and then use it to find the 
potential differences across each of the circuit elements. We can use phasor diagrams and 
our knowledge the phase shifts between the voltages across the three circuit elements to 
find the voltage differences across their combinations. 


(a) Express the potential difference Vip =LimsX 1 (1) 
between points A and B in terms of 
Ims and Xz: 
Express Ims in terms of ¢ and Z: I = E E 
rms Z 
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Evaluate X; and Xc to obtain: X, =2afL= 2n(60 s')(137 mH) 
=51.60 
and 
1 1 
Xe z= ———— => a 
2mfC 2260s ')(25 uF) 
= 106.1 
Substitute numerical values and I = 115V 
evaluate Jms: ™ A602} +(51.69-106.19} 
=1.55A 
Substitute numerical values in V = (1.55A)(51.6Q) =| 80.0 V 
equation (1) and evaluate Vaz: 
(b) Express the potential difference Vac = lim = (1.55 A)(50 Q) 
between points B and C in terms of =| 775V 
Ims and R: aaa 
(c) Express the potential difference Von =TimsX ce = (1.55 A)(106.1Q) 
between points C and D in terms of -~|164V 
Ims and Xc: 
(d) The voltage across the inductor Vic Vac 
lags the voltage across the resistor | 
as shown in the phasor diagram to , 
the right: | 
| 
V, 
Use the Pythagorean theorem to find Vc = lv 2 +Ve 
Vac: 
= 4 (80.0 VF +(77.5VF =| 111V 
V, Vin 


(e) The voltage across the inductor cD 
lags the voltage across the resistor 

as shown in the phasor diagram to 

the right: 
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Use the Pythagorean theorem to find Vap = 4 Vé t Vac 


ai = |G6sv¥ +(77.5v¥ = 


80 eo 
Picture the Problem We can use P, = &,,.I,,, COS Ô to find the power supplied to the 


rms” rms. 


circuit and P, = IŻ R to find the resistance. In (c) we can relate the capacitive reactance 


to the impedance, inductive reactance, and resistance of the circuit and solve for the 
capacitance C. We can use the condition on X; and Xc at resonance to find the 
capacitance or inductance you would need to add to the circuit to make the power factor 
equal to 1. 


(a) Express the power supplied to P, = Engl ms COSO 
the circuit in terms of &ms, Itms, and 
the power factor cos & 


Substitute numerical values and P= (120 vj 1A )cos 45° = 


evaluate Px: 


(b) Relate the power dissipated in P = ion R or R=—™ 
the circuit to the resistance of the a 
resistor: 

j j 933W 
Substitute numerical values and R= -=|7.71Q 
evaluate R: (1 1A) 
(c) Express the capacitance of the C= 1 _ 1 (1) 
capacitor in terms of its reactance: OX. 2AfX . 
Relate the capacitive reactance to Z’ =R°+ (X L` Xe y 
the impedance, inductive reactance, 
and resistance of the circuit: 
Express the impedance of the circuit z= E’ 
in terms of the rms emf € and the i 
rms current Ims: 
Substitute to obtain: E 
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Solve for X, - Xel: 


Note that because IJ leads <, the 
circuit is capacitive and Xc > Xz. 
Hence: 


Substitute numerical values and 


evaluate Xc: 


Substitute in equation (1) and 
evaluate C: 


(d) Express the relationship between 
X; and Xc when cosô= 1: 


Because X; = 18.1 ©, we could 
make X, = X ¿by adding 7.75 Q of 
inductive reactance to the circuit. 
Find the series inductance 
equivalent to 7.75 Q of inductive 
reactance: 


Alternatively, we could make 

X; = X- by reducing the capacitive 
reactance by 7.75 Q. Find the 
capacitive reactance that you have 
to added in parallel to the existing 
capacitive reactance to reduce the 
equivalent capacitive reactance by 
7.75 Q: 


X, X= (X, Xo) 


and 


2 
X,=X,+ oR 
2 
= 27fL + £ pR 


rms 


Xo =2n(60s*)(0.05H 


) 


+ {2X -@nioy 


(11A)° 


= 26.60 


1 
2n(60s")(26.6Q) 


X ee oe 
X, FSO 
2af 2n(60s") 

eee E 

1812 2660 X, 

and 

Xc =56.6Q 


=| 99.7 uF 
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Find the capacitance corresponding C= 1 _ 1 

to a capacitive reactance of 56.6 Q: 27fX c 2n(60 s)(56.6Q) 
=| 46.9 uF 

81 °. 


Picture the Problem We can find Xc using the equation relating Xc, Xz, R, and tan and 
then solve the defining equation for Xc for C. 


Express the capacitance of the _ 1 — 1 
circuit in terms of its capacitive OX. 2afX > 
reactance: 
Express the phase angle din terms X; -X 

p p angle ĝin t tan 5 = & c 


of X;, Xc, and R: 


Solve for Xc to obtain: Xc =2afL— R tan ô 
Substitute numerical values and Xc = 2n(500 s*)(0.15 H) = (35 Q)tan 75° 
evaluate Xc: =341Q 

. . 1 
Substitute numerical values and C= a =~] 0.933 uF 
evaluate C: 2n(500s*)(3410) 
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Picture the Problem We can use the condition on Xz and Xc at resonance to find fo. By 
expressing the phase angle din terms of X;, Xc, and R we can obtain a quadratic equation 
in æ that we can solve for the frequencies corresponding to the given phase angles. We 
can then use these frequencies to express the ratios of f to fo for the given phase angles. 


(a) Relate Xc and X; at resonance: X,=X¢ 
or 
1 
2af, L = ——— 
fol = 5 
Solve for fo: f 1 f1 
° 2m VLC 


Substitute numerical values and 1 1 
= =| 120 Hz 
evaluate fo: fo 27 \ (0.35H)(5 uF) 
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(b) Express the phase angle din 
terms of X;, Xc, and R: 


Rewrite this equation explicitly as a 
quadratic equation to obtain: 


Substitute numerical values and 
simplify to obtain: 


For d= 60°: 


Solve for the positive value of æ: 


Calculate the ratio f/fo: 


For ô= —60°: 


Solve for the positive value of w and 
then for f: 


Calculate the ratio f/fo: 


or 


ee a ee 
oC 


LC@ —(RCtand)o-1=0 


(1.75x10° F-H)o? 


-|(2x10°.0-H)tand|o-1=0 


or 
(1F-H)o? -|(.14x10°Q-H)tand|o 
~5.71x10° =0 


(1F-H)o -(1.97«10°Q-H)o 
-5.71x10° =0 


@ = 2.23x10° s 
and 
m 2.23x10° s7 


27 20 


= 355 Hz 


(F-H) +(1.97x10°Q-H)e 
~5.71x10° =0 


f _ 40.7Hz _ 


= =| 0.339 
f,  120Hz 


Remarks: Note that these ratios are reciprocals of each other. 
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Picture the Problem The impedance for the three circuits as functions of the angular 
frequency is shown in the three figures below. Also shown in each figure (dashed line) is 
the asymptotic approach for large angular frequencies. 


(b) 
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Picture the Problem We can substitute for Xz and Xc in Equation 29-48 and simplify the 
resulting equation to obtain the given equation for Imax- 


Equation 29-48 is: I = E max 
o \R + (X, -X7 


Substitute for Xz and Xc to obtain: E nax 


Simplify algebraically to obtain: 


max 
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Picture the Problem We can use the constraints on L and C at resonance and the given 
values for Xz and Xc to obtain simultaneous equations that we can solve for L and C. In 
(b) we can find Q from its definition and in (c) we can calculate Imax from &nax and Z. 


; 1 
(a) Relate X; and Xc at resonance: X, =X; or @L=—— 


o 
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Solve for the product of L and C: 


Express Xc and Xz: 


Eliminate @ between these 
equations to obtain: 


Solve equations (1) and (2) 
simultaneously to obtain: 


(b) Express Q in terms of R, L, and 
a: 


Substitute numerical values and 
evaluate Q: 


(c) Relate the maximum current in 
the circuit to £n»ax and Z: 


Substitute numerical values and 
evaluate Imax: 
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1 1 


LC= = =10°s? i) 
O (10* rad/s) 

X= =460 
oC 

and 

X, =@L=4Q0 

L 

— = 6407 2 

re (2) 


7 OL 
Qa 
4 
g= (10 rad/s)(0.800mH) _ rr 
5Q 
I = Ei = E nax 


Picture the Problem We can find the maximum current in the circuit from the maximum 


voltage across the capacitor and the reactance of the capacitor. To find the range of 


. . . tas 2 
inductance that is safe to use we can express Z° for the circuit in terms of €f, and 


I eo and solve the resulting quadratic equation for L. 


(a) Express the maximum current in 


terms of the maximum potential 
difference across the capacitor and 
its reactance: 


Vo max 
i > = OCV 6 max 
X Cc 


Substitute numerical values and 
evaluate Imax: 


(b) Relate the maximum current in 
the circuit to the emf of the source 
and the impedance of the circuit: 


Express Z’ in terms of R, X;, and Xc: 


Substitute to obtain: 


Evaluate Xc: 


Substitute numerical values to 


obtain: 


Solve for L to obtain: 


Denoting the solutions as L, and L_, 
find the values for the inductance: 


Express the ranges for L: 
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Trax = (2500 rad/s)(8 uF)(150 V) 
- 
2 
Linx Ema o Z? = Sam 
Z te 
Z’=R° +(X, -Xy 
a 2 
= R’ +(X, =X.) 
f =500 


© wC (2500rad/s)(8 uF) 


(200v)’ 


‘Gay? 


+ ((2500 rad/s)L -509% 


or 
8440? = [(2500s*)z—509]’ 


z „509 +4840 


2500s” 


L, =31.6mH and L_ = 8.38 mH 


8.00 mH < L < 8.38 mH 


and 
31.6mH < L < 40.0mH 
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Picture the Problem We can find the impedance of the circuit from the applied emf and 


the current drawn by the device. In (b) we can use P,, = I} R to find R and the 


definition of the impedance of a series RLC circuit to find X = X; — Xc. 


(a) Express the impedance of the 
device in terms of the current it 


z= 
I 
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draws and the emf provided by the 


power line: 
Substitute numerical values to Z= 120V _ 1200 
obtain: 10A 
(b) Use the relationship between the P.=1-.R 
average power supplied to the and 
device and the rms current it draws P, 720W 
to find R: R= ro (0AF =| 7.202 
Express the impedance of a series F= J R24 ( a y 
RLC circuit: 
or 
Z>=R’+(X,-X,) 
Solve for X, — Xe: X=X,-X.= Z? -R° 
Substitute numerical values and X= J ay = (7.2 ay =| 9.60Q 
evaluate X: Ka 


(c) | If the current leads the emf, the reactance is capacitive. 
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Picture the Problem We can use the fact that when the current is a maximum, 

Xı = Xa, to find the inductance of the circuit. In (b), we can find Imax from &p,x and the 
impedance of the circuit at resonance. 


: 1 
(a) Relate X; and Xc at resonance: X,=X, or aL = 
QC 

Solve for L to obtain: es 1 

aC 

e . P 1 

Substitute numerical values and evaluate L: L= 3 -| 400mH 

(5000s) (10 uF) 
(b) Noting that, at resonance, T a Emax _ 10V _ 0100A 
X = 0, express Imax in terms of the = Z 100Q ` 


applied emf and the impedance of 
the circuit at resonance: 
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89 » 
Picture the Problem We can use Ohm’s law to express the current through the resistor 
as a function of time. Because the resistor and capacitor are in parallel they have the same 
potential difference across them ... the emf of the source. We can relate the charge on 
the capacitor as a function of time to its capacitance and the potential difference across it 
and differentiate this expression with respect to time to express I(t). We can then apply 
Kirchhoff’s junction rule to express the total current drawn from the source. Using the 
results of (a) and (b) we can show that I = Ip + Ic = Imax COS (@t + ô), where tan b= R/X¢ 
and Imax = Emax/Z with Z” = R? + Xc”. 


(a) Apply Ohm’s law to obtain: T,(t)= V(t) _ Emax COS t 
R= g 
R R 
E in 
= cos at 
R 
. . t 
(b) Express the potential difference V, (e) = qt) a q(t) =CV, (e) 
across the capacitor in terms of the 
instantaneous charge on the 
capacitor: 
Differentiate q(t) to express the dqt d 
q0 to exp 1-4 -c4w,(0) 
current to the capacitor: dt dt 
d 
=C — (Ea cos at) 
dt 
=-oC€,,,, Sin at 
Use the definition of Xc and the E 
; ; : or I. (t)= “max cgs(ct + 90°) 
trigonometric identity é 


cos(a + 90°) = — SİN @ to obtain: 


(c) Apply Kirchhoff’s junction rule I=I,+1, 


to obtain: E é 
= EE cos at + cos(t +90°) 


C 


E E ; 
=— cos ot — “sin wt 
R C 


We know that the current is also I =I x cos(at+6 ) 
expressible in the form: 
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Expand this expression, using the 
formula for the cosine of the sum of 
two angles, to obtain: 


Equate these expressions and 


rewrite the resulting equation to 
obtain: 


Express the conditions that must be 
satisfied if this equation is to be true 
for all values of t: 


Rewrite these equations as: 


Divide equation (1) by equation (2) 
and simplify to obtain: 


Square equations (1) and (2) and 
add to obtain: 
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I =I,,,, COS ot cos Ô — I nax Sin at sin ô 


(fa I aax COS 5) cos at 
R 


-[ San I. sin J =0 
X 


C 


E max _ I ax COSO =0 
and 
Emax _ I nax SiO = O 
Xe 
I aax SÎN Ê = Emx (1) 
Xe 
and 
E 
I. cosé = —™ 2 
mix R (2) 
R 
tan ô =| — 
Xe 


I? sin? +I? cos’ 8 


max max 


=]? (sin? ô + cos? 6) 


max 


where Z” = 


Picture the Problem Because we’ll need to use it repeatedly in solving this problem, 


we’ll begin by using complex numbers to derive an expression for the impedance Z, of 
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the parallel combination of C with L and Rz in series. The total impedance of the circuit is 
then Z = R + Z. We can apply Kirchhoff’s loop rule to obtain expressions for the 
voltages across the load resistor with S either open or closed. 


Use complex numbers to relate Z, to 


Ri, Xi, and Xc 


Multiple the numerator and 
denominator of this fraction by the 
complex conjugate of 

Rı + i( Xı - Xo): 


Simplify to obtain: 


(a) S is closed. Because L is 
shorted: 


Evaluate Xc: 


Substitute numerical values in 
Z 


equation (1) and evaluate Z,, Z, 


and 0: 


In Problem 29-77 we showed that 
for a parallel combination of a 
resistor and capacitor, the phase 
angle dis given by: 


3 


STE AOE: 
Zk RG 
R, +i(X,-X,) 
~ X X, -—iR, Xo 
or 


z -XX -İR X. 
P. R +i(X,-Xo) 


z -ZX -iR Xe Rk, Xe) 
P R, +i(X,-Xc)R, -i(X, -X¢) 


_ Xe 
i Ri +(X, ey 
„Xel? +X, (X, 2A 
R; +(x, -Xoy 


(1) 


X,=0 
oo 1 
© 2mfC 2n(10s*)(8 uF) 
=1.99kO 


Z, = 300 -i(0.452Q), 

Z = 40Q-i(0.452Q), 

and 

Iz| = |(4002/) + (0.4522) =| 40.00 


ô= aE) 
Xe 
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Substitute numerical values and 
evaluate 6: 


(b) S is open; i.e., the inductor is 
in the circuit. Find Xz: 


Substitute numerical values in 


equation (1) and evaluate Z,, Z, |Z 


and 0: 


3 


The phasor diagram for this case is 
shown to the right. 


(c) S is closed. Apply Kirchhoff’ s 
loop rule to a loop including the 
source, R, and Rz: 


Solve for Vp, : 


Express the current I in the circuit: 


Substitute and simplify to obtain: 


From (a) we have: 


ô =tan" WA je 89.4° 
—0.4520 


No phasor diagram is shown because it is 
impossible to represent it to scale. 


X, = @L = 27fL = 2x(10s")(0.15H) 
= 9.420 


Z, = 30.30. +i(9.019), 
Z = 40.304 i(9.01Q), 


Iz|= (40.30) + {9.019} = 


and 


ô = tan” 2 = tan” aie 
R 40.30 


=| 12.6° 


E-IR-V,, =0 
V,, =€-IR 
I= 

Z 


Va, =E- = = i- em cos(at — ô) 


Z, =309 -i(0.4529), 
Z =409-i(0.4529), 
|Z| = 40.09, and 


Substitute numerical values to 
obtain: 


S is open. Apply Kirchhoff’s loop 
rule to a loop including the source, 
R, L, and R; when S is open: 


Solve for V, : 


Express the current I in the circuit: 


Substitute to obtain: 


Substitute numerical values and 
evaluate Z, and Z: 


Substitute numerical values and evaluate 


Vp 


fac 


(d) Find X; and Xc when 
f = 1000 Hz: 
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ô= tan "| — e —0.647° = 0° 
40 


V, = (ma) (100V)cos|(20s*) zt] 


=| (75V)cos|(20s*)z] 


€-IR-IX, -V,, =0 


Vz, =€-IR-IX, =€-I(R+X,) 


Ve, = a- Ber Jen cos(at — ô) 


Z, =30.3Q + i(9.019), 
Z =40.39+i(9.019), 
Z| = 41.39, 


and 


ô= tan” Ai = tan” daak 
R+R, 40.3Q 


=13.2° 
24 1024+9.420 
Ri 41.3Q 


x (100 V)cos|(20s*)zt -13.2°| 
=| (53.0 V)cos|(20s7)zt—13.2°| 


X, =27(1000s*)(0.15H)=9420 


and 


1 
X,= =19.90 
© ~ 2n{1000s)(8 uF) 


779 
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S is closed. X; = 0, and Z, simplifies _ RX é , oe 
to: > RÈ+XE R?+XE 
Substitute numerical values in Z, =9.17 Q- i(13.8 Q), 


equation (1) and evaluate Z,, Z, 


Z|, Z =19.17Q -i(13.8Q), 


and 6: Iz| = (19.170) +(13.80)' = 


and 


~13.80 
6 = tan “| ——— | =| -35.7° 
fd | -35.7° | 


A phasor diagram for this circuit is 


shown to the right, 

S is open. Substitute numerical Z, =0.0140Q9 — i(20.3Q) ; 

values in equation (1) and evaluate Z =10.0Q — i(20.3 Q), 

Zp, Z, |Z|, and & 

: Iz| = 00.092} + (20.30)' =[ 22.60 

and 

Find the total impedance, its Z =10.02-i(20.4Q), 

magnitude, and phase angle for the z -.|h0.00¥ + 20.49} =| 22.70 

circuit: Ví ) ( ) 
and 


=en (=042). [e395] 


The phasor diagram is shown to the 
right. 


(e) 


The load voltage at the higher frequencyis much more attenuated with S open, 


while opening S does not reduce the low frequency load voltage significantly. 


Therefore, S open is the better arrangement for a low - pass filter. 
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Picture the Problem We can find the resonant frequency of any parallel ac circuit by 
setting the imaginary part of the reciprocal of the impedance equal to zero. In (b) we can 
use complex numbers to find the impedance of each branch of the circuit and then relate 
the common potential difference across each branch to its impedance and the current in 
the resistors. 


(a) Express the reciprocal of the Lenei y 1 

impedance of the circuit: Z R,-iX, R, +iX, 

Rewrite this expression with a Le (R,+R,)+i(X, -X¢) 
common denominator and simplify Z (R R, +XcXı )+ i (RX L-R, X c) 


to obtain: 


Multiply this expression by 1 in the form of the complex conjugate of the denominator 
divided by itself and simplify (separate the real part of the expression from the imaginary 
part) to obtain: 
1 = (R, +R, )(RR, + X_X,)+(X, -X)(RX, -R,X<) 
Z (RR, +X_X,) +(R,X, -R,X,) 
(X, - Xc MRR, T XcX,)-(R, +R,)(RX, -R,X.) 
2 2 
(RR, + XcX,) +(RX, -R,X,) 


+i 


Set the imaginary part of 1/Z equal to zero to obtain: 


(X, - Xc \(R,R, +XcX,)-(R, +R, )(RX, -R,X,)=0 


Substitute numerical values for R4 1 L 
o,L —-—— | 8+— 
and R, (suppress the units to save Oy C 
space and make the resulting 4 
equation more readable) to obtain: — {zor — “| =0 
0 
Simplify this equation by clearing (GLC? + PC-12L.C? )@? = L-16C 


the fractions and combining like 
terms to obtain: 


Solve for @: L—16C 
i S a G 
° V8LC? +LĽ’C-12LC° 
Substitute numerical values for L 1.15x10% - 
and C and evaluate a»: = \ 4.28x10> =| 1.6410" rad/s 
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(b) Express the currents in each 
branch at resonance: 


Evaluate Zc yes and iz 


C,res 


Substitute to obtain: 


Evaluate Z; re; and IZ 


L,res| ° 


Substitute to obtain: 


Express and evaluate the rms 
current supplied by the source: 
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E E 

I, = and I, = 

d 2, 

Lore = 22-i : 

ee (1.64x10°s")(30x10 °F) 
= 2Q-i(20.3Q), 

Zeres| = VOY + (20.32) = 20.40, 

40V 

Toms = = =| 1.39A 

cms _/2(20.4Q) 

and 


i= tn =2098 - 


Z ies = 40+ i(1.64x10*s*)(12x10°H) 
= 40. +i(19.7Q), 
Z, |= (40) + (19.72) = 20.10, 
40V 
hans — =| 141A 
tims /2(20.1) 
and 
(19.72 ae | 
ô, = tan (22) =| 78.5° 
Tiis = Tois cos ô, T lerne cos Oc 


(1.41A)cos 78.5° 
+ (1.39 A)cos(— 84.4°) 
0.417 A 


Picture the Problem We can use its definition to express Q in terms of œ and Aw. By 


expressing the current drawn from the source we can obtain an expression for the energy 


stored in the system each cycle and then use this result to establish the relationship 


between ø, R, L, and C when the energy stored per cycle is at half-maximum. Finally, we 
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can solve the resulting equation for the values of æ that will allow us to determine Aa. 


The definition of Q is: QW 


Q= 
A@ 
where Aq is the width of the resonance at 


half maximum. 


Express the resonance frequency of ee 
QO === 
the circuit: VIC 
Substitute to obtain: 1 
i Q = -= (1) 
Vv LCA 
Express the current to the capacitor: 1.22 S=4cv 
Xe 
with Ic leading V by 90°. 
Express the current in the inductor: ys V V 
AE 
X; aL 
with I; lagging V by 90°. 
Express the current in the resistor: pis V 
RR 
with Ig in phase with V. 
Express the total current drawn from V 15 1 2 
I=+=v,||—]| +|—-aoc 
the source: Z =| (= 
2 
1 
SER ae 
R oL 
At resonance, the reactive term is es V 
zero and the total current is the ° R 
current in the resistor: 
Substitute to obtain: 1 2 
I=1, 1er (Z -ac] 
oL 


Express the total energy stored in B Q? 
the circuit per cycle: E 
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where Qo is the maximum charge on the 


capacitor. 
Relate the maximum value of the Laax = OQ) 
current to the maximum value of the 
charge: 
Substitute to obtain: oI a > 1 y? 
" 20°C 2a O'R 
ail i 
20°C ae ; 
1+ R| —- aC 
æL 
At resonance we have: I iy 
U o res Tn a 
i 20°C 
At half Usor,es! 1 I; 
i Uin res — 4.279 
2 ost 40°C 
gal Io 
20°C . 
1+ R? (= — oC ) 
oL 
or 
1 1 
D 1 £ 
1+ R? í — oC 
oL 
1 1 
Solve for R| @C —— |to obtain: R| aC —-— |=+1 (2) 
aL aL 
Rewrite equation (2) explicitly as a RLCÆ@ +La—R=0 
quadratic equation: 
Letting + denote the roots with a 1 cy. i 
positive coefficient of @ and — the es ORC ag G R =] Lc 
roots with a negative coefficient, 
an 


solve this equation for œ, and ø- 


1 1 \ 1 
O_= + + 
2RC 2RC} LC 
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Express Aq: Anso mas A 
RC 
Substitute in equation (1) to obtain: RC C 
So =| R| 
VIC L 
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Picture the Problem We can use the expression for the resonance frequency derived by 
equating the capacitive and inductive reactances at resonance to express @p in terms of L 
and C. In (b) we can use the result derived in Problem 92 to find R from Q, L, and C. 


(a) Express the resonance frequency = 1 
O) = -= 
æ in terms of L and C: VLC 
Solve for C to obtain: 1 1 


œL An? f?L 


Substitute numerical values and C= a ee 
evaluate C: 47?(4x10°s7) (4mh) 
=| 0.396 uF 
(b) From Problem 92 we have: c 
s= 


Solve for R to obtain: 


Substitute numerical values and 4mH 
evaluate R: R= A 0.396 WE = | 804.2 
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Picture the Problem We can use the expression for the resonance frequency derived by 
equating the capacitive and inductive reactances at resonance to express @ in terms of L 
and C. We can use the result derived in Problem 92 to find the Q-value resulting from 
halving the capacitance and to find the resistance necessary to give Q = 8. 


Express the resonance frequency @ we 1 a f= 1 
in terms of L and C: °” JLC : 2aVLC 
Substitute numerical values and = 1 
evaluate fo: ° 2m 1(4mH) (0.396 uF) 
=| 5.66 kHz 
From Problem 92 we have: C 
Q=R L (1) 
Letting C’represent the halved G 
capaci S SaR 
pacitance, express Q': L 
Divide Q' by Q and simplify to R C' 
obtain: Q' _ L Cc 
a E C 
L 
Because C'=4C: Q' 22 8 5 66 
V2 V2 — 
Solve equation (1) for R to obtain: R=0 L 
Vc 


Substitute numerical values and 4mH 
evaluate R: R= E (0.396 uF) ee 


Nie 
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Picture the Problem We can use its definition to find the resonance frequency of this 
series RLC circuit and the fact that, at resonance, Z = R, to find the resonance current. 
Because, at resonance V; = Vc, we can find the voltage across either element from the 
product of the current and its reactance. In (c) we can use the definition of the Q factor to 
find the angular frequency corresponding to f = fọ +4Af and then use this result to 
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find Xz, Xc, and Z at this frequency. Finally, we can use these values for Xz, Xc, and Z to 


find the rms current and the rms voltages across the inductor and capacitor. 


(a) Express the resonance frequency 


fo in terms of L and C: 


Substitute numerical values and 


evaluate fo: 


(b) At resonance, Z = R and: 


Express and evaluate the equal (at 
resonance) rms voltages across the 
capacitor and the inductor: 


(c) Express the rms current in the 
circuit and the rms voltages across 
the inductor and capacitor: 


Express the Q factor for an RLC 
circuit: 


Solve for Af: 


Express f: 


Substitute numerical values and 
evaluate f and æ: 


Calculate X; and Xc at 
84.7 krad/s: 


1 
fo 27,/(86mH)(4nF) [0 a 


E 20 V 
T= = 5 o 


V, =V, = IX, = @IL = 2af,IL 
= 27(13.26kHz)(0.2 A)(36mH) 


- [00v] 


I =<. V, =1X,, and V, = IX, 


Z= R Ao Af 
R 
EA 
R R 
f = fo Dob. | = afeiz] 


f = (13.26kHz) 


100Q 
x| 1+ 
aaa 
=13.48kHz 


and 
@ = 2nf = 27(13.48kHz) = 84.7 krad/s 


X, = of = (84.7 krad/s)(36mH) 
= 3.05kQ 
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Now we can find Z: 


Substitute numerical values and 
evaluate I, V;, and Vc: 


96 eco 


1 1 
om (84.7 krad/s)(4nF) 
= 2.95kO 


Z =4R +(X, -XcY 


= (100 RY + (3.05kQ - 2.95kQ)’ 
=1410 


_ 20V _ 
1419 


V, = (142mA)(3.05kQ) =) 433V |, 


142mA 


3 


and 
V, =(142mA)(2.95kQ)=| 419V 


Picture the Problem We can use complex numbers to find the impedance in the 


branches of the given circuit. We can then use Kirchhoff’s loop rule to find the currents 


in the branches and a current phasor diagram to find the total current and its phase 


relative to the applied voltage. 


(a) Use complex numbers to find 
Zi Zi 7 and On: 


Use complex numbers to find Zc, 
|Zo], and oe: 


Z, =R, +iX, = 400 +i(30Q), 


IZ,;=/Ro +X} 
= (409) + (809) =| 50.02 | 
and 


ô, =tan“ Ai) ggg EE 
R 40 Q 


Ze =R,+iX, =10Q-i(10Q), 
IZ.|=yRi+X¢e 
= J09} +109} =[14.10 | 


and 


(b) Apply Kirchhoff’s loop rule to 
the source and the inductive branch 
to obtain: 


Apply Kirchhoff’s loop rule to the 
source and the capacitive branch to 
obtain: 


(c) The current phasor diagram is 
shown to the right. 


Express the total current in terms 
of its horizontal and vertical 
components: 


Find the horizontal component Iho; 
of the total current: 


Find the vertical component Iyer of 
the total current: 


Substitute numerical values and 
evaluate I and 6: 
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V-I,X,=0 
or 

V 110V 
* Z, 50Q 


=| 2.20 A lagging the voltage by 36.9° 


V-IcXc=0 
or 

_V__110V 
es. 141Q 


=| 7.80 A leading the voltage by 45.0° 


baal er 


and 
6=tan Ge 
Liss 
Tor = Ie cos óc +1, cos 6, 
= (7.80 A)cos 45° + (2.20 A)cos36.9° 
=7.27A 
Den = Ie sind, — I, sin ô, 
= (7.80 A)sin 45° - (2.20 A )sin 36.9° 
=4.19A 
T= (419A) +(7.27AF = 
and 


4.19A 
6 = tan” ——— |=| 30.0° 
ER 3007 
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Remarks: The total current leads the applied voltage by 30.0°. 


*Q7 eoe 

Picture the Problem We can manipulate Equation 29-47 into a form that has the ratio of 
L to R init and then use the definition of Q to eliminate L and R. In (b) we can 
approximate @* — O; , near resonance, as 2@,Aq@ and substitute in the result from (a) to 


obtain the desired result. 


(a) From Equation 29-47: oL-1/@C  wL-1/C 


tan ô = 
R oR 
_ L(@?-1/LC)_ iaa) 
oR OR 
Express Q in terms of @, L and R: O= OL 
R 
Solve for L/R to obtain: L = Q 
R o 
Substitute to obtain: 2o 
tan ô = alo = 2%) (1) 
OQ, 
(b) Near resonance: O° -a = lo +O, \(o = o) 
= 20 A0 


Substitute in equation (1) to obtain: T Q(2@,Aa) B 
OW, @ 


(c) A following graph of das a function of x = w/@ was plotted using a spreadsheet 
program. The solid curve is for a high-Q circuit and the dashed curve is for a low-Q 
circuit. 


Alternating-Current Circuits 791 


delta 
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Picture the Problem We can rewrite Equation 29-45 in terms of the current and then 
differentiate Equation 29-46. Substituting for I, dI/dt, Xz, and Xc will allow us to use the 
trigonometric identities for the sine and cosine of the sum of two angles to rewrite the 
equation in such a form that we can equate the coefficients of sin œt and cosat to obtain 
Equation 29-47 and an equation that is satisfied provided Z is given by Equation 29-49. 


Rewrite Equation 29-45 in terms of L dI pe 


1 
RI + = | Idt = E nax COS cot 
the current: C 


Equation 29-46 is: I =I „x cos(at — 8) 
Differentiate Equation 29-50 with “ -ol sin (ot = 5) 
respect to time to obtain: dt 
Evaluate | tat: [ tac = Lox f coslot -ô)dt 
I ; 
= —™ sin(ot- 5) 
O 
Substitute to obtain: L(- ol nax Sin(@t — 5 )) 


+ RI „x coslot — ô) 


+ L Za sin(or - 5) = E nax COS cot 
Cl @ 
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Divide through by Imax to obtain: L(- asin(at -ô )) 
+ Rcos(at — ô) 
+ (Esino -— 5) = Emax cos cot 
Clo Laax 
Use the definitions of X;, Xc, and Z - X, sin(æt -ô ) +R cos(at =o ) 
to obtain: +Xe sin(ct = ô) = Z cos at 


Use the trigonometric identities for sin(a + B ) and cos(a + B ) to obtain: 


— X, (sin æt cos 6 — cos at sin 5) + R(cos wt cos 5 + sin at sin 6) 
+ X ¿(sin at cos 6 — cos æt sind) = Z cos at 


Collect the terms in sinæt and cosat: 


(- X, cos + Rsind + X, cos ô)sin at 
+(Rcosô-— X, sin ô + X, sind)cos at = Z cos at 


Equate the coefficients of sin œt and — X, cosó + Rsinó+ X. cosô=0 
cosat to obtain: and 
Rcosóô- X ¿sin ô+ X, sinô =Z 


Solve the first of these equations for Deg : 
tan ó = —*——= | Equation 29-47 
tand: R 
á . 2 Z 
Rewrite the second equation as: R-X,tand+X, tand = 
cos ô 
or 
Z 
(X,-X,)tand+R= 
cos ô 


Simplify this equation to obtain Equation Z= | R? + ( Xx -X y 
= L C 
29-49: 
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Picture the Problem In (a) we can apply Kirchhoff’s loop rule to obtain the 2" order 
differential equation relating the charge on the capacitor to the time. In (b) we’ll assume a 
solution of the form Q=Q_ cos at, differentiate it twice, and substitute for d*Q/dt* 


max 


and Q to show that the assumed solution satisfies the DE provided 


Alternating-Current Circuits 793 


E 
O E = . In (c) we’ll use our results from (a) and (b) to establish the for 
Llo -o?) 


Imax given in the problem statement. 


(a) Apply Kirchhoff’s loop rule to 
obtain: 


Substitute for ¢ and rearrange the 
differential equation to obtain: 


Because I = dQ/dt: 


(b) Assume that the solution is: 


Differentiate the assumed solution 
twice to obtain: 


Substitute in the differential 
equation to obtain: 


Factor cos æt from the left-hand side 
of the equation: 


If this equation is to hold for all 
values of t it must be true that: 


Factor L from the denominator and 
substitute for 1/LC to obtain: 


plage 0 
C dt 
pee ae. cos at 
dt 
2 
rie 2e ee cos at 
dt G 


Q = Q,ax COS at 


d 
ge = -ØQ nax Sin at 
dt 
and 
d'Q 2 
= 0 Q nax COS Ot 
dt? 
2 Q max 
— O LQ aax COS @t + T cos at 
= E nax COS at 
-o LQ. + Qaa eos cat 
C 
= E nax COS at 
2 Q 
a w LQ nax + = = E max 
C 
or 
E 
Q nax z = 
-œ L+— 
E 
Qhax = — 1 
L| -0° +—~ 
LC 
—E 
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(c) From (a) and (b) we have: 


If @> @, X; > Xc and the current 
lags the voltage by 90°. Therefore: 


If @ < @, Xı < Xc and the current 


leads the voltage by 90°. Therefore: 


100 eee 


[= “ = —OQ max Sin at 
= Te" at 
= Í rax SIN ot 
where 
_ OE nax _ E nax 
™ =al Eo- o 
o 
= E nax — © max 
ot -H |X: -X| 


I= Iaa Sin ot =|} Iaa cos(at — 90°) 


I =-I,,,, sin at =| I a cos(at + 90°) 


Picture the Problem We can use the condition determining the half-power points to 


obtain a quadratic equation that we can solve for the frequencies corresponding to the 


half-power points. Expanding these solutions binomially will lead us to the result that Aw 


= œ —@ ~ R/L. We can then use the definition of Q to complete the proof that Q = @ 


/Aa. 


Equation 29-58 is: 


The half-power points will occur 
when the denominator is twice the 


value near resonance, that is, when: 


Let œ and œ, be the solutions of 
this equation. Then: 
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Solve these equations for @ and a R ua 
to obtain: ©, = @| 1- O, 
and 
2 
R 1 
@, = @| 1+— 
QL 
Expand these solutions binomially ; 
P @ = Q,| 1 + higher order terms 
to obtain: i 
and 
R 
@, =@|1+ + higher order terms 
20 
For R << X; (a condition that holds R 
, @ © @)| 1- ; 
for a sharply peaked resonance): 20L 
R 
@, Z| 1+ 
2@L 
and 
R 
A@= 0, -07 m 
From the definition of Q: R _ 2 
L Q 


Substitute to obtain: QD 
Ao x — 

Q 
Solve for Q: Ox O 
AO 
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Picture the Problem We’ll differentiate Q = Qe ™ * cos æ't twice and substitute this 


function and both its derivatives in the differential equation of the circuit. Rewriting the 
resulting equation in the form Acosæ't + Bsina't = 0 will reveal that B vanishes. 


Requiring that Acoswt = 0 hold for all values of t will lead to @'= .(1/LC)—(R/2L)’ . 


Equation 29-47) is: 2 
quation is L “ Q n 
t 


dQ 
dt 


=0 


CUR 
C 
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Assume a solution of the form: Q= Qe *! a cosa't 


Differentiate Q(t) twice to obtain: 


ao —Q,e*""[o' sin a't+ R cosa 
dt 2L 
and 
2 2 ' 
a Q = Que Ag cosats E2 sin wt 
dt 4E L 


Substitute these derivatives in the differential equation and simplify to obtain: 


2 
LQ e 7" DA z0” osot -snot |+ 26" cosat 
4L L C 
-Rt/2L las r R ' 
— RQ e lo siei nor =0 


or 


? 12 r Ræ' : r 1 r los ' R r 
L| | _,- 0" |coso't+ ——sin ott +—cos o't- Rl@ sin @'t+ —cosa't |= 0 
4L L C 2L 


Rewrite this equation in the form Acosøæ't + Bsina’t = 0: 


R? 1 R? 
(Ra —Ra')sin œt ior] 3-2] cos a't = 0 


AI? C 
or 
2 2 
E nea cosa't = 0 
4L C 2L 
If this equation is to hold for all R? fete 1 R? _ 
values of t, its coefficient must 4L C ?L 7 
vanish: 
Solve for a’: ; 1 R 2 
@' =|. — -| — 
LC 2L 


the condition that must be satisfied if 
Q = Qe ™"™ cos æ't is the solution to 


Equation 29-47b. 
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Picture the Problem We can use L = Lon Al to determine the inductance of the empty 
solenoid and the resonance condition to find the capacitance of the sample-free circuit 
when the resonance frequency of the circuit is 6.0000 MHz. By expressing L as a 
function of fọ and then evaluating dfọ/dL and approximating the derivative with Af/AL , 
we can evaluate y from its definition. 


(a) Express the inductance of an air-core L= Lon Al 
solenoid: 


Substitute numerical values and evaluate L: 


2. 
_ 400 ) x : 
L = (47x10 ‘way oe) + (0.003m)*(0.04m) =[ 35.5 ui 


(b) Express the condition for Xi =Xe 
resonance in the LC circuit: or 
1 
27 L = 1 
afo Te (1) 
Solve for C to obtain: a. 1 
An’ foL 
Substitute numerical values and 1 
C= =| 119 uF 
evaluate C: 47° (6 MHz)(35.5 4H) 
(c) Express the sample’s ma AL 2) 
susceptibility in terms of L and AL: L 
Solve equation (1) for fo: ol 


Differentiate fo with respect to L: df, 1 d jp 1 -3/2 
dL 2z4C dL AnJC 
epee eeeeee 3 
AnL vy LC 2L 
Approximate dfo/dL by Afo/AL: Afo _ fo ör Afo = AL 
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Substitute in equation (2) to obtain: 


Substitute numerical values and 
evaluate y: 
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_yAfe 
fo 


__o{ 5-9989 MHz - 6.0000 MHz 
4 6.0000 MHz, 


=| 3.67 x10 


| 


Picture the Problem We can find the angular frequency ø for the circuit in Problem 91 
such that the magnitudes of the reactances of the two parallel branches are equal by 
equating the reactances in the two branches. We can use P = 4I*R =(£€/ZY (R/2), 


where Z is, in turn, Zz and Zc, to find the power dissipated in each resistor. 


(a) When the reactances of the 
parallel branches are equal: 


Substitute numerical values to 
obtain: 


(b) Express the power dissipation in 
a resistor in an ac circuit: 


Find Z; and |Z,| at 1.67 krad/s: 


Find Zc and |Zo| at 1.67 krad/s: 


1 
X, =X and @=—= 


VLC 


1 
= =| 1.67 krad/ 
j ‘(@2mH)(30 aF) 


Z 
Z, =R, +ioL 
= 4Q+ i(1.67 krad/s)(12mH) 
= 40+ i(20.0Q) 
and 


Iz,|= J49} + (200) = 20.49 
al 
Zo=R, E 
i 1 
(1.67 krad/s)(30 uF) 
= 20 -i(20.0Q) 
and 


IZ.|= (22) + (20.02 = 20.10 


= 20 


Evaluate the power dissipated in R, 
and R3: 
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2 2 
1 1/ 4 
Posi. R,=- 2y (29) 
2| Ze 2\ 20.12 


Picture the Problem We can equate the power dissipated in the two resistors to obtain a 


relationship between the currents in and the resistances of the two branches. Expressing 


the currents in terms of the impedances of the two branches and the common potential 


difference across them will lead us to an equation that is quadratic in w that we can solve 


for œ. In (b) we can use complex numbers to find the reactances of each of the two 


parallel branches and then use these results to draw the phasor diagram of (c). We can use 


the results of (b) to find the impedance of the circuit in (d). 


(a) Express the condition under 
which the power dissipation in the 
two resistors is the same: 


Express the ratio of the squares of 
the currents in the two resistors: 


Equate these expressions to obtain: 


Substitute for Xz, Xc, and the ratio of 
R, to R; to obtain: 


2 


IR = IR, or aa 
2 1 
E 2 
teh Ze | 2 
B |E) z 
Z; 


o C? 
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Combine like terms and clear 
fractions to obtain: 


Substitute numerical values to 
obtain: 


Use the “solver” capability of your 
calculator to solve for a: 


(b) Express and evaluate Zc, |Z,|, 
and 6c: 
Express and evaluate Zz, |Z,|, and 


On: 


(c) The applied voltage and the 
currents in the two branches are 
shown on the phasor diagram to the 
right. 


PCa +B) -2 =0 


(130x107 s* oo’ 
+(7.20x10s*)w? -2 =0 


@ = 3.89 x10° (rad/s)’ 


and 
æ =| 1.97 x10° rad/s 
yee ae oe 
1 
(1.97 x10° rad/s}(30 uF) 
= 20Q-i(16.9Q) 
Iz,|= (20) +(16.99) = 
and 
Oc = tan( Ze) = to [922] 
20 
=| —83.3° 
Z, =R,+iol 
= 40+ i(1.97x10° rad/s)(12mH) 
= 40 + i(23.6Q) 
Iz,|= (497 + (23.60) = 
and 
ô, = tar 2) = tn 328) 
R 40 
=| 80.5° 


(d) Express the impedance of the 
circuit and simplify to obtain: 


Multiply Z by 1 in the form of the 
complex conjugate of 

6 Q + i(6.70Q) divided by itself and 
simplify to obtain: 


Find the magnitude of the circuit’s 
impedance and the phase angle for 
the circuit: 


The Transformer 
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ZZ. 
Zi +Ze 

_ [Q+ i(23.62)22-i(6.92)] 
~ 40.+i(23.6Q)+2Q-i(16.9Q) 
_ 4070? ~i(20.40?) 

~ 6Q4+i(6.70Q) 


Z= 


_ (4079? -i(20.40°) 
6Q+i(6.70Q) ) 
(er 


6Q_-i(6.70Q) 

_ 2.58x10°.0? — i(2.85 10°") 
80.90? 
= 31.90 -i(35.2Q) 


iz|= (31.90) + (35.20) = 


and 


ô= Taen 
R 


u 


Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can use V, N; =V N, and N,I, = N,1, to find the turn ratio and the 


primary current when the transformer connections are reversed. 


(a) Relate the number of primary 
and secondary turns to the primary 
and secondary voltages: 


Solve for and evaluate the ratio 
N>/Ni: 


(b) Relate the current in the primary 
to the current in the secondary and 


VN, =V,N, (1) 


ea PAY ji 
N, V 120V |5 
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to the turns ratio: 


Express the current in the primary L= V, 

winding in terms of the voltage ? Z, 

across it and its impedance: 

Substitute to obtain: i= N, Vy 
ONA 


Substitute numerical values and 5V120V 
evaluate I: Hs B 12Q ) ue 
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Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can decide whether the transformer is a step-up or step-down transformer 
by examining the ratio of the number of turns in the secondary to the number of terms in 
the primary. We can relate the open-circuit voltage in the secondary to the primary 
voltage and the turns ratio. 


Because there are fewer turns in the secondary than in the primary 
a 
it is a step - down transformer. 


(b) Relate the open-circuit voltage y= N, v 
Vin the secondary to the voltage V, > oN : ! 
in the primary: 
Substitute numerical values and 8 

V, =— (120 V )=| 2.40 V 
evaluate V3: * 400 l ) [240V | 
(c) Because there are no losses: VL =V, 


Solve for and evaluate I: Le nr _ sae (0.1A) _T5.00A 
i . 
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Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can use I,V, = LV, to find the current in the primary and V, N, = V N, to 


find the number of turns in the secondary. 


(a) Because we have 100 percent LV, = LV, 
efficiency: 
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Solve for and evaluate J: 1, =1, a = (20 A =| 1.50A 
1 


(b) Relate the number of primary VN =VN, 
and secondary turns to the primary 
and secondary voltages: 


Solve for the ratio N/N: N, = V, N, 
V, 
j i 9V 
Substitute numerical values and N, = (2 50) =18 Be [19 | 
evaluate N>/N;: 120V 
108 œ 


Picture the Problem We can relate the input and output voltages to the number of turns 
in the primary and secondary using V,N, =V,N,. 


Relate the output voltages V; to the v. 2y 
input voltage V, and the number of ? N À i 
turns in the primary N, and 

secondary N>: 


Solve for No: V, 


Evaluate N- for V2 = 2.5 V: 


Evaluate N; for V» = 9 V: 


Evaluate N; for V> = 7.5 V: 7.5V 
N, = 00) 72 = 
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Picture the Problem We can relate the input and output voltages to the number of turns 
in the primary and secondary using V,N, =V,N,. 


Relate the output voltages V> to the y. 2y 
input voltage V, and the number of ? N i i 
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turns in the primary N, and 


secondary N3: 
Solve for Nj: N,=N, vi 
V, 
Substitute numerical values and 2000 V 
evaluate N;: a (200 240 V (eee 
*110 e» 


Picture the Problem Note: In a simple circuit maximum power transfer from source to 
load requires that the load resistance equals the internal resistance of the source. We can 
use Ohm’s law and the relationship between the primary and secondary currents and the 
primary and secondary voltages and the turns ratio of the transformer to derive an 
expression for the turns ratio as a function of the effective resistance of the circuit and the 
resistance of the speaker(s). 


Express the effective loudspeaker R= V 
: ; #57 
resistance at the primary of the ° L 
transformer: 


Relate V; to Və, Nj, and N»: V =v N, 
1 2 N, 
Express J; in terms of D, Ni, and No: L=i N, 
1 2 N, 
Substitute to obtain: v N, : 
2 
eff N I N 
i, 22 2 2 
N, 
Solve for N,/N>: N, — [LR | Rete (1) 
N, \ V, R, 
Evaluate N,/N> for Res = Rint: N, _ {20000 _ 
N, \ 8Q - 
Express the power delivered to the P, =1 ioe (2) 


two speakers connected in parallel: 


Find the equivalent resistance Rsp of 
the two 8-Q speakers in parallel: 


Solve equation (1) for Reg to obtain: 


Substitute numerical values and 
evaluate Rett: 


Find the current drawn from the 
source: 


Substitute numerical values in 
equation (2) and evaluate the power 
delivered to the parallel speakers: 
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Picture the Problem We can substitute I, = V2/Z in Equation 29-62 to show that I, = 
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ee er ee 
R. 8Q 8Q 8Q 40 


sp 


and 
R =4Q 


sp 


2 
N 
Ret = af 
R,, =(4Q)(15.8)° = 9990 


VV 
Rx 20002 +9992 


tot 


P, =(4mA) (999Q) = 


i= 


él[(N,/N>)°Z] and then use this result in Zett = e/I, to show that Zett = (Ny/N2)°Z. 


From Equation 29-62 we have: 


From Equation 29-61 we have: 


Substitute to obtain: 


Express the effective impedance Zett of the 


speaker in terms of sand h: 


eS 
N, 
or, because Ip = V2/Z, 
L- 
! NZ 
V, = — V, = Nao 
N, N, 
N 


= 4.00mA 
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Substitute for I, to obtain: E ( N,/N y 7 
= Z 1 2 


General Problems 
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Picture the Problem We can use P, = €,,,,/,,,, to find the rms current and 


rms” rms 


Laax = J2I ms tO find the maximum current drawn by the dryer. 


m 


(a) Express the average power Py = E msI ms 
delivered by the source in terms of 
Ems and Tims’ 
: P k 
Solve for and evaluate Ims: I. =—-= okW =| 20.8A 
E 240 V 


(b) Relate the maximum current Imax Ina = V 21mg = ¥2(20.8A)=| 29.5A 
to the rms current Inns: 

(c) Proceed as in (a) and (b) to Ims =| 41.6A | and I, =| 59.0A 
obtain: 
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Picture the Problem We can use its definition to find the reactance of the capacitor at 
the given frequencies. 


Express the reactance of a capacitor: _1_ 1 
© oC 2afC 


(a) Evaluate Xc at f = 60 Hz: X = 1 =| 265Q 
€ 27#(60Hz)(10 uF) 


(b) Evaluate Xc at f = 6 kHz: X= 1 =| 2650 


© 27(6kHz)(10 uF) 


(a) Evaluate Xc at f = 6 MHz: y= 1 =| 2.65mQ 
© 2a(6MHz)(10 uF) Eaa 
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Picture the Problem We can use its definition, 1m, = V(r i J to relate the rms current 


> - rms 


to the current carried by the resistor and find (r Ja by integrating I’. 


(a) Express the rms current in terms of I =r 
the (r . J : 


Evaluate I’: 


T? =|(5 A)sin120%t +(7 A)sin 2402]? 
= (25 A? )sin?120%t + (70 A?)sin120zt sin 240zt + (49 A?)sin? 240 


Find (T°), by integrating P from t = 0 to t = T = 2a/q and dividing by T: 


(e) = = [°° (25.a7)sin? 1202 + (70A? )sin1207tsin 2407 
T 
+ (49 A? )sin? 2407t dt 
Use the trigonometric identity (1? Ja =12.5A° +0 +24.5A° =37.0 A? 


sin? x = +(1—cos 2x) to simplify 
and evaluate the 1* and 3" integrals 


and recognize that the middle term is 
of the form sinxsin2x to obtain: 


Substitute to obtain: t= 137.0 A? =| 6.08A 


(b) Relate the power dissipated in the P=i R 
resistor to its resistance and the rms 


current in it: 


Substitute numerical values and P= (6.08 Ay (12 Q) = 


evaluate P: 


(c) Express the rms voltage across the Vins = Lims R 
resistor in terms of R and Ims: 


Substitute numerical values and V ns = (6.08 A)(2 Q) = 


evaluate Vins: 
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*115 es 
Picture the Problem The average of any quantity over a time interval AT is the integral 

of the quantity over the interval divided by AT. We can use this definition to find both the 
average of the voltage squared, (v?) 


av 


and then use the definition of the rms voltage. 


(a) From the definition of Vms we Vo= V? 

have: 

Noting that -Vý = Vy , evaluate V.= V? =V, =| 12.0 V 
Vims: 

(b) Noting that the voltage during V =V) 


the second half of each cycle is now 
zero, express the voltage during the 
first half cycle of the time interval 


1AT: 
Express the square of the voltage V’ =V? 
during this half cycle: 
Calculate (v?),, by integrating V” (v2) 7 Vy a 7 Vy ele _1y? 
from t= 0 tot= 4AT and dividing ~o AT” AT” ai 
by AT: 
Substitute to obtain: >z V 12V 

Vims = $V, == ~ =| 8.49 V 

mo 
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Picture the Problem We can use the definitions of Ims and Vim; to find the rms value of 
the waveform and the average power delivered by the pulse generator. 


(a) From the definition of I.,, we 1. = I? B 
have: 
Evaluate (e), over 1 s: (r?) _ (0.1s)I? + (0.9s)(0) 
av 1s 
2 
- CI) -ohasa 
S 


=22.5A° 


Substitute to obtain: 
(b) Express the average power 
delivered by the pulse generator in 


terms of Ims and Vms: 


From the definition of Vim; we have: 


Evaluate (v),, over 1s: 


Evaluate Vins: 


Substitute numerical values and 
evaluate Px: 
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Lms = 22.587 =| 4.744 | 


f= 


LV, 


rms rms 


(v2), - (0.1sV* +(0.9s)(0) 


1s 


= ec = (0.1)(100V)’ 


=1000 V°? 


V.ng = 41000 V? =31.6V 


Ey = 


(4.74A)(31.6V) = 


Picture the Problem We can use the definition of capacitance to find the charge on each 
capacitor and the definition of current to find the steady-state current in the circuit. We 


can find the maximum and minimum energy stored in the capacitors using U = 4C,,V’, 


where V is either the maximum or the minimum potential difference across the 


capacitors. 
(a) Use the definition of capacitance 


to express the charge on each 


capacitor: 


Substitute to obtain: 


Q = 


CV, and Q, = G,V, 


or, because the capacitors are in parallel, 


Q = 


CV and Q, =C,V 


where V=&+24V 


Q, = 


and 
Q, = 


CG (E€ +24V) 
(3 uF)[(20 V )cos(1207at)+24V] 
(60 wF)cos(120zt)+72 uF 


C,(€+24V) 
(1.5 uF)|(20V)cos(120zt)+ 24V] 


(30 uF )cos(120zt) +36 uF 
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(b) Express the ei oan usw I= dQ z d (Q + Q,) 
as the rate at which charge is being dt dt 
delivered to the capacitors: 


Substitute for Q; and Q; and I= < [leo LF)cos(1207t)+ 72 uF 


evaluate I: d 
+ (30 wF)cos(120zt)+ 36 uF] 
= —1202(60 uF)sin(120zt) 
~1207(30 uF)sin(120zt) 
=| —(33.9mA)sin(120zt) 
(c) Express Umax in terms of the U max = $ Cog Vinax 
maximum potential difference 
across the capacitors: 
Because Vmax = 44 V and U pax = 4 (4.5uF)(44V)° =| 4.36mJ 
Cea = Cy + Cp = 3 WE + 1.5 LF 
=4.5 uF: 
(d) Express Umin in terms of the Gis = GN ae 
minimum potential difference across 
the capacitors: 
The minimum energy stored in the U „a =4(4.5uF\(4V) =| 36.0 


capacitors occurs when 
Vmin = 24 V — Emax = 4 V: 
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Picture the Problem The average of any quantity over a time interval AT is the integral 
of the quantity over the interval divided by AT. We can use this definition to find both the 
average current I,,, and the average of the current squared, (r $ iz 


From the definition of I, and Ims we he Idt and I = T? . 
have: AT “0 

(a) Express the current during the I= 4 t 

first half cycle of time interval AT: AT 


where I is in A when t and T are in 
seconds. 


Evaluate I: 


Express the square of the current 
during this half cycle: 


Noting that the average value of the 
squared current is the same for each 
time interval AT, calculate (r i J by 
integrating I’ from t = 0 to t = AT 
and dividing by AT: 


Substitute in the expression for Ims 
to obtain: 


(b) Noting that the current during the 
second half of each cycle is zero, 
express the current during the first 
half cycle of the time interval 5 AT : 


Evaluate I: 


Express the square of the current 
during this half cycle: 


Calculate (1 g J by integrating I? 
from t= 0 tot= 4AT and dividing 
by AT: 


Substitute in the expression for Ims 
to obtain: 
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1 aT 4 4 AT 
I, pit ary f tdt 


4A SAT 4A SAT 
1, =A [ae= SA" = [200A] 


I? =16A? 


(= a 


16 A° 
= — 


1AT 2 
T =BA 


Picture the Problem We can apply Kirchhoff’s loop rule to express the current in the 


circuit in terms of the emfs of the sources and the resistance of the resistor. We can then 
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find Imax and Imin by considering the conditions under which the time-dependent factor in I 
will be a maximum or a minimum. The average of any quantity over a time interval AT is 
the integral of the quantity over the interval divided by AT. We can use this definition to 
find average of the current squared, (r z ),, and then Ims- 


Apply Kirchhoff’s loop rule to €,+&,—-IR=0 
obtain: 
Solve for I: I= E tE, 
R 
Substitute numerical values to I= (20 V)cos(2z(180 s7 )t)+ 18V 
obtain: 36Q 


= 0.5A +(0.556A)cos(1131s")e 


Express the condition that must be cosh 131s% )t =1 

satisfied if the current is to be a 

maximum: 

Evaluate Imax: Iaa = 0-5A+0.556A =| 1.06A 
Express the condition that must be cosh 131s" Ne =-l 

satisfied if the current is to be a 

minimum: 

Evaluate Imin: Iain = 0-5A—0.556A =| —0.0560A 
Because the average value of cosat I,, =| 0.500 A 

=0: 

Express and evaluate the average L= E _18V _ 0.5A 

current delivered by the source ? R 36Q ` 


whose emf is &: 


Because I, = (0.556A)cos(1131s"')e: 


(2), = : =~ f°" (0.556 A} cos*(1131s")edt 


Use the trigonometric identity cos* x = 10 + cos 2x) to obtain: 
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0.309.A? 
Uh, = IEAA]. 


5.56 E 


1+ cos 2113187 )t)dt 


0 


5.56 ms 


=(27.8A° ish + so sin(2262 =} 


0 


Evaluate (17) : 


av’ 


(17), =(27.84°? is} sc ms+ Seg sin(2262 s*)(5.56 ns) = 0.1543? 


Express (r f J : (r i Je = (1 i k + (r 2 i 
= 0.1543A?+(0.5A)° 
= 0.4043 A’ 

Evaluate Inns: Lue Vr J = y 0.4043 A? 


-[ 05365 
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Picture the Problem We can apply Kirchhoff’s loop rule to obtain an expression for 
charge on the capacitor as a function of time. Differentiating this expression with respect 
to time will give us the current in the circuit. We can then find Imax and Imin by 
considering the conditions under which the time-dependent factor in I will be a maximum 
or a minimum. We can use the maximum value of the current to find Ims. 


Apply Kirchhoff’s loop rule to E+E -— dt) =0 

obtain: a oe 

Substitute numerical values and q(t) = (2 LE)(20 V)cos(1 131s” )t 
solve for q(t): + (2 LE)(18 v) 


= (40 uC)cos(1131s“)t +36 uC 


. . . . . d d 
Differentiate this expression with f= aq_ a ( 40 uC) (1131 gi Nt 
respect to t to obtain the current as a dt dt 
function of time: +36 uC] 


=| -(45.2mA)sin(1131s7) | 


Express the condition that must be sin(1 131s )t =1 
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satisfied if the current is to be a and 

minimum: Tain =| — 45.2 mA 
Express the condition that must be sin(1 131s” )t =-1 
satisfied if the current is to be a and 

oe Tina, =| 45.2mA 
Because the dc source sees the I,, =| 0 


capacitor as an open circuit and the 
average value of the sine function 
over a period is zero: 


Because the peak current is I 45.2 mA 
Lms =-= = =| 32.0mA 
45.2 mA: et ar 


21 ee 
Picture the Problem The inductance acts as a short circuit to the constant voltage 


source. The current is infinite at all times. Consequently, Imax = I:ms = œ; there is no 
minimum current. 


Alternating-Current Circuits 815 


Chapter 30 
Maxwell’s Equations and Electromagnetic Waves 


Conceptual Problems 


*1 r 
(a) False. Maxwell’s equations apply to both time-independent and time-dependent 
fields. 


(b) True 
(c) True 
(d) True 


(e) False. The magnitudes of the electric and magnetic field vectors are related according 
to E =cB. 


(f) True 


2 eo 
Determine the Concept Two changes would be required. Gauss’s law for magnetism 


would become f B,dA = fq, and Faraday’s law would 
d 


J a I 
become fE -dl = it : B,dA——, where Im is the current associated with the motion 
t €p 


of the magnetic poles. 


3 ° 
Determine the Concept X rays have greater frequencies whereas light waves have 
longer wavelengths (see Table 30-1). 


*4 e 
Determine the Concept The frequencies of ultraviolet radiation are greater than those of 
infrared radiation (see Table 30-1). 


5 ° 
Determine the Concept Consulting Table 30-1 we see that FM radio and televisions 
waves have wavelengths of the order of a few meters. 


6 ° 


Determine the Concept The dipole antenna detects the electric field, the loop antenna 
detects the magnetic field of the wave. 
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7 ° 
Determine the Concept The dipole antenna should be in the horizontal plane and normal 
to the line from the transmitter to the receiver. 


*8 e 

Determine the Concept A red plastic filter absorbs all the light incident on it except for 
the red light and a green plastic filter absorbs all the light incident on it except for the 
green light. If the red beam is incident on a red filter it will pass through, whereas, if it is 
incident on the green filter it will be absorbed. Because the green filter absorbs more 
energy than does the red filter, the laser beam will exert a greater force on the green filter. 


Estimation and Approximation 


9 ee 
Picture the Problem We’ll assume that the plastic bead has the same density as water. 
Applying a condition for translational equilibrium to the bead will allow us to relate the 
gravitational force acting on it to the force exerted by the laser beam. Because the force 
exerted by the laser beam is related to the radiation pressure and the radiation pressure to 
the intensity of the beam, we’ll be able to find the beam’s intensity. Knowing the beam’s 
intensity, we find the total power needed to lift the bead. 


Apply > F, = Oto the bead: Fylaserbeamn ~ Mg = 0 
1 
Relate the force exerted by the laser sebem = PA=- zd? P 
beam to the radiation pressure 4 
exerted by the beam: 
. a 1 
Substitute to obtain: -7d’P -mg =0 
4 
The radiation pressure P, is the p= I 
quotient of the intensity I and the " c 
speed of light c: 
Substitute for P, to obtain: 1 zd°I 
Fi —mg =0 (1) 
C 


Express the mass of the bead: 


Substitute for m in equation (1) to 1 
obtain: 4 c 6 
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Solve for I: 


Substitute numerical values and evaluate I: 


2 
I=—cpd 
a 


I= 5x10" m/s)(10° kg/m? )(15 zam)(9.81m/s?)=| 2.9410" Wim? 


The power needed is the product of 
the beam intensity and the cross- 
sectional area of the bead: 


Substitute numerical values and 
evaluate P: 


10 ecco 


1 
P = IA aa =r 


P= Žz(15 ym)’ (2.94 10’ Wim?) 


=| 5.20 mW 


Picture the Problem The net force acting on the spacecraft is the difference between the 


repulsive force due to radiation pressure and the attractive gravitational force. We can 


apply Newton’s 2” law to the spacecraft and solve the resulting equation for the 


acceleration of the spacecraft. Because the acceleration turns out to be a function of r, 


we’ll need to integrate a to find v”. We’ll assume that the sail absorbs all of the radiation 


incident on it. 


Apply Newton’s 2™ law to the 
spacecraft (including sail) to obtain: 


Solve for a: 


Assuming that the sail absorbs all of 
the incident solar radiation: 


S 


ar 


Because I = z 


F, — F, = ma 
F -F 
aq=——+ 
m 
F.=PA=— 
c 


where A is the area of the sail. 
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Substitute for F,and F, to obtain: PA _GM,m 


Neglecting the gravitational term: PA 


(b) Because a is a function of r, the a = 
velocity must be found by dt dr dt dr 
integration. Note that: 


Substitute for a and integrate v' from vo to v and r’ from ro to r: 


; 2A G „m rdr EL GM,m i 
ap al n |= ITC r _| 4ac 
J 1( 2 m fyr m ri r 
Solve for v’ to obtain: 
=" GM, 
Pay Ses l 
m hN r 


This scheme is not likely to work effectively. For any reasonable mass, the 


surface mass density of the sail would have to be extremely small and the 


(c) 


sail would have to be huge. Additionally, unless struts are built into the sail, 


it would collapse during the acceleration of the spacecraft. 
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11 ee 

Picture the Problem We can use I = ErmsBrms/ 40 and Bims = Erms/C to express E,ms in terms 
of I. We can then use Bms = Eyms/c to find Bms. The average power output of the sun is 
given by P, = 47R°I where R is the earth-sun distance. The intensity and the radiation 


pressure at the surface of the sun can be found from the definitions of these physical 


quantities. 

(a) Express the intensity I of the I= E ms Bens _ E2, 
radiation as a function of its average 7 Lly 7 Cth 
power and the distance r from the 

station: 

Solve for E,ms: E ms = yCLol 


Substitute numerical values and evaluate Ems: 


Em = J8x10° m/s)(42 x107 N/A?)(1.37kW/m?) =[ 719 V/m 


Use Buns = Emm/C to evaluate Buns: 719 V/m 


me 10" MS 


2.40 4T 


(b) Express the average power P =4rR°I 
output of the sun in terms of the X 


where R is the earth-sun distance. 
solar constant: 


Substitute numerical values and P = Ar(1.5 x10" m) (1.37 kW/ m?) 
evaluate Px: y 

=| 3.87 x10“ W 
(c) Express the intensity at the P, 
surface of the sun in terms of the I= Are 
sun’s average power output and 
radius r: 
Substitute numerical values and 3.87x107° W 
evaluate J at the surface of the sun: I= 3 %3 

47 (6.96 x10° m) 

=| 6.3610’ W/m? 

Express the radiation pressure in I 
terms of the intensity: P, = r 
acne numerical values and _ 6.36x 10’ W/m? Ric 
evaluate P: r 3x10° m/s . 
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Picture the Problem We can find the radiation pressure force from the definition of 
pressure and the relationship between the radiation pressure and the intensity of the 
radiation from the sun. We can use Newton’s law of gravitation to find the gravitational 
force the sun exerts on the earth. 


The radiation pressure exerted on F, 
the earth is given by: = A >F =PA 


where A is the cross-sectional area of the 


earth. 
Express the radiation pressure in I 
terms of the intensity of the K=- 

ene Cc 

radiation I from the sun: 
Substituting for P, and A yields: Iz R? 

F = 

i c 
Substitute numerical values and x(1370 W/m? )(6370 km) 
evaluate Fx F, = 8 
3x10 m/s 
=| 5.82x10°N 

The gravitational force exerted on GMa Meann 
the earth by the sun is given by: p= r? 


where r is the radius of the earth’s orbit. 


Substitute numerical values and evaluate F: 


p _ (6.67 x10" N : m? / kg? )(1.99 x10” kg)(5.98x10* kg) _ 3 c3 102 N 
(1.5x10"m) 
Express the ratio of the force due 8 
H a BOAON gon 


radiation pressure F, to the 
gravitational force F: 


The gravitational force is greater by a factor of approximately 10“. 
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Picture the Problem We can find the radiation pressure force from the definition of 
pressure and the relationship between the radiation pressure and the intensity of the 
radiation from the sun. We can use Newton’s law of gravitation to find the gravitational 
force the sun exerts on Mars. 


F  3.53x10° N 


The radiation pressure exerted on F, 
Mars is given by: P = A => F =PA 


where A is the cross-sectional area of Mars. 
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Express the radiation pressure on I 
p = Mais 
Mars in terms of the intensity of the — 
radiation Imas from the sun: 
Substituting for P, and A yields: 2 
8 i y F Lars Rmars 
r 
Cc 
Express the ratio of the solar I A 2 F 2 
constant at the earth Teann to the solar Mas —| _earth | — J E ae e 
constant Imas at Mars: on FMars Mars 


Substitute for Imars to obtain: 


c n Mars 


2 
2 
F = Ln Ryrars (=) 


Substitute numerical values and evaluate F: 


p — 70370 Wim?)(3395km)’ ( 1.50x10"m \ _ j PETE 
i 3x 10° m/s 2.29x10" m - 
The gravitational force exerted on GM na Myas  GMun (0.11m, aa) 
Mars by the sun is given by: i= r? = r 


where r is the radius of Mars’ orbit. 


Substitute numerical values and evaluate F: 


(6.67 x10™ N - m? / kg? )(1.99 x10” kg )(0.11)(5.98x10* kg) 


F= =1.66x10” N 
(2.29x10" m) 
Express the ratio of the force due F 709x10 N 
radiation pressure F, to the -= = 4.27 x107 


g 21 
gravitational force F: F 1.66x10° N 


Because the ratio of these forces is 1.65 x 107 for the earth and 

4.27 x10™ for Mars, Mars has the larger ratio. The reason that 

the ratio is higher for Mars is that the dependence of the radiation 
pressure on the distance from the Sun is the same for both forces 
(r°), whereas the dependence on the radii of the planets is different. 
Radiation pressure varies as R*, whereas the gravitational force 
varies as R° (assuming that the two planets have the same density, an 
assumption that is nearly true). Consequently, the ratio of the forces 


goes as R° / R? = R”. Because Mars is smaller than earth, the ratio 


is larger. 
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Picture the Problem We can use Newton’s 2™ law to express the acceleration of an 
atom in terms of the net force acting on the atom and the relationship between radiation 
pressure and the intensity of the beam to find the net force. Once we know the 
acceleration of an atom, we can use the definition of acceleration to find the stopping 
time for a rubidium atom at room temperature. 


(a) Apply ¥ F = ma to the atom to F = ma 
abtan: where F is the force exerted by the laser 
` beam. 
The radiation pressure P, and F I 
intensity of the beam I are related R= A = a 
according to: 
Solve for F to obtain: p= IA Wha 
C C 

Substitute for F in the expression of Wha 
Newton’s 2™ law to obtain: E = ma 
Solve for a: E V 

mc 


Substitute numerical values and evaluate a: 


2 2 
a= (10 W/m? )(780 nm) ~|1.44x10° m/s? 
8 


1mol 
8 x mol (3x10? m/s) 
mol 6.0210 particles 
(b) Using the definition of At= Veinal — Vinitial 
acceleration, express the stopping a 


time At of the atom: 


Because Vfinal © 0: At re 7 V initial 
a 
Using the rms speed as the initial 3kT 
Vv... =V = ,/— 
speed of an atom, relate Vinitiai to the es es m 


temperature of the gas: 


Substitute in the expression for the r 1 [BRT 
stopping time to obtain: t= = ~~ 
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Substitute numerical values and evaluate At: 


1 3(1.38 x10? J/K)(300 K) zoem | 
A = = 2. 
TT add 0° mis? £ ) = 


5 8 x 1mol 
mol 6.02 x10” particles 


Maxwell’s Displacement Current 
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Picture the Problem We can differentiate the expression for the electric field between 
the plates of a parallel-plate capacitor to find the rate of change of the electric field and 
the definitions of the conduction current and electric flux to compute Ig. 


(a) Express the electric field E= Q 
between the plates of the parallel- E€ A 
plate capacitor: 


Differentiate this expression with dE Al Q | 1 dQ I 


respect to time to obtain an dt dt| e, A = e,Adt EA 
expression for the rate of change of 
the electric field: 


Substitute numerical values and evaluate dE/dt: 


dE _ 5A 
dt (8.85x10 C?/N-m?)z(0.023m 


i =|3.40x10" V/m: s 


(b) Express the displacement current I= dø, 
a Eo 
Ia: dt 
Substitute for the electric flux to L =e, d [E A] =e, A d 
obtain: dt dt 


Substitute numerical values and evaluate Ia: 


I, =(8.85x107 C? / N-m?)z (0.023m} (3.40 x10" V/m-s)= 
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Picture the Problem We can express the displacement current in terms of the electric 
flux and differentiate the resulting expression to obtain Ig in terms dE/dt. 


Express the displacement current Ia: is dø, 
d 0 dt 
j j d dE 
Substitute for the electric flux to Lea [E A] =e A— 
obtain: t dt 


Because E = (0.05 N/C)sin 2000t : Peg 4 [(0.05 N/C)sin 20008] 


= (2000s*)e, A(0.05 N/C)cos 2000t 


=(2000s")e, A(0.05 N/C) 


Ia will have its maximum value I 
when cos 2000t = 1. Hence: 


d,max 


Substitute numerical values and evaluate Ig max: 


I, = (2000s*)(8.85x10-? C? / N-m?)(1m?)(0.05 N/C) =] 8.85x10™ A 


17. « 
Picture the Problem We can use Ampere’s law to a circular path of radius r between the 
plates and parallel to their surfaces to obtain an expression relating B to the current 
enclosed by the amperian loop. Assuming that the displacement current is uniformly 
distributed between the plates, we can relate the displacement current enclosed by the 
circular loop to the conduction current J. 


Apply Ampere’s law to a circular fB -dt = 27rB = Lol enciosea = Lol 
path of radius r between the plates 
and parallel to their surfaces to 


obtain: 
Assuming that the displacement I I, I r’ I 
= => = 
current is uniformly distributed: ar? mR? R22 
where R is the radius of the circular plates. 
Substitute to obtain: Mot? 


27rB= 


L 


R? 
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Solve for B: 


Substitute numerical values and 
evaluate B: 


18 ee 


_ Laor 
27 R? 


L 


_ (417x107 N/A?)(6A) 
a) 27 (0.023m)’ 


-=| (1.89102 T/m)r 


Picture the Problem We can use the definitions of the displacement current and electric 


flux, together with the expression for the capacitance of an air-core-parallel-plate 


capacitor to show that Ia = C dV/dt. 


(a) Use its definition to express the 
displacement current Ia: 


Substitute for the electric flux to 
obtain: 


Because E = V/d: 


The capacitance of an air-core- 
parallel-plate capacitor whose plates 
have area A and that are separated 
by a distance d is given by: 


Substitute to obtain: 


(b) Substitute in the expression 
derived in (a) to obtain: 


#19 o 


dg 
h 56, - 
d dE 
I EA|=e, A 
a —€0 | ] Eo dt 
ah € AdV 
I, =€, A—|— |= — 
dt| d d dt 
c-&4 
d 
L= cl 
dt 


1,=( nF) —[(8V)cos 500zt] 


= —(5nF)(3V)(5007s*)sin 5007 t 


Picture the Problem We can use the conservation of charge to find Ia, the definitions of 


the displacement current and electric flux to find dE/dt, and Ampere’s law to evaluate 


B-d? around the given path. 
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(a) From conservation of charge we I,=I=|10.0A 
know that: 
j d E 
(b) Express the displacement current I, =e, A =e, d [E A] =e, ad 
Tq: dt t dt 
Substitute for dE/dt: dE = L 
dt EA 
Substitute numerical values and dE _ 10A 
evaluate dE/dt: dt (8.85x10" C?/N-m?)(0.5m?) 
=| 2.26x102 —— 
m:s 
(c) Apply Ampere’s law toa fB g d£ = Mol enclosed 
circular path of radius r between the 
plates and parallel to their surfaces 
to obtain: 
Assuming that the displacement ee Si oar I 
current is uniformly distributed: ar? A edos A 


where R is the radius of the circular plates. 


Substitute for Ienclosea to obtain: - > amr’ 
sosed fB s dé = a I 


Substitute numerical values and evaluate fB . dt : 


-7 2 2 
Bai = (472x107 N/A Jz (0.1m) (0A) - [7010 Fm 
G 0.5m 
20 eco 
Picture the Problem If Q = Qe” “is the charge on the capacitor plates, then the 


dg. 


conduction current I = dQ/dt. We can use I, =€, to find the displacement current 


Q, 


and I, = to find the current due to the rate of change of the bound charges. The 


total current is the sum of I, Ia, and I}. 
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(a) The conduction current is given 
by: 


The charge on the capacitor varies 
with time according to: 


Substitute for Q to obtain: 


827 


Q = Q,e™" , where T = RC 


I -[ae"]- Shen 


This current is in the direction of the electric field, which is from the positive plate to the 


negative plate. By choosing the positive sign for this current we define this to be the 


positive direction. 


(b) The displacement current is 
given by: 

Relate the electric field E to the 
potential difference V between the 
plates and the separation of the 


plates d: 


Substitute to obtain: 


V varies with time according to: 


Substituting in the expression for I, 
yields: 


(c) As the voltage across the 
dielectric decreases the magnitude 


of the bound charges also decreases. 


The current J, due to the flow of 
these bound charges though a 


dø d dE 
Pee Sece SEAn A= 
ameo t ST. Ire, dt 
ps 
d 
e || Se 
dt| d d dt 
or, because C = sat, 
-CN 
K dt 


V=V e" = Qo o=: 
C 


T= SE J = _ Qo ge 


d 
G KT 


dQ, 


I, = Ea where Q, is the bound charge 
t 


on the surface of the dielectric next to the 
plate with charge Q. 
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stationary surface is given by: 


It follows that Q and Qs are opposite 
in sign and are related by Equation 
24-27: 


Substitute in the expression for I, 
and carry out the differentiation to 
obtain: 


(d) Add the currents found in (a), 
(b), and (c) to obtain: 


Remarks: In more sophisticated treatments of electrodynamics it is conventional to 


refer to the sum I, + I), as the displacement current. 
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Picture the Problem We can find the conduction current as a function of time using I = 
V(t)/R and substituting for V(t). We can use I, =€, Ø, to obtain an expression for the 


displacement current I4 as a function of time. Finally, equating the conduction and 


displacement currents will yield an expression for the time at which they are equal. 


(a) Express the conduction current 
in terms of the potential difference 
between the plates of the capacitor: 


Substitute for V(t) to obtain: 


(b) The displacement current is 
given by: 


je v(e) _ Av(e) 
R pd 
i= (0.01V/s)A | 
pd 
d d (V 
I, =€ q EA) = afa) 
= €o A dv 
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subsutite for V and simplify to pe &Ad (00. 01V /s)t] 
obtain: t 
-| (0.01V/s)e, A | 
d 

(c) Set Ia = I to obtain: (0.01 V/s) EA _ A(0.01 Vis) , 

d pd 
Solve for t: t=|e,p 
22 ee 

dé, 


Picture the Problem We can use I, =€, and the relationship between the voltage 


across the plates and the electric field between them to find the displacement current. The 


V AV 
conduction current between the plates is given by I = n = pa where A is the area of 


the plates and d is their separation. 


(a) The displacement current is I =e dø _ _ d [E A] -€ A dE 
given by: è ° dt ° dt ° dt 
Relate the electric field E to the E= V 
potential difference V between the d 
plates and the separation of the 
plates d: 
Substitute to obtain: L-e A d a _€& AdV 
> ° dtld] d dt 
V varies with time according to: V =V, cos at 
Substituting in the expression for Ia a € Aa IV, ane at] 
yields: d dt 
2 
a F Vo sin at 
Qo 


Substitute numerical values and evaluate Ia: 
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(8.85107? C? / N- m? }r(20cm)’(40 V) 


I, = 


(1207 rad/s)(1mm) 


=| -(1.18x10™ A)sin(120z rad/s)t 


(b) The conduction current between 
the plates is given by: 


Substitute numerical values and 
simplify to obtain: 


*23 ooo 


sin(120z rad/s)t 
V_AV_ AV, 
=—=— = cos æt 
R pæd pd 


_ z(0.2mýř (40V) 
~ (10° m)(10% m 


e rad/s)t 


=| (0.503 A)cos(120% rad/s)t 


Picture the Problem We can follow the step-by-step instructions in the problem 


statement to show that Equation 30-4 gives the same result for B as that given in Part (a). 


(a) Express the magnetic field at P 
using the expression for B due to a 
straight wire segment: 


Substitute for sin@, and sin@ to 
obtain: 


(b) Express the electric flux through 
the circular strip of radius r and 
width dr in the yz plane: 


The electric field due to the dipole 
is: 


lo Ip. ; 
a =F pind + sind) 
where 
sind, = sing. se A 
1 2 4 2 2 
R- +a 


_Ml] 2a 


"An RVR? +? 


= ula 1 


27x R JR? +a? 


dg, = E,dA= E,(2zrdr) 


2kQa 
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Substitute for E, to obtain: d $, =E, dA = Qa a (27 F dr) 
(r? + a’) 


= aa 27 rdr) 
AT € (r? +a 


ea Se 
E (r? Toa 


2 ie ( 


dr 


(c) Multiply both sides of the expression A Qa 
Eo dø, _ 
for Ø% by €o: ( 


Integrate r from 0 to R to obtain: 


(d) The displacement current is yi dọ, d 1 a 
defined to be: =i UNS R? +a? 


The total current is the sum of I and 


a 
I+I,=I-I|1 
Ia: tda í — 


=I g 
R° +a? 
(e) Apply Equation 30-4 (the f B -dê =27RB = Mo (I +I a) 
generalized form of Ampere’s law) 
to obtain: 
Solve for B: B= Lo (I 2i) 


2mR 


832 Chapter 30 


Substitute for I + Ig from (d) to B Lo I a 
obtain: —OnR\ SR pa 
_| Mola 1 
22 R VR? +a’ 
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Picture the Problem The figure shows the 
end view of a pillbox surrounding a small B bove 
area dA of the surface. The normal 


= 


components of the magnetic field, 


B and B 


n, top n, bottom ? 


are shown with 


different magnitudes. When performing the E 

surface integral the normal to the surface is E Nee 
; : n 

outward, as shown in the figure. 


Apply Gauss’s law for magnetism to the pillbox to obtain: 


fB -ñìdA= [B -ñdA+ [B -ñdA+ [B-ñdA=0 


bottom surface lateralsurface top surface 


Because the horizontal component of Bis Zero, Í B-ñdA=0 , and: 


lateral surface 


pB-fidA = [ B-fida+ [B-fida=0 (1) 
5 
bottom surface top surface 
Because B and nare oppositely f Bow ‘MGA = —B, below A 
directed at the bottom surface: bottom surface 
Because B and ñ are parallel at the f Boe “dA = By above 
top surface: top surface 
Substitute in equation (1) to obtain: — By below A+ By, above = 9 
Solve for Bp,top: B,, above = Bn, below |3 i-€., the normal 


component of B is continuous across the 
surface. 
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Picture the Problem We can use c = f/ to find the wavelengths corresponding to the 
given frequencies. 


Solve c = fA for A: oe Cc 

f 
For f = 1000 kHz: 3x 10° m/ 

(a) For f Z __3x = a -[300m 
1000 x10" s 

b) For f = 100 MHz: 3x 10° m/ 

Ere í => mS =) 3.00m 
100x10’°s 

*26 ° 

Picture the Problem We can use c = fA to find the frequency corresponding to the given 

wavelength. 

Solve c = fA for f: f E 
À 


Substitute numerical values and evaluate f: 3x10° m/s 10 
= ——— =10 Hz =} 10.0GHz 
f 3x 107 m 


27 >œ 

Picture the Problem We can use c = fA to find the frequency corresponding to the given 

wavelength. 

Solve c = fA for f: f E 
A 

Substitut ical val d evaluate f: 10° 

ubstitute numerical values and evaluate f: f= 3x10 a -[3.00x10" Hz 

0.1x10~ m 


Electric Dipole Radiation 


28 o 
Picture the Problem We can use the intensity I at a distance r = 10 m and at an angle 0 
= 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the intensity at the 
given distances and angles. 
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(1) 


. . . . C . 
Epress the intensity of radiation as I( 6, r) == si n?o 
a function of r and 8: r 

where C is a constant of proportionality. 


Express I(90°,10 m): 


1(90°,10m) = I, = C sin? 90° 


(10m) 
> C 
100m? 

Solve for C: C =(100m’)r, 
Substitute in equation (1) to obtain: I ( 0, r) _ (100 mJ sin? 0 (2) 
(a) Evaluate equation (2) for r = 30 1(90°,30 m) _ (100 mI sin? 90° 
m and @ = 90°: (30 m) 

= Ir 
(b) Evaluate equation (2) for r = 10 1(45°,10m) _ (100 m’ JL sin? 45° 
m and @ = 45°: (10 m)’ 

=| 31, 
(c) Evaluate equation (2) for 1(30°,20m) N (100 m? )I, sin? 30° 
r = 20 mand @ = 30°: (20m)? 

=| ih 


29 we 

Picture the Problem We can use the intensity I, at a distance r = 10 m and at an angle 0 
= 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the angle for a given 
intensity and distance and the distance corresponding to a given intensity and angle. 


. . . . C . 
Express the intensity of radiation as I( 6, r) =—si 126 (1) 


a function of r and 8: 
where C is a constant of proportionality. 
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Express I(90°,10 m): 


1(90°,10m) = I, = C sin? 90° 


(10m)° 
> C 
100 m* 
Solve for C: C =(100m’)r, 
Substitute in equation (1) to obtain: I ( 9, r) 2 (100 m’ J sin? 0 (2) 
(a) For r = 5 mand [(@r) = h: i= (100 mè)r, sin? 0 
(Sm) 

or 

sin°@=1 
Solve for @to obtain: 6 = sin” > = | 30.0° 
(b) For 6 = 45° and I(r) = h: be (100m?) ee 


Solve for r to obtain: r = ,/+(100 m°?) = 
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Picture the Problem We can use the intensity I at a distance r = 4000 m and at an angle 
0 = 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the intensity at sea level 
and 1.5 km from the transmitter. 


Express the intensity of radiation as r(0 r) _ C sin? 8 (1) 
a er 


a function of r and @: 
where C is a constant of proportionality. 


Use the given data to obtain: 4x10 W/m? = sin? 90° 


G 
(4 km y 
C 
(4km 
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Solve for C: G= (4km? (4x10 Wim?) 
= 6.40x10° W 
Substitute in equation (1) to obtain: 1(0, r) = 6.40 2 W sin?@ (2) 
For a point at sea level and 1.5 km 0 = tan 2km ~53,1° 
from the transmitter: km 


Evaluate 1(53.1°,1.5 km): 


5 
1(53.1°,1.5km) = “asim 53.1° =| 18.2pW/m? 
kM 


31 eee 
Picture the Problem The intensity of radiation from an electric dipole is equal to 
I,(sin?@)/r°, where @ is the angle between the electric dipole moment and the position 
vector r. We can integrate the intensity to express the total power radiated by the antenna 
and use this result to evaluate Ip. Knowing Io we can find the intensity at a horizontal 
distance of 120 km directly in front of the station. 


E the intensity of the signal as I(r, 0) =i. sin” 0 
a function of r and 8: r’ 
Ata aoe ae of = km I (12 Okm9 0°) =I, sin? 90° 
from the station and directly in front (120 km) 
of it: I (1) 
= 0 
(120km)° 
From the definition of intensity we dP =IdA 
have: 


and 
Pa = ff i(r,a)da 


where, in polar coordinates, 


dA=r’sinOd0d¢ 


Substitute for dA to obtain: 


tot 


Pa = | [1(r,0)r’ sino do dg 
0 
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Substitute for I(r, 0): P =I {jsin?aaoag 
tot ~ -0 
00 


From integral tables we find that: 


wis 


fsin’ 0d0 = —4cosO(sin? 0 + 2)\ = 
0 


Substitute and integrate with respect Ae 4 a7 Br 
to ¢to obtain: Por = go ao= 3 tld =- fo 


Solve for Ip: be 3p 
0 87 tot 
Substitute for Pœ and evaluate Ip: L= 3 (500 kw) _590.7kw 
° 8a 
Substitute for Jp in equation (1) and 1(120km,90°) = 59.7 kW 
evaluate 1(120 km,90°): (120 km)’ 
=| 4.15 uwim? 
Express the number of photons N_N _M 
incident on an area A in time At: AAt (P/I)At PAt 
M I I 
E EN hf 
Substitute numerical values and I 4.15 W/m’ 
evaluate I/hf hf (6.63x10™ J-s)(1.20 MHz) 
= 5.21197 Photons 
m s 


s|goren OE 
cm?’ -s 
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Picture the Problem The intensity of radiation from an electric dipole is given by 
Io(sin*0)/r°, where @is the angle between the electric dipole moment and the position 
vectorr. We can integrate the intensity to express the total power radiated by the antenna 
and use this result to evaluate Ip. Knowing Io we can find the total power radiated by the 
station. 


From the definition of intensity we dP =IdA 
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have: and 

Pa = {[1(r,0)dA 
where, in polar coordinates, 


dA=r*sinOdéd¢ 


Substitute for dA to obtain: f 8 
Pa = | [1(r,0)r* sino do dg 
0 


Express the intensity of the signal as sin? @ 

I(r,0)=I 1 
a function of r and 8: ( ) 0 p? (1) 
Substitute for I(r, 6): 277 


Poa =I | [sin’odod¢ 
00 


From integral tables we find that: Tao i | iB J 4 
Jsin 80d0 =—3cos Asin 0 +2)j = = 
Substitute and integrate with respect 4 %7 4 on 482 
to ¢to obtain: Prot = glo fae 5 tld: a a 
From equation (1) we have: I- I (r, eyr’ 
° sin’? @ 
Substitute to obtain: E 8m I (r, 6)r 2 


"3 sin’ 
or, because 0 = 90°, 


P =F tey? 


tot 


Substitute numerical values and P = 8m (2 x10 W/m? \(30 km} 
evaluate Pot: 3 

=|1.51mW 
33 cco 


Picture the Problem The intensity of radiation from the airport’s vertical dipole antenna 
is given by Io(sin?0/r°, where Ois the angle between the electric dipole moment and the 
position vector r. We can integrate the intensity to express the total power radiated by the 
antenna and use this result to evaluate Ip. Knowing Io we can find the intensity of the 
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signal at the plane’s elevation and distance from the airport. 


Express the intensity of the signal as 
a function of r and 8: 


From the definition of intensity we 
have: 


Substitute for dA to obtain: 


Substitute for I(r, 0): 


From integral tables we find that: 


Substitute and integrate with respect 
to ¢to obtain: 


Solve for Ip: 


Substitute for Io in equation (1): 


At the elevation of the plane: 


Substitute numerical values and 
evaluate (4717 m,32°): 


ay) 
I(r,0) =I, ae 2 (1) 


dP = IdA 


and 
Pa = |ft(r.a)da 


where, in polar coordinates, 


dA=r’sinddéd¢ 


tot 


Pa = | [1(r,)r* sino do dg 
0 


200 


Pa =I, | [sin’odod¢ 
00 


Îsin? 6d0 = -+ cos (sin? 0+2) = 
0 


wis 


4 7 4 „z 84 
Pa =- fdġ=Żnlø] =—I, 
X 3 
3 
I, = — 
0 Sr tot 
3P. sin’ @ 
I r,0 — > tot 
hajoaa 
0 = tan” 2500m -320° 
4000m 
and 


r = 4|(2500m) +(4000m) = 4717m 


3(L00W) sin? 32° 
82 (4717m? 
=| 0.151 wim’ 


1(4717 m,32°) = 
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Energy and Momentum in an Electromagnetic Wave 


34 > 


Picture the Problem We can use Pr = T/c to find the radiation pressure. The intensity of 


the electromagnetic wave is related to the rms values of its electric and magnetic fields 


according to I = E,msBıms/ 40o, Where Byns = Evms/C. 


(a) Express the radiation pressure in 
terms of the intensity of the wave: 


Substitute numerical values and 
evaluate P: 


(b) Relate the intensity of the 
electromagnetic wave to Ems and 
Bms: 


100 W/m? 
P. =—_— =| 0.333 uPa 
T 3x10 m/s [ 0.333 uPa | 


I = E ms Bims 


Ko 
or, because Bins = Erms/C, 


= Fis gle = E; 


rms 


My MC 


Eis = V Hcl 


I 


Solve for Ems: 


Substitute numerical values and evaluate Ems: 


E „ = {4r x107” N/A?)(3x 10° m/s)(100 W/m?) = 


(c) Express B,ms in terms of Ems: B = E s 
rms c 
Substitute numerical values and p= geal =| 0.647 4T 
3x10° m/s 


evaluate Buns: 


35 

Picture the Problem The rms values of the electric and magnetic fields are found from 
their amplitudes by dividing by the square root of two. The rms values of the electric and 
magnetic fields are related according to Bins = Eyms/c. We can find the intensity of the 
radiation using I = E,,sByms/ fo and the radiation pressure using P, = T/c. 


E, 400 V/m 
Base = | 283 V/m 
no 


(a) Relate Ems to Eo: 
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(b) Find Bms from Ems: 


(c) The intensity of an 
electromagnetic wave is given by: 


Substitute numerical values and 
evaluate I: 


(d) Express the radiation pressure in 
terms of the intensity of the wave: 


Substitute numerical values and 
evaluate P: 
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p Em _ 283V/m 
™ e 3x10? m/s 
=| 0.943 uT 
I = E ms Bims 
Lo 


283 V/m )(0.943 uT 
re PEV S) _ Tarawa 


212 W/m? 
P. =————_ =| 0.707 „Pa 
r 3x10 m/s 


Picture the Problem Given Ems, we can find Bms using Buns = Eym,/c. The average 


energy density of the wave is given by Uay = ErmsBmms/ 4C and the intensity of the wave by 


T=u,c. 


(a) Express B,ms in terms of Ems: 


Substitute numerical values and 
evaluate Buns: 


(b) The average energy density uay is 
given by: 


Substitute numerical values and 


evaluate ux: 


(c) Express the intensity as the 
product of the average energy 
density and the speed of light in a 


vacuum: 


= 40V T3 
3x10° m/s 


E is Bins 


av 
MC 


(400 V/m)(1.33 4T) 
"(4x10 N/A?)(3x10° m/s) 


=| 1.41 J/m? 


I=u,.c 


av 
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Substitute numerical values and [= (1.41 jim? )(3 x10° m/s) 
37 œ 


Picture the Problem We can simplify the units of cB to show that this product has the 
same units as E. 


Express the units of cB and simplify: 


m m N m N N Nm J 
—xT=—x z= — xX z= — = — X — = ———— = | — 
s s Am s C C Cm Cm |m 
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Picture the Problem Given Bms, we can find Ems using Ems = CByms. The average energy 
density of the wave is given by Uay = EymsBims/Loc and the intensity of the wave by 


I= uae. 

(a) Express E,ms in terms of Bins: E ms = CBs 

Substitute numerical values and E ms = (3 x 10° m/s)(0.245 4T) 

evaluate Ems: -|735 V/m 

(b) The average energy density uay is = Fee reas 

given by: 2 Mol 

Substitute numerical values and Pyn (73.5 V/m)(0.245 4T) 

evaluate ux: = (4x x10” N/A’ JB x10° m/s) 
=| 47.8nJ/m° 

(c) Express the intensity as the I =u,,c 

product of the average energy 

density and the speed of light in a 

vacuum: 

Substitute numerical values and [= (47.8 nJ/m? JB x 10° m/s) 


evaluate I: =| 14.3 W/m? 
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Picture the Problem We can find the force exerted on the card using the definition of 
pressure and the relationship between radiation pressure and the intensity of the 
electromagnetic wave. Note that, when the card reflects all the radiation incident on it, 
conservation of momentum requires that the force is doubled. 


(a) Using the definition of pressure, F=PA 
express the force exerted on the card 
by the radiation: 


Relate the radiation pressure to the p= I 
intensity of the wave: es 
Substitute to obtain: F= IA 
C 

Substitute numerical values and F- (200 W/m’ \(0.2 m)(0.3 m) 
evaluate F: 7 3x10° m/s 

=| 40.0nN 
(b) If the card reflects all of the F =| 80.0nN 


radiation incident on it, the force 
exerted on the card is doubled: 


40 oo 

Picture the Problem Only the normal component of the radiation pressure exerts a force 

on the card. 

(a) Using the definition of pressure, F =2P.Acos@ 

express the force exerted on the card where the factor of 2 is a consequence of 

by the radiation: the fact that the card reflects the radiation 
incident on it. 

Relate the radiation pressure to the p= I 

intensity of the wave: " c 

Substitute to obtain: F= 2IAcos0 


C 
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Substitute numerical values and 2(2 00 W/m? \(0.2 m)(0.3 m) cos 30° 


F= 
evaluate F: 3x10° m/s 


=| 69.3nN 


*41 œe 
Picture the Problem We can use I = P,,/42r* and I = EnnsBrns/ Lho to express Ems in terms 
of Pv and the distance r from the station. 


Express the intensity I of the = Fw 
radiation as a function of its average 4rr 
power and the distance r from the 

station: 


The intensity is also given by: _ E mB E? E? 


I rms ~ rms _ rms zæ max 
Mo Clo — 2C fy 
: ss 2 
Equate these expressions to obtain: P. = Eas 
Amr? = 2c, 


Solve for Emax: E ChP (1 
"x Y 22 \r 


(a) Substitute numerical values and evaluate Emax for r = 500 m: 


B (600m)= ~ m/s)(4z x107 sa gowy 1 )-pævm] 


27 500m 


Use Bmax = Emax/c to evaluate Bmax! 3.46 V/m 


max => = 11.5nT 
3x10" m/s 


(b) Substitute numerical values and evaluate Emax for r = 5 km: 


3x10? m/s )(4z x10” N/A? )(50kW)( 1 
z...(6km)= [pea wa eo t) _[oseevin| 


20 


Use Bmax = Emax/c to evaluate Bmax: 0.346 V/m 
mx 3x10° m/s — 


1.15nT 


(c) Substitute numerical values and evaluate Emax for r = 50 km: 
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E.. (600m)= jee m/s)(47 x107 saten 1 )- [ovm] 


27 50km 


Use Bmax = Emax/c to evaluate Bmax: 0.0346 V/m 
B =—— =| 0.115nT 
max 3x10 m/s 
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Picture the Problem We can use I = P,,/A to express Ems in terms of I. We can then use 
Bims = Eyms/c to find Bims. The average power output of the sun is given by P, = 4nR’I, 
where R is the earth-sun distance. The intensity and the radiation pressure at the surface 
of the sun can be found from the definitions of these physical quantities. 


(a) From the definition of intensity T- Ey = ar 

we have: A zmrd’ 

Substitute numerical values and j= 4(1.5 mW) -=T 1.91kW/m? 
evaluate I: x(10* m) 

(b) Express the intensity I of the I= Ems Bins Enns 

radiation as a function of its average 7 iG Er Lp 

power and the distance r from the 

station: 

Solve for Ems: E nas = 4 Cll 


Substitute numerical values and evaluate Ems: 


E,,, = J6x10° m/s)(42 x107 N/A?)(1.91kW/m?) = 


Use Brns = Em;/C to evaluate Buns: 849 V/m 


= —,, — =| 2.83 uT 
™ 3x10" m/s a 
(d) Express the radiation pressure in I 
terms of the intensity: P, = 7 
Substitute numerical values and 1.91x10? W/m? 
evaluate P: =? =| 6.37 uPa 
3x10° m/s 
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Picture the Problem We can use I = ErmsBrms/ 40 and Bims = Ermms/C to express Ems in terms 
of I. We can then use Buns = Eyms/C to find Bims- 


Express the intensity I of the j= E ms Bims = EZ, 
radiation as a function of its average Lh Chh 
power and the distance r from the 

station: 

Solve for E,ms: E ms = V¥CHol 

Use the definition of intensity to I= P = T rans.tineV 
relate the intensity of the A A 


electromagnetic wave to the power 
in the beam: 


Substitute for I to obtain: E Ic Lol Gomer a 
rms ` = A 


Substitute numerical values and evaluate Ems: 


3x10° m/s (47 x10” N/A? )(10°A}(750kV 
Em = x10° m/s)(4z x = Jao A)( ) [75 2kvm | 


Use Bms = Erms/C to evaluate Brms: 75.2 kV/m 
Bo) =——_—— =| 0.251mT 
rms 3x 10° m/s [ 0.251mT | 
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Picture the Problem The spatial length L of the pulse is the product of its speed c and 
duration At. We can find the energy density within the pulse using its definition 

(u = U/V). The electric amplitude of the pulse is related to the energy density in the beam 
according to U =€, E * and we can find B from E using B = E/c. 


(a) The spatial length L of the pulse L = cAt 
is the product of its speed c and 
duration At: 


Substitute numerical values and L= (3 x10° m/s)(LO ns) =| 3.00m 
evaluate L: 
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(b) The energy density within the 
pulse is the energy of the beam per 
unit volume: 


Substitute numerical values and 
evaluate u: 


(c) E is related to u according to: 


Solve for Eo to obtain: 


Substitute numerical values and 
evaluate Eo: 


Use Bo = Eg/c to find Bo: 


*45 ee 


20J 3 
= = [ 531ki/m? | 
" 1 (2 mm} (3.00 m) m 


u =69 Eins =5 € Ey 
p- 
V€ 
2(531 kJ/m°) 
E, = -12 m~2 2 
\8.85x10 C?/N-m 


346 MV/m 
om 3x10° m/s =[1.15T | 


Picture the Problem We can determine the direction of propagation of the wave, its 


wavelength, and its frequency by examining the argument of the cosine function. We can 


find E from Is | =F?’ / LC and B from B = E/c. Finally, we can use the definition of the 


Poynting vector and the given expression for Sto find E and B. 


Because the argument of the cosine function is of the form kx — at, 


(a) 


the wave propagates in the positive x direction. 


(b) Examining the argument of the 
cosine function, we note that the 
wave number k of the wave is: 


Solve for and evaluate A: 


Examining the argument of the 


cosine function, we note that the 
angular frequency @ of the wave is: 


pe” a 
A 


27m 
A = —— =| 0.628m 
m = | 0.628m | 


@=2nf =3x10°s* 
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Solve for and evaluate f to obtain: 3x10°s* 
= ——— =| 477 MHz 
f =; = [477M | 
(c) Express the magnitude of Sin | s| _ a 
terms of E: Moc 
Solve for E: E = | me S| 


Substitute numerical values and evaluate E: 


E = (8x 10° m/s)(42 x107 N/A?)(100 W/m?) =194 V/m 


Because S(x,t)= (100 W/m? )cos?{10x —(3x10° ) e| i ad S=—-ExB: 


Ho 


A 
. 


E(x,t) = (194 V/m)cos|l0x —(3x10°) ¢] j 


Use B = E/c to evaluate B: _ 194V/m 


= 3x10° ms = 0.647 wT 


a ae ee = z 
Because S = — E x B, the direction of B must be such that the cross product of E 
Ho 


with B is in the positive x direction: 
B(x, t) = (0.647 4T )cos|10x — (3x10° ) t| k 
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Picture the Problem We can use the definition of the electric field between the plates of 
the parallel-plate capacitor and the definition of the displacement current to show that the 
displacement current in the capacitor is equal to the conduction current in the capacitor 
leads. In (b) we can use the definition of the Poynting vector and the directions of the 
electric and magnetic fields to determine the direction of the Poynting vector between the 


capacitor plates. In (c), we’ll demonstrate that the flux of S into the region between the 


plates is equal to the rate of change of the energy stored in the capacitor by evaluating 
these quantities separately and showing that they are equal. 


(a) The electric field between the E= V(t) = V ie ee) 

plates of the capacitor is given by: d d 

The displacement current is dé, d dE 
p . I, (t) =€, =€o (AE)=e, A= 

proportional to the rate at which the dt dt dt 
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flux is changing between the plates: 


Substitute for E and carry out the 
details of the differentiation to 
obtain: 


Because the capacitance of an air- 
filled-parallel-plate capacitor is 

l € A 
given by C = T f 


(b) Apply Ampere’s law to a closed 
circular path of radius r (the radius 


of the capacitor plates) to obtain: 


Substitute for Ip from (a): 


Solve for B to obtain: 


d —t/RC 
nOz AZA e ] 


_€ AV d ee 
s2 Mee J 
_& aE a egiie] 
d dt 
_ & AV g t/RC 
dRC 


I (t) = ene =| I(t) 


B(27zr)= Mole = Mol p 


2 
V 
B(27 r)= Lo €o w ne 
rV RC 
B= 
or) TRG) 


849 


(c) The magnitude of the Poynting 
vector is: 


Substitute for B and E and simplify 
to obtain: 


The total power is: 


Because E is perpendicular to the plates of the capacitor and B is tangent to 


circles that are concentric and whose center is through the middle of the 


capacitor plates, S points radially inward toward the center of the capacitor. 


S|=I= 


5|- r -2E 
Ho 


2 d°RC 


2 
€ Vir SS er ey 


pe ord 
dt 
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Substitute for I to obtain: 


Because the capacitance of an air- 
filled-parallel-plate capacitor is 


2 
r 
given by C = alec 


The energy in the capacitor at any 
time is: 


Differentiate E with respect to time 
to obtain: 


Substitute for V(t) and complete the 
differentiation to obtain: 


dE _ Via" AS _ eae) 
dt ° dRC 

dE _ V° -t/RC f4 _ ,-t/RC 
~ se). 4 
E => cve] 


Eivo -vot 


dt dt 


dE _ VE urc (1- ee) (2) 


dt R 


The equivalence of equations (1) and (2) proves that the flux of S into this 
region is equal to the rate of change of the energy stored in the capacitor. 


47 » 
Picture the Problem The diagram shows 
the displacement of the pendulum bob, 
through an angle @, as a consequence of the 
complete absorption of the radiation 
incident on it. We can use conservation of 
energy (mechanical energy is conserved 
after the collision) to relate the maximum 
angle of deflection of the pendulum to the 
initial momentum of the pendulum bob. 
Because the displacement of the bob during 
the absorption of the pulse is negligible, we 
can use conservation of momentum 
(conserved during the collision) to equate 
the momentum of the electromagnetic 
pulse to the initial momentum of the bob. 


Apply conservation of energy to 
obtain: 


Leos@ 


K, -K,+U, —U, =0 
or, since U; = Ky = 0 and K, = p? /2m, 
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2 
-Pig U, =0 
2m 
U; is given by: U, =mgh= mgL(1— cos 6) 
Substitute for Us: ‘ 
iii -Pi + mgL(1—cos @)=0 
2m 
Solve for @ to obtain: a p? 
0=cos |1- —— 
2m°gL 
Use conservation of momentum to p _U_PAt_ 
relate the momentum of the et Ge c ' 
electromagnetic pulse to the initial where At is the duration of the pulse. 
momentum p; of the pendulum bob: 
Substitute for p;: P2(Aty 
0 =cos || 1- pa A 
2m°“c gL 


Substitute numerical values and evaluate @: 


2 2 
0 =cos™"| 1 (1000 MW) (200 ns) =| 6.10 x10” degrees 
2(10mg} (8 x10° m/s) (9.81m/s)(0.04m) 


Remarks: The solution presented here is valid only if the displacement of the bob 
during the absorption of the pulse is negligible. (Otherwise, the horizontal 
component of the momentum of the pulse-bob system is not conserved during the 
collision.) We can show that the displacement during the pulse-bob collision is small 
by solving for the speed of the bob after absorbing the pulse. Applying conservation 
of momentum (mv = P(At)/c) and solving for v gives v = 6.67x10” m/s. This speed is 
so slow compared to c, we can conclude that the duration of the collision is 
extremely close to 200 ns (the time for the pulse to travel its own length). Traveling 
at 6.67x10’ m/s for 200 ns, the bob would travel 1.33x10 * m—a distance 1000 
times smaller that the diameter of a hydrogen atom. (Since 6.67x10 m/s is the 
maximum speed of the bob during the collision, the bob would actually travel less 
than 1.33x10-” m during the collision.) 
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Picture the Problem We can use the definitions of pressure and the relationship between 
radiation pressure and the intensity of the radiation to find the force due to radiation 
pressure on one of the mirrors. 
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(a) Because only about 0.01 percent P= — - [150x10 W 


of the energy inside the laser "leaks 


out", the average power of the 
radiation incident on one of the 


mirrors is: 

(b) Use the definition of radiation p= F 

pressure to obtain: " A 
where F is the force due to radiation 
pressure and A is the area of the mirror on 
which the radiation is incident. 

The radiation pressure is also related P= 2I .2P 

to the intensity of the radiation: " c Ac 
where P is the power of the laser and the 
factor of 2 is due to the fact that the mirror 
is essentially totally reflecting. 

Equate the two expression for the F _ 2P + Fe 2P 

radiation pressure and solve for F: A Ac c 


Substitute numerical values and 2(1.50 x10° w) 
F= =| 1.00 mN 
evaluate F: 3x10° m/s 


49 œ 
Picture the Problem The card, pivoted at P 
point P, is shown in the diagram. Note that 


the force exerted by the radiation acts 

along the dashed line. Let the length of the Incident 
card be /, the width of the card be w, and Light 
the force acting on an area dA = w dx be 

dF radiation. We can find the total torque 

exerted on the card due to radiation Pa 


radiation 


pressure by integrating d Tradiation Over the 
length Z of the card and then relate the Reflected 
intensity of the light to the angle 0 by Light 

applying the condition for rotational B4 
equilibrium to the card. mg 


Express the torque, due to F, acting dT adiation = ROE adiation 
at a distance x from P: 
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Relate dF radiation to the intensity of 2I 
: i g dF adiation = — cos 0 dA 
the light: c 


where the factor of 2 arises from the total 
reflection of the radiation incident on the 


mirror. 
. bik 2I 
Substitute to obtain: dTa = cos 0 xdA 
C 
2I 
= — cos 8 xwdx 
ë 
Integrate x from 0 to £: 2T f 
B T radiation — an cos 0 Í xdx 
c 0 
2T g? IA£ 
= 2 oso £) = — cos 
c 2 c 
= . TAé . 
Apply 2 To Oto the card: = cos — (4 lsin @)mg = 0 
Solve for I to obtain: fz mgc iad 
2A 


Substitute numerical values and evaluate I: 


ge g)(9.81m/s?)(3x10° m/s) san ie. Seon 


2(0.1m)(0.15m) 


The Wave Equation for Electromagnetic Waves 


50 œ 
Picture the Problem We can show that Equation 30-17a is satisfied by the wave 
function E, by showing that the ratio of @°E,/0x’ to @°E,/at’ is 1/c° where c = œk. 


Differentiate OE, ð . 
=—|E kx- at 
E,=E, sin(kx — æt )with respect Ox ox [E, sin(kx— æ)] 
to x: = kE, cos(kx — at) 
Evaluate the second partial oE, ô kE S 
derivative of E, with respect to x: axz ax. o COS(kx — cot) (1) 


= —k*E, sin(kx — at) 
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Differentiate E, = E, sin(kx = ot) OB, = ¢ [E, sin(kx — at)| 


with respect to t: ot ot 
= —ØE , cos(kx — at) 


Evaluate the second partial OPE 3 i p 7 
derivative of E, with respect to t: a at Epton =) (2 


= —@° E, sin(kx — at) 


) 


Divide equation (1) by equation (2) OE y 
to obtain: ax _ —k’E,sin(kx-— at) ok 
OE, -a@°E,sin(kx-at) @ 
at” 
or 


2 2 2 
OE, k’ OF, _ 1 0E, 
ax? oœ of e a 
provided c = œk. 
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Picture the Problem Substitute numerical values and evaluate c: 


1 
c= Jara Na )e.85x10 ° C/N m?) =| 3.00x10° m/s 


J(4z x107 N/A?)(8.85x10 C2 /N-m? 


*5D2 eco 
Picture the Problem We can use Figures 30-10 and 30-11and a derivation similar to that 
in the text to obtain the given results. 


In Figure 30-11, replace B, by E,. E (x = E (x )+ OE, re 
For Ax small: es N Oe 
Evaluate the line integral of f E OE, oe (1) 
E around the rectangular area AxAz: Ox 
Express the magnetic flux through [B.aA = B,AxAz 
the same area: 
Apply Faraday’s law to obtain: fE ie o0 BdA= _£ (p AxAz) 
étes ” se 
OB 
=- AxAz 
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Substitute in equation (1) to obtain: _ OE, eshte OB, oe 
Ox ot 
or 
ôE, ôB, 
ôx Ot 
In Figure 30-10, replace E, by B, f B-dl=y, €, f _E,dA 


and evaluate the line integral of 


B arouden RIAA provided there are no conduction currents. 


Evaluate these integrals to obtain: oB, CE 
= E 7 
Be YO Be 
(b) Using the first result obtained in ô ( OE, ð ôB, 
(a), find the second partial Peel a) glat 
derivative of E, with respect to x: A 
OE, _ 0 OB, 
ôx? t| ex 
Use the second result obtained in (a) OE, ð ôE, OE, 
to obtain: axe atl” ar | oR 
or, because 4o €o = 1/c’, 
OE, 1E, 
oe” Ot? 
Using the second result obtained in ð OB, ô | OE, 
(a), find the second partial By lob Mo €o ox ôt 
derivative of B, with respect to x: po 
OB, O(: 
axe Bt ay 
Use the second result obtained in (a) o°B, ô | OB, õ’'B, 
to obtain: Ox? Ho €o atl ôt TASo at? 
or, because 4 €o = 1/c’, 
2 2 
ôB, 1 OB, 


Oe eal 
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Picture the Problem We can show that these functions satisfy the wave equations by 
differentiating them twice (using the chain rule) with respect to x and t and equating the 
expressions for the second partial of f with respect to u. 


Letu = x —vt. Then: Of ouodf of 
Ox OxOdu Ou 
and 


of _ouaf_ af 


Ot Ot Ou Ou 


Express the second derivatives of f of Of 
with respect to x and t to obtain: 3 wad 
Ox Ou 
and 
a'f _ 20°F 
2 =y 2 
ot Ou 
Thus, for any f(u): f 61 af 
ôx v at? 
Letu =x + vt. Then: Of oudf of 
ôx Oxdu Ou 
and 


Of ðuðf of 


= v 
ot Ot Ou Ou 


Express the second derivatives of f 8? f ð 2 f 
with respect to x and t to obtain: TO 7 
Ox” Ou 
and 
af _ 20°F 
or Ou’ 
Thus, for any f(u): af af 
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General Problems 
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Picture the Problem We can substitute the appropriate units and simplify to show that 
the units of the Poynting vector are watts per square meter and that those of radiation 
pressure are newtons per square meter. 


(a) Express the units of S and J r N 
simplify: v xT EM CT 
m E s 
N N 
o w 
J 
S s 
C 
(b) Express the units of P, and W J N-m 
simply: m* = S: mî = m? = N 
m m m m’ 
s s 
55 e 


Determine the Concept The current induced in a loop antenna is proportional to the 
time-varying magnetic field. For maximum signal, the antenna’s plane should make an 
angle 0 = 0° with the line from the antenna to the transmitter. For any other angle, the 
induced current is proportional to cos @ The intensity of the signal is therefore 
proportional to cos @. 


56 ee 
Picture the Problem We can use c = fA to find the wavelength. Examination of the 
argument of the cosine function will reveal the direction of propagation of the wave. We 
can find the magnitude, wave number, and angular frequency of the electric vector from 
the given information and the result of (a) and use these results to obtain E (z, t). Finally, 
we can use its definition to find the Poynting vector. 


(a) Relate the wavelength of the Fs Cc 

wave to its frequency and the speed f 

of light: 

Substitute numerical values and J= 3x10° m/s _ [3.00m] 
evaluate A: 100MHz 
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From the sign of the argument of the cosine function and the spatial dependence 


on z, we can conclude that the wave propagates in the z direction. 


(b) Express the amplitude of E : E=cB= (3 x 10° m/s)(10* T) 
= 3.00 V/m 
Find the angular frequency and @w=2r f= 27(100 MHz) = 6.28x10°s* 
wave number of the wave: 
and 
2x 2 


Because S is in the positive z direction, E must be in the negative y direction in order to 
satisfy the Poynting vector expression: 


E(z, t) = -(3.00 V/m)cos|(2.09 m)z - (6.28 x10" s*)e]j | 


(c) Use its definition to express the Poynting vector: 


> = => — m8 a a 
Š= Ë x B= SUNS Tene [(2.09m)z — (6.28x10% s“)e](7 x) 
or 
| 5 = (23.9mw/m?)cos’|(2.09m™)z - (6.28x10° s- )e fk 
The intensity of the wave is the T= | S | = 1(23.9 mW/m?) 


average magnitude of the Poynting - 
vector. The average value of the =| 12.0 mW/m 


square of the cosine function is 1/2: 
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Picture the Problem The maximum rms voltage induced in the loop is given by 

Ems = A@B, / V2 , where A is the area of the loop, Bo is the amplitude of the magnetic 
field, and wis the angular frequency of the wave. We can use the definition of density 


and the expression for the intensity of an electromagnetic wave to derive an expression 
for Bo. 


The maximum induced rms emf A@B, _ 7R* oB, 


g£ = = 
occurs when the plane of the loop is m al J2 


perpendicular to B : where R is the radius of loop of wire. 


(1) 
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From the definition of intensity we f= P 
have: Arr? 


where r is the distance from the transmitter. 


The intensity is also given by: I= EBs _ Bic 
24o 24 
Substitute to obtain: Bic P 
Qu, 4nr’ 
Solve for Bo: 1 |4P 
B,=— 
r \2zc 
Substitute in equation (1) to obtain: 2 T R? (2 af ) LP 
rms J2 r rc 
Rf [2m uP 


Substitute numerical values and evaluate én: 


(0.3m} (100 MHz) [22°(4z x10 N/A”)(50kW) 
7 ee ee 7 in 
Emms : Nao m ) 3x10 m/s 


58 eo 

Picture the Problem The voltage induced in the piece of wire is the product of the 
electric field and the length of the wire. The maximum rms voltage induced in the loop is 
given by € = AwB,, where A is the area of the loop, Bo is the amplitude of the magnetic 


field, and wis the angular frequency of the wave. 


(a) Because E is independent of x: V =E 
where £ is the length of the wire. 


Substitute numerical values and V= (io~ N/C)cos10°t|(0.5 m) 
oe =| (50.0 4V )cos10°t 

(b) The voltage induced in a loop is E€ = @B,A 

given by: where A is the area of the loop and Bois the 


amplitude of the magnetic field. 
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Eliminate By in favor of Eo and 
substitute for A to obtain: 


Substitute numerical values and 


evaluate & 


59 eco 


_ @Eya R? 


C 


E 


o - (10°s*)(10* Nic) (0.2m} 
E 3x10° m/s 


=| 41.9nV 


Picture the Problem Some of the charge entering the capacitor passes through the 


resistive wire while the rest of it accumulates on the upper plate. The total current is the 


rate at which the charge passes through the resistive wire plus the rate at which it 


accumulates on the upper plate. The magnetic field between the capacitor plates is due to 


both the current in the resistive wire and the displacement current though a surface 


bounded by a circle a distance r from the resistive wire. The phase difference between 


the supplied current and the applied voltage may be calculated using a phasor diagram. 


(a) The current drawn by the 
capacitor is the sum of the 
conduction current through the 
resistance wire and dQ/dt, where Q 
is the charge on the upper plate of 
the capacitor: 


Express the conduction current J, in 
terms of the potential difference 
between the plates and the 
resistance of the wire: 


Express the displacement current 
between the capacitor plates. Let C 
be the capacitance of the capacitor: 


+Q 


dQ 

f=f,+— 1 
ae (1) 
V 

Lo S a 
R R 

Q=CV 

SO 

CRAT L ey coat 


dt dt 
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Substitute in equation (1): 


Using Equation 24-10 for the 
capacitance of a parallel-plate 
capacitor with plate area A and plate 
separation d we have: 


Substituting for C equation 2 gives: 


(b) Apply the generalized form of 
Ampere’s law to a circular path of 
radius r centered within the plates of 
the capacitor, where I’, is the 


displacement current through the 
flat surface S bounded by the path 
and I. is the conduction current 
through the same surface: 


By symmetry the line integral is B 
times the circumference of the circle 
of radius r: 


In the region between the capacitor 
plates there is a uniform electric 
field due to the surface charges +Q 
and —Q. The associated 
displacement current through S is: 


To evaluate the displacement 
current we first must evaluate E 
everywhere on S. Near the surface 
of a conductor E = o/€, (Equation 


22-25), where ois the surface 
charge density: 


vo. 
I = ae at + @CV, cos at 


G 


d 


2 
_&A_&) 7a 


d 


(2) 
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2 
I=| V; Lung C cog cnt 
R d 


$B-di= mli +1) 


B2ar)= m. +T) 


' d e d ' 
T'a =€ =F dt (A'E) 
=e, A' £ =e mr’ £ 


provided (r < a) 


(3) 


E =0/€, , where o=Q/A=Q/(za?) 


SO 
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Substituting for E in the equation for 
I',, gives: 


Substituting for I and I’, in 


equation (3) and solving for B gives: 


(c) Both the charge Q and the 
conduction current I, are in phase 
with V. However, dQ/dt, which is 
equal to the displacement current I, 
through S for r > a, lags V by 90°. 
(Mathematically, cos wt lags behind 
sin æt by 90°.) The voltage V leads 
the current I = I. + Ia by phase angle 
ô. The current relation is expressed 
in terms of the current amplitudes: 


The values of the conduction and 
displacement current amplitudes are 
obtained by comparison with the 
answer to part (a): 


A phasor diagram for adding the 
currents I, and I, is shown to the 
right. The conduction current I, is in 
phase with the voltage V across the 
resistor and Ig lags behind it by 90°: 


lear = =E ae | Q 


dO. rd 

d? d d° dt 
r? 

Rr eS 


(V, sin at) 


B(r)= Holl +T) 
2mr 


V. r’ 
=| “sin ot +o—V, cos æt 
2ar\ R a 


2. 
= Ho + sin at + 0-5 cosat 
2ar\R a 


I=1, +1, 
or 


I, Sin(at +5) =I... Sin at 


c,max 


+ Í 4 max COS at 
Vo 
Peas = R 
and 
@ E av, 
Dini = d 
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From the phasor diagram we have: v OE, 1 a’ 
I oo ago 
tan ô = "= = d 
Tose V,/R 
_ Roe, nra 
d 
so 
2 
Sa an ( Be =! ma l 


Remarks: The capacitor and the resistive wire are connected in parallel. The 
potential difference across each of them is the applied voltage Vo sin at. 


60 » 
Picture the Problem The total force on the surface is the sum of the force due to the 
reflected radiation and the force due to the absorbed radiation. From the conservation of 
momentum, the force due to the 10 kW that are reflected is twice the force due to the 10 
kW that are absorbed. 


Express the total force on the Fa =F, +F, 


surface: 


Substitute for F, and F, to obtain: F 


Substitute numerical values and 3(20 kw) 
Fa = =| 0.100 mN 
‘0 2(3x10° m/s) 


evaluate Fot: 
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Picture the Problem We can use the definition of the Poynting vector and the 
relationship between B and E to find the instantaneous Poynting vectors for each of the 
resultant wave motions and the fact that the time average of the cross product term is zero 
for @, # @, and % for the square of cosine function to find the time-averaged Poynting 
vectors. 


(a) Because E, and E, propagate in ExB= ISi > B= Bk 


the x direction: 


Express B in terms of E, and E;: B= Ig LE ) 
E 1 2 


Substitute for E; and E> to obtain: 
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= 1 2 
B=— [Eo cos(k,x = q,t)+ Ezo cos(k,x —@,t+ o\k 
c 
Express the instantaneous Poynting vector for the resultant wave motion: 


S= i (E,,, cos(k,x — @,t)+ E56 cos(k,x —@,t + é))j 


0 
x : (E,, cos(k,x—@,t)+ E56 cos(k,x —@,t + 6) )k 


= fn, cos(k,x—@,t)+ E-o cos(k,x—@,t + é)y (j x i) 
c 


Lo 


na [E2, cos’(k,x—@,t)+ 2E, jE, cos(k,x-@,) 
=| 44C 


x cos(k,x— @,t + 8)+ EŻ, cos’ (k,x - at + 6)| i 


(b) The time average of the cross 1 A 
i S„ =| — |E} +E2,li 

product term is zero for @ # @, and wal gyo +E ol 

the time average of the square of the Mo 

cosine terms is 42: 


(c) In this case B, = —Bk because the wave with k = ky propagates in the — i direction. 
The magnetic field is then: 


+ f A 
B=— |E, »cos(k,x— a,t)— E; cos(k,x +@,t + o)|k 
ct ; 
Express the instantaneous Poynting vector for the resultant wave motion: 
= 1 3 
S =— (Eo cos(k,x— œt)+ E, 4 cos(k,x— @,t + 6))j 


0 


x “(E,, cos(k,x — @,t)— Es cos(k,x + @,t + 6))k 


say es [E2, cos’(k,x—a@,t)— E}, cos*(k,x + @,t + 6)| i 
oC 


(d) The time average of the square : 1 F 518 
of the cosine terms is 4: Sx =|=— [E?, -= E2,] I 
21C 
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Picture the Problem We can use the definitions of power and intensity to express the 
area of the surface as a function of P, I, and the efficiency «. 
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eee E 
Use the definition of power to relate ey 7 
the required surface area to the 
intensity of the solar radiation: where ¢ is the efficiency of the system. 
Solve for A to obtain: A= P 
Ie 


Substitute numerical values and 25kW 2 
A= =/111m 
evaluate A: 0.3(0.75 kW/m?) 


63 ee 
Picture the Problem We can use the relationship between the average value of the 
Poynting vector (the intensity), Eo, and By to find Bo. The application of Faraday’s law 
will allow us to find the emf induced in the antenna. The emf induced in a 2-m wire 
oriented in the direction of the electric field can be found using & = Ef and the 
relationship between E and B. 


(a) The intensity of the signal is s -I= EBs _ cB; 
related the amplitude of the oe Mo a, My 
magnetic field in the wave: 
Solve for Bo: 2 LI 
B, =,- — 
Cc 


Substitute numerical values and evaluate Bo: 


p- [242x107 najo” Wim?) _ oy 
° 3x 10° m/s 


s d d f 
(b) Apply Faraday’s law to the lel _a (BA) ay ae (NK„B, sih at) 
antenna coil to obtain: dt dt 
= NK,,AB,@ cos at 


Substitute numerical values and evaluate lE | : 


|| = 2000(200)z(0.01m)’(9.15 x10" T)[27(140 kHz)]cos[27(140kHz)]t 
=| (1.01 nV) cos(8.80x10° s7 )t 


(c) The voltage induced in the wire E =E? 
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is the product of its length £ and the 
amplitude of electric field Eo: 


Relate E to B: E =cB = cB, sinat 


Substitute for E to obtain: E = C/B, sin øt 


Substitute numerical values and evaluate lE | f 


£ =(3x10° m/s)(2m)(9.15x10* T)sin[27(140kHz)]t 
=| (5.49 V)sin(8.80x10° s” )t 
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Picture the Problem We’ll choose the 
curve with sides Ax and Az in the xy plane 
shown in the diagram and apply Equation 


B OE 
30-6d to show that LT My Eo ——- 
Ox ot 
Because Ax is very small, we can 
approximate the difference in B, at 
the points x, and x, by: 
Then: 2 a OE 
B-d! x ut, €, —~ AxAz 
fi My €o at 
The flux of the electric field through Í : E ,dA = E ,AxAy 
this curve is approximately: 
Apply Faraday’s law to obtain: OB, Kehoe eg OE, we 
Ox ae ot 
or 
OB, | E OE, 
Ox aT ot 


*6§5 eee 
Picture the Problem We can use Ohm’s law to relate the electric field E in the conductor 
to I, p, and a and Ampere’s law to find the magnetic field B just outside the conductor. 
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Knowing E and B we can find S and, using its normal component, show that the rate of 
energy flow into the conductor equals I*R, where R is the resistance. 


(a) Apply Ohm’s law to the V=IR= IpL _ iad _ EL 
cylindrical conductor to obtain: A «za 
Solve for E: I 
olve for E- - 
ma 
(b) Apply Ampere’s law to a [B .dl= B(2z a) = Mylenctosea = Lol 
circular path of radius a at the 
surface of the cylindrical conductor: 
Solve for B to obtain: B= Mol 
27a 
(c) The electric field at the surface 5- 4 ExB 
of the conductor is in the direction Lo 
of the current and the magnetic field 1( Ip ). mI Vs 
at the surface is tangent to the = 2 U parallel A ae tangent 
iy \ ra 27a 
surface. Use the results of (a) and 
(b) and the right-hand rule to callie I’p A 
evaluate S : 27a? 


where fis a unit vector directed radially 
outward from the cylindrical conductor. 


(d) The flux through the surface of fS,dA =S(27 aL) 
the conductor into the conductor is: 
Substitute for S,, the inward I’ I’ pL 

ubstitute for Sn, ae fs,dA= P (27 aL) = P. 
component of S , and simplify to 2a ra 
obtain: 

2 
Since eae ae fS,dA=[ PR | 
A m 
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Picture the Problem We can use Faraday’s law to express the induced electric field at a 
distance r < R from the solenoid axis in terms of the rate of change of magnetic flux and 
B =ny,at to express B in terms of the current in the windings of the solenoid. We can 


use the results of (a) to find the magnitude and direction of the Poynting vector S at the 


868 Chapter 30 


cylindrical surface r = R just inside the solenoid windings. In part (c) we’ll use the 


definition of flux and the expression for the magnetic energy in a given region to show 


that the flux of S into the solenoid equals the rate of increase of the magnetic energy 


inside the solenoid. 


(a) Apply Faraday’s law to a 
circular path of radius r < R: 


Solve for E to obtain: 


Express the magnetic field inside a 
long solenoid: 


The magnetic flux through a circle 
of radius r is: 


Substitute in equation (1) to obtain: 


(b) Express the magnitude of Satr 
=R: 


At the cylindrical surface just inside 
the windings: 


Substitute to obtain: 


Because the field E is tangential 
and directed so as to give an induced 
current that opposes the increase in 
B ; E x B is a vector that points 
toward the axis of the solenoid. 
Hence: 


(c) Consider a cylindrical surface of 
length L and radius R. Because 
S points inward, the energy flowing 


fE- dl = E(2rr)= BLA 
č dt 


1 dh, 
2zr dt 


(1) 


B = nkl = nyat 


¢,, = BA=ny,atz r° 


E =—-——— |ny, ata ri |=| -2— 
sara | 2 


got 
Mo 
B = nyat 
niya =| 
Fo" (nat) 
z í ° n’ ma Rt 


S= -ma Bg 


where F is a unit vector that points radially 


outward. 


2 -Rt 
}S,dA=2n RLS = 22 preire 


=n’ R° La’t 
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into the solenoid per unit time is: 


Express the magnetic energy in the 
solenoid: 


Evaluate dU;/dt: 
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B? 2 
U, =u,V =—\r RL 
B Um 2 Ly (x ) 
2 
< anai |, R?L) 
2 Lp 
DTR Lat 
2 


dU, _ d| n°r mR La’t? 
d dt 2 


=| n° R° La’t 


=fS,dA 


Picture the Problem We can use a condition for translational equilibrium to obtain an 


expression relating the forces due to gravity and radiation pressure that act on the 


particles. We can express the force due to radiation pressure in terms of the radiation 


pressure and the effective cross sectional area of the particles and the radiation pressure 


in terms of the intensity of the solar radiation. We can solve the resulting equation for r. 


Apply the condition for translational 
equilibrium to the particle: 


The radiation pressure P, depends on 
the intensity of the radiation I: 


The intensity of the solar radiation at 
a distance R is: 


Substitute to obtain: 


Substitute for P,, A, and m in 
equation (1): 


Fo F, =0 
or, since F, = P,A and F, = mg, 
GM .m 
hae 3 =0 (1) 
P.=— 
Cc 
._ 
Az R? 
nee = 
47r R°c 


= (ær?) sar’pGM, o 
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Solve for R to obtain: r 3P 
167 pc GM, 


Substitute numerical values and evaluate r: 


n 3(3.83x10% w) 
~ 16z(1g/cm° )(8x10° m/s)(6.67 x10™ N -m? /kg?)(1.99 x10” kg) 


=| 0.574 um 
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Picture the Problem 


(a) At a perfectly conducting surface E=0. Therefore, the sum of the electric fields of 


the incident and reflected wave must add to zero, and so E =E.. 
(b) Let the incident and reflected E = Ey, cos(at — kx) 
waves be described by: and 


E, =-E,y, cos(æt + kx) 


Use the trigonometric identity cos(@ + p) = cosacos# — sinasin p to obtain: 


E, +E, = Ep, cos(at — kx) — Ey, cos(at + kx) = Eo, [cos(at — kx) — cos(at + kx)] 
= Ey, [cos wt cos(— kx)— sin øt sin(— kx)— cos at cos kx + sin æt sin(kx)| 


= Ey, [cos wt cos kx + sin at sin kx — cos at cos kx + sin at sin kx] 


=| 2E,, sin atsin kx |, the equation of a standing wave. 


(c) Because ExB= LS and S is in the direction of propagation of the wave, we see 


that for the incident wave B, = B, cos(at = kx) . Since both S and Ey are reversed for the 
reflected wave, B, = B, cos(at + kx). So the magnetic field vectors are in the direction 


at the reflecting surface and add at that surface. Hence B= 2B, ‘ 


*GQ eve 
Picture the Problem Let the point source be a distance a above the plane. Consider a 
ring of radius r and thickness dr in the plane and centered at the point directly below the 
light source. Express the force of force on this ring and integrate the resulting expression 
to obtain F. 
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The intensity anywhere along this dF = Prdr a 
infinitesimal ring is P/4(r° + a°) clr? + a’) Alp? +a’ 
and the element of force dF on this Pardr 

ring of area 27 rdr is given by: clr? E y 


where we have taken into account that only 
the normal component of the incident 
radiation contributes to the force on the 
plane, and that the plane is a perfectly 
reflecting plane. 


Integrate dF from r = 0 to r = œ: Pa 


From integral tables: 


Substitute to obtain: F- Pa l 1 ) B P 
C a C 
Substitute numerical values and 1MW 


3.33mN 


F = =r ar = 
evaluate F: 3x10° m/s 
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Chapter 31 
Properties of Light 


Conceptual Problems 


1 ° 

Determine the Concept The population inversion between the state E> ne and the state 
1.96 eV below it (see Figure 31-9) is achieved by inelastic collisions between neon atoms 
and helium atoms excited to the state E> pe. 


2 ee 
Determine the Concept Although the excited atoms emit the light of the same frequency 
on returning to the ground state, the light is emitted in a random direction, not exclusively 
in the direction of the incident beam. Consequently, the beam intensity is greatly 
diminished. 


3 ° 

Determine the Concept The layer of water greatly reduces the light reflected back from 
the car’s headlights, but increases the light reflected by the road of light from the 
headlights of oncoming cars. 


4 ° 
Determine the Concept When light passes from air into water its wavelength changes 
(Avvater = Aair /Mwater )» its speed changes (Vaer = C/N water ), and the direction of its 


water water water water 


propagation changes in accordance with Snell’s law. | (c) is correct. | 


*5 e 
Determine the Concept The change in atmospheric density results in refraction of the 
light from the sun, bending it toward the earth. Consequently, the sun can be seen even 
after it is just below the horizon. Also, the light from the lower portion of the sun is 
refracted more than that from the upper portion, so the lower part appears to be slightly 
higher in the sky. The effect is an apparent flattening of the disk into an ellipse. 


6 ° 

Determine the Concept (a) Yes. (b) Her procedure is based on Fermat’s principle in 
that, since the ball presumably travels at constant speed, the path that requires the least 
time of travel corresponds to the shortest distance of travel. 


7 e 

Determine the Concept Because she can run faster than she can swim, she should 
choose the path that will maximize her running distance. Path LES is the path that 
satisfies this criterion. 
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8 ° 
Picture the Problem The intensity of the light transmitted by the second polarizer is 
given by Ians = Io COS? O, where I, = 4I. Therefore, I as =+I cos? 8 and 


(b) is correct. 


9 ° 
Picture the Problem Polarized light can be produced from unpolarized light by 


absorption, reflection, birefringence, and scattering. Therefore, | (d) is correct. 


trans 


*10 oe 
Determine the Concept The diagram shows that the radiated intensity for a dipole is 
zero in the direction of the dipole moment. Because the dipole axis is in the same 
direction as the polarization, for light polarized parallel to plane of incidence, the dipole 
axis will point in the same direction as the reflected wave, i.e., in the direction described 
by Brewster’s law. As the diagram indicates, there is zero field in the direction of the 
refracted ray. On the other hand, if the incoming wave is polarized perpendicular to the 
plane of incidence, the dipole axis will never point along the direction of propagation for 


the reflected or refracted wave. 
Unpolarized 

incident 

ray 


Polarized 
reflected 
ray 


Dipole 
radiation 
pattern 


Slightly polarized 
refracted ray 


11 ee 
Determine the Concept The diagram shows unpolarized light from the sun incident on 
the smooth surface at the polarizing angle for that particular surface. The reflected light 
is polarized perpendicular to the plane of incidence, i.e., in the horizontal direction. The 
sunglasses are shown in the correct orientation to pass vertically polarized light and block 
the reflected sunlight. 


Properties of Light 


Light from 
the sun 
Polaroid 

sunglasses 


Smooth surface 


12 œ 
(a) True. 


(b) False. Most of the light incident normally on an air-glass interface is transmitted. 
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(c) False. The relationship between the angles of incidence and refraction depends on the 


indices of refraction on both sides of the interface. 

(d) False. The index of refraction of water is a function of the wavelength of light. 
(e) True. 

13 eo 

Picture the Problem Because the speed of light in a given medium is inversely 
proportional to the index of refraction of the medium, we can decide which of the 


statements are true by referring to Figure 31-26. 


(a) The graphs of n vs. / are not horizontal lines and so the speed of light is a 
function of its wavelength. 


(b) Because the index of refraction decreases with wavelength, violet light has the 
lowest speed and red light the highest speed. 


(c) Because the index of refraction decreases with wavelength, violet light has the 


lowest speed and red light the highest speed. | (c) is correct. 


(d) Examination of Figure 31-26 tells us that this statement is false. 
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(e) Examination of Figure 31-26 tells us that this statement is false. 


*14 ee 
Picture the Problem The sound is reflected specularly from the surface of the water (we 
assume it is calm). It is then refracted back toward the water in the region above the water 
because the speed of sound depends on the temperature of the airand is greater at the 
higher temperature. The pattern of the sound wave is shown schematically below. 


Source 


ea eR 


15° 

Determine the Concept In resonance absorption, the molecules respond to the frequency 
of the light through the Einstein photon relation E = hf. Thus, the color appears to be the 
same in spite of the fact that the wavelength has changed. 


Estimation and Approximation 


16° 
Picture the Problem We can use the distance, rate, and time relationship to estimate the 
time required to travel 6 km (see Problem 31-14). 


Express the distance D to light D=cAt 
traveled in terms of its speed c and 
the elapsed time At: 


. D 
Solve for At: At=2 
C 
Substitute numerical values and At = 6 - =| 20.0 ps 
evaluate At: 2.998 x 10° m/s 
17 œ 


Picture the Problem We can use the period of Io’s motion and the position of the earth 
at B to find the number of eclipses of Io during the earth’s movement and then use this 
information to find the number of days before a night-time eclipse. During the 42.5 h 
between eclipses of Jupiter’s moon, the earth moves from A to B, increasing the distance 
from Jupiter by approximately the distance from the earth to the Sun, making the path for 
the light longer and introducing a delay in the onset of the eclipse. 


(a) Find the time it takes the earth to 
travel from point A to point B: 


Because there are 42.5 h between 
eclipses of Io, the number of 
eclipses N occurring in the time it 
takes for the earth to move from A 
to Bis: 
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_365.24d 24h 
© 4 d 
=2191h 

fs 8s SE ees 
T,  425h 


o 
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Hence, in one-fourth of a year, there will be 51.55 eclipses. Because we want to find the 


next occurrence that happens in the evening hours, we’ll use 52 as the number of 


eclipses. We’ll also assume that Jupiter is visible so that the eclipse of Io can be observed 


at the time we determine. 


Relate the time t(N) at which the 
Nth eclipse occurs to N and the 
period Tio of Io: 


Evaluate t(52) to obtain: 


Subtract the number of whole days 
to find the clock time t: 


Because June, July, and August 
have 30, 31, and 31 d, respectively, 
the date is: 


(b) Express the time delay At in the 
arrival of light from Io due to the 
earth’s location at B: 


t(N)= NT. 


lo 


t(52)= (52) «25m x ea 


= 92.083d 


t =t(52)- 92d = 92.083d -92d 


= 0.083d x = =1.992h 


=| 2am 


September 1 
At — Fearth-sun 
C 
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Substitute numerical values and _ 15x 10" m -500 
evaluate At: ~ 2.998x10° m/s _ 
= 8.33 min 


Hence, the eclipse will actually occur at 2 : 08 pm. 
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Picture the Problem We can express the relative error in using the small angle 
approximation and then either 1) use trial-and-error methods, 2) use a spreadsheet 
program, or 3) use the Solver capability of a scientific calculator to solve the 
transcendental equation the results from setting the error function equal to 0.01. 


Express the relative error din using 5(0)= 0-sinf ___ @ 
the small angle approximation: sind sin 0 


A spreadsheet program was used to plot the following graph of 6(@). 


0.016 ~ 


0.014 


0.012 


0.010 


0.008 


delta(theta) 


0.006 


0.004 


a a a 


0.002 


0.000 
0.00 0.05 0.10 0.15 0.20 0.25 0.30 


theta (radians) 


From the graph, we can see that 6(@) < 1% for 0< 0.24 radians. In degree measure, 


a<r] 


Remarks: Using the Solver program on a TI-85 gave 0= 0.244 radians. 
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Picture the Problem We can use the definition of power to find the total energy of the 
pulse. The ratio of the total energy to the energy per photon will yield the number of 
photons emitted in the pulse. 


(a) Use the definition of power to E = PAt 
obtain: 
Substitute numerical values and E= (10 MW)(1.5 ns) =| 15.0mJ 
evaluate E: 
(b) Relate the number of photons N N= E 
to the total energy in the pulse and photon 
the energy of a single photon Ephoton: 
The energy of a photon is given by: E _ hc 

photon ~ 

A 
Substitute for Ephoton to obtain: N= AE 
he 


Substitute numerical values (the wavelength of light emitted by a ruby laser is 694.3 nm) 
and evaluate N: 


(694.3nm)(15.0mJ) — 1eV z 
N =—__“—_*_______=| 5.2510 
1240eV-nm 1.60x10 "J 


20 œ 
Picture the Problem We can express the number of photons emitted per second as the 
ratio of the power output of the laser and energy of a single photon. 


Relate the number of photons per _ P 
second n to the power output of the E photon 
pulse and the energy of a single 

photon Ephoton: 

The energy of a photon is given by: _ he 


E photon `~ = 
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Substitute for Ephoton to obtain: i AP 


Substitute numerical values and evaluate n: 


ee (632.8nm)(4mW) 1ev 


=5~ =| 1.28x10" photons/s 
1240eV-nm 1.60x10 "J 
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Picture the Problem We can use the Einstein equation for photon energy to find the 
wavelength of the radiation for resonance absorption. We can use the same relationship, 
with Eraman = Eine — AE where AE is the energy for resonance absorption, to find the 
wavelength of the Raman scattered light. 


(a) Use the Einstein equation for A hc 
photon energy to relate the E 
wavelength of the radiation to 

energy of the first excited state: 


Substitute numerical values and 1240eV -nm 
A =———— =| 435nm 
rr 


evaluate A: 

(b) The wavelength of the Raman fi _ 1240eV -nm 
Raman ` 

scattered light is given by: Erann 


Relate the energy of the Raman Ekaman = Eine — AE 
scattered light Eraman to the energy 1240eV -nm 
a : = ————_- 2,85eV 
of the incident light Enc: 320 nm 
=1.025eV 


Substitute numerical values and 1240eV -nm 
A = ——__——— = | 1210nm 
T 


evaluate ARaman: 
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Picture the Problem The incident radiation will excite atoms of the gas to higher energy 
states. The scattered light that is observed is a consequence of these atoms returning to 
their ground state. The energy difference between the ground state and the atomic state 


h 
excited by the irradiation is given by AE = hf = Fi ; 


The energy difference between the 
ground state and the atomic state 
excited by the irradiation is given 


by: 


Substitute 368 nm for 2 and 
evaluate AE: 


23 ee 


Picture the Problem The ground state and 
the three excited energy levels are shown 
in the diagram to the right. Because the 
wavelength is related to the energy of a 
photon by 2 = hc/AE, longer wavelengths 
correspond to smaller energy differences. 


(a) The maximum wavelength of 
radiation that will result in 
resonance fluorescence corresponds 
to an excitation to the 3.2 eV level 
followed by decays to the 2.11 eV 
level and the ground state: 


The fluorescence wavelengths are: 


(b) For excitation: 


The fluorescence wavelengths 


corresponding to the possible transitions 


are: 
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hc 1240eV-fm 


1240eV -fm 
AE = ————— = | 3.37 eV 
368 nm 


3 4.35 eV 
2 3.2eV 
1 2.11 eV 
0 0 


1240eV -fm 
A... == =  387.5nm 
eo o 


1240 eV -fm 
A, = =| 1138nm 
*t 32eV-2.11eV 


and 
Ie 1240 eV -fm -|587 7am] 
2.1l1leV -0 '’—X 
03 = 1240eV - fm = 285.1nm 
4.35eV 
= 1240 eV -fm _/1078nm 
4.35eV —3.2eV 


1240 eV - fm 
A, = =| 1138nm 
*t 32eV-2.11eV 


_1240eV -fm _ 


= =| 587.7 nm 
2.1leV —0 


Ay 


881 


— 1240eV-fm _ 
4.35eV —2.11eV 


31 


553.6nm 
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and 


1240 eV - fm [387.5nm | 
Avg = 3 2eV_0- =| 387.5nm 
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Determine the Concept The energy difference between the ground state and the first 
excited state is 3E = 40.8 eV, corresponding to a wavelength of 30.4 nm. This is in the 
far ultraviolet, well outside the visible range of wavelengths. There will be no dark lines 
in the transmitted radiation. 


The Speed of Light 
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Picture the Problem We can use the distance, rate, and time relationship to find the 
distance to the spaceship. 


Relate the distance D to the D=cAt 
spaceship to the speed of 

electromagnetic radiation in a 

vacuum and to the time for the 

message to reach the astronauts: 


Noting that the time for the message D= (2.998 x 10° m/s\2.5 s) 
to reach the astronauts is half the = 7.50x10° m 

time for Mission Control to hear aid 

their response, substitute numerical - 

values and evaluate D: | C 


26 >œ 
Picture the Problem We can use the conversion factor, found in EP-3, to convert a 
distance in km into c-y: 


Convert D = 2x10" km into light- D=2x10 kmx tc-y 
years: 9.46x10” m 


=| 2.11x10°c-y 
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Picture the Problem We can use the distance, rate, and time relationship to find the time 
delay between sending the signal from the earth and receiving it on Mars. 


Relate the distance D to Mars to the D = cAt 
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speed of electromagnetic radiation 
in a vacuum and to the travel time 
for the signal: 


Solve for At: At = D 
c 
Substitut ical val d ; N 
ubstitute numerical values an NE 9.7x10 m -3245 
evaluate At: 2.998 x 10° m/s 
=| 5min 23s 
28 ° 


Picture the Problem We can use the given information that the uncertainty in the 
measured distance Ax is related to the uncertainty in the time At by Ax = cAt to evaluate 
Ax. 


The uncertainty in the distance is: Ax = tcAt 
Substitute numerical values and Ax = +(2.998 x10° m/s)(1.0 ns) 
evaluate At: =| +30.0cm 
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Picture the Problem We can use the distance, rate, and time relationship to find the time 
difference Galileo would need to be able to measure the speed of light successfully. 


(a) Relate the distance separating D=cAt 
Galileo and his assistant to the speed 

of light and the time required for it 

travel to the assistant and back to 


Galileo: 

: D 
Solve for At: Kee 

Cc 

Substitute numerical values and i- 2(3 km) [20.076 
evaluate At: 3x10° m/s 
(b) Express the ratio of the human At reaction = 0.28 =10 
reaction time to the transit time for At 20 us 


the light: or 
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Reflection and Refraction 
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Picture the Problem Let the subscript 1 refer to air and the subscript 2 to water and use 
the equation relating the intensity of reflected light at normal incidence to the intensity of 
the incident light and the indices of refraction of the media on either side of the interface. 


Express the intensity I of the light n, —n, ? 
reflected from an air-water interface [= aa I 
at normal incidence in terms of the ! ? 
indices of refraction and the 
intensity Io of the incident light: 
Solve for the ratio I/Ip: I iy, i 
Ty 7 n, + N, 
Substitute numerical values and I 1-133) 
oe = = (0) 
evaluate Din T, = 3 = 0.0201 =) 2.01% 
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Picture the Problem The diagram shows 
ray 1 incident on the vertical surface at an 
angle 6, reflected as ray 2, and incident on 
the horizontal surface at an angle of 
incidence 6. We’ll prove that rays 1 and 3 
are parallel by showing that 0, = , i.e., by 


showing that they make equal angles with 
the horizontal. Note that the law of 
reflection has been used in identifying 


equal angles of incidence and reflection. 


We know that the angles of the right 


triangle formed by ray 2 and the two or 
mirror surfaces add up to 180°: 6, =6, 
The sum of @ and 6; is 90°: 0, = 90° - 8, 


Because 0, = 0,: 0, =90° —- 6, 
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The sum of @ and @ is 90°: 0; + 0, =90° 
Substitute for & to obtain: 90° — 6, + 0, =90° > 0, = 
32 ee 


Picture the Problem Diagrams showing the light rays for the two cases are shown 
below. In (a) the light travels from air into water and in (b) it travels from water into air. 


(a) (b) 
0, 
Air n Air 
Water n, Water 
b, 
(a) Apply Snell’s law to the air- n, sin 0, = n, sin 0, 
water interface to obtain: where the angles of incidence and 


refraction are 6, and &, respectively. 


0, =sin {2 sin a 


2 


Solve for 0): 


A spreadsheet program to graph @ as a function of 0, is shown below. The formulas used 
to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
B1 1 ny 
B2 1.33333 n2 
A6 0 A, (deg) 
A7 A6 +5 Q + Ad 
B6 A6*PI()/180 1 
0, x — 
180 
C6 | ASIN(($B$1/$B$2)*SIN(B6)) 
sin '| sin 6, 
ny 
D6 C6*180/PI() 180 


886 
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A B C D 
1 nl=| 1 
2 n2= | 1.33333 
3 
4 thetal thetal theta2 theta2 
5 (deg) (rad) (rad) (deg) 
6 0 0.00 0.000 0.00 
7 1 0.02 0.013 0.75 
8 2 0.03 0.026 1.50 
9 3 0.05 0.039 2.25 
21 87 1.52 0.847 48.50 
22 88 1.54 0.847 48.55 
23 89 1.55 0.848 48.58 
24 90 1.57 0.848 48.59 
A graph of & as a function of 6, follows: 
50 — 
45 
40 
DÀ 
Y 35 
8 30 
E 
E 25 
g 
S 20 
wv 
2 415 
< 
10 
5 
o 
o 10 20 30 40 50 60 70 80 90 


(b) Change the contents of cell B1 to 1.33333 and the contents of cell B2 to 1 to obtain the 


Angle of incidence (deg) 


following graph: 
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Angle of refraction (deg 


0 10 20 30 40 50 
Angle of incidence (deg) 


Note that as the angle of incidence approaches the critical angle for a water-air interface 
(48.6°), the angle of refraction approaches 90°. No light will be refracted into the air if 
the angle of incidence is greater than 48.6°. 
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Picture the Problem We can use the definition of the index of refraction to find the 
speed of light in water and in glass. 


The definition of the index of o c 
refraction is: v 
Solve for v to obtain: J= c 
n 

Substitute numerical values and 3x108 m/s 

Veter = =| 2.25x10° m/s 
evaluate Vwater: 1.33 
Substitute numerical values and evaluate 3x10° m/s 
Ge ok V glass = a =| 2.00 x10° m/s 

glass» X 
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Picture the Problem Let the subscript 1 refer to the air and the subscript 2 to the silicate 
glass and apply Snell’s law to the air-glass interface. 


Apply Snell’s law to the air-glass n, sin 8, = n, sin 0, 
interface to obtain: 


Solve for &: 6. =sin (2 sin @ 
E= i 


2 
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Substitute numerical values for the 
light of wavelength 400 nm and 


evaluate @), 400 nm! 


Substitute numerical values for the 
light of wavelength 700 nm and 


evaluate &, 700 nm: 


35 ee 


1 
0 = sin “| ——sin 45° | =| 25.2° 
2,400 nm Ge 


1 
a) = sin || ——sin 45° | =| 26.1° 
2,700 nm E ) 


Picture the Problem Let the subscript 1 refer to the water and the subscript 2 to the glass 


and apply Snell’s law to the water-glass interface. 


Apply Snell’s law to the water-glass 


interface to obtain: 


Solve for &: 


(a) Evaluate 6, for 6, = 60°: 


(b) Evaluate @ for 0, = 45°: 


(c) Evaluate 6 for 0, = 30°: 
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n; sin 0, =n, sind, 


0, = sns a, 
n, 
0, =sin* 133 i | = 
1.5 
E 


50.2° 


26.3° 


Picture the Problem Let the subscript 1 refer to the glass and the subscript 2 to the water 


and apply Snell’s law to the glass-water interface. 


Apply Snell’s law to the water-glass 


interface to obtain: 


Solve for 0): 


n, sin @, =n, sin 0, 


(a) Evaluate & for 6, = 60°: 


(b) Evaluate @ for 0, = 45°: 


(c) Evaluate 6 for 0, = 30°: 
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Picture the Problem Let the subscript 1 
refer to the medium to the left (air) of the 
first interface, the subscript 2 to glass, and 
the subscript 3 to the medium (air) to the 
right of the second interface. Apply the 
equation relating the intensity of reflected 
light at normal incidence to the intensity of 
the incident light and the indices of 
refraction of the media on either side of the 
interface to both interfaces. We’ll neglect 
multiple reflections at glass-air interfaces. 


Express the intensity of the 


transmitted light in the second 
medium: 


Express the intensity of the 
transmitted light in the third 
medium: 


Substitute for I, to obtain: 


Solve for the ratio Iyf: 
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1.5 
0, =sin *| ——sin 60° | =| 77.6° 
, sin 15 sinso) 
1.5 
0, =sin | ——sin 45° | =| 52.9° 
2 = ) [52.9° | 
1.5 
0, = sin | —— sin 30° | =| 34.3° 
p =sin (2 sin30°) 
n=1 N= 1.5 nN, = 1 
I. Teo 
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Substitute numerical values and 2 3 
evaluate Is/I;: I, _ (i ) Ta 
L 1+1. 1.5+1 


= 0.922 = 


ul 
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Picture the Problem As the line enters the muddy field, its speed is reduced by half and 
the direction of the forward motion of the line is changed. In this case, the forward 
motion in the muddy field makes an angle of 14.5° with respect to the normal of the 
boundary line. Note that the separation between successive lines in the muddy field is 
half that in the dry field. 


Picture the Problem As the line enters 
the muddy field, its speed is reduced by 
half and the direction of the forward 


"Fog 
motion of the line is changed. In this case, i 
the forward motion in the muddy field be 
makes an angle of 14.5° with respect to the 
normal of the boundary line. Note that the 


separation between successive lines in the 
muddy field is half that in the dry field. 
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Picture the Problem We can apply Snell’s law consecutively, first to the ni-n; interface 
and then to the nz-ns interface. 


Apply Snell’s law to the n,-n, n, sin 0, =n, sin 0, 
interface: 

Apply Snell’s law to the no-n3 n, sin@, =n, sin 0, 
interface: 

Equate the two expressions for n, sind, =n, sind, 


n, sin @, to obtain: 
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Picture the Problem Let x be the 
perpendicular separation between the two 
rays and let £ be the separation between 
the points of emergence of the two rays on 
the glass surface. We can use the 
geometry of the refracted and reflected 
rays to express x as a function of Z, d, 6,, 
and @. Setting the derivative of the 
resulting equation equal to zero will yield 
the value of @ that maximizes x. 


(a) Express £ in terms of d and the 
angle of refraction 6: 


Express x as a function of @, d, 
6, and @: 


Differentiate x with respect to@: 


dx 
dé, 


Apply Snell’s law to the air-glass 
interface: 


Differentiate implicitly with respect 
to to obtain: 


Substitute in equation (1) to obtain: 


sin 0, 


sin 0, + 
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Air 


£= 2d tan@. 


x = 2d tan 0, cos 0, 


—=2d tan 6. cos 0, ) = 2d] — tan 8, sin 8, + sec’ 8, cos 8, a (1) 
agi dO 


n, sin 6, =n, sin 0, (2) 


or, since n; = 1 and n =n, 


sin 6, = nsin 0, 


cos 0,d0, = ncos0,d0, 


or 
d0, _ 1 cos6, 
d0, ncosé. 


dx -d 
dé. 


1 


1 cos, cosé, odd cos’ 0, 
cos 0. n cos* @, cos 80, 


sin 0, sin 6, 


n cos? 0, cos 0, 
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Substitute 1- sin” 0, for dx _, d5 sin 0, sin?” 6, ) 


La l 3 
cos’ 0 and —sin@, for sin 0, to i ncos’@, ncos@, 
n 


obtain: 


Multiply the second term in parentheses by cos” @. / cos’ 0, and simplify to obtain: 


er 2 une 2 
Beno SO, AA) 24 sn? -sin 0, cos?) 


ncos’ 0, ncos? 0, ncos? 0, 


Substitute 1— sin? @. for cos’ 0.: 
E. r 


dx _ 2d 
d0, ncos? 9, 


1 


i sin’ 6, — sin? 6,(1—sin? 0, J 


1. , 
Substitute —sin @, for sin 0, to obtain: 
n 


Ue au 1 sin? 6, -sin 61-1 sin’, 
d0, —ncos* @. n 


1 


Factor out 1/n’, simplify, and set equal to zero to obtain: 


dx 2d 


=, sint 0, — 2n? sin? 8, +n? |= 0 for extrema 
d0, n°cos’ 6, 


If dx/d@, = 0, then it must be true sinf 0, —2n’ sin? 6, +n* =0 
that: 


Solve this quartic equation for 8, to 
obtain: 0, =| sin "| n,/1— |1- — 


(b) Evaluate 6 for n = 1.60: 1 


In (a) we showed that: x = 2d tan @, cos 0, 


Solve equation (2) for 6: 


Substitute numerical values and 


evaluate @:: 


Substitute numerical values and 
evaluate x: 


Total Internal Reflection 
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0. = sin sin a) 


ny 


1 
0. =sin ‘| — sin 48.5° | = 27.9° 
1.6 


x = 2(4cm)tan 27.9° cos 48.5° 


=| 2.81cm 
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Picture the Problem Let the subscript 1 refer to the glass and the subscript 2 to the water 


and use Snell’s law under total internal reflection conditions. 


Use Snell’s law to obtain: 


When there is total internal reflection: 


Substitute to obtain: 


Solve for @.: 


Substitute numerical values and evaluate 
On: 
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Picture the Problem Let the index of 
refraction of glass be represented by n, and 
the index of refraction of water by n and 
apply Snell’s law to the glass-water 
interface under total internal reflection 
conditions. 


Apply Snell’s law to the glass-water 
interface: 


At the critical angle, 0, = @ and 


n, sin 0, =n, sin 0, 


0, = 6.and 0, = 90° 


be hie a aO 
n, sin 8, =n, sin 90° =n, 


D 
II 
n 
ee 
=) 
II 


62.5° 


n, = 1.33 


Water 


Glass 


n sin 0, = n, sin 0, 


n, sin 8, = n, sin 90° 
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& = 90°: 


Solve for @.: 


Substitute numerical values and 
evaluate 0.: 


A3 we 


g. = sin” sin "| 


6. =sin™ “sin 90° =| 62.5° 


Picture the Problem We can apply Snell’s law to the water-air interface to express the 


critical angle @ in terms of the indices of refraction of water (nı) and air (n2) and then 


relate the radius of the circle to the depth d of the point source and @.. 


Air, n, =1 


Express the area of the circle whose 
radius is r: 


Relate the radius of the circle to the 
depth d of the point source and the 


critical angle 6.: 


Apply Snell’s law to the water-air 
interface to obtain: 


Solve for @.: 


Substitute for r and @- to obtain: 


r =dtanð, 


oe a ani 
n sin 0, = n, sin 90° = n, 


zan 
60, = sin“ — 
n 


1 


2 
A=al(dtan6,|’ = ala a sn | 


Substitute numerical values and 
evaluate A: 
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Picture the Problem We can use the 
definition of the index of refraction to 
express the speed of light in the prism in 
terms of the index of refraction n; of the 
prism. The application of Snell’s law at the 
glass-air interface will allow us to relate 
the index of refraction of the prism to the 
critical angle for total internal reflection. 
Finally, we can use the geometry of the 
isosceles-right-triangle prism to conclude 
that 6; = 45°. 


Express the speed of light v in the 
prism in terms of its index of 


refraction nı: 


Apply Snell’s law to the glass-air 
interface to obtain: 


Solve for n: 


Substitute to obtain: 


Substitute numerical values and 
evaluate v: 


45 = 
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Il 
— 
D 
N 

Hl 


|n,=1 


n sin 8, =n, sin90° =1 


1 
n=- 
sin 0, 
v=csin0, 


v = (2.998x10° m/s)sin 45° 


=| 2.12x10° m/s 


Picture the Problem The observer above the surface of the fluid will not see any light 


until the angle of incidence of the light at the fluid-air interface is less than or equal to the 


critical angle for the two media. We can use Snell’s law to express the index of refraction 


of the fluid in terms of the critical angle and use the geometry of card and light source to 


express the critical angle. 
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Apply Snell’s law to the fluid-air n sin 0, = n, sin 0, 
interface to obtain: 


Light is seen by the observer when n sin 8, =n, sin 90° =n, 
0 = 0: and 6 = 90°: 


Because the medium above the 1 


interface is air, n = 1. Solve for nı 
to obtain: 


From the geometry of the diagram: 


tan, =— > 6, = tan“ — 
Substitute to obtain: m 1 
! : ar 
sin} tan — 
d 
. . 1 
Substitute numerical values and n, = -|130 
evaluate nı: , _, 6cm 
sin} tan ~ ——— 
cm 
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Picture the Problem We can use the geometry of the figure, the law of refraction at the 
air-n, interface, and the condition for total internal reflection at the n,-n» interface to 


show that the numerical aperture is given by ./n; —n5 . 


; n a 
sin 0, => =— 
n c 


Referring to the figure, note that: 


and 
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sin 0, = 
Apply the Pythagorean theorem to a +b’ =c 
the right triangle to obtain: or 
2 2 
a b 
7 + Taz = 1 
c c 
b 2 
Solve for —: b_ 1- 
Cc c c? 
a b 2 
Substitute for — and — to obtain: sing. = l1- Nz 
C Cc 2 2 
ny 
Use the law of refraction to relate 6, n, sin 0, = n, sin 0, 
and 6»: 
Substitute for sin 6 and let n; = 1 n? 
P = on E. 
(air) to obtain: sing =n, \" n2 
2 
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Picture the Problem We can use the result of Problem 46 to find the maximum angle of 
incidence under the given conditions. 


From Problem 46: sin 0, = ./n; —n; 

Solve for &: 0, = sinn? -— n] 

Substitute numerical values and 0, = sin ( (. 492) = (1.489) ) 
evaluate 0: 


- 
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Picture the Problem Examination of the figure reveals that, if the length of the tube is L, 
the distance traveled by the pulse that enters at an angle @ is the ratio of a to b multiplied 
by L. Let the subscripts 1 and 2 denote the pulses entering the tube normally and at an 
angle 6, respectively. 
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Express the difference in time At 
needed for the two pulses to travel a 
distance L: 


Substitute for t, and t, and simplify 
to obtain: 


Referring to the figure, note that: 


From Snell’s law, the sine of the 
critical angle is also given by: 


Substitute for b/a in equation (1) 
and simplify to obtain: 


Substitute numerical values and 
evaluate At: 
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Picture the Problem Let the index of 
refraction of glass be represented by nj, the 
index of refraction of water by no, and the 
index of refraction of air by n3. We can 
apply Snell’s law to the glass-water 
interface under total internal reflection 
conditions to find the critical angle for total 
internal reflection. The application of 
Snell’s law to glass-air and glass-water 
interfaces will allow us to decide whether 
there are angles of incidence greater than 6; 
for glass-to-air refraction for which light 
rays will leave the glass and the water and 
pass into the air. 


(a) Apply Snell’s law to the glass- 
water interface: 


i 
Akoe 
n, n 
P E ft 
C C c \a 
n n 
sin ĝ, = — 
a 
sing, =- 2> 2-2 
n n, 
S nef r] L (n, 
cn c 
Aar=— EM _ 4 492 -1.489) 
3x10° m/s 


=| 150ns 


Air 
n,=1 


Water 
Ny = 1.33 


Glass 
n = 15 


n sin @, = n, sin 0, 


At the critical angle, 0, = @ and 
6 = 90°: 


Solve for @:: 


Substitute numerical values and 
evaluate 0.: 


(b) Apply Snell’s law to a glass-air 
interface: 


Solve for @.: 


Apply Snell’s law to a ray incident 
at the critical angle for a glass-water 
interface: 


Solve for 6: 


will not leave the water for 0, = 41.8°. 
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n, sin 8. = n, sin 90° 


aln 
0. = sin “| sin 90° 
n 


0. =sin* 133 i0 | =| 62.5° 
[1.5 
n sin @, = n, sin 90° 
or 
1.5sin 8, = sin90° =1 
0. =sin™ se 41.8° 
1.5 
n sin @, =n, sin 0, 
or 
1.5sin 41.8° =1.33sin 0, 
pain 1.5sin 41.8° | _ 48.7° 
1.33 


Note that 0, equals the critical angle for a water - air interface. Therefore, the ray 
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Picture the Problem The situation is 
shown in the adjacent figure. We can use 
the geometry of the diagram and 
trigonometric relationships to derive an 
expression for d in terms of the angles of 
incidence and refraction. Applying Snell’s 
law will yield 6.. 


Express the distance x in terms of t 
and @;: 


x = 2ttan@. 
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The separation of the reflected rays 
is: 


Substitute to obtain: 


Apply Snell’s law at the air-glass 
interface to obtain: 


Solve for @:: 


Substitute in equation (1) to obtain: 
Substitute numerical values and 


evaluate d: 


Dispersion 
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d = xcos@, 


d = 2t tan 0, cos 0, (1) 


sin 6, = nsin 0, 


0, =sin (=4 Hi 
i n 
d=2t nsn (524) cos 0, 
n 


d =2(3 cmt sin 22 = } cos 40° 


=| 2.18cm 


Picture the Problem We can apply Snell’s law of refraction to express the angles of 


refraction for red and violet light in silicate flint glass. 


Express the difference between the 
angle of refraction for violet light 
and for red light: 


Apply Snell’s law of refraction to 
the interface to obtain: 


Solve for &: 


Substitute in equation (1): 


Substitute numerical values and 
evaluate A0: 


A0 = Orea ~ O vilei (1) 


sin 45° = nsin 0, 


1 1 
A0 =sin” sin” 
í V2, í VM ite 


s9=sin"[ TD af) 


= 26.23° — 25.21° =| 1.02° 
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Picture the Problem The transit times will be different because the speed with which 
light of various wavelengths propagates in silicate crown glass is dependent on the index 
of refraction. We can use Table 31-26 to estimate the indices of refraction for pulses of 
wavelengths 500 and 700 nm. 


Express the difference in time L L 
needed for two short pulses of light Vzo0 V70 
to travel a distance L in the fiber: 


Substitute for L, Vsoo, and v7o9 and Ape Nol NL a L (n = ) 
simplify to obtain: c c c> 7% 
Use Table 31-26 to find the indices Ngo ~ 1.55 
of refraction of silicate crown glass and 
for the two wavelengths: Na ~ 1.50 
Substitute numerical values and i= 15km (1 55-15 0) 
evaluate At: 2.998 x 10° m/s ` 

=| 2.50 4s 
Polarization 
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Picture the Problem The polarizing angle is given by Brewster’s law: 
tané, =n, /n, where n; and n, are the indices of refraction on the near and far sides of 


the interface, respectively. 


Use Brewster’s law to obtain: al n, 
0, =tan | — 
n, 


. 


(a) For n; = 1 and n; = 1.33: a afl 1.33) _ z 
0, = tan ce =| 53.1 

(b) For n, = 1 and n; = 1.50: _,, af 1.50) _ 3 
4, = an (12)- 
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Picture the Problem The intensity of the transmitted light I is related to the intensity of 


— 


the incident light I and the angle the transmission axis makes with the horizontal 0 


902 Chapter 31 


according to I = I, cos’ 0. 


Express the intensity of the 
transmitted light in terms of the 
intensity of the incident light and the 
angle the transmission axis makes 
with the horizontal: 


Solve for 8: 


Substitute numerical values and 
evaluate 0: 


55 ° 


I =I, cos’ 0 


0 = cos” T 
Io 


0 = cos” 40.15 = 67.2° 


and | (d)is correct. 


Picture the Problem Let I, be the intensity after the nth polarizing sheet and use 
I=I, cos’ @ to find the intensity of the light transmitted through all three sheets for 


0 = 45° and @ = 30°. 


(a) Express the intensity of the light 
between the first and second sheets: 


Express the intensity of the light 
between the second and third sheets: 


Express the intensity of the light that 
has passed through the third sheet: 


(b) Express the intensity of the light 
between the first and second sheets: 


Express the intensity of the light 
between the second and third sheets: 


Express the intensity of the light that 
has passed through the third sheet: 
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I, = I, cos’ 8., = 41, cos” 30° = 21, 


= 2 = 3 2Eno —| 3 
I, = I, cos’ 0, , = ¢1, cos’ 60 TEA 


Picture the Problem Because the light is polarized in the vertical direction and the first 


polarizer is also vertically polarized, no loss of intensity results from the first 
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transmission. We can use Malus’s law to find the intensity of the light after it has passed 
through the second polarizer. 


The intensity of the beam is the ratio I= P 
of its power to cross-sectional area: A 
Express the intensity of the light I, =I, and P =P, 
between the first and second 
polarizers: 
; j P P 
Express Malus’s law in terms of the Eao apa P, cos? 8 
power of the beam: A A 
Express the power of the beam after P, = P, cos? 8, , = P, cos’ 6, 


the second transmission: 


Substitute numerical values and P, = (5 mW)cos? 27° =| 3.97mW 


evaluate I>: 
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Picture the Problem Assume that light is incident in air (n, = 1). We can use the 
relationship between the polarizing angle and the angle of refraction to determine the 
latter and Brewster’s law to find the index of refraction of the substance. 


(a) At the polarizing angle, the sum 0, +0, =90° 
of the angles of polarization and 
refraction is 90°: 


Solve for @;: 0, =90°- 0, 


Substitute for 6 to obtain: 6. = 90°- 60° = 


b) From Brewster’s law we have: n 
(b) tan 6, = — 
n, 
or, because n; = 1, 
n, = tan 6, 


Substitute for 6, and evaluate np: n, = tan60° = 
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Picture the Problem Let I, be the intensity after the nth polarizing sheet and use 
I= cos’ @ to find the intensity of the light transmitted through the three sheets. 


Express the intensity of the light 
between the first and second sheets: 


Express the intensity of the light 
between the second and third sheets: 


Express the intensity of the light that 
has passed through the third sheet 
and simplify to obtain: 


Because the sine function is a 
maximum when its argument is 90°, 
the maximum value of I} occurs 
when: 
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I, = I, cos? 0, 

a cos’ 8 cos? (90°— 6) 
o cos’ Osin? 0 

1I, (2cos8sin 0) 


- [pran 20] 


Picture the Problem Let I, be the intensity after the nth polarizing sheet, use 
I=1; cos’ @ to find the intensity of the light transmitted through each sheet, and replace 


O with at. 


Express the intensity of the light 
between the first and second sheets: 


Express the intensity of the light 
between the second and third sheets: 


Express the intensity of the light that 
has passed through the third sheet 
and simplify to obtain: 


_ 2 
I, = I, cos” 6,3 


cos? æt cos?’ (90° — at) 


21, 
+], cos’ atsin’ at 
11,(2cosatsin at)’ 


a) 
-[ Hsin 20] 
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Picture the Problem Let I, be the intensity after the nth polarizing sheet and use 
I=1, cos’ @ to find the ratio of Ip to In. 


(a) Find the ratio of I,.; to In: Di 


Because there are N such reductions Iia 


of intensity: 


Deos = 
2N 


(b) A spreadsheet program to graph Iy+1/Io as a function of Nis shown below. The 
formulas used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
A2 2 N 

A3 A2+1 N+1 

B2 (cos(PIQ/(2*A2))\(2*A2) 


cos?”| -Z 
2N 


A B 

1 N TIo 
2 2 0.250 
3 3 0.422 
4 4 0.531 
5 5 0.605 
95 95 0.974 
96 96 0.975 
97 97 0.975 
98 98 0.975 
99 99 0.975 
100 100 0.976 


A graph of I/Ip as a function of N follows. 
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i 
[æ] 


o 
o 


o 
00 


> 
l 


I/I „0-6 


(0 In each case, the polarization of the transmitted beam is perpendicular to 
c 


that of the incident beam. 
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Picture the Problem Let I, be the intensity after the nth polarizing sheet and use 
I=I, cos’ @ to find the ratio of I, to I,. Because each sheet introduces a 2% loss of 


intensity, the net transmission after N sheets (0.98)”. 


Find the ratio of I,,,; to I: ra = (0 98)cos” ae 
I ` 2N 


n 


Because there are N such reductions Iya (0 98)" ¿05 il m ) 


of intensity: i 


(b) A spreadsheet program to graph Iy+1/Io for an ideal polarizer as a function of N, the 
percent transmission, and Iy+1/Io for a real polarizer as a function of Nis shown below. 
The formulas used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
A3 1 N 
B2 (cos(PIQ)/(2*A2))\(2*A2) w T 

cos“ | — 

2N 
C3 (0.98)\A3 (0.98)" 
D4 B3*C3 
(0.98)” co =) 
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A B C D 
1 Ideal Percent Real 
2 N Polarizer | Transmission | Polarizer 
3 1 0.000 0.980 0.000 
4 2 0.250 0.960 0.240 
5 3 0.422 0.941 0.397 
6 4 0.531 0.922 0.490 
7 5 0.605 0.904 0.547 
8 6 0.660 0.886 0.584 
9 7 0.701 0.868 0.608 
10 8 0.733 0.851 0.624 
11 9 0.759 0.834 0.633 
12 10 0.781 0.817 0.638 
13 11 0.798 0.801 0.639 
14 12 0.814 0.785 0.638 
15 13 0.827 0.769 0.636 
16 14 0.838 0.754 0.632 
17 15 0.848 0.739 0.626 
18 16 0.857 0.724 0.620 
19 17 0.865 0.709 0.613 
20 18 0.872 0.695 0.606 
21 19 0.878 0.681 0.598 
OD 20 0.884 0.668 0.590 


A graph of I/Ip as a function of N for the quantities described above follows: 


1.0 


0.8 


0.6 
Tis 
0.4 


Ideal Polarizer 


— = Percent Transmission 


a2 = = = Real Polarizer 


0.0 
0 5 10 15 20 


Number of sheets (N ) 


Inspection of the table, as well as of the graph, tells us that the optimum number of sheets 
is | 13. 
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Picture the Problem A circularly polarized wave is said to be right circularly polarized 


if the electric and magnetic fields rotate clockwise when viewed along the direction of 
propagation and left circularly polarized if the fields rotate counterclockwise. 
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For a circularly polarized wave, the E, = E, cos at 
x and y components of the electric and 
field are given by: E, = Esin æt or E, = —E, sin øt 
for left and right circular polarization, 
respectively. 
For a wave polarized along the x E + Een = E, cos øt i+ E, cos oti 
axis: 7 
=| 2E,cosati 
63 eo 


Picture the Problem Let I, be the intensity after the nth polarizing sheet and use 
I= cos’ @ to find the intensity of the light transmitted by the four sheets. 


(a) Express the intensity of the light L=} 
between the first and second sheets: 


Express the intensity of the light L= cos? Q2 =4I cos? 30° = 31, 
between the second and third sheets: 


Express the intensity of the light I, =1, cos? 0,3 =3], cos? 30° = ZI, 
between the third and fourth sheets: 


Express the intensity of the light to I, = I, cos? 0, , = $ I cos? 30° = 241, 
the right of the fourth sheet: 


=| 0.2111, 


Note that, for the single sheet between the two end sheets at 0 = 45°, I = 0.125]o. Using 
two sheets at relative angles of 30° increases the transmitted intensity. 


Remarks: We could also apply the result obtained in Problem 60(a) to solve this 
problem. 
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Picture the Problem We can use the components of E to show that E is constant in 
time and rotates with angular frequency o. 


Express the magnitude of E in E=./E°+E F 
X 
terms of its components: 
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Substitute for Ex and Ey to obtain: 


E= VIE, sin(kx — at)|° +[E, cos(kx — at)|’ = JE? [sin? (kx — et) + cos? (kx — at)| 
=E, 


and the E vector rotates in the yz plane with angular frequency æ. 
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Picture the Problem We can apply the given definitions of right and left circular 
polarization to the electric field and magnetic fields of the wave. 

The electric field of the wave in Problem 64 is: 


E = E, sin(kx — ot)j + E, cos(kx — ot)k 


The corresponding magnetic field is: 


a 
. 


B=B, sin(kx — ot)k - B, cos(kx E ot)j 


Because these fields rotate clockwise when viewed along the direction of propagation, 


the wave is | right circularly polarized. 


For a left circularly polarized wave traveling in the opposite direction: 


E =| E sin(kx+ æt)j - E, cos(kx+ at)k 


General Problems 
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Picture the Problem We can use v = få and the definition of the index of refraction to 
relate the wavelength of light in a medium whose index of refraction is n to the 
wavelength of light in air. 


(a) The wavelength J, of light in a a : on aes Ag 

medium whose index of refraction is 7 f nf 

n is given by: 

Substitute numerical values and _ 700nm _ 700nm _ 


526nm 


water 


evaluate Awater: on 1.33 


water 
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(b) Because the color observed depends on the frequency of the light, a swimmer 
observes the same color in air and in water. 
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Picture the Problem We can use Snell’s law, under critical angle and polarization 
conditions, to relate the polarizing angle of the substance to the critical angle for internal 
reflection. 


Apply Snell’s law, under critical n sin 6, =n, (1) 
angle conditions, to the interface: 


Apply Snell’s law, under n sin 6, =n, sin(90° =o, ) =n, cos 0, 
polarization conditions, to the or 
interface: n 
tan 0, = 
n 
Solve for 6: n 
P 0, = wn" ( (2) 
n 
Solve equation (1) for the ratio of nz Mm = sind. 
tom: n 
Substitute for n/n, in equation (2) to 0, = tan “(sin 6.) 
obtain: 
A : ifa 
Substitute numerical values and 6, = tan (sin 45°) = 
evaluate 6,: 
168 ee 


Picture the Problem Angle ADE is the 
angle between the direction of the 
incoming ray and that reflected by the two 
mirror surfaces. Note that triangle ABC is 
isosceles and that angles CAB and ABC are 
equal and their sum equals 8. Also from the 
law of reflection, angles CAD and CBD 
equal angle ABC. Because angle BAD is 
twice BAC and angle DBA is twice CBA, 
angle ADE is twice the angle 8. 
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Picture the Problem The sketch shows the 
ray from the coin passing through the water 
to the eye of the observer. We can use 
trigonometry to express the apparent depth 
d in terms of the depth h of the water, the 
20° angle, and the angle of incidence @. 
The application of Snell’s law at the 
interface will yield an expression for @. 


Express the apparent depth d in 
terms of the distance x: 


Relate the distance x to the depth of 
the water and the angle @: 


Substitute for x in equation (1) to 
obtain: 


Apply Snell’s law to the water-air 
interface: 


Solve for @: 


Substitute for & in equation (2) to 
obtain: 


Substitute numerical values and 
evaluate d: 
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d = x tan 20° (1) 
x=htan0, 
d = htan 0, tan 20° (2) 


n, sin 0, =n, sin 0, 


0, = J6 sin 0, 


n 


d=h n sin (2 sin a tan 20° 


n 
srah d a 
d = (4m)tan| sin") ——sin 70° | | tan 20° 
1.33 


1.45m 


Picture the Problem Assume that the sound source is the voice of the fisherman and that 


the fisherman’s mouth is 2 m from the surface of the water as shown below. We can 


apply Snell’s law at the air-water interface to find 8, and use trigonometry to find 4. If 


we can show that 6, > 6., then we can conclude that the noise on shore cannot possibly be 


sensed by fish 20 m from shore. 
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Apply Snell’s law at the air-water n sin 0, = n, sin 0, 
interface 20 m from the shore: 


For & = @:: aln . al V 
i 0, =sin™| — | = sin “| + 
n, Vy 


Substitute numerical values and re 330 m/s : 
evaluate @.: c58 1450m/s | — 
i 2m 
Relate 6, to the distance from the ian (90° 7 0,) = 
shore and the distance from the 20m 
surface of the water to the 
fisherman’s mouth: 
Solve for and evaluate 0: 0, =90° — tan™(0.1) = 84.3° 


Because @, > @., all the sound is reflected at air - water interface. 
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Picture the Problem We can apply Snell’s law to the water-air interface to express the 
critical angle @ in terms of the indices of refraction of water (nı) and air (n2) and then 
relate the radius of the circle to the depth d of the swimmer and @.. 


Ait, n,=1 <r >| 


Water, n; = 1.33 


Relate the radius of the circle to the 
depth d of the point source and the 
critical angle 6: 


Apply Snell’s law to the water-air 
interface to obtain: 


Solve for @.: 


Substitute for @. to obtain: 


Substitute numerical values and 
evaluate r: 
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r=dtand, 


a ee 
n sin 8, =n, sin90° = n, 


r=d tan sin ( 
n 


913 


r=(3 man sm) =| 3.42m | 


Picture the Problem Let ¢ be the initial angle of incidence. Since the angle of reflection 
with the normal to the mirror is alsog, the angle between incident and reflected rays is 2¢. 


If the mirror is now rotated by a further angle 0, the angle of incidence is increased by 0 
to ¢ +86, and so is the angle of reflection. Consequently, the reflected beam is rotated by 


2 Orelative to the incident beam. 
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Picture the Problem We can apply Snell’s law at the glass-air interface to express @ in 


terms of the index of refraction of the glass and use Figure 31-25 to find the index of 


refraction of the glass for the given wavelengths of light. 


Apply Snell’s law at the glass-air 
interface: 


n, sin 6, =n, sin 0, 
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If 0 = 0 and nN = 1: 


(a) For violet light of wavelength 
400 nm, n = 1.67: 


(b) For red light of wavelength 700 
nm, n = 1.60: 
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Picture the Problem We’ll neglect multiple reflections at the glass-air interfaces. We 


n, sin 8, = sin90° =1 


0. = sin'( | = 


6 
0. =sin ‘| —— |=| 38.7° 
g f =) [38.7°| 


can use the expression (Equation 31-11) for the reflected intensity at an interface to 


express the intensity of the light in the glass slab as the difference between the intensity 


of the incident beam and the reflected beam. Repeating this analysis at the glass-air 


interface will lead to the desired result. 


Express the intensity of the light 
transmitted into the glass: 


The intensity of the light reflected at 
the air-glass interface is: 


Substitute and simplify to obtain: 


Express the intensity of the light 
transmitted at the glass-air interface: 


I =I, -I,, 


glass 
where Ig, is the intensity of the light 
reflected at the air-glass interface. 


2 
1-n 
= (Gn) t 


2 
1-n 
Lan = h-|- ]I 
glass 0 =") 0 


L = L ge ~ Ins 
where Ig. is the intensity of the light 


reflected at the glass-air interface. 


The intensity of the light reflected at 
the glass-air interface is: 


Substitute and simplify to obtain: 
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Picture the Problem We can write an 
expression for the total distance traveled by 
the light as a function of x and set the 
derivative of this expression equal to zero 
to find the value of x that minimizes the 
distance traveled by the light. The adjacent 
figure shows the two points and the 
reflecting surface. The x and y coordinates 
are in meters. 


(a) Express the total distance D 
traveled by the light: 


Differentiate D with respect to x: 


dD _d 
dx dx 


Properties of Light 
2 
1-n 
Teo = =") Tiis 


(2) yl 


D=d,+d, 


n= Gl ree 


= (x+2) +4 +4/(2- x}? +36 


L| Jer +4 bly +36 | 


915 


I 


= il(x +2% + a} *2(x +2)+4 [e —x) + 36] *2(2 — x)(-1) = 0 for extrema 


Simplify this expression to obtain: 
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xX+2 


V(x +2) +4 


Solve for x to obtain: 


(b) With x = —1 m: 
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Picture the Problem Let the angle of refraction at the first interface by 0, and the angle 


of refraction at the second interface be &. We can apply Snell’s law at each interface and 


eliminate 6, and n> to show that 6 = Op». 


Apply Snell’s Brewster’s law at the 
nı-n interface: 


Draw a reference triangle consistent 
with Brewster’s law: 


Apply Snell’s law at the ni-n 
interface: 


Solve for 6 to obtain: 


Referring to the reference triangle 
we note that: 


n 
tan 0,, = — 
n, 


n, sin 6p, =n, sin 0, 


Ny 


oau aln 
0, =sin [sind 


n n 
—cjn | 22 
0, =sin z T 
24n +n, 
=sin Í 
n? +n? 


Apply Snell’s law at the n2-n; 
interface: 


Solve for @ to obtain: 


Refer to the reference triangle again 
to obtain: 


Equate these expressions for 
n, sin @, to obtain: 
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i.e., @ is the complement of 4. 
n, sin 0, =n, sin 0, 


0, = JE sin a) 


—2 
m 


n n 
Sp 1 2 1 
0, = Sın FT T 
1 4n +n, 
eet endl 2 = 
= sin =| p 


D 


n, sin 6, =n, sin 6, > 0, = 


Picture the Problem We can use Brewster’s law in conjunction with index of refraction 


data from Figure 31-29 to calculate the polarization angles for the air-glass interface. 


From Brewster’s law we have: 


For silicate flint glass, n ~ 1.62 and: 


For borate flint glass, n) ~ 1.57 and: 


For quartz glass, np = 1.54 and: 


For silicate crown glass, 
ny ~ 1.51 and: 


fn 
8, = tan” ari 
n 


or, for n, = 1, 
_ -1 
6, =tan n, 


6, = tan™(1.62)=| 58.3° 
0, = tan (1.57) =| 57.5° 


6, = tan (1.54) =| 57.0° 


8, = tan” (1.51) = 
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Picture the Problem The diagram to 
the right shows the angles of incidence, 
refraction, and deviation at the first 
interface. We can use the geometry of 
this symmetric passage of the light to 
express @ in terms of œ and 6; in terms 
of 6, and æ. We can then use a 
symmetry argument to express the 
deviation at the second interface and the 
total deviation 6. Finally, we can apply 
Snell’s law at the first interface to 


complete the derivation of the given 
expression. 


(a) With respect to the normal to 0.=5a 
the left face of the prism, let the 

angle of incidence be @ and the 

angle of refraction be @,.. From the 

geometry of the figure, it is evident 

that: 


Express the angle of deviation at the ô =6,-0,=86, -iq 
refracting surface: 


By symmetry, the angle of deviation 0 =26, =20,-a 
at the second refracting surface is 
also of this magnitude. Thus: 


Solve for 4: 0, = tla + 5) 


Apply Snell’s law, with nı = 1 and sin 0, =nsin+a@ 
n = n, to the first interface: 


(1) 


Substitute for 4 to obtain: . at+o0 a 
sin = nsin a 


(b) The angular separation is: AO = Ó ioet — red 


Solve equation (1) for & 6=2 smn sii a e 
2 
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Substitute to obtain: 


violet 


Aô =2sin"|n sin = -a-{2sm nu sin |-a| 


violet 


bead a - a 
=2sin™ Naaa sin — |- 2sin i sin z| 
2 2 


Substitute numerical values and evaluate Ad: 


o 


k |-2sin"[1.48sin È |- 3.47° 


Ad = 2sin"| 1.52 sin 


*79 oe 
Picture the Problem We can apply Snell’s law at the critical angle and the polarizing 
angle to show that tan & = sin &. 


(a) Apply Snell’s law at the n, sin 0, =n, sin 0, 


medium-vacuum interface: 
For & = @., nı = n, and nz = 1: nsin 8, =sin90° =1 


7 _ 24s n, 1 
For A Op nı ZN, and m= 1: tan 0, a => ntan 0, =1 
n 


n 


Because both expressions equal one: tan 0, =sin 0. 


(b) For any value of 8: tan ĝ > sin 0 => 


80 » 
Picture the Problem Let the numeral 1 refer to the side of the interface from which the 
light is incident and the numeral 2 to the refraction side of the interface. We can apply 
Snell’s law, under the conditions described in the problem statement, at the interface to 
derive an expression for n as a function of the angle of incidence (also the polarizing 
angle). 


(a) Apply Snell’s law at the air- sin 0, = nsin 0, 
medium interface: 


Because the reflected and refracted 0, +0, =90° > 0, =90°-0, 
rays are mutually perpendicular: 


920 Chapter 31 


Substitute for @ to obtain: sinĝ =n sin(90° — 6, ) =ncos0, 


or 
n= tan 6, = tan 0, 


Substitute for 6, and evaluate n: n = tan 58° =| 1.60 


(b) Apply Snell’s law at the n, sin@, =n, sin 90° = n, 
interface under conditions of total 
internal reflection: 


Because n; = 1: 
' 0. = s+) =sin" 2) 
n, n 
Substitute for n and evaluate @.: i 1 
i 0. =sin | — | =| 38.7° 
_=sin 7 |=[387"] 
81 = 


Picture the Problem We can apply Snell’s law at the glass—liquid and liquid—air 
interfaces to find the refractive index of the unknown liquid, the angle of incidence 
(glass-air interface) for total internal reflection, and the angle of refraction of a ray into 
the liquid film. 


(a) Apply Snell’s law, under : Niiquid 

S a sin 0, = —— 
critical-angle conditions, at the Notas 
glass—liquid interface: 
Solve for Miquia: Miiguia = glass SIN 6, 
Substitute numerical values and Njiquid =(1. 655)sin 53.7° =| 1.33 
evaluate Niquia: 
(b) With the liquid removed: i 1 

0. =sin” | —— 
Nolass 

Substitute numerical values and Ø. =sin 4 ~[ 37.20 
evaluate @.: 1.655 
(c) Apply Snell’s law at the N Jass SIN A, = Miguig SiN A, 


glass—liquid interface: 
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Solve for Q: 1 n lass 
6, = sin "| sin 0, 
MNiguia 
1. : 
Substitute numerical values and 0, = in 655 sin 37.2° | =| 48.8° 
evaluate 6: 3 


Because 0, is also the angle of incidence at the liquid — air interface and because 


it is larger than the critical angle for total internal reflection at this interface, no 


light will emerge. 


82 ee 
Picture the Problem We can use Equation 31-18 and the result of Problem 86 to find the 
angular separation of these colors in the primary rainbow. 


Express the angular separation A¢ of AO = Parte — Pared (1) 
the colors: 
From Equation 31-18, with eee E Asin” sin 0, 
Nair = 1 and Nwater = Nn: n 
From Problem 86: n? —1 
cos Ôn = 
V3 
or 
2 
al jn°-1 
Oa = Cos 
3 


Substitute to obtain: 


n 


{ a 
sin) cos] J—— 
2 
asin + 
3 


Evaluate ¢, for blue light in water: 
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3 
1.3435 


ea c (1.34357 J 


2 
Partue = 7 + zeas (3435) J 4sin” 


=139.42° 


Evaluate ¢, for red light in water: 


3 
1.3318 


a o (1.33187 : 


2 
Parea Em F zeas (3318) J 4sin” 


=137.75° 


Substitute in equation (1) and Ag =139.42 —137,75° =| 1.67° 
evaluate Ad: 


83 ee 
Picture the Problem We can use the result, obtained in Problem 74, that each slab 


4 
reduces the intensity of the transmitted light by S| , to find the ratio of the 
n+ 


transmitted intensity to the incident intensity through N parallel slabs of glass for light of 
normal incidence. 


(a) From Problem 74, each slab An = 
reduces the intensity by the factor: (n 2 1) 
For N slabs: An on 
I, =I, z 
(n + 1) 
and 
I 4n (7 
i n 
+= (1) 
Io (n+1) | 


(b) Evaluate equation (1) with I 


r 2(3) 
, 41.5 
N=3andn= 1.5: i) AS) | = [0.783 | 
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(c) Begin the solution of equation I, 4n a 
(1) for N by taking the logarithm log| —~ |= log (n+) 
(arbitrarily to base 10) of both sides ° 
of the equation: =2N log a 
(n + 1) 
Solve for N: I 
log) — 
N= o W 
4n 
2 log} ——., 
i iy | 
Substitute numerical values and N= log(0.1) -728.2 x 
evaluate N: 4(1.5) 
2log ~~, 
(1.5+1) 
84 » 


Picture the Problem We can apply 
Snell’s law at the air-slab interface to 


express the index of refraction n in | 
terms of 6, and 6 and then use the A 
geometry of the figure to relate @ to t | 
and d. 


Apply Snell’s law to the first sin 0, = nsin 0, 


interface: 


Solve for n: n2 sin 0, 
sin 0, 


d =ttan0, > 0, = an) 


From the diagram: 


Substitute to obtain: 


*B5 ee 
Picture the Problem The angle that the rain appears to make with the vertical, according 
to the marathoner, is the angle whose tangent is the ratio of Vrunner tO Vrain. The circular 
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motion of the star is analogous to the circular motion of the cloud with Vyunner = Vearth and 


Vrain = C. 
(a) The angle that the rain appears 
to make with the vertical to the 


marathoner is given by: 


Substitute numerical values and 
evaluate 0: 


(b) The cloud moves in a circle 
whose radius is given by: 


Substitute numerical values and 
evaluate R: 


(c) Here Viunner = Vearth and 


Vrain — C: 


(d) From equation (1): 


Convert 20.6” to degrees: 


Substitute numerical values and 
evaluate c: 


Substitute numerical values and evaluate c: 


2n(1.5x10" m) 


0 = tan -1 | V runner l 
Vrain 


R = H tan 


R = (10km)tan 24° = 


C 


0= tan Za) (1) 


where @ = + (angular diameter) 


earth-sun 


tan 0 


earth 


re _ 2aR 
tn T 


earth 


¥ fo} 


20.6" = 20.6" x l x| =5.722x102 


mw 6 a 


2n(1.5x10" m) 
(1y)(3.156 x10” s/y)tan(20.6") 


=| 2.99x10° m/s 


=| 2.99x 10° m/s 


86 eco 


(1y)(3.156 x10” s/y)tan(5.722 x10) 


Picture the Problem We can follow the directions given in the problem statement and 


use the hint to establish the given result. 


(a) Equation 31-18 is: 


For Nar = Land Nw ater = N: 


Use the hint to differentiate ¢ with 
respect to 0: 


(b) Set dø/d0, = 0: 


Simplify to obtain: 


Replace sin?@, with 1 — cos*@, and 
simplify: 


Solve for cos@, = Cosm: 


Evaluate Ĝim for n = 1.33: 


87 eve 
Picture the Problem Let the thickness of 
the slab be t and the separation of the 
incident and emerging rays be ds. We can 
apply Snell’s law at both interfaces and 
use the geometry of the diagram and 
trigonometric relationships to show that 
the emerging ray and incident ray are 
parallel and to derive an expression for d. 
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f, = m+ 20,- asin [Hs | 


water 


$y = 1 +20, - ssn (2A 4) 
n 


0s. 2 aoe -4an 24) 
do, d0, n 


4cos 6, 


n° —sin* 6, 


4cos 6, 


n° —sin* 0, 


16 cos’ 0, = A(n? —sin* 6,) 


=| 2 


2 = 0 for extrema 


12cos* 6, = 4n* —4 
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Apply Snell’s law at the two sin 0, = nsin 0, (1) 
interfaces to obtain: and 
nsin 6, = sin 0, 


Because @ and @, are equal (they sin 0, = nsin 0; 

are alternate interior angles formed and 

by parallel lines and a transversal): nsin 6, = sin 0, 

Substitute for n sin @, in the first of sin 8, =sin 0, > 0, = @,and 

these equations to obtain: the emerging ray and incident ray 
are parallel. 

Express the distance dpp in terms of dap =ttan 0, 

tand â: 

The distance dgc is: dpc =t tan 8, 

Use the distances dgp and dgc to express den = den — dec = t(tan 0, — tan 6, ) 


the distance dcp: 


Because g and 0, have their right s=t (tan 6, —tan 8d, )cos a 


and left sides mutually = t(tan 0, —tan8, )cos 0, 
perpendicular, they are equal and: 


(2) 


Substitute for tan@, and tan@, and sin@, sind, 
aoe. s=t ——— |cos 6, 
simplify to obtain:Solve equation cos@, cosé@, 
1) for &: 
(1) ; sin 0, cos 0, 
= t| sin 0,- —— 
cos 0, 


T t(sin 8, cos 6, — sin 8, cos 0, ) 


cos 0, 
_| tsin(@, -0 
cos 0, 


Remarks: One can also derive this expression using the law of sines. 


88 ee 
Picture the Problem We can use Snell’s law to determine @ and then apply the result of 
Problem 87 to find s. 


From Problem 87 we have: 


Apply Snell’s law to the first 
interface to obtain: 


Solve for &: 


Substitute numerical values and 
evaluate 6»: 


Substitute numerical values and 
evaluate s: 


89 coo 
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ee tsin(0, — 6,) 
cos 0, 


sin 0, = nsin 0, 


Ges (Ss a ) =19.47° 
me (15mm)sin(30° —19.47°) 
cos(19.47°) 


=| 2.91mm 
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Picture the Problem The figure below shows the prism and the path of the ray through 


it. The dashed lines are the normals to the prism faces. The triangle formed by the interior 


ray and the prism faces has interior angles of a, 90° — &, and 90° — @. Consequently, 


0, + 0; =a. We can apply Snell’s law at both interfaces to express the angle of 


deviation das a function of @ and then set the derivative of this function equal to zero to 


find the conditions on & and @, that result in Obeing a minimum. 


Express the angle of deviation: 


Apply Snell’s law to relate 0, to & 
and 6 to Oy: 


Solve equation (2) for @, and 


0=60,+0,-a (1) 
sin 0, = nsin 0, (2) 
and 

nsin 6; = sin 0, (3) 


6, =sin” (nsin 0, ) 
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equation (3) for : and 
6, =sin“(nsin 6; ) 


Substitute in equation (1) to obtain: 
5 =sin '(nsin 0, )+ sin” (nsin @,)—a@ =sin“[nsin(6, - æ )|+ sin” (nsin 6,)- a 


Note that the only variable in this expression is 63. To determine the condition that 
minimizes6, take the derivative of 6 with respect to @ and set it equal to zero. 


T = ae (sin“[n sin(6, —a)]+sin“(nsin @,)— a} 
= ___neos(a—;) _ _ nosh = 0 for extrema 
J1-[n sin(a — 6, )f J1-(n sin 6; y 
This equation is satisfied provided: a—0,=0, > 0,= 5a 
Because 0, = a — 0}: 0,=a-Fa=4a 


Because 0, = 0}, we can conclude that the deviation angle is a minimum if the 
ray passes through the prism symmetrically. 


Remarks: Setting dðd6 = 0 establishes the condition on @ that dis either a 
maximum or a minimum. To establish that dis indeed a minimum when 
0, = 0, = 4a, we can either show that d 28) d0; ‚evaluated at 0, = Ła , is positive 


or, alternatively, plot a graph of (6) to show that it is concave upward at 
0, =4a. 


Chapter 32 
Optical Images 


Conceptual Problems 

1 ° 

Determine the Concept Yes. Note that a virtual image is "seen” because the eye focuses 
the diverging rays to form a real image on the retina. Similarly, the camera lens can focus 


the diverging rays onto the film. 


2 ° 
Determine the Concept Yes; the mirror image is a left-handed coordinate system. 


3 eo 

(a) False. The virtual image formed by a concave mirror when the object is between the 
focal point and the vertex of the mirror depends on the distance of the object from the 
vertex. 

(b) False. When the object is outside the focal point, the image is real. 


(c) True. 


(d) False. When the object is between the center of curvature and the focal point, the 
image is enlarged and real. 


*4 ee 
Determine the Concept Let s be the object distance and f the focal length of the mirror. 


(a) If s< f, the image is virtual, upright, and larger than the object. 
(b) If s< f, the image is virtual, upright, and larger than the object. 
(c) If s > 2f the image is real, inverted, and smaller than the object. 
(d) If f < s < 2f, the image is real, inverted, and larger than the object. 
5 ee 


Determine the Concept A convex mirror always produces a virtual, upright image that is s 
than the object. It never produces an enlarged image. 
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6 ee 
Determine the Concept They appear more distant because the images are smaller than 
they would be in a flat mirror. 


7 ee 

Picture the Problem The ray diagram shows three object positions 1, 2, and 3 as the 
object is moved from a great distance toward the focal point F of a concave mirror. The 
real images corresponding to each of these object positions are labeled with the same 


numeral. | (b) is correct. 


8 e 

Picture the Problem The diagram shows _—lImage 

two rays (from the bundle of rays) of light of the 
/ \ bird 


refracted at the air-water interface. Because 
the index of refraction of water is greater 

than that of air, the rays are bent toward the 
normal. The diver will, therefore, think that 


the rays are diverging from a point above Water 
the bird and so the bird appears to be 


farther from the surface than it actually is. 


*9 A 
Determine the Concept 


(a) The lens will be positive if its index of refraction is greater than that of the 
surrounding medium and the lens is thicker in the middle than at the edges. Conversely, if 
the index of refraction of the lens is less than that of the surrounding medium, the lens 
will be positive if it is thinner at its center than at the edges. 


(b) The lens will be negative if its index of refraction is greater than that of the 
surrounding medium and the lens is thinner at the center than at the edges. Conversely, if 
the index of refraction of the lens is less than that of the surrounding medium, the lens 
will be negative if it is thicker at the center than at the edges. 
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10 œ 
Determine the Concept The focal length depends on the index of refraction, and n is a 
function of wavelength. 


11 oo 

Picture the Problem We can use a ray diagram to determine the general features of the 
image. In the diagram shown, the parallel ray and central ray have been used to locate the 
image. 


From the diagram, we see that the image is virtual (only one of the rays from the head of 
the object actually pass through the head of the image), upright, and diminished. 


(d) is correct. 


12 oe 
Picture the Problem We can use a ray diagram to determine the general features of the 
image. In the diagram shown, the ray parallel to the principle axis and the central ray 


have been used to locate the image. 


Ta 


From the diagram, we see that the image is virtual (neither ray from the head of the object 
passes through the head of the image), upright, and enlarged. | (c) is correct. 


13 œ 

Determine the Concept The muscles in the eye change the thickness of the lens and 
thereby change the focal length of the lens to accommodate objects at different distances. 
A camera, on the other hand, has a fixed focal length so that focusing is accomplished by 
varying the distance between the lens and the film. 
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*14 œ 

Determine the Concept The eye muscles of a farsighted person lack the ability to 
shorten the focal length of the lens in the eye sufficiently to form an image on the retina 
of the eye. A convex lens (a lens that is thicker in the middle than at the circumference) 


will bring the image forward onto the retina. | (a) is correct. 


15 ee 
Determine the Concept Refraction of light at the water-cornea interface is less than at 
the air-cornea interface and so an image that would normally (that is, without a corrective 


lens) be in front of the retina, is formed on the retina. | (b) is correct. 


16 oe 

Determine the Concept A nearsighted person’s lenses form sharp images (unless the 
person is also astigmatic) of nearby object’s on the retinas of her eyes. The corrective 
lenses (convex) give a reduced image of the object and, therefore, should be removed. 


(b) is correct. 


*17 œ 
Determine the Concept Referring to the ray diagram show below we note that the image 


is always virtual and diminished. | (d) is correct. 


18 œ 
Determine the Concept Converging lenses can form real or virtual images that can be 


enlarged or reduced. | (c) is correct. 


19 œ 
Picture the Problem We can apply the lens maker’s equation to the air-glass lens and to 
the water-glass lens to find the ratio of their focal lengths. 


the air-glass interface: 


air 


Apply the lens maker’s equation to 1 1 1 
pply q ee of l 
n 2 
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Apply the lens maker’s equation to 1 1.61.33 1 1 
the water-glass interface: Foor a) A T, 
Divide the first of these equations by igi 1 1 
the second to obtain: RET 
f water _ ho ë h = 2.22 
; 1 1 
far (1.6 -1.33 —-— 
n r, 


vater = 2-22 fap and | (a) is correct. | 


or 


20 ee 
(a) True. 


(b) True. 


(c) False. Where the rays intersect the axis of a spherical mirror depends on how far from 
the axis they are reflected from the mirror. 


(d) True. 
(e) False. The image distance for a virtual image is negative. 


*21 ° 

Determine the Concept Microscopes ordinarily produce images (either the intermediate 
one produced by the objective or the one viewed through the eyepiece) that are larger 
than the object being viewed. A telescope, on the other hand, ordinarily produces images 
that are much reduced compared to the object. The object is normally viewed from a 
great distance and the telescope magnifies the angle subtended by the object. 


Estimation and Approximation 
22 e 


Picture the Problem We can use the lens-maker’s equation to obtain a relationship 
between the two radii of curvature of the lenses we are to design. 


For a thin lens of focal length 27 cm 1 1 1 
=(1.6-1) —-— 
and index of refraction of 1.6: 27cm t n, 
or 
1 1 1 
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One solution is a plano-convex lens 
(one with a flat surface and a convex 
surface). Let ry = œ. Then ae 


r, =| 16.2cm |and r, =| œ 


Another design is a double convex 
lens (one with both surfaces convex 
and radii of curvature that are equal 
in magnitude) obtained by letting 


rm = —rı. Then r = and 


A third possibility is a double 
convex lens with unequal curvature, 


e.g., let r2 = 12 cm. Then 


23 ee 
Picture the Problem We can use the lens-maker’s equation to obtain a relationship 
between the two radii of curvature of the lenses we are to design. 


For a thin lens of focal length —27 1 a 6 1) 1 1 
cm and index of refraction of 1.6: -27cm 7 T n 
or 
1 1. 1 
no on —16.2cm 


One solution is a plano-concave lens 
(one with a flat surface and a 
concave surface), Let r} = œ. Then ma i 


r, =| -16.2cm | andr, =| æ]. 


Another design is a biconcave lens 


(one with both surfaces concave) by 
letting r2 = —r,. Then 


r, =| 32.4cm |. 


A third possibility is a lens with r = 


8.1 cm. Thenr, = 
and r, = [16.2cm |. 


#24 oe 
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Picture the Problem Because the focal length of a spherical lens depends on its radii of 


curvature and the magnification depends on the focal length, there is a practical upper 


limit to the magnification. 


Use equation 32-20 to relate the 
magnification M of a simple 
magnifier to its focal length f: 


Use the lens-maker’s equation to 
relate the focal length of a lens to its 
radii of curvature and the index of 
refraction of the material from 
which it is constructed: 


For a plano-convex lens, r3 = œ. 
Hence: 


Substitute in the expression for M 
and simplify to obtain: 


A reasonable smallest value for the 
radius of a magnifier is 1 cm. Use 
this value and n = 1.5 to estimate 
Minax: 


1 = 
1 n-i, pi 
f r, n—1 
oy 0D 

n 


Note that the smallest reasonable value for 
rı will maximize M. 


M= (1.5-1)(25cm) _ De 
1cm 
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Plane Mirrors 


25 œ 

Determine the Concept Rays from the source and reflected by the mirror are shown. 
The reflected rays appear to diverge from the image. The eye can see the image if it is in 
the region between rays 1 and 2. 


Source 


3 
Image 


26 œ 

Determine the Concept The mirror must S 
be half the height of the person, i.e., 81 cm. 

The top of the mirror must be 7.5 cm below 

the top of the head, or 154.5 cm above the 

floor. The bottom of the mirror must be 

73.5 cm above the floor. A ray diagram 

showing rays from the person’s feet and 

the top of her head reaching her eyes is 

shown to the right. 


*27 œ 

Determine the Concept Draw rays of light 
from the object that satisfy the law of ezz 
reflection at the two mirror surfaces. Three | 
virtual images are formed, as shown in the ] 
adjacent figure. The eye should be to the 1 7 
right and above the mirrors in order to see toy 
these images. i” 


28 >œ 
Determine the Concept Draw rays of light from the object that satisfy the law of 
reflection at the two mirror surfaces. The images are located at the intersection of the 


Optical Images 
dashed lines (extensions of the reflected rays). 


(a) The diagram to the right shows 
selected rays emanating from a point 
object (P) that form the two virtual 
images directly below the horizontal 
mirror: 


The diagram to the right shows 
selected rays emanating from the 
point object (P) that form the image 
that lies on the bisector of the angle. 
There are two additional virtual 
images to the left of the mirror that 


is at 60° with the horizontal. Hence, 
the total number of images formed 
when a point object is on the 
bisector of the 60° angle is five. 


P 


(b) The diagram to the right shows 

selected rays emanating from a point FF 
object (P) that form the two virtual J a Pá 

images at the intersection of the Pá 7 

dashed lines (extensions of the i 
reflected rays): | 


29 eo 
Determine the Concept 


937 


(a) The first image in the mirror on the left is 10 cm behind the mirror. The mirror on the 


right forms an image 20 cm behind that mirror or 50 cm from the left mirror. This image 


will result in a second image 50 cm behind the left mirror. The first image in the left 


mirror is 40 cm from the right mirror and forms an image 


40 cm behind the right mirror or 70 cm from the left mirror. That image gives an image 


70 cm behind the left mirror. The fourth image behind the left mirror is 
110 cm behind that mirror. 
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(b) Proceeding as in Part (a) for the mirror on the right, one finds the location of the 
images to be 20 cm, 40 cm, 80 cm, and 100 cm behind the right-hand mirror. 


Spherical Mirrors 


*30 oe 
Picture the Problem The easiest rays to use in locating the image are 1) the ray parallel 
to the principal axis and passes through the focal point of the mirror, the ray that passes 
through the center of curvature of the spherical mirror and is reflected back on itself, and 
2) the ray that passes through the focal point of the spherical mirror and is reflected 
parallel to the principal axis. We can use any two of these rays emanating from the top of 
the object to locate the image of the object. 


(a) The ray diagram is shown to the 
right. The image is real, inverted, 
and reduced. 


The image is real, inverted, and 
reduced. 


(b) The ray diagram is shown to the 
right. 


The image is real, inverted, and 


the same size as the object. 
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(c) The ray diagram is shown to the 
right. The object is at the focal point 
of the mirror. 


The emerging rays are parallel and 


do not form an image. 


(d) The ray diagram is shown to the 


right. 
The image is virtual, erect, and 
enlarged. 

31 œ 


Picture the Problem In describing the images, we must indicate where they are located, 
how large they are in relationship to the object, whether they are real or virtual, and 
whether they are upright or inverted. The object distance s, the image distance s’, and the 


1 1 1 
focal length of a mirror are related according to — + — = T where f =+randr is the 
S 


radius of curvature of the mirror. In this problem, f = 20 cm because r is positive for a 
concave mirror. 


Solve the mirror equation for s’: ' fs 


s' _ (12cm)(50cm) _ 15.8 cm 
50cm —12cm 


(a) When s = 50 cm: 


“Ge . i 1 ; 
The lateral magnification of the ee S 5.8cm -0.316 


image is: S 50cm 
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Because the image distance is positive and the lateral magnification is less 


than one and negative, we can conclude that the image real, inverted, and 


reduced. 


s= (12 cm)(24cm) | 40cm 
24cm -12 cm 


(b) When s = 24 cm: 


The lateral magnification of the S 24cm | 


image is: S 24cm 


Because the image distance is positive and the lateral magnification is 


one and negative, we can conclude that the image real, inverted, and 


the same size as the object. 


(c) When s = 12 cm: nm (12cm \12cm) _ [ © | 
12cm -12cm 


and | there is no image. | 


(d) When s = 8 cm: giz (12 cm\(8 cm) SSO 
8cm -12cm 

The lateral magnification of the m- s' ae 24cm -3 

image is: S 8cm 


Because the image distance is negative and the lateral magnification is 


three and positive, we can conclude that the image virtual, erect, and 


three times the size of the object. 


32 e 
Picture the Problem The easiest rays to use in locating the image are 1) the ray parallel 
to the principal axis and passes through the focal point of the mirror, the ray that passes 
through the center of curvature of the spherical mirror and is reflected back on itself, and 
2) the ray that passes through the focal point of the spherical mirror and is reflected 
parallel to the principal axis. We can use any two of these rays emanating from the top of 
the object to locate the image of the object. 
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(a) The ray diagram is shown to the 
right. : \ 
ae 
AS a re ee 
F C 


The image is virtual, upright, and 


reduced. 


(b) The ray diagram is shown to the 
right. \ 
~ > 
P= 
\— >> 
F c 


The image is virtual, upright, and 


reduced. 


(c) The ray diagram is shown to the 
right. a 
Sey 
i eee 
F C 


(d) The ray diagram is shown to the 
right. | N 


The image is virtual, upright, and 
reduced. 
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Picture the Problem In describing the images, we must indicate where they are located, 
how large they are in relationship to the object, whether they are real or virtual, and 
whether they are upright or inverted. The object distance s, the image distance s’, and the 


1 1 1 
focal length of a mirror are related according to — + — = 7 where f =+randr is the 
S S 


radius of curvature of the mirror. In this problem, f = —20 cm because r is negative for a 


942 Chapter 32 
convex mirror. 


Solve the mirror equation for s’: 


(a) When s = 55 cm: re (-12cm)(55cm) -|—985 
° 55cm —(—12cm) 


The lateral magnification of the 2.8 ' —9.85cm -0.179 
image is: S 55cm l 


Because the image distance is negative and the lateral magnification is less 


than one in magnitude and positive, we can conclude that the image is virtual, 


upright, and reduced. 


(b) When s = 24 cm: me (—12cm)(24cm) = 
i 24cm-(-12cm) 


The lateral magnification of the s'__-8m_ 0.333 
image is: S 24cm l 


Because the image distance is negative and the lateral magnification is less 


than one in magnitude and positive, we can conclude that the image is virtual, 


upright, and reduced. 


as (- 12 cm)(12 cm) 


(c) When s = 12 cm: ie TS 00 cal 
12cm — (- 12 cm) 

The lateral magnification of the aes s' D 6cm = 1 

image is: S 12cm 2 


Because the image distance is negative and the lateral magnification is 


one — half in magnitude and positive, we can conclude that the image 


virtual, upright, and half the size of the object. 


5 (- 12 cm)(8 cm) 
8cm- (- 12 cm) 


(d) When s = 8 cm: =| — 4.80 cm 


S 
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-e . T PED 4. 
The lateral magnification of the ie 80 cm -0.600 
image is: S 8cm 


Because the image distance is negative and the lateral magnification is 
less than one and positive, we can conclude that the image is virtual, upright, 
and reduced. 
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Picture the Problem We can solve the mirror equation for 1/s' and then examine the 
implications of f < 0 and s > 0. 


Solve the mirror equation for 1/s’: 1_1 1_s- f 
$s fs f 
For a convex mirror: f <0 


With s > 0, the numerator is positive 


and the denominator negative. 
Consequently: 


*35 ° 
Picture the Problem We can use the mirror equation and the definition of the lateral 
magnification to find the radius of curvature of the mirror. 


(a) Express the mirror equation: 1 1_1_2 
s o s' r 
‘ 2 j 
Solve for r: r= SS (1) 
S'+S 
The lateral magnification of the ee s' 
mirror is given by: S 
Solve for s': s'=—ms 
Substitute for s’ in equation (1) to ia 2ms 
obtain: 1-m 
Substitute numerical values and — 2(5.5)(2.1cm) 
r= =|5.13cm 
evaluate r: 1-5.5 [5-130m | 
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b 
©) diminished virtual image. 


The mirror must be concave. A convex mirror always produces a 
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Picture the Problem We can use the mirror equation and the relationship between the 


focal length of a mirror and its radius of curvature to find the location of the image. We 


can then use the definition of the lateral magnification of the mirror to find the height of 


the image formed in the mirror. 


(a) and (b) Solve the mirror equation 
for for s': 


Relate the focal length of the mirror 
to its radius of curvature: 


Substitute to obtain: 


Substitute numerical values and 
evaluate s’: 


(c) Express the lateral magnification 
of the mirror: 


Solve for y’: 


Substitute numerical values and 
evaluate y’: 
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ee 
aa | 
f =3" 
Je trs rs 


s-r 2s-r 


,_ (-1.2m)(10m) 
* = 3(0m)—(-1.2m) =|=0.566m | 


and 


the image is 56.6 cm behind the mirror. 


,__ —0.566m 7 
Paea (2m)=| 11.3cm 


Picture the Problem We can use the mirror equation to locate the image formed in this 


mirror and the expression for the lateral magnification of the mirror to find the diameter 


of the image. 


Solve the mirror equation for the 
location of the image of the moon: 


Because f =5r: 


Substitute numerical values and 
evaluate s’: 


Express the lateral magnification of 
the mirror: 


Solve for y’: 


Substitute numerical values and 
evaluate y’: 
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Picture the Problem The rays from the 
point object are shown in the diagram to 
the right. Note that the rays that reflect 
from the mirror far from the axis do not 
converge at the same point as those that 
reflect from the mirror close to the mirror 
axis. For the small-angle rays, the point of 
convergence is 4.5 cm from the mirror. 
The 60° ray crosses the axis at 3 cm from 
the mirror. Consequently, the image 
extends from 4.5 cm to 3.0 cm, or about 
1.5 cm along the axis. 
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,_ (8m)B.8x10°m) _ — 
s “pn seen e 


eee aes 
y s 
T s' 
YV SY 
s 
4m 
CEE 3.5x10°m 
á TETA ) 
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Picture the Problem 


(a) The figure to the right shows the 
mirror and the four rays drawn to scale. 
Using a calibrated ruler, the spread of 
the crossing points is 6x ~ 1.0 cm. Note 
that the triangles formed by the center of 
curvature, the point of reflection on the 
mirror, and the point of intersection of 
the reflected ray and the mirror axis are 
isosceles triangles. 


Express the equal angles of the 
isosceles triangles: 


Using the law of cosines, the 
distance between the point of 
intersection and the mirror is given 


by: 


Evaluate d for y/R = 2/3: 


Evaluate d for y/R = 1/12: 


Express the spread 6x: 


where y is the distance of the incoming ray 
from the mirror axis and R is the radius of 
curvature of the mirror. 


d=R 1-[acofs(2)}) 
d=(6en)}1-|2cofsin*{2)]] 


=1.975cm 


smee potera] 


= 2.990 cm 


ox = 2.990 cm -1.975 cm = 


in good agreement with the result obtained 
above. 
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(b) Evaluate d for y/R = 1/3: 1 fis 
d =(6cm)41- 2 cof sa(2)) 
= 2.818 cm 
Express the new spread Ox’: ox' = 2.990cm — 2.818 cm = 0.172 cm 
Express the ratio of 6x’ to ox: ox’ _ 0.172cm _ 17.0% 
ox 1.01cm 
By blocking off the edges of the mirror so that only paraxial rays within 2 cm 
of the mirror axis are reflected, the spread is reduced by 83.0%. 
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Picture the Problem We can use the mirror equation to find the focal length of the 
mirror and then apply it a second time to find the object position after the mirror has been 


moved. 
Solve the mirror equation for f: __Ss' 

s'+S 
Substitute numerical values and f= (100cm)(75cm) = potni 
evaluate f: 75cm +100cm 
Solve the mirror equation for s: a fs' 

s'- f 
Find s for f = —42.86 cm and Ta (- 42.86 cm)(- 35 cm) —190.9cm 
s' = — 35 cm: -35cm - (- 42.86 cm) 
The distance d the mirror moved is: d =190.9 cm -100cm = 
4 « 


Picture the Problem We can use the mirror equation, with s = œ, to find the image 
distance in the large mirror. Because this image serves as a virtual object for the small 
mirror, we can use the mirror equation a second time to find the focal length and, hence, 
the radius of curvature of the small mirror. 


(a) Express the mirror equation: 1 1 2 
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Because s = œ: 


Substitute numerical values and 
evaluate s’: 


This image serves as a virtual object 
for the small mirror at 

s = —0.5 m. Solve the mirror 
equation for the focal length of the 
small mirror: 


Substitute numerical values and 
evaluate femal: 


The radius of curvature is twice the 
focal length: 


foman = = 
S+S 

fomai = Ş uie m) = 0.667 m 
2m+(-—0.5m) 


F mal = 2 | wei = 2(- 0.667 m) 


=| -1.33m 


(b)| Because f,,,., < 0, the small mirror is convex. 


Images Formed by Refraction 
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Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the glass-air interface. Because 
the index of refraction of air is less than 
that of water, the rays are bent away from 
the normal. The writing on the paper will, 
therefore, appear to be closer than it 
actually is. We can use the equation for 
refraction at a single surface to find the 
distance s’. 


Use the equation for refraction at a 
single surface to relate the image and 
object distances: 


Here we have n; = n, m = 1, and 
r = œ. Therefore: 


Solve for s’: 


Substitute numerical values and 


evaluate s’: 
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Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the water-air interface. Because 
the index of refraction of air is less than 
that of water, the rays are bent away from 
the normal. The fish will, therefore, appear 
to be closer than it actually is. We can use 
the equation for refraction at a single 
surface to find the distance s’. We’ll 
assume that the glass bowl is thin enough 
that we can ignore the refraction of the 
light passing through it. 


(a) Use the equation for refraction at 
a single surface to relate the image 


and object distances: 


Here we have nı = nand m= 1. 
Therefore: 


Solve for s’: 


Substitute numerical values and 


evaluate s’: 
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where the minus sign tells us that the image 
is 1.33 cm below the glass surface. 


non n, -n 
Lj 2 = 2 1 
S s' r 
n 1 _ 1-n 
s s' r 
d= rs 
s(1—n)—nr 


(— 20cm)(10cm) 
(10 cm)(1—1.33)—(1.33)(— 20cm) 


- [854m] 


where the minus sign tells us that the image 


is 8.54 cm from the front surface of the 
bowl. 
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(- 20 cm)(30 cm) 
(30cm)(1—1.33)—(1.33)(- 20cm) 


=| -35.9cm 


where the minus sign tells us that the image 


(b) Repeat (a) with s = 30 cm: 


S= 


is 35.9 cm from the front surface of the 
bowl. 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 


Use the equation for refraction at a n + n o n =n (1) 
single surface to relate the image S 
and object distances: 


Here we have n; = 1 and ii n_na-l 
n =n = 1.5. Therefore: s s' r 
Solve for s’: "S nrs 
S — M 
s(n — 1) -r 
(a) Substitute numerical values TR (1.5)(7.2 cm) (35 cm) 
(s = 35 cm andr = 7.2 cm) and (35 cm)(1.5 —1)- (7.2 cm) 


evaluate s': = 


where the positive distance tells us that the 


image is 36.7 cm in back of the surface and 


is | real. 


(b) Substitute numerical values s= (1.5)(7.2 cm) (6.5 cm) 
(s = 6.5 cm andr = 7.2 cm) and (6.5cm)(1.5 —1)- (7.2 cm) 


evaluate s’: = | -17.8cm | 


where the minus sign tells us that the image 
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is 17.8 cm in front of the surface and is 


(c) When s = œ, equation (1) n_n-l 
becomes: s' r 
Solve for s’: s'= nr 
n-1 
. : 1.5) (7.2 
Substitute numerical values and we ( 5) ( cm) =| 21.6cm 
evaluate s': 1.5-1 


i.e., the image is at the focal point, is 


real, | and of zero size. 


45 œ 
Picture the Problem We can use the equation for refraction at a single surface to find the 


image distance that corresponds to parallel light rays in the rod. 


Use the equation for refraction at a n + By My Ty (1) 
single surface to relate the image ss’ r 
and object distances: 
Parallel rays imply that s’ = œ. 1 -n -1 
Therefore: S r 
Solve for s: g= r 
n-1 
j j 7.2 cm 
Substitute numerical values and s= =[14.4cm 
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evaluate s: 


The ray diagram is shown below: 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 


Use the equation for refraction at a n P n, = n, =n (1) 
single surface to relate the image s Ss r 
and object distances: 
Here we have n, = 1 and i n_n-i 
n =n = 1.5. Therefore: S s' r 
Solve for s’: ,_ MTS 

es 

s(n = 1) -r 

(a) Substitute numerical values gia (1.5)(- 7.2 cm) (35 cm) 
(s = 35 cm and r = -7.2 cm) and (35 cm)(1.5 -1)- (- 7.2 cm) 


evaluate s': = | -15.3cm | 


where the minus sign tells us that the image 


is 15.3 cm in front of the surface of the rod 


and is| virtual. 
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(b) Substitute numerical values ga (1.5)(—7.2cm)(6.5cm) 
(s = 6.5 cm and r = —7.2 cm) and (6.5cm)(1.5 -1)- (- 7.2 cm) 


evaluate s’: = | = 6.72cm | 


where the minus sign tells us that the image 
is 6.72 cm in front of the surface of the rod 


(located at the object) and is | virtual. 


(c) When s = œ, equation (1) 
becomes: 


Solve for s’: gi nr 
n-1 

Substitute numerical values and ue (1.5) (- 7.2 cm) 

evaluate s': 1.5-1 


=| -21.6cm 


where the minus sign tells us that the image 
is 21.6 cm in front of the surface of the rod 


and is | virtual. 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 


correctness of our analytical solutions. 


Use the equation for refraction at a Bi EN (1) 


single surface to relate the image S S r 
and object distances: 


Solve for s': i no's 


(a) Substitute numerical values 


one (1.5)(7.2cm)(35cm) 
7 5 —1.33)— (1.33\7.2 cm) 


(s = 35 cm, n; = 1.33, np = 1.5, and (35cm)(1. 


r = 7.2 cm) and evaluate s': = 


where the negative distance tells us that the 
image is 104 cm in front of the surface and 


is | virtual. 


(b) Substitute numerical values gi (1. 5)(7.2 cm)(6.5 cm) 
(s = 6.5 cm) and evaluate s’: ~ (6.5cm)(1.5—1.33)—(1.33)7.2cm) 


- [Fezem] 


where the minus sign tells us that the image 
is 8.29 cm in front of the surface and is 


virtual. 
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(c) When s = œ, equation (1) 


becomes: 
Solve for s’: Pa ny 
Ss =- r 
n, =n 
Substitute numerical values and 1.5 
s' = ———_(7.2cm)=| 63.5cm 
evaluate s': 1.5-1.33 ( ) [635cm | 
i.e., the image is 63.5 cm to the right of the 
surface (at the focal point) and is 
€ F 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 


Use the equation for refraction at a n nm m-n (1) 
single surface to relate the image S S 
and object distances: 


Solve for s': Po nrs 


(a) Substitute numerical values ga (1.5)(-7.5cm)(35cm) 
(s = 35 cm) and evaluate s': (35cm)(1.5-1.33)- (1.33\(—7.5cm) 


- [a7] 


where the minus sign tells us that the image 


is 24.7 cm in front of the surface and is 
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(b) Substitute numerical values gi (1.5)(-7.5cm)(6.5cm) 
(s = 6.5 cm) and evaluate s': ~ (6.5em)(1.5—1.33)— (1.33X- 7.5cm) 


=| — 6.60 cm 


where the minus sign tells us that the image 
is 6.60 cm in front of the surface and is 


(c) When s = œ, equation (1) 


becomes: ny a M= 
s' r 
Solve for s': go 
n =n 


Substitute numerical values and a (1.5) (- 7.5 cm) = 66.2cm] 


1.5—1.33 
i.e., the image is at the focal point, is 


virtual, | and of zero size. 


evaluate s': 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images due to refraction at the ends of the glass rod. The image formed by the refraction 
at the first surface will serve as the object for the second surface. The sign of the final 
image distance will tell us whether the image is real or virtual. 


(a) Use the equation for refraction at n 7 n, = n, =n (1) 
a single surface to relate the image s s' r 
and object distances at the first 
surface: 
Solve for s’: ba n,rs 
5 = 
s(n, = n) nr 
Substitute numerical values r (1. 6)(8 cm)(20 cm) 
and evaluate s’: (20 cm)(1. 6- 1) = (8 cm) 
=| 64.0cm 
(b) The object for the second surface Ja O- 16 cm)(32 cm) 
is 96 cm — 64 cm = 32 cm from the (32 cm)(1- 1.6)- (1. 6)(- 16cm) 
surface whose radius is 16 cm. =| -80.0cm 


Substitute numerical values and 
evaluate s’: 


© The final image is 96 cm — 80 cm =16 cm from the surface whose radius 
C 


is 8 cm and is virtual. 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images due to refraction at the ends of the glass rod. The image formed by the refraction 
at the first surface will serve as the object for the second surface. The sign of the final 
image distance will tell us whether the image is real or virtual. 
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(a) Use the equation for refraction at n pa n, = n, =n (1) 
a single surface to relate the image S ' r 
and object distances at the first 
surface: 
Solve for s': P nrs 
si= 
s(n, — n, )- nr 

Substitute numerical values '_ (1.6)(16cm)(20cm) 
and evaluate s’: (20cm)(1.6 -1)— (16cm) 

=| —128cm 
(b) The object for the second surface gee (1) (- 8cm)(224 cm) 
is 96 cm + 128 cm = 224 cm from (224 cm)(1—1.6)— (1.6)(—8 cm) 


the surface whose radius is 8 cm. = 


Substitute numerical values and 
evaluate s’: 


(c) | The final image is 14.7 cm from the far end of the rod and is real. 


Thin Lenses 
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Picture the Problem We can use the lens-maker’s equation to find the focal length of 
each of the lenses. 


f 


where the numerals 1 and 2 denote the first 


The lens-maker’s equation is: 1 (n if E) 


r 


io rF 


2 


and second surfaces, respectively. 


F =15 d rə = —26 cm: 
(a) For rı cm and r> cm 7= (5 if 1 1 ) 


15cm -26cm 


and 
f =[19.0em | 


A double convex lens is shown to 
the right: 


(b) For rı = œ and r = —15 cm: 


A plano-convex lens is shown to the 
right: 


(c) For rı = —15 cm and 
r2 = +15 cm: 


A double concave lens is shown to 
the right: 


(d) For rı = œ and r = +26 cm: 


A plano-concave lens is shown to 
the right: 
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Picture the Problem We can use the lens-maker’s equation to find the focal length of the 
lens. 
The lens-maker’s equation is: 1 i 1 1 
—=(n- Pe eee 
f n ry 
where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 
Substitute numerical values to 1 1 1 
. — = (1.62 -1) 
obtain: -100cm -40cm 


Solve for f: f= 


*53 ° 
Picture the Problem We can use the lens-maker’s equation to find the focal length of the 


. . S 
lens and the thin-lens equation to locate the image. We can use m = —— to find the 
S 


lateral magnification of the image. 


(a) The lens-maker’s equation is: 1 ( i 1 1 
=(n 


where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 


Substitute numerical values to 1 a 45 1) 1 1 
obtain: ~ -30cm 25cm 
Solve for f: f= 
(b) Use the thin-lens equation to 1 ig 1_1 
relate the image and object s s f 
distances: 
Solve for s': ete fs 
s—f 
Substitute numerical values and , _ (30.3cm )(80 cm) 


S 


evaluate s': 80 cm — (- 30.3 cm) 
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(c) The lateral magnification of the We 

image is given by: S 

Substitute numerical values and jie 22cm =| 0.275 
evaluate m: 80cm 

(d) Because s' <0 and m > 0, the image is | virtual and upright. 
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Picture the Problem We can use the lens-maker’s equation to find the focal length of 
each of the lenses described in the problem statement. 


f 


where the numerals 1 and 2 denote the first 


The lens-maker’s equation is: 1 (n z i 1 1 l 
r 


io rF 


2 


and second surfaces, respectively. 


a) For rı = 20 cm, r = 10 cm: 
( ) 1 2 1 = (1.6 —1) 1 _ 1 
f 20cm 10cm 
and 
f =| -33.3cm 
A sketch of the lens is shown to the 
right: 
b) For rı = 10 cm, rz = 20 cm: 
( ) Try 2 1 _ (1.6 1) 1 1 
f 10cm 20cm 
and 


A sketch of the lens is shown to the 
right: 
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F = —10 cm, r = —20 cm: 
(c) For rı cm, r> cm 1 £ (1.6 1) 1 1 
-10cm -20cm 


A sketch of the lens is shown to the 
right: 


Remarks: Note that the lenses that are thicker on their axis than on their 
circumferences are positive (converging) lenses and those that are thinner on their 
axis are negative (diverging) lenses. 


*55 ° 
Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = 1/f 


and the size of the image from m = — = —— 


The image is real, inverted, and diminished. 


The thin-lens equation is: 1 + 1_1 
s s f 
Solve for s': ete fs 
s—f 
. eo 1 1 
Use the definition of the power of fai —=0.1m=10cm 
the lens to find its focal length: P 10m 


Substitute numerical values and f= (10 cm)(25cm) 2 


evaluate s’: 25cm —10cm 
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Use the lateral magnification Yy S 
equation to relate the height of the y S 
image y’ to the height y of the object 

and the image and object distances: 


Solve for y’: 1__§ 
Yor >y 
S 
j i 16.7 cm 
Substitute numerical values and pau (3 cm) -| 200cm 
evaluate y': 25cm 
Because s' > 0 and y' = —2.00 cm, the image is real, inverted, and diminished 


in agreement with the ray diagram. 
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Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = 1/f 


and the size of the image from m = — = —— 


The image is real and inverted and appears to be the same size as the object. 


The thin-lens equation is: 1 2 1 E 1 

s s f 
Solve for s': eee fs 

s—f 

Use the definition of the power of oa —=0.1m=10cm 
the lens to find its focal length: P 10m 
Substitute numerical values and ite (10 cm)(20 cm) =| 900m 
evaluate s’: 20cm —10cm 
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Use the lateral magnification Yy S 
equation to relate the height of the y S 
image y’ to the height y of the object 

and the image and object distances: 


Solve for y’: 1__§ 
Yoo y 
S 
j j 20cm 
Substitute numerical values and pa (1 cm) -| 100cm 
evaluate y': 20cm 
Because s' > 0 and y' = —1 cm, the image is real, inverted, and the same size 


as the object in agreement with the ray diagram. 
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Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = 1/f 


and the size of the image from m = — = —— 


The image is virtual, upright, and diminished. 


The thin-lens equation is: 1 4 a. a 
s s f 
Solve for s': ee fs 
s—f 

Use the definition of the power of fsa —=-0.1m=-10cm 
the lens to find its focal length: P -10m 

j i -1 2 
Substitute numerical values and gee ( Ocm)( Ocm) =| -6.67cm 


evaluate s': ~ 20cm— (-10 cm) 
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Use the lateral magnification Yy S 
equation to relate the height of the y S 
image y’ to the height y of the object 

and the image and object distances: 


Solve for y’: noS 
T 
S 
Substitute numerical values and — 6.67 cm 
' = ————————— (1.5cm) =| 0.500 cm 
evaluate y’: 4 20cm ( ) [0.500cm | 


Because s' < 0 and y' = 0.500 cm, the image is virtual, erect, and 


about one - third the size of the object in agreement with the ray diagram. 
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Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = 1/f 


and the size of the image from m =—-—. 
S 


(a) A negative object distance implies that the object is a virtual object, i.e., that light rays 
converge on the object rather than diverge from the object. A virtual object can occur in a 
two-lens system when the first lens forms an image that is at a distance — |s| from the 


second lens. 


(b) The thin-lens equation is: 1 P 1 =a 

s s f 
Solve for s': Je fs 

s- f 

Substitute numerical values and ,_ (20cm)(- 20cm) _ 

s' = ~*~ =] 10.0cm 
evaluate s’: — 20cm- (20 cm) 
The lateral magnification is: Spies 10cm -|0500 


S — 20cm 


The parallel and central rays were used to locate the image in the ray diagram shown 
below: 
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Because s'>Oandm >0, the image is real, erect, and one - half the size 
of the virtual object. 


(c) Proceed as in (b) with _ (—30cm\—-10cm) -i 
° -10cm -(-30cm) 


s = —10 cm and f = -30 cm: 


and 


fossa ET 
S —10cm 


The parallel and central rays were used to locate the image in the ray diagram shown 


below: 


Because s' > Qand m =1.5, the image is real, erect, and one and one - half 


times the size of the virtual object. 


*59 oe 
Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 


(a) The parallel, central, and focal rays were used to locate the image formed by the first 
lens and the parallel and central rays to locate the image formed by the second lens. 


Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 


Substitute numerical values and 
evaluate s,': 


Find the lateral magnification of the 
first image: 


Because the lenses are separated by 
35 cm, the object distance for the 
second lens is 

35 cm — 20 cm = 15 cm. Equation 
(1) applied to the second lens is: 


Substitute numerical values and 
evaluate s,': 


Find the lateral magnification of the 
second image: 
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' fis, 
ae 1 
a s- f m 
5! = (10 cm)(20cm) phen 


20cm—10cm 


S| 20cm 
m, = = = 
S 20cm 
S,' = fS» 
S27 fz 
1 1 
T (10cm)(15cm) -aiin 


15cm -10cm 


and the final image is| 85.0cm |from the 


object. 


__ 30cm 


S 15cm 


Because s', > 0 and m = m,m, 


size of the object. 


The overall lateral magnification of 
the image is the product of the 
magnifications of each image: 


60 oo 


Picture the Problem We can apply the thin-lens equation to find the image formed in the 


first lens and then use this image as the object for the second lens. 


(a) The parallel, central, and focal rays were used to locate the image formed by the first 


lens and the parallel and central rays to locate the image formed by the second lens. 
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Apply the thin-lens equation to s'= fisi (1) 
express the location of the image ! S- fi 


formed by the first lens: 


, : 1 2 
Substitute numerical values and 5 = (10 cm)(20cm) = 20cm 
20cm -10 cm 


evaluate S,': 


Find the lateral magnification of the m= s'i _ 20cm = 
first image: i S 20cm 
Because the lenses are separated by s'= f. 252 
35 cm, the object distance for the f So h 
second lens is 
35 cm — 20 cm = 15 cm. Equation 
(1) applied to the second lens is: 
i i —15cm)(15cm 
Substitute numerical values and pte ( )( ) = 7 Bem 


2 


evaluate s,': ~ 15cm—(-15cm) 


and the final image is | 47.5cm | from the 


object. 


Find the lateral magnification of the _ 
second image: S 15cm 


Because s', < 0 and m = m,m, = —0.5, the image is virtual, inverted, and 


half as large as the object. 


The overall lateral magnification of m = m,m, = (-1)(0.5)=| -0.500 
the image is the product of the 


magnifications of each image: 
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Picture the Problem We can use the thin-lens equation and the definition of the lateral 
magnification to show that s = (m — 1)f/m. 


(a) Express the thin-lens equation: 


Express the lateral magnification of 
the image and solve for s’: 


Substitute to obtain: 


Solve for s: 


(b) The magnification m is: 


Substitute numerical values and 
evaluate s: 


62 ee 
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1 1 1 

EE 

s s' f 

m=-— > s'= -ms 
S 

1 1 1 

coe i aa 


ee m-—1)f 
m 

E E e 
y 175m 


(— 0.0137 —1)(50 mm) 
= =| 3.7 
= agg 


Picture the Problem We can plot the first graph by solving the thin-lens equation for the 


image distance s’ and the second graph by using the definition of the magnification of the 


image. 


(a) and (b) Solve the thin-lens 
equation for s’ to obtain: 


The magnification of the image is 
given by: 


S 

ef 
aan | 

s' 

m=—-— 

S 


A spreadsheet program to calculate s'as a function of s is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
B1 12 f 
A4 13.2 s 
A5 A4+1 s+ As 
B4 $B$1*A4/(A4 — $B$1) fs 

s—f 
C5 —B4/A4 s' 

S 
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A B C 
1 f= | 12 cm 
2 
3 s s' m 
4 13.2 132.00 —10.00 
5 14.2 77.45 —5.45 
6 15.2 57.00 —3.75 
7 16.2 46.29 —2.86 
8 17.2 39.69 —2.31 
9 18.2 35.23 —1.94 
108 117.2 13.37 —0.11 
109 118.2 13.36 —0.11 
110 119.2 13.34 —0.11 
111 120.2 13.33 —0.11 


A graph of s’ as a function of s follows. 


140 


120 


100 


80 


60 


40 


s (cm) 


(c) | The images are real and inverted for this range of object distances. 


The asymptotes of the graph of s' versus s correspond to the focal 
length of the lens. The horizontal asymptote of the graph of m versus 
(d) 


s indicates the fact that, as the object moves away from the lens, the 


image formed by the lens approaches the far focal point and its size 


approaches zero. 
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Picture the Problem We can plot the first graph by solving the thin-lens equation for the 


image distance s’ and the second graph by using the definition of the magnification of the 


image. 


(a) and (b) Solve the thin-lens 
equation for s’ to obtain: 


The magnification of the image is 


given by: 


A spreadsheet program to calculate s’as a function of s is shown below. The formulas 


6 
Sy 
s' 
m=—-— 
S 


used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
Bl 12 f 
A4 0.12 s 
A5 A4 + 0.1 s+ As 
B4 $B$1*A4/(A4 — $B$1) fs 
S-F 
C5 —B4/A4 s' 
S 
A B € 
1 f= | 12 cm 
2 
3 s s' m 
4 0.12 —0.12 1.01 
5 0.22 —0.22 1.02 
6 0.32 —0.33 1.03 
7 0.42 —0.44 1.04 
8 0.52 —0.54 1.05 
9 0.62 —0.65 1.05 
108 10.52 —85.30 8.11 
109 10.62 —92.35 8.70 
110 10.72 | —100.50 9.37 
111 10.82 | —110.03 | 10.17 
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A graph of s’ as a function of s follows. 


s (cm) 


(c) | The images are virtual and erect for this range of object distances. 


The asymptote of the graph of s' versus s corresponds to the image 
approaching infinity as the object distance approaches the focal 

(d) | length of the lens. The horizontal asymptote of the graph of m versus 
s indicates that, as the object moves toward the lens, the height of the 
image formed by the lens approaches the height of the object. 


*64 ee 
Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 


Apply the thin-lens equation to gtz fisı (1) 
express the location of the image i S-fi 

formed by the first lens: 

Substitute numerical values and g'a (15 cm)(15 cm) E 
evaluate s,': * 15cm-15cm 


With s,' =o, the thin-lens equation > = > s;'=f,= 
2 


applied to the second lens becomes: Sy 
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A ray diagram is shown below: 


The final image is 50 cm from the object, real, inverted, and the same 
size as the object. 


65 ee 
Picture the Problem We can apply the thin-lens equation to find the image formed in the 


first lens and then use this image as the object for the second lens. 


Apply the thin-lens equation to gia fisı (1) 
express the location of the image i $= 5 

formed by the first lens: 

Substitute numerical values and ' (5 cm)(15 cm) 


a 15cm—15cm ~ 


With s' = 0, the thin-lens equation 1 1 A 
-=— > S; = f, =| 15.0cm 
F [15.0cm | 


applied to the second lens becomes: Sy 


evaluate S,': 


A ray diagram is shown below: 


The final image is 50 cm from the object, real, inverted, and the same 
size as the object. 


66 coo 
Picture the Problem We can substitute x = s — f and x’ = s’ — f in the thin-lens equation 
and the equation for the lateral magnification of an image to obtain Newton’s equations. 
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Express the thin-lens equation: 


Ifx=s—fandx’=s' -f: 


Expand this expression to obtain: 


The lateral magnification is: 


Solve equation (1) for x: 


Substitute for x and simplify to 
obtain: 


The lateral magnification is also 
given by: 


From equation (1) we have: 


Substitute to obtain: 


1 1 1 
+ = 
x+f x'+f f 


f(x'+x+2f)=(x+ fXx'+ f) 


=xx'txf+x'f+ f? 
or, simplifying, | xx'= f’ (1) 


S 
m =-— 
S 
or, because x = s — fand x' = s' — f, 
o x+f 


x+f 
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The variables x, f, sand s’ are shown in the sketch below: 


/\ 


/ \ 
| 


ge- 


| | 


too B 
. | ail 
\ | 
x f f. 
— sS |+ 


> -a x’ 
rs’ 
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Picture the Problem The ray diagram shows the two lens positions and the 


975 


corresponding image and object distances (denoted by the numerals 1 and 2). We can use 


the thin-lens equation relate the two sets of image and object distances to the focal length 


of the lens and then use the hint to express the relationships between these distances and 


the distances D and L to eliminate sj, s;', S2, and s?' and obtain an expression relating f, D, 


and L. 
Relate the image and object 
distances for the two lens positions 


to the focal length of the lens: 


Solve for f to obtain: 


The distances D and L can be 
expressed in terms of the image and 
object distances: 

Substitute for the sums of the image 
and object distances in equation (1) 
to obtain: 

From the hint: 


Hence D = sı + s and: 


Take the product of D — L and 
D + L to obtain: 


From the thin-lens equation: 


Substitute to obtain: 


SS," SS," 
f= 1-1 = 22 (1) 


StS; S, +S,' 


D =s, +s! =S, +S, 


and 
= == ' T 
L=s, -S5 =S -—S, 
f = SSi = SS, 
D D 


S, = S,' and Sf =S, 
D-L=2s and D +L =2s, 


(D-L)\(D+L)= D’ -P 


= 4s,s, =4s,s,' 
4s,s, = rss! = 4 fD 


4fD =D’ -rP 
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Solve for f: 
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Picture the Problem We can use results obtained in Problem 67 to find the focal length 


of the lens and the two locations of the lens with respect to the object. 


(a) From Problem 77 we have: 


Substitute numerical values and 
evaluate f: 


(b) Solve the thin-lens equation for 
the image distance to obtain: 


In Problem 77 it was established 
that: 


Solve for sı and sz: 
Substitute numerical values and 


evaluate sı and sz: 


69 coo 


(1.7m)’ —(0.72m)’ 


=| 34.9 
4(1.7 m) = 


f= 


(1) 


D-L=2s,and D+L =2s, 


D-L D+L 
S = and S, = 
2 
170cm -72cm 
and 


17 72 
s, = DOES = [121m | 


Picture the Problem The ray diagram shows four rays from the head of the object that 
locate images I, and Ip. We can use the thin-lens equation to find the location of the 


image formed in the positive lens and then, knowing the separation of the two lenses, 


determine the object distance for the second lens and apply the thin lens a second time to 


find the location of the final image. 


(a) Express the object-to-image 
distance d: 


Apply the thin-lens equation to the 
positive lens: 


Solve for s,': 


Substitute numerical values and 
evaluate s,' : 


Find the object distance for the 
negative lens: 


The image distance s,’ is given by: 
Substitute numerical values and 


evaluate sz": 


Substitute numerical values in 
equation (1) and evaluate d: 


(b) The overall lateral magnification 
is given by: 


Express m; and mp: 


Substitute to obtain: 


Substitute numerical values and 
evaluate m: 
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d=s,+5cm+s,' (1) 
mer 
S; Sı fi 
si = fisı 
$= fı 


, _ (8.5cm)(17.5cm) 
~ 17.5cm—8.5cm 


Si =16.53cm 


S, =5cm—s, =5cm—16.53cm 


= —11.53cm 
S,' Z fS» 
S, — f 
TE (-30cm)(-11.53cm) _ TEA 
-11.53cm -(— 30cm) 
d =17.5cm +5cm +18.7 cm 
=| 41.2cm 
m = mm, 
m =-2 and m, Sam 
Sı Sy 
on osi Sy _ S',' 
Sı S2 S)S5 
__(16.53cm)(18.7cm) _ is 


(17.5cm)(—11.53cm) 


Because m < 0, the image is inverted. Because s,' > 0, the image is real. 
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Aberrations 


*70 œ 
Determine the Concept Chromatic aberrations are a consequence of the differential 


refraction of light of differing wavelengths by lenses. | (a) is correct. 


71 >œ 
(a) False. Aberrations are a consequence of imperfections in lenses. 


(b) True. 
72 œ 


Picture the Problem We can use the lens-maker’s equation to find the focal length the 
this lens for the two colors of light. 


The lens-maker’s equation relates 1 1 1 
— = (n = 1) ieee ee 
the radii of curvature and the index n r, 
of refraction to the focal length of 
the lens: 
(a) For red light: 1 7 a 47 1) 1 1 
ved a. 10cm —10cm 
and 
fea =| 10.6cm 
(b) For blue light: 1 ( 1.53 1) 1 1 
blue l 10cm —10cm 
and 
fae = 
The Eye 
*73 ee 


Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 


(a) Use the thin-lens equation to 1 1 1 
relate the image and object distances s s' f 
to the power of the lens: 
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Because s’ = d and, for a distance P = 1 |1 
object, s = œ: mn s jd 
(b) If Xap is the closest distance an P -= 1 m 1 
object could be and still remain in x, d 
clear focus on the screen, equation 
(1) becomes: 
c) Use our result in (a) to obtain: 1 
(©) (9) Pin = =| 40.0D 

2.5cm 
Use the results of (a) and (b) to 1 1 1 1 
express the accommodation of the A= ag Paige = + E 

x, d d xX 

model eye: oe ae 
Substitute numerical values and A 1 400D 
evaluate A: Seem 
74 + 


Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 


(a) Use the thin-lens equation to 1 $ fd P 
relate the image and object distances s s' f 
to the power of the lens: 


Because s' = d and s = xp: 1 P 1 


1 1 
(b) To correct for the P. + =| -2.00 D 


nearsightedness of this eye, we need ™ 50cm -25cm 
a lens that will form an image 25 cm 

in front of the eye of an object at the 

eye’s far point: 


75 ee 
Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 


(a) Use the thin-lens equation to 1 J 1_1_ P 
relate the image and object distances s s' f 
to the power of the lens: 
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Because s’ = d and s = x'w: P =- 1 z 1 (1) 


(b) For a normal eye: P 1 1 


The amount by which the power of l 1 1 1 1 
the lens is too small is the difference Prax — P'max = x ü d x! T 
between equations (2) and (1): : P 
1 1 

7 Xap X'i 
(c) For Xap = 15 cm and P -pP = 1 1 
x'a = 150 cm: = =x ë 15cm 150cm 

=| 6.00 D 


76 ° 

Picture the Problem We can use the thin-lens equation to find the distance from the lens 
to the image and then take their difference to find the distance the lens would have to be 
moved. 


Express the distance d that the lens d=s'- f 
would have to move: 


Solve the thin-lens equation for s’: s'= fs 
s- f 
: Ta 5 
Substitute to obtain: d= É = 
zf 
Substitute numerical values and de (2.5cm)(25 cm) F Sei 
evaluate d: 25cm —2.5cm 


- [ozen] 


That is, the lens would have to move 0.278 
cm toward the object. 


77 œ 
Picture the Problem We can apply the thin-lens equation for the two values of s to find 
Af. 
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Express the change Af in the focal Ye eee fs-0.3m 
length: 
Solve the thin-lens equation for s: 2 38 
Ss +5 
Substitute to obtain: Af = S3mS'3m So3mS 0.3m 


i T 
S 3m + S3m S 0.3m H So.3m 


or, because S's m = $’0.3 m 


S S 
= wi 3m 
Af = S'sm ' 
S 3m 


0.3m 
T 
3m S 0.3m F So3m 


Substitute numerical values and evaluate Af: 


300 cm 30cm 
Af =(2.5cm =0.172cm =| 1.72 mm 
f ( pee oa [172mm | 


Picture the Problem We can use the thin-lens equation and the definition of the power 
of a lens to express the near point distance as a function of P and s. 


From the thin-lens equation we 1 n 1_1_ P 
have: s s f 
Solve for s': s= S 
Ps-1 
; ; 2 
Substitute numerical values and ae 2 5cm Seildun 
evaluate s': (1.75m )(0.25m)-1 


The person's near point with lenses is 44.4 cm. 


*79 œ 

Picture the Problem We can use the relationship between a distance measured along the 
arc of a circle and the angle subtended at its center to approximate the smallest angle the 
two points can subtend and the separation of the two points 

20 m from the eye. 


(a) Relate nin to the diameter of the dyeOnin © 2 4M 
eye and the distance between the 
activated cones: 
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Solve for Onin: Be 2m 
min deye 
Substitute numerical values and = wm _ 80.0 urad 
evaluate Onin: 2.5cm 
(b) Let D represent the separation of D= R0 n = (20 m)(80 rad) 
the points R = 20 m from the eye to =[|1.60mm 
obtain: E 
80 oo 


Picture the Problem We can use the thin-lens equation to find f and the definition of the 
power of a lens to find P. 


(a) Solve the thin-lens equation for _ _SS 
f: S'+S 
Noting that s' < 0, substitute (45cm)(-80cm) 

f = =| 103cm 
numerical values and evaluate f: f — 80cm + 45cm 
(b) Use the definition of the power paz =| 0.971diopters 
of a lens to obtain: f 1.03m 


81 ee 
Picture the Problem We can use the thin-lens equation to find f and the definition of the 
power of a lens to find P. 


Express the required power of the p= 1 

lens: 

The thin-lens equation is: 1, 1_1 
s s f 

For s = 0: 1 1 me 
= ae f =S 
S 

Substitute for f to obtain: p= 1 

s' 
; ; 1 
Substitute for s’ and evaluate P: p= =| 0.444diopters 
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82 ee 
Picture the Problem We can use the lens-maker’s equation with s = œ to find the radius 
of the cornea modeled as a homogeneous sphere with an index of refraction of 1.4. 


Use the lens-maker’s equation to n, T n o Z m-n 
relate the radius of the cornea to its s s' r 
index of refraction and that of air: 
Because n; = n, n; = 1, and s = œ: n n-1 
s' r 
Solve for r: s'(n—1 1 
r= ( ) =i s' 
n n 
Substitute numerical values and 1 
r =|1-— |(2.5cm)=| 0.714cm 
evaluate r: 


| The eyeis not a homogeneous sphere. It is filled with a transparent liquid | 
(vitreous humor) which has an index of refraction that is not known. If that 
index of refraction differs from 1.4, there is refraction at the inner surface 
of the cornea which will result in the formation of the image nearer the 
cornea's surface if n >1.4 and farther if n <1.4, where nis the index of 
refraction of the vitreous humor. If n<1.4, then r as calculated above is 

too small. 


83 ee 
Picture the Problem We can use the definition of the power of a lens and the thin-lens 
equation to find the power of the lens that should be used in the glasses. 


1 1 
Express the power of the lens that P=P, at P. =—+ (1) 
should be used in the glasses: f. eye f, glasses 
Because the glasses are 2 cm from s' = —80 cm + 2 cm = -78 cm 
the eye: and 


s = 25cm — 2cm = 23cm 


Apply the thin-lens equation to the 1_ 1 
eye with s' = o: S 
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Apply the thin-lens equation to the 
glasses with s = oo: 


Substitute for feye and folasses in 
equation (1) to obtain: 


Substitute numerical values and 
evaluate P: 


84 coo 


Picture the Problem We can use the thin-lens equation and the distance from her eyes to 


re = 5" 

s È A glasses 

ea 
S S 

pa 32 iao 
0.23m -0.78m 


her glasses to derive an expression for the location of her near point. 


(a) Express her near point, Xap, at 
age 45 in terms of the location of her 
glasses: 


Because the glasses are 2.2 cm from 
her eye: 


Apply the thin-lens equation to the 
glasses: 


Solve for s’: 


Substitute in equation (1) to obtain: 


Substitute numerical values and 


evaluate Xpp: 


(b) At age 55: 


Xp =|s'|+2.2cm (1) 


s =25cm—2.2cm = 22.8cm 


S S fasses 
pa s 1 
S 
Xap = T +2.2cm (2) 
P-—— 
S 
1 
0.228m 


- [359m] 


s = 40cm - 2.2 cm = 37.8cm 
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Substitute numerical values in 
equation (2) and evaluate s’: 1 
quation (2) and evalua’ n - poson 
2.1m‘ -— 
0.378 m 
=| 185cm 
(c) Solve the thin-lens equation for f: f= ss' 
s'+s 
From the definition of P: P= 1 _ S'+S 
f s's 
For s = 22.8 cm and 183.3cm + 22.8cm 
. P= =| 4.93D 
s' = 183.3 cm: (183.3cm)(22.8cm) 


The Simple Magnifier 


*85 e 
Picture the Problem We can use the definitions of the magnifying power of a lens 
(M = X, / f ) and of the power of a lens ( P =1/ f ) to find the magnifying power of the 


given lens. 
The magnifyi f the lens i Xi 

| agnifying power of the lens is M =Ž2 = Px, 
given by: f j 


where P is the power of the lens. 


Substitute numerical values and M= (20 m™)(0.3m) = 


evaluate M: 


86 
Picture the Problem We can use the definition of the magnifying power of a lens to find 
the required focal length so that this person’s lens will have magnification power of 5. 


The magnifying power of the lens is Me Xap 

given by: 7 f 

Solve for f: f= 
M 


Substitute numerical values and 25cm 
= =| 5.00 cm 
= 


evaluate f: 
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87 >œ 
Picture the Problem We can use the definition of the magnifying power of a lens to find 


the magnifying power of this lens. 


The magnifying power of the lens is 


M = 
given by: f 
i i 35cm 
Substitute numerical values and M = -=| 5.00 
evaluate M: 7 cm 


88 we 

Picture the Problem Let the numerals 1 and 2 denote the 1“ and 2™ persons, 
respectively. We can use the definition of magnifying power to find the effective 
magnifying power of the lens for each person. The relative height of the images on the 
retinas of the two persons is given by the ratio of the effective magnifying powers. 


The magnifying power of the lens is Xap 
given by: f 


Substitute numerical values and M, = scm B 


evaluate M, and M3: 


and 
40cm 
M, = =| 6.67 
6cm 
From the definition of magnifying Ot 
power we have: M,_f _Y», 
M, Yo Xə 


Substitute for Mı and M> and y, 4.17 
2 = —— = [ 0.625 | 
6.67 


evaluate the ratio of y; to yo: Yə 
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Picture the Problem We can use the definition of angular magnification to find the 
expected angular magnification if the final image is at infinity and the thin-lens equation 
and the expression for the magnification of a thin lens to find the angular magnification 
when the final image is at 25 cm. 


(a) Express the angular 
magnification when the final image 
is at infinity: 


Substitute numerical values and 
evaluate M: 


(b) Express the magnification of the 
lens when the final image is at 25 


cm: 


Solve the thin-lens equation for s: 


Substitute to obtain: 


Substitute numerical values and 
evaluate m: 


*OQ ee 


Picture the Problem We can use the definition of the angular magnification of a lens 


and the thin-lens equation to show that M = 


(a) Express the angular 
magnification of the simple 
magnifier in terms of the angles 
subtended by the object and the 


image: 


Solve the thin-lens equation for s: 


Because the image is virtual: 


Substitute to obtain: 
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where P is the power of the lens. 


M =(25cm)(12m*)=| 3.00 


ee 
S 

s= i 

s-f 

m= z = e 44 
s'- f 

=1<s'P 


m=1-(-0.25m)(12m")=[ 4] 


X 
w EJ, 


987 
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Express the angle subtended by the g Yy 
0 


object: np 


Express the angle subtended by the A= y 
image: S 
Substitute for s to obtain: 9- yo Ay (x,, +f ) 
[Xap Xnp 
Xa + f 

Substitute in equation (1) and y (i +f ) 
simplify: ie Xnp _ Xp + f eee 

PA f f 

Xap 
(b) In terms of the power of the M =x„P +1 


magnifying lens: 


The magnification of a 20-D lens for M= (0.3 m)(20 m+ l= 


a person with a near point of 30 cm 
and the final image at the near point 
is: 


A ray diagram for this situation is | ~ 
shown to the right: | 

| 

| 
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Picture the Problem We can use the definitions of lateral and angular magnification and 
the result given in Problem 82 to show that, when the image of a simple magnifier is 
viewed at the near point, the lateral and angular magnifications are equal. 


Express the lateral magnification of Xap 
the lens: f 


Because the image is viewed at the 
near point, f = s and: 


From Problem 32-82: 


The Microscope 


92 ee 


xX 
=—"+lor|M 
f 
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lateral — M angular 


Picture the Problem We can use the thin-lens equation to find the location of the object 


and the expression for the magnifying power of a microscope to find the magnifying 


power of the given microscope for a person whose near point is at 25 cm. 


(a) Using the thin-lens equation, 
relate the object distance s to the 
focal length of the objective lens fo: 


Solve for s to obtain: 


From Figure 32-48, the image 
distance for the image formed by the 
objective lens is: 


Substitute numerical values and 
evaluate s: 


(b) Express the magnifying power of 
a microscope: 


Substitute numerical values and 
evaluate M: 


#93 oo 


s= 


1 1 

' f 

fos' 
7 s'— fo 


s'= fa +L =1.7 cm +16 cm = 17.7 cm 


(1.7 cm)(17.7 cm) 
= =Í1. 
° 17.7 cm —1.7cm 


16cm 25cm : 461 


1.7 cm 5.1cm p 


Picture the Problem The lateral magnification of the objective is m, = — L/ f, and the 


magnifying power of the microscope is M =m,M.,,. 


990 Chapter 32 


(a) The lateral magnification of the ee L 
objective is given by: j f 
Substitute numerical values and 16cm 
m, =— =| —1.88 
evaluate m,: j 8.5 mm 
(b) The magnifying power of the M =m,M, 
microscope is given by: where Me is the angular magnification of 
the lens. 
Substitute numerical values and M =(-1.88)(10) = 
evaluate M: 
94. + 


Picture the Problem We can find the tube length from the length of the tube to which 
the lenses are fastened and the focal lengths of the objective and eyepiece. We can use 
their definitions to find the lateral magnification of the objective and the magnifying 
power of the microscope. The distance of the object from the objective can be found 
using the thin-lens equation. 


(a) The tube length L is given by: L=D-f,-f 
2 
= 0.30m- = =| 20.0 cm 
20m 

(b) The lateral magnification of the "n L = 20cm -~|—400 
objective m, is given by: ° fs 5cm ` 

Th ifyi fth X 
(c) e mepi ying power of the M=m,M,=m np 
microscope is given by: fe 
Substitute numerical values and M= (- ) 5cm -T200 
evaluate M: 5cm 
(d) From the thin-lens equation we 1 7 1 z 1 
have: S s h 


where s'= f, + L 


Substitute to obtain: 1 i 1 _ 1 
S h+tL f 


(0) 
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Solve for so: — ff, +L) 
° L 
Substitute numerical values and (5 cm)(5 cm + 20 cm) 
S, = =| 6.25em 
evaluate sy: ° 20cm 625cm | 
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Picture the Problem The magnifying power of a compound microscope is the product of 
the magnifying powers of the objective and the eyepiece. 


Express the magnifying power of M =mm, (1) 
the microscope in terms of the 

magnifying powers of the objective 

and eyepiece: 


From Problem 82, the magnification 


of the eyepiece is given by: e f ~ 
The magnification of the objective m= L 
is given by: ° fo 


Substitute to obtain: D-f o f. e 


Substitute for me and m, in equation 


= D- f = le 
(1) to obtain: a (Pek uf- ae 


Substitute numerical values and evaluate M: 


M =[e0)(0.25m) +1] Zoom 27pm taen). I 


2.22 cm 


96 eve 
Picture the Problem We can find the focal length of the eyepiece from its angular 
magnification and the near point of a normal eye. The location of the object such that it is 
in focus for a normal relaxed eye can be found from the lateral magnification of the 
eyepiece and the magnifying power of the microscope. Finally, we can use the thin-lens 
equation to find the focal length of the objective lens. 
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(a) Relate the focal length of the 
eyepiece to its angular magnifying 


power: 


Substitute numerical values and 
evaluate fe: 


(b) Relate s to s' through the lateral 
magnification of the objective: 


Relate the magnifying power of the 
microscope M to the lateral 
magnification of its objective mo 
and the angular magnification of its 


eyepiece M.: 


Solve for m,: 


Substitute to obtain: 


Evaluate s’: 


Substitute numerical values and 
evaluate s: 


(c) Solve the thin-lens equation for 


fo: 


Substitute numerical values and 
evaluate fo: 


The Telescope 
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Picture the Problem Because of the great distance to the moon, its image formed by the 
objective lens is at the focal point of the objective lens and we can use D = f 0 to find 


m, =-— > S=-— 
s m, 
M=m,M, 
M 
m, =— 
M, 
__sM, 
M 
s'=22cm-— f, 


= 22cm -1.67 cm = 20.33cm 


(20.33cm)(15) _ > eogan 


— 600 


SS 


s'+s 


o 


_ (0.508 cm)(20.33 cm) 
20.33 cm + 0.508 cm 


=| 0.496 cm 


fo 
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the diameter D of the image of the moon. Because angle subtended by the final image at 
infinity is given by 8, = M0, = M@, we can solve (b) and (c) together by first using 


M = -f,/f. to find the magnifying power of the telescope. 


(a) Relate the diameter D of the D=s,'0 
image of the moon to the image 
distance and the angle subtended by 


the moon: 
Because the image of the moon is at Ss. =f, 
the focal point of the objective lens: and 
D= f8 
Substitute numerical values and D = (100 cm) (0.009 rad) = 
evaluate D: 
(b) and (c) Relate the angle 0, =M@, = M0 
subtended by the final image at 
infinity to the magnification of the 
telescope and the angle subtended at 
the objective: 
Express the magnifying power of the M=- ds 
telescope: fe 
Substitute numerical values and M=- 00cm _ m 20.0 
evaluate M and @: 5cm 
and 


6, =(—20)(0.009 rad) =| — 0.180 rad 
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Picture the Problem Because of the great distance to the moon, its image formed by the 
objective lens is at the focal point of the objective lens and we can use D = f,@ to find 


the diameter D of the image of the moon. 


Relate the diameter D of the image D=s,'0 
of the moon to the image distance 

and the angle subtended by the 

moon: 


Because the image of the moon is at s, =f, 
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the focal point of the objective lens: and 
D= f0 
Substitute numerical values and D =(19.5m)(0.009 rad) = 
evaluate D: 
*99 oe 


Picture the Problem Because the light-gathering power of a mirror is proportional to its 
area, we can compare the light-gathering powers of these mirrors by finding the ratio of 
their areas. We can use the ratio of the focal lengths of the objective and eyepiece lenses 
to find the magnifying power of the Palomar telescope. 


(a) Express the ratio of the light- T 2 
gathering powers of the Palomar and Palomar = Abalomar mirror _A eee 
Yerkes mirrors: P, Yerkes Ayerkes mirror A d 2 , 
Yerkes mirror 
4 
2 
= d paiana 
2 
Yerkes mirror 
. . è 2 
Substitute numerical values and Piin 7 (200 in) 250 
evaluate Ppalomar/P Yerkes: Picie (40 in y 
or 
Pratomar = (25D) P age 
(b) Express the magnifying power of M=- de 
the Palomar telescope: fe 
Substitute numerical values and ates 1.68m -|134 
evaluate M: 1.25cm 
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Picture the Problem We can use the expression for the magnifying power of a telescope 
and the fact that the length of a telescope is the sum of focal lengths of its objective and 
eyepiece lenses to obtain simultaneous equations in f, and fe. 


The magnifying power of the M=- fo -7 
telescope is given by: le 
The length of the telescope is the L= f, + f, =32cm 


sum of the focal lengths of the 
objective and eyepiece lenses: 
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Solve these equations 


sh 


simultaneously to obtain: 


101 « 

Picture the Problem The magnification of a telescope is the ratio of the angle subtended 
at the eyepiece lens to the angle subtended at the objective lens. We can use the geometry 
of the ray diagram to express both @ and 6». 


(b) The ray diagram is shown below: 


(a) Express the magnifying power M= Os 
M of the telescope: 6, 
Because the image formed by the 0 = h 
objective lens is at the focal point, f 
F'i where we have assumed that @ << 1 so 


that tan 0, = 6». 


h 
Express the angle subtended by the Ø, =". where f; is negative. 
eyepiece: i 
Substitute to obtain: h 
Me a, 
Ei 
iE 
and M = s is positive. 


Remarks: Because the object for the eyepiece is at its focal point, the image is at 
infinity. As is also evident from the ray diagram, the image is virtual and upright. 
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Picture the Problem We can use the thin-lens equation to find the image distance for the 
objective lens and the object distance for the eyepiece lens. The separation of the lenses is 
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the sum of these distances. We can use the definition of the angular magnification and the 


angles subtended at the objective and eyepiece lenses to find the height of the final 


image. 


(a) Solve the thin-lens equation for 
So 

Substitute numerical values and 
evaluate s,': 


(b) Solve the thin-lens equation for 
Se: 


Noting that s,’ = —25 cm, substitute 
numerical values and evaluate se: 


(c) Express the separation D of the 
lenses: 


Substitute numerical values and 


evaluate D: 


(d) Express the height h’ of the final 
image in terms of the magnification 
M of the telescope: 


The magnification of the telescope 
is the product of the magnifications 


of the objective and eyepiece lenses: 


Substitute to obtain: 


,_ (im)30m) _ [10345m | 
S, = Saya. © 103.45cm 


where we have kept more than three 


significant figures in the answer for use in 
(c) and (d). 


(- 5 cm)(— 25 cm) 
S, = =| —6.25cm 
e 25cm -(- 5cm), 
where the minus sign tells us that the object 
of the eyepiece is virtual. 


D=s, +58, 


D =103.45cm — 6.25cm =| 97.2 cm 


h'= Mh 
So Sa 
M =m,m, = —— 
So Se 

S, S 


Substitute numerical values and 
evaluate h’: 


Express the angular magnification 
of the telescope: 


The angle subtended by the object 
is: 


The angle subtended by the image 
is: 


Substitute to obtain: 


Substitute numerical values and 
evaluate M: 


103 eee 
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p= 103.45cm \| -25cm 
3000cm j| —6.25cm 


=| 20.7 cm 
Man 
0, 
E 
So 
0, = tan` x) 
Se 


m -80m tn [22 


Je-sm 


25.6 


Picture the Problem The roles of the objective and eyepiece lenses are reversed. 


Express the magnifying power of the 


"wrong end” telescope: 


Substitute numerical values and 
evaluate M: 


General Problems 
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= 1.5cm 
2.25m 


- [Emso] 


= —6.67 x10” 


Picture the Problem We can solve the thin-lens equation for s’ and then argue that the 
signs of the numerator and denominator are such that their quotient is always negative. 
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Solve the thin-lens equation for s’: 


For a diverging lens: f <Oand s >0 fora real object. 


Consequently, the denominator is positive and the numerator is 


negative, so s' must always be negative. 


*105 œ 

Picture the Problem We can express the distance As that the lens must move as the 
difference between the image distances when the object is at 30 m and when it is at 
infinity and then express these image distances using the thin-lens equation. 
Express the distance As that the lens AS = S'y Z S'o 
must move to change from focusing 

on an object at infinity to one at a 

distance of 30 m: 


Solve the thin-lens equation for s’: eta f 
s-f 
Substitute and simplify to obtain: TE fS fs. 
S39 — f So = f 
= fSz0 f 
S30 f 1- f / So 


II 
> 
i= 
n 
QJ 
© Y 
| | 
=~ 
| 
— 
L 


Substitute numerical values and 
As = (200 mm) 


- [samm] 


30m 1 


evaluate As: 30m—-—0.2m 7 
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Picture the Problem We can express the distance As that the lens must move as the 
difference between the image distances when the object is at 30 m and when it is at 
infinity and then express these image distances using the thin-lens equation. 


Express the distance As that the lens As =s', —S',, 
must move to change from focusing 
on an object at infinity to one at a 


distance of 5 m: 


Solve the thin-lens equation for s’: 


Substitute and simplify to obtain: 


Substitute numerical values and 
evaluate As: 
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Picture the Problem We can use the thin-lens and magnification equations to obtain 
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s'= G 
s-f 
RE E 
S5- f So- f 
__ fs f 
s,— f l= f /5., 
= S5 = 
Pee, J 
om 
as = (28mm) 1 
5m —0.028m 


=| 0.158mm 
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simultaneous equations that we can solve to find the image and object distances for the 


two situations described in the problem statement. 


(a) Use the thin-lens equation to 
relate the image and object 
distances to the focal length of 
the lens: 


Because the image is twice as 
large as the object: 


Substitute to obtain: 


Solve for s: 


Substitute numerical values and 
evaluate s and s’: 


1 1 1 

— + — = — 

s s f 

m=—* > s'=-2s 
S 

1 1 1 

= 

s -2s f 

s=4f 

s =4(10cm)=| 5.00cm 

and 


s'=-2(6em) = [00] 


1000 Chapter 32 


(b) If the image is inverted, then: 


Solve for s: s=4f 


Substitute numerical values and s= 43(10 cm) = 


evaluate s and s’: 
and 


s' = 2(15cm) =| 30.0cm 


The ray diagrams for (a) (left) and (b) (right) are shown below: 


108 « 

(a) In an astronomical telescope the eyepiece (short focal length) and objective (long 
focal length) lenses are separated by the sum of their focal lengths. Given these two 
lenses, we’ll use the 25 mm lens as the eyepiece lens and the 75 mm lens as the objective 
lens and mount them 100 mm apart. The angular magnification is 


then M — fo AN =(3]. 
fe 25mm 


(b) A ray diagram showing how rays from a distant object are magnified by an 
astronomical telescope follows. A real and inverted image of the distant object is formed 
by the objective lens near its second focal point. The eyepiece lens forms an enlarged and 
inverted image of the image formed by the objective lens. 


Objective Eyepiece 


le fs ole fe->| 
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Determine the Concept 


(a) Because the focal lengths appear in the magnification formula as a product, it would 
appear that it does not matter in which order we use them. The usual arrangement would 
be to use the shorter focal length lens as the objective but we get the same magnification 
in the reverse order. What difference does it make then? None in this problem. 

However, it is generally true that the smaller the focal length of a lens, the smaller its 
diameter. This condition makes it harder to use the shorter focal length lens, with its 
smaller diameter, as the eyepiece lens. If we separate the objective and eyepiece lenses by 


L+ fe + fo = 16 cm + 7.5 cm + 2.5cm= the overall magnification will be 


L Xp 16cm 25cm _ 


= =|-21.3 |. 
fo fe 7.5cm 2.5cm 


M=m,M,= 


In a compound microscope, the O=L+ f, et f 0 
lenses are separated by: 


Substitute numerical values and 6 =16cm+7.5cem+2.5cm = 


evaluate 6: 


Th Il ification of DX, 

e overa magi ica ipn 0 a M =mM, =-2= 
compound microscope is given by: s fh f 
Substitute numerical values and M= 16cm 25cm _ 713 
evaluate M: 7.5cm 2.5cm 


(b) A ray diagram showing how rays from a near-by object are magnified by a compound 
microscope follows. A real and inverted image of the near-by object is formed by the 
objective lens at the first focal point of the eyepiece lens. The eyepiece lens forms an 
inverted and virtual image of this image at infinity. 


Eyepiece 


V 


Objective 
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Picture the Problem We can use the equation for refraction at a single surface to locate 
the image of the fish and the expression for the magnification due to refraction at a 
spherical surface to find the magnification of the image. 


(a) Use the equation describing n T m_m-hħ 
refraction at a single surface to s sS r 
relate the image and object 
distances: 
Solve for s’: ga nrs 
(n, -h )s =ar 
Substitute numerical values and e (1) (0.5 m)(2.5m) 
evaluate s’: (1—1.33)(2.5m)-—(1.33)(0.5m) 
=| —0.839m 
Note that the fish appears to be much 
closer to the diver than it actually is. 
(b) Express the magnification due to m=- ns" 
refraction at a spherical surface: 3S 
j j 1.33)(— 0.839 m 
Substitute numerical values and PENE ( )( ) - [0.446 
evaluate m: (1) (2.5 m) 
Note that the fish appears to be smaller 
than it actually is. 
111 


Picture the Problem We can use the thin-lens equation and the definition of the 
magnification of an image to determine where the person should stand. 


Use the thin-lens equation to relate s 1 7 1 _ 1 
and s': s s f 
“fe . . e ' 24 E 
The magnification of the image is RE cm _ 137x107 
given by: S 175cm 
and 
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Substitute to obtain: 1 E i _ 1 
s m f 
: 1 
Solve for s mS l- *) f 
m 
, , 1 
Substitute numerical values and sel i (50 mm) 
evaluate s: —1.37x10 
- 
112 »e 


Picture the Problem We can use the thin-lens equation and the definition of the 
magnification of an image to determine the ideal focal length of the lens. 


Use the thin-lens equation to relate s 1 n 1_1 
and s': s s f 
The magnification of the image is u= S 3.6cm - 180x107 
given by: S 200cm 
and 
s'=—ms 
Substitute to obtain: 1 1_1 
s m f 
Solve for f: o sS 
f= 1 
| 
m 
Substitute numerical values and 30m 
= =| 0.530m 
evaluate f: f E 1 0.530 | 
—1.80x107 
113 ee 


Picture the Problem Let the numeral 1 refer to the first lens and the numeral 2 to the 
second lens. We apply the thin-lens equation twice; once to locate the image formed by 
the first lens and a second time to find the image formed by the second lens. The 
magnification of the image is the product of the magnifications produced by the two 
lenses. 


1004 Chapter 32 


(a) Solve the thin-lens equation for 
the location of the image formed by 
the first lens: 


Substitute numerical values and 
evaluate s,': 


Because the second lens is 20 cm to 
the right of the first lens: 


Solve the thin-lens equation for the 
location of the image formed by the 
second lens: 


Substitute numerical values and 
evaluate s,': 


(b) Express the magnification of the 
final image: 


Substitute numerical values and 
evaluate m: 


s! = (10cm)(12cm) = 60.0cm 
t 12cm-10cm 


s, = 20cm — 60 cm = —40 cm 


Di fS» 


Sy 
S,- f» 


(12.5cm )\(- 40cm) 
SS =| 9.52cm 
> —40cm-12.5cm 
i.e., the final image is 9.52 cm to the right 
of the second lens. 


_ (60cm)(9.52 cm) 
"= 2em) 40cm) 


i.e., the final image is about 20% larger 


=| —1.19 


than the object and is inverted. 


(c) The ray diagram is shown in the figure. The enlarged, inverted image formed by the 


first lens serves as a virtual object for the second lens. The image formed from this virtual 


objectis the real, inverted image shown in the ray diagram. 
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Picture the Problem We can apply the equation for refraction at a surface to both 
surfaces of the lens and add the resulting equations to obtain an equation relating the 
image and object distances to the indices of refraction. We can then use the lens maker’s 
equation to complete the derivation of the given relationship between f’ and f. 


(a) Relate s and s’ at the water-lens Nyy te 
interface: s si r, 
Relate s and s’ at the lens-water a ae Le ak 
interface: =s} Ss i 
Add these equations to obtain: í 1 1 ) 1 1 
n,| —+— |= (n n,, ) 
s s' hon 
1 1 1 
Let — = — + — to obtain: Ny =(n n ) 1 i 
f E s f ' " 1 r 
The lens-maker’s equation is: 1 1 1 
=(n-1) 
f n ry 
and 
1 1 1 
RON (n -1) f 
Substitute to obtain: n, í 1 ) 
ag 
f (n-1)f 
Solve for f ': ,_|n,(n-1) 
tg 
(b) Use the lens-maker’s equation to 1 a 5 1) 1 1 
find the focal length of the lens in f S A 30cm 35cm 
air: d 
f =| -32.3cm 
ivedi j 1.33)(1.5-1 
Use the result derived in (a) to find pe ( )( V 32. 3cm) 
f": 1.5-1.33 


=| —126 cm 
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Picture the Problem Here we must consider refraction at each surface separately. To 


find the focal length we imagine the object at s = œ, and find the image from the first 


refracting surface at s’;. That image serves as the object for the second refracting surface. 


We’ll find that this is a virtual image for the second refracting surface, i.e., S is negative. 


Using the equation for refraction at a single surface a second time, we can locate the 


image formed by the second refracting surface by the virtual object at s2. The location of 


that image is then the focal point of the thick lens. We’ ll let the numeral 1 denote the first 


surface and the numeral 2 the second surface. In part (b) we can proceed as in part (a) 


(except that now n; = 1.33 for the first refraction and n, = 1.33 for the second refraction) 


to determine the focal length in water, which we denote by fw. 


(a) Use the equation for refraction 
at a single surface to relate sı and 


1 


S1: 


For sı = œ: 


Solve for s;’: 


Substitute numerical values and 
evaluate S,': 


The object distance sz for the 
second lens is: 


Solve the equation for refraction at 
a single surface for s, : 


Substitute numerical values and 
evaluate S,': 


Because f is measured from the 
center of the lens: 


(b) Substitute numerical values in 
equation (1) and evaluate s,' : 


n, + n, = n, -n 
So s n 
My _ m-n 
s; n 
n-r, 
s! = — = (1) 
n, — 1, 
1.5)(20cm 
Si = (1.5)(20cm) ) = 60.0cm 


15-1 


S, = -(s; = 4cm) = -(60 cm — 4cm) 


= —56 cm 
S,| = NDS, (2) 
(n, -=n )s, -nh 
ao (1)(— 20cm)(- 56cm) 
= 


(1-1.5)(—56cm)-—(1.5)(— 20cm) 
=19.3cm 


f =s,+2cm=19.3cm+ 2cm 


- [23cm] 


s = (1.5)(20cm) =176cm 
t “95-133 
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The object distance sz for the S, = -(s;' = 4cm) = (176 cm — 4cm) 
second lens is: =-172cm 


Substitute numerical values in equation (2) and evaluate s’5: 


_ (1.33)(— 20cm)(—172cm) tao 


i (1.33 -1.5)(—172cm)-(1.5)(— 20cm) 


Because fw is measured from the f, =S, +2cm =77.2cm+2cm 


center of the lens: = 


Remarks: Note that if we use the expression given in Problem 114 we obtain fw = 
83.3 cm, in only moderate agreement with the exact result given above. 
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Picture the Problem Let the numeral 1 
denote the CCl,-H,O interface and the 
numeral 2 the H,O-air interface. We can 


locate the final image by applying the 


equation for refraction at a single surface to 
both interfaces. The ray diagram shown 


below shows a spot at the bottom of the 
tank and the rays of light emanating from it 
that form the intermediate and final 


images. 
Use the equation for refraction at a Nec, n Nyo — Myo 7 hco, 
single surface to relate s and s’ at the S s; r 


CCl,-H20 interface: or, because r = 0, 


n n 


CCl, 4 HO _ 0 
Sı s 
Solve for sy’: : Ny oS 
s! =-— (1) 
Nec, 
i i 1.33)(4cm 
Substitute numerical values and 5! = ( )( ) =- -364cm 


evaluate sj’: 1.46 
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The depth of this image, as viewed 
from the H,O-air interface is: 


At the H,O-air interface equation 
(1) becomes: 


Substitute numerical values and 
evaluate s7’: 


117 œ». 


Picture the Problem The speed of the jogger as seen in the mirror is v' = ds'/dt. We can 


S, =2cm-s = 2cm-(-3.64cm) 
= 5.64cm 


nz Ss, 


ro fair 


Nuvo 


S2 


(1)(5.64cm) _ 
1.33 
The apparent depth is 4.24 cm. 


2 = 


4.24cm 


use the mirror equation to derive an expression for v’ in terms of f and ds/dt. 


Solve the mirror equation for s’: 


Differentiate s’ with respect to time 
to obtain: 


Simplify this result to obtain: 


Rewrite equation (1) in terms of r: 


Find s’ whens = 5 m: 


Use equation (2) to find \v'|when 


|v|= 3.5 m/s: 
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Picture the Problem Let the numerals 1 and 2 denote to the first and second refracting 


(411) 
5 -( E) a) 


v= (2) v (2) 
S 


surfaces of the spherical lens, respectively, and follow the steps given in the hint. 
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Use the equation for refraction at a n P n oo m-n 
single surface to relate sı and sy’: S sS r 
When s; = ©: h _ m-n 

Si n 
Solve for sy’: g= n,n 

i n, =n 

j j 1.5)(2mm 

Substitute numerical values and sf = ( )( ) -6.00 mm 
evaluate sy’: 1.5-1 
Because the thickness of the glass s, =4mm-—s, = 4mm -6 mm = -2 mm 
sphere is 4 mm: 
Use the equation for refraction at a n, + n ooç no-n 
single surface to relate sz and s9': S, ay r, 
Solve for s7’: pies CUE 

2 

(n, n, )s, nn 
Substitute numerical values and ge (1) (- 2 mm)(- 2 mm) 
evaluate s)': *  (1-1.5)(-2mm)-[1.5](— 2mm) 
=1.00mm 


Because s,'=1.00 mm =r/2, f =1.00 mm. 
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Picture the Problem We can use the thin-lens equation to locate the first image formed 
by the lens, the mirror equation to locate the image formed in the mirror, and the thin-lens 
equation a second time to locate the final image formed by the lens as the rays pass back 
through it. 


(b) and (c) The ray diagram is shown below. The numeral 1 represents the object. The 
parallel and central rays from 1 are shown; one passes through the center of the lens, the 
other is paraxial and then passes through the focal point F’. The two rays intersect behind 
the mirror, and the image formed there, identified by the numeral 2, serves as a virtual 
object for the mirror. Two rays are shown emanating from this virtual image, one through 
the center of the mirror, the other passing through its focal point (halfway between C and 
the mirror surface) and then continuing as a paraxial ray. These two rays intersect in front 
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of the mirror, forming a real image, identified by the numeral 3. Finally, the image 3 
serves as a real object for the lens; again we show two rays, a paraxial ray that then 
passes through the focal point F and a ray through the center of the lens. These two rays 
intersect to form the final real, upright, and diminished image, identified as 4. To see this 
image the eye must be to the left of the image 4. 


(a) Solve the thin-lens equation for s'= fs, 
Sis f S= f 

j j 10cm)(15cm 
Substitute numerical values and s= ( )( ) =30cm 


evaluate s4": 


Because the image formed by the 
lens is behind the mirror: 


Solve the mirror equation for sz’: 


Substitute numerical values and 
evaluate s7’: 


Solve the thin-lens equation for s3': 


Substitute numerical values and 
evaluate s3’: 
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15cm -10cm 


s, = 25cm -30cm = -5cm 


s= Gem) 5cm) 2 50cm and the 
- 5cm- 5cm 


image is 22.5 cm from the lens; i.e., 


S3 = 22.5 cm. 

Sy! = fS 
S3 = f 

d= (10cm)(22.5cm) Berm 
22.5cm -10cm 


Picture the Problem The mirror surfaces must be concave to create inverted images on 


reflection. Therefore, the lens is a diverging lens. Let the numeral 1 denote the lens in its 


initial orientation and the numeral 2 the lens in its second orientation. We can use the 


mirror equation to find the magnitudes of the radii of the lens’ surfaces, the thin-lens 


equation to find its focal length, and the lens maker’s equation to find its index of 


refraction. 


Solve the mirror equation for Inl : 
Substitute numerical values and 
evaluate In|: 

Solve the mirror equation for In| : 


Substitute numerical values and 
evaluate In|: 


Solve the thin-lens equation for f: 


Substitute numerical values and 
evaluate f: 


Solve the lens-maker’s equation for 
n to obtain: 


Because the lens is a diverging lens, 
rı = —10 cm andr, = 15 cm. 
Substitute numerical values and 
evaluate n: 
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ri = sa 
Si +S, 
6cm+30cm 

_ 25,55. 
g S, +S, 
r _ 2(30cm)(10cm) -15.0cm 

10cm + 30cm 
__ Ss’ 
sits 


f= (30cm)(—7.5cm) _ 


10.0cm 
—7.5cem+30cm 
1 
n= a +1 
ROY 
n= i +1 


-10cm 15cm 


(-10em)( 1 1 l 


=| 1.60 


Picture the Problem Assume that the object is very small compared to r so that all 


incident and reflected rays traverse 1 cm of water. The problem involves two refractions 


at the air—water interface and one reflection at the mirror. Let the numeral 1 refer to the 


first refraction at the air—water interface, the numeral 2 to the reflection in the mirror 


surface, and the numeral 3 to the second refraction at the water—air interface. 


Use the equation for refraction at a 
single surface to relate sı and sy’: 


n n 
1422 
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Solve for sy’: 


Let n= n. Because n; = 1: 


Find the object distance for the 
mirror: 


1 


Solve the mirror equation for s": 


Substitute for s2: 


Find the object distance s; for the 


water—air interface: 


Use the equation for refraction at a 
single surface to relate s3 and s3": 


Solve for s3’: 


Because n = 1 and n; =n: 


Equate s3' and s;: 


Simplify to obtain: 


S, =1-s, =1+ns, 


where 1 has units of cm. 


eV eas 
saa eee 

-1 
{2 _ 1 
z r 1+ns, 

E a a 
S, =1-s,'= 

r 1+ns, 


n n 
2142. 


0 
S3 S3 
, ns 
Sia 223 
n, 
S A i 
1— years 
TE = S r 1+ns, 
S; = 5 
n n 
EE A 
=) SS 
r l+ns 
S=- r 
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Substitute numerical values and 2 2cm—50cm 1cm-50cm _ 


S 
simplify: i 1.33. ~~ (1.33) 


or 
s? —36.09s, — 27.70 =0 


where s; is in cm. 


Solve for the positive value of sı: i= 


122 ccc 
Picture the Problem We can use the lens maker’s equation, in conjunction with the 
result given in Problem 114, to find the index of refraction of the liquid. 


- , i 1 

Solve the lens-maker’s equation for ie TE +1 
n: 

n n 
Substitute numerical values and _ 1 

aluate n: = 1 1 ve 
uate n: 
< (27.5cm) 
-17cm -8cm 
=1.55 

From Problem 114, the focal length f, = n (n—1) f 
of the lens in the liquid, f(, is related . n-n, 


to the focal length of the lens in air, 
f, according to: 


Solve for nı: nf, 


k (n-1)f + f. 


Substitute numerical values and pe (1.55)(109 cm) 
evaluate ny: *  (1.55-1)(27.5cm)+109cm 


123 eee 
Picture the Problem The problem involves two refractions and one reflection. We can 
use the refraction at spherical surface equation and the mirror equation to find the images 
formed in the two refractions and one reflection. Let the numeral 1 refer to the first 
refraction at the air-glass interface, the numeral 2 to the reflection from the silvered 
surface, and the numeral 3 refer to the refraction at the glass-air interface. 
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(a) The image and object distances 
for the first refraction are related 
according to: 


Solve for s,' to obtain: 


Substitute numerical values and 
evaluate s,’: 


The object for the mirror surface is 
behind the mirror and its distance 
from the surface of the mirror is: 


Use the mirror equation to relate s> 


and sj’: 


Solve for sz: 


Substitute numerical values and 


evaluate s7’: 


The object for the second refraction 
at the glass-air interface is in front 
of the mirrored surface and its 
distance from the glass-air interface 
is: 

The image and object distances for 
the second refraction are related 


according to: 


Solve for s3' to obtain: 


Noting that r = —10 cm, substitute 
numerical values and evaluate s;3’: 


Ni qT dbn 
T 
S S r 
n,.rs 
T 21 
Ss, = 


(n, =n Js, = nr 


_ (1.5)(10cm)(30cm) 
`% 5 -1)(0cm)—-()(0cm) 
= 90.0 cm 


s, = 20cm -90 cm = -70 cm 


1 1 2 
— + =z — 
S, S, Tr 
rs 
s,' = 2 
2s, -r 


(10 cm)(— 70 cm) 
2(—70cm)—10cm 


2 


= 4.67cm 


S, = 20cm—4.67cm =15.3cm 


n n n, -n 
a 2 2 C 
S S r 

o= n,rsS, 


i (n, =n )s, =nr 


= (1)(—10 cm)(15.3 cm) 


i (1-1.5)(15.3cm)—(1.5)(—10cm) 
= —20.8cm 
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The final image is — 20.8 cm + 20 cm = 0.8 cm behind the mirror surface. 


(b) Proceed as in (a) with s, = 20 cm to obtain s, = — 20 cm and the final image 


to be at the mirror surface. 
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Picture the Problem We can solve the lens maker’s equation for f and then differentiate 
with respect to n and simplify to obtain df/f = —dn/(n — 1). 


a) The lens maker’s equation is: 
(a) q LG il? |=2( 1) 
f n D 
where — = 1 oe 
n D 
Solve for f: f =C(n-1)' 


Differentiate f with respect to n and simplify: 


C E 


Solve for df/f : df _ 
f n-1 


(b) Express the focal length for blue foue = frea + Af (1) 
light in terms of the focal length for 
red light: 
Approximate df/f by Af/f and dn by Af ___An 
An to obtain: f n— 

: A 
Solve for Af : Af == f An 

n-1 

Substitute for Af in equation (1) to fn ¿An 


obtain: 
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f : 1.53-1.47 
Substitute numerical values and fase = (20 cm 1- sence VESTA 


evaluate fue: 


=| 17.4cm 
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1.47 —1 ) 


Picture the Problem We examine the amount by which the image distance s’ changes 


due to a change in s. 


Solve the thin-lens equation for s': í 1 1 ) 
S 


Differentiate s’ with respect to s: 


The image of an object of length As will have a length —m*As. 


Chapter 33 
Interference and Diffraction 


Conceptual Problems 


*1 é 
Determine the Concept The energy is distributed nonuniformly in space; in some regions 
the energy is below average (destructive interference), in others it is higher than average 
(constructive interference). 


2 ° 
Determine the Concept Coherent sources have a constant phase difference. The pairs of 
light sources that satisfy this criterion are (b), (c), and (e). 


3 e 

Determine the Concept The thickness of the air space between the flat glass and the lens 
is approximately proportional to the square of d, the diameter of the ring. Consequently, 
the separation between adjacent rings is proportional to 1/d. 


4 oo 
Determine the Concept The distance between adjacent fringes is so small that the 
fringes are not resolved by the eye. 


5 ee 

Determine the Concept If the film is thick, the various colors (i.e., different 
wavelengths) will give constructive and destructive interference at that thickness. 
Consequently, what one observes is the reflected intensity of white light. 


*6 e 

(a) The phase change on reflection from the front surface of the film is 180°; the phase 
change on reflection from the back surface of the film is 0°. As the film thins toward 
the top, the phase change associated with the film’s thickness becomes negligible and the 
two reflected waves interfere destructively. 


(b) The first constructive interference will arise when t = 4/4. Therefore, the first band 
will be violet (shortest visible wavelength). 


(c) When viewed in transmitted light, the top of the film is white, since no light is 


reflected. The colors of the bands are those complementary to the colors seen in reflected 
light; i.e., the top band will be red. 
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7 ° 
Determine the Concept The first zeroes in the intensity occur at angles given by 
sin 0 = A/a. Hence, decreasing a increases 0 and the diffraction pattern becomes wider. 


8 ° 

Determine the Concept Equation 33-2 expresses the condition for an intensity maximum i 
slit interference. Here d is the slit separation, 4 the wavelength of the light, m an integer, ¿ 
the angle at which the interference maximum appears. 


Equation 33-11 expresses the condition for the first minimum in single-slit diffraction. 
Here a is the width of the slit, 2 the wavelength of the light, and @ the angle at which the 
first minimum appears, assuming m = 1. 


9 ° 
Picture the Problem We can solve d sin @ = må for @with m = 1 to express the location 
of the first-order maximum as a function of the wavelength of the light. 


The interference maxima in a dsinĝ = må 

diffraction pattern are at angles 0 where d is the separation of the slits and 
given by: m=0, 1, 2,... 

Solve for the angular location 0, of Q = sint Aa 

the first-order maximum : : 


ee ee 
Because Agicen light Ared light: 0 green light 


< Oea light 20d (a) is correct. 


*10 œ 
Determine the Concept The distance on the screen to mth bright fringe is given by 


AL 
Ym = ss , where L is the distance from the slits to the screen and d is the separation of 
the slits. Because the index of refraction of air is slightly larger than the index of 


refraction of a vacuum, the introduction of air reduces 2 to A/n and decreases ym. Because 
the separation of the fringes is Ym — Ym-1, the separation of the fringes decreases 


and| (b) is correct. 


11 >œ 
(a) False. When destructive interference of light waves occurs, the energy is no longer 


distributed evenly. For example, light from a two-slit device forms a pattern with very 
bright and very dark parts. There is practically no energy at the dark fringes and a great 
deal of energy at the bright fringe. The total energy over the entire pattern equals the 
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energy from one slit plus the energy from the second slit. Interference re-distributes the 
energy. 


(b) True 

(c) True 

(d) True 

(e) True 

Estimation and Approximation 

“12 >œ 

Picture the Problem We’ll assume that the diameter of the pupil of the eye is 

5 mm and that the wavelength of light is 600 nm. Then we can use the expression for the 
minimum angular separation of two objects than can be resolved by the eye and the 


relationship between this angle and the width of an object and the distance from which it 
is viewed to support the claim. 


Relate the width w of an object that 


can be seen at a height h to the tana, =- 
critical angular separation a: 
Solve for w: w=htana, 
The minimum angular separation a 

a, =1.22— 


of two point objects that can just be c 
resolved by an eye depends on the 

diameter D of the eye and the 

wavelength 2 of light: 


Substitute for œ. in the expression A 
for w to obtain: w=htan bei 


In low-earth orbit: 


w = (400 kn)an 1.22 = ee 


mm 


Because the width of the Great Wallis about 5 m, a naked eye would not 
be able to see it from the moon. 


At a distance equal to that of the distance of the moon from earth: 


l = 58.6m 
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600 nm 
5mm 


w=(3.84x10° mj 1.2 =56.2km 


Because the width of the Great Wallis about 5 m, a naked eye would not 


be able to see it from the moon. 


13 > 
A 
Picture the Problem We can use sin 0 = ae to relate the diameter D of the opaque- 


disk water droplets to the angular diameter 0 of a coronal ring and to the wavelength of 
light. We’ll assume a wavelength of 500 nm. 


The angle @subtended by the first i A 
diffraction minimum is related to sin =1.22 D 
the wavelength / of light and the 
diameter D of the opaque-disk water 
droplet: 
Because of the great distance to the A 
cloud of water droplets, 0 = 1.22 D 
0<< 1 and: 
Solve for D to obtain: w= 1.22, 
0 

Substitute numerical values and 1.22(500nm 
evaluate D: D= aI) =| 3.50 4m 

mrad 

10° x 

180° 

14 >° 


A 
Picture the Problem We can use sin 0 = Meee relate the diameter D of a 


microsphere to the angular diameter @ of a coronal ring and to the wavelength of light in 
water. 


The angle 8 subtended by the first . A, A 
diffraction minimum is related to sin ð =1.22 D =1.22 aD 
the wavelength 4, of light in water 

and the diameter D of the 


microspheres: 


B << 1: 
ecause 0 0 w1292 
nD 
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Substitute numerical values and 1.22(632.8 nm) 
evaluate 0: oo 1 33(5 um) 


- [ES] 


= 0.116rad 


15 >œ 
A 
Picture the Problem We can use sin@ = Te to relate the diameter D of a pollen 


grain to the angular diameter 0 of a coronal ring and to the wavelength of light. We’ll 
assume a wavelength of 450 nm for blue light and 650 nm for red light. 


The angle @subtended by the first . A 
diffraction minimum is related to sin@ =1.22 D 
the wavelength J of light and to the 
diameter D of the microspheres: 
Because 0<< 1: Ox 1294 
nD 
Substitute numerical values and 1.22(650 nm) % 
evaluate @ for red light: red * 25m = 3.1710“ rad 
- 
Substitute numerical values and 1.22(450 nm) a 
evaluate @ for blue light: Prive ~ 25 am m 
=| 1.26° 


*16 -e 

Picture the Problem The diagram shows the hair whose diameter d = a, the screen a 
distance L from the hair, and the separation Ay of the first diffraction peak from the 
center. We can use the geometry of the experiment to relate Ay to L and a and the 
condition for diffraction maxima to express ĝin terms of the diameter of the hair and the 
wavelength of the light illuminating the hair. 


Relate @to Ay: 
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Solve for Ay: Ay = L tan 


Diffraction maxima occur where: asin@ =(m+4)A 


where m = 1, 2, 3,... 


Solve for @ to obtain: be sin] + 2] 

a 
Substitute for ĝin the expression for i (m + 4) pi 
Ay to obtain: Ay = Ltan;sin™ m 2 


For the first peak, m = 1. Substitute numerical values and evaluate Ay: 


Ay = (0m)ean si| +6280) =| 13.6cm 
70 4m 


Phase Difference and Coherence 


17 œ 
Picture the Problem A path difference Ar contributes a difference 6 given 


wya = a60. 
A 


j A 
(a) Relate a path difference Ar to a ai Ar 360° (1) 
phase shift ô: 
Solve forAr: Ars ÔA 
r=—— 
360° 
Substitute numerical values and (180°)(600nm) 

Ar= =| 300nm 
evaluate Ar: 360° 300mm | 
(b) Substitute numerical values in b= 300nm o [1350 
equation (1) and evaluate 6: 800 nm 
18 = 


Picture the Problem The wavelength of light in a medium whose index of refraction is n 
is the ratio of the wavelength of the light in air divided by n. The number of wavelengths 
of light contained in a given distance is the ratio of the distance to the wavelength of light 
in the given medium. The difference in phase between the two waves is the sum of a z 
phase shift in the reflected wave and a phase shift due to the additional distance traveled 
by the wave reflected from the bottom of the water—air interface. 


(a) Express the wavelength of light 
in water in terms of the wavelength 
of light in air: 


(b) Relate the number of 
wavelengths N to the thickness t of 
the film and the wavelength of light 
in water: 


(c) Express the phase difference as 
the sum of the phase shift due to 
reflection and the phase shift due to 
the additional distance traveled by 
the wave reflected from the bottom 
of the water—air interface: 


Substitute for N and evaluate 6: 


#19 o 
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A  500nm 
A, = — = 1.33 =[376nm | 


n 


-4 
e 2t = 2x10” cm -|532 
A, 376nm 
O=0 +6 


reflection additional distance traveled 


-r+ 2n=n+240N 


n 


ô = mrad + 2z(5.32 rad) = 


or, subtracting 11.6zrad from 127 rad, 
ô =| 0.47 rad 


Picture the Problem The difference in phase depends on the path difference according 


A 
to d= = 360°. The path difference is the difference in the distances of (0, 15 cm) and 


(3 cm, 14 cm) from the origin. 


Relate a path difference Ar to a 
phase shift 6: 


The path difference Ar is: 


Substitute numerical values and 
evaluate 6: 


ô= AT 360° 
A 


Ar =15cm— (3 cm) + (14 cm? 
= 0.682 cm 


Sa 0.682 cm 
1.5cm 


360° =| 164° 
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Interference in Thin Films 


20 >œ 

Picture the Problem Because the mth fringe occurs when the path difference 2t equals m 
wavelengths, we can express the additional distance traveled by the light in air as an m/. 
The thickness of the wedge, in turn, is related to the angle of the wedge and the distance 
from its vertex to the mth fringe. 


(a) The first band is dark because the phase difference due to reflection by the 
a 

back surface of the top plate and the top surface of the bottom plate is 180° 
(b) The mth fringe occurs when the 2t =mA 
path difference 2t equals m 


wavelengths: 
t 

Relate the thickness of the air wedge ET ET, 

to the angle of the wedge: X 
where we’ve used a small-angle 
approximation to replace an arc length by 
the length of a chord. 

Substitute to obtain: 2x9=mA 

Solve for @: g-m4_im, 

2x 2x 
. . 1 5 

Substitute numerical values and ga ae (700 nm) -175x10 rad 

evaluate 0: 2 \ cm 

*21 o 


Picture the Problem The condition that one sees m fringes requires that the path 
difference between light reflected from the bottom surface of the top slide and the top 
surface of the bottom slide is an integer multiple of a wavelength of the light. 


The mth fringe occurs when the path i=l s d= ma 
difference 2d equals m wavelengths: 


j A A 
Breas’ the meeen (but not the (m zi E zdz (m ji r 
twentieth) bright fringe can be seen, 


the limits on d must be: 


Substitute numerical values to 
obtain: 


22 ee 
Picture the Problem The light reflected 
from the top surface of the bottom plate 
(wave 2 in the diagram) is phase shifted 
relative to the light reflected from the 
bottom surface of the top plate (wave 1 in 
the diagram). This phase difference is the 
sum of a phase shift of 7 (equivalent to a 
A/2 path difference) resulting from 
reflection plus a phase shift due to the 
additional distance traveled. 


Relate the extra distance traveled by 
wave 2 to the distance equivalent to 
the phase change due to reflection 
and to the condition for constructive 
interference: 


Solve for m: 


Substitute numerical values and 
evaluate m: 


23 oo 
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where m = 19 


Sadeh <d<(19+4 
2 


y nm 
2 


(19-4) 
or 


5.46 wm < d < 5.75 um 


2t+LA =A,2A,3A,... 


and 
2t = (m+) where m = 0, 1, 2, ... and A 


is the wavelength of light in air. 


mat 1 2(2r) 1 4r 1 
A2 ae a 


where r is the radius of the wire. 


_ 4(0.025mm) 1 
~ 600nm 2 


=| 166 


Picture the Problem We can use the condition for destructive interference in a thin film 


to find its thickness. Once we’ ve found the thickness of the film, we can use the 


condition for constructive interference to find the wavelengths in the visible portion of 


the spectrum that will be brightest in the reflected interference pattern and the condition 


for destructive interference to find the wavelengths of light missing from the reflected 


light when the film is placed on glass with an index of refraction greater than that of the 
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film. 
(a) Express the condition for 


destructive interference in the thin 
film: 


Solve for A: 
Substitute for the missing 
wavelengths to obtain: 


Divide the first of these equations by 
the second and simplify to obtain: 


Solve for m: 

Solve equation (1) for t: 
Substitute numerical values and 
evaluate t: 

(b) Express the condition for 


constructive interference in the thin 
film: 


Substitute for 2’ to obtain: 


HFN at A SAA x 


or 
2D 2A BA ees 
or 
2t=m1'= ae (1) 
n 


where m = 1, 2, 3, ... and 1’ is the 
wavelength of the light in the film. 


go 


Aste ae daa Seon 
m m+1 


2nt 
4500m m _m+1 
360nm 2nt m 
m=+1 


m = 4 for å = 450 nm 


mA 
t=— 
2n 


4(450 nm) 
= ~~ =| 600 
: 2(1.5) [ 600 nm | 


EFN EAN DA Aia 
or 


2t = 4A, 3A SA, = (m+ 


where 4’ is the wavelength of light in the 


oil and m= 0, 1, 2, ... 


os (na) 
n 


where n is the index of refraction of the 


film. 
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2nt 
m+5 


Solve for A: jn 


Substitute numerical values and pee 2(1.5X600 nm) _ 1800nm 


simplify to obtain: m++4 m++4 

Substitute for m and evaluate 4 to obtain the following table: 
m 0 1 2 3 4 5 

A (nm) 3600 1200 720 514 400 327 

From the table, we see that the only wavelengths in the visible spectrum are 
720 nm, 514 nm, and 400 nm. 

(c) Because the index of refraction 2t =44',3 4'31... 

of the glass is greater than that of the or 

film, the light reflected from the A 

, l , , 2t = (m + 1)Z 
film-glass interface will be shifted n 
by 374 (as is the wave reflected where n is the index of refraction of the 


from the top surface) and the film and m = 0, 1, 2, ... 
condition for destructive 
interference becomes: 


: 2 
Solve for A: je nt 


Substitute numerical values and simplify to 4 _ 2(1.5)(600nm) _ 1800nm 
obtain: m+t4 m+} 


Substitute for m and evaluate 4 to obtain the following table: 


m 0 1 2 3 4 5 
A (nm) 3600 1200 720 514 400 327 


From the table we see that the missing wavelengths in the visible spectrum are 


720 nm, 514 nm, and 400 nm. 


24 œ 
Picture the Problem Because there is a + phase change due to reflection at both the 


air-oil and oil-water interfaces, the condition for constructive interference is that twice 


1028 Chapter 33 


the thickness of the oil film equal an integer multiple of the wavelength of light in the 


film. 
Express the condition for 2t = A) 2A. A gars 
constructive interference: or 
2t=mdA' (1) 
where 4’ is the wavelength of light in the oil . 
=1,2,3,... 
' i. A 
Substitute for 2’ to obtain: HEA 
n 
Solve for t: fis mA 
2n 


Substitute numerical values and (2)(650 nm) 
=~ =| 533 
evaluate t: 2(1.22) 


25 ee 
Picture the Problem Because there is a 44 phase change due to reflection at both the 


air-oil and oil-glass interfaces, the condition for constructive interference is that twice the 
thickness of the oil film equal an integer multiple of the wavelength of light in the film. 


Express the condition for 2t=1',21',31',..=mA' (D) 
constructive interference: where A is the wavelength of light in the oil 
and m= 0, 1, 2, ... 
' n. A 
Substitute for 2’ to obtain: Dp yl 
n 


where n is the index of refraction of the oil. 


Solve for A: l= 2nt 

m 
Substitute for the predominant 690 nm =- 2nt E 2nt 
wavelengths to obtain: m m+1 
Divide the first of these equations by 2nt 
the second and simplify to obtain: 690nm _ m _m+1 


460nm 2nt m 
m+1 
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Solve for m: m= 2 for A = 690 nm 
Solve equation (1) for t: 2 mA 
2n 
Substitute numerical values and (2)(690 nm) 
t =~. — =| 476nm 
evaluate t: 2(1.45) 
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Picture the Problem Because the index of refraction of air is less than that of the oil, 
there is a phase shift of zrad (4) in the light reflected at the air-oil interface. Because 


the index of refraction of the oil is greater than that of the glass, there is no phase shift in 
the light reflected from the oil-glass interface. We can use the condition for constructive 
interference to determine m for 2 = 700 nm and then use this value in our equation 
describing constructive interference to find the thickness t of the oil film. 


Express the condition for Z2EFSA HA’, 2A BA 5008 
constructive interference between or 
the waves reflected from the air-oil 2t =$1',31',3N',...= (m + 1)" (1) 


interface and the oil-glass interface: where 2’ is the wavelength of light in the 


oil and m= 0, 1, 2, ... 


Substitute for 4’ and solve for / to Jx 2nt 
obtain: m+ 4 
j j 2 2nt 
Substitute the predominant 700nm = nt and 500nm = n 
wavelengths to obtain: m+5 m+3 
Divide the first of these equations by 2nt 
the second to obtain: 700nm m+ m+ 
500nm 2nt m+ż4 
m+3 
Solve for m: m = 2 for A = 700 nm 
Solve equation (1) for t: A 
ve equation (1) for t=(m+4) 
2n 
j j 700nm 
Substitute numerical values and t= (2 a ) -6030m 


evaluate t: 2(1.45) 
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Newton’s Rings 
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Picture the Problem This arrangement is essentially identical to a "thin film” 
configuration, except that the "film” is air. A phase change of 180° (44 ) occurs at the 


top of the flat glass plate. We can use the condition for constructive interference to derive 


the result given in (a) and use the geometry of the lens on the plate to obtain the result 


given in (b). We can then use these results in the remaining parts of the problem. 


(a) The condition for constructive 


interference is: 


Solve for t: 


(b) From Figure 33-39 we have: 


For t << R we can neglect the last 
term to obtain: 


Solve for r: 


2t+ 54 =A, 2A,3A,... 

or 

2t =4,32,3A,...=(m+4y 

where 4 is the wavelength of light in air and 
m=0,1,2,... 


t= (m+4)<,m = 0,1,2,. (1) 


r°+(R-t) =R? 
or 


R*=r°+R*-2Rt+t? 


R? ~r?+R*—2Rt 


(c)| The transmitted pattern is complementary to the reflected pattern. 


(d) Square equation (2) and 
substitute for t from equation (1) to 
obtain: 


Solve for m: 


Substitute numerical values and 


evaluate m: 


ae 
RA 2 
2. 
on (2cm) 1 _6 


(10m)(590nm) 2 


and so there will be} 68 |bright fringes. 
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(e) The diameter of the m” fringe is: D=2r =2,/(m+4)RA 


Noting that m = 5 for the sixth D=2 (5 a 4 (10m (590 nm) 
fringe, substitute numerical values 
and evaluate D: 7 


The wavelength of the light in the film becomes 4,,, / n = 444 nm. The 


(f) | separation between fringes is reduced and the number of fringes that will 


be seen is increased by the factor n =1.33. 
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Picture the Problem This arrangement is essentially identical to a "thin film” 
configuration, except that the "film” is air. A phase change of 180° (4) occurs at the 
top of the flat glass plate. We can use the condition for constructive interference and the 
results of Problem 27(b) to determine the radii of the first and second bright fringes in the 
reflected light. 


The condition for constructive 2t +44 =A,2/,3A,... 
interference is: or 
2t =4,32,5A,...=(m+4y 


where J is the wavelength of light in air and 


m = 0, 1, 2,... 
Solve for t: t=(m+4)Ž,m=0,1,2,.- 
From Problem 27(b): r= /2tR 
Substitute for t to obtain: r= (m+ 5)AR 
a fringe corresponds to r= J+(520nm)(2m) = 
The second fringe corresponds to r= V3 (520 nm)(2 m) =| 1.25mm 


m=1: 
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Picture the Problem This arrangement is essentially identical to a "thin film” 
configuration, except that the "film” is oil. A phase change of 180° (44 ) occurs at lens- 
oil interface. We can use the condition for constructive interference and the results from 
Problem 27(b) to determine the radii of the first and second bright fringes in the reflected 


light. 


The condition for constructive 
interference is: 


Substitute for 2’ and solve for t: 


From Equation 33-29: 


Substitute for t to obtain: 


The first fringe corresponds to 


m=0: 


The second fringe corresponds to 
m=1: 


Two-Slit Interference Pattern 
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2t +4A' =1',21',31,... 

or 

2t =44',32',52',...=(m+4)a' 
where J’ is the wavelength of light in the 
oil and m= 0, 1, 2, ... 


t= (m+3)A,m = 0,1,2.... 


where 4 is the wavelength of light in air. 


r=~72tR 


_ [a (520nm)(2m) _ 

r 5y J 189 =| 0.535mm 
_ {3 (520nm)(2m) 7 

r 54 TY =| 0.926 mm 


Picture the Problem The number of bright fringes per unit distance is the reciprocal of 


the separation of the fringes. We can use the expression for the distance on the screen to 


the mth fringe to find the separation of the fringes. 


Express the number N of bright 
fringes per centimeter in terms of 
the separation of the fringes: 


Express the distance on the screen to 
the mth and (m + 1)st bright fringe: 


Ns 
N (1) 


Ym = m and Yms = (m+) 
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Subtract the second of these Ay= AL 

y = — 
equations from the first to obtain: d 
Substitute in equation (1) to obtain: N= d 

AL 
Substitute numerical values and Imm a 
N =— s =| 8.33cm 

evaluate N: (600 nm)\(2 m) 
31 >œ 


Picture the Problem We can use the expression for the distance on the screen to the mth 
and (m + 1)st bright fringes to obtain an expression for the separation Ay of the fringes as 
a function of the separation of the slits d. Because the number of bright fringes per unit 
length N is the reciprocal of Ay, we can find d from N, A, and L. 


AL 


j AL 
Express the distance on the screen to y,= m— and y, = (m a. 


the mth and (m + 1)st bright fringe: 


Subtract the second of these Ae AL 

y = — 
equations from the first to obtain: d 
Solve for d: Be AL 
Ay 

Because the number of fringes per d = NAL 


unit length N is the reciprocal of Ay: 


Substitute numerical values and 4.95 mm 
evaluate d: 
32 ° 

|y = 0.82 m 


Picture the Problem We can use the 
geometry of the setup, represented to the 
right, to find the separation of the slits. To 
find the number of interference maxima 
that can be observed we can apply the 
equation describing two-slit interference 


maxima and require that sin < 1. 


Because d << L, we can 
approximate sin@, as: 
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Solve for d to obtain: 


From the right triangle whose sides 
are L and y; we have: 


Substitute numerical values in 
equation (1) and evaluate d: 


(b) The equation describing two-slit 
interference maxima is: 


Because sin@< 1 determines the 
maximum number of interference 
fringes that can be seen: 

Solve for Mmax: 


Substitute numerical values and 


evaluate Mmax: 


Because there are 14 fringes on 
either side of the central maximum: 


33 ee 


dx D 
sin 0, 
sind, = -a = 0.06817 
(2m) +(0.82m} 
633nm 
a oi =( 9.29 
0.06817 a 


dsin@ = m/A,m=0,1, 2,... 


9.29 um 
mx  633nm 


an integer. 


N =2m,,, +1 = 2(14)+1= 


= 14because m must be 


Picture the Problem We can use the equation for the distance on a screen to the mth 
bright fringe to derive an expression for the spacing of the maxima on the screen. In (c) 
we can use this same relationship to express the slit separation d. 


(a) Express the distance on the 
screen to the mth and (m + 1)st 
bright fringe: 


Subtract the second of these 
equations from the first to obtain: 


Substitute numerical values and 
evaluate Ay: 


yn = mand ypy = (m+) 


(1) 


iya (500nm)(1m) 7 


1cm 
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b) Not with the unaided eye. The separation is too small to be observed with 
the naked eye. 


(c) Solve equation (1) for d: i= AL 


Substitute numerical values and evaluate d: (500nm)(1m) 
d = +> =| 0.500 mm 
Imm 7 0500mm | 
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Picture the Problem Let the separation of the slits be d. We can find the total path 
difference when the light is incident at an angle ¢ and set this result equal to an integer 
multiple of the wavelength of the light to obtain the given equation. 


Express the total path difference: Al =dsing+dsin6,, 
The condition for constructive Af=mA 
interference is: where m is an integer. 
Substitute to obtain: dsing+dsin@,, =må 
Divide both sides of the equation b : . mA 

4 4 sing+sin@,, =—— 
d to obtain: d 
*35 ce 


Picture the Problem Let the separation of the slits be d. We can find the total path 
difference when the light is incident at an angle ¢ and set this result equal to an integer 
multiple of the wavelength of the light to relate the angle of incidence on the slits to the 
direction of the transmitted light and its wavelength. 


Express the total path difference: Al =dsing+dsin@ 
The condition for constructive Af = mA 

interference is: where m is an integer. 
Substitute to obtain: dsing+dsin@ =mA 


Divide both sides of the equation by 


sing+sin@ = w 
d to obtain: d 
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Set 0= 0 and solve for A: 1- dsing 
m 

Substitute numerical values and l= (2.5 4m )sin 30° _ 1.25m 
simplify to obtain: m m 
Evaluate A for positive integral values of m: 

m | A (nm) 

1 |1250 

2 |625 

3 |417 

4 |313 


From the table we can see that 625 nm and 417 nm arein the visible portion of 
the electromagnetic spectrum. 


36 ee 
Picture the Problem The diagram shows —> y je- 
the two speakers, S, and S», the central- 
bright image and the first-order image to | 
the left of the central-bright image. The | 
distance y is measured from the center of | 
the central-bright image. We can apply the / i \ 
conditions for constructive and destructive H | i \ 
interference from two sources and use the | | 
geometry of the speakers and microphone / 1 \ 
to find the distance to the first interference / | 
minimum and the distance to the first / \ 
interference maximum. Sı 


Relate the distance Ay to the first 
minimum from the center of the 
central maximum to @ and the 
distance L from the speakers to the 
plane of the microphone: 


Solve for y to obtain: y=Ltand (1) 
Interference minima occur where: dsin@ = (m + 1) 


where m = 0, 1, 2, 3, ... 


Solve for @ to obtain: +4) 
l= sin] 
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Relate the wavelength / of the v 
sound waves to the speed of sound v f 
and the frequency f of the sound: 


Substitute for A in the expression for m+ 
Oto obtain: 0= sn a 
Substitute for 0 in equation (1): m+ 
y = L tans sin” mik (2) 


Noting that the first minimum corresponds to m = 0, substitute numerical values and 
evaluate Ay: 


The maxima occur where: dsinĝ = må 
where m = 1, 2, 3, ... 
For diffraction maxima, equation (2) my 
Zae 
becomes: Ay = L tan sin T 
a 


Noting that the first maximum corresponds to m = 1, substitute numerical values and 
evaluate Ay: 


Diffraction Pattern of a Single Slit 
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Picture the Problem We can use the expression locating the first zeroes in the intensity 
to find the angles at which these zeroes occur as a function of the slit width a. 


The first zeroes in the intensity ing- a 
occur at angles given by: a 
; af À 
Solve for 0 pags (2) 
a 


(a) For a = 1 mm: ._ a| 600nm 
80 =sin | ——— |=| 0.600 mrad 
í o l 
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b) F =0.1 ; 
(b) Fora mm 0= an ( =| =| 6.00 mrad 


(c) For a= 0.01 mm: . a| 600nm 
8 =sin | ———— |=] 60.0 mrad 
(| 
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Picture the Problem We can use the expression locating the first zeroes in the intensity 
to find the wavelength of the radiation as a function of the angle at which the first 
diffraction minimum is observed and the width of the plate. 


The first zeroes in the intensity sing = a 

occur at angles given by: a 

Solve for A: A =asin@ 

Substitute numerical values and A =(5cm)sin37° =| 3.01cm 
evaluate 4: 
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Picture the Problem The diagram shows the beam expanding as it travels to the moon 
and that portion of it that is reflected from the mirror on the moon expanding as it returns 
to earth. We can express the diameter of the beam at the moon as the product of the beam 
divergence angle and the distance to the moon and use the equation describing diffraction 
at a circular aperture to find the beam divergence angle. We can follow this same 
procedure to find the diameter of the beam when it gets back to the earth. In Parts (c) and 
(d) we can use the dependence of the power in a beam on its cross-sectional area to find 
the fraction of the power of the beam that is reflected back to earth and the fraction of the 
original beam energy that is recaptured upon return to earth. 


TNn 
p ym 
\ 


dmirror D 


(a) Relate the diameter D of the Dz@OL 
beam at the moon to the distance to 

the moon L and the beam 

divergence angle @: 


The angle 0 subtended by the first 
diffraction minimum is related to 
the wavelength 4 of the light and the 
diameter of the telescope opening 
drelescope by: 


Because 0 << 1, sinĝ æ @and: 


Substitute for 0 in equation (1) to 
obtain: 


Substitute numerical values and evaluate D: 


D =(3.82x10° m) 
6in 


1.22(500nm) 
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sin@ =1.22 ds 


telescope 


021.22 a 


telescope 


D= 1.22LA 


telescope 


=/1.53km 


(b) The portion of the beam 
reflected back to the earth will be 
that portion incident on the mirror, 
so the diffraction angle is: 


The beam will expand back to: 


Substitute numerical values and evaluate D’: 


D' = (3.82x10° m) 


2.54cm 1m 
x x 
in 10° cm 


1.22(500nm) 


Oz 122 4 


mirror 


mirror 


D'= freA 


- [i 


20in 


(c) Because the power of the beam 
is proportional to its cross-sectional 
area, the fraction of the power that 
is reflected back to the earth is the 
ratio of the area of the mirror to the 
area of the expanded beam at the 
moon: 


2.54cm 1m 
x i x 


in 10° cm 


T 42 
P: = ainai — q fro = [fw ) 
P Abeam Z p? D 

4 
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Substitute for D to obtain: 


Substitute numerical values and evaluate 
P'/P: 


(d) The angular spread of the beam 
from reflection from the 20-in 
mirror is given by: 


The diameter D’ of the beam on 
return to earth will be: 


Letting P” represent the power 


intercepted by the telescope, we 
have: 


Substitute for D’ and simplify: 


P' Gite a Chior telescope ‘ ( 1) 
P 1.22LA 1.22LA 
d 


telescope 


(20in)(6in( 24) 


P| 1.22(3.8210° m)(500nm) 


@~1.22 A 
pisivr 
2 
P" P Petescope = ee 
P’ Peo a 
4 


2 
= d ieiescope 
D T 


Pp" d aisgeouctiatines i 
S| Seen eee (2) 
P 120L4 


Multiply equation (2) by equation (1) and simplify to obtain: 


P'P P 1.22LA 


P" P' _ P" = ra J 


Substitute numerical values and evaluate 
P"'/P: 


2 
miror diio — diino: d mirrordretescope 
1.22L4 1.22LA 


F (20in)(6i n)(2 na 


‘P| 1.22(3.82x10° m)(500nm) 
=/1.21x10™ 


Interference and Diffraction 1041 


Interference-Diffraction Pattern of Two Slits 
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Picture the Problem We need to find the value of m for which the mth interference 
maximum coincides with the first diffraction minimum. Then there will be 

N = 2m-—1 fringes in the central maximum. 


The number of fringes N in the N=2m-1 (1) 


central maximum is: 


Relate the angle 6, of the first 


sin 0, = — 
diffraction minimum to the width a 
of the slits of the diffraction grating: 
Express the angle 6,, corresponding cn ae ma 
to the mth interference maxima in m 
terms of the separation d of the slits: 
Because we require that 6, = Gn, we ma _4 
can equate these expressions to d a 
obtain: 
: d 5a 
Solve for and evaluate m: Oe eee 
a 
Substitute in equation (1) to obtain: N= 2(5)-1 = [9] 
If d = na: d na 
mMm =m 
a a 
and 
N =| 2n-1 
41 » 


Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the fifth interference maximum occurs 
to find a. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2m-1. 


(a) Relate the angle 6, of the first 


i A 
sin 6, = — 
diffraction minimum to the width a a 


of the slits of the diffraction grating: 
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Express the angle 6; corresponding ae 54 
to the mth fifth interference maxima 5 
maximum in terms of the separation 
d of the slits: 
Because we require that 0, = Ons, 54 _4 
we can equate these expressions to d a 
obtain: 
Solve for and evaluate ma: d 0.1mm 

aq=—= =| 20.0 

5 5 = 

(b) Because m = 5: N = 2m-1= 2(5)-1=[9| 
42 « 


Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the mth interference maximum occurs 
to find m. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2m-1. 


The number of fringes N in the N=2m-1 (1) 
central maximum is: 


Relate the angle 6, of the first 


: ee . sin 8, = — 

diffraction minimum to the width a 

of the slits of the diffraction grating: 

Express the angle 6,, corresponding aie mA 

to the mth interference maxima in a 

terms of the separation d of the slits: 

Because we require that 0, = Gn, we mA _4 

can equate these expressions to d a 

obtain: 

Solve for m: d 
m=— 

Substitute in equation (1) to obtain: N= 2d Z| 
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Substitute numerical values and N= 2(0.2 mm) 1-] 39 
evaluate N: 0.01mm 
#43 e 


Determine the ConceptPicture the Problem There are 8 interference fringes on each 
side of the central maximum. The secondary diffraction maximum is half as wide as the 
central one. It follows that it will contain 8 interference maxima. 
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Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the mth interference maximum occurs 
to find m. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2m —1. In (b) we can use the expression relating the 


2m 
intensity in a single-slit diffraction pattern to phase constant ¢ = Pa sin @ to find the 


ratio of the intensity of the third interference maximum to the side of the centerline to the 
intensity of the center interference maximum. 


(a) The number of fringes N in the N=2m-1 (1) 


central maximum is: 


Relate the angle 6, of the first sin = a 
diffraction minimum to the width a ‘a 
of the slits of the diffraction grating: 
Express the angle n corresponding ir = mA 
to the mth interference maxima in j 
terms of the separation d of the slits: 
Because we require that 6, = Gn, we mA _4# 
can equate these expressions to d 
obtain: 
Solve for m: d 

m=— 
Substitute in equation (1) to obtain: N= 2d 

a 

Substitute numerical values and N= 2(0.15 mm) Aela 


evaluate N: 0.03 mm 
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(b) Express the intensity for a 


single-slit diffraction pattern as a 
function of the phase difference ø: 


For m= 3: 


Substitute numerical values and 
evaluate ¢: 


Solve equation (2) for the ratio of I; 
to Io: 


Substitute numerical values and 
evaluate I[3/Ip: 


1-1 


2 
where ¢ = a sin? 


sais) 
79 


(2) 


Using Phasors to Add Harmonic Waves 
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Picture the Problem Chose the coordinate 
system shown in the phasor diagram. We 
can use the standard methods of vector 
addition to find the resultant of the two 


waves. 


The resultant of the two waves is of 
the form: 


Express R in vector form: 


Find the magnitude of R: 


= 


=| 0.255 
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Find the phase angle 6 between 5a en -3 ) _ 56.3° 
Rand E,: 2 


Substitute to obtain: E= 3.61sin(æt — 56.3°) 


*46 œ 
Picture the Problem Chose the coordinate system shown in the phasor diagram. We can 


use the standard methods of vector addition to find the resultant of the two waves. 


The resultant of the two waves is of E= Rsin(at +0 ) 
the form: 
Express the x component of R: R, = 4+3co0s 60° = 5.50 
Express the y component of R: R, =0+3sin 60° = 2.60 
Find the magnitude of R: R= J (5.50)° + (2.607 = 6.08 
Find the phase angle 6 between R 2. 
- 4 i pawe Sn 28° ) = 25,3° 
Rand E,: R, 5.50 


Substitute to obtain: E =| 6.08 sin(at + 25.3°) 


Remarks: We could have used the law of cosines to find R and the law of sines to 
find å 
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Picture the Problem We can evaluate the expression for the intensity for a single-slit 
diffraction pattern at the second secondary maximum to express I, in terms of Ip. 


The intensity at the second sini = 
secondary maximum is given by: T, = 1) — $ 
2 
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At this second secondary maximum: 


Substitute for ø and evaluate I: 


4B oe 


=| 0.01621, 


Picture the Problem We can use phasor concepts to find the phase angle in terms of 


the number of phasors N (three in this problem) forming a closed polygon of N sides at 


the minima and then use this information to express the path difference Ar for each of 


these locations. Applying a small angle approximation, we can obtain an expression for y 


that we can evaluate for enough of the path differences to establish the pattern given in 


the problem statement. 


Express the phase angle din terms 
of the number of phasors N forming 
a closed polygon of N sides at the 


first minimum: 


Express the path difference Ar in 
terms of sin@ and the separation d 
of the slits: 


Solve for y: 


For three equally spaced sources, 
the phase angle corresponding to the 


first minimum is: 


Ar =dsin@ 
or, provided the small angle approximation 
is valid, 
Ar = yd 
L 
where L is the distance to the screen. 
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Substitute to obtain: L(A AL 
MATIZ I= (1)— 
d\.3 3d 
The phase angle corresponding to S= 1f 2a Aas: A ee) 
the second minimum is: 
Substitute to obtain: L( 2A AL 
Yo = = (2) 
d\ 3 3d 


When the path difference is 2, we have an 
interference maximum. 


The path difference corresponding Ar =4A 
to the fourth minimum is: 


Substitute to obtain: L({ 4A AL 
y,=2(4)-(9# 
d\ 3 3d 
Continue in this manner to obtain: pe naL EEEE 
3d 
(b) For L = 1 m, A= 5x10” m, and d sy — 2500nm)(Im) _ yamm 
=0.1 mm: Vmin 3(0.1mm) [ 333mm | 
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Picture the Problem We can use phasor concepts to find the phase angle 6 in terms of 
the number of phasors N (four in this problem) forming a closed polygon of N sides at the 
minima and then use this information to express the path difference Ar for each of these 
locations. Applying a small angle approximation, we can obtain an expression for y that 
we can evaluate for enough of the path differences to establish the pattern given in the 
problem statement. 


Express the phase angle din terms 5= 2m 
of the number of phasors N forming N 
a closed polygon of N sides at the 

first minimum: 


Express the path difference Ar in Ar =d sin 
terms of sin@ and the separation d or, provided the small angle approximation 
of the slits: is valid, 
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Solve for y: 


For four equally spaced sources, the 
phase angle corresponding to the 
first minimum is: 


Substitute to obtain: 


The phase angle corresponding to 
the second minimum is: 


Substitute to obtain: 


The phase angle angle 
corresponding to the third minimum 
is: 


Substitute to obtain: 


Continue in this manner to obtain: 


(b) For L = 2 m, 2= 6x10” m, 
d= 0.1 mm, and n= 1: 


For two slits: 


For L = 2 m, A= 6x10” m, 
d = 0.1 mm, and m = 0: 


d 
Ar _ we. 
L 
where L is the distance to the screen. 


20 
L(A AL 
Yə H) a 


n-4(#)-@4 


4d 


=—,n =1, 2,3,5,6, Vis ee 


naL 
y min 4 d 


M 2(600 nm)(2 m) 


T =| 6.00 
a 4(0.1mm) paki 


2(m+ 4)AL 


2Y nin = 
Y min d 


_ (600nm)(2m) 
0.1mm 


=12.0mm 


min 


The width for four sources is half the width for two sources. 
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Picture the Problem We can use sin@ = A/a to find the first zeros in the intensity 


pattern. The four-slit interference maxima occur at angles given by 
d sin 80 = mA,m = 0,1, 2,.... In (c) we can use the result of Problem 49 to find the 


angular spread between the central interference maximum and the first interference 


minimum on either side of it. In (d) we’ll proceed as in Example 33-6, using a phasor 


diagram for a four-slit grating, to find the resultant amplitude at a given point in the 


intensity pattern as a function of the phase constant 6, that, in turn, is a function of the 


angle @ that determines the location of a point in the interference pattern. 


(a) The first zeros in the intensity 
occur at angles given by: 


Solve for 8: 


Substitute numerical values and 
evaluate 0: 


(b) The four-slit interference 
maxima occur at angles given by: 


Solve for y: 


Substitute numerical values to 
obtain: 


Evaluate 6, for m = 0, 1, 2, and 3: 


(c) From Problem 49 we have: 


g= 
a 


0 = sn(ż) 
a 


p= sv ( Sam) ~| 0.242 rad 
yam 


dsin =m/,m = 0,1, 2,... 


0, =sin™ m 
Ld 
0, =sin™ mason) = sin “(0.08m) 
um 


6, = sin '[2(0.08)]=| 0.161rad 
6, = sin ‘[3(0.08)]= 0.242 rad 


where @; will not be seen as it coincides 


with the first minimum in the diffraction 
pattern. 


-nA 
min 4q 
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Forn=1: 


ig = 00 
yum 


(d) Use the phasor method to show the superposition of four waves of the same amplitude 


2 ; 
Ao and constant phase difference 6 = af sin 6. 


Express A in terms of 6’ and 6": 


Because the sum of the external 
angles of a polygon equals 2 7: 


Examining the phasor diagram we 
see that: 


Eliminate @ and solve for 6" to 
obtain: 


Because the sum of the internal 
angles of a polygon of n sides is (n — 
2)7: 


From the definition of a straight 
angle we have: 


Eliminate ¢ between these equations 
to obtain: 


A=2(A,cosd"+A,cosd') (1) 


2a+36 =27 
a+" =T 
ô" =36 

3 +26" = 3m 
ġ-ô'+8 =m 
6'=46 


Substitute for 6" and 6' in equation 
(1) to obtain: 


Because the intensity is proportional 
to the square of the amplitude of the 
resultant wave: 


The following graph of I/Ip as a function of sin was plotted using a spreadsheet 
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A=2A,(cos36+cos+6) 


I = 4I,(cos25+cost+5) 
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2 
> I 2| sint¢ 
program. The diffraction envelope was plotted using — = 4 =] where 
I 0 2 op 
27. l : 
p= ri sin @. Note the excellent agreement with the results calculated in (a), (b), and 
(c). 
18 —e— intensity 
16 
14 = =.= : diffraction 
12 envelope 
10 
Ill, 8 
6 
4 
2 
0 
-2 
-0.3 -0.2 -0.1 0 0.1 0.2 0.3 
sin(theta) 
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Picture the Problem We can find the 
phase constant 6 from the geometry of the 
diagram to the right. Using the value of ô 
found in this fashion we can express the 
intensity at the point 1.72 cm from the 
centerline in terms of the intensity on the 
centerline. On the centerline, the amplitude 
of the resultant wave is 3 times that of each 
individual wave and the intensity is 9 times 
that of each source acting separately. 
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(a) Express 6 for the adjacent slits: 


For small angles, sinĝ x tané@: 


Substitute to obtain: 


Substitute numerical values and 
evaluate 6: 


The three phasors, 270° apart, are 
shown in the diagram to the right. 
Note that they form three sides of a 
square. Consequently, their sum, 
shown as the resultant R, equals the 
magnitude of one of the phasors. 


(b) Express the intensity at the point 
1.72 cm from the centerline: 


Because I œ OR’: 


Substitute for Jo and evaluate I: 


*5D2 ecco 


p= ae 
A 
sin 0 = tan 9 =~ 
L 
2mdy 
AL 


_ 2x(0.06 mm)(1.72 cm) 
= (550nm)(2.5m) 


= rad = 270° 


Iœ R? 
I R? Io 
T, or 9 


2 
I= a -=| 5.56mW/m? 


Picture the Problem We can use the phasor diagram shown in Figure 33-26 to determine 


the first three values of ¢ that produce subsidiary maxima. Setting the derivative of 


Equation 33-19 equal to zero will yield a transcendental equation whose roots are the 


values of ¢ corresponding to the maxima in the diffraction pattern. 


(a) Referring to Figure 33-26 we see 


that the first subsidiary maximum 
occurs when: 


A minimum occurs when: 


~=37 
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Another maximum occurs when: ġ=57 
Thus, subsidiary maxima occur ¢ =(2n+1)%, n =1,2,3,... 
when: and the first three subsidiary maxima 


are at ġ = 37, 57, and 77. 


(b) The intensity in the single-slit sini ¢ ? 
diffraction pattern is given by: I=1, F 
2 


Set the derivative of this expression equal to zero for extrema: 


= 0 for relative maxima and minima 


dI a (see 79 Cos d—sFsin>¢ 
0 


ae 2% (4) 
Simplify to obtain the transcendental tanz¢=5¢@ 
equation: 
Solve this equation numerically (use ø =| 2.867, 4.927, and 6.947 


the “Solver” function of your 
calculator) to obtain: 


Remarks: Note that our results in (b) are smaller than the approximate values found 
in (a) by 4.80%, 1.63%, and 0.865% and that the agreement improves as n 


increases. 
Diffraction and Resolution 
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Picture the Problem We can use 


A 
0 =1.22 5 to find the angle between the 


central maximum and the first diffraction -F 8 


minimum for a Fraunhofer diffraction 
pattern and the diagram to the right to find 
the distance between the central maximum 


and the first diffraction minimum on a t L 


screen 8 m away from the pinhole. 


(a) The angle between the central 6=1.22 A 
maximum and the first diffraction 
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minimum for a Fraunhofer 
diffraction pattern is given by: 


j i 700 nm 
Substitute numerical values and 9 =1.22 =le Samad 
evaluate 0: 0.1mm 
(b) Referring to the diagram, we see y=Ltand 
that: 
Substitute numerical values and y= (8 m) tan(8.54 mrad) =| 6.83cm 
evaluate y: 
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Picture the Problem We can apply Rayleigh’s criterion to the overlapping diffraction 
patterns and to the diameter D of the pinhole to obtain an expression that we can solve for 
Ay. 


Pinhole 


Ay 

+. L >| 
Rayleigh’s criterion is satisfied @ =1.22 a 
provided: j D 


j A 
Relate œ to the separation Ay of the His P provided a << 1. 


light sources: 


Equate these expressions to obtain: Ay =1.22 a 
i : 

i AL 

Solve for Ay: Ay =1.22 T 


Substitute numerical values and Ay =1.22 (700 nm)(10 m) _ 


evaluate Ay: 0.1mm 


*55 ° 

Picture the Problem We can use 
Rayleigh’s criterion for slits and the 
geometry of the diagram to the right 
showing the overlapping diffraction 
patterns to express x in terms of A, L, and 
the width a of the slit. 


Referring to the diagram, relate a, 
L, and x: 


For slits, Rayleigh’s criterion is: 
Equate these two expressions to 
obtain: 


Solve for x: 


Substitute numerical values and 
evaluate x: 


56 >œ 
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x 
Q, Z — 
L 
A 
a, =— 
a 
a 
L a 
AL 
x= 
a 
(700 nm) 6 m) 


= | 7.00 mm 


0.5 mm 


Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 
geometry of the diagram to express L in terms of A, x, and the diameter D of your pupil. 


Your pupil 


Referring to the diagram, relate @,, 
L, and x: 


bh |x 
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For circular apertures, Rayleigh’s ~1.22 A 
criterion is: ° D 


Equate these two expressions to 


aam pr E 
obtain: L 
Solve for L: L= xD 

1.222 

Substitute numerical values and (1 12 cm) (5 mm) 

L =~ =| 8.35 km 
evaluate L: 1.22(550 nm) 8.35 km | 
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Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 
geometry of the diagram to express L in terms of 4, x, and the diameter D of your pupil. 


Your pupil 


Referring to the diagram, relate a, Ge ee 
L, and x: = L 

; soy A 
For circular apertures, Rayleigh’s a, =1.22— 
criterion is: D 
Equate these two expressions to x =1.22 A 
obtain: L D 
Solve for L: rs xD 

1.224 

i i 6.5 cm )(5 mm 

Substitute numerical values and L= ( )( ) =| 484m 


evaluate L: 1.22(550 nm) 
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Picture the Problem We can use m ou 
Rayleigh’s criterion for circular apertures t Me 
and the geometry of the diagram to the \ 

Your pupil 


right showing the overlapping diffraction 
patterns to express L in terms of /, x, and 
the diameter D of your pupil. 


(a) Referring to the diagram, relate 


c 


x 
a. =% — provided a<<1 
Qa L, and x: L 


For circular apertures, Rayleigh’s 


a, =1.22— 
criterion is: D 
Equate these two expressions to A 1.22 A 
obtain: L ` 
Solve for L: L= xD 
1.224 
Substitute numerical values and (6 mm) (5 mm) 
L=————~ =| 49.2m 
evaluate L: 1.22(500 nm) 
b) Because L is inversely proportional to A, the holes can be resolved better 
with violet light which has a shorter wavelength. 
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Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 
geometry of the diagram to obtain an expression we can solve for the minimum 
separation Ax of the stars. 
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(a) Rayleigh’s criterion is satisfied -~1.22 A 
provided: >> D 


Relate œ to the separation Ax of the 
light sources: 


Equate these expressions to obtain: Ax -1.22 a 
L D 
Solve for Ax: Ax -122/4 
D 
Substitute numerical values and evaluate Ax: 
15 
(550 nm 4c -yx 94x 1 =) 
C . 
Ax =1.22 sac Y 7 _/5.00x10°m 
200in x ———— 


1n 
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Picture the Problem We can use Rayleigh’s criterion for circular apertures and the 

geometry of the diagram to obtain an expression we can solve for the minimum diameter 
D of the pupil that allows resolution of the binary stars. 


Your pupil 


(a) Rayleigh’s criterion is satisfied a. =1.22 a 
provided: 


Solve for D: D -122 
a 


Substitute numerical values and 
evaluate D: 


Diffraction Gratings 
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550 nm 

1° P z rad 
3600" 180° 


D =1.22 


14" x 


Picture the Problem We can solve d sin @ = m/ for 8 with m = 1 to express the location 


of the first-order maximum as a function of the wavelength of the light. 


The interference maxima in a 
diffraction pattern are at angles 0 
given by: 


Solve for the angular location 8n of 
the maxima : 


Relate the number of slits N per 
centimeter to the separation d of the 
slits: 


Substitute to obtain: 


Evaluate 6, for 2 = 434 nm: 


Evaluate 6, for 2 = 410 nm: 
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dsinĝ = må 
where d is the separation of the slits and m 
=0,1,2,... 


0, = sin'(™) 
d 


N=— 
d 


= sin '(mN/) 


= sin“|(2000cm)(434nm)| 


com 


6, = sin“|(2000cm*)(410nm)| 


- [Bz mra] 


Picture the Problem We can solve d sin 0 = må for A with m = 1 to express the location 


of the first-order maximum as a function of the angles at which the first-order images are 


found. 


The interference maxima in a 
diffraction pattern are at angles 0 
given by: 


dsind =mA 
where d is the separation of the slits and m 
=0,1,2,... 
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Solve for A: 

Relate the number of slits N per 
centimeter to the separation d of the 


slits: 


Let m =1 and substitute for d to 
obtain: 


Substitute numerical values and 
evaluate A, for 0, = 9.72 x10” rad: 


Substitute numerical values and 
evaluate A, for 6, = 1.32 x10" rad: 
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Picture the Problem We can solve d sin @ = må for @with m = 1 to express the location 


qe dsin@ 
m 
Ve 
d 
qe dsin@ 
N 
sin(9.72 x10” rad) 
= =| 485nm 
A 2000cm™ [485mm | 
sin(1.32 x107 rad) 
= —____— = | 658nm 
K 2000 cm” [658mm | 


of the first-order maximum as a function of the wavelength of the light. 


The interference maxima in a 
diffraction pattern are at angles 0 
given by: 


Solve for the angular location 8n of 
the maxima : 


Relate the number of slits N per 
centimeter to the separation d of the 
slits: 


Substitute to obtain: 


Evaluate 6, for 2 = 434 nm: 


Evaluate 6, for 2 = 410 nm: 


dsinĝ =måÀ 


where d is the separation of the slits and m 


=0, 1, 2,... 


0, = sin'(™) 
d 


N=— 
d 


6,, = sin '(mNA) 


6, = sin |(15000 cm )(434nm)| 
= 0.7089 rad =| 40.6° 


6, =sin*|(15000 cm )(410 nm)| 


= 0.6624 rad = 
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Picture the Problem We can use the grating equation with sinĝ = 1 and 

m = 5 to find the longest wavelength that can be observed in the fifth-order spectrum 
with the given grating spacing. 


The interference maxima are at dsind=mA, m=1,2,3,... 
angles 0 given by: 


Solve for A: qe d sin 0 
m 
Evaluate 4 for sinĝ = 1 and 1 
=5: 4000 cm 
i ge ee Feng 
5 5 
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Picture the Problem We can use the grating equation to find the angle at which 
normally incident blue light will be diffracted by the Morpho’s wings. 


The grating equation is: dsinĝ = må 
where m = 1, 2, 3, ... 


Solve for @to obtain: al ma 
0 =sin | — 
Ld 
Substitute numerical values and evaluate | @(440n 
ĝ: g = sin”| 940mm) | _ rza 
| 880nm 


66 
Picture the Problem We can use the grating equation to find the angular separation of 
the first-order spectrum of the two lines. In (b) we can apply the definition of the 
resolving power of the grating to find the width of the grating that must be illuminated for 
the lines to be resolved. 


(a) Express the angular separation in A0 = Borg — Pea 
the first-order spectrum of the two 
lines: 

. . : . S må 
Solve the grating equation for 0 jaan (=) 


Substitute to obtain: 
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m(579 nm m(577 nm 
A@ = sin -1 ( ) 1 ( ) 
-A 1 
2000 cm ~“ 2000 cm ~“ 
Form= 1: 
= al ()(579nm)} al (677m) | _ - 
A@=sin aa aan in G 0.0231 
2000 cm“ 2000 cm“ 

(b) Express the width of the beam w= Nd (1) 
necessary for these lines to be 
resolved: 
Relate the resolving power of the A -mN 
diffraction grating to the number of AA 
slits N that must be illuminated in 
order to resolve these wavelengths 
in the mth order: 
For m= 1: N= A 

AA 
Substitute in equation (1) to obtain: “pe Ad 

AA 
Letting / be the average of the two 1 

(578 nm) 
wavelengths, substitute numerical 2000 cm 
values and evaluate w: w= 
2nm 
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Picture the Problem We can use the grating equation d sin 8 = mA,m =1, 2,3, ... to 


express the order number in terms of the slit separation d, the wavelength of the light J, 


and the angle 8. 


The interference maxima in the 
diffraction pattern are at angles 0 


d sin 0 = mÀ, m =1, 2,3,... 
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given by: 
Solve for m: _ dsin@ 

m= 

A 
If one is to see the complete sing <1 and m< d 
spectrum: A 
Evaluate mmax: 1 1 
4800cm™*  4800cm™ 
M nax = = 2.98 
A 700 nm 


max 


Because mM „ax = 2.98, one can see the complete spectrum only for m=1and 2. 


Express the condition for overlap: m,A, 2m,A, 


Because 700 nm < 2 x 400 nm, there is no overlap of the second - order 


spectrum into the first - order spectrum; however, there is overlap of long 


wavelengths in the second order with short wavelengths in the third - order 


spectrum. 
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Picture the Problem We can use the grating equation and the resolving power of the 
grating to derive an expression for the angle at which you should look to see a 
wavelength of 510 nm in the fourth order. 


The interference maxima in the d sin 0 = mA,m =1, 2, 3,... (1) 

diffraction pattern are at angles 0 

given by: 

The resolving power R is given by: R=mN 
where N is the number of slits and m is the 
order number. 

Relate d to the width w of the d= w 

grating: N 

Substitute for N to obtain: d= mw 
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Substitute for d in equation (1) to 
obtain: 


Solve for 8: 


Substitute numerical values and 
evaluate 0: 
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IY nd =m’ 
R 


6 =sin (=) 
w 


J= smf 20I nm) | _ 


5cm 


Picture the Problem The distance on the screen to the mth bright fringe can be found 
using y,, = mAL/d ,where d is the slit separation. We can use 6n =4/Nd =Ay/2L 


to find the width of the central maximum and the R = mN, where N is the number of slits 


in the grating, to find the resolution in the first order. 


(a) The distance on the screen to the 


mth bright fringe is given by: 


Substitute numerical values to 
obtain: 


Evaluate yı and yo: 


(b) The angle nin that locates the 
first minima in the diffraction 
pattern is given by: 


Solve for Ay: 


Substitute numerical values and 
evaluate Ay: 


=m AL 
Ym d 
or, because d = n, 
Ym = mnAL 


Yn = m(4000 cm” )(589 nm)(1.5m) 


= (0.353 m)m 
y, =(0.353m)(1)= 
and 
y, =(0.353m)(2)= 
A LA 
wa Nd 2L 
where Ay is the width of the central 
maximum. 
2LA 
pe 
Y= Nd 


2(1.5m)(589 nm) 


(8000 lines) aa 
4000 cm 


=| 88.4 um 


Ay = 
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(c) The resolution R in the mth order R=mN 

is given by: 

Substitute numerical values and R =(1)(8000)=| 8000 
evaluate R: 

70 ee 


Picture the Problem The width of the grating w is the product of its number of lines N 
and the separation of its slits d. Because the resolution of the grating is a function of the 
average wavelength, the difference in the wavelengths, and the order number, we can 
express w in terms of these quantities. 


Express the width w of the grating w= Nd 
as a function of the number of lines 
N and the slit separation d: 


The resolving power R of the R= A mN 

grating is given by: AA 

Solve for N to obtain: N= A 
mAA 

Substitute for N in the expression w= Ad 

for w to obtain: mAA 


Letting 2 be the average of the given wavelengths, substitute numerical values and 
evaluate w: 


4(519.313nm + 519.322 "00cm" | 
8400 cm 
=| 3.43cm 


w= 


2(519.322 nm —519.313nm) 
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Picture the Problem We can use the expression for the resolving power of a grating to 
find the resolving power of the grating capable of resolving these two isotopic lines in the 
third-order spectrum. Because the total number of the slits of the grating N is related to 
width w of the illuminated region and the number of lines per centimeter of the grating 
and the resolving power R of the grating, we can use this relationship to find the number 
of lines per centimeter of the grating 
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The resolving power of a diffraction 
grating is given by: 


Substitute numerical values and 
evaluate R: 


Express n, be the number of lines 
per centimeter of the grating, in 
terms of the total number of slits N 
of the grating and the width w of the 
grating: 


From equation (1) we have: 


Substitute to obtain: 


Substitute numerical values and 
evaluate n: 
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A 


R=—=m 
[a4] 


N (1) 


: 546.07532 
[546.07532 —546.07355| 


=| 3.09x10° 


5 
n= suet = 5.15x10* cm” 
(3)(2cm) 


Picture the Problem We can differentiate the grating equation implicitly to obtain an 


expression for the number of lines per centimeter n as a function of cos@ and d0 /då. We 


can use the Pythagorean identity sin?@+ cos?°0 = 1 and the grating equation to write cos@ 
in terms of n, m, and A. Making this substitution and approximating d@/d/ by A@/AA 
will yield an expression for n in terms of m, A, AA, and A8. 


(a) The grating equation is: 


Differentiate both sides of this 
equation with respect to A: 


Because n = 1/d: 


d sin 0 = må, m=0,1, 2,... (1) 


<(d er 0)= (m4) 


or 


Td =n 
da 


cos gee =nm 
da 
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a 1 do 
Solve for n to obtain: Peay | 
m då 
Approximate d0/d4 by A@/AA: n= A? cos9 
AA 
j : 1A 
Substitute for cos@: ca 140 1-sin? 0 
m 


From equation (1): 


Substitute to obtain: we 1 A0 i-pm 
m AA 
Solve for n: 1 
n= - 
m,|A? (3) 
AO 


1 
n= - = 6.677x10° m” 
(= nm+ soom) „| 500 nm -480 nm 
2 120x = rad 
180° 
=| 6677 cm” 
(b) Express Mmaxin terms of d and = d = 1 
Amak Gi À nax NA nax 
Substitute numerical values and evaluate 1 ul 


Mmax: Mes 16677 em )(500nm) 
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Picture the Problem We can use the 
grating equation and the geometry of the 
diagram to derive an expression for the 
separation Ay = y — yı of the spectral lines 
in terms of the distance L to the screen, the 
wavelengths of the resolved lines, and the 
number of grating slits per centimeter n. 
We will assume that the angle 0, is small 
and then verify that this is a justified 
assumption. 


(a) The grating equation is: 


Assuming that & << 1 and 
m= 2: 


Substitute to obtain: 


Solve for y: 


Letting the numerals 1 and 2 refer to 
the spectral lines, express yz — y1: 


Solve for d to obtain: 


The number of lines per centimeter 
n is the reciprocal of d: 


Substitute numerical values and 
evaluate n: 


To confirm our assumption that 
@ << 1, solve the grating equation 
for 6: 


z 


r 
i 
-i 
Y 
A- 7 
war 
> ae 

| i 


d sin 0 = må, m =0,1, 2,... 


sin 0, ~ tan 0, = A 
L 


d~=ma 
L 
_mLA 
a ag 
mL 
Aenne (4-4) 
mL 
d= (A, -”) 
Yo 7M 
Yo 7M 


p mL(A, -A,) 


8.4cm 
(2)(8m)(590nm —520nm) 


- [7500] 


0, = sin'(24) = sin '(2An) 


n= 


Substitute numerical values and 
evaluate 6: 


Because @ << 1: 


(b) The separation of the 
wavelengths is given by: 


Ay = (1)(8m)(750cm™)(590nm -520nm) =| 4.20cm 


Ay = (3)(8m)(750cm™)(590nm —520nm) = [12.6cm 


For m= 1: 
For m = 3: 
74 eco 


Interference and Diffraction 1069 
6, =sin“|2(590nm)(750 cm“) 
=8.86x10~° <<1 


sin 0, ~ tan 6, ~ 0, , as was assumed 


above. 


Picture the Problem We can differentiate the grating equation implicitly and 


approximate d@/d/A by A@/AA to obtain an expression A@ as a function of m, n, AA, and 


cos@ We can use the Pythagorean identity sin” + cos*@ = 1 and the grating equation to 


write cos@in terms of n, m, and A. Making these substitutions will yield the given 


equation. 


The grating equation is: 


Differentiate both sides of this 


equation with respect to A: 


Because n = 1/d: 


Solve for n to obtain: 


Approximate d0@/d/ by A@/AA: 


d sin 0 = må, m=0,1, 2,... (1) 


<(d a )= (m4) 


or 


daon 2 
da 


Pt dere 
da 
n ange 
m då 
aLa 
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Solve for A@: AO= nmAA 
cos@ 
Substitute for cos: AO= nmAA 


v1—sin* 0 


From equation (1): snp mA _ ee | 
d 


Substitute to obtain: A0 = nmAA 
J1- n?m??? 


Simplify by dividing the numerator and denominator by nm: 
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Picture the Problem We can use the grating equation and the geometry of the grating to 
derive an expression for ¢, in terms of the order number m, the wavelength of the light A, 
and the groove separation a. 


(a) The grating equation is: d sin 0 = mA, m=0,1, 2,... (1) 


Because ¢and 4 have their left and 0, = Dn 
right sides mutually perpendicular: 


Substitute to obtain: dsing,, =mA 
Solve for dn: A 
f g,, =| sin (=) 
d 
(b) For m = 2: 


p sin OESO) | Fea) 


10,000 cm” 
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Picture the Problem We can follow the procedure outlined in the problem statement to 


obtain R = A/AA = mN. 


(a) Express the relationship between 
the phase difference ¢ and the path 
difference Ar: 


Because Ar = dsin@: 


(b) Differentiate this expression 
with respect to @to obtain: 


Solve for dø: 


(c) From (b): 


Substitute 27/N for d¢ to obtain: 


(d) Equation 33-27 is: 


Differentiate this expression 
implicitly with respect to 2 to 
obtain: 


Solve for d@ to obtain: 


(e) Equate the two expressions for d0 
obtained in (c) and (d): 


Solve for R = A/A2z: 


area o |=" coso 
dO d0| A 
dg= oP odo 
A 
do = Ado 
2ad cos 


Nd cos 0 


dsin@ = m/A,m=0,1, 2,... 


d ene ae 
ri sin |= qd [mA] 


or 


omo = m 
da 


dae) ee 33-31 
dcos@ 


A mdA 
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General Problems 


*77 œ 


Picture the Problem We can apply the condition for constructive interference to find the 


angular position of the first maximum on the screen. Note that, due to reflection, the 


wave from the image is 180° out of phase with that from the source. 


(a) Because yo << L, the distance 
from the mirror to the first 


maximum is given by: 


Express the condition for 
constructive interference: 


Solve for 8: 


For the first maximum, m = 0 and: 


Substitute in equation (1) to obtain: 


Because the image of the slit is as 
far behind the mirror’s surface as 
the slit is in front of it, d = 2 mm. 
Substitute numerical values and 
evaluate yo: 


(b) The separation of the fringes on 
the screen is given by: 


The number of dark bands per 
centimeter is the reciprocal of the 


fringe separation: 


Substitute numerical values and 
evaluate n: 
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Y = LO, (1) 


dsin@ = (m +1)a,m =0,1,2,... 


AL 
Ay = — 
Tma 
1 d 
nN = — = — 
Ay AL 
re w a 
(600 nm)(1m) 


Picture the Problem The light from the radio galaxy reaches the radio telescope by two 
paths; one coming directly from the galaxy and the other reflected from the surface of the 
lake. The latter is phase shifted 180°, relative to the former, by reflection from the surface 
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of the lake. We can use the condition for constructive interference of two waves to find 
the angle above the horizon at which the light from the galaxy will interfere 


constructively. 


Telescope 


Because the reflected light is phase 
shifted by 180°, the condition for 
constructive interference at point P 
is: 


Referring to the figure, note that: 


Substitute for Ar to obtain: 


Noting that m = 0 for the first 
interference maximum, substitute 
numerical values and evaluate : 


79 œ 

Picture the Problem We can use the 
condition determining the location of 
points of zero intensity in a diffraction 
pattern to express the location of the first 
zero in terms of y and L. The width of the 
central maximum can then be found from 


Ay = 2y. 


Express the horizontal length of the 
principal diffraction maximum on 
the screen: 


Referring to the diagram, relate the 
angle @ to the distances y and L: 


Ar =(m+4)A 
where m = 0, 1, 2, ... 


(20cm) 


tang=~ 
L 


or, because 0 << 1, tanĝ x sin and 
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sind =~ 
L 
The points of zero intensity for a asin 0 = m/,m =1,2,... 
single-slit diffraction pattern are 
determined by the condition: 
Substitute for sin@ to obtain: gy mi 
L 
Solve for y: =n 
Substitute for y in equation (1): Ay = 2m“ 
a 


At the first diffraction minimum, m ipo (1) (700 nm)(6 m) _ 


= 1. Substitute numerical values and 0.5mm 
evaluate Ay: 


80 = 
Picture the Problem We can use the Rayleigh criterion to express @ in terms of / and 
the diameter of the opera glasses lens D and the geometry of the problem to relate @ to 
separation y of the singer’s eyelashes and the observation distance L. 


Aperture of 
opera glasses 


The critical angular separation, a. =1.22 a 
according to Rayleigh’s criterion, is: © ` D 
Given that œ. << 1, it is also given TR y 
by: * L 
Equating these two expressions pam 1.22 A 


yields: L D 
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Solve for D to obtain: D=122 AL 
y 
Substitute numerical values and (550nm)(25m) 
D =1.22 =| 33.6 mm 
evaluate D: 0.5mm [33.6mm | 
81 >œ 


Picture the Problem The resolving power of a telescope is the ability of the instrument 
to resolve two objects that are close together. Hence we can use Rayleigh’s criterion as 
the resolving power of the Arecibo telescope. 


Rayleigh’s criterion for resolution 3122 a 
is: D 
. . 2 
Substitute numerical values and a= ia 3.2 cm -|0130 mrad 
evaluate a: 300m 
#82 ee 


i : 600 
Picture the Problem Note that reflection A = OUO Tin 


at both surfaces involves a phase shift of z 


rad. We can apply the condition for T 
Air 
destructive interference to find the i 
thickness t of the nonreflective coating. r T Coating 
Glass 
The condition for destructive 1 1) Ai 
. ; 2t= (m a LWA coating = (m + 4) = 
interference is: n 


coating 


. A, 
Solve for t: t= (m + 1) 
2N ooating 
=0: 0 
Evaluate t for m = 0: re ao aom isan 


2(1.30) 
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83 we 
Picture the Problem The Fabry-Perot 
interferometer is shown in the figure. For 
constructive interference in the transmitted 
light the path difference must be an integral 
multiple of the wavelength of the light. 
This path difference can be found using the 
geometry of the interferometer. 


Express the path difference between 
the two rays that emerge from the 
interferometer: 


For constructive interference we 
Require that: 


Equate these expressions to obtain: 


Solve for a to obtain: 


84 » 

Picture the Problem The gaps in the 
spectrum of the visible light are the result 
of destructive interference between the 
incident light and the reflected light. 
Noting that there is a z rad phase shift at 
the first air-mica interface, we can use the 
condition for destructive interference to 
find the index of refraction n of the mica 
sheet. 


Because there is a zrad phase shift 
at the first air-mica interface, the 
condition for destructive 


interference is: 


Solve for n: 


For A = 474 nm: 


2t=mA 


mica 


=m 


(1) 


Air 
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For A = 421 nm: 2t = (421nm)(m +1) 


Equate these two expressions for 2t m = 8 for Å = 474 nm 
and solve for m to obtain: 


Substitute numerical values in pe 474nm -|158 
equation (1) and evaluate n: 2(1.2 um) 
85 ee 


Picture the Problem Note that the light 
reflected at both the air-film and film-lens 
interfaces undergoes a zrad phase shift. 


Lens 


We can use the condition for destructive 
interference between the light reflected 
from the air-film interface and the film-lens 
interface to find the thickness of the film. 
In (c) we can find the factor by which light 
of the given wavelengths is reduced by this 


film from I œ cos* +46. 


os A. 
(a) Express the condition for = (m 4 1) = (m 4 4) 4air (1) 
n 


film 


destructive interference between the 
light reflected from the air-film where m = 0, 1, 2, ... 
interface and the film-lens interface: 


Solve for t: t= (m+ 1) 

2n 
Evaluate t for m = 0: 1 \540nm 

t=|— =| 97.8 nm 
(2) 2(1.38) [97.81m | 
(b) Solve equation (1) for Aai:: 1 = 2tn 
alr m +4 
Evaluate Aar for m = 1: ae 27-60) (1.38) ~180nm 
+3 


No; because 180 nm is not in the visible portion of the spectrum. 


(c) Express the reduction factor f as f= cos? 50 (2) 
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a function of the phase difference 6 
between the two reflected waves: 


Relate the phase difference to the 
path difference Ar: 


Because Ar = 2t: 


Substitute in equation (2) to obtain: 


Evaluate f for 2 = 400 nm: 


Evaluate f for 2 = 700 nm: 


86 ee 
Picture the Problem As indicated in the 
problem statement, we can find the optimal 
size of the pinhole by equating the angular 
width of the object at the film and the 
angular width of the diffraction pattern. 


Express the angular width of the a 
distant object at the film in terms of 
the diameter D of the pinhole and 
the distance L from the pinhole to 
the object: 


Using Rayleigh’s criterion, express 
the angular width of the diffraction 


fa00 = CO 


LA sg yf Ar 
2m Aim Aim 
ô= 2d 2) 

Asam 


aora m) 


400nm 


-075 


fao = COS 


=| 0.124 


[eee m) 


700 nm 


Object Film 


- ~ 
— | 
D D 
> 0 = — 
L 2L 
A 
diffraction = 1.22 D 
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pattern: 
Equate these two expressions to D 1.22 A 
obtain: 2L 
Solving for D yields: D = 42.44AL 
Substitute numerical values and D= a 2.44(550 nm)(10 cm) 
evaluate D: 
- 
*87 oo 


Picture the Problem We can use the geometry of the dots and the pupil of the eye and 
Rayleigh’s criterion to find the greatest viewing distance that ensures that the effect will 
work for all visible wavelengths. 


Dots of paint 


fo Pupil 


Referring to the diagram, express px d 

the angle subtended by the adjacent L 

dots: 

Letting the diameter of the pupil of &. =1.22 a 
the eye be D, apply Rayleigh’s © ° D 


criterion to obtain: 


Set 0 = @ to obtain: d -1.22 2 
L D 
Solve for L: te= Dd 
1.224 
Evaluate L for the shortest te (3 mm)(2 mm) slap ea, 
wavelength light in the visible 1.22(400 nm) 


portion of the spectrum: 
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*BB cee 
Picture the Problem It is given that with one tube evacuated and one full of air at 1-atm 
pressure, there are 198 more wavelengths of light in the tube full of air than in the 
evacuated tube of the same length. We can use this condition to obtain an equation that 
expresses this difference in terms of L, An, and 2o. We can obtain a second equation 


A 
relating An, n, and A (A, = —) and solve the two equations simultaneously to find n. 
n 


(a) The wavelengths are related by: a Ao 

"on 
The number of wavelengths in L = L =198 
length L is the length L divided by A A 


the wavelength. Thus: 


Substitute for /,,: nL L ~ 198 

Ay Ay 

OER 1 
Solve for A, to obtain: n=l 982, 
L 

Substitute numerical values and 

n= 11 ma m) = [1.0002916 
evaluate n: 4m 


(b) Replace 198 with 198 + 0.25 and assume that the uncertainties in L and A, are 
negligible: 


A 
ali (198 + 0.25) =| 1.0002916 + 0.0000004 


89 eco 
Picture the Problem We can use the IN 
condition that determines points of zero i] 
intensity for a single slit diffraction pattern ue) 

= wa t 0 


$ 


and the geometry of the slit and screen 
shown in the diagram to derive the given 
width of the central maximum on the 


screen. [| Screen 4 
(a) The points of zero intensity for a asin @ = mA,m =1, 2,3.... (1) 
single-slit diffraction pattern are 

given by: 


Relate the half-width y of the 
diffraction pattern to 0 and L: 


Because @is very small, 
tan ~ sind and: 


Substitute for sin@ in equation (1) 
to obtain: 


Solve for y: 


The width of the central maximum 
(m= 1) is: 


2LA 
(b) Set a = and simplify to 


obtain: 
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tang=~ 
L 
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Chapter 34 
Wave-Particle Duality and Quantum Physics 


Conceptual Problems 


*1 e 

Determine the Concept The Young double-slit experiment, the diffraction of light by a 
small aperture, and the J.J. Thomson cathode-ray experiment all demonstrated the wave 
nature of electromagnetic radiation. Only the photoelectric effect requires an explanation 


based on the quantization of electromagnetic radiation. (c) is correct. 


2 ee 

Determine the Concept Since the power radiated by a source is the energy radiated per 
unit area and per unit time, it is directly proportional to the energy. The energy radiated 
varies inversely with the wavelength (E = hc//); i.e., the longer the wavelength, the 


less energy is associated with the electromagnetic radiation. (b)is correct. 


3 e 
(a) True 


(b) False. The work function of a metal is a property of the metal and is independent of 
the frequency of the incident light. 


(c) True 

(d) True 

4 ° 

Determine the Concept In the photoelectric effect, the number of electrons emitted per 


second is a function of the light intensity, proportional to the light intensity, independent 
of the work function of the emitting surface and independent of the frequency of the light. 


(b)is correct. 


*5 e 
Determine the Concept The threshold wavelength for emission of photoelectrons is 
related to the work function of a metal through ¢ = hc/A,. Hence 2, = hc/ġ and 


(a)is correct. 
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6 eo 
Determine the Concept In order for electrons to be emitted Ac/A must be greater thang. 
Evidently, Ac/A, < ¢, but hc/A, > @. 


7 e 
(a) True 


(b) True 
(c) True 
(d) False. Electrons are too small to be resolved by an electron microscope. 


8 e 
Determine the Concept If the de Broglie wavelengths of an electron and a proton are 
equal, their momenta must be equal. Since m, > Me, Vp < Ve. Response (c) is correct. 


9 ° 
Picture the Problem The kinetic energy of a particle can be expressed, in terms of its 
2 


momentum, as K = i We can use the equality of the kinetic energies and the fact that 
m 


Me < Mm, to determine the relative sizes of their de Broglie wavelengths. 


Express the equality of the kinetic P p? 
energies of the proton and electron 2m 2m 
p e 

in terms of their momenta and 
masses: 
Use the de Broglie relation for the h? he 
wavelength of matter waves to 2m, A, 7 2m A 
obtain: 

or 

m,A, =m% 

f 2 12 

Since me < mp: A, < ^ and A, >A, 

and | (c)is correct. 
10 œ 


Determine the Concept Yes. <x> can equal a value for which P(x) is zero. An example 
is the asymmetric well for all even numbered states. 
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*11 œ 

Determine the Concept In the photoelectric effect, an electron absorbs the energy of a 
single photon. Therefore, Kinax = 4f— ¢, independently of the number of photons incident 
on the surface. However, the number of photons incident on the surface determines the 
number of electrons that are emitted. 


12 eo 

Picture the Problem The probability of a particular event occurring is the number of 
ways that event can occur divided by the number of possible outcomes. The expectation 
value, on the other hand, is the average value of the experiment. 


(a) Find the probability of a 1 P(t) | 
coming up when the die is thrown: “6 |2 
(b) Find the average value of a large _ 3x1+3%2 _ 
n) = —————=/1.5 
number of throws of the die: ( ) 6 


13 ec 

Determine the Concept According to quantum theory, the average value of many 
measurements of the same quantity will yield the expectation value of that quantity. 
However, any single measurement may differ from the expectation value. 


Estimation and Approximation 


14 » 

Picture the Problem From Einstein’s photoelectric equation we have Kna =hf —¢, 
which is of the form y = mx +b, where the slope is A and the 

Kymax-intercept is the work function. Hence we should plot a graph of Kinax versus fin 


order to obtain a straight line whose slope will be an experimental value for Planck’s 
constant. 


(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 


Cell | Formula/Content | Algebraic Form 
A3 544 A (nm) 

B3 0.36 Kmax (eV) 

C3 A3*104-19 A (m) 

D3 3*10°8/C3 cia 

E3 | B3*1.6*10*-19 Kinax (J) 


lambda | Kmax | lambda | f=c/lambda Kmax 
(nm) | (eV) (m) (Hz) (J) 
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544 0.36 | 5.44E-07 | 5.51E+14 | 5.76E—-20 
594 0.199 | 5.94E—-07 | 5.05E+14 | 3.18E—20 
604 0.156 | 6.04E-07 | 4.97E+14 | 2.50E—20 
612 0.117 | 6.12E-07 | 4.90E+14 | 1.87E—20 
633 0.062 | 6.33E—-07 | 4.74E+14 | 9.92E—21 


The following graph was plotted from the data shown in the above table. Excel’s "Add 
Trendline” was used to fit a linear function to the data. 


7.E-20 


6.E-20 


a = 6.19E-34/ - 2.83E-19 


5.E-20 


4.E-20 


K max (J) 


3.E-20 


2.E-20 


1.E-20 


0.E+00 
4.6E+14 4.8E+14 5.0E+14 5.2E+14 5.4E+14 5.66+14 


f (Hz) 


(b) From the regression line we note h =| 6.19x10* J-s 


exp 


that the experimental value for 
Planck’s constant is: 


i h-h h 
(c) Express the percent difference o% diff = exp _y _ exp 
between /.x, and h: h h 
6.19x10*J-s _ 


6.63x10“J-s _ 


6.64% 


15 » 
Picture the Problem From Einstein’s photoelectric equation we have Kna =hf —¢, 
which is of the form y = mx +b, where the slope is / and the 

Kmax-intercept is the work function. Hence we should plot a graph of Kmax versus fin 
order to obtain a straight line whose intercept will be an experimental value for the work 
function. 


(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 


Cell | Formula/Content | Algebraic Form 
A3 544 A (nm) 
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B3 0.36 Kmax (eV) 
C3 A3* 104-19 A (m) 
D3 3*10^8/C3 cla 
E3 | B3*1.6*10*-19 Kmax (J) 


lambda | Kmax | lambda | f=c/lambda Kmax 
(am) | (Vv) | @ (Hz) a 
544 0.36 | 5.44E-07 | 5.51E+14 | 5.76E-20 
594 0.199 | 5.94E-07 | 5.05E+14 | 3.18E-20 
604 0.156 | 6.04E-07 | 4.97E+14 | 2.50E-20 
612 0.117 | 6.12E-07 | 4.90E+14 | 1.87E-20 
633 0.062 | 6.33E-07 | 4.74E+14 | 9.92E-21 
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The following graph was plotted from the data shown in the above table. Excel’s "Add 


Trendline” was used to fit a linear function to the data. 


7.E-20 


6.E-20 


x = 6.19E-34f - 2.83E-19 


5.E-20 


4.E-20 


K max D 


3.E-20 


2.E-20 


1.E-20 


0.E+00 
4.6E+14 4.8E+14 5.0E+14 5.2E+14 5.4E+14 5.6E+14 


f (Hz) 


(b) From the regression line we note ben -283x102 Jx leV 


that the experimental value for the 1.6x10”° J 


work function ¢ 1s: =|1.77eV 


(c) | The value of ¢ 


exp 


=1.77 eV is closest to the work function for cesium. 


#16 ee 
Picture the Problem From the Compton-scattering equation we have 


A, — 4, = 4. (1-cos@), where A, = h/m,c is the Compton wavelength. Note that this 


equation is of the form y = mx + b provided we let y= 2, — 2, and x = 1 — cos@ Thus, we 
can linearize the Compton equation by plotting AZ = A, — A, as a function of 1—cos@. 


The slope of the resulting graph will yield an experimental value for the Compton 
wavelength. 
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(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 


Cell Formula/Content Algebraic Form 
A3 45 0 (deg) 

B3 | 1 —cos(A3*PI()/180) 1 — cos 
C3 6.47E*-13 AA=A,-/A, 


0 1- cos Ay-A, 


45 0.293 | 6.47E-13 
75 0.741 | 1.67E—-12 
90 1.000 | 2.45E—12 
135 1.707 | 3.98E—12 
180 | 2.000 | 4.95E—-12 


The following graph was plotted from the data shown in the above table. Excel’s "Add 
Trendline” was used to fit a linear function to the data. The regression line is 


AA =2.48 x10”? (1 — cos 6)—1.03 x10” 


6.0E-12 


delta lambda = 2.48E-12[1-cos(theta)]- 1.03E-13 


5.0E-12 


4.0E-12 


3.0E-12 


delta lambda 


2.0E-12 


1.0E-12 


0.0E+00 
0.0 0.5 1.0 1.5 2.0 


1-cos(theta) 


From the regression line we note Ace =| 248x107 m 


that the experimental value for the 


Compton wavelength Ac exp is: 


The Compton wavelength is given A= h _ hc 
by: © me me 
Substitute numerical values and _ 1240eV -nm 


c= = 2.43x10 m 
evaluate Ac: 5.11x10° eV 
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a’ ae | 


Express the percent difference 


% diff = Sep “ep _ “Cor ] 
between Ac and Acexp: Asis Aes 


2.48x10 m 
243x10 m [2.06% | 


*17 0 
Picture the Problem The de Broglie wavelength of an object is given by 4 = h/p, where 
p is the momentum of the object. 


The de Broglie wavelength of an pen A 
object, in terms of its mass m and mv 
speed v, is: 
The values in the following table Type ofball | m | Vmax 
were obtained using the internet: (g) | (m/s) 
Baseball 142 | 44 
Tennis 57 54 
Golf 57 42 
Soccer 250 | 31 
The de Broglie neve a qe 6.63x10™ J-s = 1.0610 m 
baseball, moving with its maximum (0. 142 kg)(44 m/ s) 
speed, is: 
Proceed as above to obtain the Type of m Vmax A 
values shown in the table: ball 


(g) | (m/s) (m) 
Baseball | 142 | 44 | 1.06x10™ 


Tennis 57 54 2156210 * 
Golf 57 | 42 | 2.77x10™ 
Soccer 2501 31 0.855x10™ 


Examination of the table indicates that the soccer ball has the shortest 


de Broglie wavelength. 


The Particle Nature of Light: Photons 


18 = 
Picture the Problem We can find the photon energy for an electromagnetic wave of a 
given frequency f from E = hf where h is Planck’s constant. 
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(a) For f= 100 MHz: 2a 
= (6.63x10™ J-s)(100 MHz) 


=| 6.63x10°J 


= 6.63107 Jx — 1 — 
1.60x10°? J 
=| 4.14x107 eV | 
(b) For f= 900 kHz: E=hf 


= (6.63x10- J-s)(900kHz) 


=| 5.96x10 ° J 


ogre tie" 


1.60x10™ J 
=| 3.73x10 eV | 


19 œ 
Picture the Problem The energy of a photon, in terms of its frequency, is given by E=Af. 


(a) Express the frequency of a f= E _ leV 
photon in terms of its energy and h 414x10%eV-s 
evaluate f for E= 1 eV: ~| 2.4210" Hz 

(b) For E = 1 keV: f lkeV 


~ 4.14x10™ eV-s 


=| 2.42x10" Hz 


(c) For E = 1 MeV: ye IMeV 
4.14x10" eV -s 
=| 2.4210” Hz | 
*20 œ 


Picture the Problem We can use E = hc// to find the photon energy when we are given 
the wavelength of the radiation. 


(a) Express the photon energy as a E= he = 1240eV -nm =| 276eV 


function of wavelength and evaluate A 450nm 
E for A = 450 nm: 
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(b) For A = 550 nm: 


(c) For 2 = 650 nm: 


21 >œ 


1240 eV -nm 
J A = [ 2.25ev | eV 
550nm 


E- 1240 eV -nm _ 


1.9leV 
650nm 


Picture the Problem We can use F = hc// to find the photon energy when we are given 


the wavelength of the radiation. 
(a) Express the photon energy as a 
function of wavelength and evaluate 


E for A = 0.1 nm: 


(b) For A =1 fm: 


22 ee 


pa i2s0eV-nm z 


=A n AV n = [2a keV ] 


0.1nm 


1.24GeV 


10° nm 


Picture the Problem We can express the density of photons in the beam as the number 


of photons per unit volume. The number of photons per unit volume is, in turn, the ratio 


of the power of the laser to the energy of the photons and the volume occupied by the 


photons emitted in one second is the product of the cross-sectional area of the beam and 


the speed at which the photons travel, i.e., the speed of light. 


Express the density of photons in 
the beam as a function of the 
number of photons emitted per 
second and the volume occupied by 
those photons: 


Relate the number of photons 
emitted per second to the power of 
the laser and the energy of the 
photons: 


Express the volume containing the 
photons emitted in one second as a 
function of the cross sectional area 
of the beam: 


se 


N 

V 
valu 24 

E he 
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Substitute to obtain: 7 PA 
hc? A 


Substitute numerical values and evaluate p: 


p= _ GB mw)(632nm) =| 4.05x10° m” 


(6.63.10 1 sJoxao! m) Z fmm} 


*23 œ 

Picture the Problem The number of photons per unit volume is, in turn, the ratio of the 
power of the laser to the energy of the photons and the volume occupied by the photons 
emitted in one second is the product of the cross-sectional area of the beam and the speed 
at which the photons travel; i.e., the speed of light. 


Relate the number of photons N= P _ PA 

emitted per second to the power of E he 

the laser and the energy of the 

photons: 

Substitute numerical values and N= (2.5 mW)(1 .55 um) 
evaluate N: (6.63 x10 J- s)(3 x 10° m/s) 


=| 1.95x10!°s7 


The Photoelectric Effect 


24 >œ 
Picture the Problem The threshold wavelength and frequency for emission of 
photoelectrons is related to the work function of a metal through ¢ = hf, = hc/A, . We 


can use Einstein’s photoelectric equation K 


max 


E à . . 
= F — ¢ to find the maximum kinetic 


energy of the electrons for the given wavelengths of the incident light. 


(a) Express the threshold frequency f= g_ 4.58eV 

in terms of the work function for t h 414x10" eV-s 
tungsten and evaluate fy: =| 1.11x10” Hz 

Using v = fA, express the threshold ov 3x 10° m/s 


=—= =| 270nm 
wavelength in terms of the threshold ' f, 1.11x10" Hz 
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frequency and evaluate 1;: 


i . iis : h 
(b) Using Einstein’s photoelectric Kem =E-¢=hf -¢= AC 
equation, relate the maximum A 
kinetic energy of the electrons to _ 1240eV-nm _ 4.58eV 
their wavelengths and evaluate K max: 200 nm l 

=| 1.62eV 

124 . 

(c) Evaluate K max for Kas OeV-nm _458eV 
A = 250 nm: 250nm 


=| 0.380eV 


25 >œ 


Picture the Problem We can use the Einstein equation for photon energy to find the 


1093 


energy of an incident photon and his photoelectric equation to relate the work function 


for potassium to the maximum energy of the photoelectrons. The threshold wavelength 


can be found from A, = hc/@. 


instei i he 124 : 

(a) Use the Einstein equation for E= he OeV-nm _|4 Bev 
photon energy to relate the energy A 300nm 
of the incident photon to its 
wavelength: 
(b) Using Einstein’s photoelectric K ax = E—-@ 
equation, relate the work function 
for potassium to the maximum 
kinetic energy of the photoelectrons: 
Solve for and evaluate ¢: =E- K ax =4.13eV —2.03eV 

=| 2.10eV 
(c) Proceed as in (b) with he 

K max =n ru 
E= hej A: A 
1240eV- 
=O TM -2.10eV 
430nm 


=| 0.784eV 
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(d) Express the threshold 
wavelength as a function of 
potassium’s work function and 
evaluate A; 


26 >œ 


À = 


t 


he _1240eV-nm _ 
o 2.10eV 


590 nm 


Picture the Problem We can find the work function for silver using ¢ = hc/A, and the 


maximum kinetic energy of the electrons using Einstein’s photoelectric equation. 


(a) Express the work function for 
silver as a function of the threshold 
wavelength: 


(b) Using Einstein’s photoelectric 
equation, relate the work function 
for silver to the maximum kinetic 
energy of the photoelectrons: 


27 >œ 


_hc _ 1240 eV -nm _[a73ev 
A, 262nm 
he 
K =E-¢=—- 
max p A ġ 
2 1240eV -nm _473eV 
175nm 
=| 2.36eV 


Picture the Problem We can find the threshold frequency and wavelength for cesium 
using ¢ = hf, = hc/A, and the maximum kinetic energy of the electrons using Einstein’s 


photoelectric equation. 


(a) Use the Einstein equation for 
photon energy to express and 
evaluate the threshold wavelength 
for cesium: 


Use v = fA to find the threshold 
frequency: 


(b) Using Einstein’s photoelectric 
equation, relate the maximum 
kinetic energy of the photoelectrons 
to the wavelength of the incident 
light and evaluate Kmax for 1 = 250 
nm: 


f= 


=| 4.59 x10 Hz 


he 
a 
max A p 


he 1240eV-nm 
A, = = =| 653nm 
a 


v _ 3x10° m/s 
A 653nm 


t 


_ 1240eV-nm 
250nm 


- [506v] 


—1.90eV 
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(c) Proceed as above with vm = 1240eV -nm —1.90eV 
1. = 350 nm: Aani 

=| 1.64eV 
*28 oo 


Picture the Problem We can use Einstein’s photoelectric equation to find the work 
function of this surface and then apply it a second time to find the maximum kinetic 
energy of the photoelectrons when the surface is illuminated with light of wavelength 365 
nm. 


Use Einstein’s photoelectric K = he -g 
equation to relate the maximum "x A 
kinetic energy of the emitted 

electrons to their total energy and 

the work function of the surface: 


Using Einstein’s photoelectric g=E-K,,. = he _ K. 
equation, find the work function of A 
the surface: 7 1240eV-nm _0.37eV 
780nm 
=1.22eV 
Substitute for ø and Å and evaluate — 1240eV-nm _ 1.22eV 
K ina: 4 1 0 nm 
=| 1.80 eV 


Compton Scattering 


29 >œ 
Picture the Problem We can calculate the shift in wavelength using the Compton 


relationship AA = ne (1 — COs 6). 
mc 


e 


The shift in wavelength is given by: AL = hA (1 -Gos 0) 
M,C 


e 


Substitute numerical values and evaluate AA: 
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6.63x10 J -s 


AA = 1—cos60°)=| 1.21 
6.11x10 ke)x10" mA) on 1.21pm | 


30 œ 
Picture the Problem We can calculate the scattering angle using the Compton 


relationship AÅ = A (1 — COs 6). 
mc 


e 


Using the Compton scattering A= h (1 ae 0) 
equation, relate the shift in m.c 


e 


wavelength to the scattering angle: 


Solve for 0: gz cos {1 -Z£ aa) 
h 
Substitute numerical values and evaluate 0: 


E 9.11x 107! kg }(3 x 10° m/ ; 
0 =cos ( l A ‘(o33pm)|=[302" 


31 >œ 
Picture the Problem We can calculate the shift in wavelength using the Compton 


relationship AA = UE (1 — Cos 6). 
M,C 


e 


A A 
Express the wavelength of the AA ee A 
incident photons in terms of the 023 
fractional change in wavelength: 


Using the Compton scattering A= h (1 Lcos 0) 
equation, relate the shift in m,C 


e 


wavelength to the scattering angle: 


Substitute numerical values and evaluate A: 


6.6310“ J-s m 
2 = Too 110" kge mis) 8189 DE 
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*32 e 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of both the incident and scattered photon and the Compton scattering equation to 
find the wavelength of the scattered photon. 


(a) Use the Einstein equation for E= Ac = 1240eV-nm -|174keV 
A 0.071 1nm 


photon energy to obtain: 1 


h 
(b) Express the Wayelened ot the Cah eae (1 -Gös 0) 
scattered photon in terms of its pre- m,C 


scattering wavelength and the shift 
in its wavelength during scattering: 


Substitute numerical values and evaluate 4: 


-34 
eon er a 


1—cos180°) =| 0.0760 
911x10" ke)(3x10" ms) oe mm 


(c) Use the Einstein equation for E= he 2 1240eV -nm 116 3kev 
photon energy to obtain: A,  0.0760nm 
33 eœ 


Picture the Problem Compton used X rays of wavelength 71.1 pm. Let the direction the 
incident photon (and the recoiling electron) is moving be the positive direction. We can 
use p = h/A to find the momentum of the incident photon and the conservation of 
momentum to find its momentum after colliding with the electron. 


Use the expression for the h _6.63x 10™%J-s 


momentum of a photon to find the : i. 7 71.1pm 


9.32 x10” kg- m/s 


momentum of Compton’s photons: E | 


Using the Compton scattering A, =A +4 ll- cos 6) 
equation, relate the shift in 
wavelength to the scattering angle: 


Substitute numerical values and evaluate A): 


A, =71.1pm + (2.43x 107? m)(1—.cos180°) = 76.0 pm 
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Apply conservation of momentum to Pi = P. P2> Pe = Pi ~ Pr 
obtain: 


Substitute for pı and p> and evaluate pe: 


34 
P. =9.32x10™ ke: is-[- satii) — 


=| 1.80x107” kg -m/s 
76.0 pm 


34 œ 
Picture the Problem We can calculate the shift in wavelength using the Compton 


relationship AA = E — cos 6) =A, (1 —cos 6) and use conservation of energy to find 
m,C 


e 


the kinetic energy of the scattered electron. 


(a) Use the Compton scattering AA = A (l- cos 8) 
equation to find the change in = (2.43 x10 m)(1 = cos90°) 
wavelength of the photon: 
=| 2.43pm 
(b) Use conservation of energy to AE = he _ he 
relate the change in the kinetic ° A 4 


energy of the electron to the 
energies of the incident and 
scattered photon: 


Find the wavelength of the scattered A, =å +42 = 6pm + 2.43pm 
photon: = 8.43 pm 

Substitute and evaluate the kinetic AE = he M he 

energy of the electron (equal to the ° A 4 

change in its energy since it was 1 1 
stationary prior to the collision with = 1240eV- nn "343 = 
the photon): 


- [56k] 


35 ee 
Picture the Problem We can find the number of head-on collisions required to double 
the wavelength of the incident photon by dividing the required change in wavelength by 
the change in wavelength per collision. The change in wavelength per collision can be 
found using the Compton scattering equation. 
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Express the number of collisions _ AA 
required in terms of the change in AA/collision 
wavelength per collision: 


Using the Compton scattering AA = A.(1—cos6) 
equation, express the wavelength 
shift per collision: 


Substitute numerical values and AA = (2.43 x10? m)(1 —cos180°) 
evaluate AA: = 4.86 pm 
Substitute and evaluate N: N= 200pm z [42 | 

4.86pm 


Electrons and Matter Waves 


36 >œ 


1.226 
Picture the Problem From Equation 34-16 we have 2 = ———nm provided K is in 


VK 


electron volts. 


(a) For K = 2.5 eV: A 


m= 0.775nm 
(b) For K = 250 eV: 2-1226 m= 0.0775 nm 
= 


(c) For K = 2.5 keV: ge e m 
Tapp tm =[ 0.0245 nm | 


(d) For K = 25 keV: 1-1226  =17750m 


37 >» 
Picture the Problem We can use its definition to find the de Broglie wavelength of this 
electron. 


1100 Chapter 34 


Use its definition to express the de Gu h 
Broglie wavelength of the electron p 
in terms of its momentum: h 
omy 
Substitute numerical values and Ja 6.63x10™ J -s 
evaluate 4: ~ (9.11x107" kg)(2.5x10° m/s) 


-[29%am | 


38 œ 
Picture the Problem We can find the momentum of the electron from the de Broglie 


1.226 pa 
equation and its kinetic energy from / = TK nm, where K is in eV. 


(a) Use the de Broglie relation to _h _ 6.63x 10 J-s 
express the momentum of the A 200nm 
ISHED: =[3.31x10” kg-m/s 
(b) Use the electron wavelength j= 1.226 

equation to relate the electron’s VK 


wavelength to its kinetic energy: 


Solve for and evaluate K: 1/2 $ 
pa eA n aa N 
200 nm 


*39 ee 

Picture the Problem The momenta of these particles can be found from their kinetic 
energies and speeds. Their de Broglie wavelengths are given by 

A= hip. 


(a) The momentum of a particle p, p=v2mK 
in terms of its kinetic energy K, is 


given by: 


Substitute numerical values and evaluate ps: 
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-19 
P. =2m,K = {20.1110 kefisorevx +0") 
e 
=| 209x10” N:s 
Substitute numerical values and evaluate pņ: 
1.6x10 °C 
= ,/2m,K = ,|2\1.67x10~ kg) 150 keV x ————_—— 
p, = „2m, | ( el x 
=| 8.95x10~'N-s 
Substitute numerical values and evaluate pa: 
-27 -19 
5 = JK = fp 1.6610 Ks isorev 1.6x10 c) 
u eV 
=| 1.79x10” N-s | 
(b) The de Broglie wavelengths of paa h 
the particles are given by: 
Substitute numerical values and = hA 
evaluate /,: 5 Ps 
-34 
= SES ion 
8.95x10 4 N-s 
Substitute numerical values and = h 
evaluate A.: i Pe 
-34 
_ 6.63x10" J-s 1317x100" m 


~~ 2.09x 10-2 N-s 


Substitute numerical values and a h 
evaluate Ay: Pa 


-34 
Z o J-s -|3 70x107 m 
1.79x10 7 N-s 
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40 œ 
Picture the Problem The wavelength associated with a particle of mass m and kinetic 
— f 1240eV :nm 
energy K is given by Equation 34-15 as 2 = ——————_ 
V2mc’K 
Substitute numerical data in _ 1240eV -nm 
Equation 34-15 to obtain: q 2(940 MeV)(0.02 eV) 


- [0202 


41 >œ 
Picture the Problem The wavelength associated with a particle of mass m and kinetic 
— f 1240eV -nm 
energy K is given by Equation 34-15 as 4 = ——————_ . 
V2m?K 
Substitute numerical data in = 1240eV - nm 
Equation 34-15 to obtain: 2(938 MeV)(2 MeV) 
= 2.02x10° nm 


-[2027 | 


#42 o 
Picture the Problem We can use its definition to calculate the de Broglie wavelength of 
this proton. 


Use its definition to express the de 1 = h z h 


Broglie wavelength of the proton: Pp my 


Substitute numerical values and evaluate /,: 


6.63x10" J-s 
A= =| 0.441 pm 
(167x107 kg)[0.003(3 x 10° m/s)| [0.441 pm | 


43 ° 
1240 eV -nm 


4 2mc’K 


energy of the proton and use the rest energy of a proton mc’ = 938 MeV to simplify our 


Picture the Problem We can solve Equation 34-15 (A = ) for the kinetic 


computation. 


Solve Equation 34-15 for the kinetic k (1 240 eV - nm) 


energy of the proton: 2mc? A 
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(a) Substitute numerical values and 7 (1240 eV: nm) 

evaluate K for A= 1 nm: E 2(938 MeV)(I nm) 
=| 0.820meV 

(b) Evaluate K for 2 = 1 nm: K- (1240 eV. nm) 


2(938 MeV )(10* nm) 


- [ON 


44 œ 
Picture the Problem We’ll need to convert oz and mph into SI units. Then we can use its 
definition to calculate the de Broglie wavelength of the baseball. 


Use its definition to express the de _— h h 
: Aesaseball a z 
Broglie wavelength of the baseball: Prasebatt  Mlbasebali V baseball 
Substitute numerical values and evaluate Apasebalt: 
6.63x10"J-s ? 
=1.10x10% m 


Avaseball = 


h mi 


m 
. 0.447— 
50z x IIb x Ikg g Ty S 
l60z 2.20lb 


For the tennis ball: > A 
tennisbal ~~ ——s—<CSstsCS 
P tennis ball 


h 


Mennis ball Y tennis balll 


Substitute numerical values and evaluate Atennis ball! 


6.63x10™ J-s 


tennis balll = =2.01x10™ m 
m 
. 0.447 — 
20zx IIb < 158 Mye 
160z 2.201b h mi 
h 


The tennis ball has the longer de Broglie wavelength. 


1104 Chapter 34 


Remarks: Because / = h/p, we could have solved the problem by determining which 
ball has the smaller momentum. 


45° 


Picture the Problem If X is in electron volts, the wavelength of a particle is given 


pis 1.226 


VK 


Evaluate A for K = 54 eV: 1.226 1.226 
A = —— nm = —— nm =| 0.167 nm 
Fe mae 


46 > 


nm provided K is in eV. 


1.226 


VK 


Picture the Problem We can use 2 = nm, where K is in eV, to find the energy of 


electrons whose wavelength is/. 


Relate the wavelength of the Gi 1.226 m 
electrons to their kinetic energy: VK 
Solve for K: 1.226 nm-eV” 
K =| = 
A 
Substitute numerical values and 1.226nm- eV!” 7 
evaluate K: = 02570m =|22.8eV 
*47 ° 
1.226 


Picture the Problem We can use 2 = 


nm , where K is in eV, to find the 


VK 


wavelength of 70-keV electrons. 


Relate the wavelength of the l= 1.23 
electrons to their kinetic energy: VK 


Substitute numerical values and 1.226 
A=—————- nm = 4.63pm 
evaluate A: I70x102 eV 


48 > 
Picture the Problem We can use its definition to calculate the de Broglie wavelength of 
a neutron with speed 10° m/s. 
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Use its definition to express the de A= h m h 
Broglie wavelength of the neutron: ” p, mm, 
Substitute numerical values and evaluate _ 6.63x10" J-s 


as *  (1.67x 107" kg)(10° m/s) 
=| 0.397 pm 


Wave-Particle Duality 


49 >œ 

Picture the Problem In order for diffraction to occur, the diameter of the aperture d must 
be approximately equal to the de Broglie wavelength of the spherical object. We can use 
the de Broglie relationship to find the size of the aperture necessary for this object to 
show diffraction. 


Express the de Broglie wavelength a h — h 
of the spherical object: Pe Povjeot MobjectY object 
Substitute numerical values and l = 6.63x10™J-s 
evaluate Žobject: œit (4x107 kg )(100 m/s) 
=|1.66x10” m 
This is many orders of magnitude smaller than even the diameter of a proton 
and so no common objects would be able to squeeze through such an aperture. 
50 eœ 
Picture the Problem In order for diffraction to occur, the size of the object must be 
1240eV -nm 
approximately4. The wavelength of the neutron is given by A =. The rest 


y2mc K 


energy of the neutron is mc’ = 940 MeV. 


Substitute numerical values and 7 1240eV -nm 
evaluate A: 4{2(940 MeV )(10 MeV) 
=9.04x10° nm 


-pom 


This wavelength is of the same order - of - magnitude as a nuclear diameter 


and so nuclei would be suitable targets to demonstrate the wave nature of 


neutrons with this energy. 


1106 Chapter 34 


51 œ 
1.226 


JK 


wavelength of 200-eV electrons. In order for diffraction to occur, the size of the target 


Picture the Problem We can use 2 = nm , where K is in eV, to find the 


must be approximately /. 


Relate the wavelength of the l= 1.226 ah 


electrons to their kinetic energy: VK 


Substitute numerical values and 1.226 
A = ———— nm =| 0.0867 nm 
evaluate A: a 200 eV 


This distance is of the order of the size of an atom and so atoms would be 
suitable targets to demonstrate the wave nature of electrons with this energy. 


A Particle in a Box 


“52 ee 
; 2 . NIX 
Picture the Problem The wave function for state n isy, (x) = A sin To The 


following graphs were plotted using a spreadsheet program. The graph of y(x) for 
n = | is shown below: 


1.0 


0.5 


Wave function 


0.0 
0.0 0.2 0.4 0.6 0.8 1.0 


x/L 
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The graph of y°(x) for n = 1 is shown below: 


1.0 


0.8 


o 
D 


Probability density 
o 
A 


0.2 


x/L 


The graph of y(x) for n = 2 is shown below: 


Wave function 


1107 
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The graph of y°(x) for n = 2 is shown below: 


1.0 


o o o 
A oO œ 


Probability density 


9 
N 


The graph of y(x) for n = 3 is shown below: 


Wave function 
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The graph of y°(x) for n = 3 is shown below: 


1.0 


0.8 


o 
D 


Probability density 
o 
DA 


0.2 


0.0 
0.0 0.2 0.4 


x/L 


0.6 


0.8 1.0 
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2 


1109 


Picture the Problem We can find the ground-state energy using £, = ami and the 
m 


energies of the excited states using E£, = n’E, . The wavelength of the electromagnetic 


radiation emitted when the proton transitions from one state to another is given by the 


h 
Einstein equation for photon energy ( E = ie ). 


A 


(a) Express the ground-state energy: 


Substitute numerical values and evaluate EF): 


(6.63 x10 J-s} 


leV 


E= 


Find the energies of the first two 
excited states: 


81.67% 10" kg)(10 m} 1-6103 


E, =2°E, = 4(206 MeV) = 


and 


E, =3° E, = 9(206MeV) = 


1110 Chapter 34 


The energy-level diagram for this 
system is shown to the right: 


(b) Relate the wavelength of the 
electromagnetic radiation emitted 
during a proton transition to the 
energy released in the transition: 


For the n = 2 to n = | transition: 


Substitute numerical values and 
evaluate Ay_,): 


(c) For the n = 3 to n = 2 transition: 


Substitute numerical values and 
evaluate A3_,9: 


(d) For the n = 3 to n = 1 transition: 


Substitute numerical values and 
evaluate A3_,;: 


54 ee 


E/E, n 
254 —_— 5 
161] — 4 
94 — 3 
44 —— 2 
Lo 1 
04 
yale 
AE 
_ 1240eV -nm 
AE 


AE = E, - E, = 4E, - E, =3E, 


1240 eV -nm 7 1240eV -nm 
3E, 3(206 MeV) 


- [Zoi 


AE = E, - E, =9E, -4E, = 5E, 


_1240eV -nm _1240eV -nm 
5E, 5(206 MeV) 


=| 1.20 fm 


AE = E, - E, =9E, - E, = 8E, 


1240eV -nm _1240eV -nm 


A = = 
i 8E, 8(206 MeV) 


=| 0.752 fm 


2 


Picture the Problem We can find the ground-state energy using £, = ami and the 
m 


energies of the excited states using E, = nE, . The wavelength of the electromagnetic 


radiation emitted when the proton transitions from one state to another is given by the 
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h 
Einstein equation for photon energy ( E = ues ). 


A 


(a) Express the ground-state energy: h’ 


Substitute numerical values and evaluate EF): 


(6.63x10™ J -s} leV 


8(1.67x10-” kg)(0.2nm) 1.60107 J 


1 pm 


1111 


Find the energies of the first two 


E, = 2° E, =4(5.14meV)=| 20.6meV 


excited states: 
and 


E, =3° E, =9(5.14meV) = 


(b) Relate the wavelength of the Joz he 
electromagnetic radiation emitted AE 
during a proton transition to the 2 1240eV -nm 


energy released in the transition: AE 
For the n = 2 to n = | transition: AE = E, -E =4E, -E =3£, 


Substitute numerical values and a 


1240eV-nm 7 1240eV -nm 


evaluate A,_,;: 3E, 


- [0am] 


(c) For the n =3 to n = 2 transition: AE = E, - E, = 9E, —4E, =5E, 


Substitute numerical values and fi 
3 


~ 3(5.14meV) 


1240eV -nm _1240eV -nm 


2 ` 5E, 


- [2am] 


evaluate A3_,2: 


~ 5(5.14meV) 


(d) For the n = 3 to n = 1 transition: 


Substitute numerical values and 
evaluate A3_,;: 


AE = E, - E, =9E, — E, =8E, 


yr S 1240eV -nm _1240eV -nm 
ai 8E, 8(5.14 meV) 


=| 30.2 um 


1112 Chapter 34 
Calculating Probabilities and Expectation Values 


55 oe 

Picture the Problem The probability of finding the particle in some range Ax is y/dx. 
The interval Ax = 0.002Z is so small that we can neglect the variation in y(x) and just 
compute y/Ax. 


Express the probability of finding P= P(x)Ax =y° (x)Ax 
the particle in the interval Ax: 


Express the wave function for a ( ) o |2 . 7X 
particle in the ground state: yi5 L os L 
Substitute to obtain: P= 2 sin? Ax 
2 os 
= =| sin? (0.002L) 
L L 


= 0.004sin? 
L 


(a) Evaluate P at x = L/2: P=0.004sin2 aL = 0.004sin? a 
2L 2 
=| 0.004 
(b) Evaluate P at x = 2L/3: P =0.004sin2 2aL ~ 0.004sin2 20 
3L 3 
=| 0.003 
ae P =0.004sin? Z =0.004sin? x 
=| 0 


*56 ee 

Picture the Problem The probability of finding the particle in some range Ax is y“dx. 
The interval Ax = 0.002Z is so small that we can neglect the variation in y(x) and just 
compute y*Ax. 


Express the probability of finding P= P(x)Ax =y’ (x)Ax 
the particle in the interval Ax: 
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Express the wave function for a ) 12 n 27x 
particle in its first excited state: yax) = L 3 L 

i in: 2 92 
Substitute to obtain: Pe 7X he 


= 0.00480? 2™ 
L 


(a) Evaluate Pat x= L/2: P = 0.004 sin? = = 0.004 sin? T 


=| 0 


(b) Evaluate P at x = 2L/3: P=0.004sin2 = = 004sin2 z 


=| 0.003 
E P =0.004sin? = =0.004sin? 27 
=|0 
57 eo 
' 2 : 2 . NIX 
Picture the Problem We’ll use ( f (x) = f f (x)y (x)dx withy, (x) = E 7 : 
(a) Express y(x) for the n = 2 state: 2 . mm 
W(x) = ,|—sin —— 
L L 
Express (x) using the n = 2 wave (x) 7 f 2x in? 27x i 
function: me 
Change variables by y= L g 
letting 0 = = Then: p 
d0 = dx, and 
L 
dx = u 0 
20 


and the limits on @are 0 and 27. 
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Substitute to obtain: 24 í L ) : 
x)= 


L 2m 
=<; | Osin’ 40 
2% 


Using a table of integrals, evaluate L T9}? @sin20 cos28 Qn 
the integral: (x) = a. s 
L 2 1 1 L 
=— SERE ped 
27 8 8 2 
a\ e Tas 
(b) Express (x ) using then =2 (x?) 7 [2% sin’ 27x 
wave function: A 
Change variables as in (a) and ; 2Ł/L 2 a L 
substitute to obtain: (x )= ra) ae sin” 0 rd 
LV 2m f 
= r | @ sin? do 
m 


0 


Using a table of integrals, evaluate the integral: 


2n 
a PIE {a 1); 0 cos 20 L |4 r 
(x ) 5 sin 20 —————-| = > La 
An” | 6 4 8 4 j An 3 2 


58 ee 


Picture the Problem We’ll use ( f (x) = Í f (x)y?(x)dx with v, (x) = E a 


In Part (c) we’ll use P(x) = w: (x) to determine the probability of finding the particle in 


some small region dx centered at x = ⁄L. 


(a) Express the wave function for a ( ) _ {2 i 27x 
particle in its first excited state: Yaw = 


Square both sides of the equation to 2(x) = 2. 2 27M 
obtain: L L 
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The graph of y°(x) as a function of 
x is shown to the right: 


probability density 


0 x L 
(b) Express (x) using the n = 2 (x) z [2 sin? 27x 
wave function: 0 
í L 
Change n by x=— 0, 
letting 0 = a Then: z 
d0 =~" dx, and 
L 
L 
dx = — d0 
3m 


and the limits on @are 0 and 27. 


Substitute to obtain: 5 
ubstitute to obtain One [56 sin’ of a | 
LS Naa 20 
2a 
=—— | sin? odo 
0 
Using a table of integrals, evaluate L | @ @sin20 cos20 ae 
; ; x)= 
the integral: ( ) On? | 4 4 8 i 
LĪ, 1 1 
— s + = 
20 8 8 2 
(c) Express P(x): P(x) =y (x) 
= Se iad 
L L 
Evaluate P(L/2): P L £ 2 sin? 2m L 
2 L L 2 
==sin’ z =0 


Because P(L/2) = 0: (z) 
P| — |dx = [o] 
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The answers to Parts (b) and (c) are not contradictory. (b) states that the 
average value of measurements of the position of the particle will yield 
L/2, even though the probability that any one measurement of position 


will yield L/2 is zero. 


59 ee 
Picture the Problem We can find the constant A by applying the normalization 


condition fy 3 (x)dx = ] and finding the value for A that satisfies this condition. As soon 


-0 


as we have found the normalization constant, we can calculate the probability of the 


finding the particle in the region —a < x < a using P = f y 5 (x) dx ; 


—a 


(a) Express the normalization condition: 


[v2(e)ax =1 


titut = AW". SEET oe 
Substitute y(x) e {(4e* dx=24° fe 2x/a Jy 
oo 0 
From integral tables: Toi 1 
fe dx = — 
9 a 
Therefore: 


24? f e°? dy = 24°($) yg? =] 
0 


Solve for A: 1 


(b) Express the normalized wave 
function: a 


The probability of finding the 
particle in the region —a < x < a is: 


r= [v2(x)ax = 2f Leedy 
a 


= f e™ "dx =1-e° =| 0.865 
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60 ee 
Picture the Problem The probability density for the particle in its ground state is given 


Di : f 
by P(x) = pin’ 7* . We’ll evaluate the integral of P(x) between the limits specified in 
(a), (b), and (c). 


Express P(x) for 0 < x < d: 


i L 
Change variables by r=20, 
letting 0 = 7” Then: g 
d0 =Ž dx, and 
L 
L 
dx =—d0 
mT 
Substitute to obtain: 2%. L 
P(x)= = | sin’ ce ao) 
L3 mT 
g 
= = Í sin? Ad0 
mT 
0 
Using a table of integrals, evaluate 20 sin20]’ 
o PE (1) 
sin? 00: : : 
0 
(a) Noting that the limits on @are 0 20 sin20)" 2 
and 7/2, evaluate equation (1) over P(x) a) 4 |, gl 4 
the interval 0 < x < ‘AL: 
=| 0.500 
(b) Noting that the limits on @are 0 276 sin20)"” 
and 7/3, Evaluate equation (1) over P(x) = x 2 7 4 |, 
the interval 0 <x < L/3: 2 z _ 
6 4 
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(c) Noting that the limits on @are 0 20 sin20 
and 37/4, Evaluate equation (1) over P(x) F = 2 7 4 |, 
the interval 0 <x < 3L/4: 2 3z sin sla 
m| 8 4 
3 1 
=—+— =| 0.909 


61 eo 
Picture the Problem The probability density for the particle in its first excited state is 


ee: ee 
given by P(x) = 7st’ x . We’ll evaluate the integral of P(x) between the limits 


specified in (a), (b), and (c). 


E P(x) for 0 <x< d: f 
xpress P(x) for 0 < x P(x) = Z sin’ — xdx 
0 
: L 
Change eae by x= a” 
letting 0 = aa . Then: ; 
L 
dx = Lg 
27 
Substitute to obtain: 2f 2a 
ubdstitute to obtain P(x)== sin? (Zao) 
: T 
1? 
= — Ísin? d0 
T 
Using a table of integrals, evaluate P(x) l 2 sin 28) (1) 
o “a A 
fsin? odo: a 


0 


(a) Noting that the limits on @are 0 118 sn20| 1/2 
and z, evaluate equation (1) over the P(x) E 2 4 i “amla 
interval 0 < x < AL: 
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(b) Noting that the limits on @are 0 5 ( = 118 sin20 2077" 
and 27/3, evaluate equation (1) over = = a 
the interval 0 < x < L/3: 1 2 a TE 

l | 

1 i /2 

= 3 + re =| 0.402 
(c) Noting that the limits on @are 0 P( = lie sin20 7” es: 
and 37/2, evaluate equation (1) over MT x2 4 , “alg 
the interval 0 < x < 3L/4: 

=| 0.750 
62 ee 
Picture the Problem Classically, (x) = f xP(x)dx and w = f x’ P(x)dx. 
Evaluate (x) with P(x) = 1/L: a 7 Í 5 oo 2 L E 

ae 2L |, 2 
Evaluate (x*) with P(x) = 1/L: Ey? ai 2 

" PRR AE 
ame 3L |, 3 
63 ee 
eae 
Picture the Problem We’ll use ( f(x) F f (x) x)dx with w,,(x )= E sin to 
L ALP 
show that (x)=— and (x Sa 
( ) 2 ( a 3 = 
E xX) for a particle in the z 
tid is nat 
nth state: 0 
Change variables by = L 0 
letting 0 = a . Then: ae 
dO = =a, and 
L 
dx = — d0 
nm 


and the limits on @are 0 and nz. 


1120 Chapter 34 


Substitute to obtain: (x) a A (= o) si (+ ao) 


o AIT n 


2 
n m 


= [ Osin’ 040 
0 


Using a table of integrals, evaluate the integral: 


a 2L [Ø @sin2@ cos20 |" 
nr’ | 4 4 8 


0 


2L |nr nasin2na mr, 2L = +t 


na] 4 4 8 B| nr| 4 8 8 
otis 
2 
E 2) fi rticle in th (2h ix 
Xpress (x ) or a particle in the (x?) = [= sin’ NIA iy 
nth state: 0 
i L 
Change variables by eS, 
letting 0 = = Then: We 
d0 =" dx, and 
L 
L 
dx = —d0 
NI 


and the limits on @are 0 and nz. 


Substitute to obtain: nz 2 
()=F] (= o) sin? q+ do) 
L nm ni 
2 nt 
= as O° sin’ 0dO 


nn % 


Using a table of integrals, evaluate the integral: 


1 271A (6 1). 6cos20| 2P [wr nr 
(x J= 5 sin 20 ==; 
na | 6 4 8 4 nw 6 4 
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O) For large values of n, the result agrees with the classical value of Z? /3 
given in Problem 62. 


*6§64 ee 

L | rP 
Picture the Problem From Problem 63 we have (x) =— and (x°) iain z. 

2 3 2na 
spreadsheet program was used to plot the following graphs of <x> and <x° as a function 
ofn. 


65 eo 
Picture the Problem For the ground state, n = 1 and so we’ll evaluate 


(f(x) = | Fey? (x) using y,(x) = Boz. 


Because y? (x)is an even function ( x) = [o] for all values of n. 
of x, xy? (x) is an odd function of 


x. It follows that the integral of 
xy? (x) between —L/2 and L/2 is 


zero. Thus: 
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aX. 1/2 
ee (x ): (x°) no Í x? cos? Z xdx 
Lip L 
; : TX L 
Change variables by letting 0 = —. x=—0, 
L mT 
es d0 = * dx, and 
L 
dx =—d0 
m 
and the limits on @are —7/2 and 7/2. 
Substitute to obtain: RL N L 
(?)\== f (20 cos? 6| = d0 
L -z2 \ T T 
A 
= [0° cos’ 0d0 
m —a/2 
Use a trigonometric identity to ge 2P g 3 5 
rewrite the integrand: (x ) = Fa 4 ( RN, oio 
22 z/2 aj2 , 
=) |do- |0’ sin’ odo 
a —a/2 —a/2 


Evaluate the second integral by looking it up in the tables: 


rle [E (e 1 aaa 
(x°) =— sin 20 — 

a|3 |6 4 8 al 
TE (e 1 esa” 

a2 | SO ee 
m | 6 4 8 e 
Ple (r i COSI 

= 3 sin 7 + 
x |48'\16 8 8 


2P m r al 1 1 
=—|—-—|=| P —-—, 
m |24 4 12 24 
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Remarks: The result differs from that of Example 34-8. Since we have shifted the 
origin by Ax = L/2, we could have arrived at the above result, without performing 


the integration, by subtracting (Ax)? = L?/4 from Ce as given in Example 34-8. 


66 ee 
Picture the Problem For the first excited state, n = 2, and so we’ll evaluate 


J=f r&y x)dx using y,(x Jaf sin2® 


Since y% (x)is an even function of ( x) = [o] 
x, HWS (x) is an odd function of x. It 


follows that the integral of xy; (x) 
between —L/2 and L/2 is zero. Thus: 


2\. L/2 
Express (x ) (x?) = z Í x’ sin o i 
L; 2 L 
Change variables by letting y= L 0 
0 = = . Then: f 
do = — de, and 
L 
dx = m” 0 
m 
and the limits on Oare —z and z. 
Substitute to obtain: (x A 2 a p 0 L do 
Le; 2m 


sin’? 0 d0 
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Evaluate the integral by looking it up in the tables: 


Remarks: The result differs from that of Example 34-8. Since we have shifted the 
origin by Ax = L/2, we could have arrived at the above result, without performing 


the integration, by subtracting (Ax)? = L’/4 from (x?) as given in Example 34-8. 


General Problems 


*67 ° 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of each photon in the beam. The intensity of the energy incident on the surface is 
the ratio of the power delivered by the beam to its delivery time. Hence, we can express 
the energy incident on the surface in terms of the intensity of the beam. 


(a) Use the Einstein equation for E =if = he 
photon energy to express the energy = A 
of each photon in the beam: 


Substitute numerical values and _1240eV -nm _ 3 10eV 
photon — = : e 

evaluate F 'photon: 400 nm 

(b) Relate the energy incident on a E =IAAt 


surface of area A to the intensity of 
the beam: 
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Substitute numerical values and 
evaluate E: 


(c) Express the number of photons 
striking this area in | s as the ratio 
of the total energy incident on the 
surface to the energy delivered by 
each photon: 


68 >œ 


Picture the Problem The particle’s nth-state energy is £, = n’ 


E = (100 W/m? )(10* m?)(1s) 
leV 
1.60x10™ J 


=| 6.25x 10 eV 


=0.01J~x 


E _ 6.25x10"° ev 
E a 3.10eV 


=| 2.02 x10" 


N= 


2 


We can find n by 


P 


solving this equation for n and substituting the particle’s kinetic energy for En. 


Express the energy of the particle 
when it is in its nth state: 


Solve for n: 


Express the energy (kinetic) of the 
particle: 


Substitute to obtain: 


Substitute numerical values and 
evaluate n: 


69 >œ 


2 


E =n 


g 8mL 
L 
n=—./8mE, 
h 
E, = ymv 
_ 2mvL 
h 


2(10-° kg)(10= m/s)(107 m) 
6.63x 10“ J -s 


= 3,02x10" x 


Picture the Problem We can use the fact that the uncertainties are given by 
Ax/L = 0.01 percent and Ap/p = 0.01 percent to find Ax and Ap. 


(a) Assuming that Ax/L = 0.01 
percent, find Ax: 


Ax =10*(L)=10-*(10? m)=|1.00 gam 
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Assuming that Ap/p = 0.01 percent, Ap =10*mv =10* (10° kg)(1 07 m/s) 
find Ap: = [10% kg- m/s 
(b) Evaluate (AxAp)/hi : AxAp _ (1 ym)(107'° kg- m/s) 

ħ 1.054x10™ 


- [03a] 


70 œ 
Picture the Problem We can estimate the number of emitted photons from the ratio of 
the total energy in the flash to the energy of a single photon. 


Letting N be the number of emitted N= E 


photon 


photons, express the ratio of the 
total energy in the flash to the 
energy of a single photon: 


Relate the energy in the flash to the E = PAt 
power produced: 


Express the energy of a single E E he 
photon as a function of its 
wavelength: 


Substitute to obtain: N= PAtA 


Substitute numerical values and evaluate N= (5 x10" w)( Qo? s)(400 x10” m) 
N: ~— (6.63x10*J-s)(3x108 m/s) 


=|1.01x10” 


71 œ 


f 1.23 
Picture the Problem We can use the electron wavelength equation 4 = JK nm, where 


K is in eV to find the minimum energy required to see an atom. 


Relate the energy of the electron to A= 1,23 
=——nm 
the size of an atom (the wavelength VK 


of the electron): provided K is in eV. 
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Solve for K: 


Substitute numerical values and 
evaluate K: 


72 œ 


(1.23eV"2 nm) 
Whe 


2 
pe evia) [se] 


K 


Picture the Problem The flea’s de Broglie wavelength is 2 = h/ p , where p is the flea’s 


momentum immediately after takeoff. We can use a constant acceleration equation to 


find the flea’s speed and, hence, momentum immediately after takeoff. 


Express the de Broglie wavelength 
of the flea immediately after 
takeoff: 


Using a constant acceleration 
equation, express the height the flea 
can jump as a function of its takeoff 


speed: 


Substitute to obtain: 


Substitute numerical values and 
evaluate A: 


#73 oe 


A= 


ug 
Pp mv 
v =v, +2aAy 


or, since v = 0 and a = ~g, 


vy) = 2gAy 


_ A 


, 
m| 2gAy 


_ 6.63x10™ J-s 
(8x10* kg}/2(9.81m/s?)(0.2m) 


=| 4.18x10” m | 


Picture the Problem We can relate the fraction of the photons entering the eye to ratio of 


the area of the pupil to the area of a sphere of radius R. We can find the number of 


photons emitted by the source from the rate at which it emits and the energy of each 


photon which we can find using the Einstein equation. 


Letting r be the radius of the pupil, 


Nentering eye the number of photons per 


second entering the eye, and Nemittea 
the number of photons emitted by 
the source per second, express the 
fraction of the light energy entering 
the eye at a distance R from the 


enteringeye __ eye 


emitted 
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source: 


Solve for R to obtain: l 
R = r N omitted (1) 
2 N entering eye 
Find the number of photons emitted N- = P 
by the source per second: one shoin 
Using the Einstein equation, express E _ he 
the energy of the photons: eevee A 
Substitute numerical values and _ 1240eV -nm ~2.07eV 
evaluate E photon: — 600nm 
Substitute and evaluate Nemitted: N _ 100 W 
emid (2.07eV)(1.60x10-” J/eV 
=3.02x107" s7 
Substitute for Nemittea in equation (1) 3.5mm 13.02x10% s7! 
and evaluate R: R= 7 2057 


=| 6.80x10° km 


74 œ 

Picture the Problem The intensity of the light such that one photon per second passes 
through the pupil is the ratio of the energy of one photon to the product of the area of the 
pupil and time interval during which the photon passes through the pupil. We’ll use the 
Einstein equation to express the energy of the photon. 


Use its definition to relate the E 


I = P = 1 photon 
intensity of the light to the energy of en A AAt 
a 600-nm photon: 

Using the Einstein equation, express E _ he 
the energy of a 600-nm photon: a | 
Substitute for E1 photon to obtain: he 


I = 
1 photon A A A t 
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Substitute numerical values and evaluate J photon: 


-19 
Ian = (2A nn) 60210 VeV) _ x10 wim? 
(600nm)| (510° m (ts) 


75 ee 

Picture the Problem We can find the intensity at a distance of 1.5 m directly from its 
definition. The number of photons striking the surface each second can be found from the 
ratio of the energy incident on the surface to the energy of a 

650-nm photon. 


(a) Use its definition to express the l= P P 
intensity of the light as a function of A 
distance from the light bulb: 


Substitute numerical data to obtain: 90 W 2 
I = —— = [ 3.18 Wim? | W/m 
4n(1.5m)” 


(b) Express the number of photons N= TA 
per second that strike the surface as 


photon 


the ratio of the energy incident on where A is the area of the surface. 


the surface to the energy of a 650- 


nm photon: 
Use the Einstein equation to express E= he 
the energy of the 650-nm photons: A 
Substitute to obtain: N= IAA 
he 
Substitute numerical values and B (3. 18 W/m? \(ı 0* m’ )(650 nm) 
evaluate N: (1240 eV - nm)(1.60x10™ J/eV) 
=| 1.04x10" 
76 oo 


Picture the Problem The maximum kinetic energy of the photoelectrons is related to the 
frequency of the incident photons and the work function of the cathode material through 
the Einstein equation. We can apply this equation to the two sets of data and solve the 
resulting equations simultaneously for the work function. 
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Using the Einstein equation, relate 
the maximum kinetic energy of the 
emitted electrons to the frequency of 
the incident photons and the work 
function of the cathode material: 


Substitute numerical data for the 
light of wavelength 1: 


Substitute numerical data for the 
light of wavelength 1,/2: 


Solve these equations 
simultaneously for ¢ to obtain: 


77 ee 


Picture the Problem We can use the Einstein equation to express the energy of the 


scattered photon in terms of its wavelength and the Compton scattering equation to relate 


this wavelength to the scattering angle and the pre-scattering wavelength. 


Express the energy of the scattered 
photon £’ as a function of their 
wavelength 1’: 


Express the wavelength of the 


scattered photon as a function of the 
scattering angle 0: 


Substitute and simplify to obtain: 


_ he 


E'=— 
A! 


A' a ee) ee) 


mc 


where / is the wavelength of the incident 


photon. 
ja he 
ETO 
— (l1-cosĝ)+4 
m,C 
he 
z A 
ad (I1—cos6)+1 
m,Cc 
: E 
=(1-cos@)+1 
m,c 
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78 ee 

Picture the Problem While we can work with either of the transitions described in the 
problem statement, we’ll use the first transition in which radiation of wavelength 114.8 
nm is emitted. We can express the energy released in the transition in terms of the 
difference between the energies in the two states and solve the resulting equation for n. 


Express the energy of the emitted AE =E,- E, 
radiation as the particle goes from 
the nth to n — 1 state: 


Express the energy of the particle in E, = nw E, 
nth state: 
Express the energy of the particle in Eg ( — 17 E, 


the n — 1 state: 


Substitute and simplify to obtain: AE = WE, — (n — 17 E, 
=(2n-1)E, = ue 
A 
Solve for n: ie he 1 
24E, 2 
Substitute numerical values and evaluate n: _ 1240 eV -nm 4 1 Er 
2(114.8nm)(1.2eV) 2 


*79 ee 
Picture the Problem We can use the expression for the energy of a particle in a well to 
find the energy of the most energetic electron in the uranium atom. 


Relate the energy of an electron in S k 

f ; E, = 
the uranium atom to its quantum a Sm 
number n: 


Substitute numerical values and evaluate Lo): 


6.63x10™ J-s} leV 
Ey, = (92) l =[1.28M 
n= (92) eer aS 


The rest energy of an electron is: 
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m.c? = (9.11107! kg)(3« 10° ms 


Express the ratio of Ev to mc: 


e. = 0.512 MeV 
16x10 J 

E» _ 1.28MeV _ 

mc’ 0.512MeV 


The energy of the most energetic electron is approximately 2.5 times the 
rest - mass energy of an electron. 


80 eo 


Picture the Problem We can express the kinetic energy of an electron in the beam in 


terms of its momentum. We can use the de Broglie relationship to relate the electron’s 


momentum to its wavelength and use the condition for constructive interference to find /. 


Th 
i 


| Nw = dsind 


Express the kinetic energy of an 
electron in terms of its momentum: 


Using the de Broglie relationship, 
relate the momentum of an electron 


to its momentum: 


Substitute for p in equation (1) to 
obtain: 


The condition for constructive 
interference is: 


Solve for A: 


For 0<< 1, sin@is also given by: 


A 
Pog 
h? 
aT @) 
dsinO=nd 


where d is the slit separation and 
n=0, 1, 2,... 


qe dsin@ 
n 

nei” 
L 
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Substitute for sin@ to obtain: qa dAy 

nL 
Substitute for 2 in equation (2) to _ nL 
obtain: 2md?(Ayy 


Substitute numerical values (n = 1) and evaluate K: 


2 2 -34 2 
(1P (1.5m} (6.63x10% J-s) O cs 


K= = 
2(9.11x 107! kg)(54nm)*(0.68mm)’ 1.6x10°? J 


81 ee 


1133 


Picture the Problem The maximum kinetic energy of the photoelectrons is related to the 


frequency of the incident photons and the work function of the illuminated surface 


through the Einstein equation. We can apply this equation to either set of data and solve 


the resulting equations simultaneously for the work function of the surface and the 
wavelength of the incident photons. 


Using the Einstein equation, relate K nax =Af -¢ 
the maximum kinetic energy of the he 
emitted electrons to the frequency of A 

the incident photons and the work 

function of the cathode material: 


Substitute numerical data for the L2eV= he _ 
light of wavelength A: 

i i h h 
Substitute numerical values for the 1.76eV = C js Cc j 
light of wavelength 1’: A 0.84 


Solve these equations ~=|1.04eV 


simultaneously for ¢ to obtain: 


Substitute in either of the equations A =| 554nm 


and solve for A: 
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82 we 
Picture the Problem The diagram shows 4 
the pendulum with an angular displacement o 
é. The energy of the oscillator is equal to 
its initial potential energy mgh = mgL(1 — Leosd L 
cos@). We can find n by equating this 
initial energy to E, =(n+4)hf,and / 


solving for n. In part (b) we’ ll express the j + m 
ratio of AE, to E,, and solve for An. i A 


(a) Express the nth-state energy as a 


E, = (1+4 = (1+4) =E 


function of the frequency of the 2m7 \L 
pendulum: 
Express the energy of the pendulum: E, = mgL(1 — cos 0) 
Substitute to obtain: h 
mgL(1—cos 6) = (n + a. - 
2a \L 
Solve for n: 2mm] gL*(1-cos@) 1 
n= 
h 2 


Substitute numerical values and evaluate n: 


2 3/2 (4 o 
„ — 27(0.3kg)/9.81m/s° (Im) (NAET 


6.63x10™ J-s 2 
(b) Express the ratio of AE, to E;: AE, _ (n + An+ 1 nf, — (n + nf, 
E, (n + hf, 
=A a“ 
n+ł} 


Solve for and evaluate An: An=107 (n + 1) ~10‘*n=| 1.35x107 


183 ee 
Picture the Problem We can use the fact that the energy of the nth state is related to the 
energy of the ground state according to E, = WE, to express the fractional change in 


energy in terms ofn and then examine this ratio as n grows without bound. 
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2 


(a) Express the ratio Ea- En (n + 17 -n° _ 2n+1 
(En +17 E, Ev: E, 7 n? 7 n’ 
n n n 
forn >> 1. 
(b) Evaluate Eoo 7 E1000 . Ev oor 7 E1000 z 2 =| 0.2% 
E o00 E o0 1000 
© Classically, the energy is continuous. For very large values of n, the 
C 

energy difference between adjacent levels is infinitesimal. 
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Picture the Problem We can apply the definition of power in conjunction with the de 
Broglie equation for the energy of a photon to derive an expression for the average power 


produced by the laser. 
The average power produced by the P= AE 
laser is: At 

. $ Nh 
Use the de Broglie equation © AE = Nhf = C 
express the energy of the emitted A 
photons: where N is number of photons in each 

pulse. 
Substitute for AE to obtain: P= Nhe 
AAt 


Substitute numerical values and evaluate P: 


_ (5x10°)(6.63x 10 J-s)(3x10° m/s) _ 
E (850nm)(10*s) E 


Remarks: Note that the pulse length has no bearing on the solution. 


85 ee 
Picture the Problem We can find the rate at which energy is delivered to the atom using 
the definitions of power and intensity. We can also use the definition of power to 
determine how much time is required for an amount of energy equal to the work function 
to fall on one atom. 
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(a) Relate the energy per second P= AE -I4 
(power) falling on an atom to the At 
intensity of the incident radiation: 
Substitute numerical values and P= (0.01 Wim? \(0.01 x107? m? ) 
evaluate P: 
-102 lx leV 
s 1.60x10 "J 
=| 6.25x10“* eV/s 
(b) Classically: Ara nee 
P P 
. . 2 
Substitute numerical values and Tra Ai -3200s 
evaluate At: 6.25x10" eV/s 


=| 53.3min 


Chapter 35 
Applications of the Schrödinger Equation 


Conceptual Problems 


1 e 
True 
2 e 


Determine the Concept Looking at the graphs in the text for the n = 1, 2, and 3 states, 
we note that the = 4 state graph of the wave function must have four extrema in the 
region 0 < x < L and decay in toward zero in the regions x < 0 and x > L. 


(a) (b) 
iy N 
0 L pa 3 


3 ° 

Determine the Concept Looking at the graphs in the text for the n = 1, 2, and 3 states, 
we note that the n = 5 state graph of the wave function must have five extrema in the 
region 0 < x < L and decay in toward zero in the regions x < 0 and x > L. 


(a) (b) 
AW NM 
0 L 0 L 
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Estimation and Approximation 


*4 e 
Picture the Problem Assume a mass of 150 g for the baseball, 30 cm for the width of the 
locker, and 1 cm/s for the speed of the ball, and equate the kinetic energy of the ball and 
the quantum-mechanical energy and solve for the quantum number n. 


The allowed energy states of a of k 
' E,=n 
particle of mass m in a y SmI 
1-dimensional infinite potential well 
of width L are given by: 
The kinetic energy of the ball is: eee 
For E, = K: of he 1 a 
n| —— |= iy 

8mL 2 

Solve for the quantum number n: T- 2mvL 
h 

Substitute numerical values and Pa 2(0.15 kg)(0.01m/s)(0.3 m) 
evaluate n: 6.63x10™ J-s 


=1.36x10” z| 10° 


The Schrodinger Equation 


5 ee 
Picture the Problem We can show that y}(x) is a solution to the time-independent 
Schrédinger equation by differentiating it twice and substituting in Equation 35-4. 


Equation 35-4 is: h d’y(x 
-X AYO s u(ey(x)= Eyl) 
Because y,(x) and y,(x) are h? d’y (x) E 
solutions of Equation 35-4: 7 2m dx’ ü U(x) M (x) Ee (x) 
and 
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Add these equations to obtain: 


h? e , PO) 


2 2 2 huonona nono (1) 
m| dx dx 


Differentiate y, (x) = y(x) + y(x) twice dy,(x)_ dyi (x) 7 dy, (x) 


with respect to x to obtain: dx dx dx 
and 
Pya) _ Pra) Pra) 
dx’ dx’ dx? 


Substitute in equation (1) to obtain: 
h? d’°y,(x 
= Yal ) +U(x)y (x) =Ey,(x) 
2m dx 


which shows that y, (x) = y; (x) +y, (x) satisfies Equation 35-4. 


The Harmonic Oscillator 


6 ee 

Picture the Problem We can relate the spring constant to the mass of the hydrogen atom 
and its angular frequency and then use the relationship between the allowed energy levels 
and the angular frequency @ to derive an expression for the spring constant k. 


The spring constant k is related to k=mo* (1) 
the mass m of the hydrogen 
molecule and its angular frequency 


O: 
Relate the energy spacing AF to the AE = hf = ho =e 
angular frequency æ: 2 
Solve for a: _ AE 

@ = — 

h 

Substitute for @ in equation (1) to AE) 
obtain: k=m Eg 


Substitute numerical values and evaluate k: 
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1.66x10’kg)( 8.7x10 J Y 
k =| 1ux =[1.14kN/m 
í u han J-s 


Remarks: Our result is very similar to the stiffness constant of typical macroscopic 
springs. Note that strictly speaking one should use the reduced mass of a hydrogen 
molecule rather than the simpler model of a single atom attached to a fixed point. 


7 ee 
2 
Determine the Concept The integral (x) = f xy] dx = 0 because the integrand is an 


odd function of x for the ground state as well as any excited state of the harmonic 
oscillator. 


*8 ee 

Picture the Problem We can differentiate y(x) twice and substitute in the Schrödinger 
equation for the harmonic oscillator. Substitution of the given value for a will lead us to 
an expression for E4. 


The wave function for the first v, (x) = Axe 
excited state of the harmonic 
oscillator is: 


Compute dy;,(x)/dx: dy, (x ) d | 


Compute d? y,(x)/dx’: 


2 
d'y ils) — d | Aer | = -2ax4 e — 4ax4 e + 4 Ae 
dx dx 


= (4a?x° = 6ax)4,e" 


Substitute in the Schrödinger equation: 
h’ 2.3 —ax? 1 2.2 -ax* -ax* 
= (4a x= 6ax)A,e +5ma,x Axe™ = E Axe” 
2m 


2 
—ax 


Divide out 4e ™ to obtain: 


= t (4a a = 6ax)|+ imax = Ex 
m 
or 
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h? h? 
-E fuas) EÈ (a)ri = Ex 


Solve for E; to obtain: E= 


9 cco 
Picture the Problem We must show that, with Zo = (2ma@/h)"“, the normalization 


(oa) 2 eal 
condition f Wo (x) dx = f 


—0 


2 
ie: 
Ae” | dx =1is satisfied. 


We need to show that: 2% a o2 i 
Jivo(x)| dx = [|e “~ | dx=1 
With P £ MO, Y2 a E. 
s[za (te) [ro a22) fea 
o C h lana)’ 


normalization condition becomes: 


In Example 35-1 it is shown that: MO, 


Substitute to obtain: 


ma, ie ma, 1e 
Let s = 0 | x. Then: ds = o| dx 
h h 
and 
ma, \ 
dx = (=a) ds 
h 
Substitute for dx and simplify to 2 $ o 


1 = 
obtain: Jivo(x)| ie fe ds 
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From integral tables (see Table D-5): ae 
á ( ) Í e~” ds = Jr 


—0 


Th f a (ee) 2 1/4 
a f Wo (x)| dx =1provided A, = (Aa ) 


—-09 


10 eco 


Picture the Problem We are required to evaluate (x?) = [x Wo (x) j with 


MO, 


—ax2 : 
Yo (x) = Áe ™ , where a= . We can then use U,, = 4m} (x?) to find the 


average potential energy of the harmonic oscillator. 
+00 


(x?) = fep dx 


—0 


We need to evaluate: 


For the ground state of the harmonic yl Ss Ae 
oscillator: 
2 +0 
Substitute for to obtain: Dar 
y| cae = A fxe 2ax dx 


—0 


+00 
2 2 -2ax* 
=2A) [xe “dx 
0 


Use the appropriate integral from (x?) 94? 1 m _ AS T (1) 
the inside of the back cover of the 4 (2 a) 4a \ 2a 


text to obtain: 


The normalization condition is: 


1= fv * dx = A; feu dx 


+0 


=24; fee dx 


Again, use the appropriate integral isj 1 irz wilt 
from the inside of the back cover of ee 2 or =m p 
the text to obtain: 


Solve for Æ; to obtain: 
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Substitute in equation (1) to obtain: 


From Example 36-1: 


Substitute for a in equation (2) to 
obtain: 


The average potential energy of the 
oscillator is: 


Substitute for (x?) and simplify: 


11 ee 


1 2a |m 1 
alate la] © 
4a\ az \2a 4a 

Ma 


2h 


U, -bma 5] =| Fhe, 


Picture the Problem We can combine the result for (x?) from Problem 10 and the 


result for (x) from Problem 7 to obtain an expression for (x?}- (x) . The lowest 


energy of the electron in an infinite potential well is given by £, = ——~ 


(a) From Problem 10 we have: 


The ground-state energy is given by: 
Solve for @ to obtain: 

Substitute in equation (1) and 
simplify to obtain: 

From Problem 7 we have: 


Substitute equations (1) and (2) in 
the expression (x?) = (xY to 


obtain: 


h? 
mE ` 
h 
2\ _ 
e F 2M0, 4 
1 
E, =n 
_ 2h 
oh 
Gaon 
4mE, 
(x)=0 (2) 
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‘ 3 2 
Substitute numerical values and evaluate (x?) — (x) : 


1.05x10J-s 1 
eey es 
2 


-19 
(9.11x107! ks) 2x10" eV x need 
e 


- [5am] 


(b) The lowest energy of an electron E h’ 
trapped in an infinite potential well 
is: 


Letting L = (x?) — (x) yields: 


h? 
E = 
8m. f(x?) = (x) 


Substitute numerical values and evaluate £): 


i (6.63 x 10° J s) leV = 


8(9.11x10™ kg)(9.49x10® m} 16x10" J 


12 coo 
Picture the Problem We can begin by equating the average kinetic energy of the 


harmonic oscillator and its average potential energy and solving for ( p’) and then 


evaluating and substituting for (x°). 


According to the problem statement: (p°) 7 1 A (x?) 
2m 2 
Solve for (p°): (p*) = k(x") 
or, because O, = = 
m 
(p?) = ma, (x") (1) 


We need to evaluate: (x?) 2 fel _ a [ret ax (2) 


MO, 
2h 


where a = 


Applications of the Schrédinger Equation 


d 
Let y = Jax’. Then x? = X and: dx= PAAA 
2a 2ax 


With appropriate substitutions, the integral becomes: 


o y? p ydy tT y? o y 2ady z 1 


“2a 2ax 2 2a 2ay A 
From integral tables (see Table D- Too 1 
5): f ye” dy <n 
In Problem 35-9 it was given that: je (2m j 
h 
Substitute in equation (2) to obtain: (x2) 1 mo, W274 i 
= sa | =A 0 
(2a)" P A 2 
Substitute for a and simplify: (x?) 7 1 í 2ma, )’ í 1 z 
MQ) a h 2 
h 
_ oh 
2M0, 
Substitute for (x?) in equation (1): (p>) 7 | h Sera 
> Oo} 5 2 0 
2ma, 
13 eco 
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Picture the Problem We can use the definition of the standard deviation of Ax and Ap 


and the results of Problems 7, 10, and 12 to determine the uncertainty product Ax Ap for 


the ground state of the harmonic oscillator. 


Express the standard deviation of Ap (Ap) = \( P- Pya y l. 
(see Equation 17-35a): = |p? ~2pp..- p’ 


av day 


Because Pay = 0: (Ap) = (p? Ja 
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Express the standard deviation of Ax (Ax)? = (x -x y l 


see Equation 17-35a): 
i = [x ~ 2XX ay ~ x l. 


Because xa = 0: (Ax)? = (x? i. 
We have, from Problems 10 and 12, Z _ ( Ax) 2 h 
for the ground state of the harmonic 2MQ, 
oscillator: and 
hmo 
2 2 0 
=(Apy = 
(p*)= (Ap) = 
Express the product of (Ax)? and ( Ax) ( Ap) _{_h hma, _ h” 
(Ap) l 2ma, 2 4 
Take the square root of both sides of h 
i : AxAp = — 
the equation to obtain: 2 
Reflection and Transmission of Electron Waves: Barrier 
Penetration 
*14 oe 
Picture the Problem We can use the total energy of the particle in the region 
x > 0 to express k in terms of @ and kı. Knowing k in terms of kı, we can use 
2 
R= G-a to find R and T = 1 — R to determine the transmission coefficient T. 
(k, + ky) 
(a) Using conservation of energy, hk; 


+U, =aU 
express the energy of the particle in m : . 


the region x > 0: 


Solve for ka: k- {2mU, (a -1) 
=~ 


From the equation a the total ki [2mau, 
energy of the particle: 1 h 
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Express the ratio of kz to ky: 2mU, (a —1) 
ky h _ ja-l 
k, K 2mau, a 
h 
-1 
and k, = c 
a 
(b) The reflection coefficient R is n (k-k, Y 
given by: Z (k, +k) 
Factor k, from the numerator and k, : 
denominator to obtain: 1- k 
R= 5 
1+ kz 
k 
Substitute our result from (a) for wi : 2 
N aE ool. 
kəlkı: \ 7 1 te ewe ee 
R= >= a - 
ea 1+ | 
Va a 
The transmission coefficient is FPEX] 2 
given by: 1- i 
T=1-R=1 i 
1+ U 
a 


A spreadsheet program to plot R and T as functions of œ is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
A2 1.0 a 
B2 (1-SQRT((A2-1)/A2))/ et 2 
(1+SQRT((A2-1)/A2))\2 Lj) 
a 
1+ ee, 
a 
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A B C 
1 alpha R T 
2 1.0 1.000 0.000 
3 1.2 0.298 0.702 
4 1.4 0.198 0.802 
5 1.6 0.149 0.851 
18 4.2 0.036 0.964 
19 4.4 0.034 0.966 
20 4.6 0.032 0.968 
21 4.8 0.031 0.969 
22 5.0 0.029 0.971 


The following graph was plotted using the data in the above table: 


1 2 2 3 3 4 4 5 5 
alpha 
15 oe 
Picture the Problem We can use the total energy of the particle in the region 
(k, — k, j 


x> 0 to find kz. Knowing kz, we can use R = z to find R and T= 1- R to 


(k +k) 


determine the transmission coefficient T. 


Applications of the Schrédinger Equation 1149 


(a) Using conservation of energy, 
express the particle in the region x > 
0: 


Solve for ka: 


From the equation for the total 
energy of the particle: 


Express the ratio of kz to ky: 


(b) The reflection coefficient R is 
given by: 


Substitute for k/k, and evaluate R: 


(c) Because R + T= 1: 


(d) If we let No represent the number 
of particles incident upon the 
potential step, then the number that 
continue beyond is: 


16 ee 


27,2 
ale -U =2U, 
2m 
ae 6mU, 
h 
i 4mU, 
h 


6mU, 
k, „J4mU, 2 2 
h 


2 
2 
R=+——,, =| 0.0102 


T =1- R =1-0.0102 =| 0.990 
N,T =10° x 0.990 =| 9.90 x 10° 


Classically, all10° would continue 


to move past the potential step. 


Picture the Problem We can use the energies in the regions U = 0 and U = U to express 


the ratio of the potential energy to the total energy in terms of the ratio of the wave 


numbers. We can also express this ratio in terms of the reflection coefficient R to obtain 


an expression for the ratio of E to U in terms of R. 


1150 Chapter 35 


In the region U = 0: 
In the region U = Up: 


Let r equal the ratio of k to ky: 


Letting Uo = U, solve for U/E: 


Write the reflection coefficient R as 


a function of 7 = 


HON 
k, 
Solve for r to obtain: 


Substitute for r in equation (1): 


Substitute a numerical value for R 
and evaluate £/U: 


27,2 
put ki ee aml 
27,2 — 
roa. k; HE [amt U,) 
m h 
2m(E -U, 
2 
r= h =,]1 Uo 
2mE E 
h? 
U 2 
—=1-r 1 
F (1) 
i= 
R-k ny | z 


U 1+4R 
E 
U 14+ 70.5 
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Picture the Problem The probability that a proton will tunnel out of a nucleus in one 
collision with a nuclear barrier if it has a given energy is given by Equation 35-29. 


Equation 35-29 is: Tage” 

where 

2m(U, - E J2m(U, - E) 
gQ = 7 = 
h h 

Multiply the numerator and 2mc* (U o7 E ) 
denominator of @ by c to obtain: as hc 

where 


he =1.974x10 "® MeV -m 


Using m,e? = 938 MeV, evaluate T: 


as _ \ 2038 MeV )(6 MeV 
= evl- ao" nl <10” Na 4) i 


*18 ee 
Picture the Problem The probability that the electron with a given energy will tunnel 
through the given barrier is given by Equation 35-29. 


(a) Equation 35-29 is: T =°” 
where 
— [2m(U,-E) _y2m(U,-E) 
h? h 
Multiply the numerator and 2mc* (U o7 E ) 
denominator of @ by c to obtain: a= hc 
where 


hc =1.974x10" MeV -m 
Using m,e? = 511keV, evaluate T: 


= 2(511keV \25eV —10eV z 
T= al- (io j me = 


(b) Repeat with a = 10°'° m: 
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2(511keV\25eV —10eV 
a eol- ao" ns : ak MeV -m ll 7 


19 ewe 
Picture the Problems We can find the distance of closest approach by equating the 
kinetic energy of the alpha particle and the Coulomb potential energy. The probability that 
the electron with a given energy will tunnel through the given barrier is given by 

T =e°™, where g is the transmission coefficient and depends on AE. 


(a) The distance of closest approach E- k2eZe 
is related to the kinetic energy E of r 
the alpha particles: 
Solve for rı: 2kZe’° 
n= E 

For E = 4 MeV: 

2(8.99 10° N-m?/C?)(92)(1.6 x10? CÙ 

FaMev 7 b a = ee ~ c) =] 6.6210 4m 
AME x 
eV 

For K = 7 MeV: 

2(8.99 x 10° N- m?/C?)(92)(1.6 x10? CY 

ge A N E a — =[3.78x10"'m 
7MeV x= E 
e 
(b) The transmission coefficient T is ir (1) 
given by: where 
| 2mAE _ J2mAE 
g = 7 = 
h h 


Evaluate 4 mev for AE = 4 MeV: 


27 -19 
of auts “E amev St n) 
u 


eV 
=8.78x10“ m" 


4Mev ~ 1.05x10J-s 
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Evaluate Q7 mev for AE = 7 MeV: 


27 -19 
ja 1.66 x10 M8 [rev 1.610 a 


u eV 
=1.16x10"m"? 


Ay Mev = 


1.05x10“J-s 


~2(8.78x10"4 m )(6.62x10-4 m) 


Substitute numerical values in Pana = 
equation (1) and evaluate 74 mev: -[327x10" 

: : : = -2(L.16a08 m=)(3.78x10-" m) 
Substitute numerical values in T my =€ 


equation (1) and evaluate 77 mev: -l8 21x10” 


The Schrödinger Equation in Three Dimensions 


20 >œ 


Picture the Problem We can use E 


2 2 2 
ohr k p 


2 
n 
3 : . : 
m,m, T E > +— > | with the given sides 
L L 3 


2m 


of the box to find the quantum numbers n1, nz, nz that correspond to the lowest ten 
quantum states of this box. 


The energies of the quantum states P ha fn? nh n 
are given by Equation aan awt Lo L 
35-34: 

For a box with sides L, E hain h m 
Ly = 2L,, and L; = 3L;: wan Sm Li AL o 


i P 
8m ` 4 9 


h? 


=—— (36n? +9n? +n? 
rr ! i :) 


2 


The energies in units of are listed in the following table: 


288mL; 
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76 
81 
88 
108 
109 
121 
133 
136 


= |e |e je le je je IR 
N |w |w |e IN JIN |e IN 
BIN TR IR |WIN [WwW je 


21 œ 
Picture the Problem The wave functions are of the form 


y = Asin “7 y [sin MT y sin| 27 z 
L oT, 3L, 


22 œ 


Picture the Problem We can use E 


y n. 2 2 
ohr n My 


2 
n 
3 . . . 
mmn, T 5 > +— > | with the given sides 
L L 3 


2m 


of the box to find the quantum numbers n1, nz, nz that correspond to the lowest ten 
quantum states of this box. 


(a) The energies of the quantum j hm fn n w 
states are given by Equation nmm Pm E H É LÈ 
35-34: 

For a box with sides L4, E B hen? ny R n; n; 
L = 2L, and L; = 4L: nmt Om| E AL IGE 


8mL;\ © 4 16 


2 
= —— (16n? + 4n; +n; 
ae i 2 :) 


2 


The energies in units of are listed in the following table: 


128mL; 
ny | n2|n3| E 
1} 1 ]1 4] 21 
1} 1 {2 | 24 
1/1) 3 | 29 
1} 2 {1 | 33 
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36 
36 
41 
45 
48 
53 
56 
56 


= |e |e |e Je je je je 
NJIA Jje |A a JU INJA 


U je JW IN |e IN IN je 


Referring to the table, we see that (11,4) and(â4, 2,2) 
there are two degenerate levels: 


and 


(1,1,6)and(1,3,2) 


*23 œ 
Picture the Problem The wave functions are of the form 


y = Asin “7 [sin nt y sin| 2” z 
L T 4L, 


24 >œ 
Picture the Problem The boundary conditions in the y and z directions are the same 


those in Figure 35-1. In the x direction, we’ll require the y= 0 at —L/2 and L/2. 


(a) The boundary conditions in the x y(-4L)=y(EL)=0 
direction are: 


The general solution of the time- y(x) = Asin kx + B cos kx 
independent Schrödinger equation 
is: 


Apply the boundary conditions to y(- 1 L) 2 ein kL X BCO kL _0 
obtain: 2 2 
and 


2 


kL L 
w(4L)= ia sba =0 

2 2 
Eliminate the terms in B by Asin kL -0 


subtracting the equations: 


f L 
For A + 0: F sin 0=0,7,27, ees 
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or 

kann, =0,2,4, 
L 

Eliminate the terms in A by adding Bsin KL _ 0 

the equations: 

For B + 0: CEE EA aA 
2 2 2 2 
or 
k =Z n, =135, ... 

L 
Thus: 
n ni Nat 
x,v,z)= B cos == x |sin| — sin} == z |n =2n+1 
y (x,y,z) [4 + sin( 2 y) [22m 
and 


nm No NaI 
x,y,z) = Asin| == x |sin} 2 sin} == z |, n, =2n 
y(x,y,z) (z ) (22>) (2 ) , 


The ground-state wave function is: 


T T T 
1,1,1)= Acos| — x |sin| — y |cos| — z 
yl) k ) (D) É ) 


(b)| The allowed energies are the same as those for a well with U =0 for 0< x< L. 


25 ee 

Picture the Problem We can apply the solution to the time-independent Schrödinger 
equation in three dimensions to obtain the wave function and the allowed energies for the 
given two-dimensional region. In (c), we must find three different sets of quantum 
numbers (m,n) for which the sum of the squares are the same. 


(a) The solution to the time- y (x, y) = Asink,xsink,y 
independent Schrédinger equation in 


=| Asin = sin Ma 
two-dimensions is: = T x T y 


where n and m are integers. 


(b) The energy is quantized to the 
values: 


(c) The lowest two states that are 
degenerate are: 


(d) The energies of three lowest 


states that have the same energies 
2 


(in units of ——,, ) are listed in the 
L 


table to the right: 


The quantum numbers for the three 
states are: 
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h 2 2 
= n +m 

n,m 8mI2 ( ) 
5h? 

Ep =E= 7 
8mL 
n|m | Enm 
1/71] 50 
7/1) 50 
5/15} 50 


| 7), || (7.1), Jana | (5,5) 


and their energies are 


h | 25h? 
E=(50 = 
osr ir 


The Schrödinger Equation for Two Identical Particles 
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Picture the Problem We must differentiate Equation 35-37 twice and substitute these 


derivatives in this equation to show that it is a solution. 


With U = 0, Equation 35-35 
becomes: 


Differentiate Equation 35-7 with 
respect to xı: 


Compute the second derivative with 
respect to xı: 


ne ayx, x) h? ayx, x) 
2m Ox; 2m x; (1) 


= Ey(x,,x,) 


a ee Asin Z gin 2 
L L 


Ox, 7 Ox, 
AT TX . 27, 
= — cos — sin — 
L L L 
: A 
é A -2 | cos Zisi San 
Ox; ôL L L 
An’ I. 27 
=- sin — sin —= 


L L L 
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Differentiate Equation 35-7 with ôy ð Asin = si 27x, 
—— = —| Asin — sin —+ 
respect to x: Ox, OX, 
2AT . Thy 27x, 
= sin — cos 
L L L 
Compute the second derivative with ay _ 0 | 2An sin ZL cos 27x, 
respect to xz: ôx, &,| L 
4AT? . m, 2m, 
= >—sin in 
L L L 


Substitute in equation (1) to obtain: 


h?| Ar? . m. 2m,| A| 4An* . m. 2m, 
S 
2m| P L L 


= FAsin ™ sin els, 
L L 


Solve for E to obtain: B Shen? 
2mL’ 


Thus we've shown that Equation 35 - 37 satisfies Equation 35 - 35 provided 
22 
E- oh a l 
2mL 
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Picture the Problem Because bosons have symmetric wave functions and do not obey 
the Pauli exclusion principle, they can occupy the same ground state. 


The ground-state energy of a single oO K 

particle in a one-dimensional box of O.tparticle gy? 

length Z is: 

For 10 bosons: E 10k? | 5h? 
0,10 bosons 8m AmL? 


*28 e 
Picture the Problem For fermions, such as neutrons for which the spin quantum number 
is 4, two particles can occupy the same spatial state. 
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The lowest total energy for the 10 E= 2E (P +2? +3 +4 4 5?) 
fermions is: h? 
= 2) —— |55 
o 


_ | 55h? 
| Ami? 


Orthogonality of Wave Functions 
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Picture the Problem We need to show that f Yo (x)y, (x)dx =0, where y(x) and y(x) 


—0 


are given by Equations 35-23 and 35-25, respectively. 


Equations 35-23 and 35-25 are: Wo (x) = Ae” 35-23 
and 
yl) = Axe 35-25 
Note that y(x) is antisymmetric, Wo (x)y, (x) is antisymmetric 


whereas w(x) is symmetric. 
Because the product of an 
antisymmetric function and a 
symmetric function is 
antisymmetric: 


Because the integral of an 2 
antisymmetric function over J Yo (x WW, (x ) dx =0 


symmetric limits is zero: 


30 eo 


Picture the Problem We need to show that Í A (x)y, (x)dx = 0, where y(x) is given 


00 


in the problem statement and y, (x)= Axe. 


Note that y(x) is antisymmetric, WY, (x)y, (x) is antisymmetric. 
whereas w(x) is symmetric. 

Because the product of a symmetric 

function and an antisymmetric 

function is antisymmetric: 
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Because the integral of an P 
antisymmetric function over | vı (x)y2 (x)ax > 
symmetric limits is zero: 


31 ee 


L 
Picture the Problem We need to show that f sin( “= sin( Na =0. 
0 


Use the trigonometric identity (sin a@)(sinba) = + {cos|(a—b)a]—cos|(a +b)a]} 


to rewrite the product of the two sine functions as the difference of two cosine functions: 


LoT a) 


L 
Substitute for sin ilaa and sin ao and evaluate Í sin aa sin na dx: 
L L L L 


0 


JE co (nm!) cod (+m la- — L 


T n+m 


Because n and m are integers and n + m, the sine functions vanish at the two limits x = 0 


L 
and x = L. Therefore, fon "= sin( Na =0 forn +m. 


0 
General Problems 
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Picture the Problem We can use the wave functions y(x) and y(x) and the definitions 
of <x> and <x*> to evaluate these quantities and the wave functions at x = 0. 
(a) The wave functions y(x) and 2 (ma 

Vn =4{— sin] — x |m=2n 
w(x) are: VE 


and 


2 
Wn =| COS Pr ,m=2n+1 
VL L 


Applications of the Schrédinger Equation 


Evaluate these functions at x = 0 to 
obtain: 


(b) Because |y, (x) i is an even 


function of x in all cases, xy $ (x) is 


an odd function of x and: 


(c) Forn= 1: 


From integral tables: 


3 


[x sin’ (ax) dx = = 


Use this integral with a = /L to obtain: 


Forn = 2: 


From integral tables: 


3 
X 


3 
X 


where n = 0, 1, 2, ... 


v4(0)= js Z0|-[0 
and 
2 T 2 
y,(0)= VE cos Z0) BET 
L/2 
(x) = [xwilx)adx =|0 
-L/2 
J T 
(x?) =— Í x’ sin? — xdx 
L Ep L 
1 : x cos|2ax 
5) sin(2ax) = aa 
P 6 
(x?) = = (1 4 
L/2 
(x?) = 2 Í x’ cos? ai 
L -L/2 


es cos’ (ax) dx = i 


| 


4a 


Use this integral with a = 27/L to obtain: 


1 |. x cos\2ax 
sis n(oas) a 
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Picture the Problem We can determine the energies of the state by identifying the four 
lowest quantum states that are occupied in the ground state and computing their 
combined energies. We can then find the energy difference between the ground state and 
the first excited state and use this information to find the energy of the excited state. 


Each n, m state can accommodate (1,1), (4,2), (2,1) and (2,2) 
only 2 particles. Therefore, in the 
ground state of the system of 8 Note that the states (1,2) and (2,1) are 
fermions, the four lowest quantum distinctly different states because the x and 
states are occupied. These are: y directions are distinguishable. 
The energies are quantized to the h? g ee 
=f fazan) 
values given by: mom SmL 


The energy of the ground state is the sum of the energies of the four lowest quantum 
states: 


E = E + E, + Ez; + Ey» 


2 


h? h h h 
= {| (a0 |+ ead P l ead Sarh d] a] 
= l ]e+5+5+8) 


8m 
_ 5h? 
mL’ 
The next higher state is achieved by AE = E3- E, 
taking one fermion from the (2,2) E h? : 2) h? (2 i 2) 
state and raising it to the next higher ~ 8m 8mI2 
unoccupied state. That state is the h? k 
(1,3) state. The energy oars = aan? (10 8) = mr 
between the ground state and this 
state is: 
Hence, the energies of the degenerate E3 = E31 = Eo tAE 
states (1,3) and (3,1) are: 5}? h2 21h? 
— + = 
mÉ 4m’ 4ml 
The three lowest energy levels are 5h? 
therefore: £y= mL 


and two states of energy 
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34 ee 


21h? 


Picture the Problem The energy levels are the same as for a two-dimensional box of 


widths Z and 3. 


(a) The energies of the bound states 
are given by: 


The three lowest energy states are: 


(b) Express the condition that must 
be satisfied for two states to be 
degenerate: 


This condition is first satisfied for: 


Find the energy of this doubly 
degenerate state: 


35 eco 


h 2 2 
= Qn’ +m 
72mL’ l ) 
: 
E,, =——-(9+1)= 
. ami | ) Es 
h? 13h? 
E., =—_—-(9+4)= 
= eer ) 72m 
and 
h? h? 
E z= ——————— + =) ae 
a a ) AmL? 


None of these states are degenerate. | 


2 ye ee 2 
I(r -nè )= m? -mi 


n =2,m, =3,andn, =1and m, = 6 


Sh? 
8mL’ 


h? 
Bos zz 8 +9)= 


Picture the Problem We can use the definition of the classical expectation value 
(average value) to show that the classical expectation value of x° for a particle in a one- 
dimensional box of length L centered at the origin is L7/12. In (b) we’ll proceed as in (a) 
using the definition of the quantum expectation value of x’. 
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(a) The classical expectation value is given 2) E r 24 
by: i = oe eee fx T 
2 2 =I =L 
"B -1(2) 
Li 3], n LA 12 
LC 
|42 
(b) For a particle in the nth state in a (x? _2 i Be nn oie 
one-dimensional box: 7 L 


From integral tables: 


3 3 
2 ...2 xX x 1 . _ xcos(2ax) 
f x? sin*(ax)dx = 5 í siz E 


In the limit n >> 1: 


36 eo 
Picture the Problem We can solve Equation 35-28 for T and substitute for R using 
Equation 35-27. Letting r = k2/k, and simplifying will lead to the given result. 


Equation 35-28 is: T+R=1>T=1-R 


From Equation 35-27: 


. ae 2 2 2 
Substitute for R to obtain: Te1- (1 — al 5 (1 + r) — (= r) 
(1 + r) (1 + r) 
Z 4r 
(l+r) 
Substitute for k»/k, for r and Te 4k, k, 


simplify to obtain: (k, +k, y 
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37 eo 
Picture the Problem We can use the energies in the regions U = 0 and U = U) to express 
the ratio of the wave numbers k; and k> in these regions in terms of £ and Uo and the 


(=r) 


definition of the reflection coefficient R to show that R = 


(try. 
In the region Up = 0: hk? 2mE 
E= => k =,/—- 
m h 
In the region U = Up: 2k? 2m E — 
g 0 Bu ee m( =U.) 
2m h 
Let r equal the ratio of ky to ky: 2m E -U, 
r= hi h 1 Bi 
k, 2mE E 
hi? 
The reflection coefficient R is given R- (k, —k, y 
oy: (k, +k) 
Factor k, from the numerator and k, $ 
denominator to obtain: 1- k 
R — 1 
= a 5 
k, 
Substitute for k»/k, to obtain: P (1 _ ry 
7 (a + ry 
38 ee 


Picture the Problem 


From Problem 37 we have: ry | 
(a) put r) where r = 1-22 


(tr)? 
Because E = QU, R can be written: í 1 
r=,j1-— 
a 
From Problem 36 we have: T= 4r 
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A spreadsheet program to plot R and T as functions of œ is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
A2 1.0 a 
B2 SQRT(1-1/A2) 1 
a 
C2 (1-B2)\2/(1+B2)\2 (1 _ ry 
(+r) 
D2 4*B2//(1+B2)\2 4r 
(1 + ry 
A B C D 
1 alpha r R T 
2 1.0 0.000 1.000 0.000 
3 1.5 0.577 0.072 0.928 
4 2.0 0.707 0.029 0.971 
5 2.5 0.775 0.016 0.984 
16 8.0 0.935 0.001 0.999 
17 8.5 0.939 0.001 0.999 
18 9.0 0.943 0.001 0.999 
19 9.5 0.946 0.001 0.999 
20 10.0 0.949 0.001 0.999 


The following graph of R and T as functions of @ was plotted using the data in the table: 
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b) From the graph, we note that, as æ —> œ, T + land R > 0. The graph 
also shows that, asa —> 1, T —> O and R —>1. 


39 coo 
Picture the Problem We require that 


oo 


—=00 


Expand the integrand to obtain: 


A f ax -— if e?” dx= 242f ax -— i e° dx =1. 
0 


V E I. = 2 L9 gy2 = 2 
(2ax? =i) ge = (4a?x* — 2ax* +4)e aad ee ™ —2ax e ™ + 


Substitute in the integral expression: 


co 
re: cp? = 
24? | (4a°x“e 2a = ax e +1 6° 


0 


or 


Ba’ A; | xte? dx — Aad; | xe? dx + $A; edx =1 (1) 
0 0 0 


Use the definite integrals f e* dx= 1 ; Z and 
A 2\b 

r 3 1-3-5---(Qn-1 

(are dx = 3 5 a n ) 

2” b” 


0 


(1) term by term: 


3 m 1 m 
Ba AT —~ aA kaa 
É EA 2a | i E> zl 


or 

>| 3 İT ae LZ 

A; 

4\2a 2\2a 4\2a 
or 
AS 1 Z =1 
2 \2a 

Solve for 42: Qa 


—2ax 
Le 


E ,n= 1 (see Table D-5) to integrate equation 
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MO, _ Ma zt 
2} h A, =| 4 


Because a = 


40 ewe 
(a) Let x = —x. The second derivative is an even operator, that is, 

d’y(- x)/d(- x) = d?y(x)/dx’ . Therefore, if U(- x) = U(x), the Schrédinger 
equation for y(—x) = y (x) and must give the same values for the energy E. If 

wy (-x) differs from w (x), the ratio y(—x)/w (x) cannot be a function of x and must be a 
constant. Hence, y (x) = Cy (-x). 


(b) The previous result means that replacing the argument of the wave function by its 
negative is equivalent to multiplication by C. Thus, if Cy (—x) is a good wave function 
and we replace its argument by its negative, that is, by x, we must multiply by C again. 
Thus, y(x) = C’y(x), C? =1, and C= 1. 


*A1 eco 
Picture the Problem We can follow the step-by-step procedure outlined in the problem 
statement to show that (Eav)min = + 4 Å @. 


1. The total classical energy is: Es = Uy + Bay 
(1) 
= imo’ (x?),, + (e) 
2. Express the standard deviation of (Ap)? = ( P-DPey y l 
Ap: 


=|p?-2pp,,- p’ ] 


av “av 


Because Pay = 0: (Ap) = (P) 
3. Express the standard deviation of (Ax)? = (x — Xy y l 
Ax: 


Because xa = 0: (Ax)? = (x? n 
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4. Use the nacertamiy pe ae me? ke), ri (Ap?) 
Ap = h/2Ax to eliminate (p*),, from Im 
the average energy in equation (1): 1 h? 
=1ma*(x?),, +—| “~~ 
2m A(Ax) 
h? 
2 2 
=tma'|x"),,+ 
2 ( ), 8m x? B 
Let Z = (x”)ay to obtain: 
e (x*)ay to obtain iia h 
8mZ 
5. Differentiate Ea with respect to Z dk, da, 27 4 h? 
and set this derivative equal to zero: dZ dz)?’ 8mZ 
h? 
= 4mo* -—— = 0 for extrema 
8mZ 
Solve for Z to find the value of Z Z= h 
that minimizes £,y (see the remark 2mo 
below): 
6. Evaluate Ex when Z = hi/2ma: í of À h? (2mo 
(Es Jos = z Mo + 
2moa) 8m\ h 
=| tho 


Remarks: All we’ve shown is that Z = fi/2mq@ is an extreme value, i.e., either a 
maximum or a minimum. To show that Z = ħ/2m œ minimizes Ea, we must either 1) 
show that the second derivative of Ea with respect to Z evaluated at Z = h/2mq@is 
positive, or 2) confirm that the graph of E» as a function of Z opens upward at Z = 
hi2ma 


42 cco 
Picture the Problem 


The classically allowed region is for 
E > U(z). In the figure below, this 
region extends from z = 0 to z = 


Zmax+ 
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The kinetic energy is £ — U(z). In K(z) 
this case, K(z) is a straight line 
extending from £ at z= 0 to 0 at z = E 


Zmax: 


“max 


A sketch of the wave functions for 


the lowest three energy states is 
shown to the right: 


43 ee 
Picture the Problem If f(x) = 0 everywhere on the interval 1 < x < 2, then the slope of 
fx) is zero everywhere on the interval; and if the slope remains zero everywhere on the 
interval, then the rate of change of the slope (with respect to x) also remains zero 
everywhere on the interval; the rate of change of slope remains zero everywhere on the 
interval, then the rate of change of the rate of change of the slope also remains zero 
everywhere on the interval; and so on. More concisely, if f(x) = 0 everywhere on the 
interval 1 < x < 2, then derivatives of f(x) with respect to x of order 1, 2, 3, ... are each 
equal to zero everywhere on the interval. 


Calculating the first three df 3 
derivatives of fwe obtain: ae = 3Ax" + 2Bx + Cx 
d’ 
f =6Ax+2B 
IX 
and 
d? 
f =6A 
dx 
Using d°f/df* = 0 and solving for A A=0 
one obtains: 
Substituting 0 for A in the ay 
expression for d°f/dx* gives: et =0+2B=2B 
Using d°f/dx* =0 and solving for B B=0 
yields: 
Substituting 0 for both 4 and B in df 


— =0+0+ Cx = Cx 
d 


the expression for df/dx yields: he 


Using df/dx =0 and solving for C C=0 
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one obtains: 


Substituting 0 for 4, B, and C in the f=0+0+0+D=D 
expression for f gives: 

Using f = 0 and solving for D D=0 

gives: 


Thus, we’ve shown that if f(x) = Ax? + Bx? + Cx + D = 0 everywhere on the interval 
1 <x <2, it follows that A = B=C=D=0. 
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Chapter 36 
Atoms 


Conceptual Problems 


*1 e 
Determine the Concept Examination of Figure 35-4 indicates that as n increases, the 
spacing of adjacent energy levels decreases. 


2 ° 

Picture the Problem The energy of an atom of atomic number Z, with exactly one 
E? 

electron in its nth energy state is given by E, = -Z 2 a2? n=1,2,3,.... 


2 


Express the energy of an atom of Ha _7? Fo (ATS... 
n 


atomic number Z, with exactly one 


electron, in its nth energy state: where £) is the atom’s ground state energy. 
For lithium (Z = 3) in its first 2 Ey 
excited state (n = 1) this expression E, = -(3) P =-9E, 
becomes: 
and | (a) is correct. 
3 ° 


Determine the Concept Bohr’s postulates are 1) the electron in the hydrogen 

atom can move only in certain non-radiating, circular orbits called stationary states, 2) if 
E; and E; are the initial and final energies of the atom, the frequency f of the emitted 
radiation during a transition is given by f= [E; — E;]/A, and 3) the angular momentum of a 


circular orbit is constrained by mvr = nh. | (a) is correct. 


4 oe 
Picture the Problem We can express the kinetic energy of the orbiting electron as well 
as its total energy as functions of its radius 7. 


Express the total energy of an E=K+U 
orbiting electron: 
Express the orbital kinetic energy of kZe? 
an electron: K= (1) 
2r 
Express the potential energy of an kZe? 
orbiting electron: U == 7 
Substitute and simplify to obtain: kZe kZe kZe 2kZe° 
E = = 
2r r 2r 2r 
—— kZe’ 
2r 
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Thus, as r increases, E becomes 


less negative and therefore increases. 


Examination of the expression for K makes it clear that if r increases, 


K decreases. 


5 ° 
Picture the Problem We can relate the kinetic energy of the electron in the n = 2 state to 
its total energy using E, = K,+U,. 


Express the total energy of the E,=K,+U,=K,—-2K, =—K, 
hydrogen atom in its n = 2 state: or 
K,=-E 


2 


Express the energy of hydrogen in 


Ey (1)? B aE 


2 2 
n 


! E, =-Z° 
its nth energy state: n n 


where E is hydrogen’s ground state 
energy and Z= 1. 


Substitute to obtain: E; _ ££, _ Éo 


(d) is correct. 


6 e 
Picture the Problem The orbital radius r depends on the n = 1 orbital radius ao, the 
atomic number Z, and the orbital quantum number n according to r = n°ao/Z. 


The radius of the n = 5 orbit is: 2 Ay 
r= 5 q = 25a% 


because Z = 1 for hydrogen. 


(b)is correct. 


*7 e 
Determine the Concept We can find the possible values of / by using the constraints on 
the quantum numbers n and ¢. 


The allowed values for the orbital n 

quantum number ¢ for 1 

n = 1, 2, 3, and 4 are summarized in 2 0,1 

table shown to the right: 3| 0,1,2 
4 | 0,1,2,3 

From the table it is clear that @ can (a) is correct. | 


have 4 values. 
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8 ° 
Picture the Problem We can find the number of different values m, can have by 
enumerating the possibilities when the principal quantum number n = 4. 


The allowed values for the orbital (=0,1,2,3 
quantum number £ and the and 
magnetic quantum number m, for m, =—3,—2,—1,0,1, 2,3 


n = 4 are summarized to the right: 


From this enumeration we can see (c) is correct. 


that m can have 7 values. 


9 e 
Picture the Problem We can visualize the relationship between the quantum number £ 
and the electronic configuration as shown in the table below. 


fvalue|O0}1/2/3/41/5 


Because the p state corresponds to £ = 1, | (c) is correct. 


*10 « 
Determine the Concept The s state, with / = 0, is a "penetrating” state in which the 


probability density near the nucleus is significant. Consequently, the 3s electron in 
sodium is in a region of low potential energy for a significant portion of the time. In the 
state Z = 1, the probability density at the nucleus is zero, so the 2p electron of sodium is 
shielded from the nuclear charge by the 1s electrons. In hydrogen, the 3s and 2p electrons 
experience the same nuclear potential. 


11 eco 

Determine the Concept In conformity with the exclusion principle, the total number of 
electrons that can be accommodated in states of quantum number n is n? (see Problem 
48). The fact that closed shells correspond to 2n? electrons indicates that there is another 
quantum number that can have two possible values. 


12 » 
Picture the Problem We can group these elements by using Table 35-1 to look for a 
common outer electronic configuration in the ground states. 


The following elements have an outer 4s? titanium, manganese, and calcium 


configuration in the ground state: 
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The following elements have an outer 4s potassium, chromium, and copper. 


configuration in the ground state: 


Remarks: It is to be expected that atoms of the first group will have similar 
properties, and, likewise, that atoms of the second group will have similar 
properties. 


13 > 
Picture the Problem We can use the fact that the sum of the exponents in the electronic 
configuration representation is the atomic number to identify these two elements. 


(a) Adding the exponents yields a sum of 15. Because this sum is the atomic 


number, Z, the element must be| phosphorus. 


(b) Adding the exponents yields a sum of 24. Because this sum is the atomic number, Z, 


the element must be 


Remarks: Checking the electronic configurations in Table 35-1 further confirms 


these conclusions. 


*14 >» 
Picture the Problem We can apply the constraints on the quantum numbers / and m, to 
find the possible values for each when n = 3. 


Express the constraints on the n =1,2,3,..., 
quantum numbers n, ¢, and m;: é£=0,1,2,...,.n-1, 
and 


m, =£,- +1... l 


So, for n = 3, the constraints on 4 =| 0,1,and2. 


limit it to the values: 


m, can take on the values: m, =| —2,-1,0,1,2 


15 >œ 
Determine the Concept The correspondence between the letter designations K, L, M, N, 


O, and P for the shells and the principal quantum number n is summarized in the table 
below. 
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Shell designation K L M N O P Q 
n 1 2 3 4 5 6 7 

£ 0 0 0 0 0 0 

1 1 1 1 1 1 

2 2 2 2 2 

3 3 3 3 

4 4 4 

5 5 

6 


While n = 2 for the L shell, / can be either 0 or 1. | (d) is correct. 


16 ee 
Picture the Problem The strengths and weaknesses of each model are summarized in the 
following table. 


Bohr Theory Schrédinger Theory 
Ease of application Easy Difficult 
Prediction of stationary Correct predictions Correct predictions 
state energies 
Prediction of angular Predicts incorrect Predicts correct results 
momenta results 
Spatial distribution of Predicts incorrect Predicts correct probabilistic 
electrons results distribution 


17 ee 

Determine the Concept The optical spectrum of any atom is due to the configuration of 
its outer-shell electrons. Ionizing the next atom in the periodic table gives you an ion 
with the same number of outer-shell electrons, and almost the same nuclear charge. 
Hence, the spectra should be very similar. 


*18 ce 

Determine the Concept The Ritz combination principle is due to the quantization of 
energy levels in the atom. We can use the relationship between the wavelength of the 
emitted photon and the difference in energy levels within the atom that results in the 
emission of the photon to express each of the wavelengths and then the sum of the 
reciprocals of the first and second wavelengths and the sum of the reciprocals of the third 
and fourth wavelengths. 
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Express the wavelengths of the 
spectral lines 2;, 22, A3, and A, in 
terms of the corresponding energy 
transitions: 


Add the reciprocals of 4, and 2, to 
obtain: 


Add the reciprocals of 43 and A, to 
obtain: 


Because the right-hand sides of 
equations (1) and (2) are equal: 


One possible set of energy levels is 
shown to the right: 


19 > 


he 
AEE 
3 2 
LE he 
E,- E, 
he 
=e 
3 A 
and 
Js he 
E-E, 
1 1_ 5-A, E,- E, 
A he he 
A, 2 (1) 
_F,-E, 
he 
1,1 E-E, E-E, 
A he he 
A, ‘4 (2) 
_ E-E, 
he 
1 
— 4+ — = — 4+ — 
2 3 Aj 


Determine the Concept An allowed transition must satisfy the selection rules 


Am, = 0 or £1 and A% = +1. 
(a) A% = —1 and A m, = 0: 
(b) (3,0,1) does not exist. 
(c) A% = -1 and Am, = 2: 


(d) A7 = +1 and A m,=1: 


The transition is allowed. 


The transition is not allowed. 


The transition is not allowed. 


The transition is allowed. 
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(e) A£ = —-1 and Am, = 0: The transition is allowed. 


Estimation and Approximation 


*20 -e 
Picture the Problem The number of photons need to stop a ®Rb atom traveling at 300 
m/s is the ratio of its momentum to that of a typical photon. 


(a) The number N of photon-atom AD tom mv mvc 
collisions needed to bring an atom N= =E E 
to rest is the ratio of the change in Proton — 

c 


the momentum of the atom as it 
stops to the momentum brought to 
the collision by each photon: 


where m is the mass of the atom. 


The kinetic energy of an atom bee 3kT 
whose temperature is T is: im =2kT > v=,{/— 
m 
Substitute for v to obtain: 
mc [3kT c 
N =—.,|— =—~v3mkT 
E\ m E 


For an atom use mass is 50 u: 


3x10° m/s 1.66x10” kg asf z 
N= 3| 50u x = > |(1.38 x 10 * J/K (500 K) =| 10 


-19 
lev x 1.6x10°° J 
eV 


(b) The number N of ping-pong ball- AProwlingball Wye. 
bowling ball collisions needed to = = 


bring the bowling ball to rest is the Poing-pongball  ”’ppb ppb 
ratio of the change in the 
momentum of the bowling ball as it 
stops to the momentum brought to 
the collision by each ping-pong ball: 
Provided the speeds of the A 
approaching bowling ball and ping- N= aL py Oe CEE X 
pong ball are approximately the Pping-pongbat Mpp 48 
same: 
(c) The number of photons N needed APaon mv mvA 
to stop a ®Rb atom is the ratio of the N3 p = h 
photon 


change in the momentum of the 
atom to the momentum brought to 
the collision by each photon: 


Substitute numerical values and evaluate N: 
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85(1.66 x10” kg }(300 m/s)(780.24nm) 


N= 


6.63x10™ J -s 


21 oo 


=| 4.98x104 


Picture the Problem We can use the relationship between the kinetic energy of an atom 


and its momentum, together with the de Broglie equation, to derive the expression for the 


thermal de Broglie wavelength. In Part (b), we can use the definition of the number 


density of atoms and the result from Part (a), with the interatomic spacing set equal to the 


thermal de Broglie wavelength, to estimate the temperature needed to create a Bose 


condensate. 


(a) Express the kinetic energy of an 
atom in terms of its momentum: 


Use the de Broglie relationship to 


express the atom’s momentum in 
terms of its de Broglie wavelength: 


Substitute for p to obtain: 


The kinetic energy of an atom is 
also a function of its temperature T: 


Equate these expressions for K to 


obtain: 


Solve for Ar: 


(b) The number density of atoms p 
is given by: 


Assume that the atoms are arrayed 
on a cubic lattice of lattice spacing d 
to obtain: 


Solve for d to obtain: 


Setting d = A,r yields: 


Ka? 
2m 
ih 
P i 


where Aris the thermal de Broglie 
wavelength. 
h? 
7 2m4; 


Emy 


where N is the number of atoms and V is 
the volume they occupy. 


N 1 
V = Nd? and p= = 
ee = Nae d 


Atoms 1181 


Solve for 7 to obtain: h? p” 


Substitute numerical values and evaluate 7: 


3 


2/3 
2 atoms 10° cm° 
cm’ m 


(6.63x10™ J -sf (1 
T= 


=| 75.2nK 


3(85 u( 1.66 107 s) (1.38 x10” 4 
u 


The Bohr Model of the Hydrogen Atom 


22 œ 
2 

Picture the Problem The radius of the first Bohr orbit is given by a, = mke? : 

mke 
Equation 36-12 is: OK 

° mke 
Substitute numerical values and evaluate ao: 
(1.05x10™ J -s} 
= =5.26x10™" m 


“o (0.11x10*"kg)(8.99<10° N -m?/kg?)(1.60x10” C) 


- [00525m] 


23 >œ 

Picture the Problem We can use the equation relating the wavelength of the radiation 
emitted during a transition between two energy states to find the wavelengths for the 
transitions specified in the problem statement. 


Express the wavelength of the l= 1240eV-nm _ 1240eV-nm 
radiation emitted during an energy AE E-E; 
transformation from one energy provided the energies are expressed in eV. 
state to another: Note that this relationship tells us that the 


longest wavelength corresponds to the 
smallest energy difference. 


Because E; = —13.6 eV: _ 1240eV -nm 
E, +13.6eV 
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Express the energy of the nth energy 
state of the atom: 


Substitute to obtain: 


(a) Evaluate equation (1) for 


n=n,=3: 


(6) Evaluate equation (1) for 


n=n,=4: 


24 œ 


1240eV -nm 
_ 13.6eV 


2 
n 


_ 1240eV -nm 
13.6 |1- =| 


2 
n 


J= 


+13.6eV 


(1) 


1240eV -nm 

i= 2 = [103mm] 
13.6eV l= 
3 


13.6 ev(1- z) 


Picture the Problem For the Balmer series, £;= E = —3.40 eV. The wavelength 
associated with each transition is related to the difference in energy between the states 


wis 1240 eV -nm l 

E-E; 
Express the wavelength of the 
radiation emitted during an energy 
transformation from one energy state 
to another: 


Evaluate AZ for the transition 
n=3ton=2: 


Because £; = E, = —3.40 eV and 
Eo = —13.6 eV: 


Evaluate equation (2) for n = 3: 


_ 1240eV-nm 
© AE 
provided the energies are expressed in eV. 
Note that this relationship tells us that the 
longest wavelength corresponds to the 


A (1) 


smallest energy difference. 


AE,, 5 = E, -E, = fE, 
n 
13. 
AE, p =— ON 43.40eV O 
n 
13. 
A gE Ay 


Substitute in equation (1) to obtain: 


Evaluate equation (2) for n = 4: 


Substitute in equation (1) to obtain: 


Evaluate equation (2) for n = 5: 


Substitute in equation (1) to obtain: 
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1240eV -nm 
A = ——_——-_ =| 656nm 
al 


Ai gS N AN 


4? 
=| 2.55eV 


_ 1240eV -nm _ 
2.55eV 


486nm 


AE, yy =- oY 4.3,.40eV 
5 


=| 2.86eV 
1240eV -nm 
A = ——_ =| 434nm 
psy 7484mm | 
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Picture the Problem We can use Bohr’s second postulate to relate the photon energy to 


1240eV -nm 


its frequency and use A = to find the wavelengths of the three longest 


i~ 
wavelengths in the Paschen series. 
(a) Use Bohr’s second postulate to hf = AE = E, - E; 
express the energy of the photons in 

the Paschen series: 


For the series limit: n=oo and E, =0 


Substitute to obtain: 


TEM Í #) 5 a) 


Evaluate the photon energy for hf = ae =|1.51leV 


Nn = 3: 
Express the wavelength of the l= 1240eV -nm (2) 
radiation resulting from an energy AE 


transition AF = hf: provided the energies are expressed in eV. 
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Evaluate Amin for the transition 
n=oto nm =3: 


(b) For the three longest 
wavelengths: 


Equation (1) becomes: 


Evaluate equation (3) for n = 4: 


Evaluate equation (2) for 
AE = 0.661 eV: 


Evaluate equation (3) for n = 5: 


Evaluate equation (2) for 
AE = 0.967 eV: 


Evaluate equation (3) for n = 6: 


Evaluate equation (2) for 
AE = 1.13 eV: 


1240eV -nm 
7 | ee | 821nm | 
mu 1.51eV [ 82inm | 


n, = 4,5,and6 


1240eV -nm 
A, a = = = | 1876nm 
43 0.661eV | 1876nm | 
1 1 
AE... =(13.6eV }| — -— 
533 ( ( 2 ) 


=| 0.967 eV 


1240eV -nm eV -nm 
= 1282nm 
fs ~ 0.967eV © 967eV = [1282nm | 


1240eV -nm 
Ae.» = = = | 1097 nm 
643 1.13eV | 1097 nm | 


The positions of these lines on a horizontal linear scale are shown below with the 
wavelengths and transitions indicated. 


1097 nm 1282 nm 1876 nm 
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Picture the Problem We can use Bohr’s second postulate to relate the photon energy to 
1240eV -nm 

its frequency and use 2 = ———————— to find the wavelengths of the three longest 


i f 


wavelengths in the Brackett series. 


(a) Use Bohr’s second postulate to hf =AE=E,-E, 
express the energy of the photons in 
the Paschen series: 


For the series limit: n=o0 and E; =0 
Substitute to obtain: E E 
AE =—E; = 5 = (1) 
Ny ny 
13.6eV 
Evaluate the photon energy for hf = ey =| 0.850eV 
n = 4: 4 
Express the wavelength of the Az 1240eV -nm D 
radiation resulting from an energy AE 
transition AF = Af: provided the energies are expressed in eV. 
Evaluate Amin for the transition 1240eV -nm 
oe A n == =| 1459 nm 
n=0tom=4: = 0.850eV 1459mm | 
(b) For the three longest n, =5,6,and7 
wavelengths: 
Equation (1) becomes: E E 
: AE =E -E= A í 3 l 
i Ny 


Evaluate equation (3) for n = 5: 


- [0607] 


Evaluate equation (2) for A 1240eV -nm = 
AE = 0.306 eV: ~~ -0.306eV 


4052nm 
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Evaluate equation (3) for n = 6: Aiea, (13 6eV) 1 1 
A 16 36 
=| 0.472eV 
Evaluate equation (2) for A = 1240eV-nm _ 7627 nm 
AE = 0.472 eV: ®>4 0.472 eV 
Evaluate equation (3) for n = 7: AE, = (13 6 ev) dks 
— 16 49 
=| 0.572eV 
Evaluate equation (2) for L = 1240eV -nm _ 7168 nm 
AE = 0.572 eV: m4 0.572eV 


The positions of these lines on a horizontal linear scale are shown below with the 
wavelengths and transitions indicated. 


2168 nm 2627 nm 4052 nm 


27 ee 
Picture the Problem We can use the grating equation to find the wavelength of the given 
spectral line and the Rydberg-Ritz formula to evaluate R. 


(a) The grating equation is: mA =dsin@ 
where m = 1, 2, 3,... 


Solve for A: qe dsin@ 

m 
Substitute numerical values and qe (3.377 zan)sin11.233° 
evaluate 4 for m = 1: 7 1 


- [657mm] 


(b) The Rydberg-Ritz formula is: 1 a| 1 1 l 


Solve for R to obtain: 


Substitute numerical values and evaluate R: 
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1 1 
“3\ a i 
ee 
oa fia 
0.6578 um| 1 1 


2? 3° 


= 10.946 um” =| 1.0946 x10’ m7 


Remarks: The data used here came from a real experiment. The value for R differs 
by approximately 0.2% from the commonly accepted value. 
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Picture the Problem This is an extreme value problem in which we need to identify the 
relationship between £ and r, differentiate it with respect to r, and set that derivative 
equal to zero. Solving the latter expression for r will give us rm. 


Express the total energy of the 
electron: 


Differentiate this expression with 
respect to r to obtain: 


Solve for r to obtain: 


Differentiate E£ a second time to 
obtain: 


Evaluate d’°E/dr* at r to obtain: 


2 2 

po 
2mr r 
dE d| B 


d’ E _ kiem’ 
dr’| r hê 


r= 
ke’m 


>0 


Therefore, our extreme value is a minimum 
and the value for r that minimizes the 
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h? 


2 
ke“m 


Note that this is just the Bohr radius Ew, =| 13.6eV 


ao. Consequently, the energy is the 


energy is r = 


ground state energy of the hydrogen 
atom and: 


*2Q ooo 
Picture the Problem We can express the total kinetic energy of the electron-nucleus 
system as the sum of the kinetic energies of the electron and the nucleus. Rewriting these 
kinetic energies in terms of the momenta of the electron and nucleus will lead to K = 
p/2m,. 


(a) Express the total kinetic energy K=K,+K, 
of the electron-nucleus system: 


E the kineti ies of th i ? 
xpress the kinetic enenpIES.0 e K -= p md K = p 
electron and the nucleus in terms of £ 2m, ği 
their momenta: 
Substitute to obtain: f i aq. 1 
K=? 4£ -2 + 
2m, 2M 2\m, 


(b) From Equation 36-14 we have: 


m,k*e* m, 
R= 7 =d (1) 
a 14+— 
where 
k'et 
~ Anch? 


Use the Table of Physical Constants at the C =1.204663x10” m“ / kg 
end of the text to obtain: 
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For H: 


Substitute numerical values and evaluate Ry: 


-31 
R, = (1.204663x10” m- /kg) 11x10 ks _|-1.096850x10 m" 
911x10" kg 


1.67x10” kg 


Let M — œ in equation (1) to obtain Ri approx = CMe 


Ryapprox: 


Substitute numerical values and evaluate Ry, approx: 


aawo = (1.204663 10” m™/kg)(9.11x10" kg) =| 1.097448 107 m“ 


R 


Ry and Ry aprox agree to three significant figures. 
(c) Express the ratio of the kinetic p’ 
energy K of the electron in its orbit K 2m, „u 1 m,m, 
about a stationary nucleus to the K po m, 7 m, m, +m, 
kinetic energy of the reduced-mass 2m 
system K’: 7 m, B 1 
m, +m, 1+ m, 
my 
Substitute numerical values and K_ 1 
evaluate the ratio of the kinetic K' ia 9.11x10™ kg 
energies: 1.67 x10” kg 
= 0.999455 
or 
K =0.999455K’' 


and the correction factor is the ratio of the 
masses or | 0.0545% 


1190 Chapter 36 


Remarks: The correct energy is slightly less than that calculated neglecting the 
motion of the nucleus. 
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Picture the Problem We can use Equation 36-15 with Z = 2 to explain how it is that 
every other line of the Pickering series is very close to a line in the Balmer series. We can 
use the relationship between the energy difference between two quantum states and the 
wavelength of the photon emitted during a transition from the higher state to the lower 
state to find the wavelength of the photon corresponding to a transition from the n = 6 to 
the n = 4 level of He’. 


(a) From Equation 36-15, the energy E 


2 
levels of an atom are given by: E,=-Z Po 
where Ey is the Rydberg constant 
(13.6 eV). 
For He’, Z = 2 and: E 
E, =-4—+ 
n 


Because of this, an energy level with even principal quantum number n in He’ will have 
the same energy as a level with quantum number n/2 in H. Therefore, a transition 
between levels with principal quantum numbers 2m and 2p in He’ will have almost the 
same energy as a transition between level m and p in H. In particular, transitions from 
2m to 2p = 4 in He’ will have the same energy as transitions from m to n = 2 in H (the 
Balmer series). 


(b) Transitions between these energy he 

levels result in the emission or E-E (1) 
absorption of a photon whose ee 

wavelength is given by: 


Evaluate £s and £4: 
hee E, = (Pe) =-1.51eV 
6 
and 
E,= (Pe) = -3.40 eV 
4 
Substitute for Eş and E4 in equation 1240 eV -nm 
(1) and evaluate 4: A= —1.51eV — (- 3.40 eV) E 


which is the same as then = 3 ton =2 
transition in H. 


Quantum Numbers in Spherical Coordinates 
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Picture the Problem We can use the expression relating L to £ to find the magnitude of 
the angular momentum and the constraints on the quantum numbers to determine the 


Atoms 
allowed values for m. 


(a) Express the angular momentum L=Jlll+ 1h 
as a function of £: 


Substitute numerical values and p= Aa+1 j = J2ħ 
evaluate L: — V2(1.055x10J s) 


=| 1.49x10™ J -s 
(b) Because m, =— £, ..., 0, ..., 2 m, = 


the allowed values for 4 = 1 are: 


(c) The vector diagram is shown on 
the right. Note that because 
L,=mh and L= J 2h , the vectors 
for m, = —1 and m= 1 must make 
angles of 45° with the z axis. 
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Picture the Problem We can use the expression relating L to £ to find the magnitude of 


the angular momentum and the constraints on the quantum numbers to determine the 


allowed values for m. 


(a) Express the angular momentum L=flll+ ih 
as a function of £: 


Substitute numerical values and L= RBB +1)ħ = 24/3h 
evaluate L: = 2/3(1.055x10™ J -s) 


=| 3.65x10™ J-s 
(b) Because m, =- £, ..., 0, ..., L m, =| -3,—2,—1,0,+1,+2,+3 


the allowed values for @ = 1 are: 
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(c) The vector diagram is shown on 
the right. Note that because 
L,=mhand L = 23h , the angles 
between the vectors and the z axis are 
determined by cos@,, =m, / 213. 
Thus & = 30°, @ = 54.7°, and 

0, = 73.2°. The spacing between the 
allowed values of L, is constant and 


equal to Å. 
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Picture the Problem We can find the possible values of by using the constraints on 
the quantum numbers. A more analytical solution is to first derive the number of electron 
states for an arbitrary value of n and then substitute the specific value of n. 


(a) When n = 3: £=] 0,1,2 


(b) For £ =0: m, =| 0 
For l =1: m, =| —1,0,+1 
For L = 2: mM, = —2,-1, 0,+1,+ 2 


(c) We can find the total number of 
electron states by enumerating the 
possibilities as shown in the table. 


NINININI ejejejoj> 
j= 


Ww |www juw j wjw] ww] a 


N 
N 


Note that there are 9 m states. Because N, the number of electron states is 


twice the number of m, states, the number of electron states is 18. 


Alternatively, we can derive an expression for the number of electron states for an 
arbitrary value of n and then substitute specific values of n: 


The number of m, states for a given 


n is given by: (=0 (0 40 
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Express the sum of all integers from p 
0 to p: >)! =4p(p +1) 
¢=0 
n-1 n-1 
Use this result to evaluate 25 : 2) 4 = 2[4(n-1)n]=n? -n 
(=0 (=0 
Evaluate the second term to obtain: © Hen 
(=0 
Substitute to obtain: N,, =n -ntn=n 


and, because N, the number of electron 
states is twice the number of m states, the 
number of electron states is N = 27’. 


Hence, for n = 3, the number of electron N=2n2 = 2(3) =| 18 
states is: 
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Picture the Problem While we could find the number of electron states by finding the 
possible values of / from the constraints on the quantum numbers and then enumerating 
the states, we’ll take a more analytical approach by deriving an expression for the number 
of electron states for an arbitrary value of n and then substitute specific values of n. 


The number of m states for a given n N, = (2 0 +1) = 25° 14 y (1) 
is given by: (=0 0 f=0 
Express the sum of all integers from p 
T >) 2 =4p(p +1) 
(=0 
n-1 n-1 
Use this result to evaluate 2y 2 ; oy 2 = 2|4 (n —1)n] =n’ -n 
(=0 ¢=0 
Evaluate the second term to obtain: < =n 
=0 
Substitute to obtain: N, =n -ntn=n 


and, because N, the number of electron 
states is twice the number of m states, the 
number of electron states is N = 27’. 
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(a) For n = 4, the number of electron N =2n? =2(4) = 


states is: 


(b) For n = 2, the number of electron states N = 2n? = 2(2)° -—|8 
is: 


*35 ee 
Picture the Problem The minimum angle between the z axis and L is the angle between 


the L vector form = @ and the z axis. 


E th le ĝas a function of L 
xpress the angle @as a function o Agel e 

L- and L: 

Relate the z component of Lto m, L,=mħ=4ħ 

and £: 

Express the angular momentum L: L=Jlll+ ih 


Substitute to obtain: Lh 4 
0 =cos | ——= | = cos™| ,/ —— 
O(C+1)h +1 


(a) For ¢ = 1: 1 
0 = cos” — =| 45.0° 


(c) For @ = 50: 


(b) For £ = 4: i 4 z 
= cos (aiea 


36 oo 
Picture the Problem We can use constraints on the quantum numbers in spherical 
coordinates to find the possible values of n and m, for each of the values of £. 


The constraints on n, m, and £ are: n= 1, 2,3,... 
é=0,1,2,...,n-1 
m,=—£,(-@ +1),...0,1,2,.. l 
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(a) For £ =3: n= 4andm, =-3,— 2,—1,0,1,2,3 


(b) For L =4: n= Sand m, = —4,—3,—2,—1,0,1,2,3,4 
(c) For / =0: n>landm, =0 | 
37 eo 


Picture the Problem The magnitude of the orbital angular momentum Z of an electron is 
related to orbital quantum number ¢ by L = 4/4 (e +1) and the z component of the 


angular momentum of the electron is given by L, = mh. 


(a) For the Z = 2 state, the square P= 2(2 +1)? =| 6h? 
magnitude of the angular 
momentum is: 


(b) For het = 2 state, the maximum i — 2h? =| Ah? 
value of L; is: 


(c) The smallest value of K + L, is i + -p si - 6h? -4R —| 272 
given by: 


Quantum Theory of the Hydrogen Atom 
38 œ 
1 Z 3/2 
Picture the Problem We can use y(r) = +l) e “© to evaluate the normalized 
do 
ground-state wave function and its square at r = ag and P(r) = Anr*lw j to find the radial 


probability density at the same location. 


(a) Noting that Z = 1 for hydrogen, iti 3/2 
evaluate yla) to obtain: y (a,) = —=| — | e”% 


(b) Square yla) to obtain: 1 2 T 
ed, 
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(c) Use the result from part (b) to evaluate TE 3 1 
Play): P(a,) = 47a) y| = 47a) = 7 
| 4 
e'a 
*39 œ 


Picture the Problem We can use the constraints on n, 4, and m to determine the number 


of different wave functions, excluding spin, corresponding to the first excited energy state 
of hydrogen. 


Forn = 2: £=0O0orl 
(a) For £= 0, m= 0 and we have: 1 state 
For /= 1, m, = —1, 0, +1 and we 3 states 
have: 


Hence, for n = 2 we have: 


(b) The four wave functions are n|£|m,|(n, €,m) 

summarized to the right. 2/0] 0 (2,0,0) 
| 4 | 0 | 21-9 
2} 1} 0 | 210 
Pale (2,1,1) 


40 


3/2 
1z -Zra ; 
Picture the Problem We can use y(r) = +2) e“' to evaluate the normalized 
A 


ground-state wave function and its square and P(r) = 47r’ y j to find the radial 


probability density at the same location. Because the range Ar is so small, the variation in 
the radial probability density P(r) can be neglected. The probability of finding the 
electron in some small range Ar is then P(r) Ar. 


Express the probability of finding Probability = Í P(r)dr (1) 


me Co conte tangs where P(r) is the radial probability density 


function. 


The radial probability density P(r) = Aa |y| (2) 
function is: 


Express the normalized ground-state 
wave function: 


Evaluate the normalized ground- 
state wave function evaluated at 


r = dg to obtain: 


Square yla) to obtain: 


Substitute in equation (2) to obtain: 


(a) Substitute in equation (1) to find 
the probability of finding the 
electron in the small range 

Ar = 0.03ao: 


(b) Evaluate the normalized ground- 
state wave function at r = 2aọ to 
obtain: 


Square y (2a,) to obtain: 


Substitute in equation (2) to obtain: 


Substitute in equation (1) to find the 
probability of finding the electron in 
some small range 

Ar = 0.03ao: 
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mt \ Ay 
ee 1 
N eee, —ao/a 
wla) P (2) ea. A 
1 i 1 
2f) _ 
WV (a,) z eair 


Probability = | P(a, Jdr ~ P(a, )Ar 


(0.03a,)=] 0.0162 


2 
ed 


3/2 
1 1 —2ag/a, 1 
2 ay, Set o/% o 
y a) o = € ea, Ira, 


2 
1 1 
2a. )= = 
y ( a) = z) eaèr 


P(2a,)= 42(2a,) yf = rsm E) 
e aya 


16 


4 
Cd, 


Probability = | P(2a, )dr = P(2a, )Ar 


a (0.03a, ) =| 0.00879 


Cay 


Remarks: There is about a 2% chance of finding the electron in this range at r = ao, 


but at r = 2a), the chance is only about 0.9%. 
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Ale 


Picture the Problem We can use Equation 36-36 and the given expression for C29 to 
evaluate the spherically symmetric wave function y for n = 2, ¢ =0, 


m, = 0, and Z = 1 and then use this result to evaluate y^ and P(r) for r = ao. 


(a) Express the spherically 
symmetric wave function for 
n=2, & =0,m,=0, and Z=1 
(Equation 35-36): 


Evaluate this expression for 


r = do: 


(b) Square W, o0 (a,) to obtain: 


(c) Express the radial probability density: 


Substitute to obtain: 


42 ecco 


F —r/2ag 
Wo0,0 = Con 2 - : 


0 


3/2 
1 1 r -r/2a, 
a 2 g ma 
4/27 \ ay ay 


i i 3/2 

a _ 
= 2 _ “o ag/2ag 
Wa oola) Ar [2 a, k 


1 0.0605 


44 2era? i ag’ 


, (0.0605) | 0.00366 
lv 2,0,0 (a, ) = 3/2 = 3 
ag ag 


P(r) = 4nr*y*(r) 


P(a,) = 4m2 0:00366 _| 0.0460 
i ° a: a 
0 0 


Picture the Problem We can use the definition of the radial probability density and the 
wave function (Equation 35-37) for the state (2, 1, 0) to obtain the result given in the 


problem statement. 
Using Equation 35-37, express the 
wave function for the state 


(2, 1, 0): 


Square W>19(r) to obtain: 


Zr y 
Woio(") = Cr10 =e 7” cos 
a 


0 


2 
ARO) = Z F gaia cos 0 


0 


2 
e 7! cos’ 0 
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Express the radial probability P(r) = 4m °y’ (r) 

density: 

Substitute and simplify to obtain: P(r) a Cc, : Z i oHl% cos? 0 
ag 


= | Ar‘ cos’ @ e 7” 
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Picture the Problem In this instance, f P(r)dr extends over a sufficiently narrow 


interval Ar << 0.02aọ that we can neglect the dependence of P(r) on r. Hence, we can 
set Í P(r)dr = P(r)Ar and use the wave function (Equation 36-36) for the state 
(2, 0, 0) and the expression for Czo, from Problem 41 to find yo, Woo , P(r), and the 


probability of finding the electron in the range specified at r = ap and 


y= 2aọ. 


(a) Express the probability of Probability = f P(r)dr (1) 


Mengke electa Me tanee a where P(r) is the radial probability density 


function. 
The radial probability density P(r)= 4m’) (2) 
function is: 
The normalized wave function for r \ -2a 
; Pa =C 2=— je 7 
the (2, 0, 0) state of hydrogen is 0 0, o 
given by Equation 36-36: 
From Problem 41 we have, for 1 1 i 
hydrogen: Cr,0,0 = LOr a, 
Substitute to obtain: ak 
Woo0(") = Con 2 -. i 
0 


3/2 
1 1 r -r/2a 
= — 2 ie 
4/27 \ dy ay 
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Evaluate the normalized ground- (a,) 1 1\" ae 
i = yY á j= ——}| —_ e 49/44 
state wave function at r = ap to 2,0,0\40 4 oe A 
obtain: 
1 _ 0.0605 


4 27a}? at ? 


Square Wa oola) to obtain: | ( } 0.0605 2 0.00366 

a = = 

Wo 0,0 0 a?’ a 
Substitute i tion (2) to obtain: : 
ubstitute in equation (2) to obtain Paje Amy (a) z sn ee 
0 
_ 4n(0.00366) _ 0.0460 
ao do 

Substitute in equation (1) to find the Probability = f P( a dr x P(a ) Ar 
probability of finding the electron in ° : 
some small range _ 0.0460 
Ar = 0.02 ao: a (0.024, ) 


- [p207] 


(b) Evaluate the normalized ground-state wave function at r = 2aọ to obtain: 


3/2 
1 1 2a, | _ 
2a,)= 2-0 |e Pw = 
Wasnt 0) a(t) a, 


Square W>0,0(24y) to obtain: lW oola )] *=0 


Substitute in equation (2) to obtain: P(2a,)=0 


Substitute in equation (1) to find the Probability = f P(2 a, )dr x P(2 a, ) Ar 
probability of finding the electron in 


some small range =l 0 
Ar = 0.02 ap: 


*44 oe 


3/2 
1 Z -Zra -Zra + 
Picture the Problem We wish to show that W o, = +2) e7 = Ce” isa 


Vn \ ay 


Juey = Ey, where ce, me 


r 


2 


solution to . Because the 


h ð í > OW 
r 
2mr* Or or 
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ground state is spherically symmetric, we do not need to consider the angular partial 
derivatives in Equation 36-21. 


The normalized ground-state wave iraz 3/2 
function is: Vioo =| 2| e7 = Ce” 
O° e ay 
Differentiate this expression with W oo ð | p a] VARE 
respect to r to obtain: or =C em e =-C—e 
0 
Multiply both sides of this equation OV as a. Z 2 -Za 
by r^“: r n i r'e 
0 


Differentiate this expression with respect to r to obtain: 


2 
0 #2 OW 1.0.0 --C ZO (Pe %* ) = _2fr 2 zZ Ce 7l% 
Or or a Or Gi 


Substitute in Schrédinger’s equation to obtain: 


2 2 2 
O R| 2% ef Z l Pet e i eah 


2mr dy dy r 
Solve for £: 2 2 
h 2Zr ə Z kZe 
E= 5 +r 
2mr as Ap r 
h? 
Because a) = ——;: 
mke 
h 2mke’ Zr | Zmke? i kZe kZe Z’kem kZe 
E = 2 2 +r 2 = 2 
2mr h h r r 2h r 
_| _ Z*k’e*m 
2h? 


Because this is the correct ground state energy, we have shown that Equation 
36-33, is a solution to Schrédinger’s Equation 36-21 with the potential energy function 
Equation 36-26. 
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Picture the Problem We can substitute the dimensions of the physical quantities for the 
physical quantities in Equation 36-28 and simplify the resulting expression to show that it 
has dimensions of energy. 
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Equation 36-28 is: whee 
0 
The units of this equation are: Naa 2 , 
[ks] —>—} [c] i 
C _ [kg][N-m?] 
[J s|’ [N-m s|’ 
_ {ke][m]’ 
bf 
=| [p] 
46 œ 


2 
Picture the Problem The Bohr radius is a, = ae . We can substitute the dimensions 
mke 


of the physical quantities for the physical quantities in this equation and simplify the 
resulting expression to show that it has dimensions of length. 


Because the SI units of A are J-s, its M.-L? T M.-L? 
dimensions are: T? — T 
Because the SI units of k are M-L pe 1 M L3 


N-m’/C’, its dimensions are: 


TO Q TQ 
where Q is the dimension of charge. 
Substitute the dimensions r 2 
ie va M2-L! 
ina, = to obtain: T 2 
% mke’? SS = I y~IL 
M-L’ > M-L 
M- a| = 
47 » 


Picture the Problem This is an extreme value problem. We'll begin its solution with the 
radial probability distribution function, differentiate it with respect to its independent 
variable r, set this derivative equal to zero, and solve for the value for an extreme value 
for r. We can show that this value corresponds to a maximum by evaluating the second 
derivative of P(r) at the location found from the first derivative. 


Differentiate the radial probability 
distribution function with respect to 
r to obtain: 


Solve for r to obtain: 


To show that this value for r 
corresponds to a maximum, 
differentiate dP(r)/dr to obtain: 


Evaluate this derivative at 
r = ag Z: 


48 eco 
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dP(r) _ CH |e] 


dr dr 
2 
= C Dre 22/4 E 2Zr Peas o 
Ag 
= 2CZr e 2/4 (2 _ r) 
Ay Z 


= 0 for extrema 


2 
d Pe) 2CZr 27l y 4 _,, 
dr dy Z 


2 
F [- ACz? 22) 22 


2 
Ay Ag 


a 
pao. 


because C is a positive constant. Hence, 


: a 
P(r) has its maximum value at r = 


Picture the Problem We can double the sum of the number of m states for a given n to 


show that the number of states in the hydrogen atom for a given n is 2n’. 


The number of m, states for a given 


nis: 


The sum of all integers from 0 to p 
is: 


The second term is: 


n-1 n-1 n-1 
N„ =} (20+1)=2>0+ (0) 
é=0 é=0 (=0 
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Substitute to obtain: Nn, = n° -n+n=n 
Because N, the number of electron N=2N,„ = 


states, is twice the number of m, 
states, the number of electron states 
is: 


49 coo 
Picture the Problem The ground state of a hydrogen atom is the state described by n = 1, 
£= 0, m, = 0. We can calculate the probability that the electron in the ground state of the 


hydrogen atom is in the region 0 < r < ao by evaluating the integral Í 4m’ y (r dr : 
0 


Express the probability that the 
electron in the ground state of a 


Probability = | 427y;.o(r)dr 
0 


hydrogen atom is in the region 


0<r< a: 
Express the ground-state wave 1(1 3/2 5 
function for hydrogen: Yi0,0 (r)= pa a 
Square the wave function to obtain: 2 -2r/ay 

i Wi,0,0 (r ) =—7Ze / 


Substitute to obtain: f 1 . 
Probability = f w|i ert Ja 
A ma 


0 


As, 
=—|r’e "1% dp 
Ag 0 


bx 


U table of int ls to find: 
se a table of integrals to fin [ede = (b?x? —2bx +2) 


Use this integral to show that: 232 2? 
Probability = —e?”"” (2 i a 
ao 


=1-5e° =| 0.323 
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The Spin-Orbit Effect and Fine Structure 
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Picture the Problem The energy difference between the two possible orientations of an 
electron in a magnetic field is 24B and the wavelength of the photons required to induce 
a spin-flip transition can be found from h4c/AE. The magnetic moment //g associated with 
the spin of an electron is 5.79x10° eV/T. 


(a) Relate the difference in energy AE = 2uB 
between the two spin orientations in = 2(5.79 x10° eV/T)(0.6 T) 
terms o the ieran in the _ | 6.95x10 eV 
potential energies of the two states: 
(b) Relate the wavelength of the Ja he 
photon needed to induce such a AE 
transition to the energy required: 
j j 124 : 
Substitute numerical values and 2 0 Aia EE Ea 
evaluate A: 6.95x10” eV 


- [17] 


51 œ 
Determine the Concept j and £ are constrained according to j = 4+4. For 


j=%, C=4440ré =| 0or1]. 


52° 
Determine the Concept j and / are constrained according to j = 4+4. For 


l =2, j=241 


e 3 5 
7, Or] = > OF 5 


53 ° 
Picture the Problem The total angular S 


momentum vector J is the sum of the 


orbital momentum vector L and the spin 


orbital angular momentum vector S .The E J 
quantum number j can be either £+ + or 

L—+4, where / + 0. Hence, j can take on 

the values 3 + 1/2 = 7/2 and 3 — 1/2 = 5/2. 

The scaled vector diagrams are shown to j=% 


the right. 
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The Periodic Table 


54 œ 
Determine the Concept The total number of quantum states of hydrogen with quantum 


number 7 is 2n’. For n =4, we have 2(4)° = 32. | (c) is correct. 


55° 
Determine the Concept From Table 36-1, oxygen’s electronic configuration is 


1s*2s°2p*. Because there are 4 electrons in the p state, | (c) is correct. 


*56 ° 

Determine the Concept We can use the atomic numbers of carbon and oxygen to 
determine the sum of the exponents in their electronic configurations and then use the 
rules for the filling of the shells to find their electronic configurations. 


(a) The atomic number Z of carbon 1s*2s* 2p? 


is 6. So we must fill the subshells of 


the electronic configuration until we 
have placed its 6 electrons. This is 
accomplished by writing: 


(b) The atomic number Z of oxygen 1s°2s°2p* 


is 8. So we must fill the subshells of 
the electronic configuration until we 
have placed its 8 electrons. This is 
accomplished by writing: 
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Determine the Concept We can find the z component of the orbital angular momentum 
using L, = mh and the relationship between the quantum numbers £ (which we know from 
the state of the electrons) and m, (which is related to £ through m, = —@, (—£ + 1), ..., 0, 1, 
2; a l). 


(a) For a p electron @ = 1. For L. =| —2h,—h,0,h, 2h 
l = 1, m, = —1, 0, or 1. Because 
L, =-mħ, ..., mh: 


(b) For an f electron, £ = 4. N 4ħ,—3h,—2ħ,—ħ,0,h,2h,3h, 4h 


For ¢ = 4, m, = —4, —3, —2, —1, 0, 1, 
2, 3, 4. Because L, =-—mħ, ..., mh: 


œ 
II 
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Optical Spectra and X-Ray Spectra 


58 >œ 

Determine the Concept Lithium, sodium, potassium, chromium, and cesium have one 
outer s electron and hence belong in the same group. Beryllium, magnesium, calcium, 
nickel, and barium have two outer s electrons and, hence, belong in the same group. 


59 œ 
Determine the Concept We can use Table 35-1 to find the electronic configurations for 
the first excited states of these elements. 


(a) For H, E depends only on n and 


the lowest excited state is: 


(b) For Na, the 3p state is higher 1s°2s°2p°3p 
energy than the 3s state and the 


lowest excited state is: 


(c) For He, the lowest excited state 1s2s 


has one electron in the 2s state and 
the lowest excited state is: 
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Determine the Concept Atoms with one outer electron have spectra similar to H: Li, Rb, 
Ag, Fr. Atoms with two outer electrons have spectra similar to He: Ca, Ti, Hg, Cd, Ba, 
Ra. Therefore, the table should be completed as shown below: 


Optical Spectra Optical Spectra 
Similar to Hydrogen Similar to Helium 
Li, Rb, Ag, Fr Ca, Ti, Hg, Cd, Ba, Ra 
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Picture the Problem When an electron from state n drops into a vacated state in the n = 
1 shell, a photon of energy AE = E, — E1 is emitted. We can find the wavelength of this 
photon using A = hc/AE . The second and third longest wavelengths in the K series 
correspond to transitions from n = 3 to n = 1 and n = 4 to n = 1 and the shortest 
wavelength to the transition from n = œ ton = 1. 


Express the wavelength of the he _1240eV-nm 
emitted photon in terms of the E, -E E, -E 


energy transition within the atom: 
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Express the energy of the nth energy 2 E 
E, =-(Z-1) = 

state: n 

where n = 1, 2, ... 


Substitute to obtain: Ae he 
E =E, 
_ 1240 eV -nm 
(e-1p 2 -(-c- 2) 
1240 eV -nm 


- (2-1) 21-2 


(a) Evaluate this expression with n = 7 1240eV -nm 
Z — 1 
3 and Z = 42 to obtain: (42 ai {3sev)(1- =| 
=| 0.0610nm 
Use n = 4 and Z = 42 to obtain: 1 = 1240eV -nm 
= 
(42 -1)°(13.6 ev(1-5) 
=| 0.0578nm 
(b) The shortest wavelength in the 7 1240eV -nm 
series corresponds to the largest À (42 = 17 (13.6 eV )(1 x 0) 


energy difference between the initial =| 0.0542nm 


and final states. Repeat the 
calculation in part (a) with n = œ to 
obtain: 


62 ° 
Picture the Problem When an electron from state n drops into the vacated state in the n 


= 1 shell, a photon of energy E, — E: is emitted. The wavelength of this photon 
he 


isA = . Hence, if we know the wavelength of the Ka line we 


(Z-1) assev 1-2 


2 


can solve for the atomic number of the element and use its value to identify the element. 
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Express the wavelength of the Ka j= he 
line as a function of the atomic (Z -1}(13.6eV)| 1- 1 
number of the element: l n° 
Solve for Z: 
Z=1+ ——"_. 
| a(i3.6ev) 1-5 
n 

Substitute numerical values and Z=14 1240eV -nm 
evaluate Z: 7 

\ (0.3368nm)(13.6 ev)|1- =| 

= 20 
The element whose atomic number is 20 is calcium. 
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Picture the Problem The K, corresponds to a transition from n = 2 to n = 1. Equation 


36-16 relates the atomic number Z to the wavelength of the emitted photon When an 


electron from state n drops into a vacated state in the n = 1 shell, a photon of energy 
E,„— E, is emitted. We can find the wavelength of this photon using 2 = he/ (E, — E,) 


and E, from E, = -Z?(E,/n?) ‘ 


Express the wavelength of the K, 
line: 


Express the energy of the atom’s 
nth energy state: 


Substitute and simplify to obtain: 


(a) Substitute n = 2, Z = 12, and 
Eo = 13.6 eV to obtain: 


hc _ 1240eV-nm 


ven 
E, -E E, -E 
E 
E, =-Z° — 
n 
J= 1240eV -nm — 1240eV-nm 
7 E 7 1 
—Z°—-2+Z°E, 75(1-| 
n n 
J= 1240eV -nm 7 ponm 


11 (36ev|1 : ) 


Eo 
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(b) Substitute n = 2, Z = 29, and l= 1240eV -nm 
Eo = 13.6 eV to obtain: 28°(13.6eV) 1-3.) 
2 
=| 0.155nm 


General Problems 
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Picture the Problem The energy associated with a transition from an initial state to some 
final state is given by A£ = E; — Er and the wavelength / of a photon emitted in such a 
transition is given by / = hc/AE. Hence, the shortest wavelength corresponds to the 
largest energy difference. 


Express the wavelength of the Ae he or AE = he 


emitted photon in terms of the 
energy difference AE between the 
atom’s initial and final states: 


For Amins AE will be the energy he 
AE = —— =| 13.6eV 
mee A 


required to ionize a hydrogen atom: 


65 ° 

Picture the Problem This spectral line is due to a transition from some initial state n; to a 
final state ng (we’re given that the final state is the ground state). The wavelength of the 
spectral line is related to the difference in energy AE between these states according to 

A =1240eV -nm/AE and the energy of the nth state is given (for hydrogen, Z = 1) by 


En = (1°)(-13.6 eV\/n’. 


Relate the wavelength of a spectral om 1240eV -nm (1) 
line to the energy transition within AE 

the atom: 

Ea prese aes energy difference AE in ee Z? E, 7 Z E, 

a transition: n ni 


For Z = 1 and Æp = 13.6 eV: 


Substitute in equation (1) to obtain: 


For A = 97.254 nm and n; = 1 this 
expression simplifies to: 


Solve for n; to obtain: 


Atoms 


A 1240eV -nm 
(asevy 2-3] 
no on 
91.2nm 
1 1 
a a2 
n n 
or 
1 1 _91.2nm 
no n A 
1 1.2 
sa oss 
n 97.254nm 
n =4 


n =4ton, =1. 


The transition that produced the given wavelength was from 
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Picture the Problem This spectral line is due to a transition from some initial state n; to a 


final state ng (we’re given that the final state is the ground state). The wavelength of the 


spectral line is related to the difference in energy AE between these states according to 
A =1240eV -nm/AE and the energy of the nth state is given (for hydrogen, Z = 1) by 


En = (1°)(-13.6 eV\/n’. 


Relate the wavelength of a spectral 
line to the energy transition within 
the atom: 


Express the energy difference AZ in 


a transition: 


For Z = 1 and Æp = 13.6 eV: 


_ 1240eV -nm 


A 1 
AB (1) 
AE = E,-E, 
2 2 
-_ZE, ZE, 
n ni 
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Substitute in equation (1) to obtain: 


For 4 = 1093.8 nm this expression 
simplifies to: 


A= 1240eV -nm 
1 1 
(13 sev 5- 
n n 
91.2nm 
1 1 
Gade N D 
n n 
or 
she hess 91.2nm 
n n A 


1 1 91.2nm 
n nè 1093.8nm 


1 


= 0.0834 


Because the only constraints on nę and n; are that they be integers, we can solve this 
equation by trial and error. One way to do this is to plot a graph of n; as a function of nę 
and look for integer solutions visually or with a trace of the trajectory of the curve. The 
following graph was plotted using a spreadsheet program. Note that a solution to our 


equation is n; = 6 and ng = 3. 


3.5 


3.0 


2.5 


ne 


2.0 


1.5 


1.0 


Thus, the transition that produces the given wavelength is from 


n =6ton, =3. 
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Picture the Problem These spectral lines are due to transitions in singly ionized helium 
from some initial state n; to a final state nz. The wavelengths of the spectral lines are 
related to the difference in energy AF between these states according to 

A =1240eV -nm/AE and the energy of the nth state is given (for helium, Z = 2) by 


E,, = (2°)(-13.6 eV)/n’. 


Relate the wavelength of a spectral I= 1240eV -nm (1) 
line to the energy transition within AE 
the atom: 
Express the energy difference AE in AE = E-E; 
a transition: 7 E, Z? E, 
= 2 + 2 
n; ni 
1 1 
2 
For Z = 2 and Ey = 13.6 eV: 1 1 
Í AE = asev(4-4) 
n n; 
=(54 sev 4 -+| 
n n; 
Substitute in equation (1) to obtain: = 1240eV:nm _ 22.8nm 
1 1) tot 
(54.4eV) mo) om n 
or 
1 1 22.8nm 
no n A 
For A = 164 nm this expression 1 1 22.8nm _ 0.139 
2 27 mee 
becomes: nų n; 164nm 


Because the only constraints on nş and n; are that they be integers, we can solve this 
equation by trial and error. One way to do this is to plot a graph of n; as a function of nę 
and look for integer solutions visually or with a trace of the trajectory of the curve. The 
following graph was plotted using a spreadsheet program. Note that a solution to our 
equation is n; = 3 and nę = 2. 
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Thus, the transition that produces the given wavelength is from 
n =3ton, = 2. 


Similarly, for 2 = 230.6 nm: The transition that produces 


the given wavelength is from 


n =9ton, =3. 


For A = 541 nm: The transition that produces 
the given wavelength is from 
n =7 ton, =4. 

#68 ee 


Picture the Problem We can show that ke* = 1.44 eV-nm by solving the equation for the 
ground state energy of an atom for ke’. 


Express the ground state energy of E- ke” 

an atom as a function of k, e, and ao: ug 2a, 

Solve for ke”: ke =2E,a, 

Substitute for Zo and ao to obtain: ke = 2(13.6eV)(0.0529 nm) 


=|1.44eV-nm 
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Picture the Problem Because the energies of the photons emitted by potassium 

during these transitions are related to their wavelengths through 

hf = (1240 eV- nm/A) eV where / is in nm, we can use this relationship to find the 
energies of the given photons. The difference in energy between these states can be found 
using its definition and is related to the magnetic field through AF = 24,8 . 


(a) For A = 766.41 nm: 7E 1240eV-nm _ 16179eV 

766.41nm 
2 : 1240eV- 

For 2 = 769.90 nm: hf = ev nm _ 1.6106eV 
769.90 nm 

(b) Using its definition, express the AE =1.6179eV -1.6106 eV 

difference in energy between these =| 0.00730eV 

two states: 

(c) Relate the energy difference AE = 2 4B 

between these states AF to the 

magnetic field B and the quantum 

unit of magnetic moment (a Bohr 

magneton) Lp: 

Solve for B: R= AE 

2 Ls 
Substitute numerical values and B= 0.0073eV -| 63.0T 


evaluate B: ~ 2(5.79x10°eV/T) | 


Remarks: This magnetic field is about 42 times that of commercial magnetic 
resonance imagers. 
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Picture the Problem One 1s electron must be released from the atom. It is shielded from 
the nuclear charge Z by one other 1s electron. Thus, the effective charge is Z — 1, and the 
ionization energy for that 1s electron is Emin = (Z — 1)°Eo. 


(a) For tungsten, Z = 74, and: P= 73°(13.6 eV) =| 72.5keV 


min 


(b) For molybdenum, Z = 42, and: E ain = 41° (13.6eV) =| 22.9keV 


mi 
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(c) For copper, Z = 29, and: Enix = 28°(13.6eV) = 


*71 00 

Picture the Problem We can show that œ is dimensionless by showing that it has no 
units. In part (b) we can use Bohr’s 3" postulate and the expression for the radii of the 
Bohr orbits, together with the definition of œ, to show that the speed of the electron in a 
stationary state of quantum number 7 is related to œ according to vn = ca /n. 


(a) Express the units of a: c N-m* 
C ) N-m? = 


(J-s)™ Jem 
S 


Because æ is unitless, it is also dimensionless. 


(b) Apply the quantization of = nh 
angular momentum postulate to "mr, 
obtain: 
The radii of the Bohr orbits are > H 
r =n —— 
given by: i mkZe’” 
or, because Z = 1 for hydrogen, 
h? 
r =n a 
mke 
Substitute and simplify to obtain: nh ke? 
y= = —— 
í o K nh 
mn 
mke 
Divide this expression by the ke? 
definition of @ to obtain: Yn_ mh _ C 
he 
Solve for v,: ac 
y =| — 
n n 
72 ee 


Picture the Problem We can use Problem 29 to express the energy levels of positronium 
in terms of the reduced mass of the electron-positron system. In part (b) we can find the 
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energies corresponding to 400 nm and 700 nm to decide whether the transitions between 


any of the levels found in (a) fall in the visible range of wavelengths 


Express the energy of positronium 
as a function of the quantum number 


n: 


From Problem 29 we have: 


Because me = Mpos: 


Substitute and simplify to obtain: 


(a) Evaluate E, for n = 1, 2, 3, 4, 
and 5 to obtain: 


Relate the wavelength of the emitted 
photons to the energy-level 
differences: 


Solve for AE: 


Evaluate AZ for 2 = 400 nm and 
A= 700 nm: 


24 2 
_ mke Z 
" 2n° n’ 
Me M pos 
m, = 
M, +M os 
= MM, M, 
; 
m +m 2 
24 
E- mke 1__ E, 


(eV) 
-6.80 
-1.70 
-0.756 
-0.425 
-0.272 


JIi |A IW |N |e 


g- he _1240eV:nm 
AE AE 


AE = 1240 eV -nm 


A 
124 . 
ak 1240 eV :nm =3.10eV 
400nm 
and 
TEE 1240 eV -nm -1.77eV 
700 nm 


Because none of the energies in the table shown above are in the interval 


1.77 eV to 3.10 eV, no transitions are in the visible range of wavelengths. 
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Picture the Problem We can use £ = hf to find the frequency of the photon and 
A= hc/E to find its wavelength. 


(a) The energy of the photon whose E=hf 
energy is equal to the Lamb shift 
energy is given by: 


Solve for f to obtain: E 

f=} 

h 
Substitute numerical values and 4.372x10% eV 
; =— =| 1.06 GHz 
evened: Í = i410" evs 
(b) The wavelength of this photon is he 
given by: A= E 
Substitute numerical values and 1240eV -nm 
eei “gaxo ey Am 
This wavelength is in the microwave portion of the electromagnetic spectrum. 


*74 ¢ 

Picture the Problem The ionization energy of the electron is the magnitude of the 
energy of the atom in the given state. We can use E = —E)/n*, where Eo is the ground-state 
energy, to find the energy levels in the 44" and 45" states and, hence, the energy level 
separation between the states. The wavelength of a photon resonant with this transition 
can be found from / = hc/AE. We’ll approximate the size of the atom in the n = 45 state 
by finding the radius of the outer-shell electron. 


(a) The energy of the atom in its nth E, 
state is: Le 
n 
The energy of the atom in the 13.6eV 
n = 45 state is: Ey =- (45) = —6.72meV 
The ionization energy is the © =-E_ =| 6.72meV 
negative of the energy in the state n eee - ` 
=45: 
(b) The energy level separation 13.6eV 13.6eV 
between the n = 45 and n = 44 state eee = 5 — 
is: (45) (44) 
=| 3.09x10“ eV 
(c) The photon wavelength is: A he 


Substitute numerical values and 
evaluate A: 


(d) The radii of the Bohr orbits are given 


by: 


Substitute numerical values and evaluate 
the radius of the 45th Bohr orbit: 
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je oe a 
3.09x10*eV 


be (457 =e = [107 nm | 


Picture the Problem We can use the definition of the Rydberg constant and the equation 


for the reduced mass from Problem 29 to calculate the Rydberg constant for hydrogen 


and for deuterium. We can find the wavelength difference between the longest 


wavelength Balmer lines of hydrogen and deuterium by finding the longest wavelengths 


from the Rydberg-Ritz equation, using the appropriate value for R, and taking their 


difference. 


(a) From Equation 36-14 we have: 


For H: 


Substitute numerical values and 
evaluate Ry: 


_ m,k’e* m, 
~ 3 
Amch 14 e 
where 
k’e* 
ae = 1.204662 x10” m” /kg 
TC 
Ra = C| —2 
1+— 
m 


R, = (1.204662 x10” m*/kg) 


9.109390 x10™ kg 


i 9.109390 x10™ kg 
1+ — 


1.672623 x10 *’ kg 


1.096776 x10’ m“ 
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For deuterium: 


Ry =C ae 
Ls 
2m, 
Substitute numerical values and Rp = (1.204662 x10” m™/ kg) 


evaluate Rp: 


| _ 9-109390 x10! kg 
9.109390 x10™ kg 
2(1.672623x10~” kg) 


=| 1.097075x10’ m“ 


(b) Express the wavelength AA = Mongest, H 7 Arongest, D 
difference between the longest 

wavelength Balmer lines of 

hydrogen and deuterium: 


Use the Rydberg-Ritz formula to 1 R 1 1 
express the reciprocal wavelength: a nè 7 nm 

where n, and n> are integers and 

nı > No. 
Solve for / to obtain: l= n,n; 

Rn? -n3 ) 

The longest wavelength in the A E 3° (2 $ ) 
Balmer series corresponds to a a (1.096776 x10” m*}(3? — 2°) 
transition from n, = 3 to m = 2. Use = 656.470 nm 


R = Ry to evaluate Žongest, n: 


Find Žonges,p using R = Rp: 


a (2) 
ongestP “(1.097075 x10’ m™)(3? — 2?) 


= 656.291nm 


Substitute to obtain: AA = 656.470 nm — 656.291nm 
=| 0.179nm 
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Picture the Problem We can use Problem 29 to express the energy levels of muonium in 


terms of the reduced mass of the muonium-proton system. In Part (b) we can find the 


energies corresponding to 400 nm and 700 nm to decide whether the transitions between 


any of the levels found in (a) fall in the visible range of wavelengths 


Express the energy of muonium as a 
function of the quantum number n: 


From Equation 35-47 in Problem 17 
we have: 


Because m |. = 207m, : 


Because m, = 1836m.: 


Substitute in equation (1) and 
simplify to obtain: 


(a) Evaluate E, for n = 1, 2, 3, 4, 
and 5 to obtain: 


Relate the wavelength of the emitted 
photons to the energy-level 
differences: 


Solve for AE: 


Evaluate AZ for 2 = 400 nm and 
A= 700 nm: 


Bent se = (1) 


207m,m, _ 207m, 


m,+207m, i} 207 Me. 
m 


p 


__186mk°e* 1 _ 186E, 
" 2n* n n° 


n En 
(keV) 
—2.53 
—0.633 
—0.281 
—0.158 
—0.101 


Ww |A JW |N |e 


he _ 1240 eV -nm 
AE AE 


j= 


_ 1240 eV -nm 
A 


AE 


1240 eV -nm 
400nm 


AE = 


400 nm 


= 3.10eV 


and 


1222 Chapter 36 


1240 eV -nm 
700nm 


AE = 


700 nm 


Because none of the energies in the table shown above are in the interval 


1.77 eV to 3.10 eV, no transitions are in the visible range of wavelengths. 


=1.77eV 
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Picture the Problem We can use the definition of the Rydberg constant and the equation 


for the reduced mass from Problem 29 to calculate the Rydberg constant for hydrogen, 


tritium, and deuterium. We can find the wavelength difference between the longest 


wavelength Balmer lines of tritium and deuterium and tritium and hydrogen by finding 


the longest wavelengths from the Rydberg-Ritz equation, using the appropriate value for 


R, and taking their difference. 


(a) From Problem 29 we have: 


For tritium: 


Evaluate the expression in 
parentheses to obtain: 


Substitute numerical values and 
evaluate Rr: 


For deuterium: 


where 
ke" 


47tc 


= 1.204662 x10” 


z= 


m, + 2m, 


m, =9.107738x10™ kg 


m'/kg 


R, = (1.204662 x10” m~ /kg) 


x (9.107738 x10" kg) 


=| 1.097175x10’ m” 


Substitute numerical values and 


evaluate Rp: 


(b) Express the wavelength 
difference between the longest 
wavelength Balmer lines of 
hydrogen and deuterium: 


Use the Rydberg-Ritz formula to 
express the reciprocal wavelength: 


Solve for å to obtain: 


The longest wavelength in the 
Balmer series corresponds to a 
transition from n; = 3 to m = 2. Use 
R= Rr to evaluate Nongest, T: 


Find Ajongest,p using R = Rp: 


Substitute to obtain: 


Proceed similarly to show that for 
hydrogen and hydrogen: 
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R, = (1.204662 x10” m™ /kg) 


9.109390 x10™ kg 
9.109390 x10"! kg 
2(1.672623x10” kg) 


= 1.097075 x10’ m“ 


AA = Aonig D a Mrongest,T 


1 1 1 
A ny n 


where n, and m are integers and 


nı > No. 


2 2 
JE n Ny 
R(n? —n?) 
1 2 


33127) 
(1.097175x10’ m“)(3? — 2°) 
= 656.231nm 


ee 3°(2?) 
ongest’? “(1.097075 x10’ m*)(3 — 2?) 


= 656.291nm 


Aiongest, T = 


AA = 656.291nm — 656.231nm 
=| 0.0600nm 


AA = 656.4695 nm — 656.2314nm 
=| 0.238nm 
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Chapter 37 
Molecules 


Conceptual Problems 


*1 e 

Determine the Concept Yes. Because the center of charge of the positive Na ion does 
not coincide with the center of charge for the negative Cl ion, the NaCl molecule has a 
permanent dipole moment. Hence, it is a polar molecule. 


2 ° 
Determine the Concept Because a N, molecule has no permanent dipole moment, it is a 
non-polar molecule. 


3 ° 
Determine the Concept No. Neon occurs naturally as Ne, not Nez. Neon is a rare gas 
atom with a closed shell electron configuration. 


4 ° 
Determine the Concept 


(a) Because an electron is transferred from the H atom to the F atom, the bonding 
mechanism is ionic. 


(b) Because an electron is transferred from the K atom to the Br atom, the bonding 
mechanism is ionic. 


(c) Because the atoms share two electrons, the bonding mechanism is covalent. 


(d) Because each valence electron is shared by many atoms, the bonding mechanism is 
metallic bonding. 


*5 ee 
Determine the Concept The diagram would consist of a non-bonding ground state with 
no vibrational or rotational states for ArF (similar to the upper curve in Figure 37-4) but 
for ArF* there should be a bonding excited state with a definite minimum with respect to 
inter-nuclear separation and several vibrational states as in the excited state curve of 
Figure 37-13. 


6 ° 


Determine the Concept Elements similar to carbon in outer shell configurations are 
silicon, germanium, tin, and lead. We would expect the same hybridization for these as 
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for carbon, and this is indeed the case for silicon and germanium whose crystal 
structure is the diamond structure. Tin and lead, however, are metallic and here the 
metallic bond is dominant. 


7 ° 

Determine the Concept The effective force constant from Example 37-4 is 1.85x10° 
N/m. This value is about 25% larger than the given value of the force constant of the 
suspension springs on a typical automobile. 


8 ° 

Determine the Concept As the angular momentum increases, the separation between the 
nuclei also increases (the effective force between the nuclei is similar to that of a stiff 
spring). Consequently, the moment of inertia also increases. 


9 ° 
Determine the Concept For H), the concentration of negative charge between the two 
protons holds the protons together. In the H3 ion, there is only one electron that is shared 


by the two positive charges such that most of the electronic charge is again between the 
two protons. However, the negative charge in the H3 ion is not as effective as the larger 


charge in the H) molecule, and the protons should be farther apart. The experimental 
values support this argument. For H2,r9= 0.074 nm, while for H3 , ro = 0.106 nm. 


10 >œ 

Determine the Concept The energy of the first excited state of an atom is orders of 
magnitude greater than kT at ordinary temperatures. Consequently, practically all atoms 
are in the ground state. By contrast, the energy separation between the ground rotational 
state and nearby higher rotational states is less than or roughly equal to kT at ordinary 
temperatures, and so these higher states are thermally excited and occupied. 


11 ee 

Determine the Concept With more than two atoms in the molecule there will be more 
than just one frequency of vibration because there are more possible relative motions. In 
advanced mechanics these are known as normal modes of vibration. 


Estimation and Approximation 


12 ee 

Picture the Problem We can estimate the value of the quantum number v for which the 
improved formula corrects the original formula by 10 percent by setting the ratio of the 
correction term to the first term equal to 10 percent and solving for v. 


Express the ratio of the correction 
term to the first term of the 
expression for E, and simplify to 
obtain: 

For a correction of 10 percent: 


Solve for v to obtain: 


Substitute numerical values and 
evaluate v: 


13. © 
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1 


1 
v= -—=12.7 x| 13 
10(7.6x10 ) 2 


Picture the Problem We can solve Equation 37-12 for / and substitute for the moment 
of inertia and rotational kinetic energy of the baseball to estimate the quantum number / 
and spacing between adjacent energy levels for a baseball spinning about its own axis. 


The rotational energy levels are 
given by Equation 37-12: 


Solve for (4+1): 


Factor / from the parentheses to 
obtain: 


The result of our calculation of £ 
will show that £ >> 1. Assuming 
for the moment that this is the case: 


Because the energy of the ball is 
rotational kinetic energy: 


Substitute for E in the expression for 
£ to obtain: 


The moment of inertia of a ball 
about an axis through its diameter is 
(see Table 9-1): 


Substitute for I to obtain: 


(0 +1)h? 
21 


where Z7 = 0, 1, 2, ... is the rotational 
quantum number and I is the moment of 
inertia of the ball. 


E= 


2IE 


h? 


e(t +1)= 
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Substitute numerical values and evaluate /: 


20rev 2zrad 1min 
x x 


20:3k8)(0.03m) 
EN 


Set / = 0 to express the spacing 
between adjacent energy levels: 


Substitute numerical values and 
evaluate Eor: 


rev 60s ) 
5(1.05x10™J-s) saa] 


R R 
* 21 4mr? 


_ 5(1.05x10% J.s} 


~ 4(0.3kg)(0.03m} 


=| 5.10x10® J 


Or 


Remarks: Note that our value for Z justifies our assumption that Z >> 1. 


*l4 o 


Picture the Problem We can solve Equation 37-18 for v and substitute for the 
frequency of the mass-and-spring oscillator to estimate the quantum number vand 
spacing between adjacent energy levels for this system. 


The vibrational energy levels are 
given by Equation 37-18: 


Solve for v: 


The vibrational energy of the object 
attached to the spring is: 


Substitute for E , in the expression 
for v to obtain: 


The frequency of oscillation f of the 
mass-and-spring oscillator is given 
by: 


E, =(v+4)hf 


where v= 0, 1, 2, ... 


E, 1 
v=—+-— 
hf 2 
or, because v>> 1, 
~ E, 
hf 
E, =3ka 
where A is the amplitude of its motion. 
kA? 
V= 
2hf 


-1 |k 
-Łk 


“KA Im TA? 
7 Loa ee 
"u VE, A 
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Substitute numerical values and evaluate v: 


2 
- 7(0.02m)_ eeg\GS0ONTm) = [T6410 | 


~ 6.63x10 J +s 


Set v= 0 in Equation 37-18 to 1 h Ik 
express the spacing between v2 Arm 
adjacent energy levels: 


Substitute numerical values and E = 6.63x10 “J-s /1500 N/m 
evaluate Eoy: oan Ar 5kg 
=|9.14x10 J 


Remarks: Note that our value for v justifies our assumption that v >> 1. 


Molecular Bonding 


15 œ 
Picture the Problem The electrostatic potential energy with U at infinity is given by 


U =—ke?/r. 


Relate the electrostatic potential U = ke? 
energy of the ions to their e r 
separation: 
Solve for r: ke* 
r=—-— 
U 


Substitute numerical values and evaluate r: 


__ (8.99x10° N-m?/C?)(1.6x107°° CF _ 
"C1 52ev)(1.6x10™ sev) gunn 


16 œ 

Picture the Problem We can find the energy absorbed or released per molecule by 
computing the difference between dissociation energy of Cl and the binding energy of 
NaCl. 
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Noting that the dissociation energy AE =1.24eV — Ey inding, Nac 
per Cl atom is 1.24 eV, express the 

net energy change per molecule 

AE: 


The binding energy of NaCl is (see 4.27 eV 
page 1210): 


Substitute and evaluate AE: AE =1.24eV —4.27 eV =| —3.03eV 


Because AE <0, energy is released. The reaction is exothermic. 


17 œ 
Picture the Problem We can use conversion factors to convert eV/molecule into 
kcal/mol. 

ev eV „ikea, 6.02 x10” molecules | 1.60x10 "J 
(a) molecule molecule 4184J mole eV 

=| 23.0kcal/mol 
(b) The dissociation energy of 4.27 eV/molecule 
NaCl, in eV/molecule, is (see page 
1205): 
i i i 4.27 23.0 kcal 

Using the conversion factor in (a), eV ss Okca _| 98.2 kcal/mol 
express this energy in kcal/mol: molecule mol 
*18 œ 


Picture the Problem The percentage of the bonding that is ionic is given by 
roof Pa 
Pioo 


Express the percentage of the P , p 
Percent ionic bonding = 100| —"“* 


Pioo 


bonding that is ionic: 


Express the dipole moment for Pioo = €r 
100% ionic bonding: 
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PUDSE Soap Percent ionic bonding = 100{ Pane a ) 


er 


Substitute numerical values and evaluate the percent ionic bonding: 


ee 6.40x10™ C-m 
Percent ionic bonding = 100 a AoE ) (0 oi =| 43.6% 
.60 x $ nm 


19 ee 

Picture the Problem If we choose the potential energy at infinity to be AE, the total 
potential energy is Uj = Ue + AE + Uep, where U;ep is the energy of repulsion, which is 
found by setting the dissociation energy equal to —Utcr. 


Express the total potential energy of U o =U, +AE+U,,, 
the molecule: 


The core-repulsive energy is : U ep = -(AE +U, +E a) 


Calculate the energy AE needed to AE = 4.18eV —3.40eV =0.78eV 


form Rb’ and F ions from neutral 
rubidium and fluorine atoms: 


Express the electrostatic potential ke’ 
energy is: r 


Substitute numerical values and evaluate U,: 


z 2 
a (8.9910? N-m?/C*)(L.60x10"C} pay ay 
(0.227 nm)(1.60 x10" J/ev) 


Substitute numerical values and 
evaluate Urey: Urey = —(0.78eV -6.34eV + 5.12eV) 


- [oaae] 


20 ee 
Picture the Problem The potential energy of attraction of the ions is U, = —ke? I r. We 


can find the dissociation energy from the negative of the sum of the potential energy of 
attraction and the difference between the ionization energy of potassium and the electron 
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affinity of chlorine. 


(a) The potential energy of attraction U = ke? 
of the ions is given by: cr 


where ke? = 1.44 eV-nm 


1.44eV- 

Substitute numerical values and = eV-nm _ 5 39eV 

evaluate U.: 0.267nm 

(b) Express the total potential U oœ =U, +AE +U ep 

energy of the molecule: or, neglecting any energy of repulsion, 
U,,, =U, + AE 

The dissociation energy is the Eiai =U = -(U, + AE ) 

negative of the total potential 

energy: 

AE is the difference between the AE = 4.34eV —3.62eV =0.72eV 

ionization energy of potassium and 

the electron affinity of Cl: 

Substitute numerical values and Egea = -(- 5.39eV +0.72eV) 

evaluate Eira = 4 67 eV 

The energy due to repulsion of the U ep ~ aie ~ Eames 


ions at equilibrium separation is 
given by: 


Substitute numerical values and U sep = 4.67 eV —4.49eV =| 0.18eV 


evaluate Ure: 


21 eo 
Picture the Problem Assume that U(r) is of the form given in Problem 24 with 
n=6. 


The potential energy curve is shown in the 
figure. The turning points for vibrations of 
energy FE, and E; are at the values of r, 
where the energies equal U(r). It is 
apparent that the average value of r 
depends on the energy and that rz av is 
greater than rj ay. 


22 ee 
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Picture the Problem We can use U, = —ke* / r, to calculate the potential energy of 


attraction between the Na’ and Cl ions at the equilibrium separation 


ro = 0.236 nm. We can find the energy due to repulsion of the ions at the equilibrium 


separation from Uep = U, +E; +AE ). 


The potential energy of attraction 
between the Na’ and CI ions at the 
equilibrium separation rp is given 
by: 


Substitute numerical values and 
evaluate U.: 


From Figure 37-1: 
The ratio of the magnitude of the 
potential energy of attraction to the 


dissociation energy is: 


Urep is related to Ue, Ea, and AE 
according to: 


From Figure 37-1: 


Substitute numerical values and 
evaluate Uep: 


23 ee 


ke? 
H 


where ke? = 1.44 eV-nm. 


Ü= 


e 


= 1.44eV -nm -| 610eV 
0.236nm 
E; =4.27eV 


U| 6.10ev _ 
E T aarev “| 


AE =1.52eV 


Urey = -(—6.10eV + 4.27eV +1.52eV) 


=| 0.310eV 


Picture the Problem The potential energy of attraction of the ions is U, = —ke? / r. We 


can find the dissociation energy from the negative of the sum of the potential energy of 
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attraction and the difference between the ionization energy of potassium and the electron 


affinity of fluorine. 


(a) The potential energy of 
attraction between the K* and F` 
ions at the equilibrium separation ro 
is given by: 


Substitute numerical values and 
evaluate U.: 


(b) Express the total potential 
energy of the molecule: 


The dissociation energy is the 
negative of the total potential 
energy: 


AE is the difference between the 
ionization energy of potassium and 
the electron affinity of fluorine: 


Substitute numerical values and 
evaluate Eg catc: 


The energy due to repulsion of the 
ions at equilibrium separation is 
given by: 


Substitute numerical values and 
evaluate Ure: 


*J4Ą evo 


ke? 
H 


where ke? = 1.44 eV-nm. 


is 


e 


1.44eV -nm 
U, =-___—— =| -6.64eV 
° 0.217nm 


U o =U. +AE +U ep 

or, neglecting any energy of repulsion, 
U,,, =U, + AE 

Facatc U o = -(U, + AE) 


AE = 4.34eV —3.40eV = 0.94eV 


Esae = -(-6.64eV +0.94eV) 


=| 5.70eV 


U = 5.70eV —5.07eV = 


Picture the Problem U(r) is the potential energy of the two ions as a function of 


separation distance r. U(r) is chosen so U(œ) = —AE, where AE is the negative of the 


energy required to form two ions at infinite separation from two neutral atoms also at 


infinite separation. U;.)(r) is the potential energy of the two ions due to the repulsion of 


the two closed-shell cores. Ea is the disassociation energy, the energy required to separate 


the two ions plus the energy AE required to form two neutral atoms from the two ions at 
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infinite separation. The net force acting on the ions is the sum of Fep and Fe. We can find 
Fp from U;ep and Fe from Coulomb’s law and then use dU/dr = Fre, = 0 at r = ro to solve 


for n. 
Express the net force acting on the Fan Fetes (1) 
ions: 
Find Fep from U,ep: F = dU sep _ d [cr] Lae 
dr dr 
> nC 
T r”! 
The electrostatic potential energy of U = ke? 
the two ions as a function of e y 
separation distance is given by: 
Find the electrostatic force of p dU, d ke? ke? 
attraction Fe from U.: e d dr rli r 
Substitute for Fep and Fe in equation F- nC * ke” 
(1) to obtain: net ptt? 
Because dU/dr = Fie, = 0 at 0- nC ke 
r=1o: ~ co rê 
Multiply both sides of this equation nC ke? 
a : q 0= T = nU (n )+U.(r )| 
by ro to obtain: D h $ 


Solve for n to obtain: 


25 eco 
Picture the Problem U,,, at r = ro is related to Ue, Ea, and AE through 
U ep = U, +E, +AE ). The net force is the sum of Fy.) and Fe. We can find Fy.) from 


Urep and F. from Coulomb’s law. Because Frye = 0 at r = ro, we can obtain simultaneous 
equations in C and n that we can solve for each of these quantities. 


(a) Urep is related to Ue, Ea, and AE U œ = -(U, +E; +AE ) 


rep 
according to: where AEyacı = 1.52 eV 


1236 Chapter 37 
U.(ro) is given by: 7 ke? 


n 


where ke* = 1.44 eV-nm 


U = 


e 


Substitute numerical values and U, = 1.44eV-nm _ 6.10eV 
evaluate U.: 0.236nm 

Substitute numerical values and U ep = -(- 6.10eV +4.27 eV +1.52 eV) 
evaluate U;ep: -| 031eV 

(b) Express the net force acting on Fia = Feep + Fe (1) 


the Na* and CI ions: 


Find Fe» from Uren: dU d E ai 
rep rep S Lz rep _ £ |cr n] = —nCr n-1 
dr dr 
> nC 
TR rl 
The electrostatic force of attraction F ke? 
is: e p 
Substitute for Fep and Fe in equation F nC ke 
(1) to obtain: BS p p? 
Because Fye = 0 at r= ro: 02 nC ke 
nel 2 
h 0 
or 


Solve for n and C to obtain: 


From (a): U, (r, ) = —6.10eV 
Urey (ty) = 0.31eV 
and, from Figure 37-1, 
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n =0.236nm 
Substitute for U,(ro) and U;ep(ro) and i= 6.10eV -|197 
evaluate n and C: 0.31eV 
and 


C =(0.31eV)(0.236nm)*’ 
=| 1.3710 eV-nm'®” | 


Energy Levels of Spectra of Diatomic Molecules 

26 >œ 

Picture the Problem We can relate the characteristic rotational energy Eo, to the moment 
of inertia of the molecule and model the moment of inertia of the N molecule as two 


point objects separated by a distance r. 


The characteristic rotational energy h 
of a molecule is given by: 7 


Express the moment of inertia of the 
molecule: 


Substitute for J to obtain: h? h? h? 


Solve for r: 1 
r=h |——— 
14F,,m, 


Substitute numerical values and evaluate r: 


1 


r =(1.055x10™* J -s 
l 1 14(2.48x10~ eV 1.602 x10 J/eV \1.673x10~” kg) 
=| 0.109 nm 


*27 œ 

Picture the Problem We can relate the characteristic rotational energy Eor to the moment 
of inertia of the molecule and model the moment of inertia of the O molecule as two 
point objects separated by a distance r. 
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The characteristic rotational energy h 
of a molecule is given by: y 


Express the moment of inertia of the 


molecule: 
Substitute for I to obtain: E = h a h? _ h? 

o Mor’) Mor’ 16m,r? 
Solve for r: h 1 


Substitute numerical values and evaluate r: 


E 1.055x10™ J -s 1 
g ji (1.78x10~ eV ](1.6x10™ J/eV )(1.67x10” kg) 


Se 


28 eo 
Picture the Problem We can use the definition of the reduced mass to show that the 
reduced mass is smaller than either mass in a diatomic molecule. 


Express the reduced mass of a two- i= m,m, 
body system: m +m, 
Divide the numerator and m 
. i . 4= (1) 
denominator of this expression by 1+ m 
m» to obtain: m, 
Divide the numerator and u= m, 2) 
denominator of this expression by 14 2 
m; to obtain: m 
Because the denominator is greater u<m, |and| u <m, | 


than 1 in equations (1) and (2): 


(a) For Hz, my = m, = 1 u: fa (Luu) =| 0.500u 
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(b) For No, my = m = 14 u: i _ (i4uj(l4u) _ oy 


N~ 14u4+14u 


(c) For CO, m; = 12 u and _ (12u)(16u) _ 
#co 19 +16U =| 6-86u | 


m= 16u: 
(d) For HCl, m; = 1 u and _ (1u)(35.5u) =| 0.973 
m = 35.5 u: Faci 1u+35.5u 
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Picture the Problem We can solve Equation 37-18 for v and substitute for the 
frequency of the CO molecule (see Example 37-4) and its binding energy to estimate the 
quantum number v. 


The vibrational energy levels are E, =(v+4)hf 


given by Equation 37-18: where v= 0, 1, 2,... 


Solve for v: y= E, _t 
hf 2 
Substitute numerical values and 1.60x10” J 
11eV x — 5 
evaluate v: 


1 
"(663x103 Jen x10”Hz) 2 
-40.8 2| 41 
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Picture the Problem We can use the expression for the rotational energy levels of the 
diatomic molecule to express the energy separation AE between the £ = 3 and 

£ = 2 rotational levels and model the moment of inertia of the LiH molecule as two point 
objects separated by a distance ro. 


The energy separation between the AE = E,- E, 
¢=3 and £ = 2 rotational levels of 
this diatomic molecule is given by: 


Express the rotational energy levels E, = 3(3 +1)E,, =12E,, 
E,=3 and E,-=> in terms of Eor: and 
E= 2(2 +1)JE,, = 6E,, 


Substitute for E,-3 and E,-> to AE =12E), —6Eo, = 6Eo, 
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obtain: or 
Ey, a ZAE 
The characteristic rotational h° h” 
e charac ee ict ational energy E, = iim Ae= she 
of a molecule is given by: "OT 
Express the moment of inertia of the Ly, 
molecule: where wis the reduced mass of the 
molecule. 
Substitute for I to obtain: 3h? 3h’ 
ubstitute for J to obtain AE = < 
LEN M My 2 
M; +My 
= 3h? (m, + my) 
Mi My ro 
Substitute numerical values and evaluate AE: 
-34 2 
Mee 3(1.055%10 J-s) (6.94u +1u) __ [5 6imev 
(6.94u)(1u)(0.16nm) (1.602 x10~ J/eV)(1.660 x10” kg/u) 
#31 oe 


Picture the Problem Let the origin of coordinates be at the point mass m; and point mass 
m, be at a distance rp from the origin. We can express the moment of inertia of a diatomic 
molecule with respect to its center of mass using the definitions of the center of mass and 
the moment of inertia of point particles. 


Express the moment of inertia of a I=mrf +m,r; (1) 
diatomic molecule: 


The r coordinate of the center of oZ m 
f mw aN 
mass is: m, +m, 
The distances of m, and m, from the n = fom 
center of mass are: and 
m, 
Ty = 1% Tom 7h r 
m +m, 
m 
l1 r 
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Substitute for rı and rz in equation m . m ‘ 
I=m, 2nd +m,| —+—r, 


(1) to obtain: 


Simplifying this expression leads to: I= mm, r? 
m +m, ° 
or 
I=urz 36-14 
where 
mm 
=—14 36-15 
m +m, 
32 eo 


Picture the Problem We can relate the characteristic rotational energy Eo to the moment 
of inertia of the molecule and model the moment of inertia of the KC] molecule as two 
point objects of reduced mass x separated by a distance r. 


The characteristic rotational energy E = h? 
of a molecule is given by: o pr 
Express the moment of inertia of the I= ur 
molecule: mm 
where u = — xa 
Mk t Ma 
Substitute for I to obtain: h? _ h’ (mg + Ma) 


0 —. = 
" 2u% 2m mar; 


Substitute numerical values and evaluate Eo: 


: (1.055x10~ J -sf (39.1u +35.5u) 
2(39.1u)(35.5u)(0.267 nm) (1.660 x10~” kg/u) 


= 2.53x107” EE E =| 0.0158meV 
1.602x10™ J/eV 


Or 


33 ee 
Picture the Problem We can use the expression for the vibrational energies of a 
molecule to find the lowest vibrational energy. Because the difference in the vibrational 
energy levels depends on both Af and the moment of inertia I of the molecule, we can 
relate these quantities and solve for I. Finally, we can use I = ur’ , with u representing 


1242 Chapter 37 


the reduced mass of the molecule, to find the equilibrium separation of the atoms. 


(a) The vibrational energy levels are E, = (v + 1 hf, v =0,1,2,... 
given by: 
The lowest vibrational energy E, =shf 


corresponds to v= 0: 


Substitute numerical values and evaluate Eo: 


1 


E, = 4(6.63x10™ J-s)(8.66x10" Hz) = 2.87x10” J x —— 
1.610 J/eV 


=| 0.179eV 
b) For Aé = +1: 
ES AE, == thf 
Solve for I: I= h? = h? > h 
hAf 4r°hAf 42°Af 
Substitute numerical values and _ 6.63x 10 J-s 
evaluate I: 7 Ar? (6 x10" Hz) 
=| 2.80x10 7 kg-m? | 
(c) The moment of inertia of a HCL I=u r° 


molecule is given by: 


Replace u by the reduced mass of a 


I= MyM, re 
HCI molecule and r by ro to obtain: My + Mo 
Solve for ro: Pas m, +m, i 
» = = 
MyM 


Substitute numerical values and evaluate ro: 


1u+34.453u |(2.80x10~” kg-m?) 
2 =[0.132nm | 
É | (1u)(34.453 J 1.66x10” kg/u joann 


34 o 
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Picture the Problem Let the numeral 1 refer to the H” and the numeral 2 to the Cl ion. 
For a two-mass and spring system on which no external forces are acting, the center of 


mass must remain fixed. We can use this condition to express the net force acting on 


either the H* or CI ion. Because this force is a linear restoring force, we can conclude 


that the motion of the object whose mass is m, will be simple harmonic with an angular 
frequency given by @ = 4| K / m, . Substitution for Keg will lead us to the result given 


in (b). 


If the particle whose mass is mı 
moves a distance r from (or 
toward) the center of mass, then the 
particle whose mass is m must 
move a distance: 


Express the force exerted by the 
spring: 


Substitute for Ar, to obtain: 


A displacement Ar, of m; results in 
a restoring force: 


Because this is a linear restoring 
force, we know that the motion will 
be simple harmonic with: 


Substitute for Keg and simplify to 
obtain: 


m 
Ar, = — Ar, from (or toward) the center 
m, 


of mass. 


F =-KAr =-K(Ar,+Ar,) 


K 
= eff 
m, 
or 
pe Oo 1 [Key 
2x 2x\ m 
z o _ 1 K m, +m, 
2m 27 mm, 


m,m 
—— 2 _ is the reduced 


m, +m, 


or, because 4 = 
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Solve for K: 


Substitute numerical values and evaluate K: 


K 


mass of the two-particle system, 


1 [K 
f=— |= 
27 \ u 
K = 49? f? = 40? f? ao 
fu f i 


_ 47°(8.66x10" Hz} (1u)(35.453u)(1.6610~” kg/u) _ 


35 ee 


(lu +35.453u) 


Picture the Problem 


We're given the population of rotational 
states function: 


The moment of inertia J of an 


oxygen molecule is given by: 


We’ll assume, as in Example 


37-3, that: 


f(@)=(20+1)e* 


where 
2 


E, =0(0+1)E,, and Ey, = L 


=i 2 
I=4mř 
where m is the reduced mass and rọ is the 


separation of the atoms in a molecule. 


rn =0.1nm 


A spreadsheet program to plot f(£) is shown below. The formulas used to calculate the 


quantities in the columns are as follows: 


Cell Formula/Content Algebraic Form 
B1 1.00E—10 ro 
B2 16 m (u) 
B3 2.66E-26 m (kg) 
B4 1.05E—34 h 
B5 1.38E—23 k 
B6 4.15E-23 Eor 
B7 100 T(K) 
B8 200 T(K) 
B9 300 T(K) 
B10 500 T(K) 

A13 0 0 
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B13 A13*(A13+1)*$B$6 O(C+1)E,, 
C13 | (2*A13 + 1)*EXP(—B13/($B$5*$B$7)) | f£, T= 100 K) 
D13 | (2*A13 + 1)*EXP(-B13/($B$5*$B$8)) | f£, T= 200 K) 
E13 | (2*A13 + 1)*EXP(—B13/($B$5*$B$9)) | f£, T= 300 K) 
F13 | (2*A13 + 1)*EXP(—B13/($B$5*$B$10)) | f(¢, T= 500 K) 

A B C D E F 
1 | r0=|1.00E-10 |m 
2 m= | 16 u 
3 m= | 2.656E-26 | kg 
4 | h_bar= | 1.05E-34 | J.s 
5 k= | 1.38E-23 | J/K 
6 | E Or= | 4.15E-23 | eV 
7 T= | 100 K 
8 T= | 200 K 
9 T= | 300 K 
10 T= | 500 K 
11 
120 1 El E_100 K | E_200K | E_300K | E_500 K 
13/ 0.0 | 0.00E+00 | 1.00 1.00 1.00 1.00 
14/ 0.5 | 3.11E-23 | 1.96 1.98 1.99 1.99 
15| 1.0 | 830E-23 | 2.82 2.91 2.94 2.96 
16/ 1.5 | 1.56E-22 | 3.57 3.78 3.85 3.91 
17| 2.0 | 249F-22 | 4.17 4.57 4.71 4.82 
29| 8.0 | 2.99E-21 | 1.95 5.76 8.26 11.02 
30| 85 | 3.35E-21 | 1.59 5.34 8.01 11.07 
31| 9.0 | 3.74E-21 | 1.27 4.91 7.71 11.06 
32| 9.5 | 4.14E-21 | 1.00 4.46 7.36 10.98 
33| 10.0 | 4.57E-21 | 0.77 4.02 6.97 10.83 
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The following graph shows f(£) as a function of temperature. 


12 T=100K 


— =T=200K 
10 = = =T=300K 


f£ 
o 


rotational quantum number £ 


#36 oe 


Picture the Problem For a two-mass and spring system on which no external forces are 


acting, the center of mass must remain fixed. We can use this condition to express the net 


force acting on either object. Because this force is a linear restoring force, we can 


conclude that the motion of the object whose mass is m, will be simple harmonic with an 


[k 
angular frequency given by w = _/—“ . Substitution for kes will lead us to the result 
m, 


given in (b). 


(a) If the particle whose mass is m, 
moves a distance Ar; from (or 
toward) the center of mass, then the 
particle whose mass is m must 


move a distance: 


Express the force exerted by the 
spring: 


Substitute for Ar, to obtain: 


m 
Ar, = — Ar, from (or toward) the center 
2 


of mass. 
F =—kAr =—k(Ar, + Ar, ) 


F =-k| Ar, +—“Lar, 


i P 
m, 


(b) A displacement Ar, of m; results 
in a restoring force: 


Because this is a linear restoring 
force, we know that the motion will 
be simple harmonic with: 


Substitute for kee and simplify to 
obtain: 


37 coo 
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F= -«( mam Jon = -ky Ar, 


k 
o= | 
m, 
or 
fsla L 
2m7 2x\m, 
———= 
r= oO at k m, +m, 
2x 2r\ \ mm, 


or, because ff = —— 


mm 
—_ 2 _ is the reduced 
m, +m, 


mass of the two-particle system, 


1 Jk 


27 \ u 


Picture the Problem We can use the definition of the reduced mass to find the reduced 
mass for the HCl and H*’Cl molecules and the fractional difference Aw/. Because the 


rotational frequency is proportional to 1/I, where I is the moment of inertia of the system, 


and I is proportional to x, we can obtain an expression for f as a function of u that we 
differentiate implicitly to show that Af / f = - Au/ u . 


For HCI: (35u)(lu) _ 35 
=>> = — u =| 0.9722u 
35u+1u 36 0.97220 | 
3751. 

ioe - G7ulllu) _ 37, 1997370 
37u+lu 38 

The fractional difference is: 

37 35 36x37 —-35x38 
Au —u-— u 
—_ 38 36 36x38 =| 0.00150 


u (3 37 


—u+—u 
36 38 


~ 35x 38+ 36x 37 
2(36)(38) 
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The rotational frequency is f= C 

proportional to 1/I, where I is the u4 

moment of inertia of the system. and 

Because I is proportional to x: df = -Cudu 

Divide df by f to obtain: df __du and Af Au 


From Figure 36-17: Af ~ 0.01x10"° Hz =10"' Hz 


For f = 8.4010"? Hz: Af 10“ Hz 
f ~ gaoot nz Wt 


This result is in fair agreement (about 21% difference) with the calculated 


result. Note that Af is difficult to determine precisely from Figure 36-17. 


General Problems 


38 >œ 

Picture the Problem We can use the definition of the reduced mass to show that when 
one atom in a diatomic molecule is much more massive than the other the reduced mass 
is approximately equal to the mass of the lighter atom. 


Express the reduced mass of a two- ü= mm, 
body system: m +m, 
Divide the numerator and — m 

l l l H= 
denominator of this expression by 1+ m 
m, to obtain: m, 


; m 
If m >> m;, then: — <<1 and | “=m, 


m, 
39 eo 
Picture the Problem The rotational energy levels are given by 
2 
pee papa. 
2I 
Express the energy difference AE, = E,- E, 


between these rotational energy 
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levels: 
Express E, and E;: E- 2(2 +1)? B 3h? 
S 2I I 
and 
2 2 
E = 1+1)° _ h? 
2I I 
Substitute to obtain: 3 K Dh? 
AF, > = = 
I I I 
The moment of inertia of the for 
molecule is: where wis the reduced mass of the 
molecule. 
Substitute for I to obtain: AE. = 2h? _ 2h? 
1,2 u r? memo 2 
0 
mc +My 
_ 2h? (me +m) 
McMo ry 
Substitute numerical values and evaluate AE; >: 
-34 2 -22 
ap- 2(.055x10™J-s}(2u+16u)  _ 1.53x10 2J 
*  (16u)(12u)(0.113nm} (1.66x10” kg/u) 1.6x10™ J/eV 
=| 0.955 meV 
*40 ee 


Picture the Problem We can use the result of Problem 36 to find the frequency of 


vibration of the HF molecule. 


In Problem 36 it was established f 1 Ik 
that: On u 
The reduced mass is: _ MaMy 
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Substitute for x to obtain: 


Substitute numerical values and evaluate f: 


f 


_1 (970 N/m)(Lu +190) = [T.25x10" Hz 
27 \ (1u)(19u)(1.66x10~” kg/u) 

41 ~ 

Picture the Problem We can use the result of Problem 36 to find the effective force 

constant for NO. 


In Problem 36 it was established 1 Ik 
that: On u 
Solve for k: k=4r°f’°u 
The reduced mass is: = MyMp 
My + Mo 


Substitute for x to obtain: 


Substitute numerical values and evaluate k: 


_ 4n°(5.63x10"s7) (14u)(16u)(1.66x107 kg/u) _ 
a 14u+16u 7 


42 ee 

Picture the Problem We can use the expression for the vibrational energy levels of a 
molecule and the expression for the frequency of oscillation from Problem 36 to find the 
four lowest vibrational levels of the given molecules. 


The vibrational energy levels are E, =(v+4)hfv =0,1,2.... 
given by: 
In Problem 36 we showed that the 1 Ik 


frequency of oscillation is: 2a \ u 
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ies 
II 


Substitute for f and x to obtain: (v+4)h [(m,+m,)k 
í 27 mm, 


Substitute numerical values to obtain: 


E = 


v 


(v +1)(4.136x10 eV -s) [|  580Nm  [(m,+m,) 
27 1.661x10” kg/u 


= (v +4)(0.389eV -u) [n +m) 
mm, 


Substitute for m, and m, and evaluate E, for H3: 


mm, 


E, =4(0.389eV-u) fajita) = 0.275eV 
u)(lu 
Proceed similarly to complete the H2 HD D> 
table to the right: (eV) (eV) (eV) 


1 0.825 0.715 0.584 


0 0.275 0.238 0.195 
[0.825 | 


2 1.375 1.191 0.973 


3 | | 1.925 1.667 | 1.362 | 


i hc 
The energies of the photons AE =hf e 
resulting from transitions between A 
adjacent vibrational levels of these 

molecules are given by: 


: h 
Solve for A: A= AC 
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Evaluate A(H2): 


Evaluate A(HD): 


Evaluate A(D2): 


43 


1240eV -nm 
A(H,, ) = = = 2.25 
(H,) 0.550eV = 
1240eV -nm 
A(HD ) = ————_ = 2.60 
( ) 0.477 eV = 
{oj ee 3.19 4m 


0.389eV 


Picture the Problem We can set the derivative of the potential energy function equal to 


zero to find the value of r for which it is either a maximum or a minimum. Examination 


of the second derivative of this function at the value for r obtained from setting the first 


derivative equal to zero will establish whether the function is a relative maximum or 


relative minimum at this point. 


Differentiate the potential energy 
function with respect to r: 


Set the derivative equal to zero: 


Solve for rp to obtain, as our 
candidate for r that minimizes the 
Lenard-Jones potential: 


To show that rp = a corresponds to a 
minimum, differentiate U a second 
time to obtain: 


Evaluate this second derivative of 
the potential at rp = a: 


dU U 11 5 
— =-——"|12 4 —12 a 
dr h Ty ly 


= 0 for extrema 


r=a 


Therefore, we can conclude that rọ = a 
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minimizes the potential function. 


Evaluate Unin: 12 B 
U nin = U(a) = U, (2) me (2) | 
a a 


From Figure 37-4: n =| 0.074nm 


44 œ 

Picture the Problem We can use Equation 21-10 to establish the dependence of E on x 
and the dependence of an induced dipole on the field that induces it to establish the 
dependence of p and U on x. 


(a) In terms of the dipole moment, E= 2kp 
the electric field on the axis of the | xf 
dipole at a point a great distance Si 
[x| away has the magnitude (see I 
Equation 21-10): oe xP 
(b) Because the induced dipole m 1 
moment is proportional to the field P x? 
that induces it: and 
e 1 
X 
(c) Differentiate U with respect to x F- dU 1 
to obtain: ~ dx x’ 


455 ee 
Picture the Problem the case of two polar molecules, p does not depend on the field E. 


Because p does not depend on the U œ 1 
electric field in which the polar x 


molecules find themselves: 
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Differentiate U with respect to x to F dU 1 

= — ———— Q — 
obtain: * dx | xí 
46 œ 


Picture the Problem We can use the expression for the vibrational and rotational 
energies of a molecule, in conjunction with Figure 37-17 to find Eo, f, and hf. 


(a) Except for a gap of 4Eo,/h at the f= 2Eor 
vibrational frequency f, the h 
absorption spectrum contains 

frequencies equally spaced at: 


Solve for Eo: Ey, = thf 


From Figure 37-17: f =8.66x10” Hz 


Substitute numerical values and evaluate Eor: 


1 


E,, =4(6.63x10~™ J-s)(8.66x10" Hz) = 2.87x10 J x ———__—_ 
1.6x10™ JeV 


=| 0.179eV 
(b) The vibrational energy levels are E,=(v+i)hf, v=0,1,2.... 
given by: 
The lowest vibrational energy E, =shf 
corresponds to v= 0: and 
hf = 2E, (1) 
Determine f from Figure 37-17: f =| 8.66x10" Hz 


Substitute for f and h and evaluate Eo: 


1 


E, =4(6.63x10J-s)(8.66 x10" Hz) = 2.87 x10 J x ———____ 
1.6x10 J/eV 


= 0.179 eV 


Substitute in equation (1) and hf = 2(0.179 eV) =| 0.358eV 
evaluate hf: 
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Picture the Problem We can find the reduced mass of CO and the moment of inertia of a 
CO molecule from their definitions. The energy level diagram for the rotational levels for 
¢=0 to £=5 can be found using AE, ,_, = 2/E,,. Finally, we can find the wavelength 


h h 
of the photons emitted for each transition using Å, ,, = a = 
i AE, e 2fAE 5, 

(a) Express the moment of inertia of I=u n 
CO: where uis the reduced mass of the CO 

molecule. 

j f mom 12u)(16 

Find yu: =o -= ( u)( u) = 6.86u 


m +m, 12u+16u 


In Problem 39 it was established that rọ = 0.113 nm. Use this result to evaluate T: 


I = (6.86u)(1.66x10” kg/u)(0.113nm)* =| 1.4510 kg-m? 


The characteristic rotational energy h? 


Eo is given by: 27 


Substitute numerical values and evaluate Eo: 


_ (6.58x10™ ev -s}(1.6x10® Jev) 


=| 0.239meV 
j 2(1.45x10~ kg-m?) 
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(b) The energy level diagram is eS anny 
shown to the right. Note that AE, --1, 
the energy difference between 


adjacent levels for AZ = —1, is 
AE, a = 2¢E,. 


a 


€ = 4, E = 4.76 meV 


€ = 3, E = 2.86 meV 
€ = 2, E = 1.43 meV 
€ = 1, E = 0.476 meV 


€=0,E=0 


-— 


(c) Express the energy difference af TN peg 
AE, ,_, between energy levels in 


terms of the frequency of the 
emitted radiation: 


Because c= f, p4 : _ he hc 


Substitute numerical values to obtain: 


(4.136x10™ eV-s)(3x10" m/s) _ 2596 4m 
2¢(0.239 meV) r 


Aaea z 


For @= 1: Ayo = ae = 2596 sam 


For ¢ = 2: _ 2596 um _ 
Aa oar aaa 1298 4am 


For ¢ = 3: _ 2596 um _ 
Ae D 865 4am 


For ¢ = 4: 


For @=5: 


Molecules 
A3 = a =| 649 yam 
2596 
he = n =[519;m 


These wavelengths fallin the microwave region of the spectrum. 
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Picture the Problem The wavelength resulting from transitions between adjacent 


27c 
harmonic oscillator levels of a LiCl molecule is given by A = a We can find an 


@ 


expression for ø by following the procedure outlined in the problem statement. 


The wavelength resulting from 
transitions between adjacent 
harmonic oscillator levels of this 
molecule is given by: 


From Problem 24 we have: 


The Taylor expansion of U(r) 
about r = ro is: 


Because U(ro) is a constant, it can 
be dropped without affecting the 
physical results and because 


Differentiate U(r) twice to obtain: 


Because dU/dr = Fret = 0 at 
r= To: 


hc _ he _ 2ac 


A= — = 
AE ha oO 


(1) 
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ke C 
U(r) = —— + —,, where AE is constant. 


ror 


ve-ni Fe] e 
{4 be 
2\ dr? ° 


1258 Chapter 37 


Solving for C yields: 


Substitute for C and evaluate 


d°U 
; to obtain: 
dr : 


2 
Substitute for £ 3 in 


r? 


equation (2): 
Because the potential energy of a 
simple harmonic oscillator is given 


by Usno = +ma’(r -n7 : 


Solve for æ to obtain: 


Substitute 44icı for m to obtain: 


From Problem 24: 


Urep is related to Ue, Ea, and AE 
according to: 


The energy needed to form Li* and 
Cl from neutral lithium and 


chlorine atoms is: 


U.(ro) is given by: 


ke? 75 ke'r“ 


C 
nr n 
2 2 2,n-l 
(EF) =a tees 
dr i T 
2 
=“ (n-1) 
1 
2 
uei (oar) 
n 


_ |(n-1)ke? 
“Y mè 
ae (n—1)ke? 
m iMq r? 
0 
M + Ma (3) 


\ M Maro 
U.(r 
n= alo), (4) 
U e(n) 
U = -(U, + Ey + AE) (5) 
AE = E ionization -E electron affinity 
=5.39eV —3.62eV =1.77eV 
TE ke’ __144eV-nm 


I r 
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Substitute rp and evaluate U.: Ge 1.44eV -nm -Z 7 13eV 
0.202nm 

Substitute numerical values in U ep = -(- 7.13eV + 4.86eV +1.77 eV) 

equation (5) and evaluate Urep: = 0.500eV 

Substitute for U;ep(ro) and U,(ro) in M + 7.13 eV| 7 

equation (4) and evaluate n: ~ 9.500eV | 


Substitute numerical values in equation (3) and evaluate a: 


_ |{(14.3-1)(6.941u + 35.453u)(1.44eV -nm)(1.60x10 J/eV ) 
(6.941u)(35.453u)(1.66x10~” kg/u)(0.202 nm)’ 


=| 1.96x10" s | 


Substitut ical values i i 
ubstitute numerical values in je 27(3x10 m/s) _ 9.62 pm 


equation (1) and evaluate /: ~~ 1,96x10!* 57 
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Chapter 38 
Solids and the Theory of Conduction 


Conceptual Problems 


1 ° 
Determine the Concept The energy lost by the electrons in collision with the ions of the 
crystal lattice appears as Joule heat (I?R). 


*2 A 
Determine the Concept The resistivity of brass at 4 K is almost entirely due to the 
"residual resistance, ” the resistance due to impurities and other imperfections of the 
crystal lattice. In brass, the zinc ions act as impurities in copper. In pure copper, the 
resistivity at 4 K is due to its residual resistance, which is very low if the copper is very 


pure. 


3 e 


contact 


Picture the Problem The contact potential is given by V, oe , where ¢; and Ø 
e 


are the work functions of the two different metals in contact with each other. 


(a) Express the contact potential in y -h 


contact 


terms of the work functions of the e 
metals: 


Examining Table 38 - 2, we see that the greatest difference between the work 


functions will occur when potassium and nickel are joined. 


(b) Substitute numerical values and evaluate Voontact! 


_ (5.2eV —2.1eV)(1.60x10™ eV) 


contact ~ ET = 3.10 V 
1.60x10°" C 


4 ° 


contact 


Picture the Problem The contact potential is given by V, aa , where ¢; and Ø 
e 


are the work functions of the two different metals in contact with each other. 


(a) Express the contact potential in V h -Ø 


contact 


terms of the work functions of the e 
metals: 
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Examining Table 38 - 2, we see that the least difference between the work 


functions will occur when silver and gold are joined. 


(b) Substitute numerical values and evaluate Veontact: 


y _(48eV=4.7eV)(1.60%10"" eV) _ ro00V" 


contact 1.60 x 10°" C 


5 ° 
Determine the Concept If the valence band is only partially full, there are many 
available empty energy states in the band, and the electrons in the band can easily be 


raised to a higher energy state by an electric field. (c) is correct. 


6 ° 
Determine the Concept Insulators are poor conductors of electricity because there is a 
large energy gap between the full valence band and the next higher band where electrons 


can exist. | (b)is correct. 


7 ° 
(a) True 


(b) False. The classical free-electron theory predicts heat capacities for metals that are not 
observed experimentally. 


(c) True 
(d) False. The Fermi energy is the energy of the last filled (or half-filled) level at T = 0. 
(e) True 
(f) True 


(g) False. Because semiconductors conduct current by electrons and holes, their 
conduction is in both directions. 


*Q è 

Determine the Concept The resistivity of copper increases with increasing temperature; 
the resistivity of (pure) silicon decreases with increasing temperature because the number 
of charge carriers increases. 


9 ° 
Determine the Concept Because a gallium atom can accept electrons from the valence 


band of germanium to complete its four covalent bonds, (b)is correct. 


10 
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Determine the Concept Because phosphorus has 3 electrons that it can donate to the 
conduction band of germanium without leaving holes in the valence 


band,| (d )is correct. 


11 


Determine the Concept The excited electron is in the conduction band and can conduct 
electricity. A hole is left in the valence band allowing the positive hole to move through 
the band also contributing to the current. 


12 


Determine the Concept 


(a) Phosphorus and antimony will make n-type semiconductors since each has one more 


valence electron than silicon. 


(b) Boron and thallium will make p-type semiconductors since each has one less valence 
electron than silicon. 


13 


Determine the Concept Because a pn junction solar cell has donor impurities on one 
side and acceptor impurities on the other, both electrons and holes are 


created. (c)is correct. 


Estimation and Approximation 


14 


Picture the Problem We can use the list of tables on the inside back covers of volumes 1 


and 2 to find tables of material properties. A representative sample is included in the 


following table in which all the units are SI: 


Table | Material property Largest Smallest Ratio (order of magnitude) 
value value 
13-1 | Mass density 22.5x10° 0.08994 10° 
(Osmium) | (Hydrogen) 
20-3 | Thermal 429 0.026 10* 
conductivity (Ag) (air) 
20-1 | Thermal expansion 51x10 °° 10° 10? 
(ice) (invar) 
12-8 | Tensile strength 520 2 10° 
(steel) (concrete) 
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12-8 | Young’s modulus 200 9 10 
(steel) (bone) 

18-1 | Heat capacity 4.18 0.900 1 
(water) (AD 

15 


Picture the Problem Figure 38-21 is reproduced below. We can draw tangent lines at 


each of the voltages and estimate the slope. The differential resistance is the reciprocal of 


the slope. 


Breakdown 


I, mA 


Forward 
bias 


+0.4 


+0.6 


+0.8 


voltage 
30 20 
i | J |_| 
0.2 0.4 0.6 0.8 1.0 V,V 

10 
Reverse 

bias 20} 

30} 

BA 


1/slope (Q) 


Remarks: Note that, because of the difficulty in determining the slopes, these results 


are only approximations. 
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The Structure of Solids 


16° 

Picture the Problem We can use the geometry of the ion to relate the volume per mole 
to the length of its side rp and the definition of density to express the volume per mole in 
terms of its molar mass and density. 


Because the cube length/ion is ro, V =?2N rè 
è . mol A 0 
the volume/mole is given by: 


Solve for ro: V 
i =3 mol 
2N; 
The volume/mole is given by: V M 
mol = 
p 


where M is the molar mass of KCl. 


Substitute for Vno in the expression M 
for ro: hN =3 
2N; 


Substitute numerical values and evaluate ro: 


_ 74.55 g/mol E 
d — g/cm’ )(6.02 x10” particles/mol) 


17 œ 
Picture the Problem We can use the definition of density and the geometry of the ions to 
compute the density of LiCl. 


The density of LiCl is given by: M wit cott 
aia 
unit cell 

; , 3 
Express the volume of the unit cell: V nen = (2 n) 
Because the unit cell has four 4M 
molecules, its mass is given by: M witcen = N 

A 

Substitute for Vunit cen and Manit ce to 4M 
obtain: N AM 


Substitute numerical values and evaluate p: 
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p= 4(42.4g/mol) -= 2.07x10° g/m? l im ) 
(6.02 x10” particles/mol)|2(0.257x10~ m)| 10° cm 
=| 2.07 g/cm’ 
*18 eœ 
Picture the Problem We can solve Equation 38-6 for n. 
Equation 38-6 is: ke? 1 
U(y)=-a4 (1-2) 
lp n 
and 
kef 1 
vel- (1-2) 
N 
Solve for n to obtain: 1 
U(r 4) |r 0 
ake’ 
Substitute numerical values and evaluate n: 
1 
n= —____———— = | 4.64 
leV/ion pair 
(741kJ/mol)| —— |(0.257 nm) 
96.47 kJ/mol 


1 


(1.7476)(1.44eV - nm) 


19 oo 
Picture the Problem We can substitute numerical values in Equation 38-6 to evaluate 
U(r,) for n = 8 and n = 10. 


(a) Equation 38-6 is: 2 
U(i)=-a#= [1-2) 


Substitute numerical values and evaluate U(ro): 


uq, )= -Ees n mie eeoa, leV 


0.208x10°m 8 (1.601075 
=| -10.6eV 


8 
(b) The fractional change is given by: AU (r ) Lap Urg Ura 
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Substitute numerical values and evaluate U(ro) for n = 10: 


(1.7476)(8.99x10°N-m?/C? )(1.60x10®J} (, 1 leV 
U 10 fe ) = 9 1 <19 
0.208x10~m 10 /\1.60x10 J 
= —10.9eV 
Substitute numerical values and evaluate AU(r,) —10.9eV s 
the fractional change in U(ro): U(r,) = —10.6eV 1=| — 2.83% 


A Microscopic Picture of Conduction 


20 >œ 
Picture the Problem We can use the expression for the volume occupied by one electron 


zi 
to show that r =| —— | . 
4rn 


(a) The volume occupied by one 1_4 = 
electron is: n 3 ` 
Solve for rs: 3 y3 
r, =|| — 
È -] 
(b) From Table 38-1: no, =8.47x10” m” 


Substitute numerical values and 


3 
evaluate r, for copper: r= jz 347x105 m2) 0.141nm 


21 œ 
Picture the Problem We can use the expression for the resistivity of the copper in terms 
of vav and / to find the classical value for the resistivity p of copper. In (b) we can use 


3kT 
Vy = .|—— to relate the average speed to the temperature. 
m, 


(a) In terms of the mean free path M.V v 
and the mean speed, the resistivity nea 
is: 


1268 Chapter 38 


Substitute numerical values and evaluate p (see Table 38-1 for the free-electron number 
density of copper): 


pm (9.11x10* kg)(1.17x10° m/s) [01am] 


~ (8.47x10" m” )(1.60x10™ CY (0.4nm) 


(b) Relate the average speed of the 3kT 
electrons to the temperature: av m 

Substitute for v,, in the expression m, 3kT 1 

for p to obtain: P= ne Sm nel 4/3m,kT 


Substitute numerical values and evaluate p: 


= y3(0.11x10" kg }{1.38x10-" J/K )(100K) _ (0.0708 4m 


(8.47 x10% m~)(1.60x107? CF (0.4nm) 


*22 ss 
Picture the Problem We can use Equation 38-14 to estimate the resistivity of silicon. 


(a) From Equation 38-14: MV y 
= ag (1) 
nea 

The speed of the electrons is given by: oF 

Vay = VE = = 

m, 
Substitute nuoerikal values and 2( 4.88 eV) 1.60x10 "J 
evaluate vx: = ET 2—— 
(9.11x10 kg) leV 


= 1,31x10°m/s 


The electron density of Si is given by: n, = MN,N 


atom 
where Natom is the number of electrons per 
atom. 


Substitute numerical values and evaluate n.: 


23 
n, =[2.41%10°X8 | §.02x10" atoms f 2e | _ 1 03x10 e/m? 
m 0.02809 kg atom 


Substitute numerical values in equation (1) and evaluate p: 
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(9.11x10-"'kg)(1.31x10°m/s) 


- EE 
(1.60x10C) (1.03x10e/m?)(27.0x10°m) ea 


(b) The accepted resistivity of 640 Q-m is much greater than the calculated value. We 
assume that valence electrons will produce conduction in the material. Silicon is a 
semiconductor and a gap between the valence band and conduction band exists. Only 
electrons with sufficient energies will be found in the conduction band. 


The Fermi Electron Gas 


23 >œ 
Picture the Problem The number density of free electrons is given by n = pN, /M, 


where Na is Avogadro’s number, pis the density of the element, and M is its molar mass. 
Relate the number density of free n _ pP 
electrons to the density p and molar N, M M 


mass M of the element: 


(a) For Ag: 


2 (10.5 g/cm’ \(6.02 x10” electrons/mol 
107.87 g/mol 


Ag ) = | 5.86 x 10° electrons/cm’ 


(b) For Au: 


3 23 
ng, = {9 3gem’ \6.02%10" electrons/mel) _ 555107 electonsiem" | 
196.97 g/mol 


Both these results agree with the values in Table 38 -1. 


24 œ 
Picture the Problem The number of free electrons per atom ne is given by 
n, =nM /pN, ,where Na is Avogadro’s number, p is the density of the element, M is its 


molar mass, and n is the free electron number density for the element. 


The number of free electrons per j nM 
PN, 


atom is given by: 


Substitute numerical values and evaluate ne: 
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7 (18.1 x10” electrons/cm’ )(26.98 g/mol) 


n, 5 a =| 3.00 
(2.7 g/cm (6.02 x 10” electrons/mol) 


25° 
Picture the Problem The number of free electrons per atom ne is given by 
n, =nM/pN , ,where Na is Avogadro’s number, p is the density of the element, M is its 


molar mass, and n is the free electron number density for the element. 


The number of free electrons per nM 
PN 


atom is given by: 
Substitute numerical values and evaluate ne: 


ae (14.8x10” electrons/cm® Ja 18.69 g/mol) _ Ao 
e (7.3g/cm? )(6.022 x10” electrons/mol) 

*26 œ 

Picture the Problem The Fermi temperature Tp is defined by kT; = Epy, where Fy is the 
Fermi energy. 


The Fermi temperature is given by: T 
F 


(a) For Al: pa MeV [136x10 K 

t 8.62x10°eV/K Eaa 

(b) For K: pa Ay afa K 
8.62x10° eV/K 

(c) For Sn: fa VaN -|LK 

t 8.62x10° eV/K Bias 


27 >» 
Picture the Problem We can solve the expression for the Fermi energy for the speed of a 


conduction electron. 


Express the Fermi energy in terms E, =4m u 
of the Fermi speed a conduction 
electron: 


Solve for ug: 


(a) Substitute numerical values (see 
Table 38-1 for Ep) and evaluate ur 
for Na: 


(b) Substitute numerical values and 
evaluate up for Au: 


(c) Substitute numerical values and 
evaluate uy for Sn: 


28 >œ 
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2E, 
m 


e 


2(3.24eV)(1.60 x10 J/eV) 


9.11x10~' kg 


=| 1.07x10° m/s 


s 


2(5.53eV) (1.6010 J/eV) 


9.11x10™ kg 


=| 1.39 x10° m/s 


F 


2(10.2eV )(1.60x10™ J/eV 


9.11x10™ kg 


=| 1.89x10° m/s 


Picture the Problem The Fermi energy at T = 0 depends on the number of electrons per 


unit volume (the number density) according to Eş = (0.365 eV. nm?)(N /V) 


The Fermi energy at T = 0 is given 
by: 


2/3 


/ 
E; = (.36sev-am 2) 


(a) For Al, N/V = 18.1x10” electrons/cm® (see Table 38-1) and: 


Ep = (0.365eV-nm?)(18.1x10” electrons/cm’)"” = 


(b) For K, N/V = 1.4x10” electrons/cm? and: 


E; = (0.365 eV. nm?)(1.4% 10” electrons/cm? P” =| 2.12eV 


(c) For Sn, N/V = 14.8x10” electrons/cm? and: 


Ep = (0.365eV . nm?)(14.8x 10” electrons/cm? P” = 
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29 œ 
Picture the Problem The average energy of electrons in a Fermi gas at T = 0 is three- 
fifths of the Fermi energy. 


The average energy at T = 0 is given E,, =4E; 

by: 

(a) For copper, Ey = 7.04 eV (see E, = (0.6)(7.04 eV) =| 4.22eV 
Table 38-1) and: 

(b) For lithium, Ep = 4.75 eV and: E,, = (0.6)(4.75eV) =| 2.85eV 
30 >œ 


Picture the Problem The Fermi energy at T = 0 is given by 
E, = (0.365 eV -nm? \(N / vy * where N/V is the free-electron number density and the 


Fermi temperature is related to the Fermi energy according to kT, = E, . 


(a) The Fermi temperature for iron T E; 
is given by: " k 


Substitute numerical values (see Ta ee ~/1.30x10°K 
Table 38-1) and evaluate Tp: 8.62 x10 ° eV/K 


(b) The Fermi energy at T = 0 is 


N 3/2 
= . 2 a, 
given by: E; = (0.365 eV -nm E ) 


Substitute numerical values (see Table 38-1) and evaluate Ep: 


E= (0.365ev nm?)(17.0 x10” electrons/cm? P” = 


+31 es 


, where Natom is the number of 


N,N 
Picture the Problem We can use n, = pV = PA aT wom 
m 


electrons per atom, to calculate the electron density of gold. The Fermi energy is given 
by E, =4m,v;. 


(a) The electron density of gold is V=- PNA N iom 


, : n, = 
given by: e—P 5 


Substitute numerical values and evaluate n,: 
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[193 «10° s) (6.02x 10" atoms} 
m 
n= 


: Ta =| 5 gpxi0 e/m® 
0.197 kg 


(b) The Fermi energy is given by: E, =4m,v 


Substitute numerical values and evaluate Ey: 


1 2 leV 
E, =—(9.11x10™“'kg )(1.39x10°m/s} | ——————_ | =| 5.50eV 
zl all ee) 


(c) The factor by which the Fermi ‘i 
energy is higher than the kT energy [s kT 
at room temperature is: 


At room temperature f 5.50 eV 
kT = 0.026 eV. Substitute numerical ~ 0.026eV 
values and evaluate f: 


212 


(d) Er is 212 times kT at room temperature. There are so many free electrons present that 
most of them are crowded, as described by the Pauli exclusion principle, up to energies 
far higher than they would be according to the classical model. 


#32 ee 
Picture the Problem We can solve PV = 4 NE „for P and substitute for Ea in order to 


express P in terms of N/V and Er. 


Solve PV = 2 NE for P: pu2 N E, 
3V 

Because E, =2E,: p-2 N 2 _2 Aig 
3V AS 5V 


Substitute numerical values (see Table 38-1) and evaluate P: 


P= =(6.47%10" electrons/cm’ )(7.04eV)(1.60x10" J/eV) 


latm 


=| 3.82x10'° N/m? |=3.82x10'° N/m? x - - 
101.325x10° N/m 


=| 3.77x10° atm 
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33 oe 

Picture the Problem We can follow the procedure given in the problem statement to 

show that P= kcy ang B= 2p =A %e, 

V 3 3V 

(a) From Problem 32 we have: PV =<NE,, 

Because E =2E,: P _2(N ii _2(N E 
3 (V AS av 

: ee . 2/3 2/3 
The Fermi energy is given by: me h? (=) _ h? (=) / ra 
"8m, (aV 8m, \ mz 
. Paa 2/3 

Substitute to obtain: pa 2 (=) h? (=) y 

S\V /8m, \ 7 


NR (3 2/3 
ome aaa 
m, 


T 
5/32 2/3 
where C = ani = is a constant. 
20m, \a 
(b) The bulk modulus is given by: B=-V dP --V d [ev] 
dV dV 


= -cv|-2v**) = cv 
3 3 


=—P 
3 
Substitute for P from equation (1) to 5|2(N 2(N 
B=~|=|— |E, |=| 2| —|E, 
obtain: 3), 5\V 3\V 


(c) Substitute numerical values and evaluate B for copper: 


B= =(6.47% 10” electrons/cm’)(7.04eV)(1.60 x10 J/eV)=| 63.610" N/m? 


From Table 13-2: Bca = 140 GN/m? 
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Divide the calculated value for B by B = 63.6 GN/m* -0.455 
the value from Table 13-2 to obtain: B., 140 GN/m? 
or 
34 œ 
Picture the Problem The contact potential is given by V naa = A — , where ¢; and ø 


are the work functions of the two different metals in contact with each other. 


The contact potential is given by: _%-% 


contact — 
e 


(a) For Ag and Cu (see Table 38-1): 


(4.7eV —4.1eV)(1.60x10-” J/ev) 


Vise = 19 = 0.6 V 
1.60x10 7 C 
(b) For Ag and Ni: 
(5.2eV -4.7 eV )(1.60x10™ J/eV ) 
contact — 19 ——— 0.5V 
1.60x107" C 
(c) For Ca and Cu (see Table 38-1): 
-19 
_ (4.1eV—3.2eV)(1.60x10 eV) _ TE 


contact ~ 1.60 x 10” C 


Heat Capacity Due to Electrons in a Metal 


*35 œe 
Picture the Problem We can use Equation 38-29 to find the molar specific heat of gold 
at constant volume and room temperature. 


The molar specific heat is given by zx- RT 
Equation 38-29: cy = 
quation v oT, 
The Fermi energy is given by: E 
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Substitute for Tp to obtain: 2RkT 
Cc = 


Substitute numerical values and evaluate c’', : 


leV 
*(8.31J/mol K )(1.38x10°~ J/mol | ——————_ (300 K 
a cl I i mo any ) 


Cy = 


2(5.53eV) 


=| 0.192J/mol-K 


Remarks: The value 0.192 J/mol K is for a mole of gold atoms. Since each gold atom 
contributes one electron to the metal, a mole of gold corresponds to a mole of 
electrons. 


Quantum Theory of Electrical Conduction 
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Picture the Problem We can solve the equation giving the resistivity of a conductor in 
terms of the mean free path and the mean speed for the mean free path and use the Fermi 
speeds from Problem 27 as the mean speeds. 


In terms of the mean free path and _ MV 
Peer EE p= 2 
the mean speed, the resistivity is: ne 
Solve for å to obtain: j= M, Vav 
ne’ p 
From Problem 27 we have: Lr na = 1.07 x 10° m/s 


My xy = 1.39108 m/s 


and 
Mrs, = 1.89 x10° m/s 


Using the Fermi speeds as the average speeds, substitute numerical values and 
evaluate the mean free path of Na: 


is (9.11x10™ kg)(1.07x10° m/s) E 


(2.65 x10” electrons/cm* (1.60 x10™ cy (4.2 Q-cm) 
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Proceed as above for Au: 


L barotigjhaoxioms) ra 


E (5.90 x10” electrons/cm? (1.60 x10” cy (2.04 uQ- cm) p 


‘Au 


Proceed as above for Sn: 


je (9.11x10- kg)(1.89 x10° m/s) -[429nm] 


"  (14.8x10” electrons/cm’ }(1.60x107? C) (10.6 42 -cm) 


*37 ee 

Picture the Problem We can solve the resistivity equation for the mean free path and 
then substitute the Fermi speed for the average speed to express the mean free path as a 
function of the Fermi energy. 


(a) In terms of the mean free path L MV _ MUp 
and the mean speed, the resistivity © nei ne?A, 
is: 
Solve for 4 to obtain: _ M.Up 
ne’, 
Express the Fermi speed ur in 2Ey 
. Up = |- 
terms of the Fermi energy Er: j m 
e 
Substitute to obtain: fi 2m,Eş 
i ne" p, 


Substitute numerical values (see Table 38-1) and evaluate ⁄;: 


31 -19 
Ae 2(9.11x10™ kg )(7.04 eV)(1.60 x10 J/eV =| 66.1nm | 


~ (8.47 x10 electrons/m’ (1.60 x10" CY (10% Q-m) 


(b) From Equation 38-16 we have: A 1 


Solve for zr: 2 
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Substitute numerical values and 2 1 


mr = 
evaluate ar”: (8.47 x10” m= )(66.1nm) 
=1.79x10” m? =| 1.79x10* nm? 


Band Theory of Solids 

38 œ 

Picture the Problem We can use E, = hc/A to calculate the energy gap for this 
semiconductor. 

The lowest photon energy to increase he 

conductivity is given by: E,= ri 

Substitute numerical values and evaluate (6.63 x10™J. s}(3 x10°m/ s) 


Eg: s ~ (380x10°m)(1.60x10J/ev) 
=| 3.27eV 
*39 eœ 


Picture the Problem We can relate the maximum photon wavelength to the energy gag 
using AE = hf =hc/A. 


Express the energy gap as a function AE = hf = he 
of the wavelength of the photon: 
Solve for A: Aa he 
AE 
; j 1240eV. 
Substitute numerical values and A= ey =n. 1.09 yam 
evaluate 4: 1.14eV 
40 >œ 


Picture the Problem We can relate the maximum photon wavelength to the energy gag 
using AE = hf =hc/A. 


Express the energy gap as a function AE = hf = he 
of the wavelength of the photon: 

: h 
Solve for A: gate 


Solids and the Theory of Conduction 1279 


124 

Substitute numerical values and A= OeV-nm _ 1.68 um 
evaluate A: 0.74eV 

41 >œ 


Picture the Problem We can relate the maximum photon wavelength to the energy gag 
using AE = hf =hc/A. 


Express the energy gap as a function AE = hf = he 
of the wavelength of the photon: 
Solve for A: Ae he 
AE 
Substitute numerical values and 2 = 1240eV -nm -|177nm 
evaluate A: 7.0eV 
42 


Picture the Problem We can use AE = hf = hc/A/ to find the energy gap between these 
bands and T = E,/k to find the temperature for which kT equals this energy gap. 


(a) Express the energy gap as a AE = hc 
function of the wavelength of the A 
photon: 
j j 124 : 
Substitute numerical values and AE = 0eV -nm -[0.370eV 
evaluate AE: 3.35 um 
(b) The temperature is related to the T= E, 
energy gap E, according to: k 
. . i 7 
Substitute numerical values and T= 0.3 <= -=| 4.99x10°K 
evaluate T: 8.617 x10° eV/K 
Semiconductors 
43 >œ 


Picture the Problem We can use AE = kT to find the temperature for which 
kT = 0.01 eV 


Express the temperature T in terms AE 
of the energy gap AE: T= k 
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Substitute numerical values and 0.01eV 
evaluate T: T= 


leV 


1.38x10” J/K x ———___— 
1.60x107° J 


- [eK] 


*44 ee 
Picture the Problem We can use E = hf to find the energy gap of this semiconductor. 


The energy gap of the isie hc 
semiconductor is given by: : A 
where 
hc = 1240 eV-nm 
j j 1240eV -nm 
Substitute numerical values and E, = _10.670eV 
evaluate E,: 1.85 4m 
45 + 


Picture the Problem We can make the indicated substitutions in the expression for ao (= 
0.0529 nm) to obtain an expression the Bohr radii for the outer electron as it orbits the 
impurity arsenic atom in silicon and germanium. 


ree Been ks ‘ 3 
Make the indicated substitutions in _Ke,h? Ke mh 
the expression for ao to obtain: = = 


2 2 
T Mere mM Mge 


2 
_ m, € h _ m 


2 
Meee a m,e Mere 


For silicon: 12 
a, = ——~*-(0.0529nm) =| 3.17nm 
0.2m 


e 


For germanium: 16m, 


dp (0.0529nm) =| 8.46nm 


0.1m, 


*4G ee 
Picture the Problem We can make the same substitutions we made in Problem 45 in the 
expression for E, (= 13.6 eV) to obtain an expression that we can use to estimate the 
binding energy of the extra electron of an impurity arsenic atom in silicon and 
germanium. 
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Make the indicated substitutions in e-m a e-mm A 
the expression for E to obtain: E = was 2 2 p2 
8(x €) h 8m, =; h 
= Met e'm. 
mK’ c 8e h? 
= Mote 
m? el ' 
a) For silicon: 0.2 
(o) Ese a2 (13.6eV) =| 18.9meV 
b) For germanium: 0.1 
eee E =-—",(13.6eV)=| 5.31meV 
m, (16) 


47 œ 

Picture the Problem We can use the expression for the resistivity p of the sample as a 
function of the mean free path 4 of the conduction electrons in conjunction with the 
expression for the average speed vav of the electrons to derive an expression that we can 
use to calculate the mean free path of the electrons. 


Express the resistivity of the _ MVy 
sample as a function of the mean P= ned 
free path / of the conduction . 
electrons: 
Solve for / to obtain: m,V 
A = e a (1) 
n,e" p 
The average speed va of the 3kT 
electrons is given by: Vay ~ Vms 74 
m, 
Substitute for vay in the expression 
ay m 3kT /3km,T 
for Å to obtain: A= = 3 
nep \ m nep 


Substitute numerical values and evaluate A: 


4 = N3ll-38x10* 7K )(0.2)(9.11x10*' kg (300K) _ m- — 


(10 cm*)(1.6x10 C) (5x10°.Q-m) 


The number density of electrons ne PrN» 
is related to the mass density pm, e M 
Avogadro’s number Na, and the 

molar mass M.: 


Substitute numerical values (For copper, p = 8.93 g/cm? and M = 63.5 g/mol.) and 
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evaluate ns: 


PS (8.939/ cm? )(6.02 x10” electrons/mol) 


A = 8.47 x10” electrons/m® 
63.5g/mol 


Using equation (1), evaluate Acu (see Table 25-1 for the resistivity of copper and Example 
38-4 for ug): 


E (9.11x10™ kg )(1.57x10° m/s) - [555mm | 


(8.47 x10” electrons/m’ \(1.6x10” C) (1.7x10°Q-m) 


Cu 


The mean free paths agree to within 4.02%. 


48 œ 
Picture the Problem We can use the expression for the Hall coefficient to determine the 
type of impurity and the concentration of these impurities. 


(a) and (b) The Hall coefficient is 1 
given by: R =— (1) 


Because R > 0, q > 0 and conduction is by holes and the sample contains 


acceptor impurities. 
Solve equation (1) for n: 1 
n = — 
Rq 
Substitute numerical values and 1 
. n= 
evans p (0.04V-m/A-T)(1.6x10 °C 


=| 1.56x10” m” 


Semiconductor Junctions and Devices 


49 œ 
Picture the Problem The following graph of I/I) versus V, was plotted using a 
spreadsheet program. 
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I/I 


-0.05 


0.00 0.05 0.10 
V (V) 
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Picture the Problem The base current is the difference between the emitter current and 


the plate current. 


The base current I, is given by: 


We're given that: 


Solve for I to obtain: 


Substitute numerical values for I 


and Ic and evaluate Ip: 


#51 oe 


=[-I 


C 


Ie = 0.881 = 25.0 mA 


7 25.0mA 
0.88 


I, = 28.4mA -25.0 mA = 


= 28.4mA 


Picture the Problem We can use its definition to compute the voltage gain of the 


amplifier. 


The voltage gain of the amplifier is 


given by: 


Substitute numerical values and 
evaluate the voltage gain: 


52 se 


d L R; 
Voltage gain = 
b-*b 
Voltage gain = (0.5ma)(L0kQ) mA){10kQ) 
(10 wA)(2kQ) 
=| 250 


Picture the Problem The number of electron-hole pairs N is related to the energy E of 


the incident beam and the energy gap Ey. 


1284 Chapter 38 


(a) The number of electron-hole E 
pairs N is given by: N= E 
g 
Substitute numerical values and evaluate 660 keV 
l N =——— =| 9.17x10" 
N: rra cu 
(b) The energy resolution of the detectoris AE AN 
given by: E N 
For AN = 1 and N =49.17x10° : AB 1l jao 
E 49.17x10" 


53 ee 
Picture the Problem The nearly full valence band is shown shaded. The Fermi level is 
shown by the dashed line. 


(a) (b) 


*54 oe 
Picture the Problem We can use Ohm’s law and the expression for the current from 
Problem 49 to find the resistance for small reverse-and-forward bias voltages. 


(a) Use Ohm’s law to express the 


resistance: R= T (1) 
From Problem 47, the current across I=1, (e/a = 1) (2) 
a pn junction is given by: 
For eV, << kT: eV. eV, 
° eM iaip ba) 
kT kT 
Substitute to obtain: ev, 
T=I,— 


kT 


Substitute for J in equation (1) and 
simplify: 


Substitute numerical values and 
evaluate R: 


(b) Substitute equation (2) in 
equation (1) to obtain: 


eV, 
Evaluate —— for V, = — 0.5 V: 
kT 


Evaluate equation (3) for 
V =-0.5 V: 


(c) Evaluate aa for 
kT 


Vo =+0.5 V: 


Evaluate equation (3) for 
Vy = +0.5 V: 


(d) Evaluate R,. = dV/dI to obtain: 


Substitute numerical values and 
evaluate Rx: 


55 oo 


Solids and the Theory of Conduction 1285 


Zna _ AT 
ev, el 
° kT 


_ (0.025eV)(1.60 x10" J/ev) 
(60x10 C10 A) 


= [ma] 


V 
R = I enna = (3) 
0 | ) 


eV, _ (1.60x10™ C)\(-0.5V) _ 


kT (1.38x10° J/K )(293K) — eae 
-0.5V 
iaee 500 MQ 
eV, _ (160x10 C)(0.5V) igg 


kT (1.38x10™ J/K)(293K) 


0.5V 


R= =| 1.260 
-1 
ne 
dI dV 
d eV, /kT T 
=;— |e —-1 


-1 

I 

= elo e. /T = kT e~» /KT 
kT el, 


R,, = (25MQ)e"* =| 0.06292 


Picture the Problem We can use the Hall-effect equation to find the concentration of 
charge carriers in the slab of silicon. We can determine the semiconductor type by 
determining the directions of the magnetic and electric fields. 


Use the expression for the Hall- 
effect voltage to relate the 


concentration of charge carriers n to 


_ 1B 


7 
H nte 
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the Hall voltage Vy: 


Solve for n to obtain: 


Substitute numerical values and 
evaluate n: 


(0.2 A)(0.4T) 
(1.0mm) (1.60x10™® C)(5mv) 


1.00102 m” | 


n= 


Referring to Figure 26 - 28, note that B points out of the page. E is in the y 


direction. Therefore, the charge carriers are holes and the semiconductor is 


p-type. 


The BCS Theory 


56 > 
Picture the Problem We can calculate E, using E, = 3.5kT, and find the wavelength of 


a photon having sufficient energy to break up Cooper pairs in tin at T = 0 using 
A =hce/E,. 
E, = 3.5kT, 


(a) From Equation 38-24 we have: 


= 3.5(8.617 x10 eV/K)(3.72K) 


=| 1.12meV 


E 


Substitute numerical values and 7 


evaluate E,: 


Express the ratio of Eg to Eg measured! E; _ 112meV _ 1.87 
E greai 6 x 10° eV l 
or 
E, N 2E sineasured 
(b) The wavelength of a photon = he 
having sufficient energy to break up E, 
Cooper pairs in tin at T = 0 is given 
by: 
Substitute numerical values and A= 1240 Ak nm 2.07x10°nm 
evaluate A: 6x10 eV 


2.07 mm 
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*57 e 
Picture the Problem We can calculate E, using E, = 3.5kT, and find the wavelength of 


a photon having sufficient energy to break up Cooper pairs in tin at T = 0 using 


A= hc/E,. 


(a) From Equation 38-24 we have: E, = 3.5kT, 
Substitute numerical values and E, =3.5(8.62x10° eV/K)(7.19K) 
evaluate E,: _]|2.17mev 
Express the ratio of E; to Eg measured? E, _ 217meV | 0.795 
E micas 273x10° eV — 
or 
E,* 
(b) The wavelength of a photon Biss he 
having sufficient energy to break up Q 
Cooper pairs in tin at T = 0 is given 
by: 
j j 124 . 
Substitute numerical values and = a -= 4.54x10° nm 
evaluate A: 2.73x10 7 eV 


=| 0.454mm 


The Fermi-Dirac Distribution 


58 eo 
Picture the Problem We can evaluate the Fermi factor at the bottom of the conduction 
band for T near room temperature to show that this factor is given by exp(—E,/2kT). 


(EB, yar L oFe/2KT 


(a) At the bottom of the conduction e >>> 1 for T near room 


band: temperature. 


We can neglect the 1 in the 1 TE, J2kT 
ae ra 


denominator of the Fermi function 
to obtain: 
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Substitute numerical values and evaluate f (2 E ) for T = 300 K: 


B —leV _ 2 
f(E)= © spa JK 7 4.01%10" | 


Given that low a probability of finding an electron in a state near the bottom 


of the conduction band, the exclusion principle has no significant impact on 
the distribution function. With 10” valence electrons per cubic centimeter, 


the number of electrons in the conduction band will be about 4x10" per 


cm’. 


(b) Evaluate f (+E, ) for T = 300 K and E, = 6 eV: 


—6eV z 
fQee,)= SE x10” eV/K)(300 5 7 


The probability of finding even one electron in the conduction band is 


negligibly small (approximately 4x10~*'). 


59 ee 

Picture the Problem The number of energy states per unit volume per unit energy 

interval N is given by N ~ g(E)AE, where N is only approximate, because AE is not 
827m” V 

E 


infinitesimal and g(E ) E” is the density of states. 


The number of states N is the N = g(E)AE (1) 
product of the density of states and 
the energy interval: 


The density of states is given by: ( ) 8V2 7m” V 
gE)= — n; 


Substitute numerical values and evaluate g(E): 


_8V2z(9.11x10™ kg} ’ (1x10 m} 
(6.63x10™ J -sf 
=6.15x107 J“ 


g(E) 


1.60 x 107° ‘) 


[aev x 
eV 
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Substitute numerical values in equation (1) and evaluate N: 


-19 
N a (6.15x107 J*)(2.20eV - 2.00eV )x avn =| 1.97x10" 


*60 ee 
Picture the Problem Equation 38-22a expresses the dependence of the Fermi energy Ep 
on the number density of free electrons. Once we’ve determined the Fermi energy for 
silver, we can find the average electron energy from the Fermi energy for silver and then 
use the average electron energy to find the Fermi speed for silver. 


F 


(a) From Equation 38-22a we have: E h? (3N \” 

8m, aV 
Use Table 27-1 to find the free- 
electron number density N/V for 
silver: 


N_ 5 86x102 electrons 
l cm 


-586x10 electrons 


Substitute numerical values and evaluate Ey: 


(6.63x10-'J : s} 3(5.86 x 10” tecronsn'] ‘| leV 


E, = ~ 
¥  8(9.11x10™"kg) z 1.60x10” J 
=| 5.51eV 


(b) The average electron energy is 


given by: Ex = Tr 
Substitute numerical values and 3 
evaluate Eav: E= z6.51eV) =| 3.31eV 
(c) Express the Fermi energy in E, =im Ve 
terms of the Fermi speed of the ai 
electrons: 
Solve for vr: oF 
Vp = E 

\ m, 
Substitute nBINETee! values and 2(3. 3 1eV) 1.60x107°J 
evaluate vp: Vp = a 

\9.11x10" kg leV 


=|1.08x10° m/s 
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61 eo 
Picture the Problem We can evaluate the f(Ep) at E = Ep to show that F = 0.5. 


The Fermi factor is: ( E) _ 1 
f a eF kT +1 


Evaluate f(Ep): E. )= oa = = =| 0.5 
f( a oe Er-Er kT +1 1+1 ` 


62 eo 

Picture the Problem We can find the difference between the energies at which the Fermi 
factor has the given values by solving the expression for Fermi factor for E and then 
deriving an expression for AE. 


(a) The Fermi factor is: f( E) 1 


T e E-Ee)/KT 41 


Solve for E: 


E = Bkr i -1] 


f(E) 
The difference between the energies is given by: 


AE = E(0.1)- E(0.9) 
(1.38x10” mgo) yf 1 ) 
1.60x10™ J/eV 0.1 


-| bs (1.38x10 J/K )(300 h ES i 


=E,+ 


1.60x10°" J/eV 0.9 


~ abe Us eno) ya ( 1 1) mf 1 1} 


1.60x10°° J/eV 0.1 0.9 


=| 0.114eV 


(b) and (c)| Because AE is independent of E,, AE is the same as in (a). 
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*63 ee 
Picture the Problem The probability that a conduction electron will have a given kinetic 
energy is given by the Fermi factor. 


The Fermi factor is: ( E) _ 1 
f — (E-Ep)/kT 
e +1 
Because Ep — 4.9 eV >> 300k: 1 
4.9eV )= — =| 1 
f( ) 0+1 
64 ee 


Picture the Problem We can solve Equation 38-22a for V and substitute in Equation 38- 
41 to show that g(E)= (3N/2)EF E”. 


From Equation 38-22a we have: h? (38 y 
A 8m, aV 
Solve for V to obtain: 3n( kè 3/2 
om 8m, Eş 
The density g(E) is given b 8m4 2m? 
ensity g(E) is g y J(E)= a 2m: V p2 
Equation 38-41: h? 
Anue for V and simplify to Œ) _ 82 V2m3? 3N (he? 3/2 m 
obtain: g h? x \8m,E, 


= SN gagy 
2 
65 eo 


Picture the Problem We can use the expression for g(E) from Problem 64 to show that 
the average energy at T=Ois 2E,. 


; N 
From Problem 64 we have: g( E) _ Z ES? E”? 
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Substitute in the expression for Eav 1 
and simplify to obtain: avo 


Ep 
za Í o[ ee a 


N 0 

3 nap f 
_ 2? 7-3/2 f p32 
=E; [Ede 


0 


Integrate the expression for Ew: 3 Er 
p p E =E” [ Ede 
0 


av 


2 5 5 


66 ee 

Picture the Problem We can integrate g(E) from 0 to Ep to show that the total number of 
. 2 3/2 

states is 4 AE,” . 


(a) Integrate g(E) from 0 to Er: 


(b) Express the fraction of N within kTg (E,) _ kTAE}! ? | 3kT 
kT of Er: N — 2AE? | 2E, 
(c) Substitute numerical values and 3kT _ 3(8.62 x10” eV/K )(300 K) 
evaluate the expression obtained in 2E, 7 2(7.04 eV) 
(b) for copper: -È| 551x107 
67 ee 
Picture the Problem The probability that a conduction electron in metal is the Fermi 
factor. 
Express the Fermi factor: 1 
E)=—_——_ 

f( ) elE-Er kr 41 
Calculate the dimensionless E-E, _ 5.49eV —5.50eV 
exponent in the Fermi factor: kT {8.62 x10° eV/K)(300 K) 


= —0.387 


Use this result to calculate the Fermi 
factor: 


68 eo 
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1 
f (5.49eV) = sae, = | 0-596 


Picture the Problem We can integrate the density-of-states function, Equation 38-41, to 


find the number of occupied states N. The fraction of these states that are within kT of Ep 
can then be found from the ratio of kTg(E;) to N. 


The density of states function is: 


Integrate g(E) from 0 to Ep to find 
the total number of occupied states: 


Express the fraction of N within kT 
of Ex: 


(a) Substitute numerical values and 
evaluate the expression obtained 
above for copper at 

T=77K: 


(b) At T = 300 K: 


69 ee 


g(E) = AE” 

where 
82/2m2?V 

A= = 


Ep 
N = | AE”dE =} AE}? 
0 


kTg(E,) _ kTAE{? _| 3kT 


N 2 AE? | QE, 


3kT _ 3(8.62x10° eV/K)(77K) 
2E, 2(7.04eV) 


- [a] 


3kT _ 3(8.62x10 eV/K)(300K) 
2E, 2(7.04eV) 


- [ESR] 


Picture the Problem The distribution function of electrons in the conduction band is 
given by n(E ) = g(E ) f (E ) where f(E) is the Fermi factor and g(E) is the density of 


states in terms of Ep. 


Express the number of electrons n 
with energy E: 


n(E)=g(E)f (E) (1) 


9(E)= EE" 
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The dimensionless exponent in the 


Fermi factor is: 


Hence: 


Substitute in equation (1) and 
simplify to obtain: 


1 
f(E)= Seay 


E= 8 >>1 
kT kT 
and 
E-1E 
ef s) >>1 
kT 


f(E)= = wy @ Fel T e ET 


n(E) = G NE e5” JE e= 


There is an additional temperature dependence that arises from the fact that Ep depends 
on T. At room temperature, exp[(E — E,/2)/kT] = exp(0.35 eV/0.0259 eV) = 7.4x10°, so 
the approximation leading to the Boltzmann distribution is justified. 


*7Q eee 


Picture the Problem We can follow the step-by-step procedure outlined in the problem 


statement to obtain the indicated results. 


(a) The Fermi factor is: 


(b) If C>>e "7: 


(c) The energy distribution function 
is: 


Substitute for g(E)dE and f(E) in the 
expression for N to obtain: 


d I 1 
f(E)= ee yy” ara] 


1 
~ | Ce®™ +1 


provided C = e ™/ 

NO- aig gar 
“Cel an. Cal 

where A = 1/C 


n(E)dE = g(E)dE f(E) 


where 
3/2 
g(E)= n pr 
3/277 © 
N = ASLAM | pire tg 
0 
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The definite integral has the value: 2 3/2 
8 [EVE _ ry" = 
J 2 
Substitute to obtain: mV (kT 
N = — V ( ) Va 


Solve for A: ANR? =) 1 


(d) Evaluate A at T = 300 K: 


a- /2(6.63x10J-s) n 
87°”? (9.11x10™ kg) *”|(1.38x10-J/K )(300K)| 


where the units are SI. 


~4x107°n 


3/2 


The valence electron concentration is typically about 10° m™. To satisfy the 
condition that A<<1at room temperature, n should be less than 10” m”, or 
about one millionth of the valence electron concentration. Because A depends 


-3/2 


on T ”*, the electron concentration may be greater the higher the temperature. 


10” cm” =10” m”. So, according to the criterion in (d), the classical 


(e) 


approximation is applicable. 


71 eco 

Picture the Problem We can approximate the separation of electrons in the gas by 
(V/N)'” and use the for A from Problem 70 and de Broglie’s equation to express the 
separation d of electrons in terms of the de Broglie wavelength / and the constant A. 


The separation d of electrons is vv 
approximately: d= N 
From Problem 70: y\" Wh 1 
N a BY gY? mY? (kT) AY 
Substitute to obtain: 7 2° h 1 
— BY V2 V2 (kT) AY 
2h 1 


lam, kT Al? 
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Express the momentum of an p= h = [mK = 2 m,kT 


electron in the gas in terms of its de A 
Broglie wavelength 4: 


i | i E 2 E. 
Substitute for 4/2m,kT in the d= = Fa 
expression for d to obtain: di a 

A 


Thus, if A<<1,d>>4 


72 eco 
Picture the Problem We can follow the procedure outlined in the problem statement to 
determine the rms energy of a Fermi distribution. 


Express the Ems in terms of g(E): 15 y2 
Em =| — | g(E)E*dE 
0 
The density of states g(E) is given g(E) — 3N EY E”? 
by: 2 
Substitute to obtain: 1 y2 
= | EdE 
™ | 2NE?? ¢ 


Evaluate the integral and simplify: 3 
E ms = E =| 0.655E, 


E ms > Ey, because the process of averaging the square of the energy weighs 


larger energies more heavily. 


General Problems 


73° 
Picture the Problem The number of free electrons per atom ne is given by 
n, =nM/pN, where Na is Avogadro’s number, pis the density of the element, M is its 


molar mass, and n is the free electron number density for the element. 


The number of electrons per atom is A nM 


e 


given by: PN,» 
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Substitute numerical values and evaluate ne: 


_ (1.4 x10” electrons/cm?)(39.098 g/mol) 


"e (0.851 g/cm*)(6.02 x10” electrons/mol) a Esc 


74 >œ 
Picture the Problem The number of free electrons per atom n, is related to the number 
density of free electrons n by n, =nM/N, , where Na is Avogadro’s number, pis the 


density of the element, and M is its molar mass. 


The number of electrons per atom is n= nM 

given by: “oN, 

Solve for n to obtain: J2 nN, 
M 


(a) Substitute numerical values and evaluate n for Mg: 


„ _ 2)(L.74e/cm’ )(6.0210” electrons/mol) 
E 24.31g/mol 


=| 8.62x10” electrons/cm? 


(b) Substitute numerical values and evaluate n for Zn: 


3 23 
n - (2){?.1g/em*)(6.02x10" electronsimol) _ 757,49" elecuonslem 
65.38¢/mol 


Both results agree with the values in Table 38 - 1 to within 1%. 


75 eo 
Picture the Problem We can integrate g(E) from 0 to Ex to show that the total number of 
states is 2 AE? * and then use this result to find the fraction of the free electrons that are 


above the Fermi energy at the given temperatures. 


. Ep 
Integrate g(E) from 0 to Er: N= | AE'?dE = 2 AEF? 
0 


Express the fraction of N within kT kTg (E) kTAE}? _ 3kT 
of Er: N 2 AES? 2E; 
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(a) Substitute numerical values and 3kT _ 3(8.62x10~ eV/K)(300K) 
evaluate this fraction for copper at 2E; 7 2(7.04 eV) 

ener =[5.51x107 

(b) Evaluate the same fraction at 3kT _ 3(8.62x10~ eV/K)(1000K) 
1000 K: 2E; 2(7.04eV) 


- [a] 


*76 ee 

Picture the Problem The Fermi factor gives the probability of an energy state being 
occupied as a function of the energy of the state E, the Fermi energy Ep for the particular 
material, and the temperature T. 


The Fermi factor is: 1 
f(E) = (E-Ey )/kT 
e mee 
For 10 percent probability: 1 
0.1= (E-Ey )/kT 
ee a 
or 
e EEr YT _ 9 
Take the natural logarithm of both E-E, 
sides of the equation to obtain: iT In9 
Solve for E to obtain: E=E,+kTln9 


From Table 37-1, Ep(Mn) = 11.0 eV. Substitute numerical values and evaluate E: 


E =11.0eV +(1.38x10- J/K)(1300 (SS) In9=/11.2ev 


1.60x10 ® J 


77 eo 
Picture the Problem The energy gap for the semiconductor is related to the wavelength 


of the emitted light according to E, =hc/A. 


Express the energy gap Eg in terms he 

of the wavelength / of the emitted E= 4 

light: 

Solve for A: he 
olve for ja 
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Substitute numerical values and 1240eV -nm 


: 689 nm 
evaluate /: 1.8eV 


Remarks: This wavelength is in the red portion of the visible spectrum. 


*78 ooo 
Picture the Problem The rate of production of electron-hole pairs is the ratio of the 
incident energy to the energy required to produce an electron-hole pair. 


(a)The number of electron-hole pairs N= TA = IAA 
N produced in one second is: hc he 
A 


Substitute numerical values and evaluate N: 


4.0 W/m? }{2x107 m° )(775nm 
-í X (7751m) 


= =[3.12x10" s7 
(1240eV - nm)(1.60x10™ J/eV ) = 


(b) In the steady state, the rate of N =| 3.12x10"s7 
recombination equals the rate of 


generation. Therefore: 


(c) The power radiated equals the Paa = TA 
power absorbed: 


Substitute numerical values and Pa = (4.0 W/m? J(2 x10~ m?) 


evaluate Paa: = 


1300 Chapter 38 


Chapter 39 
Relativity 


Conceptual Problems 


*1 è 
Picture the Problem The total relativistic energy F of a particle is defined to be the sum 
of its kinetic and rest energies. 


The total relativistic energy of a E =K+me =4mu? +m? 
particle is given by: and | (a) is correct. 
*? e 


Determine the Concept The gravitational field of the earth is slightly greater in the 
basement of the office building than it is at the top floor. Because clocks run more slowly 
in regions of low gravitational potential, clocks in the basement will run more slowly 
than clocks on the top floor. Hence, the twin who works on the top floor will age more 


quickly. | (b) is correct. 


3 ° 
(a) True 


(b) True 


(c) False. The shortening of the length of an object in the direction in which it is moving 
is independent of the velocity of the frame of reference from which it is observed. 


(d) True 


(e) False. Consider two explosions equidistant, but in opposite directions, from an 
observer in the observer’s frame of reference. 


(f) False. Whether events appear to be simultaneous depends on the motion of the 


observer. 

(2) True 

4 ° 

Determine the Concept Because the clock is moving with respect to the first observer, a 


time interval will be longer for this observer than for the observer moving with the 
spring-and-mass oscillator. Hence, the observer moving with the system will measure a 
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period that is less than 7. | (b) is correct. 


5 ° 
Determine the Concept Although Ay = Ay’, At Ar’. Consequently, 
uy = Ay/At' + Ay'/At’ = wy’. 


Estimation and Approximation 


6 oo 
Picture the Problem We can calculate the sun’s loss of mass per day from the number of 
reactions per second and the loss of mass per reaction. 


Express the rate at which the sun AM _ NAm 

loses mass: At 
where N is the number of reactions per 
second and Am is the loss of mass per 
reaction. 


Solve for AM: AM = NAmAt (1) 


Find the number of reactions per N= P 
second, N: E /reaction 
4x10” J/s 
ap MeV g0 x10- 
reaction eV 


=10" s7 


The loss of mass per reaction Am is: i- E /reaction 


25———— x1.60x10” a 
reaction eV 


B x10° m/s) 
= 4.44x10 kg 


Substitute numerical values in equation (1) and evaluate AM: 


AM = (10 s*)(4.44 x10 kg)(1d)(86.4ks/d) =| 3.8410" kg 
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*7 oo 
Picture the Problem We can use the result from Problem 30, for light that is Doppler- 
2 


2 


, where u = z + 1 and z is the red-shift 
u +1 


shifted with respect to an observer, v = | 


parameter, to find the ratio of v to c. In (6) we can solve Hubble’s law for x and substitute 
our result from (a) to estimate the distance to the galaxy. 


(a) Use the result of Problem 30 to 


express v/c as a function of z: 


Substitute for z and evaluate v/c: 


v (5+1)-1 
—=+ — =| 0.946 
c (541) 41 eg 


(b) Solve Hubble’s law for x: oo v 
H 
Substitute numerical values and 0.946c 0.946(3 x10° km/s) 
evaluate x: = H E kis 
75 
Mpc 
3.26x10° c-y 


= 3.78x10° Mpc x 


- [236e] 


Time Dilation and Length Contraction 


Mpc 


8 e 
Picture the Problem We can find the mean lifetime of a muon as measured in the 


laboratory using t'= yt where y = iy, 4/1- (v/ cY and ¢ is the proper mean lifetime of 


the muon. The distance Z that the muon travels is the product of its speed and its mean 
lifetime in the laboratory. 


(a) The mean lifetime of the muon, g= t 

as measured in the laboratory, is ov 

given by: 1- e) 
c 


evaluate ¢’: 


Substitute numerical values and t= 2 us =[ 6.418 
H 
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(b) The distance L that the muon L=vt' 
travels is related to its mean lifetime 
in the laboratory: 


Substitute numerical values and L = 0.95ct' 
evaluate L: = 0.95(3x10° m/s)(6.41 xs) 


- [18k | 


9 oo 

Picture the Problem The proper length L, of the beam is its length as measured in a 
reference frame in which it is not moving. The proper length is related to its length in the 
frame in which it is measured by L, = yL. 


(a) Relate the proper length L, of L, =L 
the beam to its length Z in the 
laboratory frame of reference: 


The energy of the beam also E=y mc’ 
depends on y: 


Solve for and evaluate y: m E __ 50GeV 
mc? 0.511MeV 


Substitute numerical values and L >= (9.785 x 10‘ )(1cm) = 


= 9.785x10* 


luate L,: 

evaluate Lp ad 
The width w of the beam is 
unchanged. 

(b) Express the length of the ra Sado 

accelerator in the electron beam’s = 

frame of reference: 

Set Lace = Ly: L= Lep 


Solve for Laccp: Licey = Mp 


Substitute numerical values and 
evaluate L: 


(c) The length of the positron bundle 
in the electron’s frame of reference 
is: 

Substitute numerical values and 
evaluate Loos: 


*10 + 
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Lacey = (9.785 10° )(978.5m) 


‘acc,p 
=| 9.57x10’m 


1cm 
L _ =———— =| 0.102 
pos 9.785107 


Picture the Problem The time required for the particles to reach the detector, as 
measured in the laboratory frame of reference is the ratio of the distance they must travel 
to their speed. The half life of the particles is the trip time as measured in a frame 
traveling with the particles. We can find the speed at which the particles must move if 
they are to reach the more distant detector by equating their half life to the ratio of the 
distance to the detector in the particle’s frame of reference to their speed. 


(a) The time required to reach the 
detector is the ratio of the distance 
to the detector and the speed with 
which the particles are traveling: 


Substitute numerical values and 
evaluate Af: 


(b) The half life is the trip time as 
measured in a frame traveling with 
the particles: 


Substitute numerical values and 
evaluate At’: 


(c) In order for half the particles to 
reach the detector: 


Ax Ax 
At=—= 
v  0.866c 
1000m 


=| 3.85 us 


‘= 9,866(3x 10° m/s) 


2 
At’ = 3.85 ps 1-(2°%<) =|1.93 ys | 


(6 


2 
Axr aei) 
iia = 
w v 


where Ax’ is the distance to the new 


detector. 
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Rewrite this expression to obtain: 


Squaring both sides of the equation 
yields: 


Substitute numerical values for Ax’ 
and A?’ and simplify to obtain: 


Divide both sides of the equation by 
c’ to obtain: 


Solve this equation for v/c’: 


Finally, solving for v yields: 


11 ee 


1 
ye | aay 
e 1.93 ps 

fale 
C 
y? 

a 

—o__ = (17.3) 

ae 
C 

v 073) = 0.9967 


Picture the Problem We can use the time-dilation relationship to find the speed of the 
spacecraft. The distance to the second star is the product of the new gamma factor, the 
speed of the spacecraft, and the elapsed time. Finally, the time that has elapsed on earth 
(your age) is the sum of the elapsed times for the three legs of the journey. 


(a) From the point of view of an 
observer on earth, the time for the 
trip will be: 


From the point of view of an 
observer on the spaceship, the time 


for the trip will be: 


Substitute for yto obtain: 


Agee 
v 
ia 
yyy 
v? 
At’ ==, /1-— 


Solve for v: 


Substitute numerical values and 
evaluate v: 
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Le 
JE +07(At'y 
y= O_o 


J(27¢-y) +e2(12y) 


Note that from the point of view of an earth observer, this part of the trip has taken 27 c- 


y/0.914c = 29.5 y. 


(b) The distance the ship travels, 
from the point of view of an earth 
observer, in 5 y is: 


The gamma factor in Part (a) is: 


Substitute numerical values and evaluate 
AL’: 


(c) The elapsed time Af on earth 
(your age) is the sum of the times 
for the spacecraft to travel to the star 
27 c- y away, | to the second star, 
and to return home from the second 
star: 


The elapsed time on earth while the 
spacecraft is returning to earth is: 


Substitute for Afrewurning home and evaluate 
At: 


12° 


AL' = 2AL = 2wAt 
where yis the gamma factor for the first 
part of the trip. 


1 1 


O ey 


= 2.46 


AL' = 2(2.46)(0.914c)(5y) 
=| 22.5c-y 


At = 29.5y + 22.5y+At 


returning home 


At = 2A ship's time 
= 2(2.46)(10y) 


=49.2y 


returning home 


At = 29.5y+22.5y+49.2y 


=| 101y 


Picture the Problem We can use At = L/v, where L is the distance to the star and v is the 
speed of the spaceship to find the time At for the trip as measured on earth. The travel 
time as measured by a passenger on the spaceship can be found using A?’ = Ad/y. 


(a) The travel time as measured on 
earth is the ratio of the distance 


L 
At=— 
v 
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traveled L to speed of the spaceship: 


Substitute numerical values and 2 35c-y Z 35y 
evaluate At: 2.7x10°m/s 2.7x10° m/s 
c 
35y 
=—— =| 38.9 

0.9 4 
(a) The travel time as measured by a At oe 
passenger on the spaceship is given At' = y = At,|1— e) 


by: 


Substitute numerical values and At'= (38.9 y) 1- (0.9) _ 


evaluate At’: 


13 ° 
Picture the Problem We can use the definition of yand the binomial expansion of (1 + 
x)" to show that each of these relationships holds provided v << c. 


(a) Express the gamma factor: 1 y ae 
v’ c 
Ee 
Expand the radical factor binomially aye 
to obtain: palis Pa 
1 v f 
=1+|-— e + higher order terms 
c 

For v << c: 1y? 

oo) a> 
(b) Express the reciprocal of y: 1 i 2 

rV è 
Expand the radical binomially to 1 ove 
obtain: y =|1- zZ 


2 
=1+ G- a + higher order terms 
2 


Relativity 1309 


For v << c: 1 1 1y? 
y 2c? 
(c) Express the gamma factor: 1 y? H 
y= p 1- 
v 
J= 
ce? 
Subtract one from both sides of the y? =e 
equation to obtain: y-1=|1 2 1 
Expand the radical binomially to 1 v? 
E y-1=1+| -=| -— |-1 
obtain: 2 c 
+ higher order terms 
For v << c: 1v 
a 
2c 
14 + 


Picture the Problem We can express the fractional difference in your time-interval 
measurements as a function of yand solve the resulting equation for the relative speed of 
the two spaceships. 


Express the fractional difference in At-At' _ 1 At! _ 0.01 
the time-interval measurements of At At 
the two observers: 


Since At'/At = 1/7. At— Af i 1o01 
At y 
From Problem 13(b) we have: Te 1 1y’ 
y c 
Substitute to obtain: 7 
tisi iioi 
y 2c 
or 
2 
2 26.01 
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Solve for v to obtain: v= 0.02c = 0.141¢ =| 4.23x10’ m/s 


15 eo 
Picture the Problem We can use the time dilation equation to relate the time lost by the 
clock to the speed of the plane and the time it must fly. 


Express the time ót lost by the E B At | 1 
clock ôt =At—At, = At a s L 
Because V << c, we can use part (b) La 1 1y? 
of Problem 13: y O De 
Substitute to obtain: 2 2 
ôt = At 1-1 =i sa aN 
2c 2c 
Solve for At: 2e? 
At = z 
Substitute numerical values and 2(1s)(3 x108 m/s} 
evaluate Ar: ~ (2000 km/h x1h/3600s)" 
=5,83x10"sx—_7 _ 
31.56 Ms 


=| 1.85x10* y 


The Lorentz Transformation, Clock Synchronization, and 
Simultaneity 


16 eo 

Picture the Problem We can use the inverse Lorentz transformations and the result of 
Problem 13(c) to show that when u << c the transformation equations for x, t, and u 
reduce to the Galilean equations. 


The inverse transformation for x is: x'= y(x — vt) 


From Problem 13(c): 1v 


Substitute for y and expand to 
obtain: 


When v << c: 


The inverse transformation for t is: 


Substitute for y and expand to 
obtain: 


When v << c: 


The inverse velocity transformation 
for motion in the x direction is: 


When v << c: 


The inverse velocity transformation 
for motion in the y direction is: 


Substitute for y and expand to 
obtain: 


When v << c: 


Proceed similarly to show that: 


#17 0 


Relativity 
1 2 
x= (15) (x —vt) 
c 
1y’ 1y’ 
=x—vt+ 


t'=t 
u'= u, =V 
X 
TALA 
2 
c 
f a 
u'= u, 
/= 
vu, 
y| 1- e 
u! u, 
y 2 
1 1v qh 
Poaz hE 
2g Cc 
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Picture the Problem Let S be the reference frame of the spaceship and 5S’ be that of the 


earth (transmitter station). Let event A be the emission of the light pulse and event B the 


reception of the light pulse at the nose of the spaceship. In (a) and (c) we can use the 
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classical distance, rate, and time relationship and in (b) and (d) we can apply the inverse 


Lorentz transformations. 


(a) In both S and S' the pulse travels 
at the speed c. Thus: 


(c) The elapsed time, according to 
the clock on the ship is: 


Find the time of travel of the pulse 
to the nose of the ship: 


Substitute numerical values and 
evaluate fp: 


(b) The inverse time transformation 
is: 


Substitute numerical values and 
evaluate f',: 


(d) The inverse transformation for x 
is: 


Substitute numerical values and evaluate x’: 


x’ = (1.54) [400m —(- 0.76)(3x10° m/s)(3.09x10® s)|=[ 1.70km 
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L, 400m 
t, == =| 1.76 
f v 0.76c = 
tg = Í pulse to travel length of ship + ty 
B 400m 
Í pulse to travel length of ship ~ 2 998 x 10° m/s 
=1.33 us 


t, =1.33 us +1.76 ps =| 3.0925 


ty! = (543.09 B en 
7 sa 30s 1s „Loew 
=| 6.32 us 

x'=y(x-vt) 


Picture the Problem We can use Equation 39-12, the inverse time transformation 


equation, to find the required speed of the observer. 


Use Equation 39-12 to obtain: 


Events A and B are simultaneous if: 


Solve for v: 


Substitute numerical values and 
evaluate v: 


19 oo 
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tt = a-t) 


c 


vAx 
[G 
c 


where Aż = tg — ta and Ax = xp — xa. 


at- =0 
cAt 
y= 
Ax 
_ (8x10° m/s) (2s) 
E 1.5km 


=1,20x10° m/s =| 0.4c | 


Yes, t,’ will be less than ¢,’if V >0.4c. 


Picture the Problem We can use Equation 39-12, the inverse time transformation 


equation, to express the separation in time between the two explosions as measured in S” 


as a function of the speed of the observer and Equation 39-11, the inverse position 


transformation equation, to find the speed of the observer. 


Use Equation 39-12 to obtain: 


From Equation 39-11: 


Because the explosions occur at the 
same point in space, Ax’ = 0: 


Solve for v: 


At’ = a-za 
C 


At-% Ax (1) 
C 
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Substitute numerical values and j= 1200m -480m =1.44x10ê m/s 
evaluate v: 3 LS 
Substitute numerical values in equation (1) and evaluate At’: 

8 

ca F (1200m - 480m) 
Apes 3x10° m/s =| 43946 
1.44x10° m/s 
3x10° m/s 


20 ecco 
Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to establish the results called for in this problem. 


(a) Use Equation 39-12 to obtain: ae v 
t -h4 =y (6 —t,)-(x, =) 


(b) Events 1 and 2 are simultaneous t =t 
in S’ if: or 
vD cT 
T EAU 0 > D=— 
v 
Because v < c: D| cT 


(c) | If D<cT, then t’ > t’ and the events are not simultaneous in S”. 


Sy : D i 
(d) If D = c'T > cT, then: v -rh Ey t 


In this case, t,’ — t’ could be negative;i.e., t,' could be less than ¢', or the effect 


could precede the cause. 


21 eco 
Picture the Problem Let S be the ground reference frame, S’ the reference frame of the 
rocket, and v = 0.9c be the speed of the rocket relative to S. Denote the tail and nose of 
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the rocket by T and N, respectively. The initial conditions in S’ are t,'=0, x,'=0, 


x,'=0,and x,'=—L'=—700m. 
(a) The reading of the tail clock is 


given by: 


We can find x; using the length 
contraction equation: 


Substitute to obtain: 


Substitute numerical values and 
evaluate ¢,.': 


(b) The time for the rocket to move 
a distance L’ is given by: 


Substitute numerical values and 
evaluate f,': 


(c) As seen by an observer on the 
ground: 


(d) Because the clocks are 
synchronized in S”: 


(e) The time the signal is received 
on the ground is the sum of the time 
when the signal is sent and the time 
for it to travel to the ground: 


Find Aż, the time the signal is sent: 


Find Afyave, the time for the signal to 
travel to the ground: 


L' 

Xp =—— 
y 

a D 

pong 


re (0.9)(700 m) 


=Y = 1 2.10 us 
r = 3x10° m/s 5 
pen, de 
T v 0.9e 

700m 


t'= =| 2.59 
T 0.9(3x10° m/s) Ie 
ty = At’ = 2.59 us — 2.10 us =| 0.49 us 


tec = At + At 


travel 


Ax _ (2.294h)(0.9c) 


At 


travel ~ 


= 2.065h 


Cc 
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Substitute for At and Afjave! and 
evaluate fec: 


(f) Find Ax when the signal is sent: 


In S, the signal arrives at 0.1c 
relative to the rocket. The time 
required for the signal to travel to 
the rocket is: 


Find the time when the signal 
reaches the rocket: 


Finally, use the time dilation 
equation to find ty’: 


*722 ooo 


tee = 2.294h + 2.065h = 


Ax = (4.36h)(0.9c) = 3.924c -h 


Ape A _3924c-h 


= = 39.24h 
0.1c 0.1c 


t = 39.24h+3.924h = 43.16h 


= (43.16h) 1- 0-2} 


c? 
- [isan] 


pie 


xfs 


Picture the Problem We can use the inverse time dilation equation to derive an 
expression for the elapsed time between the flashes in S’ in terms of the elapsed time 
between the flashes in S, their separation in space, and the speed v with which S’ is 


moving. 


From the inverse time 
transformation we have: 


Set At’ = —At to obtain: 


Square both sides of the equation: 


2 


(ar) — (ar) = (Ary 


Cc 


At’ = a-a 
C 


where Af is the time between the flashes in 
S' and At and Ax are the elapsed time 
between the flashes and their separation in 


2 


~2~ AxAt+ (Ax? 
C Cc 
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Simplify to obtain: 2 v 2 

Pay —v(At) =—2AxAt+ <a (Ax) 
Solve for v: 2 Ax 

= At 
2 
1+ f a 
c At 

Substitute numerical values and > 2400m 
evaluate v: 5 LS 


1 2400m ; 
1+ r 
3x10°m/s\ Sys 


= 2.697 x10? m/s = 


Because v is positive, S'is moving in the positive x direction. 


The Velocity Transformation 
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Picture the Problem We can make the substitutions given in the hint in Equation 39-18a 
and simplify the resulting expression to show that ux < c. 


Equation 39-18a gives the x — u,'+V or f= u,'+V 
z n E x x vu! > vu! 
direction relativistic velocity jp C gp 
transformation: c c 
Make the substitutions given in the Uy _ (1 = e )e + (- E, Je 
hint to obtain: C c4 (1-«, )e(l-«,e 
c 
o 2> (e +E ») 
1+ = )Q-e,) 
2- (e, +E 2) 


2-(e, +&,)+ E&E 


nd re small positive u 
Because & and & a all p V w a ee 


numbers that are less than 1: Cc 
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*24 oe 

Picture the Problem We’ll let the velocity (in S$) of the spaceship after the ith boost be v; 
and derive an expression for the ratio of v to c after the spaceship’s 

(i + 1)th boost as a function of N. We can use the definition of y, in terms of v/c to plot y 
as a function of N. 


(a) and (b) The velocity of the v, +0.5c 
spaceship after the (7 + 1)th boost is View = (0.5¢ )v, 
given by relativistic velocity Lg 
addition equation: c 
Factor c from both the numerator v, 
and denominator to obtain: P +0.5 
Yvas 
LEO 
c 
yis given by: T= 1 


A spreadsheet program to calculate v/c and yas functions of the number of boosts N is 
shown below. The formulas used to calculate the quantities in the columns are as follows: 


Cell Content/Formula Algebraic Form 
A3 0 N 
B2 0 Vo 
B3 (B2+0.5)/(1+0.5*B2) Vist 
C1 1/(1-B2^2)^0.5 á 
A B C 
1 boost v/c gamma 
2 0 0.000 1.00 
3 1 0.500 1.15 
4 2 0.800 1.67 
5 3 0.929 2.69 
6 4 0.976 4.56 
7 5 0.992 7.83 
8 6 0.997 13.52 
9 7 0.999 23.39 
10 8 1.000 40.51 
11 9 1.000 70.15 
12 10 1.000 121.50 
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A graph of v/c as a function of N is shown below: 


1.0 


0.8 


0.6 


vic 


0.4 


0.2 


0.0 


N 


A graph of yas a function of N is shown below: 


120 


100 


80 


60 


gamma 


40 


(oe) 
N 
A 
o 
[oe] 
S 


Examination of the spreadsheet or of the graph of v/c as a function of 


(c) | N indicates that, after 8 boosts, the velocity of the spaceship is 


greater than 0.999c. 


(d) After 5 boosts, the spaceship has traveled a distance Ax, measured in the earth frame 
of reference (S), given by: 


Ax = Ax, ya + Ax, ,3 + Ax, ,4 + AX, 5 
= (0.5c)(10s)y, ,, + (0.8c)(10s)y,_,, + (0.929c)(10s)y, ,, + (0.976c)(10s)y, s 
+ (0.992c)(10s)y. 4 
= (0.5c)(10s)(1.15)+(0.8c)(10s)(1.67)+ (0.929c)(10s)(2.69) 
+(0.976c)(10s)(4.56)+ (0.992c)(10s)(7.83) 


- [1666-5] 
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The average speed of the spaceship, Ax 
between boost 1 and boost 5, as measured Vay = At 
in Sis given by: 


where Aż is the travel time as measured in 
the earth frame of reference. 


Express Af as the sum of the times the spaceship travels during each 10-s interval 
following a boost in its speed: 


At = At a + At, „ + At, 4 + At, 5 
= (10s)y,.,. + (10s), +(10s)y; 4 + (10s), + (10s); 
= (10s)(y, s2 t23 t Vase T Y4» t75 2) 


Substitute numerical values and evaluate Ar: 


At = (10s)(1.15 +1.67 + 2.69 + 4.56 + 7.83) =179s 


Substitute for Ax and At and 166c:s 
evaluate va: Var 1795 =| 0.927c 


Remarks: This result seems to be reasonable. Relativistic time dilation implies that 
the spacecraft will be spending larger amounts of time at high speed (as seen in 
reference frame S). 


The Relativistic Doppler Shift 


25 œ 
Picture the Problem We can substitute, using v = fA, in the relativistic Doppler shift 
equation and solve for the speed of the source. 


Using the expression for the 1+y/c 

relativistic Doppler shift, express f” S=f 1 

as a function of v: TWE 

Substitute using v = fA and simplify v v /l4+v/e 

to obtain: a T 

o obtain T ANI ve 
A _ [itv/c 
A' 1-v/c 
or 


Solve for v to obtain: 


Substitute numerical values and 
evaluate v: 


26 >œ 
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A 2 
a=, 
na 


y= 
‘ 
(S47nm) | 
v =| — |6x10° ms) 
589nm 
547 nm 


=| 2.22 x10” m/s 


Picture the Problem We can use the relativistic Doppler shift, when the source and the 


receiver are receding, to relate the frequencies of the two wavelengths and c = fA to 


express the ratio of the wavelengths as a function of the speed of the galaxy. 


When the source and receiver are 
moving away from each other, the 


relativistic Doppler shift is given by: 


Use the relationship between the 


wavelength and frequency to obtain: 


Solve for A'/Ao: 


Express the fractional redshift: 


9 
>œ 
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Substitute numerical values and 1.85x10’ m/s 
evaluate (A’—Ay)/ Ao: Ma Ay _ + 2.998x10° m/s 
Ao į 185x10 m/s 


2.998 x10° m/s 


27 » 
Picture the Problem We can begin the derivation by expressing the number of waves 
encountered by the observer, in the rest frame of the source, in a time interval At. We can 
then relate this time interval to the time interval in the rest frame of the observer to 
complete the derivation of Equation 39-16a. 


Express the number of waves n pe (c + v)At, a (c + v) f At, 
encountered by the observer, in the A c 

rest frame of the source, in a time v 

. = f| 1+- At, 

interval Ats: c 

This time interval in the rest frame Re At, 

of the observer is given by: ° y 


Express the frequency heard by the observer and simplify to obtain: 


2 
T 
= 
(a 
C 
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Picture the Problem We can use the expression for the relativistic Doppler shift to show 
that, to a good approximation, Aff ~+v/c. 


Express the fractional Doppler shift Af = =i = f 1 


in terms of f and fo: to Jo fo 


When the source and receiver are 
approaching each other, the f 
relativistic Doppler shift is given by: 
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Substitute in the expression for Af’ fo 
to obtain: 


Keeping just the lowest order terms Af _ 1+ 1 a 1 z) 1 


in v/c, expand binomially to obtain: f 2c 


The sign depends on whether the source and receiver are approaching or receding. 
Here we have assumed that they are approaching. 
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Picture the Problem Due to its motion, the orbiting clock will run more slowly than the 
earth-bound clock. We can use Kepler’s third law to find the radius of the satellite’s orbit 
in terms of its period, the definition of speed to find the orbital speed of the satellite from 
the radius of its orbit, and the time dilation equation to find the difference din the 
readings of the two clocks. 


Express the time 6 lost by the clock: S-A- At, = At— At _ af 1- 1 ) 
y K 
Because v << c, we can use part (b) 1 1 1y’ 
of Problem 13: y T 2e 
Substitute to obtain: 1y? 1y? 
6=A\1-|1-=]/== A a) 
2c 2c 
Express the square of the speed of > (2ar = 4mrr? 
the satellite in its orbit: di T = T? (2) 


where 7 is its period and r is the radius of 
its (assumed) circular orbit. 


Use Kepler’s third law to relate the T? An , _ An’ , 


period of the satellite to the radius GM, a gR? F 
of its orbit about the earth: 
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. 2m2 
Solve for r: m gR? T 
Ar? 


Substitute numerical values and evaluate r: 


2 2 : -V 
E | (9.81m/s? (6370km) (90minx60s/min)’ L 6 65.10°m 
An 
Substitute numerical values in E s X 
equation (2) and evaluate v”: ya 4r (6.65x10 m) f 
(90min x 60s/min) 


=5.99x10’ m° /s° 


Finally, substitute for v? in equation (1) and evaluate & 


5 - 1 (6.99107 m?/s* (Ly x31.56Ms/y) 
2 


=| 10.5ms 


(3x10° m/s} 
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Picture the Problem We can use the definition of the redshift parameter and the 


2. 


u 
relativistic Doppler shift equation to show that v = | 3 


| ween aes 1. 


uo +1 
The red-shift parameter is defined to f-f' 
be: a 
i 
The relativistic Doppler shift is l+v/c 
given by: f'=f 
1-v/c 
Substitute to obtain: 1+v/c 
F 
1-v/c 
z= TA 
+v/C 
f 
1-v/c 
_ fltv/e | i 
1-v/c 
Letting u =z + 1: 1+v/c 
u=z+1= 


1+v/c 
1-v/c 
/c 


Solve for v to obtain: 
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Picture the Problem We can use the 
velocity transformation equations for the x 
and y directions to express the x and y 
components of the velocity of the light 
beam in frame S. 


(a) The x and y components of the 
velocity of the light beam in frame S 
are: 


Because uy = 0: 


(b) The magnitude of the velocity of 
the light beam in S is given by: 


32 >œ 
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Picture the Problem Let S be the earth reference frame and 5’ be that of the ship 
traveling east (positive x direction). Then in the reference frame S’, the velocity of S is 


directed west, i.e., v = —ux. We can apply the inverse velocity transformation equation to 


express u' in terms of uy. 


Apply the inverse velocity 
transformation equation to obtain: 


Substitute for v: 


u.—vV 
u, = x 

ge VMs 

2 

C 
,_ Uu, TU, pee 2u, 
u, = u? ~ 2 
x x 
troe eee 
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Because ux = 0.90c: ul= _2(0.90¢) | =| 0.994c 


Picture the Problem We can apply the inverse velocity transformation equation to 
express the speed of the particle relative to both frames of reference. 


(a) Express wu,’ in terms of u,” : r_ u, tV 


where V of S', relative to S”, is 0.8c. 


Substitute numerical values and ,_ 0.8c+0.8c 1.6c _ 
, u'=— 5 =— =| 0.976c 
evaluate u,’ : (0.8c) 1.64 
i Ip 

c 
(b) Express ux in terms of u,": Pe u'+v 
x vu! 
i ers 


where v of S, relative to S’, is 0.8c. 


Substitute numerical values and 0.976c+0.8c — 1.776c 


u,= peeked 
evaluate ux: i 4 „ @-8c)(0.976c) 1.781 
2 
c 
=| 0.997c 


Relativistic Momentum and Relativistic Energy 


*34 ° 

Picture the Problem We can use the relation for the total energy, momentum, and rest 
energy to find the momentum of the proton and Equation 39-26 to relate the speed of the 
proton to its energy and momentum. 


Relate the energy of the proton to its E= pe 4 (me?) 
momentum: 
(b) Solve for p to obtain: 2 2% 
j= E- (me 
T 2 
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Substitute numerical values and 3 5 
evaluate p: = (2200 MeV) — (938 MeV) 


-| 1.99 22¥ 
Cc 


(a) From Equation 39-26 we have: v pe 
c E 
Solve for v to obtain: pe 
v = =— c 
E 
Substitute numerical values and 1.99GeV 
evaluate v: v= 2200 MeV © =| 0.905c 


35 œ 
Picture the Problem We can use E* = p°c? + (me? ij (from Problem R-37) to find the 


relativistic momentum of the particle in terms of yand the fact that the kinetic energy of 
the particle equals twice its rest energy to find the error made in using mv for the 
momentum of the particle. 


Express the error e in using _p-p'_ p (1) 
p' = mv for the momentum of the = p = p 
particle: 
From Problem R-37, the Pape (me f 
relationship between the total P 
energy E, momentum p, and rest 
energy mc’ of the particle is: 
Solve for p to obtain: F? E? 
p= = -me = |m c? po 
C mc 
= 2. 
Because E = mc“: p=mc fy? =i 
Substitute for p and p' in equation _ mu S u 
(1) to obtain: e=1 = (2) 


From the definition of y 
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Eliminate v/c in equation (2) to 
obtain: 


The kinetic energy of the particle is 
related to its rest energy: 


Solve for y to obtain: 


Because the kinetic energy of the 
particle is twice its rest energy: 


Substitute for yin equation (3) and 
evaluate e: 
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e=1 : i =1 (3) 
go] y y 
K =(y —1)mc 
Pal 
mc 
2 
ye =3 
mc 


1 
e =1—— = 0.667 =| 66.7% 
: 66.7% | 


Picture the Problem We can use the result of Problem R-37 to find the energy of the 


particle and its energy in a reference frame in which its momentum is 


4 MeV/c. We can apply the inverse velocity transformation equation to find the relative 


velocities of the two reference frames. 


(a) From Problem R-37 we have: 


Solve for Eo: 


Substitute numerical values and 
evaluate Ep: 


(b) Because Ey is independent of the 
reference frame: 


Substitute numerical values and 


evaluate EF: 


(c) The inverse velocity 
transformation is: 


E’ = pe +m = pe +E; 
E, = |E? -pe 
E, = 4(8 MeV ¥ - (6 MeV/c} ¢? 


(8 Mev) 
J(8 Mev} - (6 MeV} 


- [520m] 
B=. p° +E; 


E = J(4MeV/c? c? + (5.29MeV} 
=| 6.63MeV 


where the subscripts refer to the velocities 


Solve for v to obtain: 


Relate the relativistic energy of the 
particle in (a) to its velocity: 


Substitute numerical values and 
evaluate u,: 


Relate the relativistic momentum of 
the particle in (b) to its velocity: 


Substitute numerical values and 
evaluate up: 


Substitute in equation (1) and 
evaluate V: 
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in parts (a) and (b) of the problem. 


y= t (1) 


pagi- ET 20 ate 
8 MeV 
Mju, pe 
P= >u = 
u; Jp? +me 
p 
E (4MeV/c)ec 


(4MeV/c)’ +(5.29MeV/c) 
= 0.603c 


0.750 — 0.603c 
Y=" (o750e)(0.608) E 


2 
C 


Picture the Problem We can use the rule for the derivative of a quotient to establish the 


result given in the problem statement. 


Use the expression for the derivative of a quotient to obtain: 


d mu 
du J1-u’/e 


2 2 
mu 1 
zm+— - 
C C u 
l--7 
C 
2 
u 
l--z 
č 


Multiply the numerator and denominator of the right-hand side of this expression by 
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2 
1 = and simplify to obtain: 


and 


38 o 
Picture the Problem We will first consider the decay process in the center of mass 
reference frame and then transform to the laboratory reference frame in which one of the 
pions is at rest. 

Apply energy conservation in the mg,c? = 2m; ye’ 
center of mass frame of reference to 


obtain: 
Solve for y: Mx, 
Koa 
2m,, 
Substitute numerical values and _ 497.7 MeV/c? -1.78 
evaluate y: ” = 139.6 MeV/c?) 
Because one of the pions is at rest in Kyo = (y -1)E 


the laboratory frame, 

y = 1.78 for the transformation to 
the laboratory frame. The kinetic 
energy of the K’ particle is: 


The total initial energy in the 
laboratory frame is: 


= (1.78 -1)(497.7 MeV) 


- [a8 2NeV | 


E = 497.7 MeV + 388.2 MeV 
= 885.9 MeV 


Express the energy of the other 
pion: 


Substitute numerical values and 
evaluate Ex 
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E,=E-2m,,c° 


E, =885.9MeV — 2(139.6 MeV) 


=| 607 MeV 


Picture the Problem The total kinetic energy of the two protons in part (a) is the sum of 
their kinetic energies and is given by K = 2(y -1)E, . Part (b) differs from part (a) in 


that we need to find the speed of the moving proton relative to frame S. 


(a) The total kinetic energy of the 
protons in frame S’ is given by: 


Substitute for yand Eo and evaluate 
K: 


(b) The kinetic energy of the 
moving proton in frame S is given 


by: 


Express the speed u of the proton in 
frame S: 


Substitute numerical values and 


evaluate u: 


Evaluate y 


K= 2(7-1)E, 
Kad- (938.28 MeV) 
| (0.5) 
pe 
C 
=| 290 MeV 
K =(y-1E, (1) 
where 
1 
y = 
C 
_ uty 
1+ Wy 
0.5¢ +0.5c 
age (150 real 
17a 
C 
1 


=1.67 


2 
C 


aa mon 
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Substitute numerical values in 
equation (1) and evaluate K: 


40 Žž 


K = (1.67 —1)(938.28 MeV ) 
=| 629MeV 


Picture the Problem We can find the speed of each proton by equating their total 


relativistic kinetic energy to 2mc’. In (b) we can use the inverse velocity transformation 


with V = u and u, = —u to find u,’. In part (c) we’ll need to evaluate y’ for the kinetic 


energy transformation K, = (y -1)F, : 


(a) Set the relativistic kinetic energy 
of the protons equal to 2mc* to 
obtain: 


Substitute for 7: 


Solve for u to obtain: 


(b) Use the inverse velocity 
transformation with v = u and 
u, = —u to find u,’: 


(c) The kinetic energy of the moving 
proton in the laboratory’s frame is 
given by: 


Substitute for y’ and £o and evaluate 
Ki: 


2(y -1)E, = 2m? > y =2 


3 4B 
—-—c-— c 
giz Mg ws 2 2 
2 qV J3 3 
2 =-—¢|||-—€ 
c i 2 2 
c? 
Mac —0.990c 
K, =(7 -1)E, 
where 
1 1 
=p =7 
j (u,’) 4/3 
5 = 
c 7 
1- 2 
c 
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Picture the Problem (a) and (b) The initial speed of the particle can be found from its 
total energy and its total energy found using E = K + E, = yE,- (c) We can solve 

E’ = pe + (me?) for the initial momentum of the system. In (d) and (e) we can use 


conservation of energy and conservation of momentum to find the total kinetic energy 
after the collision and the mass of the system after the collision. 


(a) Express the total energy of the E=K+£,=74, 
particle: 
Because the kinetic energy of the 2E, +E, = VE, and y=3 


particle is twice its energy: 


Solve the factor y for u: 1 
u =c | 1-— 
y 


Substitute for y and evaluate u: 1 8 
u La. = ef =| 0.943c 


(b) The total energy of the particle E = K +5; = Æ, =3E, 
is: 


Substitute for Eo and evaluate E: F= 3(1MeV) = 


(c) The initial momentum of the E? = p°c’ + (me?) 
incoming particle is related to its 
energy and mass according to: 


Solve for p: p at E? - (me? 

Substitute for E and mc* and 1 7 7 J8E 
simplify to obtain: a c 62) -(£,} = Ea 
Substitute for EZ) and evaluate p: #2 V8 ume) = 
(d) and (e) From conservation of E; = E =SMeV 


energy we have: 
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From conservation of momentum 
we have: 


The final momentum of the system 
is related to its energy and mass 


according to: 


Solve for Ep: 


Substitute numerical values and 
evaluate Ep: 


= 2, 
Because Ep = Myc“ : 


The total kinetic energy after the 
collision is given by: 


General Relativity 
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P: = Pi 


Ep =(5MeV)’ -(2.83MeVic)*c? 


= 4.122 MeV 
my = 2 =[4.12MeVie? 
Cc 


K, = E, - Ep =5MeV —4.122 MeV 


-[0a7aNev 


Picture the Problem Let m represent the mass equivalent of a photon. We can equate the 
change in the gravitational potential energy of a photon as it rises a distance L in the 
gravitational field to AAf and then express the wavelength shift in terms of the frequency 


shift. 


The speed of the photons in the light 
beam are related to their frequency 
and wavelength: 


Differentiate this expression with 
respect to À to obtain: 


Approximate dfidA by Af7A/A and 
solve for Af: 


Divide both sides of this equation by 
fto obtain: 


C 
= A, = 
PRGS 
a ch? = a 
da A 
C 
Ap SAA 
C 
af T^ m 
f E A 
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Solve for AA: AA= yt (1) 

J 
The change in the energy of the AE = AU = mgL 
photon as it rises a distance Z ina 
gravitational field is given by: 
Because AE = hAf: hAf = mgL (2) 
Letting m represent the mass E=m° =hf (3) 
equivalent of the photon: 
Divide equation (2) by equation (3) hAf _ mgl = Af _ gL 
to obtain: hf me f g 
Substitute for Af/fin equation (1): Mee gla 

~ 2 

Substitute numerical values and A= (9.81m/s? \(100 m)(632.8 nm) 
evaluate AA: j (3 «10° m/s) 


=| —6.90x10" nm 
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Picture the Problem In a freely falling reference frame, both cannonballs travel along 
straight lines, so they must hit each other, as they were pointed at each other when they 
were fired. 


44 eee 

Picture the Problem Consider the turntable to be a giant hollow cylinder in space that is 
spinning about its axis. Someone on the inside surface of the cylinder would experience 
a centripetal acceleration caused by the normal force of the surface pushing them toward 
the rotation axis. Alternatively, they can consider that they are not accelerating but a 
gravitational field g = œ°rf is pushing them away from the axis (Fr is away from the 
axis). This is the principle of equivalence. From this perspective, up is toward the axis 
and the points closer to the axis are at the higher gravitational potential. (Just like the 
electric field points in the direction of decreasing electric potential, the gravitational field 
points in the direction of decreasing gravitational potential.) 


(a) From the time dilation equation At = Aly 
we have: © y 
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Af -Ah l 
At, y 
Because røæ/c << 1 (see Problem 1 1 1u’ -1 ro 
14): y 2 c’ 2c? 
Substitute to obtain: At, — At, i ro i ro 
At, E 20° E 2c? 
(b) The pseudoforce is given by: Fp = -ma 


where a is the acceleration of the non- 
inertial reference frame. 


In this case a is the centripetal a=-ra’=> kh =F = mro’ 
> 
acceleration: 


To relate this problem to Equation 39-31, point 2 is a distance r from the axis and 
point 1 is on the axis. The term in parentheses on the right hand side of Equation 
2 is ø -— ģı, which translates to ø — ø. Because ¢, is at a lower potential than øo, 
this term is negative. Hence: 


From Equation 39-31: At At. 1 
Í a ew) 
0 
1 
= ata") 
ro 
g 2c? 


General Problems 
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Picture the Problem We can use the definition of yand the time dilation equation to find 


the speed of the muon. 


(a) From the definition of ywe 
have: 


Solve for u/c: 


Relate the mean lifetime of the 
muon to its proper lifetime: 


Substitute in the expression for u/c 
to obtain: 


Substitute numerical values and 
evaluate u/c: 


46 > 


Relativity 
1 
Boi 
d= z) 
c 

a 
c y 

t 
At = At, > y =— 

fp 


c 46 us 
or 
u =| 0.999c 
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Picture the Problem We can use the relativistic Doppler shift, when the source and the 


receiver are receding, to relate the frequencies of the two wavelengths and c = fA to 


express the ratio of the wavelengths as a function of the speed of the galaxy. 


When the source and receiver are 
moving away from each other, the 


relativistic Doppler shift is given by: 


Use the relationship between the 


wavelength and frequency to obtain: 


Because 1’ = 2A): 
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Solve for v/c: 


v 3 
—=— > v= | 0.600c 
== = > = [0.600¢ | 
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Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to relate the elapsed times and separations of the events in the two systems to 
the velocity of S’ relative to S. We can use this same relationship in (b) to find the time at 
which these events occur as measured in S’. 


(a) Use Equation 39-12 to obtain: a ee v 
Aft =t} -4 =7 (t, =)= -x4 ) 
v 
c 
v 
Because the events occur 0=4Ar-Ż Ax 
simultaneously in frame S’, 
At’ = 0 and: 
Solve for v to obtain: cAt 
y= 
Ax 
Substitute for At and Ax and c’ (0.5y —1ly) 05 
v= = .DC 
evaluate V: 2.0c-y—1.0c-y 
Because At = t, -f = —0.5y : S' moves in the negative x direction. | 
(b) Use the inverse time Do VX 
transformation to obtain: tie | =) mis g 
2757h 2 E 2 
C v 
l--7 
Substitute numerical values and 0.5y (-0.5c)(2.0c-y) 
evaluate ¢' and ty’: t'=t'= ` e 
2 1 
j= (-0.5c) 
2 
c 
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Picture the Problem We can use the relationship between distance, speed, and time and 
the length contraction relationship to find the speed of the ship relative to the earth. The 
elapsed time between the departure of the spaceship and the receipt of the signal at earth 
is the sum of the travel time to the distant star system and the time it takes the signal to 
return to earth. 


(a) Express the travel time as ate L L 
measured on the spaceship: u m 
Solve for m: L 
m m =— 
At 
Substitute numerical values and _12c-y_ 0.8 
evaluate yu: 15y l 
or 
1 _ 0.8c 
2 u 
c 


Solve for u to obtain: u =| 0.625c 


(b) The elapsed time T before earth 
receives the signal is the sum of the u c 
travel time to the distant star system 

and the time it takes the signal to 

return: 


Substitute numerical values and T= ery n 12c:y 
evaluate T: 0.625c c 


=| 31.2y 


49 

Picture the Problem We can use conservation of energy to find yin the CM frame of 
reference and then use the definition of yto find the speed u of the projectile proton. We 
can then use the velocity transformation equation to find the speed and kinetic energy of 
this proton in the laboratory frame of reference. 


Use conservation of energy to find y f 


E 
a et Poe 


i 


in the CM frame of reference: 


E; and £; are: E, =938 Mev + 938 MeV = 1876 MeV 
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and 
E; = 938 Mev + 938 MeV +135 MeV 
= 2011MeV 
Substitute £; and Ær and evaluate y: z 2011MeV -1.072 
1876MeV ` 
Express yas a function of the speed y= 1 
u of the projectile proton: u’ 
a 
Solve for u to obtain: 
u =c, 1-— 
yr 
Substitute for yand evaluate u: 1 
u =c_ |1- z =0.360c 
y (1.072) 
Transform to the laboratory frame Tedeh 0.360c —(—0.360c) 
and find u': 1 ve 4 (0.360c )(— 0.360c) 
e? e 
= 0.637c 
The kinetic energy of the moving K, = (A -1)E, 
proton in the laboratory’s frame is where 
given by: 1 
Ye ae 
C) 
\ 2 
c 
1 
= =1.30 
__ (0.637e/ 
\ c? 


Substitute for 4, and Ey and evaluate K, = (1.30-1)(938 MeV) = 


Ki: 


Remarks: In Problem 55 we show that the threshold kinetic energy of the projectile 
2 
is given by K,, = Dima + Pema man Zma jet 
m 


target 
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Picture the Problem We can use Af, = L, Fe u , where u is the speed of the bullet relative 


to the rocket, to find the elapsed time in the frame of the rocket. In (6) and (c) we can 


proceed similarly, finding the speed of the bullet relative to the rocket as seen from the 


ground frame in (b) and, in (c), using the speed of the bullet relative to the rocket. 


(a) In the rocket frame: 
Substitute numerical values and 
evaluate At: 


(b) In the ground frame of reference, 
the elapsed time is given by: 


The speed of the ground is given by: 


Substitute for ttocket and V and 
evaluate Uground: 


The speed of the bullet relative to 
the rocket as seen from the ground 
is: 


Relate Lerouna to Lp: 


Substitute for Lp and ugrouna and 
evaluate Lground: 


Substitute numerical values in 
equation (1) and evaluate Afgrouna? 


L L 
At = At, =— = — 
u  0.8c 
_ 1000m EPET 
0.8(2.998x10° m/s) 
L 
At sind DoF (1) 
u 


where u’ is the speed of the bullet relative 
to the rocket as seen from the ground. 


rocket 


ground — Vu 
ground 
jpn 
C 


u +V 
u imr A E e heeh a 


0.6c + 0.8c 


Uground = — Tp Be )(0,6c) 2246s 
ig 
Cc 


u'=0.946c — 0.6c = 0.346c 


Lou = (L000 m), 1- 
Cc 


ground ` 


= 800m 


E 800m 
sond 0.346(2.998x10° m/s) 


=| 7.71 us 


At 
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(c) In the bullet’s frame of re _ iL 
: i ‘ Louttet ~ (2) 
reference, the elapsed time is given Uy et 
by: 
The length L’ of the rocket in the L u? 
; . L' = Pw L T= bullet 
bullet’s frame is given by: y p ct 


Substitute in equation (2) to obtain: L, u z fe 
= ulle! 
Af ullet 7 1- 2 
U bullet c 


Substitute numerical values and evaluate Afpuet: 


Ak E 1000m MORET 
Hi 0.8(2.998x10° m/s) c? ` 


*5] eee 
Picture the Problem We can use conservation of energy to express the recoil velocity of 
the box and the relationship between distance, speed, and time to find the distance 
traveled by the box in time Aż = L/c. Equating the initial and final locations of the center 
of mass will allow us to show that the radiation must carry mass m = E/c’. 


j E 
(a) Apply conservation of = 4 Mv= p, =0 
momentum to obtain: c 
Solve for v: E 
v=) -— 
Mc 
j L 
(b) The distance traveled by the box =y VE 
in time At = L/c is: c 
Substitute for v from (a): = L E \_ LE 
c\ Mce Mc? 
(c) Let x = 0 be at the center of the 2 mL 
box and let the mass of the photon M M+m 


be m. Then initially the center of 
mass is at: 


When the photon is absorbed at the 
other end of the box, the center of 
mass is at: 


Because no external forces act on 
the system, these expressions for 


Xcm Must be equal: 


Solve for m to obtain: 


Because Mc’ is of the order of 10'° J 
and E = hfis of the order of 1 J for 
reasonable values of f E/Mc* << 1 


and: 
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-MEL £ L) 
5 +m| 4L 3 
Mc Mc 


Picture the Problem We can apply a velocity transformation equation to find the speed 


of the particle and use the distance and time transformation equations to find the distance 


and direction the particle traveled from ¢’, to ¢’, and the time the particle traveled as 


observed in frame S. 


(a) The velocity transformation 
equation for motion at speed v along 
the x axis is: 


Evaluate u, for u,’ = —c/3 and 
v= 0.6c: 


(b) The distance traveled by the 
particle from č’; to f’ is given by: 


To find x, we must first find x’ and 
At’: 


u'+v 
Hac g 
1+ 4 
3 
-=c+—c 
u, = 3 5 Tg 
Jeg 
5° ~ 3° 
1+ = 
c? 
Ax =x, -%4 (1) 


x = 10m- (60e) £) = -10m 


and 
At'=t,'—t' = 60m/c = 200ns 
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X2 is related to x2’ through the 
relativistic transformation: 


Substitute numerical values and 


evaluate x»: 


x, is given by: 


Substitute numerical values and 


evaluate xı: 


Substitute numerical values in 
equation (1) and evaluate Ax: 


(c) The time the particle traveled is 
given by: 


Express and evaluate ft: 


Express and evaluate t: 


Substitute in equation (2) and 
evaluate At: 


_ -10m+(0.6c)(200ns) 


x, =32.5m 
(0.6c) 
as 
= ' Xi 
X= Y= ; 
are 
TE re 7 =12.5m 
0.6c 
j- c’ 
Ax = 32.5m—12.5m =| 20.0m 
At =t, -t (2) 
Es —_ t 
6 = A 2 
Pa 
so ome oea 
A (0.6c)" 
2 
C 
eu VEE 
vt' earns 
1-5 
Cc 
_ 60m/c +(-6m/c) _ ee 
E (0.6c)" 
Cc 


At = 225ns —25ns =| 200ns 


Relativity 1345 
53 eco 
Picture the Problem We can evaluate the differentials of Equations 39-19a, b, and c 


and 39-10 and express their ratio to obtain expressions for a,’, a,’, and a,’. 


From Equation 39-19a we have: 


c 
a = = — = — a 
i dt' vu, vu ° dt 07 
y 1— 7 dt y 1— 3 y 
c c 
vu, 
where 6 =1—-—} 
Cc 
Proceeding in exactly the same 1 vu, 
btains: a= Den Fy +353 0 Fe 
manner, one obtains: yo * yee 
and an identical expression for a,’ with z 
replacing y. 
54 cco 


Picture the Problem Without loss of generality, we’ll consider the absorption case. 
We’ll assume that the electron is initially at rest and that it travels with a speed v after it 
absorbs the photon. Applying the conservation of energy and the conservation of 
momentum will lead us to an absurd conclusion that, in turn, will force us to abandon our 
initial assumption that an electron can absorb a photon. Such an argument is known as a 
reductio ad absurdum argument. 
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When the electron absorbs a photon, 
the conservation of relativistic 
momentum requires that its 
momentum become: 

From the conservation of energy: 


Equate these expression for p to 
obtain: 


Solving for v yields: 


Square both sides of the equation to 
obtain: 


From the definition of y: 


Solve for v? to obtain: 


Substitute for v” in equation (1) and 
simplify to obtain: 


Substitute for yin equation (1) and 
evaluate v: 


mc’ + pe=ymc* > p= (vy —1)me 


ymv = (y —1)mc 


v= =} (1) 
4 


2 2 
»-[2 3 eat TE (2) 
4 y 
7 1 c’ 
DiS 2. 2.2 
v c -yv 
e 
2 
poe 1o 
y 


or 


Our assumption that an electron can absorb a photon has led to the 


contradictory conclusion that its speed after the absorption is zero. Hence, 


we must conclude that the electron cannot absorb a photon. 
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Picture the Problem Let m; denote the mass of the incident (projectile) particle. Then 
XMin = Mi + Marget and we can use this expression to determine the threshold kinetic 


energy of protons incident on a stationary proton target for the production of a proton— 


antiproton pair. 
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Consider the situation in the center E’ -p'e = Mase 


of mass reference frame. At Note that this is a relativistically invariant 


threshold we have: 


expression. 
In the laboratory frame, the target is Erga Ern E 
at rest so: 
F 2 255 2)\2 
We can, therefore, write: (E, Ee E) -p = (S mac ) 
SA. ; 2 2 2_ p2 
For the incident particle: Ey -pc = Ep 
and 
E =EotKn 
where Ka is the threshold kinetic energy of tł 
incident particle in the laboratory frame. 
> 2 2\2 
Express Knin terms of the rest ( E+ E») +2K „Eo = (> Merl ) 
energies: 
8 where 
2 
Eig + Eio = $ mac 
and 
2 
Exo a M arget? 
: rae 2\2 2 2\2 
Substitute to obtain: (> MC ) +2K Mage = (> MgC ) 


Solve for Ka to obtain: 


Ka = È Mik D Me È Mey — Yn, Je? 


2M orget 
For the creation of a Em, = 2m, 
roton - antiproton pair in a proton - = 

P . P P P > Min = 4m, 
proton collision: 

and 

M arget my 
Substitute to obtain: (2m, + 4m, (4m, — 2m, Je? 

th 7 
2m, 
2 
_ (6m, em, Je 


= ———— =| 6m.c 
2m, 
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in agreement with Problem 40. 


Picture the Problem We’ll solve the problem for the general case of a particle of rest 


mass M decaying into two identical particles each of rest mass m. 


In the center of mass reference 
frame: 


Solve for u/c to obtain: 


Next we determine the speed v of 
the laboratory frame relative to the 
CM frame. The energy of the 
particle of rest mass M is: 


Use Equation 39-18a to express uab, 
the speeds of the decay products in 
the laboratory reference frame: 


In this problem we have: 


Substitute to obtain: 


Mc? = 2mc? = 2ymc? 


ue TE] 
c M 


where u is the speed of each of the decay 
particles in the CM frame. 


YouMc? 
where 
1 
Yom 7 7 
I= 
E 
and 
v 1 
= Pem = 1 2 
Yem 
u 
Bem Ł é 
Uap a C 
i Bou 7 
C 


where + refers to the fact that one of the 
decay particles will travel in the direction 
of M, and the other in the direction 
opposite to that of M. 


2m 
=4, By = 0.968, —2=0.6, 
Yem Pom M, 
and # = 0.8 
C 
bee 0.968+0.8 Tp 9960 
1+ (0.968)(0.8) 


and 
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__0.968-08  _ 745, 


Ua = j= (0.968)(0.8) 


57 206 
Picture the Problem We can write the components of the stick in its reference frame and 
then apply the Lorentz length contraction equation to obtain the given result. 


In its reference frame, the stick has x Lx = L cos 0 
and y components: and 

Ly = 1, sin 
Only Zp, is Lorentz contracted to: L'i- 2 

x y 
Hence, the length in the reference L'= L 1y a (L | : 
frame f is: ” 
29 1/2 
cos : 
= Lf =—+sin* 0 
Y 

The angle that L’ makes with the x’ L' sind 

tang? = — = =| ytan 
axis is given by: L! «COs? [zrne] 

Y 
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Picture the Problem We can express the tangent of the angle wu’ makes with the x’ axis 
and then use the velocity transformation equations to obtain the given result. 


‘4 


Express the tangent of the angle u' ang u, 

ang = — 
makes with the x’ axis: u, 
Substitute for u,’ and u,’: u, 


tan 0 = = 
x = y(u, z v) 
vu 
1- 
e 
Substitute for u, and u, and simplify , usin sind 
f tan 0’ = ————___ = 


to obtain: y(ucos@—v) | y(cos@—v/u) 
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Picture the Problem We can use the expressions for p and E in S together with the 


relations we wish to verify and the inverse velocity transformation equations to establish 
2 
u 
the condition u’? = (u Y + (u Ki + (u)? =v + — and then use this result to verify 
y 


the given expressions for p,’, p,’, pz and E'/c. 


In any inertial frame the momentum 


~ mu mc’ 
and energy are given by: P= © u? 
Ii E 

c c 


where U is the velocity of the particle and 


and E = 


u is its speed. 


The components of p in S are: mu, mu, 
ee =, and 
1-— 1-— 
V e c’ 
a= mu, 
z u? 
l--7 
V e 
Because ux = u; = 0 and u, = u: P,=p,=9 
and 
E mu 
x u? 
1--> 
c 
Substituting zeros for p, and p- in vE vE 
. B r p pP; =| 0-— =--> Py Py> 
the relations we are trying to show 
yields: Dp. = 0, and 
E' E E 
c c c 
In S’ the momentum components , mu,’ ; mu,’ 
Px = ; »Py = : ? and 
are: j 2 í ul 
\ l= Levee 
p F mu, 
# ul 
1--> 
V e 


The inverse velocity transformations 
are: 


Substitute u, = u, = 0 and u, = u to 
obtain: 


Thus: 


First we verify that p; = p, = 0: 


Next we verify that p,’ = py: 
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u, „u, = , and 
vu vu 
1- a 1- 2 
V e c 
u 
fe Z 
u' = -= 
vu, 
Te 


W 
T OOE 
P- Ea =p, =|0] 
2 
u? 
ia a 


2 2 
u 
1-77 l- 
= Py 
. f vE 
Next we verify that p,’= 7 Pi 
c 
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u? 
,_ muf | —mv _ Ww mc? y c? 
P, i u’? y? u? c? j u? ; y 2 
c? y c? yc c? c? yc’ 


VP x 


E' E 
Finally, we verify that = { 
c 


JŽ E=: 
c 


The x, y, z, and ź transformation equations 
are: 


The x, y, z, and ct transformation equations 
are: 
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The p» Py, Pp» and E/c transformation VE 
equations are: Px =F | Pe 
Ce 
P, =P, 
P: =P; 
and 


Note that the transformation equations for x, y, z, and ct and the transformation equations 
for p» Py» P» and E/c are identical. 


60 eee 
Picture the Problem The Lorentz transformation was derived on the basis of the 
postulate that the speed of light is c in any inertial reference frame. Thus, if the clocks in 
S and S" are synchronized at ¢ = £ = 0, then it follows from the Einstein postulate that 7° = 
cf andr’ = ct? orr — ct = 0 =r" — et’. In other words, the quantity s* = 7° — c’t = 0 


is a relativistic invariant, which can also be written as x° + y? + 2° — f =0. 
Using the Lorentz transformation equations for x, y, z, and t we have: 
x? ty? +27 — (eff = 7720 — avt + v t) ty? +2 — y (ee — Qvxt ve?) 


The terms linear in x cancel and the terms rei j= x 


in x° combine to give: 

The coefficients of the terms in (ct)* give: vic -1)=-1 
Thus, 7° — P = r° — et’ as required by the Einstein postulate. 
G1 eee 


Picture the Problem We’ll use Equation 39-27 to show that this quantity has the value 
—mc’ in both the S and S" reference frames. 


From Equation 39-27, the E’ = p*c* + (me? y 
relationship between total energy £E, or 
momentum p, and rest energy mc” spo 


is: pc’ -E = -(me?)’ 
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Divide both sides of this equation by 


œ to obtain: 


We can relate p to py py and p-: 


Substitute for p* in equation (1) to 
obtain: 


Because m is the mass of the 
particle in its rest frame, it is 
constant. Hence: 


Also, in Problem 59 we saw that the components of p and the quantity E/c transform like 
the components of r and the quantity ct. In Problem 60 we demonstrated that 7° — (cH? is 
a relativistic invariant. Consequently, p° — (E/c)* must also be relativistically invariant. 


*62 ecco 


Picture the Problem We can use the inverse Lorentz transformation for time to show 


p -(£) = -(me)’ (1) 


that the observer will conclude that the rod is bent into a parabolic shape. 


In frame S where the rod is not 
moving along the x axis, the height 
of the rod at time ¢ is: 


The inverse Lorentz time 
transformation is: 


Express y’(¢) in the moving frame of 


reference: 


Evaluate y’(f) at £ = 0 to obtain: 


y'(t) =— x (1) 


Because equation (1) is the equation of a parabola, we've shown that the 
moving observer will conclude that the rod is bent into a parabolic shape. 


Because the coefficient of x” is negative, the parabola is concave downward. 


Chapter 40 
Nuclear Physics 


Conceptual Problems 


1 ° 
Determine the Concept Two or more nuclides with the same atomic number Z but 
different N and A numbers are called isotopes. 


a wo other isotopes o are: 3 

(a) T heri p ft “N 15N, ISN 
wo other isotopes o e are: e; e 

(b) T her isotopes of °°F “Fe, °F 

Cc wo other isotopes o n are: e, e 

(c)T her i p f 185 54h 55F 

2 e 


Determine the Concept The parent of that series, **’Np, has a half-life of 2x10° y that is 
much shorter than the age of the earth. There is no naturally occurring Np remaining on 
earth. 


3 ° 

Determine the Concept Generally, -decay leaves the daughter nucleus neutron rich, 
i.e., above the line of stability. The daughter nucleus therefore tends to decay via ~ 
emission which converts a nuclear neutron to a proton. 


*4 e 
Determine the Concept 1C is found on earth because it is constantly being formed by 
cosmic rays in the upper atmosphere in the reaction N + n — “C + 'H. 


5 ° 
Determine the Concept It would make the dating unreliable because the current 
concentration of C is not equal to that at some earlier time. 


6 ° 
Determine the Concept An element with such a high Z value would either fission 
spontaneously or decay almost immediately by œ emission (see Figure 40-3). 


7 ° 
Determine the Concept The probability for neutron capture by the fissionable nucleus is 
large only for slow (thermal) neutrons. The neutrons emitted in the fission process are fast 
(high energy) neutrons and must be slowed to thermal neutrons before they are likely to be 
captured by another fissionable nucleus. 
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8 ° 
Determine the Concept The process of "slowing down” involves the sharing of energy 
of a fast neutron and another nucleus in an elastic collision. The fast particle will lose 
maximum energy in such a collision if the target particle is of the same mass as the 
incident particle. Hence, neutron-proton collisions are most effective in slowing down 
neutrons. However, ordinary water cannot be used as a moderator because protons will 
capture the slow neutrons and form deuterons. 


9 ° 

Determine the Concept Beta decay occurs in nuclei that have too many or too few 
neutrons for stability. In 2 decay, A remains the same while Z either increases by 1 (87 
decay) or decreases by 1 (£ * decay). 


. tae 22 22 0 + 
(a) The reaction is: 1,Na{,Ne+,,2 => | 2> | decay 

7 tae 24 24 0 = 
(b) The reaction is: 1,Na>;Mg+_,f=> decay 
10 >œ 

Advantages Disadvantages 

The reactor uses *°U, which, by The fraction of delayed neutrons 
neutron capture and subsequent emitted in the fission of **°Pu is very 
decays, produces ***Pu. Thus small. Consequently, control of the 
plutonium isotope fissions by fast fission reaction is very difficult, and 
neutron capture. Thus, the breeder the safety hazards are more severe than 
reactor uses the plentiful uranium for the ordinary reactor that uses U 
isotope and does not need a as fuel. 


moderator to slow the neutrons 
needed for fission. 


11 >œ 
(a) False. The nucleus does not contain electrons. 


(b) True. 


(c) False. After two half-lives, three-fourths of the radioactive nuclei in a given sample 
have decayed. 


(d) True (given an unlimited supply of ”®°U). 
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12 œ 

Determine the Concept Pressure and temperature changes have no effect on the internal 
structure of the nucleus. They do have an effect on the electronic configuration; 
consequently, they can influence K-capture processes. 


*13 >œ 

Determine the Concept Knowing the parent nucleus and one of the decay products, we 
can use the conservation of charge, the conservation of energy, and the conservation of 
the number of nucleons to identify the participants in the decay. 


(a) beta decay of '°N 1 No" O+ p+ 7+Q 
(b) alpha decay of *“*Fm pmo EC He + Q 
(c) positron decay of N 7 N>? CRE +Q 
(d) beta decay of *'Se Se" Br+ 98407 +Q 
(e) positron decay of *'Cu Cys Nit OB +oV +Q 
(f) alpha decay of 7°°™ Th > Ras He +Q 


*14 o» 
Determine the Concept We can use the information regarding the daughter nuclei to 
write and balance equations for each of the reactions. 


(a)| °S Pu 3)n+3,Sr+"sBa 
(b)| > Ge+5He—>n+5,Se 


127 2 1 128 
sal + H> n+ Xe 


(c 


— 


(| BU+in 32invWAgeaRh 


(e)| SMn+{Li>3H+3Co | 


238 1 23977. 239 0 0 239 . 239 0 0 239 
A go U+9n> 92 U; U> to V+ o3 NP; a3 NP +o Vt 94 PU 
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Estimation and Approximation 


15° 

Picture the Problem There is no table of half lives in the text although the information is 
mentioned in the alpha particle discussion for alpha decay (about 15 orders of magnitude). 
Mass density in an atom ranges roughly as the cube of the radius of an atom to that of the 

nucleus, also about 15 orders of magnitude. Nuclear masses only range 2 orders of 


magnitude. 
Material property Ratio (order of magnitude) 
Mass density 10” 
Half life 10” 
Nuclear masses 2 
16 -e 


N 
f *°U required is given by M3; = A 535 Where 


A 


Picture the Problem The mass o 


235 
f 


M3s is the molecular mass of U and N is the number of fissions required to produce 


10°° J. The mass of deuterium and tritium required can be found similarly. 


a) Relate the mass of *?°U required N 
(a) l M35 = — M53, (1) 


to the number of fissions N required: N; 


where Mss is the molecular mass of °”U. 


Determine N: N= E annual 
E per fission 
Substitute numerical values and N= 10”J 
evaluate N: = Ej 
valua 200 Mev x 200% 10 J 
eV 
= 3.13x10” 


Substitute numerical values in equation (1) and evaluate m»3s: 


B 3.13x10” 
6.02 x10” nuclei/mol 


2359/mol)=| 5.20x10°k 
(235 g/mol) g 


M35 


(b) Relate the mass of °H and °H 
required to the number of fusions N 
required: 


Determine N: 


Substitute numerical values and 
evaluate N: 
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N 
Ma = y Van (2) 
A 
where M ien is the molecular mass of 
°H + °H. 
N = E ima 
per fission 
10”J 
N= 1.60x107° J 
18 MeV x 2 
e 
= 3.47x10” 


Substitute numerical values in equation (2) and evaluate M, „34 : 


3.47 x10% 


M335 


Properties of Nuclei 


*17 œ 


~ 6.02 x10” nuclei/mol 


(mol) = [2000 


Picture the Problem To find the binding energy of a nucleus we add the mass of its 


neutrons to the mass of its protons and then subtract the mass of the nucleus and multiply 
by c°. To convert to MeV we multiply this result by 931.5 MeV/u. The binding energy 


per nucleon is the ratio of the binding energy to the mass number of the nucleus. 


(a) For °C, Z = 6 and N = 6. Add the mass of the neutrons to that of the protons: 


6m, + 6m, = 6x1.007825u + 6 x1.008665 u = 12.098940 u 


Subtract the mass of "°C from this result: 


(6m, + 6m, )— ma =12.098940u -12u = 0.098940u 


Multiply the mass difference by c° and convert to MeV: 


E, =(Am)c? = (0.098940 u)c? x 


931.5MeV/c* _ 


92.2 MeV 


lu 
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E 92.2 MeV 
and the binding ener er nucleon is —2 = =| 7.68 MeV 


(b) For “Fe, Z = 26 and N = 30. Add the mass of the neutrons to that of the 
protons: 


26m, + 30m, = 26x1.007825u + 30 x1.008665u = 56.463400 u 


Subtract the mass of *°Fe from this result: 


(26m, + 30m, )- Ma- = 96.463400 u — 55.934942 u = 0.528458 u 


Multiply the mass difference by c° and convert to MeV: 


1.5M ; 
E, = (Am) e? = (0.528458 u)c? x HoMe =| 492 MeV 
u 
and the binding energy per nucleon is Éi = — =| 8.79 MeV 


(c) For *°U, Z = 92 and N = 146. Add the mass of the neutrons to that of the 
protons: 


92m, +146m, = 92 x1.007825u +146 x 1.008665 u = 239.984990 u 


Subtract the mass of 7°°U from this result: 


(92m, +146m, )— m.» „ = 239.984990u — 238.050783u = 1.934207 u 


Multiply the mass difference by c° and convert to MeV: 


931.5MeV/c* 
E, =(Am)c? = (1.934207 u)c? o = 


u 


E 1802MeV 
nd the binding ene er nucleon is = = —————— = | 7.57 MeV 
a inding energy per nu i x 339 
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18 >» 
Picture the Problem To find the binding energy of a nucleus we add the mass of its 
neutrons to the mass of its protons and then subtract the mass of the nucleus and multiply 
by c°. To convert to MeV we multiply this result by 931.5 MeV/u. The binding energy 
per nucleon is the ratio of the binding energy to the mass number of the nucleus. 


(a) For °Li, Z = 3 and N = 3. Add the mass of the neutrons to that of the protons: 


3m, +3m, = 3x1.007825u + 3x1.008665u = 6.049470u 


Subtract the mass of °Li from this result: 


(3m, +3m, )-m,,, = 6.049470u —6.015122u = 0.034348u 


Multiply the mass difference by c° and convert to MeV: 


B 2 > 931.5MeV/c* _ 
E, =(Am)c? = (0.034348u)c x = | 32.0MeV 
coi _ E, _ 32.0MeV _ 
and the binding energy per nucleon is a 6 =|5.33MeV 


(b) For °K, Z = 19 and N = 20. Add the mass of the neutrons to that of the 
protons: 


19m, + 20m, =19x1.007825u + 20 x1.008665u = 39.321975u 


Subtract the mass of ?K from this result: 


(19m, +20m, )— m» = 39.321975u —38.963707u = 0.358268u 


Multiply the mass difference by c° and convert to MeV: 


931.5 MeV/c? 
E, =(Am)c? = (0.358268u)c? x = | 334MeV 


E, _ 334MeV _ 
39 


8.56 MeV 


and the binding energy per nucleon is 


(c) For “Pb, Z = 82 and N = 126. Add the mass of the neutrons to that of the 
protons: 
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82m, +126m, = 82 x1.007825u +126 x1.008665u = 209.733440u 


Subtract the mass of 7°°Pb from this result: 


(82m, +126m, )— mau, = 209.733440u — 207.976636u = 1.756804u 


Multiply the mass difference by c° and convert to MeV: 


2 
E, = (Am)c? = (1.756804 )c? ——or =| 1636MeV 
u 
E, 1636MeV 
nd the binding ene er nucleon is —2 = =| 7.87 MeV 


19 œ 
Picture the Problem The nuclear radius is given by R = R A” where Ro = 1.2 fm. 


(a) The radius of 'ĉO is: Rs, = (1.2fm)(16)'* = 
(b) The radius of "Fe is: Rs, = (1.2fm)(56)° = 
(c) The radius of *” Au is: Ris u (1.2fm)(197)” 2 


20 œ 
Picture the Problem The nuclear radius is given by R = RA” where Ro = 1.2 fm. 


The radii of the daughter nuclei are R=R, A (1) 
given by: 


Because the ratio of the mass 3 1 
numbers of the daughter nuclei is 3 A= ac and A, = Fie 
to 1: 


Substitute in equation (1) to obtain: 


6.77 fm 


*21 ee 
Picture the Problem The speed of the neutrons can be found from their thermal energy. 
The time taken to reduce the intensity of the beam by one-half, from I to 7/2, is the half- 
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life of the neutron. Because the beam is monoenergetic, the neutrons all travel at the same 


speed. 


(a) The thermal energy of the 
neutron is: 


(b) Equate Enema and the kinetic 
energy of the neutron to obtain: 


Solve for v to obtain: 


Substitute numerical values and 
evaluate v: 


(c) Relate the half-life, ¢,,, to the 


speed of the neutrons in the beam: 


Substitute numerical values and 
evaluate t, : 


22 œ 


E thermal 


kT 
(1.38x 10° J/K \(25+ 273)K 


4.11x10 J 


= 4.11x10 7” J x 


- [7m] 


E im v’ 


thermal = 2 n 


leV 
1.60x10° J 


2E 


v= thermal 


yom, 


2(4.11x10 %3) 
y= =| 2.22 km/s 
\ 1.67 x10 “kg 


1350 km 1min 
= ————— = 608s x 
2.22 km/s 


=| 10.1min 


1/2 


Picture the Problem We can use the definition of density, the equation for the volume of 


a sphere, and the given approximation to calculate the density of nuclear matter in grams 


per cubic centimeter. 


Express the density of a spherical 
nucleus: 


The approximate mass is: 


Express the volume of the nucleus: 


m = (1.66 x10” kg JA 


V =42(R,A") =47RA 
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Substitute for m and V to obtain: B (1.66 x107 kg)A 
OT PIRA 
_ 3(1.66x10 7 kg) 
47R, 
Substitute numerical values and B 3(1.66 x107” kg) 
evaluate p: “a Ar(1.2fm)° 


= 2.29x10" kg/m’ 


=| 2.29x10" g/cm’ 


23 eo 
Picture the Problem The separation of the nuclei when they are just touching is the sum 


of their radii, which is given by R = RA”. 


a a a energy of U =k qq» ag (Z.€)(Z,€) 
e system is given by: 
y 8 y R Rua + Ria 
where R is the distance from the center of 
the °°Mo nucleus to the center of the La 


nucleus. 
The radii of the nuclei are: Ryo = RÆ and R,, = RA 
Substitute for Rmo and Rza and 5 (Zu )(Z,,) 
simplify to obtain: U = RA 4 RA” 


= ke? (Zi N Za) 


Substitute numerical values and evaluate U: 


y — 8.99%10°Nm/C?)(L.60x10 CF _ (42)(57) 
p (1.2x10*m) (95° +139") 


leV 
= 4.71x10™ J x ————___ =| 295 MeV 
1.60x10 ° J | 295 MeV | 


*24 ee 
Picture the Problem The Heisenberg uncertainty principle relates the uncertainty in 


1 
position, Ax, to the uncertainty in momentum, Ap, by AxAp = J" 


Solve the Heisenberg equation for h 


Substitute numerical values and 
evaluate Ap: 


The kinetic energy of the electron is 
given by: 


Substitute numerical values and 
evaluate K: 
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_ 1.05x10™J-s 


Ap = 
p 2(10 x10°°m 


=5.25x10 “kg - m/s 
K = pc 
K =(5.25x107" kg -m/s)(3x10° m/s) 


leV 


=1.58x10” Jx——_— 
1.60x10™ J 


= 9.88 MeV 


This result contradicts experimental observations that show that the energy of electrons in 


unstable atoms is of the order of 1 to 1000 eV. 


Radioactivity 


25 >œ 


Picture the Problem The counting rate, as a function of the number of half-lives n, is 


given by R=(1)'R,. 


(a) The counting rate after n half- 
lives is: 


Solve for n to obtain: 


Substitute numerical values and 
evaluate n: 


Because there are two half-lives in 
10 min: 


(b) At the end of 4 half-lives: 


26 >œ 


R= (y R, 


In(R/R,) 


mG) 


3 1000 counts/s 
4000 counts/s = 


R = (4) (4000 counts/s) = 


Picture the Problem The counting rate, as a function of the number of half-lives n, is 


given by R =(4)"R,. 


(a) When t = 4 min, two half-lives 
will have passed and n = 2: 


R = (47 (2000 counts/s) =| 500 Bq 
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(b) When t = 6 min, three half-lives R= (+7 (2000 counts/s) =| 250Bq 
will have passed and n = 3: 


(c) When t = 8 min, four half-lives R= GÝ (2000 counts/s) =|125Bq 
will have passed and n = 4: 


27 œ 
Picture the Problem The counting rate, as a function of the number of half-lives n, is 
given by R =(+)"R, and the decay constant 4 is related to the half-life by ty. =In2/A. 


(a) Relate the counting rate at time Romin (47 R, 
t = 10 min to the counting rate at 
t=0: 
Solve for n: "A In(Riomin/ Ro) 
InG) 
Substitute numerical values and | 1000 counts/s 
evaluate n: _ (8000 counts/s } _ 
In(+) 

Therefore, 3 half-lives have passed 3t y2 = 10min = t, p= 
in 10 min: 
(b) The decay constant / is related _ln2 _ln2 

j ty => A=— 
to the half-life by: A by 
Substitute for tı2 and evaluate /: oe In2 ~|3.47x102s52 

200s 

(c) Six half-lives will have passed in Ryo min = (4) (8000 Bq) =| 125Bq 
20 min: 
28 œ 


Picture the Problem We can use R = AN,e “‘ to show that the disintegration rate is 


approximately 1 Ci. 


The decay rate is given by: R=AN,e%' 
where No is the number of nuclei at 
t=0. 


The decay constant / is related to 
the half-life by: 


Substitute for tı and evaluate 4: 


The number of nuclei at 
t = 0 is given by: 


Substitute numerical values and evaluate 


No: 
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In2 In2 
by = => A = 
A ti 
j= ai y’x— 
1620y 31.56 Ms 
=1.356x10 s7 
No = Na/M 


where M is the atomic mass of radium and 
N; is Avogadro’s number. 


ee 6.02 x10” 


i = 2.664x10” 
226 


Substitute numerical values for 2 and No and evaluate R: 


R = (1.356x107's*)(2.664x107)et35640 "5 "}0205) _ 361x1057 


 3.7x10s = 
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Picture the Problem We can use R = GY R, to relate the counting rate R to the number 


of half-lives n that have passed since t = 0. The detection efficiency depends on the 


probability that a radioactive decay particle will enter the detector and the probability 


that upon entering the detector it will produce a count. If the efficiency is 20 percent, the 


decay rate must be 5 times the counting rate. 


(a) When t = 2.4 min, n = 1 and: 
When t = 4.8 min, n = 2 and: 

(b) The number of radioactive 
nuclei is related to the decay rate R, 


and the decay constant 4: 


The decay constant is related to the 
half-life: 


Calculate the decay rate at t = 0 


Ry amin = (4) (1000 counts/s) = 
Ra smn = (4) (1000 counts/s ) = 


R=AN= N=5 (1) 


_ 0.693 0.693 _ 0.693 
ty. 24min 144s 


= 4.813x10 ° s 


A 


R, =5x1000counts/s = 5000s * 
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from the counting rate: 


Substitute in equation (1) and 
evaluate No at t = 0: 


Calculate the decay rate at 
t = 2.4 min from the counting rate: 


Substitute in equation (1) and 
evaluate N? 4min at t = 0: 


(c) The time at which the counting 
rate will be about 30 counts/s is the 
product of the number of half-lives 
that will have passed and the half- 
life: 


The counting rate R after n half- 
lives is related to the counting rate 


at t = 0 by: 


Solve for n: 


Substitute numerical values and 
evaluate n: 


Substitute numerical values for n 
and tı» in equation (2) and evaluate 
t: 


30 œ 


R, 5000s g 
N, =œ = —— > = 1.04x10 
° A 4813x107 s7 


R = 5x 500 counts/s = 2500s’ 


2.4min 


N. = R, 4min z 2500s * 
ne A 4.813x10 ° s7 


-pra 


t=nty» (2) 
R=(3)'R, 
n- PER) 


In(5) 


"E In(30 counts/s /1000 counts/s) 


In(3) 


= 5.059 


t = (5.059)(2.4min) =| 12.1min 


Picture the Problem Knowing each of these reactions, we can use Table 40-1 to find the 


differences in the masses of the nuclei and then convert this difference into the energy 


released in each reaction. 


(a) Write the reaction: 


76 Ra" Rn+ "He 
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Use Table 40-1 to find AE: 


931.5MeV/c? 2 
AE = ——— (226.025403 u — 222.017571u —4.002603u )c* = | 4.87 MeV 
E. je? =| 487 MeV | 


(b) Write the reaction: 2 Pu U+*He 


Use Table 40-1 to find AE: 


931.5 MeV/c? 2 
AE = —— _ (242.058737 u — 238.050783 u — 4.002603u )c* =| 4.98 MeV 
a )c* =| 4.98MeV | 


*31 oe 
Picture the Problem Each ™°Pu nucleus emits an alpha particle whose activity, A, 
depends on the decay constant of ™°Pu and on the number N of nuclei present in the 
ingested *°Pu. We can find the decay constant from the half-life and the number of nuclei 
present from the mass ingested and the atomic mass of **’Pu. Finally, we can use the 
dependence of the activity on time to find the time at which the activity be 1000 alpha 
particles per second. 


(a) The activity of the nuclei present A=AN (1) 
in the ingested **’Pu is given by: 


Find the constant for the decay of In2 0.693 
39D y: = 


© tu» (24360y)(31.56 Ms/y) 
=9.02x10 "s7 


Express the number of nuclei 


present in the quantity of “Pu N = mp vA 

ingested: Wie a 
where Mp, is the atomic mass of “Pu. 

Substitute numerical values and 6.02x10~ nuclei/mol 

evaluate N: N= (2.0 ) 2n 

239g/mol 
=5.04x10"nuclei 
Substitute numerical values in A= (9.02 x 10s {5.04 x10” a) 


equation (1) and evaluate A: 


=| 4.55x10° a/s 


(b) The activity varies with time A=A e” 
according to: 
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Solve for t to obtain: A 

Inj — 

t= 
-À 

P aR numerical values and i 1x10°q@/s 
Lai E 4.55x10°a/s 

- (9.02 oms SE vs) 

ly 
=| 5.32x10* y 

32 o» 


Picture the Problem We can use conservation of energy and conservation of linear 
momentum to relate the momenta and kinetic energies of the nuclei to the decay’s Q 
value 


(a) Express the kinetic energies of > P 
the alpha particle and daughter K, =m; = PE (1) 
nucleus: Ma 
and 
2 
K, =4myv2 =P (2) 
2my 
Solve equations (1) and (2) for p* p, =2m,K, 
and på: and 
2 
Py a 2my Ky 
From the conservation of linear momentum P; = D; 
we have: or, because the parent is initially at rest, 
0= Pa — pyand Pa = Py 
Because the momenta are equal: 2m,K, =2m,K, 
Solve for Ky: 4 
` Ky = LIA E -= kK; 
My A-4 
Because the daughter nucleus and Q=K,+K, 


the alpha particle share the Q-value: 
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Solve for Ka: A-4 
K, =| | —— 
(5k 
(b) Substitute for K, in the A-4 
expression for Q to obtain: Q=K,+ A Q 
Solve for Ky: A-4 4 
coo (“pl 
A A 
+33 ee 


Picture the Problem We can write the equation of the decay process by using the fact 
that the post-decay sum of the Z and A numbers must equal the pre-decay values of the 
parent nucleus. The Q value in the equations from Problem 32 is given by Q = —-(Am)c’. 


239 


Pu undergoes alpha decay 239 py» =U sa + 
according to: gel ele TQ | 
The Q value for the decay is given 931.5MeV 
by: Q=[(m,, )- (mu +m, )] ~ 


Substitute numerical values and evaluate Q: 


Q = |(239.052156u )- (235.043923u + 4002603) °=MEV ) =| 5.24MeV 


lu 
From Problem 32, the kinetic energy A-4 
of the alpha particle is given by: K, = A Q 
Substitute numerical values and 239-4 
evaluate K,: a 5 (5.24 MeV) 
=| 5.15MeV 
From Problem 32, the kinetic energy 4Q 
of the *°U is given by: K= A 
Substitute numerical values and 4(5.24 MeV) 
evaluate Ky: Ky = 339. =| 87.7keV 
34 >œ 


Picture the Problem We can find the age of the sample using R, = (4)"R, to find n and 
then applyingt = ntz- 


Express the age of the bone in terms t=nt,, (1) 
of the half-life of “C and the 
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number n of half-lives that have 
elapsed: 


The decay rate R, after n half-lives 
is related to the counting rate Ry at 


t= Oby: 


Solve for n: 


Because there are 15.0 decays per 
minute per gram of carbon ina 
living organism: 


Substitute numerical values for R 
and Rọ and evaluate n: 


Substitute numerical values in 
equation (1) and evaluate t: 


35 >° 


ln(R/R,) 


mG) 


decays 1min 
x —— X 


R, =15.0— 175g 
min-g 60s 
= 43.75Bq 
oe 
pa NE ase 


In(5) 
t =(2.433)(5730 y) =| 13,940 y 


Picture the Problem We can solve R = R,e “ for Ato find the decay constant of the 


In2 
sample and use t, = ze to find its half-life. The number of radioactive nuclei in the 


sample initially can be found from R, = AN,. 


(a) The decay rate is given by: 


Solve for å to obtain: 


Substitute numerical values and 
evaluate A: 


R=Re“ 
nf 
jai 
-t 
85.2 Bq 
115Bq 


In 
A =~ =| 0.133h" 
Soe, = L0:133h" | 
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The half-life is related to the decay _ln2_ h2 


= = =| 5.20h 
constant: ve A 0.133h* 


(b) The number No of radioactive 


R 
R, =4N, > N, =— 
nuclei in the sample initially is A 


related to the decay constant / and 
the initial decay rate Ro: 


Substitute numerical values and _ 115Bq = 6 
N, pee | ais 3.1110 


evaluate No: 7 0.133h x 
600s 


*36 eo 
Picture the Problem We can use R, = AN to find the initial activity of the sample and 


R= R.e “‘to find the activity of the sample after 1.75 y. 


(a) The initial activity of the sample R, =AN (1) 
is the product of the decay constant 

A for ®Co and the number of atoms 

N of “Co initially present in the 

sample: 


Express N in terms of the mass m of m 
the sample, the molar mass M of VW 
Co, and Avogadro’s number Na: 


Substitute numerical values and evaluate N: 


-6 
=| 10010 8 \(6.02%10*nuclei/mol) = 1.00 x10" nuclei 
60 g/mol 
The decay constant is given by: 1- In2 
tiz 
Substitute numerical values and 1- 0.693 
evaluate A: (5.27 y)(31.56 Ms/y) 
=4.17x10°s7 
Substitute numerical values in R,= (4. 17x10°s? 1.00 x10" nuclei) 
equation (1) and evaluate Ao: 1Ci 
=4.17x10" oy — 
3.7x10" s 


=|1.13mCi 
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(b) The activity varies with time { 
according to: R-Re=Re \®7 


Evaluate R att = 1.75 y: 26a. | 


ee ny 
=| 0.898 mCi 


37 ee 
Picture the Problem The following graph was plotted using a spreadsheet program. 
Excel’s "Add Trendline” feature was used to determine the equation of the line. 


9 


5 
In(R ) = -0.0771t + 8.3395 


0 10 20 30 40 50 60 


t (min) 


The linearity and negative slope of this graph tell us that it represents an exponential 


decay. 

The decay rate equation is: R=R e” 

Take the natural logarithm of both InR=Ine“ +In R, 

sides of the equation to obtain: =—At+InR, 

This equation is of the form: y=mx+b 
where y = In R, x = t, m=—A, and 
b= InRo. 


The decay constant is the negative of A =| 0.0771min™ 


the slope of the graph: 
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The half-life of the radioisotope is: In2 In2 
t = = =| 8.99 min 
Y? A 0.0771min* 


38 eo 
Picture the Problem We can solve Equation 40-7 for A to show that 
A= ti ‘In(Ro/R)). 


(a) Express the half-life as a H= In2 (1) 
function of the decay constant /: ae | 
From Equation 40-7 it follows that: RL git 

R, 
Solve for A: 

ve for "| = - 
A= A =| In) — 
t R 
b) Substitute numerical values for t, 1 1200B 

3 A=—In 4 | =| 0.006765" 
R, and Ro and evaluate A: 60s 800 Bq 
Use the decay constant to find the In2 In2 

t= = =| 103s 
half-life: Y2 A 0.00676" EES 
39 ee 


Picture the Problem The required mass is given by M = (5 counts/min)/R, where R is the 
current counting rate per gram of carbon. We can use the assumed age of the casket to 
find the number of half-lives that have elapsed and R = GY R, to find the current 


counting rate per gram of “C. 


The mass of carbon required is: M= 5counts/min (1) 
R 

Because there were about 15.0 R= Gy R, = (ay (15 counts/min - g) 

decays per minute per gram of the 

living wood, the counting rate per 

gram is: 


We can find n from the assumed age j= 18,000 y =3.141 


of the casket and the half-life of C: 5730y 
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Substitute for n and evaluate R: R= (Pas counts/min - g) 


= 1.70 counts/min - g 


Substitute for R in equation (1) and M= 5 counts/ a - [2.94g 
evaluate M: 1.70 counts/min - g 


40 ° 

Picture the Problem The decay constant / can be found from the decay rate R and the 
number of radioactive nuclei N at the moment of interest and the half-life, in turn, can be 
found from the decay constant. 


The decay rate R is related to the R-N Soe R (1) 
decay constant 4 and the number of 
radioactive nuclei N at the moment 
of interest: 
The number of radioactive nuclei N N=N m 
* a A 
at the moment of interest can be M 
found from Avogadro’s number, the 
mass m of the sample, and the molar 
mass M of the sample: 
Substitute numerical values and evaluate N: 
10° 
N = (6.02x10” nuclei/mol)————_®> — = 1.004x10" 
59.934 g/mol 
š r x 7 1 10 B 
Substitute numerical values in 1.131Cix 3.7x10° Bq 
equation (1) and evaluate A: E Ci 
1.00410" 
=| 4.17%10°s~ 
Find the half-life from the decay constant: _ In2 In2 


y a 417x102 s 


E LY 


31.56 Ms 
- [52] 


#41 oe 


Picture the Problem The following graph was plotted using a spreadsheet program. 
Excel’s "Add Trendline” feature was used to determine the equation of the line. 
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6.2 


6.0 


In(R ) 


5.8 


5.6 In(R ) = -0. 


5.4 


198t + 6.9076 


5.2 


5.0 
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The linearity and negative slope of this graph tells us that it represents an exponential 


decay. 


The decay rate equation is: 


Take the natural logarithm of both 
sides of the equation to obtain: 


This equation is of the form: 


The half-life of the radioisotope is: 


42 * 


R=Re“ 


InR=Ine“+InR, 
=—-At+InR, 


y=mx+b 


where y = In R, x = t, m=—A, and 


b= InRo. 


li. 


In2 


v4 -:0.198min 


=| 3.50 min 


Picture the Problem We can use the decay rate equation R = Re“ and the expression 


relating the half-life of a source to its decay constant to find the half-life of the sample. 
Solving the decay-rate equation for t will yield the time at which the activity level drops 


to any given value. 
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(a) The half-life of the material is 
given by: 


The decay rate is given by: 


Solve for A: 


Substitute for 4 in equation (1) to 
obtain: 


Substitute numerical values and 
evaluate tiz: 


(b) Solve equation (2) for t: 


Express / in terms of tı⁄: 


Substitute for / in the expression for 
t to obtain: 


Substitute numerical values and 
evaluate t: 


43 ee 


Picture the Problem We can use the decay rate equation R = Re“ and the expression 


In2 
tj = G (1) 
R = Re” (2) 
(2) 
ee 
t 
n= ln2 _ h2 i 
12 7 = 
m) in( 2 
R R 
t 
t = ne (101h) 
In 115decays/min 
73.5decays/min 
=|156h 
nÈ) 
t= Ro 
-À 
-m2 
t2 
ln = 
Ry 
t= —In2 fyz 


nf 10decays/min 


= aeeai.) 56h) 
—In2 


1d 
=550h =| 22.9d 
svi ol 


relating the half-life of a source to its decay constant to find the age of the fossils. 
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The decay rate is given by: R= Re” 
Solve for t to obtain: ] í R ) 
n = 
t= Ry 
—A 
Express / in terms of tı: qa In2 
tiz 
Substitute for 7 in the expression for 1 R 
t to obtain: B R, 
t= t 
-m2 ” 


or, because the activity at any time is 
proportional to the number of radioactive 
nuclei present, 


hf Nrp 
N 
t ORD) 


The number of °’Sr nuclei present in Ny = Now ~Ne > Norb = Ns t Np 
the rocks is given by: 


(1) 


We're given that: 


N 
No, = 0.01N yy > = 0.01 


Rb 


Express the ratio of Nop to Nps: Now _ Ns +N N 


Ss 4+1 
Nep Ney Ng 
=0.01+1=1.01 

Substitute numerical values in nf 1 ) 
equation (1) and evaluate the age of me 1.01 (4.9 x10! y) 
the fossils: —In2 

=| 7.03x10° y 
44 cco 


Picture the Problem We can evaluate this integral by changing variables to obtain a 
form that we can find in a table of integrals. 


Change variables by letting: x=At 
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Then: 


Substitute to obtain: 


From integral tables: 


Substitute in the expression for 7 to 
obtain: 


Nuclear Reactions 


455 >» 


dx = Adt , te ee es 
A A 


- [taetdt = [Z ae & 1 xe”d 
T ie is 7 nii X 


aj- 


Picture the Problem We can use Q = —(Am)c? to find the Q values for these reactions. 


(a) Find the mass of each atom from 
Table 40-1: 


Calculate the initial mass m; of the 
incoming particles: 


Calculate the final mass mr: 


Calculate the increase in mass: 


Calculate the Q value: 


Mm. = 1.007825 u 
m,,, = 3.016049 u 
M; = 3.016029 u 
m, = 1.008665 u 


m, = 1.007825 u + 3.016049 u 
= 4.023874 u 


m; = 3.016029 u + 1.008665 u 
= 4.024694 u 


Am =m, -m; 
= 4.024694 u — 4.023874 u 


= 0.000820 u 
Q=-(Am)c? 
2 
= -(0.0008204)e'{ 931.54) 
u 


=| —0.764MeV 


(b) Proceed as in (a) to obtain: 
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Q= (2.035104) 931. 


- [27m] 


MeV/c? | 5 
oa 
u 


Remarks: Because Q < 0 for the first reaction, it is endothermic. Because Q > 0 for 


the second reaction, it is exothermic. 


46 > 


Picture the Problem We can use Q = -(Am)c? to find the Q values for these reactions. 


(a) Find the mass of each atom from 
Table 40-1: 


Calculate the initial mass m; of the 
incoming particles: 


Calculate the final mass m;: 


Calculate the increase in mass: 


Calculate the Q value: 


(b) Proceed as in (a) to obtain: 


m, = 2.014102 u 
m, „ = 3.016049 u 
m,,, = 1.007825 u 


m, = 2(2.014102 u) 
= 4.028204 u 


m, = 3.016049 u + 1.007825 u 
= 4.023874 u 

Am =m, =m; 

= 4.023874 u — 4.028204 u 

= —0.004330 u 


Q=-(Am)c? 


al 
A 


-0,004330u)e{ 981.5 


Q=-(Am)c? 


MeV/c? 
u 


=- 00197034) 9315 


- [184M] 


MeV/c? \ , 
“Ie 
u 
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(c) Proceed as in (a) to obtain: Q= —(Am)c? 


= —(- 0.0051351)| 9915 


- [aame] 


MeV/c? | , 
He 
u 


*47 oe 
Picture the Problem We can use Q = -(Am)c? to find the Q values for this reaction. 


(a) The masses of the atoms are: My, =14.003242 u 
M., „ =14.003074u 


Calculate the increase in mass: Am = m, — m, 
= 14.003074u —14.003242u 
= —0.000168u 
Calculate the Q value: Q= —(Am)c? 
2 
= -(— 0.000168 ve {901 sMEV | 
u 


=| 0.156 MeV 


(b) 


The masses given are for atoms, not nuclei, so for nuclear masses the masses 


are too large by the atomic number times the mass of an electron. For the given 
nuclear reaction, the mass of the carbon atom is too large by 6m, and the mass 
of the nitrogen atom is too large by 7m,. Subtracting 6m, from both sides of 
the reaction equation leaves an extra electron mass on the right. Not including 
the mass of the beta particle (electron)is mathematically equivalent to 
explicitly subtracting 1m, from the right side of the equation. 


48 o 
Picture the Problem We can use Q = -(Am)c ? to find the Q values for this reaction. 


(a) The masses of the atoms are: M „ =13.005738u 
m,,. =13.003354u 
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For f° decay: Q = (m; —m, — 2m, )c’ 


= (m, - m; jc? — 2m,c’? 


Calculate m; — me: m; — m; =13.005738u —13.003354u 
= 0.002 384u 


Calculate the Q value: 


MeV/c? 
u 


Q= (oo023e4u)e 981.5 }-aostmev)= 1.20MeV 


The atomic masses include the masses of the electrons of the neutral atoms. 
In this reaction the initial atom has 7 electrons and the final atom only has 
b) 6 electrons. Moreover, in addition to one electron not included in the atomic 


masses, a positron of mass equal to that of an electron is created. 
Consequently, one must add the rest energies of two electrons to the rest 


energy of the daughter atomic mass when calculating Q. 


Fission and Fusion 


*49 œ 
Picture the Problem The power output of the reactor is the product of the number of 
fissions per second and energy liberated per fission. 


Express the required number N of N= P 
fissions per second in terms of the 


per fission 


power output P and the energy 
released per fission Eper fission: 


Substitute numerical values and N= 500 MW 
evaluate N: 200 MeV 
5x10" x 1V 
s 1.60x10 "J 
200 MeV 


=| 1.56x10” s7 
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50 œ 

Picture the Problem If k = 1.1, the reaction rate after N generations is 1.1". We can find 
the number of generations by setting 1.1” equal, in turn, to 2, 10, and 100 and solving for 
N. The time to increase by a given factor is the number of generations N needed to 
increase by that factor times the generation time. 


(a) Set 1.1% equal to 2 and solve for (1.1)" =2 
N: Nln1.1=1n2 
PLETT 
ln1.1 
(b) Set 1.1" equal to 10 and solve for (1.1)" =10 
N: N1n1.1=1n10 
ale fap 
In1.1 
(c) Set 1.1" equal to 100 and solve 1.1)" =100 
for N: Nln1.1=1n100 
TE 
ln1.1 
(d) Multiply the number of t, = Nt, =(7.27)(1ms)=| 7.27 ms 
enerations by the generation time: 
: ag to = Nt, = (24.2)(Lms) = | 24.2ms 


tio = Nt, = (48.3)(Lms) =| 48.3ms 


(e) Multiply the number of t, = Nt, = (7.27)(100ms) =| 0.727s 


generations by the generation time: t, = Nt, = (24.2) (100 an) _ 
tioo = Nt, = (48.3)(100ms) =| 4.83s 


*51 oe 
Picture the Problem We can use Q = —(Am)c’, where Am = m;— m; to calculate the Q 
value. 


The Q value is given by: ae Taye g 931.5 MeV/c? 
lu 


Calculate the change in mass Am: 
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Am =m, — m, 


= 94.905842 u +138.906348 u + 2(1.008665 u)—(235.043923 u + 1.008665 u) 
= —0.223068 u 


Substitute for A d evaluate Q: 
ubstitute for Am and evaluate Q Q = -(- 0.223068 u)x 931.5MeV 
lu 
=| 208 MeV 
The ratio of Q to U found in Q 208 MeV 
Problem 23 is: U = 236 MeV = 88.1% 


52 oo 
Picture the Problem We can find the number of neutrons per second in the generation of 
4 W of power from the number of reactions per second. 


The number of neutrons emitted per N,=3N 
second is: where N is the number of reactions per 
second. 
The number of reactions per second 4 J x leV 
is: _9 s 1.60x10°J 
3.27 MeV + 4.03 MeV 


= 6.85x10” s7 


Substitute for N and evaluate N,: N, = 1(6.85 x10" s*) 


=| 3.43x10" neutrons/s 


53 ee 
Picture the Problem We can use the energy released in the reactions of Problem 50, 
together with the 17.6 MeV released in the reaction described in this problem, to find the 
energy released using 5 °H nuclei. Finding the number of D atoms in 4 L of HO, we can 
then find the energy produced if all of the °H nuclei undergo fusion. 


Find the energy released using 5 °H Q =3.27 MeV + 4.03 MeV +17.6 MeV 
nuclei: = 24.9MeV 
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The number of H atoms in 4 L of M4,o l 
H7 A 


H,0 is: 18 g/mol 


Substitute numerical values and evaluate Ny: 


Ny = {as | (6.02 x10” atoms/mol) = 2.676 x 10”° 


18 g/mol 
The number of D atoms in 4 L of Ny = (1.5x10~“)N, 
HO is: = (1.5x10~)(2.676 x10”) 
= 4.01x10” 
The energy produced is given by: E= Np Q 
5 
š 7 22 
Substitute numerical values and E- 4.01x10 (2 49 MeV) 
evaluate E: 


1.60 x107° J 
eV 


= 1.997 x10” MeV x 


=| 3.20x10” J 


*54 ecco 

Picture the Problem We can use the conservation of momentum and the given Q value 
to find the final energies of both the “He nucleus and the neutron, assuming that the 
initial momentum of the system is zero. 


Apply conservation of energy to 18.6 MeV = 4m,,v,,. + 5m,Vv, (1) 
obtain: = K,, +K, 
Apply conservation of momentum MyeVye +M, V, = 0 (2) 
to obtain: 
; . 2 
Solve equation (2) for Vye: _ my, s i m i 
Vue = — > Vie = Va 
Miye He 


Substitute for v,,, in equation (1): 


2 
18.6 MeV = im, Ma l v+imv 


or 


Solve for K: 


Substitute numerical values for mn 


and mye and evaluate K,: 


Use equation (1) to find Kye: 


55 eco 
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18.6MeV = imvi|i Mr ) 


Mie 
= a My l 
Mie 
Kus seu 
14+— 
Mye 
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18.6 MeV 
K, ~ 1008665u 10086654 ~ 14.86 MeV 


4.002603u 


Ky. =18.6MeV - K, 
=18.6 MeV -14.86 MeV 


-[B74NeV | 


Picture the Problem Adding the three reactions will yield their net effect. We can use 


(Am)c’ to find the rest energy released in the cycle and find the rate of proton 


consumption from the ratio of the sun’s power output to the released per proton in fusion. 


(a) Add the three reactions to obtain: 


'H+'H+'H+°H+'H+°He> “H+ f° + y+ "He + y+ “He+ B* + v% 


Simplify to obtain: 


(b) Express the rest energy released 


in this cycle: 


4'H->*He+28* +2v.+y7 


(Am)c? = (4m, —m,- 4m, )c? 


Use Table 40-1 to find the masses of the participants in the reaction and evaluate (Am)c’: 


(Am)c? = [4(1.007825 u)- 4.002603 u]c? x 


=| 24.7MeV 


931.5MeV/c? 


— 4(0.511MeV) 
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(c) Express the rate R of proton R= P (1) 
consumption: E 
where E is the energy released per proton 


in fusion. 


Find N, the number of protons in the Man 1(1.99 x10” kg) 
sun: m, 1.67x10” kg 


= 5.96x10"° 
where we have assumed that protons 


constitute about half of the total mass of 


the sun. 
The energy released per proton in E= 4(26.7 MeV) = 6.675 MeV 
fusion is: a 
senm N 
eV 
=1.07x10™ J 
ae numerical values in _ 4x10°° W -13.74x10%52 
equation (1) and evaluate R: 1.07 x10" J 
The time T for the consumption of N 5.96x10% 
all protons is: R 3.74x10”s7 
=1.59x10 sx — 7 — 
31.56 Ms 
=| 5.04x10” y 


General Problems 

56 >» 

Picture the Problem We can use the values of k, e, h, and c and the appropriate 
conversion factors to show that ke? = 1.44 MeV-fm and hc = 1240 MeV-fm 


(a) Evaluate ke’ to obtain: 


ke? = (8.99x10° N-m?/C?)(1.60x10" CÈ = 2.307x10° N-m? 


= 2.307 x10” J-m x =o a =1.44x10° eV -m 
1.60x10 7J 
1fm 1MeV _ 


=1.44x10° eV -mx 1.44 MeV - fm 


x = 
10° m 10°eV 
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(b) Evaluate hc to obtain: 


hc = (6.63x10~ J-s)(3x10° m/s)=1.99x107° J-m 


= 1.99107 J-mx — V __ = 124010 eV-m 
1.60x10™ J 
lfm  1MeV 


=1240x10° eV-mx = | 1240 MeV -fm 


x 
10° m 10°eV 


“57 œ 

Picture the Problem We can use the given information regarding the half-life of the 
source to find its decay constant. We can then plot a graph of the counting rate as a 
function of time. 


The decay constant is related to the = In2 _ In2 2 =] 
p 10s =| 0.0693s 


half-life of the source: by S 
The activity of the source is given R= Re“ = (6400 Bq)e- Lss) 
by: 


The following graph of R = (6400 Bq)e- 023s} was plotted using a spreadsheet 


program. 


t (s) 


58 œ 
Picture the Problem The energy needed to remove a neutron is given by 
Q= (Am)c’? where Am is the difference between the sum of the masses of the reaction 


products and the mass of the target nucleus. 
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(a) The reaction is: 


The masses are (see Table 40-1): 


Calculate the final mass: 


Calculate the increase in mass: 


Calculate the energy Q needed to 
remove a neutron from “He: 


(b) The reaction is: 


The masses are (see Table 40-1): 


Calculate the final mass: 


Calculate the increase in mass: 


Calculate the energy Q needed to 
remove a neutron from “He: 


‘He + Q=°He +n 


Ma. = 4.002603 u 
Mm, = 3.016029 u 
m, =1.008665u 


m; = 3.016029 u+1.008665 u 
= 4.024694 u 


Am =m, —™, 


1 


= 4.024694 u — 4.002603 u 


= 0.022091 u 
Q =(Am)c’ 
2 
= (n0220910)e{ 99152) 
u 


- [206M] 


"Li+ Q="Li+n 


m, , = 7.016004 u 
m,,, = 6.015122 u 
m, =1.008665u 


m; = 6.015122 u +1.008665 u 
= 7.023787 u 


Am =m; —™, 


1 


= 7.023787 u — 7.016004 u 


= 0.007783 u 
Q=(Am)c? 
=(0 on77e3u)e'{ SLSMEV") 
lu 


- [75m] 


59 >œ 
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Picture the Problem The maximum kinetic energy of the electron is given 


byK„x =Q= (ma, ~My, )e?. 
The maximum kinetic energy of the 
electron is the Q value for the 


reaction: 


Find the mass of each atom from 
Table 40-1: 


Calculate Am =m m 


Mo My is; 


Calculate the maximum kinetic 
energy of the electron: 
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Mis =14.003242 u 
Muy = 14.003074 u 


Am =14.003242 u -14.003074 u 
= 0.000168u 
Q=(Am)c? 


= (0.000168 ve {9a 


=| 156 keV 


MeV/c? 
u 


Picture the Problem We can use the definition density to find the radius of the neutron 


star. 


Relate the mass of the neutron star 
to the mass of the sun M, the 


volume V of the star and the nuclear 


density p: 


Solve for R: 


In Problem 20 it was established 
that: 


Substitute numerical values and 
evaluate R: 


M = pV =47R° 


where R is the radius of the star. 


3M 


R=3 
47p 


p =1.174x10" kg/m? 


_ | 3(1.99x10” kg) 
= 3 
4n(1.174x10" kg/m*) 


- [5mm] 
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*61 ee 
Picture the Problem We can show that 
demonstrating that its Q value is negative. 


' A g is stable against alpha decay by 


The Q value for this reaction is: 


2 
Q= [my + m, )- mle 9215 mwt) 
u 


Substitute numerical values and evaluate Q: 


Q = -|(4.002603 u +104.905250 u)—108.904756 u](931.5MeV/u) 
=| —2.88 MeV 


Remarks: Alpha decay occurs spontaneously and the Q value will equal the sum of 
the kinetic energies of the alpha particle and the recoiling daughter nucleus, 

O = K, + K, - Kinetic energy cannot be negative; hence, alpha decay cannot occur 
unless the mass of the parent nucleus is greater than the sum of the masses of the 
alpha particle and daughter nucleus, m, > m, + m,. Alpha decay cannot take 


place unless the total rest mass decreases. 


62 eo 
Picture the Problem We can use E presna = Afinresnoia = AC/Arimeshoia » Where Etnreshota is 


the binding energy of the deuteron, to find the threshold wavelength for the given nuclear 
reaction. 


Express the threshold energy of the he 
photon: E resora = Pfinreshoia = 7 
threshold 
Solve for the threshold wavelength: he 
A hreshold = E (1) 


threshold 


The threshold energy equals the binding energy of the deuteron: 


j e 931.5 MeV/c? 


E hreshoid = E, = [m, B (m, T m, u 


Substitute numerical values and evaluate En, the energy that must be added to the 
deuteron that will cause it to fission: 


Epeshoa = [2.014102 u - (1.007825 u +1.008665 u)|(931.5 MeV/u) 


-19 
~ 2.22 Mev x 28 — J 355x108) 
e 
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Substitute numerical values in (6.63 x104J- s}(3.00 x10êm /s) 
equation (1) and evaluate Aihreshoid: Areshold = 3.55x 10®J 


=5.60x10” m = 


63 >œ 
Picture the Problem The activity of a radioactive source is the product of the number of 
radioactive nuclei present and their decay constant. 


The aevi of the isotope “°K in the R=N,A= N „ln2 (1) 
student is: tz 

j ii mN 
Find N, the number of K nuclei in N = 0.0036 2a 


the student: 
where m is the mass of the student and M 
is the atomic mass of K. 


Substitute numerical values and evaluate N: 


(60 kg)(6.02 x10” nuclei/mol) 


N =0.0036 = 3.326x10™ 
39.098 g/mol 

The number Nj of “°K nuclei in the N „ = Relative abundance x N 
student is the product of the relative = (1. 2x10 )(8.326 x 10%) 
abundance and the number of K ~ 3991x102 
nuclei in the student: 
Substitute numerical values in R= (3.991x 10” Jin 2 
equation (1) and evaluate R: 1.3x10° yx 31.56 Ms 


=| 6.74x10° Bq 


64 ~ 
Picture the Problem We can find the energy released in the reaction B* + B —> Q by 


recognizing that a total of 2 electron masses are converted into energy in this 
annihilation. 


The energy released when a Q=E= 2m,c° 
positron-electron pair annihilate is 


given by: 


Substitute numerical values and evaluate Q: 
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Q = 2(9.11x10kg)(3x10°m/s) =1.64x10" J x sao - 


65 eo 
Picture the Problem We can use the fact that, after n half-lives, the decay rate of the “Na 


isotope is R = (y R,, where Ro is its decay rate at t = 0. 


The counting rate after n half-lives is R= (4)" R, 
related to the initial counting rate: 


Divide both sides of the equation by R_ (4) R, 
the volume V of blood in the patient: vV ` yV 
We’re given that n = 2/3, 600 kB 
given that n 60 Bq/mL = EP” q 
Ro = 600 kBq, and, after n half-lives, V 
the decay rate per unit volume is 60 
Bq/mL: 
; 600 kB 
Solve for and evaluate V: y= (2 2/3 q -6.30x10? mL 
60 Bq/mL 


-[ 5300 


*66 ee 

Picture the Problem We can solve this problem in the center of mass reference frame for 
the general case of an @ particle in a head-on collision with a nucleus of atomic mass M u 
and then substitute data for a nucleus of Au and a nucleus of "B. 


In the CM frame, the kinetic energy K. =- Ki» 7 Kx 
is: = m 4u 
i 1+— 
M 


At the point of closest approach: kq,q, k(2e)(Ze) ke’ 2Z 
KaR, R, R 


min min min 


or, because ke? = 1.44 MeV-fm, 


(1.44 MeV -fm)(2Z ) 
Koy = R. 
Solve for Rmin to obtain: R = (1.44 MeV. fm)(2Z ) (1) 


min 
K CM 


(a) Neglecting the recoil of the 
target nucleus is equivalent to 
replacing Kem by Kia. Evaluate 
equation (1) for *” Au: 


Evaluate equation (1) for VB: 


(b) Find Kew for the 19 Au nucleus: 


Substitute numerical values in 
equation (1) and evaluate Rmin: 


Find Kcw for the B nucleus: 


Substitute numerical values in 
equation (1) and evaluate Rmin: 
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(1.44 MeV -fm) (2x79) 


Rain = 
8MeV 
=| 28.4fm 
R —Ll-44MeV -fm)(2x5) 
a 8MeV 
=| 1.80 fm 
Kou = OMY ye 7.841MeV 
4u 
1+ 
197u 
R —Ll44MeV -fm)(2x79) 
a 7.841MeV 


- [250m] 


Note that this result is about 2% greater that 
Rmin Calculated ignoring recoil. 


_ 8MeV 


Kom zq 75714MeV 
1+ — 
10u 

i _ (1.44MevV -fm)(2x5) 


aa 5.714MeV 


- [Sain 


Note that this result is about 40% greater 
that Rmin calculated ignoring recoil. 


67 oe 
Picture the Problem The allowed energy levels in a one-dimensional infinite square well 


h? 
are given by Equation 35-13: E, = n° els 
8mL 
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(a) The lowest energy of a nucleon (6.63 x10 J. s} 
of mass 1 u in the well corresponds A 8(Lu)(1.66 x10” kg /u)(3 fm)’ 
ton=1: 1eV 


= 3.678x10 ° Jx 


=| 23.0 MeV 


(b) Because neutrons are fermions, there can be only two per state: 


1.60x107° J 


E =2(E, + E, + E, + E, + E, + E,)= 2(E, +2°E, +3°E, +4°E,+5°E, +6°E,) 


=182E, =182(23.0MeV) = 


(c) Find E for 4 protons and 4 neutrons: E = A(E, +E, + E,) = A(E, +2°E +3° E,) 


=56E, = 56(23.0MeV)= 


68 ee 
Picture the Problem We can apply BE = (Am)c’ to the model to find the binding 
energies and the binding energies/bond. 


(a) Find the binding energy BE for BE= (4m, — My Je 
cose = [4(4.002608 u)—15.994915 uc? 
= (0.015497 u)c’ 


There are 6 bonds for the regular BE LBE=1 (0.015497 u)c’ 
tetrahedron: bond 
931.5MeV/u 


c? 


= 1(0.015497u)c? x 
=| 2.406 MeV 


(b) ?C has 3 pairwise æ particle BE(?C)=3x BE(*He)+3(2.406 MeV) 
bonds. Find the total BE for C 
with this model: 


Calculate BE (He): 


BE(‘He) = l2(m, +m, E Ma |e? 


= [2(1.007825u +1.008665u)— 4.002603uc? x 


= 28.30 MeV 
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931.5MeV/c? 
u 


Substitute numerical values and evaluate BE(” c): 


BE(C)=3(28.30 MeV )+ 3(2.406 MeV) = 


Use Table 40-1 to find BE(?C): 


BE(” c) = lelm, +m, )- Mao le? 


= [6(1.007825 u +1.008665u)—12.000000 u |c? x 


= 92.2 MeV 


931.5MeV/c? 
u 


Note that this result is good agreement with the model. 


69 eo 


Picture the Problem We can separate the variables in the differential equation dN/dt = 
R, — AN and integrate to express N as a function of t. When dN/dt ~ 0, R, — AN, = 0, a 


condition we can use to find N». 


(a) Separate the variables in the 
differential equation to obtain: 


Integrate the left side of the equation 
from 0 to N and the right side from 
0 to t to obtain: 


Let u = R, — AN’. Then: 


du = —AdN' 
and 
i dN’ ace Leal 
IRAN Alu A h 

N 

=-—In(R, - AN’) 
0 
In(R, aN)+—In(,) 
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t 
Because fac =t: a a =t 
r A (R, -4N 
Solve for N to obtain: N= Ae e*') 


The following graph of N(t) = (R,/A)(1 —e ^ was plotted using a spreadsheet 
program. Note that N(t) approaches R,// in the same manner that the charge on a 
capacitor approaches the value CV. 


S1 
2 


(b) When dN/dt = 0: 


The decay constant is: diss In2 


Substitute for 2 to obtain: 


=t 
= In2 
Substitute numerical values and 100s! . 60s 
N,= 10 min x — 
evaluate N.,: In min 


- [RT 
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+70 ee 


235 
f 


N 
U required is given by m,,. = oo where 


A 


Picture the Problem The mass o J359 


Mb35 is the molecular mass of 7°U and N is the number of fissions required to produce 
7.0x10'° J. 


Relate the mass of *°U required to N 
oe k i M35 = M 555 (1) 
the number of fissions N required: N; 


where M3s is the molecular mass of °”U. 


Determine N: N= E nual 
Esa fission 
Substitute numerical values and N= 7.0x10° J 
luate N: E : oe 
ad wiee N 
= 2.18x10” 


Substitute numerical values in equation (1) and evaluate mp3s: 


2.18x10* 
M,a = 235¢9/mol) =| 8.51x10°k 
°° 6.0210” nuclei/mol ( 8 ) 8 


71 ee 

Picture the Problem In the ground state of a one-dimensional infinite square well of 
length L the wavelength of a particle is 2L. We can use de Broglie’s equation to find p for 
the particle and the relationship E* = Es + p°c’ with Ey << pc to show that E = pc. 


(a) In the ground state of a one- A=?L= 2(2 fm) =| 4.00fm 


dimensional infinite square well of 


length L: 

(b) Use de Broglie’s relation to je h E he 

obtain: A AC 

Substitute numerical values and = 1240eV -nm -[310MeV/c 
evaluate p: (4fm)c 


(c) Relate the total energy of the 
electron to its rest energy and 
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momentum: 


Because Eo << pc: 


(d) The kinetic energy of an electron 
in the ground state of this well is 
given by: 


72 oo 


E? x pe => Ex! pc | 


K=E-E, ® E= pe 


= (310MeVic)c = 


Picture the Problem When a single proton is removed from a °C nucleus, a "B nucleus 


. 2 : s s . 
remains and we can use Q = Amc‘ to determine the minimum energy required to remove 


a proton. 


The nuclear reaction is: 


The minimum energy Q required is: 


Substitute numerical values and evaluate Q: 


*C+Q—>';B+H 


2 
Q= (m.., +m, -ma )c 


931.5 MeV 
= |{(11.009306u +1.007825u )—12.000000u | ————— |=| 16.0MeV 
Q=[ u+ u) al q ) 
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Picture the Problem The momentum of the electron is related to its total energy through 


E?’ = p? + E; and its total relativistic energy E is the sum of its kinetic and rest 


energies. 


(a) Relate the total energy of the 
electron to its momentum and rest 
energy: 


The total relativistic energy E of the 
electron is the sum of its kinetic 


energy and its rest energy: 


Substitute for E in equation (1) to 
obtain: 


Solve for p: 


Substitute numerical values and evaluate p: 


E’ = p° +E; (1) 
E=K+E, 


(K+E,) = pP +E; 


oe \K(K +2E,) 
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ma (0.782 MeV )(0.782 MeV + 2x0.511MeV) E 


(b) Because pp = —pe: 


Substitute numerical values (see 
Table 7-1 for the rest energy of a 
proton) and evaluate K,: 


(c) The percent correction is: 
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2 

Kan 

* 2m, 

2 
_ a IN 

P 2(938.28MeV/c°) 
K 

HER fg 
K  0.782MeV 


Picture the Problem Conservation of momentum and conservation of energy allow us to 


find the final velocities. Because the initial kinetic energy of the nucleus is zero, its final 


kinetic energy equals the energy lost by the neutron. 


(a) Apply conservation of 
momentum to the collision to 
obtain: 


Solve for V: 


(b) In the CM frame, Vmi = V and so: 


In the CM frame, V; = —V; and so: 


(c) Use conservation of momentum 
to obtain one relation for the final 
velocities: 


The equality of the initial and final 
kinetic energies provides a second 
equation relating the two final 
velocities. This is implemented by 
equating the speeds of recession and 
approach: 


(m+M )V = mv, 
y =| ™ 
| m+M 


m 
Vmi =[v | 


mv, = MV; + MV w (1) 
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To eliminate v;, substitute in mV, = m(Vo4 -= v, )+ MV w 
equation (1) : 


Solve for Vmr: Yoe 2m 3 
“M |[M+m" 
(d) The kinetic energy of the Ky =1MViir 


nucleus after the collision in the 
laboratory frame is: 


. ` 7 z 
ee for Vm and simplify to Ky, =iM 2m y 
obtain: “o 2 (M+m" 

4mM 
a > (2 v2) 
(M + m) 


(e) The fraction of the energy lost by the neutron in the elastic collision is given 
by: 


_AmM (a my?) re 
AE -Kw (M+mf®° “°  4mM_ __ 4mM_— | M 
= aa ee fee a y oaa | ge 
E imè imv; (M +m) wu y M 
M M 


75 eco 
Picture the Problem We can use the result of Problem 74, part (e), to find the fraction 
f =E; / E, of its initial energy lost per collision and then use this result to show that, 


after N collisions, E = (0.714)*Ep. 


(a) Determine f = E,/E, per 


f _—| = 1 
collision: E, E, 
From Problem 74, part (e): AE _ 4m 
= 2 
: mfa) 
M 
Substitute for AE/E, in the 2e 4m 


expression for f to obtain: 5 
p f v| m ) 


Substitute numerical values and 
evaluate f: 


After N collisions: 


(b) Solve equation (1) for N: 


Substitute numerical values and 
evaluate N: 


Nuclear Physics 1403 


4(1.008665u) 


1.008665u ) 
12.000000u 


=~ 
II 
— 


12.000000 ofr 


= 0.714 


E 
of 
N= Ey 


In(0.714) 


0.02eV 
a 2 MeV 
= = 54.7 


= In(0.714) 


55 head - on collisions are required to reduce the energy of the neutron 
from 2 MeV to 0.02 eV. 


76 coo 


Picture the Problem We can use the result of Problem 74, part (e), to find the fraction 
f =E; / E, of its initial energy lost per collision. Note the difference between the energy 


loss per collision specified here and that of the preceding problem. In the preceding 
problem it was assumed that all collisions are head-on collisions. 


(a) Determine f = E,/E, per 


collision: 


In a collision with a hydrogen atom: 


After N collisions: 


Solve equation (1) for N: 


EAE _,_AE 


i Eo Es 


and so 


f = 0.37 


Ey={ E,=O387)"Ey W 


E 
m 5 


an In(0.37) Š 
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Substitute numerical values and | 0.02eV 
evaluate N: z 2MeV 
= —_—_~ = 18.5 
In(0.37) 
19 head - on collisions with an atom of hydrogen are required to reduce the 
energy of the neutron from 2 MeV to 0.02 eV. 
(b) Ina collision with a carbon AE -0.11 
atom: n l 
and so 
f =0.89 
Equation (2) becomes: Ew 
In} —— 
= Ey 
In(0.89) 
Substitute numerical values and | 0.02eV 
evaluate N: T 2 MeV 
= 158 
In(0.89) 
158 head - on collisions with an atom of carbon are required to reduce the 
energy of the neutron from 2 MeV to 0.02 eV. 
*77 90e 
N yon 


Picture the Problem We can differentiate N,,(t) = (e - e>) with respect 


Ag m Ay 
to t to show that it is the solution to the differential equation 
dN,/dt = AaNa = ApNp. 


(a) The rate of change of Nz is the rate of generation of B nuclei minus the rate of decay 
of B nuclei. The generation rate is equal to the decay rate of A nuclei, which equals 


AxN a. The decay rate of B nuclei is 72Npz. 


(b) We’re given that: dN, 


dt =A,N, -ANg (1) 
N, A 

N (t) = —2024 (e72at -Agt 2 

Osai ee) @ 


N, = Npe" (3) 
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Differentiate equation (2) with respect to t to obtain: 


Sing) Be Ae en Maa Le oe 


Substitute this derivative in equation (1) to get: 


NA NA 
aa, Ape™ +4% |= AN pe ™ a| A0““A (e e”) 
Ag z Ay Ag g Ay 
-A 
Multiply both sides by Aa and simplify to obtain: 
Aghy 
Nao 


Te Ax ovat +A,e |= a Ne" -N ple sge) 


= —Agt Noa —Agt —Agt =Apgt 
=N pe ^ e^ -Ne tN ee 


Nit, oo - 
— _ 2 A0 Ae’ Noe Apt 


=<" 


- Aye + Age <a 


which is an identity and confirms Re inten (2) is the solution to equation (1). 


If 2, >A, the denominator and the expression in the parentheses are both 


(c) | negative for t > 0. If 2, < A, the denominator and the expression in the 


parentheses are both positive for t > 0. 
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(d) The following graph was plotted using a spreadsheet program. 


1.0 


0.9 


0.8 
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of daughter ( B) nuclei 
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20 
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Picture the Problem We can express the time at which the number of isotope B nuclei 
will be a maximum by setting dNp/dt equal to zero and solving for t. 


From Problem 77 we have: 


Replace A,Naq by A, Ne“ and 


Np by oe (e7 = e>): 


A 


Simplify to obtain: 


Remove the parentheses and 
combine like terms to obtain: 


Solve for t: 


dN, 
dt 


An Noe Arg 


= In, /A, 
p Ag — An 


= AN, —A,N, = 0 for extrema 
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Remarks: Note that all we’ve shown is that an extreme value exists at 
_ Inf, /4,) 
Àg ~ Àa 


1) examine the second derivative at this value for ¢, or 2) plot a graph of Ng as a 


t . To show that this value for ¢ maximizes Ng, we need to either 


function of time (see Problem 77) . 


79 coo 
Picture the Problem We can show that, provided T, >> Tp, e^" —e “™ ~1 and 
A A 
A ~ and, hence, that Ng = (Aa/Ap)Na. 
As Z Ay As 
: N,A 
We have, from Problem 77 (b): N, (t) _ Nata (e _ e>) (1) 
As E As 
Because 7, >> Tp: A, << Åp 
When several years have passed, e^t _ 48 1 (2) 


because A,t <<1: 


Also, when A, << Ag: An 


(3) 


Substitute (2) and (3) in (1) to 
obtain: 
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Chapter 41 
Elementary Particles and the Beginning of the Universe 


Conceptual Problems 


Similarities Differences 


Baryons and mesons are hadrons, i.e., they | Baryons consist of three quarks and are 
participate in the strong interaction. Both fermions. Mesons consist of two quarks 
are composed of quarks. and are bosons. Baryons have baryon 
number +1 or —1. Mesons have baryon 
number 0. 


2 ° 
Determine the Concept The muon is a lepton. It is a spin-’4 particle and is a fermion. It 
does not participate in strong interactions. It appears to be an elementary particle like the 
electron. The pion is a meson. Its spin is 0 and it is a boson. It does participate in strong 
interactions and is composed of quarks. 


*3 e 

Determine the Concept A decay process involving the strong interaction has a very short 
lifetime (~10” s), whereas decay processes that proceed via the weak interaction have 
lifetimes of order 10™ s. 


4 e 
(a) True 


(b) False. There are two kinds of hadrons-baryons, which have spin 4 (or 4,4, and so 


on), and mesons, which have zero or integral spin. 


5 ° 
False. Mesons have zero or integral spins. 


6 ° 
Determine the Concept A meson has 2 quarks, a baryon has 3 quarks. 


7 ° 


Determine the Concept No; from Table 41-2 it is evident that any quark-antiquark 
combination always results in an integral or zero charge. 
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8 ° 
(a) False. Leptons are not made up of quarks. 


(b) True 
(c) False. Electrons are leptons and leptons interact via the weak interaction. 
(d) True 
(e) True 


*9 e 

Determine the Concept No. Such a reaction is impossible. A proton requires three 
quarks. Three quarks are not available because a pion is made of a quark and an 
antiquark and the antiproton consists of three antiquarks. 


Estimation and Approximation 


10 » 
Picture the Problem Assuming that the lifetime of a proton is 10°” y, one proton out of 
every 10” protons should decay every year on average. Hence, we can estimate the 
expected time between proton-decays that occur in the water of a filled Olympic-size 
swimming pool by determining the number of protons N in the pool and dividing 10°” y by 
this number. 


The mean time between 10° y 
iaa J b H Al icn =" (1) 
disintegrations is the ratio of the N 
lifetime of the protons to the number 
of protons N in the pool: 
The number of protons N in the pool N _ nN, 
is related to the mass of water in the M sae Mro wate 


pool Mwater, the molar mass of water 
Mmolar, waters and the number of 
protons per molecule n: 


Solve for N to obtain: N= nN M pater 

M volar water 
Because the mass of the water is the v= nN 4 P water V pool 
product of its density and the m 


molar, water 


volume of the pool: 
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Substituting for N in equation (1) B 10° y 
yields: mean nN 4 PwaterV pool 
M nolar, water 
= (10” YM ta water 
nN ,P ater V nool 
Because each molecule of water has n=10 protons 
10 protons: molecule 


Substitute numerical values and evaluate At mean: 


(0y) 18x18 
mol 10g 


At 


mol 


= 0.0598 y = 0.0598 yx e a _[ 91.84 
y 


molecule 
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em 
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mean [10 PRs. 6.02510" molec (10 <E |(100%)(25m)(2m) 
m 


: _ 42 2 _ 2 2 
Picture the Problem We can use F n = Kqproton I Tiucleus aNd Fray = GMGroton / Tó cleus tO 


grav 


estimate the ratio of the electromagnetic and gravitational forces between two protons 


located in a nucleus. 


The electromagnetic force between a- Kairoon 


two protons located in a nucleus is emo Pr? 
nucleus 
given by: 
or 3 
The gravitational force between 7 GM ot0n 
these same protons is given by: grav 2 
nucleus 
= 7 5 
Divide Fem by F grav to obtain: A iion 
2 2 
F em _ r, nucleus — kq proton 
2 2 
grav GM oton Gi otc 
2 
r nucleus 


Substitute numerical values and evaluate Fem/Fgrav: 
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Nem 
2 


[99.107 |f-soxr0» cy 
a = Ee =| 1.24x10° 
ii (esna = Jls” kg) 


2 


Spin and Antiparticles 


*12 œ 

Picture the Problem We can use both conservation of energy and momentum to explain 
why the energies of the two ~rays must be equal. We can find the energy of each yray in 
Table 41-1 and find their wavelengths using 4 = hc/E. 


The initial momentum is zero; therefore, the final momentum must be 


zero. The momentum of a photon is E/c. To conserve both momentum 


(a) 


and energy the two photons must have the same momentum magnitude. 


Hence, they have the same energy. 


(b) From Table 41-1: E, =| 139.6 MeV 


(c) The wavelength of each y ray is = hc = 1240 MeV - fm 
given by: E E 

Substitute numerical values and _1240MeV:fm _ 8 88im 
evaluate A: 139.6 MeV 

13 >œ 


Picture the Problem In each case, the required energy is given by E = 2mc’ where m is 
mass of each particle produced in the pair-production reaction. These masses can be 
found in Tables 41-1 and 41-3. 


(a) Fory > a* +a: E =2m,c? = 2(139.6MeV/c’)c? 
=| 279.2MeV 
(b)Fory > pt+p: E= 2m,c’ = 2(938.3MeV/c? )c? 
=| 1877MeV 
(QFory > wo +p": E =2m,c* = 2(105.659 MeV/c? )c? 


- [TSN] 
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The Conservation Laws 
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Picture the Problem We need to check for conservation of energy, charge, baryon 


number, and lepton number. 


(a) Energy conservation: 


Charge conservation: 


te>0+e+0=+e 


Baryon number: 
HI >4+1+04+0=+1 


Lepton number; electrons: 
0>0+0+0=0 


Because m, < m,, energy 


conservation is violated. 


Because the net charge is + e before 


and after the decay, charge is 


conserved. 


Because Bis +1 before and after the 
decay, baryon number is conserved. 


Because L, = 0 before and after the 


decay, the lepton number for 


electrons is conserved. 


The process is not allowed because it violates conservation of energy. 


(b) Energy conservation: 


Charge conservation: 
0 > +e + (-e) =0 


Baryon number: 
1>1+0=1 


Lepton number; electrons: 
0>0+0=0 


Because m, < m, +m __, energy 
conservation is violated. 


Because the net charge is 0 before 


and after the decay, charge is 


conserved. 


Because B = 0 before and after the 
decay, baryon number is 


conserved. 


Because L = 0 before and after the 
decay, lepton number is conserved. 


Because energy is not conserved, this decay is not allowed. 
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Momentum conservation is violated; two (or more) y rays must be 


emitted to conserve momentum. 


(d) Energy conservation: 


Charge conservation: 
+1+(-1)>0+0 =0 


Baryon number: 
+1+(-1)>0+0 =0 


Lepton number; electrons: 
0>0+0+0=0 


Energy is conserved. 


Because the net charge is zero 


before and after the decay, 


charge is conserved. 


Because B =0 before and after the 


decay, baryon number is conserved. 


Because L, = 0 before and after the 
decay, the lepton number for 


electrons is conserved. 


Because none of the conservation laws are violated, this is an allowed process. 


(e) Energy conservation: 


Charge conservation: 
0+1>50+1 =1 


Baryon number: 
0+1>41+0 =0 


Lepton number; electrons: 
1+0>50+(-1)=-1 


Because m, > m, +m „, energy 
is conserved. 


Because the net charge is one 


before and after the decay, 


charge is conserved. 


Because B = 1 before and after the 


decay, baryon number is conserved. 


Because L, = —1 before and after the 
decay, the lepton number for 


electrons is conserved. 


Because none of the conservation laws are violated, this is an allowed process. 
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Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If AS = +1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 


(a) List the strangeness of QD”, 2°, Q: S=-3 
and m`: z: S=-2 
z:S=0 


Determine AS: AS = —2— (-3) = 


Because AS = +1, the reaction can proceed via the weak interaction. 


(b) List the strangeness of = P.T, a S=-2 
and 7°: p:S=0 
m:S=0 
m: S=0 
Determine AS: AS = 0- (- 2) 7 [+2 | 


Because AS = + 2, the reaction is not allowed. 


(c) List the strangeness of A°, A°: S=-1 
+ 5 
p „and m: p:S=0 


Determine AS: AS =0- (- 1) =/+1 


Because AS = +1, the reaction can proceed via the weak interaction. 
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Picture the Problem The decay will occur via the strong interaction if strangeness is 


conserved. If AS = +1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 


(a) List the strangeness of OD”, A°, Q:S=- 
and K`: A’: S=- 
K:S=- 


Determine AS: AS =-1 -1-(-3) = 
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Because AS = +1, the reaction can proceed via the weak interaction. 


(b) List the strangeness of 2°, p, and =°: S=-2 


m: p:S=0 
m 


Determine AS: AS =0- (- 2) = 


Because AS = + 2, the reaction is not allowed. 
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Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If AS = +1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 


(a) List the strangeness of OD”, A°, Q:S=-3 
v,,ande: A°’:S=-1 
Vv: S=0 
e:S= 
Determine AS: AS = -1 — (-3) = 
Because AS = + 2, the reaction is not allowed. 
(b) List the strangeness of =", p, and X: S=-1 
w: p:S=0 
#:S=0 
Determine AS: AS =0- (- 1) =| +1 


Because AS = +1, the reaction can proceed via the weak interaction. 
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Picture the Problem We can decide whether the given decays of the r particle are 
possible by determining whether energy conservation is satisfied and whether 
conservation of both the r and u lepton numbers is satisfied. 


The first decay is allowed. It satisfies energy conservation and conservation 


of both the z and u lepton numbers. 
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The second decay scheme is not allowed because it does not conserve T 


and u lepton numbers. 
(c) The total kinetic for the decay K =m,c -m g 
in (a) is: 
From Table 41-3 we have: m, =1784MeV/c?° 
and 
m, =105.659 MeV/c? 
Substitute numerical values and K a = (1 784 MeV/c” Je? — (1 06 MeV/c? Je? 


evaluate Kiet: =| 1678 MeV 


Remarks: Note that the kinetic energy of the individual decay products cannot be 
determined from the decay scheme alone. 
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Picture the Problem Examination of the decay products will reveal whether all the final 
products are stable. A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 


(a) No; the neutron is not stable: n>p'+e +7, 


(b) Add the reactions to obtain: 


= =. = = = 
Q > p +e" +3e +v, +37, +2V,+2v, 


(c) Charge conservation: Because Q = —1 before and after 
-l—>1+1-3+0+0+0+0=-1 the decay, charge is conserved. 


Baryon number: Because B = 1 before and after 


1—>1+0+0+0+0+0+0=1 


the decay, baryon number is conserved. 


Lepton number: Because L, = 0 before and after 
0—>0-1+3+1-3-2+2=0 the decay, the lepton number for 


electrons is conserved. 


1418 Chapter 41 


Strangeness: 
-3 > 0 


+20 ee 


Strangeness is not conserved. However, 
in each baryon decay AS = +1, and 
each decay is allowed via the weak 


interaction. 


Picture the Problem A decay process is allowed if energy, charge, baryon number, and 


lepton number are conserved. 


(a) Energy conservation: 


Charge conservation: 
0>+1+(-1)+0+0=0 


Baryon number: 
1>0+0+0+0=0 


Lepton number: 
0>0+0+1+(-1) =0 


Because m, > 2m, +2m,, energy 


conservation is not violated. 


Because the total charge is 0 before 


and after the decay, charge is 


conserved. 


Because baryon number changes 
from +1 to 0, conservation of baryon 


number is violated. 


Because L, = 0 before and after 


the decay, the lepton number for 


muons is conserved. 


The process is not allowed because it violates conservation of baryon number. 


(b) Energy conservation: 


Charge conservation: 
0>+1+(C1D+0+0=0 


Baryon number: 
0>0+0+0+0=0 


Because m, > 2m,, energy 


conservation is not violated. 


Because the total charge is 0 before 


and after the decay, charge is 


conserved. 


Because B = 0 before and after the 
decay, the baryon number is 


conserved. 
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Lepton number: Because L, = 0 before and after the 
0>0+0+0+0=0 decay, the lepton number is conserved. 


| The decay satisfies all conservation laws and is allowed. 


Quarks 
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Picture the Problem For each quark combination we can determine the baryon number 
B, the charge Q, and the strangeness S and then use Table 41-1 to find a match and 
complete the following table. 


Combination B Q S hadron 
(a) uud 1 +1 p 
(b) udd 1 0 0 n 
(c) uus 1 +] -1 = 
(d) dds 1 -1 -1 Ll 
e uss l 0 —2 oy 
( dss 1 -1 —2 a” 
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Picture the Problem For each quark combination we can determine the baryon number 
B, the charge Q, and the strangeness S and then use Table 41-1 to find a match and 
complete the following table. 


Combination B Q S hadron 
(a) ud 0 +] 0 7 
(b) ud 0 af 0 a 
(c) uS 0 +] +] K 
(d) is 0 =] -1 K 


233 œ 

Determine the Concept From Table 41-2 we see that to satisfy the conditions of charge = 
+2 and zero strangeness, charm, topness, and bottomness, the quark combination must be 
uuu. 


24 »œ 

Picture the Problem Because K* and K° are mesons, they consist of a quark and an 
antiquark. We can use Tables 41-1 and 41-2 to find combinations of quarks with the 

correct values for electric charge, baryon number, and strangeness for these particles. 


1420 Chapter 41 


(a) For K* we need: Q=+1 
B=0 
S=+1 


A combination of quarks with these properties is| uS. 


(b) For K? we need: 


A combination of quarks with these properties is 


25 œ 
Determine the Concept Because D* and Dare mesons, they consist of a quark and an 
antiquark. 


(a) B=0, so we must look for a combination of quark and antiquark. Because it has 
charm of +1, one of the quarks must be c. Because the charge is +e, the antiquark must be 


d. The possible combination for D* is : 


(b) Because D” is the antiparticle of D*, the quark combination is 
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Picture the Problem We can use Tables 41-1 and 41-2 to find combinations of quarks 
with the correct values for electric charge, baryon number, and strangeness for these 
particles. Because K` and K” are mesons, they consist of a quark and an antiquark. 


(a) For K` we need: Q=-1 
B=0 
S=-l 


A combination of quarks with these properties is 


(b) For K° we need: 


A combination of quarks with these properties is 
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Remarks: An alternative solution could take advantage of our results in Problem 20 
for the antiparticles K* and K°. 
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Picture the Problem Because A°, p~, and X~ are baryons, they are made up of three 
quarks. We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct 
values for electric charge, baryon number, and strangeness for these particles. 


(a) For A° we need: Q=0 
B=+1 
S=-l 


The quark combination that satisfies these conditions is| uds. 


(b) For p` we need: Q=-1 
B=-1 
S=+1 


The quark combination that satisfies these conditions is| uud. 


(c) For & we need: Q=-l 
B=+1 
S=-1 


The quark combination that satisfies these conditions is 


28 oo 

Picture the Problem Because 71, 2°, and X” are baryons, they are made up of three 
quarks. We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct 
values for electric charge, baryon number, and strangeness for these particles. 


(a) For n we need: Q=0 
B=-1 
S=0 


The quark combination that satisfies these conditions is| Tad. | 


(b) For =” we need: Q=0 
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The quark combination that satisfies these conditions is|_uss. | 


(c) For =" we need: Q=+1 
B=+1 
S=-1 


The quark combination that satisfies these conditions is 
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Picture the Problem Because © and £ are baryons, they are made up of three quarks. 
We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct values 
for electric charge, baryon number, and strangeness for these particles. 


(a) For Q we need: Q=-1 
B=+1 
S=-3 


The quark combination that satisfies these conditions is} sss. 


(b) For = we need: Q=-1 
B=+1 
S=-2 


The quark combination that satisfies these conditions is} ssd. 
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Picture the Problem We can use Table 41-2 to identify the properties of the particles 
made up of the given quarks. 


(a) For ddd: Q=[-1] 
B= [+1] 
s=[0] 

(b) For uc: Q=[0] 
B=|0 
S=|0 
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(c) For ub : Q=[+1] 


(d) For sss: 


The Evolution of the Universe 


*31 œ 
Picture the Problem We can use Hubble’s law to find the distance from the earth to this 
galaxy. 
The recessional velocity of galaxy is v=Hr 
related to its distance by Hubble’s 
law: 
Solve for r: v 
r =— 

H 
Substitute numerical values and (0.025)c (0.025)(3 x10° km/s) 
ovale: """Bkm/s-23kmi/s 

10°c-y 10°c-y 

=| 3.26x10°c-y 
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Picture the Problem We can use Hubble’s law to find the speed of the galaxy. 
The recessional velocity of galaxy is v= Hr 
related to its distance by Hubble’ s 


law: 


Substitute numerical values and evaluate v: 


23 km/s c 
É í 10°c-y Josey Sposa ar | : 
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33 ee 
Picture the Problem We can substitute for f ' and fo, using v = fA, in Equation 39-16b to 


[l+v/c 
show that the relativistic wavelength shift is 2' = A, i k. l 
— V/C 


From Equation 39-16b: 1—v/e 
P= fo l+vic 
Express f’ and fo in terms of 2’ and f c df c 
=— an =— 
Ay: A A 
Substitute for f’ and fo to obtain: c c -ve 
a i 1+v/c 
Solve for 1’: l+v/e 
AM =| A, 
1—v/c 
#34 oe 


Picture the Problem Using Hubble’s law, we can rewrite the equation from Problem 31 


: [1+ r/c 
as A'= A (<a 


From Problem 33 we have: l+vie 
A' =A, 
1—v/c 
Use Hubble’s law to relate v to r: v= Hr 
Substitute for v to obtain: 1+ Hr/c 
A' =A, 
1—Hr/c 


(a) For r=5x10° cy: 


TEDN 


10°c-y J 3x10% km/s) 
A' = 656.3 nm =| 656.6 nm 
i 23 km/s) (5x10°c-y) 

10°c-y } B x10% km/s) 


(b) For r = 50 x10% cy: 
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23 km/s 

+ 
Bie | rey 
23 km/s ) (50x10°c: y) 
10°c-y }(3x10° km/s) 


A' = 656.3nm 


- [88m 


(c) For r= 500 x10° cy: 


TEDER 
E 10°c-y } (3x10°km/s) _ 
ARER ; [sims bet) Sa 


10°c-y (3x10° km/s) 


(d) For r= 5x10" cy: 


r eae) (5x10’c-y) 

7 10%c-y }(3x10° km/s) _ 
OLN A Ea (5x10°c-y) =[983.0nm | 
l 


10fc-y 3x10° km/s) 


General Problems 


35° 
Determine the Concept 


(a) It must be a meson, and it must consist of a quark and its antiquark. 
(b) The 7 is its own antiparticle. 


(c) The E’ is a baryon; it cannot be its own antiparticle; the antiparticle is the 
z0 rer 
5 = USS. 


36 ee 
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Picture the Problem Examination of the decay products will reveal whether all the final 


products are stable. A decay process is allowed if energy, charge, baryon number, and 


lepton number are conserved. 


(a)| Yes, the final products are stable. 


(b) Add the reactions to obtain: 
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E° >p +e +V, +v, +0, +27 | 


(c) Charge conservation: Charge is conserved. 


0>e* +e =0 


Baryon number: | Baryon number is conserved. 
1>1+0=1 


Lepton number: Lepton number is conserved. 


0>0+1-1+1-1=0 


Strangeness: Strangeness is not conserved. However, 
—2>0 the reaction is allowed via the weak 


interaction because in the first two 


decays AS = +1. 


No; the rest masses of the decay products would be greater than the rest 


(d) 


mass of the 2°, violating energy conservation. 


*37 oo 
Picture the Problem The 7° particle is composed of two quarks, uu. Hence, the 
reaction m° > y+ y is equivalent to uu > y+ 7. 


(a) | The u and u annihilate resulting in the photons. 


(b) | Two or more photons are required to conserve linear momentum. 
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Picture the Problem A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 


(a) Energy conservation: Because m, > m, +m,, energy 


conservation is not violated. 


Charge conservation: Because the total charge is 0 before 
Veet -l=0 and after the decay, charge 


conservation is not violated. 
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Baryon number: 
1>1+0=1 


Lepton number: 
0>0+0=0 


Because there is no change in baryon 
number, baryon number is 


conserved. 


Because lepton number is 0 on both 
sides, lepton number is conserved. 


The decay satisfied all conservation laws and is allowed. 


(b) Energy conservation: 


Charge conservation: 
-1>0-1 =-1 


Baryon number: 
+1>1-1=0 


Lepton number: 
0>0+0 =0 


Because m, < m, +m, energy 


is not conserved. 
Because the total charge does not 
change, charge is conserved. 
Because B changes from +1 to 0, 
baryon number is not conserved. 
Because L is 0 on both sides, 
lepton number is conserved. 


Because the decay violates both energy conservation and baryon number, 
it is not allowed. 


(c) Energy conservation: 


Charge conservation: 
1> -1+0+0=-1 


Baryon number: 
0>0+0+0 =0 


Lepton number: 
l>1-1+1=1 


Energy is conserved. 

Because the total charge does not 
change, charge is conserved. 
Because B does not change, 
baryon number is conserved. 
Because L does not change, 
lepton number is conserved. 


The decay satisfied all conservation laws and is allowed. 
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Remarks: The decay in Part (c) is the decay process for the muon (see Example 
41-2). 


¥*39 oo 
Picture the Problem We can systematically determine Q, B, S, and s for each reaction 
and then use these values to identify the unknown particles. 


(a) For the strong reaction: ptr >X +? 

Charge number: 1-1=0+Q>Q=0 

Baryon number: 1+0=+1+B>B=0 

Strangeness: 0+0=-1+S>S=+1 

Spin: ti+0=+4++s5s >s=0 
These properties indicate that the particle is the kaon, K°. 

(b) For the strong reaction: ptpoa't+n+K*+? 

Charge number: 1+1=4+14+0+14+Q0>Q=0 

Baryon number: 1+1=0+1+0+B>B=+1 

Strangeness: 0+0=0+0+1+S>S=-1 

Spin: ti+1=04+14+0+s >s=+4 


These properties indicate that the particle is either the X° or the A° baryon. 


(c) For the strong reaction: p+K >E +? 

Charge number: 1-1=-1+Q>Q=71 
Baryon number: 1+0=+1+B>B=0 
Strangeness: 0-1=-2+S>S=-1 
Spin: ti+0=+1 +s >s=0 


| These properties indicate that the particle is the kaon, K*. 
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Picture the Problem We can systematically determine Q, B, S, and s for the reaction and 
then use these values to identify the unknown particle. The Q value for the reaction is 
given by Q = —(Am)c? and the expression for the threshold energy for the reaction is 
given in the problem statement. 
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(a) For the strong reaction: ptpoA°+K°+p+? 

Charge number: 1+1=0+0+1+Q0>Q=F+1 

baryon number: 1+1=+1+0+1+B>B=0 

strangeness: 0+0= -1+1+0+S>S=0 

spin: i+ 4 =+} +0+4+s >s=0 
These properties indicate that the unknown particleis a pion, z*. 

(b) The reaction is: ptpoA°+K°+pt+2 


The Q-value for the reaction is: 
Q= lm, + m,)-(M, +M, +M, +M. |e? 
Use Table 41-1 to find the mass-energy values: 
Q = |(938.3 +938.3)— (1116 + 497.7 +938.3 +139.6)|MeV = 
Because Q < 0, the reaction is endothermic. 


(c) The threshold energy for this reaction is: 


Q 
K,, ae ere ( ptm, +M p +M +M,+M_..) 


p 


Using Table 41-1 to find the mass-energy values, substitute numerical values and 
evaluate Kip: 


= -815MeV 
" 2(938.3 MeV 


= 1984 MeV =| 1.984GeV 


a N 


Ale 

Picture the Problem We can solve the equation derived in Problem 31 for the 
recessional velocity of the galaxy and then use Hubble’s equation to estimate the distance 
to the galaxy. 


(a) From Problem 31 we have: l 1+v/c 
A' =A, 
1—v/c 
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Solve for the radicand: iiye E x 2 

l-vic \A, 
ical numerical values for 1’ l+vic E 1458 nm 2 shes 
sce l-ve \656.3nm 
Simplify to obtain: 

pa agsq{1-2)=1+" 
C Cc 
and 
v 
5.953— = 3.953 
Cc 
Solve for v: v =0.664c = 0.664(3x10° m/s) 
=1.99x10* m/s =| 1.99x10° km/s 
(b) From the Hubble equation we v 
: r=—— 
have: H 
Substitute numerical values and 1.99x10°km/s 5 
evaluate r: r= >3kms 8.65x10 c:y 
10°c-y 
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Picture the Problem We can use the masses of the parent and daughters to find the total 
kinetic energy of the decay products under the assumption that the A° is initially at rest. 
Application of conservation of energy and the definition of kinetic energy will yield the 
ratio of the kinetic energy of the pion to the kinetic energy of the proton. Finally, we can 
use our results in (a) and (b) to find the kinetic energies of the proton and the pion for this 
decay. 


(a) The total kinetic energy of the Kyo = (m A mM 
decay products is given by: 


Substitute numerical values (see Table 41-1) and evaluate Kot: 


Ka (116% 938.3 MY _ 139.6 MY) =[38.1MeV 


Cc Cc Cc 
(b) The ratio of the kinetic energies Ko im, vi _ mv? 
is given by: Imv? s 
s given by K, mv, mx; 
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Use conservation of momentum 


(nonrelativistic) to obtain: 


Substitute for the ratio of the speeds 
to obtain: 


Substitute numerical values and 
evaluate the ratio of the kinetic 


energies: 


(c) Express the total kinetic energy 
in terms of K,and K;: 


Use our results in (a) and (b) to 
obtain: 


Solve for Kp: 


Substitute in equation (1) to obtain: 
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m,V, =M,V, > ~ 
p m 
2 
K, = ma Me = m, 
K, m, (m, m, 
M 
g 938.3 x 
mi © 
k o MV O 
By. 1396— 
c 
K, +K, =K (1) 


K, +6.72K, =38.1MeV 


Picture the Problem The total kinetic energy of the decay products is the rest energy of 


the X° particle. We can find the momentum of the photon from its energy and use the 


conservation of momentum to calculate the kinetic energy of the A’. 


(a) The total kinetic energy of the 
decay products is given by: 


Substitute numerical values (see 
Table 41-1) and evaluate Kio: 


(b) The momentum of the photon is 
given by: 


Substitute numerical values and evaluate 
Pr 


K o z (m, Jc? 


Kn = (1193 MY) =[1193MeV 


2 
C 


E, E-m 


ae c 
tissMev—(1116™S™ Je 
C 
p,= 7 
ETA 
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(c) The kinetic energy of the A° is K.= p? 
given by: ^ 2m, 
or, because p, = p, , 
2 
K, = aioe 
2m, 
Substitute numerical values and (7 0 Mev) 
evaluate Ka: © c 
K, = Mev) > 2.66 MeV 
2 1116— 
C 
(d) A better estimate of the energy E,=E-m Kea -K; 


of the photon is: 


Substitute numerical values and evaluate E, 


MeV 
E, =1193Mev -[1116 Je —2.66MeV =| 74.3 MeV 


c? 


The improved estimate of the momentum E, 74.3MeV MeV 
, p, = — =—— =| 74.3 

of the photon is: ” cc c c 
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Picture the Problem The solution strategy is outlined in the problem statement. 


(a) Express At = t; — t, in terms of u, X X x(u, —u,) 
and u;: uU, u uu, 


Noting that uiu ~ c°, we have: xAu 
C 


where Au = u; — u2 


; . , 7 2 1/2 
(b) From Equation 39-25 we have: u 1-(2¢ ) 7 i [z2 ) | 
C 


Expand binomially to obtain: 1 2 Í 
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(c) Express u: — uz in terms of E}, p L( 2) 1 1 
E>, and mc’: ea a E E 
cme f(E? - E2) 
2E E; 
Substitute numerical values and evaluate Au: 
eV : 
202%) [20 MeV) —(5 Mev} | 
Au = SS =| 7.50x10 c 
2(20MeV) (5MeV) 
Use equation (1) to evaluate At: ‘Kp (1 .7x10°c: y)(7.5 x10" c) 
c? 
31.56 Ms 


=1.275x10° yx 


[Ez] 


(d) Using mc’ = 40 eV for the rest energy of a neutrino: 


7 dae) feo MeV} -(5Mev} | 


2(20MeV) (5MeV) 


: . 5 -11 
Use equation (1) to evaluate At: Ries (1 7x10 c- y) x10 c) 


C 


31.56 Ms 
y. 


=5.1x10“ yx 


=| 16ls 
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Remarks: Note that the spread in the arrival time for neutrinos from a supernova 


can be used to estimate the mass of a neutrino. 


